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In any A ABC the following relationship holds :

min{w,, w,w.} < 3r < +/s? — 9Rr < max{w,, wy,, W}
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x7x,
c=x+yands = x +y+ z and furthermore, for proving
max{w,, wy,, W} é Js% — 9Rr, we assume WLOG w, = max{w,, wy, W}

LW, 2 Wp,WeDasbceay+z<z+xx+y=[x 2y 7

Now, w2 > s2 — 9Rr
2
4(z+x)(x+y) Z ; Z I(y+z)(z+x)(x+y)
(2x+y+2z)? X )= . 4(x+y+1z)

cyc cyc

& 20xty + 20x*z + 20x3y? + 56x3yz + 20x3z2 + 23x%y?z + 23x2yz?
15x%y3 + 15x%z3 + 19xy* + 19xz* + 10xy?z? + 24xy3z + 24xyz3 +
4y5 + 475 + 11y*z + 11yz* + 13y3z? + 13y?z3
© 15x%y(x? — y?) + 15x%z(x? — z%) + 4y(x* — y*) + 4z(x* — z*) +
19xy?(x? — y?) + 19x22(x? — 2%) + 23xy?z(x —y) + 23xyz?(x — z) +
(xy? + xz?)(x? — yz) + 8xyz(x? — yz) + 13yz(x3 — y?z) + 13yz(x3 — yz?) +

?
11yz(x3 — y3) + 11yz(x3 — z3) + xy(a® — yz?) + xz(x® — y?z) > 0

- true © x >y, z - || max{w,, w,, w.} = v/s? — 9Rr||and now, for proving

?
min{w,, w,, w.} < 3r, we assume WLOG w, = min{w,, w,, w.} -~ W, < wy,, W,

:>a2b,c:>y+z2z+x,x+y:>andhence,wecanassign

?
y=x+mandz=x+n(m,n > 0) and then : min{w,, w,,w.} < 3r &

4(z+x)(x+y) ?  9xyz
M.
2x+y+ z)? x+y+z

cyc
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?
©9(x+m)(x+n)@dx+m+n)?>4Bx+m+n)?2x+n)2x+m)
< 5mn(m? + n?) + x(m3 + n®) + 10m?n? + 51mnx(m + n) + 17x*(m? + n?) +

142mnx? + 48x*(m + n) |>| 0 - true ~ m,n > 0 - ||min{w,, w,, w.} < 3r|land

Gerretsen ul

Euler
finally,s? —9Rr > 7Rr—5r? > 14r?-5r?=9r?=||{/sZ2 —9Rr > 3r

and so, min{w,, w,, w.} < 3r < +/s? — 9Rr < max{w,, wy,, w.} V A ABC,
" =" iff A ABC is equilateral (QED)



