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PROBLEMS FOR JUNIORS

JP.601Ifa,b,c > 0and A > 0 then:

2
a
1 2 >
A+ )Eb+/1c+ \/S(ab+bc+ca) 3(a+ b +c)

Proposed by Marin Chirciu — Romania
Solution 1 by proposer

We use pqr Method. We denotep =a+ b+ c¢;q = ab + bc + ca,r = abc.
Due to homogeneity we can assume ab + bc + ca = 3.

We obtain

a’ 3 a3 Holder S a)? B p3 B p3 B
Zbuc‘za(buc) Z 3Yab+ic 3-G+D3bc 3GA+Dq

3 3

_ P R
" 3A+1)-3 9(A+1)

It suffices to prove that:

p? p?

L .3 > = > 3 _ >
(A+1) 9(A+1)+2\/§ 323pe 5 +623pep’-27p+5420e

e (P-3)2%p+6)=0.
Equality holds ifand onlyif a = b = c.
Note: For A = 1 we obtain the propose problem by Nguyen Viet Hung in Pure Inequalities

3/2022: If a, b, c > 0 then

a? 3
> —
Zb+c+\/3(ab+bc+ca)_2(a+b+c)

Nguyen Viet Hung — Vietnam

Solution 2 by Soumava Chakraborty=Kolkata-India

a? , a® ,
A+ 1)2b+xc+z BZab =@A+ 1)Z—ab+ka+z Bzab
cyc cyc cyc cyc
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Holder (chc (chc
>+ ). 3(H1)chcab+z Isz ab =53 \[32ab+\[32ab

cyc cyc

AM-GM 3 (chca)s
> 3. m\[SZab.\[BZab=32a

cyc cyc cyc

aZ
(A+1)Zb+lc+2\/3(ab+bc+ca) >3(a+b+c)Vab,c>0andA >0,
cyc
" =" iffa =b = c (QED)
JP.602Ifa,b,c > 0and A > 0 then:

zz a3 +/1+1Zb >ZZ 5
b+aAc 2 €= @

Proposed by Marin Chirciu — Romania

Solution 1 by proposer
Using means inequality, we have:

2a® a(b+ Ac) - 2\/ 2a3 a(b+ Ac)

bric' 2 b+ac 2 Y
3
with equality for 22 PPl @ < 2a=b+ Ac.

Writing the other analogs inequalities and summing we obtain

ZZ al +za(b+lc) ZZ @22 A+ Zb >ZZ
b+ Ac at b+lc ¢

Equality holdsifand onlyifa =b = cand 4 = 1.

Solution 2 by Omkumar Rao-India
4

a
b+Ac:Zab+lac

cyc cyc

Applying Bergstrom's inequality:

Z at y (Y a?)?
ab + Aac — AY.ab + Y ab
cyc
a3 212
Zz S 2 X a?)
b+ Ac (A+1)Yab
cyc

a /1+1 S a?)? A+1
zz Z ab > + ab
b+lc (/1+1)Zab 2

cyc

Applying AM — GM Inequality on RHS:
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Ta??  A+1 2Ca?)? A+1
G+DYab T 2 “bzzﬁx+nzab 2

ZZ al +A+1 b>Zz )
b+ic 2 av = a

cyc

2

Therefore, LHS > 2 Z a’ = RHS
JP.603 If a, b, c > 0 then:
2(a®+bP+c)=a’ +a+b*+ b+ c* + cP
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
Lemma: If a, b > 0 then:

a®+ b? > a? + b* (1)
Proof:
WLOG:a=>b=>Ina>1Inb
(a,b); (Ina,In b) are similarly ordered. By rearrangement’s inequality:

alna+blnb >alnb+blna
Letbe f:R > R; f(x) =€*, f'(x) =e*f"(x) =e* >0 = f convexe
By Karamata’s inequality:
ealna 4 gblnb > galnb | gblna
a® + b’ > a’ + b
Back to the problem. By (1):
a® + b® > a® + p°

b’ +cc > b+ c? (2)

cc+a*=>a‘+c* (3)
By adding (1); (2); (3):

2(a®+ b +¢) = a® +a®+ b* + b° + b* + ¢ + ¢*

Equality holds fora = b = c.
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Solution 2 by Soumava Chakraborty-Kolkata-India

Vx>0,x *>xoxInx>Inxo (Inx)(x—1) >0 - truevVx € (0,1)
and alsotruevVx>1~Inx>0andx—1>0 - x*>xvVx>0- (1)
We prove : a®+b?>a’+b*vab>0andifa=b = 1,then : LHS — RHS
= 0 and if exactly one variable = 1 and WLOG we may assume a = 1, then

?
remains to prove : b? > b - true via (1); we now dive into the following cases :
?
[Case1l]a>=b>10rb>1>a>0andthen:a®+b’>a’+b®

a\? 7 || yanP
& b b, ((—) — 1) > (—) —1;Now, (a — b) and (Ina — Inb) have same sign
b ) b

.~ (a—Db) (lng) >0> a(ln%) >b (ln% (g)a > (g)

=
a
(~Inisan T function) = b%P. ((g) — 1) > ba-b_< a
0

a\b ~ 7
o <(B) - 1> (ba® —1) E)
Fora >b > 1,we have : b(lng) >0and (a—b)(Inb) >0
b
= ((g) — 1), (b%® —1) > 0 = (¥+) = () is true

a
Forb >1 > a > 0,we have : b(lng) <0and (a—b)(Inb) <0

= <(§)b - 1) ) (ba_b — 1) <0= (**) = (*) is true

?
[Case 2]a>1>b>00rb>a>1andthen:a®+b" > a’+b®

b\* b\’
& ab, (1 — (—) ) 1-— (E) ;Now, (b — a) and (Inb — In a) have same sign

a

t-a(m)=0=b(md)za(m) s 1- () > 1-(2) -

e (1= (s (-0 -2 = (1- (e

b
Fora>1>b > 0,wehave: 0 > b(lna> and (a —b)(Ina) >0

SV~

{v -
=

(=2

b
= <1 — (g) ) (a“‘b — 1) > 0= (e¢) > (o) is true

b
Forb > a > 1,we have : b(lna> >0and (a—b)(Ina) <0
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b
= (1 — (—) ), (a“‘b — 1) < 0= (e0) = (o) is true

Case 3|1 >a >b > 0and then: a® + b® > a® + b* & a® — a® > b* — bP
Let f(x) = x* — x" and so, we require to prove : f(a) > f(b) and we have f '(x) =
ax® 1 —bxP1 = xP"1(ax*® —-b) > 2)
Now,(b—1)Inx>0(v1>a>x>b>0=(b—-1),lnx<0)=>xP"1>1
> 0 and hence (2) = in order to prove : f '(x) > 0, it suffices to prove :
ax®®—-b>0and (a—b)(Inx—Inb) >0 -~ x*® >b*Pgnd = a>0

? ?
- it suffices to prove : ab®*® >b & abl“"+b
®

Ina Ina—Inb
= <0(ra=bandb< 1)
Inb

Leta=b"andthen: m—-1=—+—
Inb , ,
>m<1- (3 andnow, (i) ©b™ > bl "+ o mInb> (1 -b™+b)Inb
<[1+b-m

o
(i)

&m<1-b"+b(+b<1=Inb<0) < bm

<1
Indeed via (3) and Bernoulli,b™ < 1+ (b—1)m T 1-m+b> (i) = (i) is
true = f'(x) > 0 = f(x) T on [b,a] = f(a) > f(b) = a® + b® > a® + b

1> b > a > 0 and then : Let F(x) = x® — x® & so, we require to prove
F(b) > F(a) and we have F'(x) = bx?! — ax® 1 = x¢1(bx*% —a) > (®
?
Now,x% 1 >0 - (4) = to prove : F'(x) > 0, suffices to prove : bx’"¢ > a

?
and (b— a)(Inx —Ina) > 0 .. x>~ > aP~¢ .. it suffices to prove : ba® % > a
Inb—-Ina
< 0 - (5 and now, (m) &

Ina
?

.

&bl > a2 Letb=a";then: n—1 =
(m)
? . ? ?

a">al™**"* s nlna>1-a*"+a)lnaen<1-a"+as a® 1+a—n

<
“
n

~
—

n<1
Bernoulli, 5) 2 a*<1+(a—1)n < 1—n+a= (n)istrue = F(x) T on [a,b]
= F(b) > F(a) - with all cases,a® + b® > a® + b® & analogs - 2(a® + b® + c°)
>a’ +a‘+b*+b+c*+cPVab,c>0"="iffa=b =c(QED)

JP.604Ifa b > 0;n € N* then:
aZn 2np4n 1 b 2 1
ﬁ+a b +a4nb2n25+a b+_ab2

Proposed by Daniel Sitaru — Romania
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Solution 1 by proposer

For n = 1 we will prove that:

—+a2b4 sz > +a2b+— (1)
Denote:
a b2 1
x=—;y=ab?*z=——
b'Y ab

Let’s observe that xyz = 1. Inequality (1) can be written:
x* +y? + 22 2%+%+;, x2+y* + 22 ZW
X2 +y2+z2>xy+yz+zx
2x2 +2y% +22% > 2xy + 2yz + 2zx
x*—2xy+y*+y?—2yz+z*+2>—2zx+x* >0
x-y)>2+@-2>*+(z-x%*=20
Back to the problem:

a\" n
1 () | @nr (i) oo
T + @b + dnpzn — qn-1 n-1 + aln 1 =
>+ aZbt + L " + aZbt + L "
bZ a a‘ b2 b2 a a’b? N |
=T @+1+nmt gn-1 \prt et taae)=

>

310'2 2b4 1 n-1
AM—-GM pz @ " atb? (az 1 ) -

= 3n-1 b2 a*b?
(1)3n1 (b+ Zp + 1) b+ 2h + 1
3" a’ @ b? a’ @ ab?
Equality holds fora = b = 1.
Solution 2 by Tapas Das-India
a*" 1 b 1 11 1
Let x = W'y — aZ"b4",z — i thena = x2n, a’h = yZn,m =z2nxyz=1

1
so we need to show,x+y+zzxr+yr+zr,wherer:ﬁ< 1

8 41-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
X+ty+zAM_GM xyz=1 X" +y +z (x+y+2)”
AN = 1 < € 1
3 >  xyz and 3 < 3 asr € (0,1)
xX'+y +z" x+y+z\" x+y+z xt+ty+z
S( ) < (as

3 3 3 3
so, x+y+z>x"+y +2z"

so clearly, >1&re(0,1) )

Equality holds for x=y=z=1 or a=b=1

Solution 3 by Marin Chirciu-Romania

Using substitutions (X,y,z)= [%,abz,%j, X,Y,Z>0,Xyz =1the inequality can be
a
written:
2n 2n 2n 1 1 1 2n 2n 2n
XAy 42" 2 S S+ o XN+ Yy 427" > Xy + YZ + ZX see:
X y 2
SOS Lema
Xy 27 > XY Y2+ "X > Xy + Yz + X
Lemma.
If A,B,C >0, ABC =1landn e N then
A"+B"+C">A+B+C.
Proof:
Forn=1we obtain: A+B+C=A+B+C.
Forn>2:
n n-1
Holder A A AM -GM n-1
YA > (Zgln—l):ZZA(sz > Y A((ABC) =Y A.

Lemma is used for (A B,C)=(xy, yz,2x), xyz=1= ABC =1.

a 1
Equality holds for x=y=7 < Ezabzzﬁ & a=b=1.

JP.605 Find x, y € R such that:
45ty +/2026* + 2026Y — 2 = 2*¥ty+1 _ 1,

Proposed by Adrian Gobej — Romania

Solution 1 by proposer

The relationship in the statement is written vV/2026* + 2026Y — 2 + (2**Y —1)2 =0 =

V2026* +2026Y — 2 = 0(R,)
= and
2V —1=0=>x=—y

9 41-RMM AUTUMN EDITION 2026-SOLUTIONS
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From x = —y = relationship (R;) becomes 2026* + 2026™* =2 &

© 2026 + —— =2 (2026* —1)2 =0 < 2026* =1 < x = Oandsox = y = 0.

Solution 2 by Omkumar Rao-India

4>ty —2x+y+1 41 1+./2026* + 20267 — 2=0

(2*%Y — 1)24+/2026* + 2026Y — 2=0
=0 =0
(2¥FY — 1)2=0= 2*"Y=20 —=y=x
V2026* + 20267 — 2=0: (y = —x)

2026"%:2. By AM-GM Inequality, for m>0: m+}n >2

Hence: 2026*=1—x=0 and since x+y=0, y=0. Therefore,the unique solution is (x, y)=(0, 0).

JP.606 Solve the following equation:
201627% + 20162017¥'~H3-2013 = 2017
Proposed by Adrian Gobej — Romania

Solution by proposer
Conditions x € [0; +c0). LHS can be written:

E(x) = 2016 - 20161 + 20162017x ~+/%-2013 =

1-x* 1-x? 1-x2 2017x2-4y5-2013 "2
= 201617 + 20161 + -+ 20161* + 2016 =
2016 terms 1 term
M 201777 | 2016122 . 20161 - ... 201617 . 20162017x*~4VF-2013 —
2016 terms
= 2017°""/20162016-2016x . 21 6201722 ~4/x-2013 —
= 2017°""1/20162016-2016x2+2017x%~4yx-2013 —
= 2017 V201644743 (R,)
Asx’? —4Jx+3 = t*—4t+3=(t—1)*(t* + 2t — 3) = (returning to the

not \/x=t

notation)= (vx — 1)2(x + 2+/x — 3) we obtain using (R,):

10 | 41-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

2017 2 \
E(x) >2017 [2016(v*-1) (x+2Vx+3)

as(Vx—-1)"=0
x+2Vx+3=(Vx+1) +2>2

|
}=>(\/§—1)2(3.c+2\/§+3)20}}:>

= E(x) >2017°°"\/2016° = 2017.
As in the previous inequalities we have equality if and only if x = 1 = x = 1 is a unique

solution of the given equation.

JP.607 Solve for reals:

Vex—7+Y3-2xt=2
Proposed by Marin Chirciu — Romania

Solution 1 by proposer

Existence conditions: 8x — 7 > 0and 3 — 2x* > 0.

With means inequality we obtain:

1.(8x—7)+1+1+124V(8x—7)-1-1-1=4‘§/8x—7,withequa|for
8x-7=1ex=1.

2.3-2xH+1+1+1> 4V(3 —2xY)-1-1-1= 43 — 2x*, with equal for

3-2x*=1ox=1.

It follows:
8x—-7)+1+1+1 B-2xH+1+1+1
2= Y8 =7+ 43 —2xt < )4 4 )4 =
8x —2x*+2 8x —2x*+2
:fzzgf@x4—4x+3£0@

o x-1)2?&*+2x+3)<0eox=1.
We deduce that x = 1 is the unique solution of the equation.
Solution 2 by Jose Luis Diaz — Barrero — Spain
For the fourth roots to be defined over the real numbers, the radicands must be non-

negative:

11 41-RMM AUTUMN EDITION 2026-SOLUTIONS
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7
1.8x—720=>x2§
2.3—2x420=>x4S%=>xS4\E

Thus, any real solution x must lie within the interval:

4

By inspection, we test x = 1, which lies within our valid domain:

V() -7+Y3-2()*=V1i+V1i=1+1=2

Thus, x = 1 is a valid real solution.

