ROMANIAN MATHEMATICAL MAGAZINE

Founding Editor

DANIEL SITARU

Available online ISSN-L 2501-0099

www.ssmrmh.ro



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Proposed by
Dang Ngoc Minh-Vietnam, Bogdan Fustei-Romania
D.M.Batinetu-Giurgiu-Romania, Daniel Sitaru-Romania
Marin Chirciu-Romania, Nguyen Hung Cuong-Vietnam

Zaza Mzhavanadze-Georgia, Vasile Mircea Popa-Romania

RMM-TRIANGLE MARATHON 4001-4100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solutions by

Daniel Sitaru-Romania, Mirsadix Muzefferov-Azerbaijan
Soumava Chakraborty-india, Khaled Abd Imouti-Syria
Kasem Abotrabi-Syria, Jenish Rijal-Nepal

Tapas Das-India

RMM-TRIANGLE MARATHON 4001-4100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
4001. In AABC the following relationship holds:

(A) N (B) N <C> sr(ra + 1y N re+r1) N Tq +rc>
wg,cos|=|+wpcos|=|+w,cos|=)=—
“ 2 b 2 ¢ 2) R\h,+h, h.+h, h,+h,

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

r.+7r, =s(tan d + tan Sm(
e s o

S i (%) =S o’ (%) =S o (7) = 4R. cos? (é) (1)
. cos (g) .COS (g) . cos (%) .COS (g) .COS (%) . ﬁ . 2
2F(b + ¢)
he + by = —F— (2)

We have from (1) and (2):

re+r, 4R cos? (%4) ~ 4Rbc. cos? (g) ~

h.+h, 2F(b+c)  2sr(b+c)
bc

2bc.cos (g) A A\ R
e eos(3) =wacos(3)
(A) ST T +Ty
WaS\2) =R h,+h,
Let's summarize what we got from others by analogy:
A B C)_sr(ra+rb r.+ry ra+rc)

W“C°S(E>+w”c°s(i>+Wc°°S(E “R\n,tn, "h.+n, "h,+h,

4002. In any A ABC the following relationship holds :

gatGp+9gc 1+ labple 1—[ \>
2r 2 da9vYc ——\/4r2+(b—c)2/

22), e +Z .
gw—nw+\/4r2+(b—c)2 ng +s

cyc cyc

N =

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India
ZZ h,—r +Z hy, _gatgvtgcts
o — Mg ++/4r2 + (b —c)? cycna+s 2r

cyc

(Reference : Identity in Triangle by Bogdan Fustei — 4;)

published at www. ssmrmbh.ro
+ gy +
-~ the main inequality becomes : W +

Loyl Pa \ 29at gt gcts
= 2
,/gagbgc | \pa L _ ko / r

\
j‘;n\pa ——\/4r2+(b_c)2/

’ L1
Now bc Pa
gagbgc cyc pa \/41‘2 + (b — C)Z

(Reference Inequality in Trlangle by Bogdan Fustei —
published at www. ssmrmh.ro

N =

N =

=lwn

EAV -

109;)

1

iw-n/ l Pa \ 2;:>(*)istrue
JadnYIc cye \pa- ’g_a_\/4r2+ (b_c)Z/
a
ga+gb+gc L1 \/T \
. 2 o
9a9vY.c cyc \pa , \/41-2 +(b— c)z/

h,—-r h,
Zz Z vV A ABC,
—ng+4r2+(b-c)?2 LIMats

cyc

N =

"="iff AABCis equllateral (QED)
4003. In AABC the foIIowing relationship holds:

a+b b+c c+a
43
h, i h,, * h, V3

Proposed by D.M.Bdtinetu-Giurgiu, Daniel Sitaru-Romania
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Solution 1 by Khaled Abd Imouti, Kasem Abotrabi-Syria

a+b+b+c+c+a_( b+ )+( + +a)
ha hb hc hb c hb hc
L l I
a? b? c? a? b? c? a?+b%+c?
ll_a.ha+m+c.hc E+_+5_ 2F (I)

