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In any acute AABC following relationship holds:

Ty + 7, A 2h,+ry+r1,

J2(b2 +¢2) 2 = 2(b+c)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
(1st Part)
Letx=s—a,y=s—b,z=s—cthen
a=y+zb=z+x,c=x+y&s=x+y+z
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F?=s(s—a)(s—b)(s—c) = sxyz
A s(s—a)_ x(x+y+2)
€052 7 bc  [(x+2)(x+y)

r,+r A r, +1,.)2 A
We need to show: ———5— > cos (ry +7c) 2
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vz - x(x+y+2)
2((x+2)2%2+(x+y)?)  (x+2)(x+y)
sxyz(y+z)?
T 22 - x(x+y+2)

2((x+2)2%2+(x+y)2)  (x+2)(x+y)
(y+2)*(x+2)(x+y) > 2yz((x + 2)? + (x + y)?)

x%y? + x%z% — 2x*yz + xy® — xy?z — xyz® + xz3 — y3z + 3y*z®> —yz3 > 0
*(y-2)?+x(-2*(y+2)-yz(y—2)* =20
(y—2)?(x*+x(y +z) —yz) > 0 true

( as triangle is acute then a?> < b* + c*or >
y+2)?2<(x+2)?*+x+ylor,x*+x(y+2z)—yz>0
(2nd Part)
acute triangle, a? + ¢* > b? or
Y+x)?2+@zZ+y)?>+2)lor,xy+y*+yz—xz>0
a’?+b*>ctor,(y+2)?+(z+x)?>(x+ylor,xz+yz+z*—xy>0
using above we get (x(y —z) + y* + 3yz) = (xy + yz + y* — xz) + 2yz > 0 (A)
and

(x(y—2z)—3yz—2z*))=xy—yz—3yz— 2> = —(xz+ z* + yz — xy) — 2yz < 0(B)
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2ha+rb+rc_—+—+—_F(E+;+;)_ F(y? + 6yz + z%)
2(b+c) = 2(b+c) 2x+y+z) 2yz(y+z2)2x+y+2)

We need to show :

Zha+rb+rc< A
2(b+c) %2
F(y? + 6yz + z%) x(x+y+2)

2yz(y+z)2x+y+2z) = |(x+z2)(x+y)
sxyz(y? + 6yz + z%)? - x(x+y+2)
4y272(y+ 2)?22x+y+2)? - (x+2)(x+y)

4yz(y+2)?*QRx+y+2)?* - (x+y)(x+2)(y*+6yz+2%) <0
—(y—2)?(x(y — 2) + y* + 3yz)(x(y — z) — 3yz — z%)) > 0 true by (A) & (B)

Equality holds for an equilateral triangle.



