
 
𝑳𝒆𝒕 𝒑, 𝒒, 𝒓 > 𝟎 𝒔𝒖𝒄𝒉 𝒕𝒉𝒂𝒕 𝒑𝒒𝒓 ≥ 𝟏.𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

𝒑𝒏√𝒑𝒏𝒒𝒏 + 𝒓𝒏𝒑𝒏 + 𝟐𝒒𝒏𝒓𝒏

𝒒𝒏 + 𝒓𝒏
+
𝒒𝒏√𝒒𝒏𝒓𝒏 + 𝒑𝒏𝒒𝒏 + 𝟐𝒓𝒏𝒑𝒏

𝒓𝒏 + 𝒑𝒏
+
𝒓𝒏√𝒓𝒏𝒑𝒏 + 𝒒𝒏𝒓𝒏 + 𝟐𝒑𝒏𝒒𝒏

𝒑𝒏 + 𝒒𝒏
≥ 

≥ 𝟑(
𝟏

𝒑𝟓 + 𝒒𝟐 + 𝒓𝟐
+

𝟏

𝒒𝟓 + 𝒓𝟐 + 𝒑𝟐
+

𝟏

𝒓𝟓 + 𝒑𝟐 + 𝒒𝟐
) ; 𝒘𝒉𝒆𝒓𝒆 𝒏 𝒊𝒔 𝒂 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 ≥ 𝟏. 

Proposed by Michael Brooks-USA 

Solution by Jenish Rijal-Bardiya-Nepal 

𝐋𝐞𝐭 𝒙 = 𝒑𝒏, 𝒚 = 𝒒𝒏, 𝐚𝐧𝐝 𝒛 = 𝒓𝒏. 𝑻𝒉𝒆𝒏 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒃𝒆𝒄𝒐𝒎𝒆𝒔, 

∑
𝒙√𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

≥ 𝟑∑
𝟏

𝒑𝟓 + 𝒒𝟐 + 𝒓𝟐
𝒄𝒚𝒄

 

𝑾𝒆 𝒉𝒂𝒗𝒆,
𝒙√𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛

𝒚 + 𝒛
+
𝒙√𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛

𝒚 + 𝒛
+ 

𝒙(𝒚 + 𝒛)𝟐

𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛
≥⏞

𝑨𝑴−𝑮𝑴

𝟑𝒙 

∴ 𝟐∑
𝒙√𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

+∑
𝒙(𝒚 + 𝒛)𝟐

𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛
𝒄𝒚𝒄

≥ 𝟑(𝒙 + 𝒚 + 𝒛) 

𝑨𝒍𝒔𝒐,∑
𝒙(𝒚 + 𝒛)𝟐

𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛
𝒄𝒚𝒄

=∑
(√𝒙𝒚 + 𝒛√𝒙)

𝟐

(𝒙𝒚 + 𝒚𝒛) + (𝒚𝒛 + 𝒛𝒙)
𝒄𝒚𝒄

≤⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≤ ∑
𝒙𝒚𝟐

(𝒙𝒚 + 𝒚𝒛)
𝒄𝒚𝒄

+∑
𝒛𝟐𝒙

(𝒚𝒛 + 𝒛𝒙)
𝒄𝒚𝒄

=∑
𝒙𝒚

𝒙 + 𝒛
𝒄𝒚𝒄

+∑
𝒛𝒙

𝒚 + 𝒙
𝒄𝒚𝒄

= 𝒙 + 𝒚 + 𝒛 

𝑺𝒐, ∑
𝒙√𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛

𝒚 + 𝒛
𝒄𝒚𝒄

≥
𝟏

𝟐

[
 
 
 
 

𝟑(𝒙 + 𝒚 + 𝒛) −∑
𝒙(𝒚 + 𝒛)𝟐

𝒙𝒚 + 𝒛𝒙 + 𝟐𝒚𝒛
𝒄𝒚𝒄⏟            

≤𝒙+𝒚+𝒛 ]
 
 
 
 

≥ 𝒙 + 𝒚 + 𝒛  

∴ ∑
𝒑𝒏√𝒑𝒏𝒒𝒏 + 𝒓𝒏𝒑𝒏 + 𝟐𝒒𝒏𝒓𝒏

𝒒𝒏 + 𝒓𝒏
𝒄𝒚𝒄

≥ 𝒑𝒏 + 𝒒𝒏 + 𝒓𝒏  ≥⏞
𝑨𝑴−𝑮𝑴

𝟑√(𝒑𝒒𝒓)𝒏𝟑
 ≥⏞
𝒑𝒒𝒓≥𝟏

𝟑√𝟏
𝟑

= 𝟑 

𝑻𝒉𝒖𝒔,∑
𝒑𝒏√𝒑𝒏𝒒𝒏 + 𝒓𝒏𝒑𝒏 + 𝟐𝒒𝒏𝒓𝒏

𝒒𝒏 + 𝒓𝒏
𝒄𝒚𝒄

 ≥ 𝟑 ∙ 𝟏  ≥ ⏞
∑𝒑𝟐≥𝟑

𝟑 ∙
𝟑

𝒑𝟐 + 𝒒𝟐 + 𝒓𝟐
=

𝟗

𝒑𝟐 + 𝒒𝟐 + 𝒓𝟐
 

𝑯𝒆𝒏𝒄𝒆, 𝒊𝒕 𝒔𝒖𝒇𝒇𝒊𝒄𝒆𝒔 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: ∑
𝟏

𝒑𝟓 + 𝒒𝟐 + 𝒓𝟐
𝒄𝒚𝒄

≤ 
𝟑

𝒑𝟐 + 𝒒𝟐 + 𝒓𝟐
  

𝑯𝒆𝒓𝒆, (𝒑𝟓 + 𝒒𝟐 + 𝒓𝟐) (
𝟏

𝒑
+ 𝒒𝟐 + 𝒓𝟐) ≥⏞

𝑪𝒂𝒖𝒄𝒉𝒚

(𝒑𝟐 + 𝒒𝟐 + 𝒓𝟐)
𝟐
⟺

𝟏

𝒑𝟓 + 𝒒𝟐 + 𝒓𝟐
≤
(
𝟏
𝒑 + 𝒒

𝟐 + 𝒓𝟐)

(𝒑𝟐 + 𝒒𝟐 + 𝒓𝟐)𝟐
 

∴  ∑
𝟏

𝒑𝟓 + 𝒒𝟐 + 𝒓𝟐
𝒄𝒚𝒄

≤∑
(
𝟏
𝒑 + 𝒒

𝟐 + 𝒓𝟐)

(𝒑𝟐 + 𝒒𝟐 + 𝒓𝟐)𝟐
𝒄𝒚𝒄

=
𝟐∑𝒑𝟐 + ∑

𝟏
𝒑

(∑𝒑𝟐)𝟐
    ≤ ⏞

∑
𝟏
𝒑
≤∑𝒑𝒒

  

≤
𝟐∑𝒑𝟐 + ∑𝒑𝒒

(∑𝒑𝟐)𝟐
 ≤ ⏞

∑𝒑𝒒≤∑𝒑𝟐
𝟐∑𝒑𝟐 + ∑𝒑𝟐

(∑𝒑𝟐)𝟐
=

𝟑

∑𝒑𝟐
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒊𝒇 𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒊𝒇  𝒑 = 𝒒 = 𝒓 = 𝟏. 

 