In AABC and AA'B'C' : A'B'=B'C'=A'C' =1 ( Daniel Pedoe's )
a?(1? + 12-12) + b?2(1%2 + 12-12) + C*(1? + 12—-1%) > 16F .F’
, V3 V3
F =T=>a2+b2+c22 16F><T=4\/§F=>1122\/3_'

b c a ab bc ca 1 1 1
="+ —+—-= — = [
27 h, + hy + he  ahg + b.hy + che,  sind T snB T sinc ()

Let be the function f(x) =

By using Jensen’s inequality:
! + ! + 1 . 3 =23
sinA  sinB sinC — ( . A+B+C) a
SII‘IT
=1+, >4V3

sinx

Solution 2 by Khaled Abd Imouti, Kasem Abotrabi-Syria

Py=a+b+c, (a+b+c)>12V3S,

a?+b*+c2_ a+b+c a’?+b%>+c® (a+b+c)?
3 >—o— ..M —AM) > - > =

a+ b+ c)?
@HDHO) 2 ip? 42> 435, >

a’+ b% +c% > 3

a’? b* c?
5t §+§—4\/§ (I
_a+b+b+c+c+a_ a+ b c b c a
" h, h, h. h, h, h. h, h, h,
_a N b? N c? b c a
“ah, b.h, ch., h, h, h,

5 RMM-TRIANGLE MARATHON 4001-4100
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_a2+b2+c2+b+c+a
B (zsA 28, zsA) (ha h, hc)
ly L,
=20 P @ T ab+tbetea) =
2= ah, bh, ch, 25, TheTca=
_1<ZSA 28, ZSA>_ 1 N 1 N 1
~ 25,\sinA  sinB sinC/ sinA sinB sinC
. 1
Let be the function f(x) = pr,
By using Jensen’s inequality:

1
I, 22V3 =1, 2 3 (7m0

3
So:l=1,+1,>2V3+2V3=4/3
4004. In any A ABC the following relationship holds :

1 <Zl _ R?
3r2 = Lur?2 T 12rt

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z 1 O (s—a)*? 3s®—2s.25+2(s>—4Rr—r?) s?—8Rr—2r?
rz rzs2 r2s? B r2s2

cyc cyc

? R?

<

?
78 S (R? —12r?)s? + 24r3(4R + 1) > 0 and it's trivially true if :
O]

Gerretsen
R? —12r? > 0 and when : R2 — 12r? < 0,then : LHS of (*) >
?
(R2 —12r?)(4R? + 4Rr + 3r?) + 24r3(4R+1r) >0
? R ?
S 4t + 413 —45t2 +48t—-12 >0 (t =;) e (t—2)4t3 +12t2-21t+6) >0

Euler

1 R?
—>true+t > 2= (x)istruev AABC - E < 1254 and again,
cyc
1 s?2—8Rr-2r2: 1 5 ! )
E = 252 > 312 < s > 12Rr + 3r”© - true

cyc

RMM-TRIANGLE MARATHON 4001-4100
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Gerretsen

Euler 1 1
+s? > 12Rr+3r?+4r(R-2r) > 12Rr+3r? . Z—Z 233 and so,

cyc

1 1 RZ n mn o= 3 3
3z = < Z 2 < 12r —— VAABC," =" iff A ABCis equilateral (QED)

cyc

4005. In any A ABC the following relationship holds :

Z h, - 9
hZ +r2 ™ 10r

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

29
Zh2+r2 hg —10 29 =10

cyc cye —5 cyc 32 +1
( 3r 3r 3r) X ; 3
= — = — = — | & E—
h,Y "hy'Y T h, 9+x2=10
cyc ()
2t(t? — 27
Now, f(t) = PRy vt €(0,3)iscocaveasf’(t) = W <0
x
(~t2<9<27) ~as Zx=3:>0<x,y,z<3,hencezzm
cyc cyc
chcx
Jensen T 3 3
< 3. > x2:9+1—ﬁz>(*)1strueandso
v (5)
t\73
Z b, < 2 v AABC," =" iff A ABC i ilat L (QED
hZ + 12 = 101 , =" is equilateral (QED)