Let us define the function f(x) = Y/8x — 7 + /3 = 2x* on the interval [g 4\/%]
To determine its behavior, we compute its first derivative f'(x):
1 3 1 3
f'(x) = Z(Bx —-7)%-8 +Z(3 —2xH)72 . (—8x?)
2 2x3

f,(x) = 3 3
(8x—7)% (3—2x%)s

Setting f'(x) = 0 to find the critical points:

2 2x3 1 x3
_ N _

Bx—71 (B-2x7 Br-74 3—2xhi

Raising both sides to the power of % yields:
1 x
8x—7 3-—2xt

Since we know x = 1 satisfies this equation, we can factor out (x — 1) using polynomial

©8x5—-5x*—-3=0

long division or synthetic division:

(x—1)Bx*+3x3+3x2+3x+3)=0
For any x in our domain I%, iEl’ the value of x is strictly positive. Consequently, the

polynomial factor (8x* + 3x3 + 3x% + 3x + 3) is always strictly greater than zero and has
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no real roots. Therefore, x = 1 is the unique critical point of f(x) in this domain. We can

check the sign of f'(x) around x = 1:

. For% < x < 1, we have f'(x) > 0, meaning f(x) is strictly increasing.

e Forl < x < V1.5, we have f'(x) < 0, meaning f(x) is strictly decreasing.
Since f(x) strictly increases to a peak at x = 1 and strictly decreases thereafter, x = 1, is
a strict global maximum. The maximum value achieved by the function is exactly 2. Thus,
the equation f(x) = 2 has exactly one real solution x = 1.
JP.608 Let be the triangle ABC,AA,, BB, CC, internal bisectors and
A,, B,, C, contact points to the bisectors with the circumcircle of the triangle.
Prove that: A,4, - B,C, + B1B, - A,C, + C1C5 - A;B, > Rs
where p represent the semiperimeter and R the circumradii of triangle ABC.

Proposed by Marian Ursarescu, Florica Anastase — Romania

Solution by proposers

We have p(4;) = AA, - A;A, = BA; - A,C = A;A, = BA;-4,C (1)

A14;

ab

From Bisector Theorem, we get: BA; = % and CA; = P (2)

But A4, = ;—iicosg (3)

13 41-RMM AUTUMN EDITION 2026-SOLUTIONS
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2

From (1), (2) and (3), it follows that: 4,4, = —— (4)

2(b+c) cosg

From Law of sines: % = 2R > B,C, = 2R cosg (5)
sin\ ——
2
a’R

From (4) and (5) we get: AA; - B,C, = —

Therefore, by adding we obtain:
ZAA B.C _RZ a® Berg;t"’mR (a+b+c)2_R a+b+c_R
172 T2z = b+c ~ 2(a+b+c) 2 - RS

cyc cyc

JP.609 In acute triangle ABC,A’, B', C' are symmetric points of the points
A, B, C to the sides BC, AC, and AB respectively. Prove that:
o[A'B'C'] T2 T
— - -4(=) +8-=-1
o[ABC] (R) R
where o[ABC] represent area of AABC.

Proposed by Marian Ursarescu, Florica Anastase — Romania

Solution by proposers
Letbe {H} = AA'n BB' N CC'.From h, = 2R sin Bsin C and HM = 2R cos B cos C,

BF

AF

then HA' = 2R cos(B — C) and analogs. Hence, we get:

14 41-RMM AUTUMN EDITION 2026-SOLUTIONS



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1
o[A'B'C'] = E(HA, HB' -sinC+ HB' - HC' - sinA + HC' - HA' - sinB) =

= 2R? Z cos(B—C)cos(C—A)sinC =
cyc

cos(B—-C)cos(C—-A)
sinAsin B

= 2R*sinAsin BsinC Y, (1)

But ¢[ABC] = 2R? sin A sin B sin C and

Deye cos(B-0)cos(~4) _ 3 1 8 cosAcos B cos C (2)

sinAsinB

From (1) and (2), it follows: % =34+8cosAcosBcosC (3)
2_ 2
But cos Acos Bcos C = % (4)

From (3) and (4), it follows:

olA'B'C'] _ 34 2(s2-4R?>-4Rr-7?)
o[ABC] R2

(5)

Using Walker’s inequality s> > 2R? + 8Rr + 37?2 to obtain:

olAB'C] ., AR*+8Rr+4r® (r)z 8.7 4
o[ABC] ~ R?

R R

JP.610 Solve for real numbers:

logz\/mﬁ(x2 +x+2)= logJWE(x2 +x+1)

Proposed by Marian Ursarescu, Florica Anastase — Romania

Solution by proposers

Letbelogzm(x2+x+2)=logm(x2+x+1)=y:>
( y
J x2+x+1=< 4+\/15>

y
| y@(4+\/ﬁ)y+1=<2\/§- /4+\/E>.
kx2+x+2=<2 /8+2\/E>

We observe that y = 2 is a solution, (4— + \/ﬁ)z +1= (Zx/f V4 + \/E)y s

32 + 8V15 = 32 + 8v15 true. Let us prove that y = 2 is the unique solution:

15 | 41-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

+(;)y_<£>y
4+v15/  \J41vi5

1
4+V15

y
Let be the function f(y) =1 + ( ) strictly decreases because <1,

and g(y) = ( 2V2 )y strictly increases function because 2v2 > 1.
V4+/15 V4+V15

Hence, y = 2 is the unique solutioni.e. x? + x + 1 =4+V15 o x2+x -3 —V/15=0
-1+v3+5V15

with xl,z = >

JP.611 Find the angle between the real plans:
Pi:2x+y+3z—-1=0
Py:3x—-2y+z+1=0
Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
The normal vectors of P4, P, are:
u;(2,1,3) =2 +j + 3k
u;(3,-2,1) =31 - 2j+ k
u u;=2-3+1-(-2)+3-1=6-2+3=7
;] =22 +12+ 32 = V14
luzl =32+ (—2)2 +1 =14
wou, 7 7 1
sl ] Vid-Via 14 2

ey > w
L(uq, uz) = A(P, P;) = 3

—

cos(x(uy, uy)) =

Solution 2 by José Luis Diaz — Barrero — Spain

The acute angle 8 between two planes is equal to the angle between their normal vectors,
which is given by the formula:
Iny - nz|

OZT
R TP
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The normal vector coefficients correspond directly to the coefficients of x, y and z in each

plane equation:

n; =(2,1,3)
FZ_) = (3; —2, 1)

= @2)B)+ (MWD + B =6-2+3=7
Il = V22 + 12+ 32 = VA + 1+ 9 = V4
Mzl =32+ (—2)? + 12 =0+ 4 +1=14

Substituting the values back into the cosine formula:

|7] 7 1
cos0 = — =

Vi14d -JV14 14 E

Taking the inverse cosine (arccos ):
0 = arccos (%) = 60° (org radians)
Thus, the angle between the two planes is 60°.

JP.612 Find the angle between the line d and the real plan P.

x=2+3t
d:{y=3—2t;tE]R;P:2x+y+z—5=0
z=1+5t

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

X —2
f3 —¢

x—2=3t y—3

d{y—3=—2t:><—:t;te]R§

z—1=>5t z-1_
\ 5 al
x—2 y-3 z-1
d—3—="3 =73

The directory vector of d is: ¥(3,—-2,5) = 37— 2j + 5k
The normal vector of Pis: u(2,1,1) = 2T +j + k
u-v=3-2-2-1+5-1=6-2+5=9
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il =22+12+12 =6
19| =32+ (—2)2 + 52 =19+ 5 + 25 = /38

O LA . N 9v57
O TR Wl T V6-v38 2v3-19 2319
. 357
cos(x (U, v)) = ETH
3V57
u({(ﬁ’,i’))zarccos( 38 >

3V57 3v57
x(d,P) = g — arccos < \/_> = arcsin <£>

38 38

Solution 2 by José Luis Diaz — Barrero — Spain
To find the angle 0 between a line and a plane, we use the relationship between the
direction vector of the line U and the normal vector of the plane 7. Because the normal
vector is perpendicular to the plane, the angle a between u and 7 is complementary to
the angle @ we want to find 8 = 90° — «. Therefore, we use the sine formula:
sin(9) = M
|2l || 17|
e Direction vector of the line u: Look at the coefficients of the parameter t in the
line’s parametric equations, to obtain: u = (3,—2,5)
e Normal vector of the plane 7: Look at the coefficients of x, y, and z in the plane’s
equation, to obtain: m = (2,1,1)

Then,
3)(2) + (=2)(D) + (5)(1) =9,

u-n
and [u-n| =09.
On the other hand,

e Magnitude of u:

|ludl| = /32 +(-2)2+52=v9 +4 +25 =138
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e Magnitude of n:

lI7l| =v22+12+12=Va+1+1=6

Therefore,
9 9 9
V38-V6 228 257

sin(0) =

and the exact angle is given by

. 9 , 9V57 . (3V57
0= arcsm( ) =arcsin| ——-| = arcsin| —_—

2V57 2:3-19 38

Solution 3 by Omkumar Rao-india

The angle between a line and a plane is determined by the angle between the
line's direction vector and the plane’s normal sector. For line d, the direction
vector isd = (3,-2,5),
and for plane P,the normal vector isn = (2,1,1).

The angle 0 between the line and the
plane is given by:

|d.7i
|d|.
|d|=v38, [il=+6

sin@ = , drn=9

(oY

3v57

ing=—-°
sin 38

The angle between the line d and the

%)

l Pis @ = sin™!
plane P is sin <38

JP.613 Find the angle between the lines:

x=3-—2t xX=2+4t
dl{y=1+t ;d2:§y=—1+2t;tER
z=-1+3t ZzZ=4—-1

Proposed by Daniel Sitaru — Romania
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Solution 1 by proposer

({;3=t fx;2=t
d1<y;1=t;d2:<%1=t;tE]R
z+1 z—4
5=t 7 =¢
dﬂx—3=y—1=z+1dfx—2=y+1=z—4
-2 1 3’ 4 2 -1

The directions vectors of d{, d,:
u;(—=2,1,3) = —20+ ] + 3k
u;(4,2,-1) =4T+ 2] — k
u U, =-2-4+1-2+3-(-1)=-8+2-3=-9
ug] =/(-2)24+124+32=V4+1+9 =14
[uz] =42+ 22+ (-1)2=V16+4+1=+21

. u; - u, -9 -9 -9/6 -3V6
cos(x(ity, 1)) = ———s- = _

lugl - luzl Viad-vV21 7V6 7-6 14
p(x(uy, uz)) = arccos = T — arccos

14 14
Solution 2 by José Luis Diaz — Barrero — Spain
To find the acute angle 0 between the two lines d; and d,, we need to find the angle
between their respective direction vectors. These vectors are formed by the coefficients of
the parameter ¢, as it is well-known.
For the first line d, the direction vector is v; = (—2,1,3).
For the second line d,, the direction vector is v, = (4,2, —1).
The acute angle 8 between two lines with direction vectors v; and V5 is given by:

[v1 - 7,

0 :T
cos(0) = riwa]

1. Dot Product (v - v3):

v v =(-2)M+ D@+ B)(-D=-8+2-3=-9
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Taking the absolute value yields: |v; - V5| = 9.

2. Magnitude of v;:

|73l =V(-2)2+12+32=V4+1+9 =14

3. Magnitude of v,:
|73l = V42 + 22+ (-1)2 =V16 + 4 + 1 =21
4. Product of Magnitudes:
1571111731 = Vi -VZI = V294 = 76
Substituting the calculated values into the formula, yields

cos(0) = 71\/6 = %

Finally, taking the inverse cosine, we obtain

o - 3V6
= arccos 14

Solution 3 by Omkumar Rao-India

The angle between two lines is determined by the angle between their
direction vectors. For line d,, the direction vector isv, = (-2,1,3),
and for line d,, the direction vector: v, = (4,2,—1)
The angle 0 between the lines is given by:

V1. V5|
COSBZ%
[v4]. [0,

1_7)1.1_7)2 = —9

h_jll = V14’ ,|1_7)2| = V21
3v6

6=""—r
COoS 14

The angle between the lines d, and d, is

3v6
0 = -1 ___—
COS < 14>

JP.614 In AABC the following relationship holds:
a*+b* b*+c* c*+at

+ + > 288713
h, he hy "
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Proposed by Nguyen Hung Cuong — Vietnam

Solution 1 by Daniel Sitaru — Romania

a*+b* b*+ct t+at a* + b*
+ + = >
h, h, h, h,
cyc
AM;GM 2a’b? 2a’b?> 1 22
= h, 2F Fz abe=
cyc cyc C cyc
abc 4RF 27R? EULER
=5 ab=T(s2+r2+4Rr)24R +1r2+4Rr| >

cyc
27
> 4. Zr(T-tlr2 +r2+4-2r- r) = 8r(27R? + 91?%) = 8r - 361r% = 28813
Equality holds fora = b = c.

Solution 2 by Marin Chirciu — Romania

iHo;ier (Zb)4 (ZC)4 (2p)4+(2p)4 B 32p4 Sagalo 32p4 B

zb4+04_zz+ + —
ThZR X Z ey oy T eyn o%n C opdi
3
32 p? Miti;ovic 32(3r\/§) _ 32.27-33r°

93 T 9f3 93

Equality holds fora = b = c.

=288r° =RHS .

Solution 3 by Omkumar Rao-Iindia

. . 2§ 2§ 2§
The altitudes are given by : h, = - yh, = o ,hy = i

:S — Area of AABC,s — semiperimeter,r — inradius ,R — circumradius

c(a* + b*) N a(b* + ¢) N b(c* + a*)
28 28 28

LHS =

By AM — GM, x* + y* > 2x*y?
forallreal x,y.

a.2b?c? + b.2c%*a? + c.2a*b?

LHS >

28
- 2abc(ab + bc + ca)

LHS
28
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By extended law of sines abc = 4RS

LHS > 4R(ab + bc + ca)

Euler's Inequality : R > 2r
ab + bc + ca = s* + 4Rr + r?
s > 3V/3r
LHS > 4.2r.36r% = 28813
Equality holds when both Euler's
Inequality and the side — inradius inequality are tight ,which
occurs if and only if AABC is equilateral.

JP.615 In AABC the following relationship holds:

a4+b4_I_b4+c4_|_c4+a4>96 5
> 967
hZ h2 h

Proposed by Nguyen Hung Cuong — Vietnam

Solution 1 by Daniel Sitaru — Romania

a4+b4+b4+c4+c4+a4_ a‘*+b4>
h2 h2 h: hz =
cyc
AM-GM 2a%b? 1 3 3
> _— 2p2¢2 = —.. 2 .~ . 2p2
> T E a?b?c* = o (4RF)? = 5 - 16R°F

cyc —o5— cyc
Yy CZ Y

EULER
=24R? > 24-(2r)? =24 -41% = 96712

Equality holds fora = b = c.

