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In AABC the following relationship holds:

m,, m, w, we hy h.
r,+r.=>max] —r,+—7r,;—T, +—Tc:h—7'b +h—7‘c
m, m, W, Wy c b

Proposed by Dang Ngoc Minh-Vietnam

Solution by Jenish Rijal-Bardiya-Nepal

Let | € {m,w, h} represent the median, angle bisector or the altitude.

It suffices to prove that:
Je

b
rp+rce=2—rpt+—r,

]c ]b

WLOG,assume b > c.
Also let (a,b,c) = (y+2z,z+x,x+y)sothatz+x=>x+y ~.z>Yy
1 1
Weknow,b>c= ], <], & —=>—

]b ]c.

Lemma: rpJ, =71/,
Proof of the lemma:
1.) For h,we have to prove that:r,h, > r_h, <
A 2A A 20 1 1 - 1 1

._@_. __-
s—b s—c ¢ y z+x z x+Yy

—> (=4
b

S zZx+yz>2yz+xy < zx > xy which is true since z > y.

2.) For w,we have to prove that:ryw, > r.w, &

A 2 Squaring and simplifying
. — > —_ — =
= a_l_cw/acs(s b)_s—c a_l_b\/abs(s c) N
c 1 - b 1
s—b (a+¢c)2 s—c (a+b)?
c(s—c b(s—b XZ+ yz Xy +yz
( ) > ( ) Y > yry which is true sincez > y.

= = =
(a@a+¢c)?  (a+b)? (x+2y+2)? (x+y+2z2)>
3.) For m,we have to prove that: rym, > r.m, <

A2 <2a2 +2c¢?% — b2> AZ 2a? + 2b? — ¢
—(

(s — b)2 4 s—c)? 4
2(y+2)?2+2(x+y)2—(z+x)? 2(y+2)?2+2(z+x)? - (x+y)?
= 52 = 72

which is equivalent to:

(z-y)
y272

2 _yz+22\°> yz(8y? + Tyz + 822
yi -y >+y(y y )20
y+z y+z

(y+z)<x—

which is also true sincez > y.

Thus, the lemma is now proven!

11
We can notice that (—, —) and (1], rJ.) are similarly sorted.
b Jc
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Hence, by Rearrangement Inequality we have:

L ) + L0 d) =~ ly) +— ()
7 Tulb 7 rJJc) = —(rp)p 7, rJde

Je
Ib J
Srptre= —rb+—crC
]c ]b
my mg Wp W, hb hc
Therefore, rp+re.=>maxy—7ry,+—7r;—Tp+—7T—Tp+—7,
m, my W Wp hc hb

Equality holds if the triangle is isosceles (b = c)