cyc

4006. In AABC the following relationship holds:

D hca
<
bc — 4r

Proposed by Marin Chirciu-Romania

7 RMM-TRIANGLE MARATHON 4001-4100
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Solution by Jenish Rijal-Nepal

Let A donote the area of AABC.
e Z Z _Z 2A 2A _z 1
e Libe bc _ Ziabc L.aA-R Zi2R ™

3 Fuler 3 3
= — < = —
2R 2-2r A4r

Equality holds if f the triangle is equilateral. (QED)

4007. In AABC the following relationship holds:

t 4 bt b t ¢ > 3R
a an(2)+ an(2)+c an(2>_

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

A B C T,
atan(—>+btan(—>+ctan( )—a—+b—+
2 2 2 Sz s
ar, + br, +cr, 2s(2R-—r Euler
-4 S” €= (S )=4R—2r S 3R
Equality holds for a=b =c.

4008.

In any A ABC the following relationship holds :

B_2C |[.B . C .ZEJ.E A
Z/5111 +51n7 sin 2\/sm2+sm2+sm 2 sm2+sm2 - 12

C A B C
2 2 . A . D o
cyc \sm 5 sin 7 sin + sin > + 2 sin >

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India
VA,B,C,x'y,z' >0,

x’ y’ z' Walter Janous
(B’ +C) + (C'+A)+ (A+B) > BZA’B’
y'+z' z' +x' x' +y’ %—’CD
cyc

8 RMM-TRIANGLE MARATHON 4001-4100
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/Slng+smg sin? fsm2 +sm2+sm fsm2+sm \

Now B_,C
2>
cye \sm 2sm 3 sm2+sm2+251n2 /
Zl/ sin%+ sing /\[sm + smg \[sin%+ sin%\\l
cye \(sing + sin %) + (sin(Z: + sin 2) \ sin? ]23 sinzg //
— x, (BI + CI) + y, (CI AI) + , (AI _|_ BI)
- yI + 7' +x' x’ _|_ ’
B B C C A
/ x' 1n + sin—,y' = sm + sm V2 = sm + sm \
2’
| n | V1a®
| sin+ 2 + sm ’sm + sm ’sm + sm
AI
\ sm2 5 sm2 sm2 /
B . B . C
/\/sm +siny \/smf + sin 7\ AM—GM 6 sing + sin% Cesaro
3 . > 3. —=—=1 >
2 - 2 B - 4 A
cyc sin sin 7 cyc sin 7
8 3\/2 sm sm n% %3_\/2
3.° = S — =3v2.2/2=12
sm3—sin3Esin3E J AL B C 1
2 2 2 sinz sinz sinz 8
/siné+sinE sinzg. fsin123+sm + sin? ’sm + sin \
and so, 2 2 . =>12
i ZEsinZE sinA + sm + Zsm
cye |\ SINZ 7 SIM=5 2 2 V]
v AABC," =" iff A ABC is equilateral (QED)

4009. In any A ABC the following relationship holds :

2 1
s + 16Rr + 22r? < (/rarp, + \/pre + /1er,) < 5(1852 + 82Rr + 79r?)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2

71
Z:,/rbrc =s2 4 ZS.Z\/(S —b)(s—c) < 6(1852 + 82Rr + 79r?%)

cyc

cyc

9]
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? 952 4+ 82Rr + 79r?
:)Zs.z\/(s—b)(s—c)_ 9

cyc

2

? 79 x2y?z?
o2 sz Z z | < sz 1_[ +z2) +—
y 9 4zcyc 5 +2)+ 5 Ty 2

cyc cyc cyc

3
x=+vVs—ay=vVs—b,z= s—c:s=2x2
< 18

e z x? | +

>a=y?+23,b=2%+x%c=x%+y? cyc
?
41 sz Z:xzyZ + 117x2y2z236 sz ny
cyc cyc () cyc cyc