Solution 2 by Marin Chirciu—- Romania

zb4+04 =Zb_4+zﬁ“°§’”(zb)4 +(ZC)4 _(2p)'+(2p)" _ 32p* _32p* _
h? h? h: — 9>.h 9> h 9> h? 9> hZ ™ 9.p?
32 p2 Mitinovic 32(3|’\/§)2 32-27-I’2

= > = =

9 9
Equality holds fora = b = c.

96r° = RHS .

Solution 3 by Omkumar Rao-India
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The altitudes are:

28 28 28 cz(a* + b*) + a?(b* + ¢*) + b*(c* + a*)
ha=" b= k==, LHS= o

By AM — GM, x* + y* > 2x2y? for all real x,y.

LHS > 6a’b?c?
457 '
Euler's Inequality: R > 2r

By extended law of sines: abc = 4RS

LHS > 96712

Equality holds if and only if both the AM
— GM Inequality and Euler's Inequality
are tight ,which occurs if and only if
AABC is equilateral.

PROBLEMS FOR SENIORS

SP.601 What is the largest positive value of the power k such that
ak+ b* +c* <3
for all nonnegative real numbers a,b,c,d witha < b < c < dandab +
bc + cd + da = 4?
Proposed by Vasile Cirtoaje — Romania
Solution by proposer

Fora = 0and b = ¢ = d = /2, the constraints are satisfied and the inequality becomes

k
2:-22 <3,
that is
k < _ln9 2~1.17 2%_3
SM=h2 <7+ 7

To show that m is the largest positive k, we need to prove the required inequality for

k = m. Let’s write it in the homogeneous form
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m
(ab+bc+cd+da>7>am+bm+cm
4 - 3 '

Since d > c, it suffices to prove the inequality for d = c. For fixed b and c, we need to

prove that f(a) > 0, where

m
ab+bc+ca+c3?\2 a™+bm+c™
f(a) = 1 - 3 , a€l0,b],
with
1 ,()_b+c< 4 )1‘? 1
mfa_ 8 \ab+ bc+ ca + c? 34

Since f'(a) is decreasing, f(a) is concave. So, it suffices to prove that f(a) > 0fora =0
anda = b.
Case 1: a = 0. We need to show that

m
2

<bc+c2> - b™ + c™

4 3

Due to homogeneity, we may set ¢ = 1. So, we need to prove that

m
(b + 1)2 b™+1
>
4 3
for 0 < b < 1. Since b™ < b, it suffices to show that

4

m
b+1\z2 b+1
) =5

which is true if

m
3>2"(b+1) 2.
We have

m m

m
3—2m(b+1)'"2>3-2m.2"2=3-2.22=3-2.-2=0.

N| W

Case 2: a = b. We need to show that

2 3

Due to homogeneity, we may set ¢ = 1. So, we need to prove that

(b+c>m - 2b™ + c™
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<b+1)m>2bm+1
2 - 3

for 0 < b < 1. Since b™ < b, it suffices to show that

<b+1)m 2b+1
> .
2 - 3

By Bernoulli’s inequality, we have

b+1m_ 1 1—b"‘>1 m(1 B> 1 2(1 b)—2b+1
(2)‘(_2>—_2 It T T

The proof is completed. If k = m, then the equality occursfora = b =c =d = 1, as well

asfora=0andb=c=d = 2.

SP.602 Let a4, a,, ..., a,, be nonnegative real numbers such that
a, +a, + -+ a, = n.Prove that:

> /nn—-1)

Proposed by Vasile Cirtoaje — Romania

n-—a;
n—1+aq;

i=1
Solution 1 by proposer

By Holder’s inequality, we have
2

n n 3
Z nnljlal Z(n—ai)z(n—1+ai)2<Z(n—ai)> =n3(n—-1)3.

So, it sufflces to show that
n
n?(n-1)?%> Z(n —a)%*(a; +n—1),
i=1

which is equivalent to E > 0, where
n

n
E= —Zai3+(n+1)2ai2—n2.
i=1 i=1
Forn = 2, we have E = 0, and for n = 3, the inequality E = 0 reduces to the well-known
inequality

(a1 +a; + a3)(a1a2 + aasz + a3a1) = 9a1a2a3.
For n > 4, assume a; = max{a,, a,, ..., a,,} and consider two cases.

Case 1: a; < n — 1. We have
n

E = [ a + (n+1)a? —n] z[ a+m+1a?-2n-1a; +n— 1]
i=1 i=1
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n
= Z(l —a)*(n—1-a;) > 0.
i=1

Case2:a; >n— 1.Froma, + a, + -+ a,, = n, it follows that a, € (n — 1,n] and
a,, ..., a, < 1.So,
E>-a3+(n+1)a?-—n*+ai(1—a,)++ad:(1—-a,)
>-a}+n+1)a?—n?=mn-a)(a?-a, —n).
Sincea?—-a; - n>m-1)?-(n-1)-n—-n(n—-—4)+2>0,wehave E > 0.
The proof is completed. The equality occurs fora; = a, = --- = a,,and also fora; = n
and a, = --- = a,, = 0 (or any cyclic permutation).

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco

Write the inequality as
B _a1+a2+"'+an

Zf(a,-) >nf(s), s = =1,

n
i=1

n—x
fx) = ’n——l-l-x’ x € [0,n].

For x € [0,1], we have
2n-1)2n+1-4x) -

f(x) = >
4,/(n—x)3(m—-1+x)5
Then, f is convex on [0, s]. By the LHCF — Theorem [1],it suffice to prove that

f)+m-1Df(y) =2nf(1)
forx>1>y>0suchthatx+ (n— 1)y
= n.The last inequality can be rewritten as

n—x n—y
n—1sx @7V /n_—HyZV"“"”
(n—1)y n—y
‘E’jm_l_m_l)y“n‘” /mzv”("‘”-

n 2n — 1)t?
Lett=\/2 Y € [0,1],theny = ( )

Where

n—-1-(n-1)y n+ (n-— 1)t

The last inequality is equivalent to
(n - 1)[n? + (n? — 3n + 1)t?] -
n—1+ nt? -

By squaring, we get the obvious inequality
nt(1-6)?2n-1)-t] >0,

n—t
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The equality holds fora; = a, =+ =a, =1,andfora, =n,a, =--=a,
= 0, or any cyclic
permutation.
[1] V.Cirtoaje, Mathematical Inequalities
— Volume 4: Extensions and Refinements of Jensen's
Inequality, LAP LAMBERT Academic Publishing / Editura Universitatii Petrol
— Gaze din
Ploiesti, 2021, p. 4.

SP.603 Prove that g is the largest positive value of the power k such that

1 1 1 1
—+—+—+—==>a*+b*+ ck +dk
a b ¢ d

for all positive real numbers a, b, ¢, d with at most one of them smaller than
1and ab + ac + ad + bc + bd + cd = 6.

Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Fora € [1, ;) ,b=c=1andd = sa—+22a’ the constraints are satisfied and the inequality
becomes E(a) > 0, where

k

E()_1+a+2 K (5—2a>
V=4 "5"2a a+2)/)’
We have
1 9 9k
! S k-1, _ "  gk-1
E'(a) a? + (5 —-2a)? ka™ " + (a+2)2 =
2 18k 81k(k—1)
" — _ _ k-2 __ k-1 _ k-2
E"(a) a3 + (5 -2a)3 k(k —1Da (a+2)3 d (a+2)*

Since E(1) = E'(1) = 0, the condition E'' (1) > 0 is necessary to have E(a) > 0 for
aceE [1, ;) From

26-3k)(1+k) - 0
3 =0,

4 2k
E'(1) = 2+§—k(k— 1)—?—k(k— 1) =
weget k < g To show that g is the largest value of k, we need to prove that F > 0 for

a=>b>=>c>=12=dsuchthatab + ac + ad + bc + bd + cd = 6, where
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F=rtytoto—ad—bi—ci—ds
b rik c

For fixed a and b, assume that d and F are functions of c. We have
(a+b+c)d +a+b+d=0

and

w

F'(c) = —c? 52 (d‘2+5d3)d - 5§+(d-2+5d2)a+b+d
@=-c 3¢ ¢ 3¢ +b+c

We claim that F'(c¢) > 0, that s

2 2
3d-2+5d§>a+b+c 3d~2 + 5d3 >a+b+c

3c-2 450 atbtd “a+b+d

)

2
3¢ 2 +5¢3

2 2
3(c2 — d?) — 5¢2d? (c§ - d§) o d

d2<3+5c§> “a+b+d

From: 6 = ab + ac + ad + bc + bd + c¢d > 6/abcd > 6V c3d,

we have c3d < 1, hence
8 5
d? (3 + 50§> —8cd = -3d(c—d) — 5cd (1 - c§d) <0.

8
Since cd < 1, d? (3 + 5(:5) < 8cd and a + b = 2c, it suffices to prove the homogeneous

inequality

202 2
3 -d) - 5(edi(ci-di) g
= .
8cd ~2c+d
For c = x3 > 1 and d = 1, the inequality becomes
3(x6—-1)-5x2(x2-1) x3-1
> )
8x3 —2x3+1

x-1)(A-B)=0,
where
A=2x3+1D(3x% +3x* —2x3 —2x2 +3x+3), B=8x3(x* +x+ 1).
Since: A— B =6x3+6x7 —4x® —9x° + x* —4x3 - 2x2 +3x+3 =
= (x—1)(6x7 + 12x° + 8x% —x* —4x? —6x—3) > 0,
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we have F'(c) = 0, F(c) is increasing and has the minimum value when c is minimum,

hence when ¢ = 1. So, it suffices to consider this case, when we need to show that G > 0

fora=b>=12=dsuchthatab + bd + da+ a+ b + d = 6, where
1 1 1 5 bE dE
=—4+_4+——a3—-b3—ds.
G a+b+d a

For fixed a, assume that d and G are functions of b. We have
(a+b+1)d +a+d+1=0
and
G'(b) = —— — 23— (i+§d§)d' BNy (i+§d§)L‘+1.
b? 3 d> 3 d> 3 a+b+1
We claim that G'(b) > 0, that is

2 2
3d-2+5d§>a+b+1 3d~2% + 5d3 >a+b+1
“a+d+1’ “a+d+1

2 2 ’
3b-2 + 5b3 3b-2 + 5b3
2 2
3(b% — d?) — 5h2d? (b§ - d§) b d

> :
at+d+1

8
d? (3 + 5b§>

From: 6 =ab+ bd +da+a+ b +d > 6Vabd > 6Vb23d,

we get b%d < 1, hence

8 5
d? (3 + 5b§> — 8bd = —-3d(b—d) — 5bd (1 - b§d) <0,

and from
6=ab+bd+da+a+b+d=>b*>+2bd+2b+d=
=b+d)?*+2(b+d)—d*—-d=>b+d)?*+2(b+d) -2,
we get
(b+d)?>+2(b+d)—8<0, b+d <2,
hence

b+d_3w+d)

a+d+1=b+d=1=2b+d+ 2 2
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8
Since bd < 1,d? (3 +5b3) < 8bdanda+d+12b+d+12b+d+2% =2 4

suffices to prove the homogeneous inequality

2 2 2
3(6% — )~ 5(bd)3 (b3 —d3) 55 _ g
8bd “3(b+d)
For b = x3 > 1 and d = 1, the inequality becomes

3(x6—1) —5x2(x%2-1) - 2(x3 -1)
8x3 —3(x3+1)

(x—1)(C-D) =0,

where
C=3x*+1)(3x°+3x*—2x°-2x2+3x+3), D=16x°(x*+x+1).
Since
C—D=9x8+9x7 — 6x° —13x> + 2x* —13x3 - 6x* +9x + 9
= (x — 1)2(9x° + 27x5 + 39x* + 38x% + 39x% + 27x + 9) > 0,
we have G'(b) = 0,G(b)is increasing and has the minimum value when b is minimum,
hence when b = 1. So, it suffices to consider this case, when we need to show that H > 0

fora > 1 > d suchthatad + 2(a + d) = 5, where

1 1 5 5
G=E+E—a3—d3.
We have
d=5_2a a<§.
a+2’ 2

Assume that d and G are function of a, and show that G'(a) > 0. Then, G(a) is increasing

and G(a) = G(1) = 0 (because a = 1 implies d = 1). We have
(a+2)d +d+2=0

and
5 2 5 2 5 2 5 2\d+2
1 —_a2__g3 — -2 _§> '— —_g-2_" 3 (_2 _§) .
G'(a) a 3a (d +3d d a 3a+ d +3d Py
Write the required inequality G'(a) > 0 as follows:
2 2
3d2+5d3 a+2 3d?+5d3 a+2
22352 z- 121
3a~% + 5a3 3a% + 5a3
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2 2
3(a? — d?) — 5a2d? (a§ _ d§) o d
> :
—d+2

8
a4z (3 + 5a§)
We will show that this inequality can be obtained by multiplying the inequality
8
8(d +2) 2 3d? (3 + 5a2) (*)
2 2 _
and 3(a? — d?) — 5a*d? (a§ - d§) > @ (**)

By Bernoulli’s inequality, we have

8(a*-1) 8a®+1 345 <8(5a3+4)
9 9 ¥="9 —
So, to prove the inequality (*), it suffices to show that: 3(d + 2) > d?(5a3 + 4),

8 8 8
3=[1+(@-1)]9<1+ 3

a

which is equivalent to

3(5 — 2a) - (5 -2a)?(5a® +4)
a+?2 - (a+2)2 ’

—20a® 4+ 100a* — 125a® — 16a% + 107a—46 >0, (a—1)%24 >0,

where
A= -20a3+ 60a? + 15a — 46.
The inequality (*) is true because
A > —-20a® + 60a? + 15a — 55 = (a — 1)(—20a? + 40a + 55)
> (a—1)(—20a? +40a + 25) = 5(a—1)(2a+ 1)(5 — 2a) > 0.

(a+d)?

From5=ad+2(a+d)2ad+4\/adand5=ad+2(a+d)ST+2(a+d),we

getad < 1anda +d = 2. So, to prove (**), it suffices to prove the homogeneous
inequality

4(a—d)(a+ d)
3 )

202 2
3(a? — d?) — 5(ad)3 (as - ds) >
which is equivalent to
2oz 2 2z 2y3
a? — d? — 3(ad)3 (a3 - d3> >0, (a3 - d3) > 0.

