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In AABC the following relationship holds:

1
min{m,, m,,m.} < E\/sz — 4Rt + 1712 < /52 — 7Rr — 412 < max{m, m,, m }

Proposed by Dang Ngoc Minh-Vietnam

Solution by Jenish Rijal-Bardiya--Nepal
W.L.0.G. let's assume that a < b < c.Then we have: m, > m;, > m,
min{m,, my,, m.,} = m, and max{m, m,, m_ .} = m,
Alsolet (a,b,c) = (y+ 2,z + x,x +y) which gives x > y > zwith x,y,z > 0.
Gerretse’:hn+Euler
Here, (s> — 16Rr + 5r%) + 8r(R — 2r) > 0 & s?—8Rr—111r2>0
1
& 4(s>—7Rr —4r*) — (s* —4Rr+17r*) 2 0 & 2 (s> —4Rr + 17r?)

< s> —7Rr — 4r?

1
i‘/sz — 4Rr + 1712 < \/s? — 7Rr — 412

. ) , 1
i.) Let's prove that: min{m,, my,m.;} = m, < E\/sz —4Rr + 1712

. 1 - - 2 2 2 3 2 .
Squaring m, < E\/sz — 4Rr + 17r? and substituting ms = s* —r* — 4Rr — 1 c” yields:
s2—4Rr = —a2+1;2+c2 +712

s2 —4Rr — 7r?* < c? pun a’?+ b%* —c* <12r?

Szx+y+z)?<xyx+y+7z2) o (x—2)(y—2z2)(x+y+72z) +4z*[(x — 2) +
(y —2)] = 0 which is true because x > z.

ii.) Let's prove that: /s> — 7Rr — 4r2 < max{m,, m,, m,} = m,

i 2 2 - 2 _ 2 _ 22 3 2.
Squaring \/s — 7Rr — 4r% < m, and substituting m; = s* —r“ — 4Rr — Za yields:

3
sz—7Rr—4r2Ssz—rz—éer—Za2 &  a? <4Rr + 4r?

x+ +2z)(z+ x) + 4xyz 4xyz
(x+y)(y+2)(z+x) +4xy o+ 2Y2 5 2 4 yz 422 Also,

2 <
e y+2)°< xX+y+z y+z

2 ZZ

4y“z 4
y? + Y2 Thusit suffices to prove that: y* + e, y: + yz + z*

x=y
4xyz
Yz o . >
+z y+z

x? 4+ —
y+z

4y*z

}’+z23’Z+Z2 < 4y? > (y+ 2z)? © y > zwhich is true because y > z.

=

1
min{m,, my,m.} < E\/sz — 4Rr + 1712 < /5% — 7Ry — 412 < max{m, m,, m }

Equality holds if and only if the triangle is equilateral.