Assigningy+z=Xz+x=Y,x+y=2Z2=>X+Y-Z=22>0,Y+Z—-X=2x
>0andZ+X-Y=2y>0=2>2X+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius & inradius

= g, Ry, I'p (say)
and then : Z X = S, XyZ = r&so,z xy = 4Rgrp + rg,z x? = s3 — 8Ryry — 215,
cyc cyc cyc
2 x?y? = rZ((4Rg + 1y)? — 2s2), & then, following simplification, (x) becomes :
cyc
9s§ — (288Rqry + 1331¢)sg + rZ(3208R% + 1932Rry + 341r¢)s3 —
185r3 (4R + 1p)3 5 0 and we now prove : 9s® — (288Rr + 133r2)s* +
(%)

r2(3208R? + 1932Rr + 341r?)s? — 185r3(4R + r)30 & 9(s? — 16Rr + 5r2)3
0

Gerretsen ?
> 0 - toprove (1), it suffices to prove : LHS of (1) > (s? — 16Rr + 5r2)3
< (72R — 124r)s* — r(1852R?% — 3126Rr + 167r%)s? +

?
r?(12512R3 — 21720R?r + 4290Rr? — 655r3)|>|0 and again, since
©)

Gerretsen

(72R — 124r)(s? — 16Rr + 5r?)2 > 0 - in order to prove (2),
?
it suffices to prove : LHS of (2) > (72R — 124r)(s? — 16Rr + 5r?)? &

?
(452R? — 1562Rr + 10731‘2)821‘(5920R3 — 21544R?r + 17350Rr? — 2445r3)
®

Gerretsen

452R? — 1562Rr + 1073r% > 0 and then LHS of (3)

(452R% — 1562Rr + 1073r?)(16Rr — 5r?%) 2 RHS of 3) &

10 | RMM-TRIANGLE MARATHON 4001-4100
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Euler

’ R
(t—2)((t—2)(328t—115) + 135) > 0 (t = ;) Strue vt > 2= (@ istrue

Rouche

452R? — 1562Rr + 1073r? < 0 and then : LHSof 3) >

(452R? — 1562Rr + 1073r2) (ZRZ +10Rr —r? + 2(R — 2r)./R2 — 2Rr) > @ras

>0

& 2(R — 2r) (452R3 — 1358R2r + 1093Rr2 — 343r3) >
n>0

2(R — 2r).v/R? — 2Rr. (—(452R? — 1562Rr + 1073r2))
? Euler
& 0% > (R? — 2Rr)p? ( R > Zr) & (t—2)(32t3 + 8t% + 36t —28) + 25 +

64 ((9266t2 + 2444t + 11177)(t — 2)3 + 22343t%2 — 90307t + 91253) >0

Euler

- true (strictinequality) ~t > 2and - (90307)% —4(22343)(91253) <0
= (3) is true and combining, 3) = (2) = (1) = (**) = () is true and again,
2

GM-HM 4s(s—b)(s—c¢) 4sbc(s —b)(s —¢)
Z“rbrc = SZ+Z s—b+s—c 22 4Rrs

cyc cyc cyc

r(s? + (4R + r)?) Gerretsen + Euler 5 r(14Rr — r? + (4R +r)?)
R = s+ R

2
= s2 4+ 16Rr + 22r? and so,s% + 16Rr + 22r2 < (\/r 1y, + /oI + /rer,)” <

= g2

1
5 (18s? + 82Rr + 79r%) v A ABC,"” =" iff A ABC is equilateral (QED)