The proof is finished. If k = g, then the equality occursfora=b=c=d = 1.
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SP.604 Let be A(2,1,0); B(1,2,1); C(3,3,3); D(0,0,4). Find the distance

from the point D to the real plan (ABC).
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

(ABO):

W= N R
WIN =L
W= O N

x—3 y-3 z-3 0
| -1 -2 -3 0
(ABC): _o _1 2 0o
3 3 3 1
x—3 y—-3 z-3
(ABC):| -1 -2 -3 (=0
-2 -1 -2
x—3 y—-3 z-3
(ABC):| 1 2 3 [=0
2 1 2
(ABC):4(x—3)+6(y—3)+(z—-3)-4(z-3)-3(x—-3)-2(y—-3)=0
(ABC):x—3+4(y—3)—-3(z—-3)=0
(ABC):x+4y—-3z—3-12+9=0
(ABC):x+4y—-3z—-6=0

|xp +4yp —3zp—6| [0+4-0-3-4—6]

d(D, (ABC)) =
(b.(aB0)) V12 +42 + (-3)2 V12 + 42 + (=3)2
18 18V26 926
d(D,(ABC)) = E- 26 ~ 13

Solution 2 by Marin Chirciu-Romania

The equation of the real plan (M{M;M3), M, (X,Y,,2);iM,(%,,¥,,2,); M;(X;, Y3, 25 )is:

X=% Y=Y -1
X=X Y,=Y Z,—7|=0.
X=X Ys=N L—4

2).The distance from M, (X,, Yo, Z,)to (P):ax+by+cx+d =0is:
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|ax, +by, +cz, +d|

M) = e

Xx—2 y-1 z-0
(ABC):|1-2 2-1 1-0/=0<> x+4y-3z-6=0.
3-2 3-1 3-0
The distance from D(0,0,4)to (ABC): x+4y—3z-6=0is:

1-0+4-0-3-4-6|

18
JE+4 +(-3)° V26

Solution 3 by José Luis Diaz — Barrero — Spain

d(D,(ABC))=

We can find two vectors lying in the plane by using the points A, B, and C:
AB=B-4=(1-22-11-0)=(-1,1,1)
AC=C-A=(3-23-13-0)=(1,2,3)

The normal vector 7 to the plane is perpendicular to both AB and ﬁ, which can be found
using the cross product:

|
|

-

1 2 3
n=11-3-1-2)-j((-1)-3-1-1)+k((-1)-2-1-1)
n=10+4j— 3k = (1,4,-3)

Using the point-normal equation of a plane A(x — xy) + B(y — y,) + C(z — z,) = 0 with

the normal vector = (1,4, —3) and the point A(2, 1, 0), we get
1(x-2)+4(y—-1)-3(z-0)=0x+4y—-3z—-6=0

The formula for the distance d from a point (x, yo,Z,) toaplane Ax + By + Cz+ D =0

is:

_ |Ax0 + Byo + CZO + Dl
VA% + B? + (C?

Substitute the plane coefficients (A = 1, B = 4,C = —3, D = —6) and coordinates of
D(0,0,4), to obtain

_ [1(0) + 4(0) —3(4) — 6| B 18 B 926

J12 42 1 (=3)? v26 13

\/_
13

and the distance from the point D to the plane (ABC) is 2

SP.605 Let be A(1,2,1); B(2,1,3); C(4,4,4). Find the distance from the
point A to the line BC.

Proposed by Daniel Sitaru — Romania
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Solution 1 by proposer

AB = (xg — x)i+ (yp — ya)j + (25 — 22Dk =
=2-1Di+(1-2)j+B-1Dk=1—j+2k
AC = (x¢ —x)T+ (Ye —y)J + (2¢ _ZA)_IZ =
=(4-1i+(@-2)]+@4-1)k=31+2]+3k
BC = \/(xc —xp)2+ (yc —yp)* + (z¢ — zp)* =
=J/4-22+4-12+(4-32=V4+9+1=14

ABxAC=|1 -1 2|=-31+6j+2k+3k—47—-3j=-71+3j+5k
3 2 3
A[ABC] = |AB><AC| —J(—7)2+32+52=

=—\/49+9+2 ——\/58+2 =-83

[ABC] 2. —\/_ 83

d(A,B,C) = 1a

Solution 2 by Marin Chirciu-Romania

The distance from the point A(X,, Y;,Z,)to the line BC,B(X,,Y,,2,),C(X;, Y3, Z;) is

2 2 2
\/Xz_x1 Yo=Y +y2_y1 Z, =1 =4 X=X
d(A,BC)= X=X Y=Y Ys= Y1 434 L3—4; X3—X

\/(x2 —xl)2 +(y,— yl)2 +(z, - 21)2

The distance from the point A(1,2,1)to the line BC,B(2,1,3);C(4,4,4) is:

R R R
d(A,BC) =

J@A-2)2+(4-1)2+(4—3)2
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42 2 2
BT

v4+9+1 14

Solution 3 by Jose Luis Diaz Barrero-Spain

To find the distance from point A(1, 2, 1) to the line passing through B(2,1, 3) and

C(4,,4,4) we can use the vector formula:
||ch X FC“
[l

We find the components by subtracting the initial point from the terminal point:

d=

BA=(1-22-11-3)=(-1,1,-2)
BC=(4-24-14-3)=(23,1)
Using the determinant definition of the cross product:
L i j k
BAXBC=det| -1 1 -2
2 3 1
Expanding along the first row:

BAXBC=i(1-1-(-2)-3)—j((-1)-1-(-2)-2) + k((-1) - 3-2-2)
=i(1+6)—j(-1+4)+k(-3-2)
=(7,-3,-5)
Next, we find the lengths of the cross product vector and the direction vector BC:

|IBA x BC|| = /72 + (=3)2 + (-5)? = V49 + 9 + 25 = 83
B¢l =22+ 32+ 12 = VAT 9 ¥ 1 = VT4

Substituting these values back into the distance formula gives:

83
1

d_\/83_
V12 |14
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SP.606 Let be A(2,1,0); B(0,1,2);C(3,0,1); D(4,4,4). Find the volume of

the tetrahedron ABCD.

Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
AB = (x5 — X+ (yp — ya)i + (25 — 20Dk
AB=(0-2)i+(1-1j+ (2-0k=—-20+2k
AC = (x; — x)i+ (e — yj + (zc — 20Dk
AC=(3-2)i+(0-1Dj+(1-0k=i—-]+k
AD = (xp — x2)T + (yp — y)J + (2p — 22Dk
AD = (4—2)i+(4—1)j+ (4 —-0)]J=20+3]+4k

S A S -
ABxAC=|_2 o 2|=2j+2k+2i+2j
1 -1 1

AB x AC = 2T + 4j + 2k
AD-(ABxAC)=2-2+3-4+4-2=4+12+8 =24

1 — . 24
V[ABCD] = g|AD -(AB x AC)| = - =4

Solution 2 by Marin Chirciu-Romania

XAyAZA
X z
v[ABCD]:1|A, A=l Yo
6 X Yo
XDyDZD
21011]2 1 01
-2 0 2
012120 20 -1 2
A= = =-|1 -1 1]=2 =-24.
3011 |1 -110 3 6
2 3 4
4 4 41 |2 3 40

V[ABCD]:%|A|:%|—24|=4.
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Solution 3 by Jose Luis Diaz Barrero-Spain

To find the volume of the tetrahedron with vertices 4(2,1,0); B(0,1,2),€(3,0,1), and
D(4,4,4), we use the scalar triple product of three vectors sharing a common vertex. The

formula for the volume V is:
v = 2 |(4B x c) - 4D
Choosing point A as the reference vertex, we subtract its coordinates from the other
points:
AB=(0-2,1-1,2-0)=(-2,0,2)
AC=(3-20-1,1-0)=(1,-1,1)

AD = (4-2,4—1,4-0) = (2,3,4)

The scalar triple product corresponds to the determinant of the matrix formed by these

-2 0 2
D=det{ 1 -1 1

2 3 4

three vectors:

Expanding along the first row, we get

D=-2-det( g)-0-det(; ;)+2-det(; )

=-2((-D@® - WB) - 0+2((LB) - (-D(@2)) = 24
Plugging the absolute value of the determinant into our volume formula, we obtain
Vzl- |24 =ﬁ=4
6 6
Solution 4 by Omkumar Rao-Iindia
The volume of tetrahedron ABCD is
given by:

1,
V=€|[AB,AC,AD]|
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(-2 0 2
v=2[1 -1 1
6], 3 4
2 0 2
1 -1 1|/=-2[-1D4)-1)B)]-0[(14) - (1)(2)]+2[(1(B) - (—1)(2)]
2 3 4

=24
1
V= A (24) = 4 cubic units

SP.607 Let be the function f: [0, 1] — R integrable such that f(1) = 1 and

y 1
[ r@ae=5 05 - xr) vy e 0,11

Find:
T

I= .[Zf(x) - tan? x dx
0

Proposed by Marian Ursarescu, Florica Anastase — Romania
Solution by proposers
[ r@de =2 (yfo) —xf(®),vxy €l0,1] (%)
If in (*) we take x = 0 and y = x, we get f(ff(t) dt = gf(x).
Let be F(x) = f:f(t) dt, how f is integrable function then f is bounded function and
F) =3fx) (1)

From F'(x) = f(x) = xF'(x) = 2F(x) (2)

! ! (x)— (2)
On the other hand, (%) = @2k 2 Fx) =ax*,a€eR>

%3

f(x) = Bx),B € R,x € (0,1] and from f(1) = 1, we get B = 1 and hence f(x) = x.

Therefore,
n n (1 2)
7 2x(1 —cos?x
szf(x)-tanzxdxzf 5 dx =
0 0 cosZ x
4 b4 T s
_de Fd—(t AT Ft ax="_T 1y,
_Ocoszxx Oxx—xanxzo 0anxx—4 37 72
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SP.608 If a,b,c € (0,1) and x,y,z > 0 such that a = (bc)*, b = (ca)?,

¢ = (ab)? and xyz = 1 then holds:

' Zan(y+z+ 2)2n-1 > 6 - Vabc,n € N, n > 2

cyc
Proposed by Marian Ursarescu, Florica Anastase — Romania

Solution by proposers

Z an(y +z+ Z)Zn—l — Z an(y +1Z + Z)n Ragon

e Y (y+z+2)r1
- l[aly+z+2)+b(z+x+2)+x(x+y+2)]"
- ( 1 1 1 )”‘1 -

x+y+2+y+z+2+x+y+2

[((b+c)x+ (c+a)y+ (a+ b)x]" AM_GM
( 1 1 1 )n—l =

x+y+2+y+z+2+x+y+2

(33 @+ b)(b+c)(c+ a)xyz)n - (6%)"

_(1+1+1)"‘1_(1+1+1)

n-1 (1)

xX+y+2 y+z+2 x+y+2 xX+y+2 y+z+2 x+y+2
—Ina —Inb
— X b — Y o — z — —
Now, from a = (bc)*, b = (ca)?,c = (ab)? we get x = oY = T

—Ilna—-Inc=gq
.Letusdenote{—Inb —Inc = p withp,q,r > 0, then
—Ina—-Inb =r

—Inb
—Ina-Inc

(
I

—-q+r . + 1 2 +
4 y= Pz ‘L and using —pp+qq <2 we get: = P < P
I

2 T2 prarn e = 2gprqer  (and analogs)

. 1 1 1 +q+q+r+r+
Hence, it follows that: + + < BT P-1 (2)
x+y+2  y+z+2  z+x+2 2(p+q+r)

From (1) and (2) we obtain:

a*(y+z+2)"1+b"(z+x+2)"" 1+ c"(x+y+2)>*"1> (63\/abc)n

Finally,

40 41-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

"\/z a*(y+z+2)2"1>6- VYabc,ne N, n > 2

cyc

SP.609 If a, b, c > 0 then:

\/azb2 + c? +\/c2b2 + a? +\/c2a2 + b?% > \/(a+ b+ c)? + (ab + bc + ca)?
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
Letbe f: (0,0) - R; f(x) = Vx%Z + 1

f(x)= \/_ S (x) = 2+1)J_ > 0; f convex

By Jensen’s inequality:

chc abf (ﬁ) > f(chc ab - %) _ f< chcc >

chc ab chc ab chc ab

Teye abf (73)
Ycycab

- ( a+b+c )
=f ab + bc + ca
a+b+c )

abf(ac)+bcf( )_l_caf(%) (ab+bc+ca)f<m

b c\2 > (ab+ b a+b+c \?
Za (E) +12 (ab + be + ca) (ab+bc+ca) +1

cyc

z\/cz+a2b2 > ./(a+b+c)?+ (ab + bc + ca)?

cyc
Equality holds fora = b =c = 1.
Solution 2 by Jose Luis Diaz — Barrero — Spain

Minkowski’s Inequality (the triangle inequality for vectors) states that for any real

numbers:

(B [B+yit [ 0i2 O rm t )t 0r F s e

We can strategically choose the components (x;,y;) from each radical term as follows:
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e Forva?b? + c?,letx; =abandy,; =c.

e ForVb?c? + a?,letx, = bcandy, = a.
e ForvVc?a? + b?,let x3 = ca and y; = b.
Applying these to Minkowski’s Inequality yields:

\/(ab)2 + c2 +\/(bc)2 + a? +\/(ca)2 + b% > \/(ab+bc+ca)2 + (c + a + b)?
Equality holds if and only if the vectors (ab, ¢), (bc, a), and (ca, b) are linearly dependent

(proportional):

ab ¢ a ¢ 5 )
bc a ¢ a

Since a, b, ¢ > 0, this implies a = c. By symmetry across the other ratios, equality holds if
andonlyifa=b = c.

Solution 3 by Omkumar Rao-India

U= (ab,c),v = (bc,a),,w = (ca,b) € R?:

[u] = va?b? + 2, |[v| = v/ c?b?* + a?
|W| =/ c%a? + b?

Minkowski Inequality : |ul| + |v| + [W| = [U +V + W|

Uu+v+w=(@b+bc+ca,a+b+c):
Vazb? + ¢ +/c2b? + a? +/c2a? + b? = \/(a+ b + ¢)? + (ab + bc + ca)?

Equalit -ﬁ’|ITJ’I|W=>a—b—E—E<:>a—b—c
1 Y c a b S

SP.610If a,b,c > 0 then:

Ja2 +1+Vb2+1+Jc2+1=>J(a+b+c)2+9

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
Letbe f:(0,0) - R; f(x) = Vx2 + 1
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)= =i 10 = e

By Jensen’s inequality:

chcaf(%)>f chca'% =f< 3 >

chc a B

Z“f(i)ﬂ““’“)f(ﬁ)

cyc

o () o) ()= s or (e

— — >
a/ +1+b/b2+1+c/ +1 (a+b+c)\[( +b+c) +1

Ji+a2+J1+b2+J1+c2>J9+ (a+b+c)?

> 0; f convex

Equality holds fora = b = c = 1.
Solution 2 by Jose Luis Diaz — Barrero — Spain

Minkowski’s Inequality states that for any real numbers:

JBAYE [Byie [z Gt T x)t s Oy s+
Choosing the components (x;, y;) to match the terms inside each radical on the left-hand
side:

e ForVvaZ+1,let Xy =aandy; = 1.
e ForVb? +1,let X, =bandy, = 1.
e ForVc?+1,let x3 =candy; = 1.

