ROMANIAN MATHEMATICAL MAGAZINE

Inany AABCwitha >b >cand 0 < d < e < f the following relationship holds :
d(ry, + r. — 2m,) + e(r, +r, — 2my) + f(r, + r, — 2m,) > 0
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

®
whenever:a>b>c Letx=s—ay=s—b,z=s—candthen:a=y+z
b=z+x,c=x+yands=x+y+zandso,a>b=>c=
y+z>z+x>x+y=2z>y>xandso,we can assign :

y=xrgandz= [T g (8h=0)
Also,d < e < f = we can assign :[e =d + m|and[f =d + m + n](m,n > 0)

7 XYZ
202 < N2
Now, (D) & (z + x)%y _x+y+z.(4y(x+y+z)+(z x)?)

We shall first prove : b(s — b) % 2r.my, and c(s — ¢) Zr. mg;
@

o x+g+h+x)?(x+g(x+x+g+x+g+h)>
x(x+g+h)(@x+gkx+x+g+x+g+h)+(g+h)?)
& 2g* + 5g3h + 4g3x + 4g?h? + 8g%hx + 2g%x? + gh3 + 4gh%x + 4ghx? + 2h2x?

>0 - true ~ g,h > 0 = |(1) is true|and again, 2)

? XyZ
2,2 < (4 V)2
(x +y)z 2 Ty iz (4z(x+y+12z)+ (x —y)*)
?
o x+x+g)ix+g+h)(x+x+g+x+g+h) >
x(x+gMUAx+g+h)(x+x+g+x+g+h)+g?)
?

o 2g* + 3g%h + 4g3xg?h? + 4g%hx + 2g%x? > 0 - true ~ g,h > 0 = |(2) is true

rs.a(s—a) a(s—a)— 2r.m,
Wehave : ry, + r. — 2m, = —12s 2m, = - and analogs

.. proposed inequality becomes : d(a(s —a) — 2r.m,) +
?
(d+m)(b(s—b)—2rmy)+(d+m+n)(c(s—c)—2r.m,) >0
odx(y+z)—2rm,) + (d+m)(y(z+ x) — 2r.my) +
?

(d+m+n)(z(x+y)—2r.m.) =0

e 2d Z Xy —r Z m, | |+m (((xy +yz) — 2r.my,) + ((xz + yz) — 2r. mc))

cyc cyc

+n((xz + yz) — 2r.m,) >0
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s 2d (r(4R +1r)—r (Z ma>> + m((b(s —b) — 2r.my) + (c(s — ¢) — 2r.m,))

cyc

+n(c(s — ¢) — 2r.m,) = 0 - true via (1) and (2) combined with :

m, <4R+rand ~d,m,n = 0 and so,
cyc
d.(r, +r.—2m,) +e. (r,+r, —2my) + f.(r, + r, —2m,) = 0
VAABCwitha>b>cand0<d<e<f," ="iff AABCis equilateral (QED)