4010. In AABC the following relationship holds:

w, h, R + 6r

h, w, 2r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

w, 2 bc.s(s —a) 2R 4R s(s—a) AM;GM 4R.\/s(s — a) B
h, b+c "bc (2(s—a)+a)Vbc ~ 22(s— a)abc

[ S R
= 2R 8Rsr - \[;(1)

11 RMM-TRIANGLE MARATHON 4001-4100
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. . €Y 2
w h w,\2 h wqzhg R w,\2 R + 6r
(e -G+ ()« "2 1) (29 -
h, w, h, W, 2r W, 2r

w, h, R + 6r
—+—=<
h, w, 2r

Equality holds for an equilateral triangle.

4011. In any A ABC the following relationship holds :

\/f a+b a+c
b'a+c a+b

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

. ,B
sin 7 sin

,C (SmZB .zc)z ((s—c)(s—a)_(s—a)(s—b))z

n 2_45_ 2 Smm3) ca ab
. ,C . B .,B.,C — (s—=c)(s—a) (s—a)(s—b)
2= 2= 2D 2
sin?5  sin?> sin? 7 sin’ > “a : ab
. » B . »C
(b(s —¢) —c(s — b))2 sin? 5 smzi s2(b — c)?
" be(s—b)(s—©) Ct B 2T bes_bs_o ™ &now,
sinzi sm22
B [.C ) B . C
a+b a+c? Slni Slnisquarmg a+b a+c\2? Slnf Sln?
tarp= et o8 = (ave) *lavs) S
@ERC T sinz sinf SR a+ sini sinf

squaring /q + b 4 a+c 4 ? sinzg sinzg via (m)
o ( ) +( b) —2< + B—Z e

a+c a+ Sinz7 SinZ7
((a+b)*—(c+a))? 2 s%(b—c)?

@+b)(cta)? —beGs—b)GE—0
o ((a+b)? + (c+a)®)?*(2a+b+c)*(b—c)? 2 s%(b-c)?

(@t b c+a) = beG-bG-0
be(s —b)(s — ¢)((a+ b)2 + (c+ @)?)2(2a + b + ¢)? < s2(a + b)*(c + a)*

_ 2,2
(+(b—c)2>0)and = be(s—b)(s—¢) < W

4s(a+b)2(c+a)? = ab+O)((a+b)? + (c+a)?)(2a+b+c) o

-~ it suffices to prove :

12 RMM-TRIANGLE MARATHON 4001-4100
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4 Zx Rz+x+y)2Qy+z+x)?>
cyc
+2)2x+y+2)(2z+x+y)?*+QRy+z+x)?)2(y+2z) +2x+y+2z)
(x=s—ay=s—-bz=s—-c=2a=y+zb=z+x,c=x+y) e
4x° +20x*(y + z) + 36x3(y + 2)? + 8x3yz + 26x%(y + z)3 + 40x%yz(y + z) +
6x(y + z)* + 56xyz(y + 2)% + 4xy?z? + (y + 2)° + 22yz(y + )3 + 4y?z%(y + z)

. B . C

? a+b a+c® [siny [siny
> 0 - true (strict inequality) = + < +

a+c a+b . C . B

sinz sin

C squaring twice

\/> \F ? Slng sin 7 andvia (m) Sz(b _ C)Z ? (bZ _ CZ)Z
Again, |—+ PEN > _°
smg Sing be(s —b)(s — ) b2c

=N Zx (z+x)(x+y)£yz(2x+y+z)2 (~(b—=c)2=>0)

cyc

o x*+3x3(y +2z) + 3x*(y? +yz + z%) + x(y> + 23 +y2z +yz%) >0

sm sin%
— true (strict inequality) . |— + I B
sm i

siny
2a.4R cosgsm2 B 2a 4Rcos]235ing C
F1nally—+—= cta COS2+ a+b %2
We Wb 24 4Rcosgsing c 2a 4Rcosgsin% B
.COS 5 .COS >
a+b 2 cta ) 2
2
sing sin%
+
Bergstrom sin 2 sin 2/ via®
- = ct+a L a +b =
a+b c+a