Substituting these components into Minkowski’s Inequality gives:

Va2 +1+yp2+1+J2+1=2J(a+b+c)2+(A+1+1D2=J(a+b+c)?+9
Equality holds if and only if the vectors (a, 1), (b, 1), and (¢, 1) are proportional:

Thus, equality holds if and onlyif a = b = c.

43 41-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
SP.611If x,y,z > 0 then:

(x> +y° +2°)(x® + y& + 28 (2% + y* + 2%)° = (x® + y3 + %)
Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
Letbe f:(0,) > R; f(x) = x3, f'(x) = 3x%;, f"(x) = 6x > 0 = f convex
By Jensen’s inequality: p; f(x1) + p2f(x3) + p3f(x3) = f(p1x1 + p2xz + P3x3) (1)

forp,p2,p3>0;p1 +P2+P3=1
Replacein (1):

xZ 3 yZ B ZZ
=iy 2Pt gy 2’ 3T ey
e 2L
—.x_ —-x
x2 + y? + z2 x2 +y? + 7?2
cyc cyc
3
1 x3
e Y S
x2 +y? + 72 x2 +y? + z2
cyc cyc

x5+y5+25>(x3+y3+z3)3
x2+y?+z2 " (x2+y?%+22)3

(B +y5+25)@2+y2+ 222> (P +y3 +2°)°  (2)
Let be g: (0,) - R; g(x) = x*
g (x) =4x3;g" (x) = 12x* > 0 = g convex
By Jensen’s inequality:

q19(x1) + q29(x2) + q39(x3) = g(q1x1 + q2x2 + q3x3)
Replace in (3):

52 y? 2
T x2+yz+zz'q2 xz+y2+zz'q3 x% +y? + z2
x2 x?

2, ‘20|,
x2 + y? + z2 x% +y? + z2
cyc cyc
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x% +y® + 26 - (x3 + y3 + 23)*
x2+y? 422~ (x4 y? +22)*
(x®+y° +2)(x2+y? +22)3 > (3 +y3 +23)* (4)

By multiplying (2); (4): (x° + ¥° + z%) (x® + y® + z°) (x + y? + 22)5 > (x® + y® + 23)7
Equality holds forx =y = z.
Solution 2 by Jose Luis Diaz — Barrero — Spain
Holder’s Inequality for multiple sequences states that for positive numbers and weights
that sum to 1 the following holds:
]-";1(2? a]-,-)wj > Y [1j% ar;j where ¥, w; =1

We can interpret the LHS as a product of 7 brackets in total, assigning each an equal
weight of w; = % That is

o 1bracket of (x° + y° + z°)

e 1bracket of (x® + y° + z°)

e 5brackets of (x% + y? + z2)

Applying Holder’s Inequality with these terms yields:

1 1 5
(x5 +y5+25)7 - (x® +y° +2)7 - (x* +y* + 22)7 > xP + yP + 2P
where the exponent P for each variable is calculated by multiplying its original powers by

their respective weights:

P—(5x1>+(6x1>+(2x5>—5+6+10—21—3
B 7 7 7) 7 7

Substituting P = 3 back into the inequality gives:

1 1 5
(5 +y>+25)7(x0 +y° +29)7(x? +y2 +22)7 > x> + y3 + 23

Since all terms are positive, we can raise both sides to the 7t* power to obtain the final
result:
(x5 + 95 + 25)(x® + ¥ + 20) (2% + y* + 2%)° > (2% + y% + 2%)7

Equality holds ifand only if x =y = z.
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Solution 3 by Marin Chirciu-Romania

LHS = 33 (XY ”"'ﬁ”(zz/x5+6+2-5 )7 — (%) =RHs.

Equality holds for x=y=1z.

SP.612 Let be A(1,2,3); B(4,1,1);€(0,3,2); D(2, 1, 3). Find the volume of
the parallelepiped builded on the vectors A—B), A_(i AD.

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

AB = (xp — x)T+ (V5 — y)J + (25 — 20Dk
AB=(4-1Di+(1-2)Jj+(1-3)k=31—]—2k
AC = (xc = x0T+ (Yo —ya)J + (2¢ — ZA)z
AC=(0-1i+(B-2)j+2-3)k=—-i+j—k
AD = (xp —x)T+ (Yp —ya)J + (zp — ZA)E)
AD=(2-1)i+(1-2)j+(B-3)k=1-7

I A oo
ABxAC=|3 -1 —2|=10+2j+3k—-k+3j+21
-1 1 -1

AB x AC =37+ 5] + 2k
AD - (ABxAC)=1-3—-1-5= -2
Vparallelipiped] = |-2| = 2
Solution 2 by Jose Luis Diaz Barrero-Spain
To find the volume V of the parallelepiped built on the vectors ﬁ, R, and AD from the
points A(1,2,3),B(4,1,1),€(0,3,2),and D(2,1, 3), w use the scalar triple product. The
volume is given by the absolute value of the determinant of the matrix formed by these

three vectors:

v = |4B . (4 x 4D)|
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We find each vector by subtracting the coordinates of the initial point from the terminal

point:
AB=(4-11-2,1-3)=(3,-1,-2)
AC=(0-1,3-22-3)=(-11-1)
AD=(2-11-2,3-3)=(1,-1,0)

The volume is the absolute value of the determinant of the 3 X 3 matrix containing these

3 -1 -2
det| -1 1 -1
1 -1 0

Solution 3 by Marin Chirciu-Romania

vectors as rows:

V= =|-2|=2

We use: V[AB,AC,AD| = |(AB,AC,AD)| = |AB - (AC x AD))|.
In our case:

AB=(4-1)i+(1-2)j+(1-3)k=31—-j—-2k=
=32+ (-1)% + (-2)2 = V14

- |28|

AC=(0-1)i+(B-2)j+2-3)k=—-i+j—k=

= ||ﬁ|| =J(-1)2 +12 + (-1)2 = /3.

AD=2-1Di+(1-2)j+B-3)k=i—-j=

I i ] k B
ABxAC=|3 _—1 —2|=1+2j+3k—k+3j+21
-1 1 -1

AB x AC =37+ 5] + 2k
AD - (ABxAC)=1-3—-1-5= -2

Vparallelipiped] = |-2| = 2
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SP.613 Let be A(2,4,1); B(4,2,5). Find the mediator plan of the segment

[AB].
Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

M(xA +xB’yA+yB’zA+zB) :»M(2+4; 4+2;1+5)

2 2 2 2 2 2

=>M(@3,3,3)
AB = (xp — x)T+ (5 — ya)J + (25 — 20)K
AB=(4-2)i+2-4)j+(G-1k
AB = 21— 2j + 4k
Let P be the mediator plan of the segment [AB].
P-(x—xy) 2+(Qy—ym) (=2)+(z—2zy)-4=0
P.(x-3)-2+(y—-3)-(-2)+(z-3)-4=0
P:2x—6—-2y+6+4z—-12=0
P:2x—-2y+4z—-12=0
P:x—-y+2z—-6=0

Solution 2 by Marin Chirciu-Romania

M the middle of the segment AB =

Xp + X Yty 7,41

:2;4,yM :4;2,2M =%:> Xy =3,Yu =3,2, =3= M (3,3,3).
AB'is the normal vector of the mediator plan of [ AB]
(X =X ) (X=% ) +(Ys = Ya)(Y=Yu ) +(2s —24)(z2-2y ) =0 <
< (4-2)(x—3)+(2-4)(y-3)+(5-1)(z-3)=0 < 2(x-3)-2(y—3)+4(z-3)=0 <
< 2(x-3)-2(y-3)+4(z-3)=0= x—y+2z-6=0

= Xy
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Solution 3 by Jose Luis Diaz Barrero-Spain

To find the mediator plane (the perpendicular bisector plane) of the segment [AB] given
the points A(2,4,1) and B(4,2,5), we need two elements:

1. A point on the plane, which is the midpoint M of the segment [AB)].

2. Anormal vector 71 to the plane, which is the vector AB.

The coordinates of the midpoint M are calculated by taking the average of the coordinates

of A and B:

M=<xA+xB Ya+Ys ZA+ZB)

2 ’ 2 ’ 2
2+4 4+2 1+5

=< 2 2 2 )2(3’3’3)

The normal vector 7 is directed along the segment AB:

n=A4B = (Xp — X4, Y — Ya,Zp — Z4)

n=04-22-45-1)=(2,-2,4)
To simplify the equation of the plane, we cand divide the vector components by their
greatest common divisor, 2, to obtain a simpler normal vector:

n=(>1,-1,2)

The standard equation of a plane with a normal vector . = (a, b, ¢) passing through a
point M (x, yo, Zo) is:

a(x —xo) + b(y —y¢) +c(z—20) =0
Substituting 7 = (1, —1,2) and M(3, 3, 3) into the formula, yields the Cartesian equation
of the mediator plane of the segment [AB]:

XxX—y+2z—-6=0

SP.614 Let be A(1,3,2); B(3,1,1); C(4,2,0). Find the area of the

parallelogram builded on AB and AC.

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer

AB = (xp —x )T+ (yp—ya)J + (zp — ZA)T()
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AB=03-1i+(1-3)]+1-2)k

AB =2i-2j—k
AC = (xc—x)T+ (e — YT + (2 — 20Dk
AC=1A-1Di+2-3)j+1-2)k
AC=3i-j-2k

—

i E L B
ABxXAC=1|2 -2 -1 =4-i>—3]_>—2k+6k—i>+4]_>=3?+_7+4k
3 -1 -2

Let be ABCD the asked parallelogram.
Area[ABCD] = |AB x AC| = V32 + 12 + 42 = /26
Solution 2 by José Luis Diaz — Barrero — Spain
The area of a parallelogram spanned by two vectors AB and AC is equal to the magnitude
(norm) of their cross product:
Area = ||ﬁ><,4—5||

Now, we find the components of the vectors

AB=(3-11-31-2)=(2,-2,-1)

AC=(4-1,2-3,0-2)=(3,-1,-2)

The cross product is given by

ik
ABxAC=12 -2 -1/=(3,1,4)
3 -1 -2

The area of the parallelogram S is the magnitude of this vector.
Thatis § = ||EXR|| =32 1+12 142 =26
Solution 3 by Marin Chirciu-Romania
We use: S[TB:R‘] = ||ﬁ X R| | In our case:
AB=(B-1i+(1-3)j+(1-2)k=2i-2j—-k=
> |[4B|| = 22+ (=27 + 12 =5 =3
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AC=(4-1)T+2-3)j+0-2)k=3i—j—2k=

> ||ac]| = V3T + (—D2 + (-2)? = Via

s = |[4B x AC|| = ||4B]| - ||AC|| - sin (4B, AC) = 3 - VT4 - 132 = V26, see:

N AB - AC 21-2j-k)-(3i—j—2k
cos 2(AB,AC) = ¢ _(@i-2-k) @i-j-2k)_

|14B]| - ||ac|| 3-V12
23+ (-2)(-D+(-1D(-2) 10 e, _@
= Wy _3.\/ﬁ=>sm4(,cu_?,,4c)_3\/7

SP.615 Let be A(1,2,3) and thereal plan: P:2x+y+z—-5=10

Find the parametrical equations of the perpendicular line from A to the real

plan P.

Proposed by Daniel Sitaru — Romania
Solution 1 by proposer
P:2x +y+ z— 5 = 0. The normal vector of P is u(2,1,1).
uU=2i+j+k

X—Xp Y—YVa Z—2Zy

d— 1 1

wx—l_y—Z_z—B_tteR

2 1 1

x—1=2t,y—-2=¢tz—-3=t
x=1+2t
diy=2+t;teR
z=3+1t

Solution 2 by José Luis Diaz — Barrero — Spain

To find the parametric equations of the line that is perpendicular to the plane P and
passes through the point A(1, 2, 3), we follow these steps:

1. Find the direction vector of the line. The equation of the given plane is:

P:2x+y+z—-5=0
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The coefficients of x, y and z in the plane’s equation give us its normal vector 71, which is

perpendicular to the plane 7 = (2,1, 1). Since the line we want to find is perpendicular to
the plane, its direction vector ¥ must be parallel to the plane’s normal vector. Therefore,
we can use the normal vector as the direct ion vector for our line v = (2,1, 1).

2. Write the parametric equations. The parametric equations of a line passing through a

point A(xg, yo, Z9) with a direction vector v = (a, b, ¢) are given by:

X =xg+at
y =7y, + bt
z=12y+ct

where t is a real parameter t € R. Substituting the coordinates of the point A(1,2,3) and

the components of the direction vector ¥ = (2,1, 1), we get:

x=1+2t
y=2+1t
z=3+1t

Thus, the parametric equations of the perpendicular line are:

x=1+2t
y=2+1t, wheret € R.
z=3+t

UNDERGRADUATE PROBLEMS

UP.601 Let {L,,},,-0 be the Lucas’ sequence defined by L, = 2,L; = 1 and for
alm>2,L, =L, 1+ L,,_,. Determine the sum of the lengths of the
intervals, disjoint two by two, formed by all f(x) = 1, where

L3 L3 L?

flx) =—=

+ + ot
x+LF x+L3 x+ L2

Proposed by Jose Luiz Diaz Barrero-Spain
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Solution by proposer

To find the sum of the lengths of the intervals where f(x) > 1, we analyze the behavior of
the function and find its roots using Vieta’s formulas. The function is given by:
Lt L Ly

X) = + oot
f@@) x+L% x+13 x+ L2

The poles (vertical asymptotes) of f(x) occur at x = —L,?. Since the Lucas numbers grow
strictly monotonically for n > 1, we can arrange these poles as:

—L2< L2 <-<-L3<-L32<0
Taking the derivative of f(x) shows that it is strictly decreasing on every interval where it

is defined:

n

i
F® == ey "

As x approaches any pole —Li from the right, f(x) > +o0. As it approaches from the left,
f(x) > —oo. Thus, the equation f(x) = 1 has exactly n real roots, denoted as
Xo, X1, -, Xn—1, Situated in the following intervals:
xg € (—L%,),x, € (L3, —L%), ..., x4 € (—L%,—L%_,)
Consequently, the disjoint intervals where f(x) > 1 are:
(L%, x|, (L3, x4], .., (—L2, x,_4]
The sum of the lengths of these intervals is:
Total Length = (xo + L2) + (xq + L3) + - + (xp_q + L2) = XP 3 xp + X7, L2
To find Y723 x4, we look at the polynomial form of f(x) = 1:
n n
Z L? n(x +17) = H(x +1%)
i=1  j=i j=1
Expanding both sides to find the coefficients of x™ and x™1:
o RHS:x" + (X%, L2)x™ 1+
o LHS: (T, L?)x™ 1+

When subtracting the LHS from the RHS, we obtain
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X" +0-x"14+...=0

By Vieta’s formulas, the sum of the roots is equal to the negative of the coefficient of
x™1, meaning Zﬁ;(} X = 0. Therefore, the total length simplifies to:
Total Length = Y7, L?
Using the recurrence relation for Lucas numbers, L, = L1 — Lj;_1, we rewrite each
squared term to create a telescoping sum:
2

L = Ly(Lyyy —Lg — 1) = LyLyyq — L4 Ly

Summing this from 1 to n, we obtain

n
Ll? = (LyLy — LoLy) + (LyL3 — LyLy) + -+ + (LyLypyq — L4 Ly,)
=1

i
= LyLy+1 — LoLy = LyLyiq — 2.

