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In any A ABC witha > b > cand
0 < d < e < fthefollowing relationship holds :
d(3bc —4w,r,) + e(3ca — 4wyr,) + f(3ab —4w.r,) = 0
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Sincea > b > ¢ = 3bc < 3ca - in order to prove :
?
3bc — 4w,r, < 3ca — 4wy, it suffices to prove :
2ca B B ? 2bc A A

.cos—.stan— < .coOS—.stan—
ct+a 2 2 b+c 2 2

o a? (s—c)(s—a); b? (s—b)(s—c¢) 4 1 - 1
(c+a)?’ ca _(b+c)2 bc an 'c+a_b+c

- it suffices to prove : a(s -a) < b(s—b) (a +b)(a—-Db) > s(a—b)

s (a—- b)(Zs—c—s)ZO@(a b)(s—c)20—>true a>b

@
~ 3bc — 4w,r, |<|3ca — 4wy, and agam sincea>b > c= 3ca < 3ab

~ in order to prove : 3ca — 4wy, S 3ab — 4w_r,, it suffices to prove :

2ab C ¢ C? 2ca B ¢ B
a_l_bcoszsanz_ g 0S5 stan
b? (s—a)(s—b) ? 2 (s—c)(s—a) 1 1
= . < . and <
(a+ b)? ab (c+ a)? ca at+b c+a

? ?
. it suffices to prove :b(s—b) <c(s—c) o (b+c)(b—c) =s(b—c)
? ?
ob-c2s—a-s)>0=(b—-c)(s—a)=>0->true-b>c
@
" 3ca— 4wyr, |<|3ab — 4w, ~ (D) and 2) >
d <e<fand3bc—-4w,r, < 3ca — 4wy}, < 3ab — 4w,r,

B Chebyshev
d.(3bc — 4w,r,) + e.(3ca — 4wy r,) + f.(3ab — 4w.r.) >

. >
F@d+e+D). Z(Sbc — 4w,r,) - (%)

cyc

Now, 42 W, I, AM GM (\/— \/S(S —a)(s— b)(s - c))
cyc

S —
cyc

4S.j3 Z((s —b)(s — ¢)) = 4s.4/3(4Rr + r2) ; SZbc = 3(s2 + 4Rr 4+ r?)

cyc cyc
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4 — (40Rr + 10r?)s? + 3r?(4R + r)20 and -
(*)

squaring
0 - in order to prove (), it suffices to prove :

& 3s

Gerretsen

>
LHS of () > 3(s2 — 16Rr + 5r2)2

r(90R? — 63Rr + 9r?); and finally, (7R — 5r)s?

Gerretsen

3(s? — 16Rr + 5r?)?
=

& (7R — 5r)s? %
(+9)
(7R = 5r)(16Rr — 5r2) > r(90R? — 63Rr + 9r2)  2r(11R — 4r)(R—2r) > 0
2 Z(Sbc —4w,r,) =0 - (xx) and

Euler .
—>true R > 2r = (e¢) = (o) is true .
cyc

def>0=>d+e+f>0. (%) and () =
d.(3bc —4w,r,) + e.(3ca — 4wy ry,) + f.(3ab — 4w, r.) = 0V A ABC
"iff A ABC is equilateral (QED)

witha>b>cand0<d<e<f"”



