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In any A ABC the following relationship holds :
1 1 1
m?2 +5 (T, + 1.+ 2h,) <s? < E(mb +mg)? + Z(rb +1.)?

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava chakraborty-Kolkata-India

9 L, ., 5 , 9a®—4a®—-b?—c? 4F?
Zmbmczza +h; —my —m; = 2 +a2
_a*(5a® —b? —c?) + 23 a’b® — Ycat  a?(4a? +b% + %) — (b% — c?)?

4a? 4a?
and it's trivially true if : a?(4a® + b? + c?) — (b? — ¢?)? < 0 and when :
a?(4a? + b? + c?) — (b? — ¢?)? > 0,then we are to prove :

4a*(2c? + 2a% — b2)(2a? + 2b?% — ¢2) > (a?(4a? + b? + c2) — (b? — ¢2)?2)2
o —at(b? - 2)? + 2a%(b? + c2)(b? - 22 — (b2 - c?)* >0 &
(b% — c2)2(—a* + 2a%(b? + ¢2) — b* — ¢* + 2b%c?) > 0 © (b% — ¢2)2.16F%2 > 0

9 1 1
- true - 2mym, > Zaz +hZ-mi-m?> E(mb +my)?% + Z(rb +r)% >

9 h3 ?
e T Ttz
9 16R*(C*—S ?
© g 16R*S*(1 - 5%) + (8R2 ) +4R%(1 - $%)% > 4R*(1 - $?)(C + S)?
A B-C ?
(stinE,C = cos — )c» (C2-1)2+1-48*+352-45(1-S*)C=0&~

(C2-1)2>0and —4S(1-S%)C>-4S(1—-S?) (v~ C<1andS?*<1)

? ?
- it suffices to prove: 1 —48* + 352 -45(1-52)>0<[(1-S%)(28S-1)2>0

1 1
- true - ||s2 < E(mb +m.)?% + Z(rb +r.)?

1 ?
Again, m? + Era(rb +r. + 2h,) < s?

?
& 45?2 — (4s(s—a) + (b — ¢)?) = 252 — 2s(s — a) + 4rzh,
?
& 2sa > (b—c)? + 4r,h,

? 8RS(C+ S
& 16R%(1 —S%)(C+ S)S = 16R2S2%(1 — C2) + ¥

.2R?(2C? — 282
>R ( )

? 1
&|C1-C*)>0(>truev0<C<1- m,21+§ra(rb+rc+2ha)SS2

1 1 1
and so, m? + Era(rb + 1.+ 2h,) <s?< E(mb +m.)?% + 2 (rp, + )%V AABC,
" ="iff A ABC is equilateral (QED)