Thus, the sum of the lengths of the intervalsis L, L, 1 — 2.

UP.602 Find all non-negative integers for which

n k 2
Z k+1 (k)
k=0
is and integer number.

Proposed by Jose Luiz Diaz Barrero-Spain

Solution by proposer

Since

Kk (k+1)—1 1

k+1  k+1 k+1

then the initial sum can be written as

> @) (1) - 2 - Y

We will evaluate each of these two sums individually.
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n\2. . e
1. The sum X}, (k) is a standard combinatorial identity know as Vandermonde’s

Identity. It counts the number of ways to choose n objects out of 2n total objects by

splitting them into two groups of size n. Its value is
n
2
> (o) =
k=0

1 /m\?2 _ . . .. .
2. To evaluate Y}, P (k) . First, we use the identity for combinations to rewrite the

term
1 (n
e (k) as
1 (n) _ 1 n! _ n!
k+1\k/ k+1 kl(n—-k)! (k+1)!(n-k)!
To turn this back into a binomial coefficient, we can multiply and divide by n + 1:
1 . (n+1)! _ 1 (n + 1)
n+1 (k+1)!'(n—k)! n+1\k+1
Now, substitute this identity back into our second sum:
n n
Z n + 1
1 Tn+1 k + 1
k=0 k:
n
Using the symmetric property (k) ( ) we can rewrite the summation as:

n+1 n )
n+1 k+1 n—k

By Vandermonde’s Identity again, summing the product of these combinations over all k is
equivalent to choosing (k + 1) + (n — k) = n + 1 elements out of a total pool of

(n+ 1)+ n=2n+ 1 elements:

n
NHHIRAE ey
Thus, the second sum simplifies to:
1 (Zn i+ 1)
n+1\n+1
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Now, putting both components back together, we obtain

Total Sum = (2:) — ﬁ (21?_:_11)
2n+1

We can expand ( ) in terms of (21:1) to simplify the expression:

n+1

2n+1
(21?-:_11)= :+1 (2:)

Substituting this back in yields:
rotasum = (27) = 21 (22 () ) = (20 1 - 2]

Finding a common denominator for the terms inside the brackets:

2n+1 _(n2+2n+1)—(2n+1)_ n?
T (m+ 1?2 (n +1)2 T (n+1)2

Multiplying it all together gives the final closed-form value:

> et 0 = e
k_0k+ 1\k/ ~ (n+1)2?\n
To find the values of n for which the sum is an integer, we analyze the closed — form

expression:

n

2 k n?
ZG:) k+1 (n+ 1)2(2:)

k=0

For this expression to evaluate to an integer, the denominator (n + 1)? must completely
divide the numerator n? (21:1)

We start by examining the greatest common divisor (gcd) of the terms in the numerator

and denominator. Since consecutive integers are always coprime, we have:
gedmn+1)=1=gedn? (n+1)?) =1

Because n? shares no common factors with (n + 1)? other than 1, the entire condition for

divisibility falls on the central binomial coefficient. Thus, the total expression in an integer

if and only if:
(m+ 02 |(*")
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Recall the definition of the n -th Catalan number, C,,, which is well-known to always be an

integer foralln > 0:
1 2n
Cn = n+1 ( n )
We can rewrite our original expression by factoring out C,,:
2
n 1 1 C
()= sl Gl =
(n+1)2\n n+l1lln+1\n n+1

Since gcd(n?,n + 1) = 1, the expression yields an integer if and only if n + 1 perfectly

divides C,;:
(n+1)|C,
Let us test the first few non-negative integers to see when this divisibility condition holds
true (see table).
A known property regarding the divisibility of Catalan numbers states that n + 1 divides

C,ifand only if n + 1 is a prime number p,orn = 0.

n n+1 C, ﬁ? Is the Sum an Integer?
0 1 1 1=1 Yes (Sum = 0)

1 2 1 5 No

2 3 2 2 No

3 4 5 % No

4 5 14 % No

5 6 2 2=7 Yes (Sum = 175)

Ifn+1 = pisaprime, then n = p — 1. By Kummer’s Theorem on the p-adic valuation of
binomial coefficients, for all primes p > 3, the prime p does not divide C,,_;.
Consequently, the denominator’s factor of p? cannot be canceled out by the numerator
for higher values of n. The only instances where the prime factors align to permit full
cancellation are the small anomalies verified in our table.

Thus, we conclude that the only non-negative integer values of n for which the sum is an

integer are:
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n=0and n=5

UP.603 Find all positive real values of the constant k such that
9(a®? + k)(b* +k)(c*>+ k) < (1 +K)3(a+ b+ c)?
for any nonnegative real numbers a, b, c with ab + bc + ca = 3.
Proposed by Vasile Cirtoaje — Romania
Solution by proposer

For a = 0 and b = ¢ = /3, the equality constraint is satisfied and the inequality becomes
f(k) = 0, where
f(k) = k3 — 6k* — 15k + 4
So,
kel=(0kq]VUl[ky ),
where k,; ~ 0.2438 and k, ~ 7.8467 are the positive roots of the equation f(k) = 0. To
show that the range of values of k is I, we need to prove the required inequality for k € 1,
that is for k > 0 such that f(k) > 0. Denote p = a + b + c and r = abc. For fixed p, we
write the inequality as F(r) > 0, where
F(r) = —r* + 2kpr + C(p).
Since F(r) is a quadratic concave function, it suffices to consider the cases when 7 has the
minimum and maximum values. As it is known, the minimum and maximum values of r
for fixed p and q are achieved when one of a, b, c is 0 or two of a, b, c are equal. So, it
suffices to consider these cases.
Case 1: a = 0. We need to prove that bc = 3 implies G = 0, where
G=1+k3b+c)?—9k(b?*+ k)(c? + k).
Denoting S = b + ¢, we have S? > 4bc = 12 and
G=(1+k)3S? —9k(kS? + k*> — 6k + 9) = AS? — 9k(k? — 6k + 9),
where A = k3 — 6k? + 3k = 1. Since
4A — f(k) = 4(k® — 6k* + 3k + 1) — (k® — 6k* — 15k + 4) = 3k(k — 3)% > 0,
we have 44 > f(k) = 0 and
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G>12A - 9k(k? -6k +9) = 3f(k) = 0.

Case 2: b = c. Denote b = ¢ := x. From the equality constraint, we get 2ax + x* = 3,
with x% € (0, 3]. The required inequality becomes as follows:
[(3—x2)?2 +4kx?*](x? + k)2 < (1 + k)3(x%* + 1)2,
(x?2 —1)?[x*+ (6k—4)x> — k3 +6k*—-3k—-1]<0
Let t = x%,t € (0, 3]. The inequality is true if g(t) < 0, where
gt) =t*+ (6k —4)t — k3 + 6k* — 3k — 1.
Since g(t) is a quadratic convex function, it suffices to show that g(0) < 0 and g(3) < 0.
Indeed, g(0) = —k3 + 6k* —3k—1 =—A < 0 (see Case 1), and g(3) = —f(k) < 0.
For k € (0, k] U [k,, ), the equality occurswhena = b =c = 1.Fork = k; and k =

k,, the equality also occurs whena = 0and b = ¢ = V3 (or any cyclic permutation).
3, -
UP.604 Prove that 51 the smallest positive value of the power k such that

1+1+1> 2+ b%+c?
— T T =2a (o
ak = bk = ck

for all positive real numbers a, b, c with at most one of them smaller than 1
and ab + bc + ca = 3.

Proposed by Vasile Cirtoaje — Romania

Solution by proposer

Fora>1,b =1and c € (0,1] such that a + ¢ + ac = 3, the constraints are satisfied and

the inequality becomes E = 0, where

1 1
Tak Tk

2 2

E a“ —c“.

Assume that a and E are functions of c. For ¢ = 1, we have a = 1. By differentiating the
equality constraint, we get
1+ca+1+a=0, a(1)=-1,
(1+c)a’"+2a’ =0, a'(1)=1.

Therefore,
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k k
E'(c) = — (ak+1 + Za) a — P 2c, E(1)=0

" k o (kk+1) ,  kk+1)
E (c)=—(ak+1+2a)a +<W—2>(Q)Z+CJ{T—2,

E'(1)=(k+2)2k—-3)
Since E(1) = E'(1) = 0, the condition E"' (1) > 0 is necessary to have E(c) > 0 for

. . 3 3. -
¢ € (0, 1]. From this condition, we get k > L show that 51 the smallest positive value

of k, we need to provethat F > 0fora>b > 1 > cand ab + bc + ca = 3, where

_3 3 3
F=a2+b2+4+c2-a*-b?-—c2

For fixed c, assume that a and F are functions of b. We have

(b+c)a’+a+c=0

and
_5 _5 _5 _5
F(b) = 3a2_|_2 ., 3b 2 2p = 3aZ_I_2 a+c 3b2 2b
= 2 ol —\ 72 YIo+ec 2 '
We claim that F'(b) > 0, that is
5 5
a+c 3b2+4b a+c 3b"2+4b
b+c2 5 ’ b+c = 5 S
3a 2+ 4a 3a 2 +4a
_5 _5 5 5 55
a—b 3(b 2—a 2)—4(a—b) a—b 3<a2—b2)—4a2b2(a—b)
b 2 5 ) b 2 5 7
te 3a 2z + 4a te b7<4“7+3>
1 1

Denoting x = az and y = bz, we need to show thatif x > y > 1, then

xZ _ y2 - 3(x5 _ yS) _ 4_x5y5(x2 _ yZ)

yi+c ~ y°>(4x7 + 3)
Itis true if
Xty 3(x* + 3y + x2y? + xy® + yY) —4x5yS(x + y)
y:+c y°>(4x7 + 3) '
Since
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x+y S x+y 2 >l>i

yi4+c yE4+1 y24+1 T y2 T yY

it suffices to show that

- 3(x* + 23y + x%y? + xy3 + y*) —4x>yS(x + y)

1 4x7 + 3 ’
that is
4x7 + 3 + 4x5yS(x + y) = 3(x* + 23y + x%y% + xy3 + y*).
Itis true if
4x7 + 3 +4x5(x +1) > 15x%,
thatis

4x7 + 4x° + 4x5 — 15x* + 3 > 0.
Indeed, we have
4x7 + 4x5 + 4x° — 15x* + 3 > 4x6 + 4x5 + 4x* — 15x* +3 = 8x° — 11x° + 3
=x?-1)(8x*-3x2-3)>0
From F'(b) > 0, it follows that F(b) is increasing and has the minimum value when b is
minimum, hence when b = 1. So, it suffices to consider the case b = 1, when we need to

show that

1 4 1 >+
—+—=2=>a“"+c
ava cvJc
fora+ c + ac = 3. Denotingac = t,wehavea+c=3—-t.From3 —-t=a+c > 24/t,
we get t < 1. By squaring, the required inequality becomes as follows
2
(ava + cc)” = ac®(a? + ¢?)>.

By Bernoulli’s inequality, we have

3(t—1) 3t—1
2 2
Sincea?+c* =(a+c)*-2ac=3—-t)>2—-2t=9—-8t+t*and

3 3 3
2=1+-D]z=>1+ 2tz > 3t — 1.

(ava + c\/E)Z =(a+c)}—-3acla+c)+2acvac>B-t)*-3t3-t) +(3t—1)
=26 —33t+ 12t* — 3,

it suffices to show that
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26 — 33t + 12t — t3 > t3(9 — 8t + t?)?,

that is
(1 —=0)2f(t)=0,f(t) =26 + 19t + 24t> — 53t3 + 14t* — ¢t°
It is true since
f(t) > 10+ 19t + 24t?> — 53t3 = (1 — t)(10 + 29t + 53¢t%) > 0.
Ifk = %, then the equality occursfora = b =c = 1.

UP.605 We consider the function u: R — R, periodic with period 2. For the

period [0, 27r] we have:

u(x) = cos(x) ifx € [0, ) u(x) =0ife [” 3”) u(x) = cos(x) if x €

[— 211') Prove the equality:

f‘x’ u(x) p 4 +ez +1 . (1)
X = arctan (—).
o 1+x2 4e ' 2e e

Proposed by Vasile Mircea Popa — Romania

Solution by proposer

Let us denote:

1+ x2

szooo ux) dx

The function u(x) satisfies Dirichlet’s conditions. Also, the function is even.

We expand the function in the Fourier series:
ulx) =4, + Z A, cos(nx)
n=1
where:
1 21 1 2w
Ay = —f ulx)dx; A, = —f u(x) cos(nx) dx
21 ), ),

Calculating these integrals, we obtain:

Ao=%;A A —ﬁ [cos(2)+cos(2)]forn>2
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But:

cos (3721—”) = COS (nz—”) foranyn > 2

Result:
nm nm nm
et ] D )
Where
—1 cos (M) 1 cos (M)
e Rt T
We have:

B,=0ifn=3,5,7,..;B,#0ifn=24,6,..;
C,=0ifn=357..;C,#0ifn=246,..;
So:

1 1
u(x) = - + Ecos(x) + [B, cos(2x) + B4 cos(4x) + B, cos(6x) + Bgcos(8x) +--- | +
+[C, cos(2x) + C4 cos(4x) + C4 cos(6x) + Cg cos(8x) + -+ |

1 1 1 1 1 1
u(x) = —+ =cos(x) + [— cos(2x) — —cos(4x) + — cos(6x) — —cos(8x) + ] +
T 2 y[A 3n 5n 7T

1 1 1 1
+ [— Ecos(Zx) + = cos(4x) — ﬁcos(6x) + ﬁcos(Bx) + ]

We now use the following relationship:

foo cos(mx)
0 1+4+x2

dx = ge‘m, wherem > 0

This relation is Laplace’s integral and is well known.
It is easily proved for example using the properties of the Laplace transform.

We obtained the value of the integral I:

372 ¢ T5k2¢ T722¢ Tonz

V4 1 1
21 =1 -1 ( -2 _ " ,4 -6 _ — ,-8 )
+—e "+ (e 38 +5e 7e + +
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1 1 1 1
+<—§e‘2 +§e‘4 —78_6 +§e‘8 + )

We will now use the power series development of the following functions.
1 1 1
arctan(x) = x — §x3 + Exs —;x7 +--where—-1<x<1
2_1 4,1 6_ 1.8
xarctan(x) = x —3X o —oxt + --where —1<x<1

arctan(x) __ 1

1—2x24+-x*—_x6+--where—1<x<1
x 3 5 7
We have:
1 1 1
-1 -1y _ -2 —a -6 8
elarctan(e)=e?—-e*+_-e®——e ¥+
e 3 5 7
arctan(e 1) 1 1 1
—————=1-—-e?+-et—-et+
e-1 3 5 7
We obtain:
s arctan(e™1)
2l=-e'+elarctan(e™) + ————
2 e
Or:

I_n+e2+1 . (1)
= e 5 arctan

Thus, the problem is solved.