13 RMM-TRIANGLE MARATHON 4001-4100
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. B . C
sin sin5
2 21/c+a a+b
sin—+ sin B (a+b+c+a)
2 2
c+a+a+b
a+b c+a
® sinB sinC
W, W 5 5
>—2 4> %+ lzsandso,@,@and@
We W sins sin&
2 2
. B . C
ca+b a+c Siny ISy wy,
= max —+ b’ b < C+ B<—+—VAABC,
a+c a+ sin= sing We Wb
2 2
="iffb=c

4012. In any A ABC the following relationship holds :

+ sin B sin ¢
b T Ie 2 2
< —C + B

siny  siny

Wa

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

. B . s—c)(s—a s—a)(s—b
I, + 1. ? Sl  Sins 4R.s(s—a) ? ( X )+( ) )
< 2 n 2 PN < ca ab
w, ~..C' B Zbc LA A_B.C
siny siny  bc. b+c 08’3 Ccos 5 sin siny
s(s—a) ; b(s—c)(s—a)+c(s—a)(s—Db)
be. 2bc s(s—a) abc. (s — a)
‘'b+c”  bc

?
e 2(zx(z+x) +xy(x+y)) 2 x(y+z)(2x +y +z)
(x=s—ay=s—-bz=s—-c=>a=y+zb=z+x,c=x+Yy)

. B . C
? . +r. Sins sins
<:>x(y—z)220—>true':x>0:- bw °< 2+ %VAABC,
a

sini sinf
"="iffb=c

14 RMM-TRIANGLE MARATHON 4001-4100
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4013. In any A ABC with w —
Brocard’s angle the following relationship holds :
1 - m, + my + m,
sinw ~  h,+hy+h,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

f 2
1 ZCYC a’b? Chu-Yang
and - Z m, < 4s?—-16Rr + 5r?

Since — =
sin w 2rs
cyc

1 ? mg+my,+m
> 2.
sinw~  hg,+hy+h

((s? + 4Rr + r2)?2 — 16Rrs2)(s? + 4Rr + r2)? > 64R%r?s2(4s% — 16Rr + 5r?)
& s8 + 4r?s® — r2(288R?% — 16Rr — 61r2)s* +

r3(1024R3 — 256R?r + 32Rr? + 4r3)s? + r*(4R + r)40 and *
©)

~ in order to prove : ,it suffices to prove :

Gerretsen
(s2 —16Rr + 5r2)* > 0 . inorder to prove (1), it suffices to prove :

?
LHS of (1) > (s? — 16Rr + 5r2)* & (4R — r)s® — r(114R? — 61Rr + 9r?)s* +
r2(1088R3 — 976R?r + 302Rr? — 31r3)s? —

r3(4080R* — 5136R3r + 2394R?r? — 501Rr3 + 391‘4)0 and
®

Gerretsen

(4R —r1)(s? —16Rr + 5r2)> > 0 - in order to prove (2), it suffices to prove :

?
LHS of (2) > (4R — r)(s? — 16Rr + 5r?)3 < (78R% — 47Rr + 6r2)s* —
r(1984R3 — 1712R?r + 478Rr? — 44r3)s? +

?
r?(12304R* — 14320R3r + 6246R?*r? — 1199Rr3 + 861‘4)0 and
®

Gerretsen

(78R% — 47Rr + 6r%)(s? —16Rr + 5r2)2 > 0 . in order to prove (3),
?
it suffices to prove : LHS of (3) > (78R? — 47Rr + 6r2)(s? — 16Rr + 5r2)2

? 4 _ 3
& (128R® — 143R?r + 46Rr? — 4r3)s?|> r( 1916R™ — 2548R%r + 4)
2| \1190R?r? — 234Rr® + 16r
Gerretsen

