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In any A ABC the following relationship holds :
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Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Letx=s—ay=s—b,z=s—candthen:a=y+zb=z+x7x,
y+z VZ
c=x+yands = x+y+ zand furthermore, we denote : — - m and o n

and then, we have the following set ’S"’ of relations : y? + z? = x*(m? — 2n),
y3 +z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),
y®> + 2% =« (m((m2 —2n)% + n? — nmz)),y6 + z% = x6((m3 — 3nn)? — 2n3),

? I3R—r via Bogdan Fustei
and now, /g, m, < .h &
'VIa 5r a

((s—a)z +4(s—a)(s—b)(s—c)> <s(s—a) N (b—c)2>§7

a 4
3 (+z)z+x)(x+y) 1 2 16(x +y + z)%?x?y?z?
<§' 4xyz a E) ' (y+2)*
—72)2\ »
e (x%(y +z) + 4xyz) <4x(x ry+ :) -2 ) <

By +z)(z+x)(x+y) — 4xyz)? 16(x +y + z)?
400 " (y+z2)3
© 36x%(y +z)? + 144x5(y3 + z3) + 336x5.yz(y + z) + 116x*(y* + z*) +
248x* yz(y? + z2) + 328x*.y?z? + 44x3(y® + z°) — 252x%. yz(y® + z3) —
944x3.y?z%(y + z) + 11x%(y® + z°) — 114x%. yz(y* + z*) — 647x%.y?*z%(y? + z?)
—1044x%.y3z3 — 8x.yz(y® + z°) + 236x.y%z2(y® + z%) + 848x.y%23(y + 2) +

?

36y2z%(y +z)*2 > |0 and via set of relations "S",in order to prove D,
®

o1

suffices to prove, via simplification : (36m* + 376m3 — 92m? + 32m + 64) n? —
02

(28m5 + 180m* + 472m3 + 216m? + 96m) n +

03

-
(11m® + 44m5 + 116m* + 144m3 + 36m2) + 0
@
Now, discriminant of : 376m? — 92m + 32 = (92)% — (128)(376) < 0
= 376m> —92m? + 32m > 0 = ¢, > 0 and ~ LHS of (2) is a quadratic
polynomial in 'n” with discriminant,[§] = 6% — 46,05 =
—800m*(m + 1)?(m* + 14m?® — 4m? — 8m — 128), . (2) is trivially true if :
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m* + 14m3 — 4m? — 8m — 128 > 0 (making 8§ < 0) and when :

(*)
m* + 14m® — 4m? — 8m — 128 < 0/ (8 > 0), then, in order to prove (2),

] ] ? ] AM-GM m? ]
it suffices to prove : 26,.n < 0, — V8 &sincen < 2 it suffices to prove :

m? ? ?
1~ <0,—V8e —2m(m+ 1)(9m* + 71m3 — 184m? — 44m — 48)

@1l

\/—800m*(m + 1)2(m* + 14m3 — 4m? — 8m — 128)
Now, m* + 14m3 — 4m? — 8m — 128 < 0 (we are considering) =
1( 3 65m? 521m 4177)
m°> +

+ + (4m — 9) + 4825 o
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4 256
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We have : 9m* + 71m3 — 184m? — 44m — 48 =
(4m - 9) (9 5 365m? 341m 253) 10011 vie(» 10011
m —

2 16 'ea -

64 < 64

(*%)
= (-2m(m+ 1)(9m* + 71m3 — 184m? —44m —48) > 0

= (¥) and (**) = in order to prove (3), it suffices to prove :
?

4m?(m + 1)2(9m* + 71m3 — 184m? — 44m — 48)? >
—-800m*(m + 1)?(m* + 14m3 — 4m? — 8m — 128)

& (12m?(m + 1)2(m — 2)2(9m + 4)(3m° + 58m* + 271m? — 64m? + 28m + 48) > 0

- true ~ discriminant of : 271m? — 64m + 28 = (64)? — (112)(271) <0
= 271m3 — 64m? + 28m > 0 = 3m°® + 58m* + 271m® — 64m? + 28m + 48 > 0
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:@:@:@istruea,/gamas/ 5 Na VA ABC,

"="iffb=candb +c=2a="="iff AABCis equilateral (QED)