UP.606 If f: IR — (1,) and g: R — R are continuous functions, and y,, =
Yn!'F,,n € N* — {1}, where (F,,),»0 is Fibonacci sequence, find:
9Wnt1—%)
[ fx—y)) ™
lim

0 g(x—yn) IYn+1—%) dx
2 yn (fner — X)) Y+ (fx—y))"

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution by proposers
Lemma l.If f: R — (1,0), g: R — R are continuous, and (y,,),,s1 is an increasing

sequence, and
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- j}’n+1 (f(x_yn))g(Yn+1—x)
n— ( - n) ( n - )
o (Fnsr = 20) 7 + (Fx—y))"

dx,vn > 2

then
) 1 .
lim I, = - lim (y,.1 — y5).
n—>oo 2 n—>oo
Proof.

g(b—x)
fa,be R,a<bandI = fa a ))(;((xx a;l))(f( 57 dx,
-X +(f(x—a

x=u(t)=a+b—-tu(t) =—-1,ula) = b,u(b) = a, we obtain that
S Vi) s

I'= f 90— s X

b (f(x—a)) + (f(b - x))

b (f(b x))g(x ll)+(f(x a))g(b x)
— —dx = dx=b— a=>I——(b a).So,
fa (f( ))g(b )+(f(b ))g( ) f

. _fynﬂ (f(x yn))g(Yn+1 x)
n - (f(yn+1 _x))g(x Yn) " (f(x yn))g()’nﬂ x)

Hence: lim I, = Erlli_r)?o(ynﬂ — V).

n—-oo

(y‘l'l+1 yn)Jvn 2 2'

Lemma 2.

lim ("G + D! Loy — Y/lL,) =2 where a = %5 and

(Ly)nsoo Lo =2,Ly =1,L,,,5 = L, 1 + L,,Vn € N is Lucas sequence.

Proof.
Ln+2 Ln+1 Ln+2 Ln+1 Ln+1
L —L —L,=0,vyneN" & — —-1=0&o . — -1=0
n+2 n+1 n n Ln Ln Ln+1 Ln Ln
=
L L L
:>lim( niz “mil "+1—1>:0(:>x2—x—1=0,
noeo\Lpyq Ly L,

1+V5

x = lim 2t ,S0 X = ——
n—oo Lp 2
Since 221 > 0, x = lim 22t = fo1 _
Ly n-o Ly 2
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\/ . (n+1)'Ln+1 n" _ i Ln+1( n )"=

lim —— . = lim - i
n-oo n—>00 n+1)»1 nlL, n>» L, \n+1 e
1) "V + DLy — YnlL, =YnlL,(u,—1) =
u, —
=3yn'L, - ‘lnu, =
" Inu, "
— _V'L" Jun—1 n+1\/ (n+1)!Ly4q
= n ‘lnuj,vn = 2, where u,, = —,m .
n+l,—-<77 . —
limu, = lim( (n+1)!L"+1-n = ﬂ) =2.2.1=1,s0lim = L 1;
n-oo n-oo n+1 n!'L, n e «a n—oo Inuy,
. . (m+ D)Ly, 1 . Lyiq n+1
lim u;; = lim ' e = lim c— =
n-e now nlLy, v+ DIL,,, ™ Ly "+ 1)L,
=a-—=e
a
= n a a
From (1):111L1£10( No+DIL,, ., — n!'Ly,) =2.1. ln(rlll_)lgun) _-.lne=;.1=;.
Analogously, lim (""\/(n + D! F,; — Yn!F,) = 2 where @ = 15
’ n—>co *I'n+l In e’ 2
Bylemmal, lim I, = 2lim Vns1 — Vn) = 1.8-2 wherea = 15 ond we taking
n-o 2n->o 2 e 2e 2

account by lemma 2,

n n a
1im s = ya) = lim ("Y+ DI Fpq - Yl Fy) = 2

UP.607 Calculate the integral:

1 xInx

s G+ DGZ+ 1) dx

Proposed by Vasile Mircea Popa — Romania

Solution 1 by proposer

xInx
Let us denote: 4 = fo D (x2+1)

We have, successively:

A_fl(l—x)xlnxd _fl xlnxd fllenxd
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12 1>
=j Zx‘“‘”lnxdx—f Zx“"*zlnxdx:
0 n=0 0 n=0
® 1 1
=Z<f x4"+1lnxdx—J x4"+zlnxdx>
0 0

n=0
We will use the following relationship:

1 1
fo x*Inxdx = ———,wherea € R,a>0

(a+1)
We obtain:
1 1
1= Z[ ]Z 16518
(4n + 3)2 (4n +2)2 3 252
+1) (" +7)

We now use the following relationship

o1
P, (x) =;m

where ¥, (x) is the trigamma function.
We obtained the value of the integral A:

—%NG%%@H

( )
2

Result:

1=55[m(@)-%

Thus, the problem is solved.

Solution 2 by Omkumar Rao-India

1

_1f lnx nx +xlnx>d

~2 x+1 x2+1 2+1)
0

1 1
A_flnxd B_f Inx
T x+1 ) x24+1
0 0
1
_fxlnx
T er1 ™
0
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1
I=E(—A+B+C)

1

A= Z(—l)"Jx"lnxdx
n=0

o 0
=" m

1 2
“mrrr - 2P 1

A=

(o] 1 [ee]
="
_ _1\r 2r — _ =
B—Z)( 1) jx In xdx 0(2r+1)2 G
r= 0 r=

where G denotes Catalan's constant.

1 1
c fxlnxd ( 3 c 1J‘ lnxd 1A T
= = —_— = — = — = — —
2yl T 2)1+x% 71 48
0 0
I_l 2 2
T 2\12 48
1_11'2 G
3 2

UP.608 If f: R — (1,0) and g: R — R are continuous functions, and (L,,) >0

is Lucas sequence, and y,, = \/(2n — 1!' L, n € N* — {1}, find:

Vi1 (f(x . yn))g()’n+1—x)

Hm 9(x=yn) 9n+1—%) dx.
Yn (f(yn+1 - X)) + (f(x - yn))

n—oo

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
Solution by proposers

Lemmal.If f:R — (1,0), g: R — R are continuous, and (y,,),s1 is an increasing
sequence, and
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f}’n+1 (f(x_yn))g(yn+1—x)
n (f(}'n+1—X))g(x_yn) + (f(x_yn))g(yn+1—x)

dx,vn > 2, then:

1
lim I, = - lim (y,.1 — y5).

Proof.

g(b—x)
fa,beRa<bandI = fa s ))(;((xx a;l))(f( S dx,
—-X + xX—a

x=u(t)=a+b—-tu(t)=—-1,ula) = b,u(b) = a, we obtain that
a NG

= f (i((l?—x) ) prem it

b (f(x—a)) + (f(b - x))

b (f(b—x))g(x_a)+(f(x—a))‘q(b_x)
a (f(x_a))y(b—x)+(f(b_x))g(x—a)

il 9Yn+1-%)
- fy (f(x—ya))

dx=f:dx=b—a=>1=%(b—a).50,

(y‘l'l+1 yn)Jvn 2 2'

v (fFPner — ))g(x | (F(x - yn))g(yn+1 o d

Hence: lim I, = %}li_r)?o(ynﬂ — V)

n—00
Lemma 3.
. n 1+V5
11&10( f@n+ DIF,,, —/@n—1IF,) =2 =%, where a = ==, and

(Fo)ns0,F9 =0,Fy =1,F,,, = F,,1 + F,,,Vn € N is Fibonacci sequence,

Proof.
F F
Foy—Fp —F,=0,YneN & ;*2— ;*1—1=0<=
n n
F F F
n+2_ n+1_ n+1_1:0
Fn+1 Fn Fn
:>lim(F"+2~F"“—F"“—1)—0<:>x —x—1—0wherex—llm sox—li—\/g
n-o \Fpi1  Fyp Fn n-oo fn

. F. . F V5+1
Smce;—“>0,x=llm"—“= =

n n-o Fpn 2

y Vv@n-DIF, I nn-DUF, I 2n+ D"F, n" B
noeh n e nn Tane (n+ D™ (2n—DUF,
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. 2n+1 F, 1, n \" 1 2a

e n+1 F, (n+1) =2ao=

(1) "Y@2n+ DUF,, —Y2n-DIF,=3/2n- DIF,(u,— 1) =

. u,—1 2n-DIF, u, -1
=3Y@2n-DIF,  — ‘Inu, = ( LI ‘Inu?,vn>2,
Inu, n Inu,

Y@+ DUF,,

o Gn DIF,

. i (M@ DI n n+1\ _2a e . o up—1
lim w, = lim (O R ) 2 e g~ s lim Bt — g,
im e — Tim 2n+ D! Fpiq 1 _
nooo o mow 2n—DUF, "V (2n+ 1)1 F,py
2n+1 F,4q n+1

= lim - -
noo m+1 Fp "U/Q2n+ DIF,,,

=2 -a-— = e.Therefore:
2a

n n 2a . 2a
11111?0( V@n+ DIF, - @n- DIF,) = —1 ‘In (lim u}) = ~ Ine=

n—->oo
_ 2 _ 2
e T e’
- n n 2
Analogously, lim (" @n+ DL, —Y@n-DIL,) = 7“
Solution.
By lemma 1: lim I, = %lim Yne1 = Yn) = % : Zja =Z,a= L+V8 \vhere taking account by
n—-oo n—o

lemma 3: lim (y,1 — y) = lim(""Y@n+ D! L,.; — /@n—- DIL,) = 27“
UP.609 If f: [a, b] — (0, =) is continuous functions such that

(a+b—-—x)+ f(x) =cVx € [a,b] and a + b = =, find:
/ 2

b sin"x+ f(x) +d
f dx

. Sin"x+cos"x+c+2d

wheren € N*and d > 0.

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania
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Solution by proposers

x=ut)=2-tu'(t) = -1,u(0) = g,u(g) = 0,u(a) = b,u(b) = a.

_ b sin™x+f(x)+d _ra sin"(g—t)"'f(g_t)-l'd
Hence, I = fa sin™ x+cos™ x+c+2d - fb Sin"(g—t)+cos"(g—t)+c+2d

_jb cos"t+(c—f(t))+dd _Jb cos"x+c—f(x)+d

(—1)dt =

. = P X;
q COS™t+sin"t+c+2d cos™x + sin"x + ¢ + 2d

b sin™ x+f(x)+d+cos™ x+c—f(x)+d b b—a
21 = dx = | dx = b — a; therefore I = —
fa cos™ x+sin™ x+c+2d fa ’ 2

UP.610 If f: R} — R} is a continuous functionand y,, = —Inn + Zﬁzli, find

limn " fx—y)
we ), FOm =0+ fG—7)

dx

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by proposers
* _ b f(x—a) _ b;a
Leta,b R}, a<b,] = fa oD dx = >

lim y,, = y — Euler Mascheroni constant
n—->oo

Therefore, I,, = fyy"&d =17 then

f(n—2)+f(x-y) - o2
lim nl.. = 1 lim Yn—V Cesaro_—Stolz 1 lim Yn+1 — Vn _ llim Yn — Vn+1 _
n—oo n 2 n>o 1 (E) 2n-0 1 _ 1 - 2 now —1 =
n 0 n+l n n(n+1)
1 n+1 1 ’
1 - + In 1 —1+Mm+DIn(1+) (x=)
=~ lim —2+1 n_ _ " \im ( n) n
2n-o0 1 2 n—oo 1
n(n+1) n
1. —x+@+x)In(1+x) 1'n
= —lim —
x>0 0
1 —1+ln(1+x)+(1+x)-ﬁlx . 11 1
X

x>0
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Solution 2 by Omkumar Rao-India

Yn
_ fx—v)
I"_yf A EY T =@
x—=y+y,—x): I, = frn—2) dx = (2)

_y fa—1)+ f(¥n—x)

ZInzj 1dx
Y
Yn—7v) . (a7
I 7z L=limn—
n n
yn——lnn+zz, yn—yz—lnn+zi—y
k=1 k=1

n
1 1
ZE H, asn — oo, Hn—lnn+y+—+0(?)
k=1
—y—lnn+lnn+y+%+0(l2) —+0(i2)
limn > N2 = limn n
n—oo n—oo

L==
4

UP.611If f: R} — R} is a continuous function and (x,,) p>1, Xn = Z;(‘:l%, find

lim o flx - e™) dx
n-ow |, fle¥n+1 —x) + f(x — e*n)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by proposers
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* _ b f(x—a) _ b__a
Ifa,b € R}, a<b,thenl = fa oo =
e*n+1 f(x—e*n) _ e*n+1—eXn _
So, fex" f(e*n+1—x)+f(x—e*n) X = 2 -
1 1 eXn+1~Xn — 1
=_.exn.(exn+1_xn_1)=_.exn.(x _x).—=
2 2 n+1 n xn+1 _ xn
1
1 . 1 en+tl —1
2 n+1 1
n+1
1 1
1 et n ent1—1 1 . en+l — 1
- .- =_.e Inntx, .
2 n n+1 1 2 n+1 1
n+1 n+1
1
n entl — 1
= — }’n . . )
2 n+1 1
n+1
Therefore:
lim I 1 v.1-1 1 14
iml,=—-e"-1-1=—e¢
nocw "2 2
Yn=—-Inn+ Z}(‘zliand lim y,, = y Euler — Mascheroni constant.
n—-o0o
Solution 2 by Omkumar Rao-India
_ e*n+1 f(x—exn)
In - feJCn f(e*n+1—x)+f(x—e*n) dx - (1)
(x - e*n 4 e*n+1 — x)
e*n+1 ( . )
e n+1 — X
! dx - (2)

In= eJ; f(x — e*n) + f(e*n+1 — x)

e*n+1

zznzf 1dx, I,=

eXn

1
efntl — e¥n = e*n (em — 1) =e"n < 1 +0 (iz))
n+1 n

efn+1 — eXn

2

73 41-RMM AUTUMN EDITION 2026-SOLUTIONS



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 1
xn=lnn+y+ﬁ+0(ﬁ)

where y is Euler Mascheroni constant.

e (100(0) ()
,n%fn%_(m(%))

n 1
Asn - o0, ———> 1,1+0(—)—>1
n+1 n

e*n+1
f(x —e*n) e¥

Mm f flem -0+ fx—en ¥ =2

e*n

UP.612 If f: R} — R} is a continuous function and (a,,),>1 is defined by a; =
a, = 1,
Ani1 = Dp= 1 L vn > 2and (X)ns1, Xn = Dpe 1 fmd

e‘n+1 f(x—exn)

noocon em  f(e'nt+l—x)+f(x—e*n)

Proposed by D.M. Bdtinetu — Giurgiu, Neculai Stanciu — Romania

Solution 1 by proposer

* _ b f(x—a) _ b__a

Ifa,b € R a < b, then I = fa oy dx = —.
_ e*n+1 f(x—exn) _ e*n+1—e*n _
So, I, = [ ., reenifaem X ==

1
eXn an+1 1

» (2).