?
Finally, LHSof (4) >  (128R? — 143R’r + 46Rr? — 4r®)(16Rr — 5r2) >
? R
RHS of (4) © 132t* — 380t3 + 261t2 — 60t +4 > 0 (t = ;)
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Euler

& (t—2)(132t3 - 11612+ 29t—2) >0 > true~t > 2= @ =>3) =@

m, +my+m
= (Distrue »——>2.—2— P € yAABC,
sin h, + hy + h,

" =" iff A ABC is equilateral (QED)

4014. In AABC the following relationship holds:

/&+ /2S /2_R
Tq m, T

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

. A
n2 = s?> — 2r,h,(Bogdan Fustei) ,vr, = s tan

Mmesng
Mo Ta _Ma+Ta _ (ma+ra)2= m§l+r§+2ma;ha nﬁ+rﬁ+2=
Ta m, AV M,T, mqr, mqr, hara
2 4 2¢am2 (A 2¢pc2 (A
~ sz—Zraha+r§+2_ s? + s2tan (7) _ |s*sec (7) B _
Bl rohg B 2F? B 2F? B B
a(s—a) a(s—a)

_ |abc  [4Rrs  [2R
- |2sr2 T [2sr2 | r
Equality holds for an equilateral triangle.

4015. In AABC the following relationship holds:

b ¢ s 11
c b 4Rr 8

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

We need to show :
b_l_c<s2 11 s2 (b+C)>11
c b 4Rr 8 Or'4Rr c b/ 8
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now,we will show (a + b + ¢)3 — 8a(b? + ¢?) > 11abc
or,(a+ b +c)®—8a(b?+ c*) —11labc >0
a = max{a, b, c}.
Letbh=a—x,c=a—ywherex,y=>0

(a+ b+ c)3 —8a(b?+ c?) —11abc =
=Ba-x-y)¥-8a((a—x)*+(a—-y)*) —11a(a—x)(a—y) =

= ax® + ay* + 7axy — x3 — 3x%y — 3xy* —y3 = a((x + y)? + 5xy) — (x + y)3 =
=x+y)(a-—x-y)+5axy=(x+y)*(b+c—a)+5axy > 0true

(asb=a—-—x,c=a—-y,x,y=>0thena—x—y=b+c—a>0inanytriangle)
so(a+ b+ c)® —8a(b? + c¢?) > 11abc

s? (b c> s3 b2+c2_(a+b+c)3 b2+c2_

RHS_4R B E+E ~4Rrs _ bc ___ 8abc _ bc
_(a+b+ c)3 — 8a(b? + ¢?) - 1labc 11
N 8abc ~ 8abc 8

Equality holds for an equilateral triangle.

4016. In any A ABC the following relationship holds :

2 sin B sin ¢) tan B tan ¢ +
w 5 5 5 I, + T,
max { = , 2 + 2 } < 2 + 2 b =
he " IsinS  [sin2 tans [tanz B = Wa
\ 2 2 2 2

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
2w, 2.\/s(s—a).a s—b+s—c s—b ,
S —
h, 2.\/s(s—a)(s—b)(s—c) \/(s—b)(s—c) \’S_C

tan (2: tang sm > sin
=4 and again, +
T, B leanC i C
an- tan > sin sin

tanB tanc

2, 2
tang |tanD
anz an

IA -

N| 53N O
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. B . C B C

squaring smi smi ? tanf tani
N + < +

€ B tanC  tanB

smz sm2 anz anZ

\[(s - C)(s —a) \[(s —a)(s—b)

n ab ?S—c+s—b
\[(S—a)(s—b) (s—c)(s—a) S—b s-—c
ca

- bs—c+ cs—bés—c_l_s—b
cs—b b's—c(?)s—b s—c¢

b c |s—c s—b?s—c¢c s—b
Now, LHS of (*) < —+— + < +
b —b s—-c " s—-b s-—-c

N 2és—c 1_|_s—b 1(:)(b—c)zéb—c b-c
( c)zb (_s—)zb s—(c 2 bc " s—-b s-—c
b—c) b—c b—c ?
< —s2 — <
=N b _(s—b)(s—c)(:)bc(s—b)(s—c)'( s“+sa+bc—bc)<0

