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In any A ABC the following relationship holds :
R sV3.(ng + ny +n,)

r (rg+nr,+r)th,+h,+h)

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
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4r2 ~ (4R + r)2(s? + 4Rr + r2)?
& (16R3 + 8R?r — 431Rr? + 144r3)s* +

> and so,

it suffices to prove :

r(128R* + 96R3r + 2328R?r? + 1154Rr3 + 144r*)s? + Rr?(4R + I‘)40
O)
Now, Rouche = s?2— (m—n) > 0and s? — (m+n) < 0,wherem =

2R? + 10Rr — r2 & n = 2(R — 2r)vR? — 2Rr - (s2 —(m+ n)) (s2 — (m— n)) <0

Q)
=>s*—s22m)+m? -n? <0>s*—-s?2(4R*+20Rr—-2r) + r4R+r)3 <0
(D is trivially true if : 16R>® + 8R?r — 431Rr? + 144r3 > 0 and when :
16R3 + 8R?r — 431Rr? + 144r3 < 0, then via (+), in order to prove (1),

Vi

it suffices to prove : LHS of (1) >
(16R3 + 8R?r — 431Rr? + 144r3)(s* — s?(4R? + 20Rr — 2r?) + r(4R +r)?)

?
& (16R® + 120R*r — 375R3r? — 1433R?r® + 1224Rr* — 36r5)s2
@

r(256R® + 256R°r — 6816R*r? — 2864R%r? + 433R?r* + 324Rr’ + 36r°)
[Case 1]X = 16R® + 120R*r — 375R%r? — 1433R?r® + 1224Rr* — 3615 > 0

Gerretsen

?
and then : LHS of (2) X(16Rr — 5r%) > RHS of (2)
? R
& 1765 + 24t* — 2021t3 + 2924t2 — 780t + 16 > 0 (t = ;)
?
e (t-2) (176t2(t2 —4) +376t%(t—2) + 187t% + 364t + 4(t — 2)) >0

Euler
—true-t = 2
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Blundon—Gerretsen R(4R + r)z ?
> -~ 7

[Case 2] X < 0 and then : LHS of (2) T > RHS of (2)
& 2568 + 102417 — 5536t° + 1968t> + 5569t* + 323t3 + 506t% + 468t +

72>0o (t—2)(at+ 1)2(16t* + 120t3 + 36t2 +5t(t—2) +t+ 18) = 0
Euler

—true vt > 2= (2)istrue .. combining both cases,(2) = (1) is true V A ABC
R - svV3.(n, + ny, +n,)
“2r” (ra+ 1, +r)(h, +hy +h)

v ABC,"” =" iff A ABC is equilateral (QED)