1
zl.exn. (exn+1_xn_ 1) zl.exn .| em+1 — 1 :l
2 2 2
“n+1

By induction we obtain a,, = g,‘v’n >2,s0x, =2 )} 1 — 1, then by (2)

1 1 e ai 1 e , 2
HIn:E.F. en — 1 .n:E-F-(en+1—1)-n=
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1 1 1
= —_e*n—2Inn (en+1 + 1) (en+1 — 1) ‘n

2
1 1 L 1 L
1 — 2Y%_=—2Ilnn-1 entl n 1 L 2y._1 €enfi-1 n
=--lent1 4+ 1) - k=1 = —==|ent1 4+ 1| e*Yn1. —_
> (e + ) e T 1> (e + ) e T o (3)
n+1 n+1
. 1 . .
Sincey, = —Inn + Z}ézlzand lim y,, = y — Euler- Mascheroni constant and
n—>oo
1
. en+1-1 . 1 1 _ —
lim ——=1,hencelim-I,, ==-(1+1)-e¥1.1-1=¢*"1
n—-»oo — n—ooon 2

n+1

Solution 2 by Omkumar Rao-Iindia

e*n+1 ( )
f(x —e™
I, = dx = (1
" f flemi—x) + flx—em) (o
exn
(x » e*n + e*n+1 — x):
e*n+1

f(exn+1 — x)
o= | e e = @
e*n
e*n+1 (exn+1 _ exn) 1
21, = f 1dx, I, = — L= Jmﬁ(ex"“ —e'n)
e*n
n n-1
a a a
Q= ) B = (Z?) + =,
k=1 k=1 n
a, = E
n
1 1 2
anZ—:—+ ) xn:1+2(Hn_1):2Hn_1

1 1 1 1
Hn=y+lnn+ﬁ+0(ﬁ>, xn=2y+21nn+5+20<ﬁ)—1

exn — e(ZY—1)+20(nl2)+lnn2 — nzezy_lezo(%)
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1 1
eZO(nZ) =1+ 20( ) ~1, e*n = nZe?r-1

n2
4 1
X =X
n+1 n e
2
. e*n (en+1 - 1) . nZeZ}'—l(Z)
= lim , =1lim —
n-00 2n n-w 2n(n+1)
L=e?1

UP.613 Let be A(1,2,0); B(2,0,1); C(3,3, 3). Find the area of AABC.

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
AB = (xg —x)T+ (g — y2)J + (25 — 22Dk
AB=(2-1)i+0-2)j+(1 -0k
AB=1-2j+k
AC = (x¢ —x)T+ (yc — yJ + (zc — 20Dk
AC=(3B-1Di+(B-2)j+ (3B -0k
AC=21+j+3k

ABxAC=|1 _9 1|=-6i+2j+k+4k-3j—-1
2 1 3

AB x AC = -71—j + 5k
|AB x AC| = \/(-7)2 + (-1)2 + 52 =75 = 5V3

Area (AABC) =7 |AB x AC| = Szﬁ
Solution 2 by José Luis Diaz — Barrero — Spain

The area of a triangle formed by two vectors AB and AC is given by the formula:

1)
Area =E||AB x AC||
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We have,
AB=B-A=(2-1,0-2,1-0) = (1,-2,1),
AC=C-4=3-1,3-2,3-0)=(2,1,3),
and
I [ A A
ABxAC=1 -2 1
2 1 3

Expanding along the first row, we get

=77 _:|-2 1 111 1 -2

ABxAC=i| ; 3|—]|2 3|+k|2 ; |

=i((-2)3) - (@) —j(DB) = (1(2)) + k(D) - (-2)(2))
=i(-6—-1)—j(3—-2)+k(1+4)
=—-7i—1j+5k=(-7,-1,5)
Now, we find the length or norm of the cross product vector:
|48 x Ac|| = V=717 + (—1)2 + (5)°
=75 =5V3

Plugging the magnitude back into the triangle formula, we obtain

1 5v3
AreazE-SV_:T

Solution 3 by Marin Chirciu-Romania
We use: S(AABC) =1 ||4B x ac||
In our case:
AB=(2-1)i+(0-2)j+(1-0k=1-2+k=
= ||4B|| = 17+ (—2)7 + 17 = V6.

AC=(B-1Di+(B-2)j+(B-0k=2i+j+3k=>
= ||A_C'|| =22+ 12+ 32 =14

||ﬁxﬁ|| = ||TB]| : ||R||-sin4(ﬁ,ﬁ) = \/E-\/ﬁ-%= 53, see:
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AB-AC _(i-2j+k) (2T+j+3k) _1-2+(-2)-1+1-3
||AB|| ||AC|| V6 -V14 2 -\21

cos 2(AB,AC) =

or i <(AB,AC) = ( > )2 >
sin = — =
2v21/ 2

2\/
1 5v3
We deduce S(AABC) = 5 5V3=—

UP.6141f 0 < a < b then:

b b dxdy b\\> b b dxdy
foz peva 2+3<ln<—)) 216.[ f s
a Ja —XyTYy a a Ja x+y)

Proposed by Daniel Sitaru — Romania

Solution 1 by proposer
b b b (b1 by b rbdxdy
(ln(—>>=ln—-ln—=f —dx-f —dyzf f
a a a a X a Y a Ja XY

The inequality to prove can be written:
fbfb 16dxdy
a (Xt y)?
b

dxdy b
[+ [
x2 — xy + y? u

[[ s b
—+—>dxdy2f f dx dy
a Ja xz_xy+y2 Xy a a(x+y)2

It is enough to prove that:

1 4 3 - 16
x> —xy+y? xy (x+y)?
xy + 3x%? — 3xy + 3y? - 16
xy(x2 —xy+y?) — x%+2xy+ y?

(3x% — 2xy + 3y*)(x% + 2xy + y?) = 16xy(x* — xy + y?)
3x* + 6x3y + 3x%y% — 2x3y — 4x?y? — 2xy3 + 3x2y?% +
+6xy3 + 3y* > 16x3y — 16x%y? + 16xy3
3x* +3y* — 12x3y — 12xy% + 18x%y% > 0
x* —4x3y + 6x2y? —4xy} +y* >0
(x —y)* > 0. True!
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Equality holds for a = b.

Solution 2 by Tapas Das-India
We will show:
1 3 16

- @ @ O O O O >
xz—xy+y2+xy_(x+y)2

Proof: We need to show:
1 3 16

x2—xy+y* xy (x+y)?
_X
1 3"5° 16

uz—u+1+u = (u+1)2
(u+1)?*@Bu?>-2u+3)>16u(u?-u+1)
3u* + 4ud + 2u® + 4u + 3 > 16u3 — 16u? + 16u
3ut*—4ud+6u’—-4u+1)=>0
1 3 16

- @ >
x% —xy +y? xy_(x+y)2

1 b b dxdy
o [ g )ty =1 2
x2 —xy+ y? xy aJa (X+Y)

f f _ dxdy f f dx dy fbfb dxdy
a —xy+y o« (Xt ¥)?
b b b
dxd b dxd
a X —xy+y a 0 Ja X+Y)

Equality holds for a=b.

3(u—1)*>0true, s0 —

UP.615 Prove that g is the smallest positive value of the constant k such that
1 1 1 3

<
(a+b)2+k+(b+c)2+k+(c+a)2+k_4+k

for all side lengths a, b, c of a triangle with ab + bc + ca = 3.

Proposed by Vasile Cirtoaje — Romania
Solution 1 by proposer

3 . . e . .
Forg =b=c= \/;, the constraint is satisfied and the inequality becomes

10 5 3
+ < )
27+5k 12+5k~ 4+k
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thatis k > g. To show that g is the smallest positive value of k, we need to prove that E <

0 fork = g, where
1 1 1 3
E= s+ s+ — — :
(a+b)2+k (b+c)?>+k (c+a)+k 4+k
Assume a = b > c and denote
X =(a+b)*+k, Y=(a+c)*+k Z=(b+c)?+k.

For fixed a, assume that c and E are functions of b. By differentiating the equality
constraint, we get

(a+b)c+a+c=0.
Therefore

E’(b)_ a+b b+c a+c+b+c] )
2 T xz 72 vz ' 72 |€
_ a+b+b+c+ a+c+b+c]a+c
DG Z2 Y2 Z2 la+b
a+b+ (a+c)? Mb-c)(b+c)
X2 (a+ b)Y? (a+ b)Z2
We will show that E’'(b) < 0, that is
(b-—c)b+c) (a+c)* (a+b)? (b—c)(b+c) AB
= — =
A - Y2 Xz Z2 X2y?

where
A=(a+c)X—(a+b)Y,B=(a+c)X+ (a+b)Y.
Since
A=(a+b)(a+c)(b—c)—k(b—c)=(b—-c)a?+3-k),
B=(a+b)a+c)2a+b+c)+k(2a+b+c)=Ra+b+c)a®?+3+k),
and
XY > [(a+ b)(a+c) +2]?> = (a®? + 3 + k)?,
it suffices to show that
b+c>(2a+b+c)(a2+3—k)

z: (a?2 +3 + k)3 '

which is equivalent to
) = a’+3 -k
Jix (a2 +3+ k)%
where
X
= , = b :
fO) = e v ir@ary *TPFC

From

12 — 3(b+c)?> = 4(ab + bc + ca) — 3(b + ¢)? > 4(b? + 2bc) — 3(b + ¢)?
=b% +2bc—3c* >0,
weget b + ¢ < 2, hence x € [a, 2] with a > 1. We have

f(x) = il ator A= 4x* + 6ax* — 2ka.
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Since 4 > 4a3 + 6a® — 2ka = 2a(5a® — k) > 0, we have f'(x) < 0, f(x) is decreasing,
hence

fx) =z f(2) =

From (2a — 3)? > 0, we get

4+ Kk)?2(a+1)

4a> +21 1 12

12a < 4a? + 9, 1< , > \
as=4a+ a+ 12 'a+1- 4a%+21

hence
12

f® =z ot 7 20

So, it suffices to show that
12 - a’+3 -k
(4 + k)?2(4a% +21) — (a? +3 + k)*
Denoting t = a? > 1, the inequality is equivalent to g(t) > 0, where
gt)=12(t+3+ k)3 -4+ k)?*@A4t+21)(t+3—k).

We have
g @) =36(t+3+k)>—(4+k)*8t+33—4k), g'(t)
=72(t+3+ k) —8(4 + k)>.
Since
g't)>72(4+k)—8(4+k)?=84+k)(5-k)>0,
g’ (t) is increasing, hence
gt)=>g'(1)=36(4+k)*—(4+k)*(41—4k)= (4 +k)?(4k—5) > 0,
therefore g(t) is increasing and
gt)>2g(1) =124+ k)3 -254 +k)?(4—k) = (4 + k)*(37k — 52) > 0.
Since E'(b) < 0, then E(b) is decreasing and has the maximum value when b is minimum,
hence when b = max{c, a — c}. So, it suffices to consider the following two cases: b = ¢
andb =a—c.
Casel:b =c > g Forb=c:=2z2> g the equality constraint becomes 2az + z% = 3, and

from 3 = 2az + z% < 4z% + z*> = 5z, we get 52> — 3 > 0. The inequality becomes
2 1 3

<
(a+z)2+k+4z2+k_4+k’

which is equivalent to
32z 1 3
+ <-
5z%* + 62z2+45 5z2+2° 6
5z° —13z* + 112> -3 > 0, (z2 — 1)?(5z> -3) > 0.
The last inequality is clearly true.
Case 2: a = b + c. We need to show that (b + ¢)? + bc = 3 implies
1 1 1 3
+ + < .
(b+c)2+k (2b+c)2+k (b+20)%2+k~ 4+k
Let x = b + c. We have

bc =3 — x?,
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and from x% > 4bc = 4(3 — x?), we get

1
X2

> —
5
Since
1 N 1 B 5(b +c)? —2bc + 2k -
2b+c)2+k (b+20)*+k [(2b+ )2 +Kk][(b+2c)? +k] ™
5(b +c)? —2bc + 2k

<
~[2b+c)(b + 2¢) + k]?
5x2 —2bc+2k 7x* -6+ 2k

T 2x*+bct k)2 (x2+3+k)?

it suffices to show that
1 7x%2 — 6 + 2k 3

<
x2+k+(x2+3+k)2_4+k'

1 4 35x% — 14 < 3
5x2+8 (5x+23)2 " 28

Substituting
5x% = 12t, t>1,
the inequality becomes as follows:
1 14(6t — 1) < 3
1(3t+2)  (12t+23)7% =28
432t3 — 744t* + 227t + 85 > 0, (t —1)(432t*> — 312t —85) > 0.
Since t > 1, the last inequality is clearly true.

The proof is completed. For k = g, the equality occurs whena = b = ¢ = 1, and also

wheng =b=c= \E (or any cyclic permutation).

Solution 2 by Mohamed Amine Ben Ajiba-Tanger-Morocco
Fora=b=x € (0,v/3)andc

2
= 3 ;xx , the constraints are satisfied and the inequality becomes
1 2 3
ik 3 — x2\2 17k
(x =5y ) k

3 — x?2 3
Sincea + b > c,we have 2x > 2% ,thenx>\/;,andforx

3
- \/; we get the necessary
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1 4 2 < 3
1—52 +k %7 vk ttk

. 8
,thatis k > 3

condition

8
To show that T is the smallest positive value of k, we will prove the given inequality for k
_ 8
=z
The given inequality is equivalent to:
(a + b)? (b + ¢)? (c+ a)? 12
i+ + > :

(a+b)2+k (b+c)+k (c+a)?+k 4+k
Let 2p = a+b+c2\/3(ab+bc+ca) =3 and r = abc.
By Cauchy — Schwarz's inequality, we have:

(b + c)? [Seye(b + O (5s + 2a)]° L 12
£ (b+c)?+k ™ Yeye(5s+2a)2(b+c)*+k) ~ 4+k

& 252 + 333p% — 100p* — 330pr > 0.
Leta=y+2z,b=z+x,c=x+ y.Since ab + bc + ca = 3,we have xy + yz + zx
=3 - pz'
andr =abc=(x+y+2)(xy+yz+zx) — xyz
= p(3 — p?) — xyz, then the last inequality is

equivalent to
252 — 657p?% + 230p* + 330pxyz > 0 (*)
12
If p2 > < we have LHS ., = 252 — 657p* + 230p* = (5p* — 12)(46p* — 21) > 0.

9 12
If 2 <p’< 5 By the fourth degree Schur’s inequality, we have

6pxyz = | p® — Z yz 42 yz—p? | = (2p* - 3)(12 - 5p?)
cyc cyc
Then:
LHS ) = 252 — 657p* + 230p* + 55(2p* — 3)(12 — 5p*) = 16(12 — 5p*)(4p* — 9)
>0,
So, the proof is completed. The equality occurs whena =b =c = 1.
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