
 

In △ 𝑨𝑩𝑪, let 𝑫 be a point in its interior such that: 

∠𝑩𝑨𝑫 = ∠𝑫𝑩𝑪 = ∠𝑫𝑪𝑨 = 𝜶, ∠𝑨𝑫𝑪 = 𝟗𝟎∘ and 𝑨𝑩 ⋅ 𝑨𝑪 =
√𝟑

𝟒
𝑩𝑪𝟐. 

Find 𝐜𝐨𝐬(∠𝑩𝑨𝑫). 

Proposed by Adgozel Adgozalov–Azerbaijan 

Solution by Mirsadix Muzefferov–Azerbaijan 

In △ 𝑨𝑩𝑪 (∠𝑨 = 𝟗𝟎∘), by Pythagorean theorem: 𝑨𝑪𝟐 + 𝑨𝑩𝟐 = 𝑩𝑪𝟐 

𝑨𝑪𝟐 + 𝑨𝑩𝟐 =
𝟒 ⋅ 𝑨𝑩 ⋅ 𝑨𝑪

√𝟑
⟹ √𝟑 ⋅ (

𝑨𝑩

𝑨𝑪
)
𝟐

− 𝟒(
𝑨𝑩

𝑨𝑪
) + √𝟑 = 𝟎,

𝑨𝑩

𝑨𝑪
=
𝟐 ± 𝟏

√𝟑
 

1) 
𝑨𝑩

𝑨𝑪
= √𝟑  2) 

𝑨𝑩

𝑨𝑪
=

𝟏

√𝟑
 

1) Case: 
𝑨𝑩

𝑨𝑪
= √𝟑⟹ ∠𝑪 = 𝟔𝟎∘,  ∠𝑩 = 𝟑𝟎∘ 

Let’s use Ceva’s theorem in △ 𝑨𝑩𝑪: 

𝐬𝐢𝐧𝜶 ⋅ 𝐬𝐢𝐧𝜶 ⋅ 𝐬𝐢𝐧𝜶 = 𝐬𝐢𝐧(𝟑𝟎∘ − 𝜶) ⋅ 𝐬𝐢𝐧(𝟔𝟎∘ − 𝜶) ⋅ 𝐬𝐢𝐧(𝟗𝟎∘ − 𝜶) 

𝐬𝐢𝐧𝟑𝜶 = 𝐜𝐨𝐬𝜶 ⋅ 𝐬𝐢𝐧(𝟑𝟎∘ − 𝜶) ⋅ 𝐬𝐢𝐧(𝟔𝟎∘ − 𝜶) 

𝐬𝐢𝐧𝟑𝜶

𝐜𝐨𝐬𝜶
=
𝟏

𝟐
(𝐜𝐨𝐬𝟑𝟎∘ − 𝐜𝐨𝐬(𝟗𝟎∘ − 𝟐𝜶)) 

𝟐𝐬𝐢𝐧𝟑𝜶

𝐜𝐨𝐬𝜶
=
√𝟑

𝟐
− 𝐬𝐢𝐧𝟐𝜶⟹

𝟐𝐬𝐢𝐧𝟑𝜶

𝐜𝐨𝐬𝜶
+ 𝟐𝐬𝐢𝐧𝜶𝐜𝐨𝐬𝜶 =

√𝟑

𝟐
 



 

𝟐𝐬𝐢𝐧𝟑𝜶 + 𝟐𝐬𝐢𝐧𝜶 ⋅ 𝐜𝐨𝐬𝟐𝜶 =
√𝟑

𝟐
𝐜𝐨𝐬𝜶 ⟹ 𝟐𝐬𝐢𝐧𝜶(𝐬𝐢𝐧𝟐𝜶 + 𝐜𝐨𝐬𝟐𝜶) =

√𝟑

𝟐
𝐜𝐨𝐬𝜶 

𝐭𝐚𝐧𝜶 =
√𝟑

𝟒
⟹ 𝐜𝐨𝐬𝜶 =

𝟒√𝟏𝟗

𝟏𝟗
 

The 2) 
𝑨𝑩

𝑨𝑪
=

𝟏

√𝟑
 second case is found in the same way. 