— —_ — Z .
bSC((SS _alr)))((t; - (;)) < 0 - true = () is true

. B C B C
siny  |siny tan;  [tany
+ & ct g and finally,
siny _[sinz tan; [tans
C
tani tani S —C s—b
W, ct g |<Vss—a) 3 [s-¢
tanz tani
Js(s—a)(s—b)(s—c) +s(s—a)(s—b)(s—c)
= + = Ip + I‘c
s—b s—c¢
tan B tan ¢ + 2 sin B sin ¢)
5 5 Ty +r w 5 >
%+ ]23 b candso,max{ <y (2:+ ]23}3
tan; [tans | @ |siny |sin 2
B C
tani tan 2 I + I, 0o
+ < VAABC," =" iff b= c (QED)
C B w
tan; [tans a
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4017.In any A ABC the following relationship holds :

B

w. h CoS 5
el s
a @ cosy; COs5

C

Cos 5 W, wW,. 2w
2 < min {—b < “}
B w, w, h,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

B ¢ 24 2B 2C _ in2 A
cosz+cosz_cos 5 €055 + cos”5 1 + sin >
c B~ B s &
cos5 COS- COS > COS 5
4Rsin%singsin% A
2+ SR —1+sin27 B-C A
= 1 (Czcos 2 ,S=sin§)
5(C+S)
_1+82+8(C-9)
2(C+S)
cosB cosC 2(1+ S0 h cosB cosc
2 g w ) 2 hd
2y 2o - (D andso,via D), 2+ —2<—24 2
cosE cosE C+S h, = w, COS 5 cosE
2 2 2 2
1?2 2(1+S0C) 5 7 3 ) 32 5
<:>C+ESC—+S<:>2C+ZSC >C+S+C°+SC-=C—-C>=>S-SC
? B—-C B-C
& (1-C%)(C—S) =0 - true ~ C?> = cos? <1and - C= cos 5=
C
b+c Ab+c>a A w, h, cos; cosy
.sinE > sinizs:.h—+—s C+ Bandagain,
a Wa cos= cosy
2 2
B C
COSE COSz?Wb W,

W,
= —_ c
Cos 2 Ccos 2

<—4+—
Wy

s(s—b) +coszg s(s — b) _s(s=b)(c—a)? +s(s—0) _s(s—c)(a—b)?

ca ab '’ (c+ a)? (a +b)?
- COS 5 COS = 2ca B 2ab ¢
2 €053 cta2'arp €052

S 4as (s(b +c)— (b%+ cz)) (a+b)(c+a) é
sa(a +b)?(c+a)? —s(s—b)(c— a)?(a +b)? —s(s— c)(a —b)?(c + a)?

+y+z)(2x+y+z) - ?
o 4y +2) ((x , (Zy+ xz))2(+"(x Iy)g ) z+x+y)2y+z+%) <
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y+2)2z+x+y)?QRy+z+x)?—y(z—x)?Q2z+x+y)?
x=s—ay=s—bz=s—-—c>
z(x -y 2y +z+x)° <a=y+zb=z+xc=x+y,s=x+y+z)

o x(y?-2)2+y>+z°+y z+yz4>2y3z2+2y2z - true
, AM-GM

AM-GM
vy +yzt > 2y3z2andz’+ytz > 2y%z3
C
COS5 COS75 w, w CO0s5 COS5 7 2w
. % +—2 < =P 4 ¢ gnd finally, via (D), % +—2< e
cos~ coso Ve Wb COS5 COSH h,
2 2 2 2
2(14+SC) ? 2 B-C
%_C SC2<S—>true C? = cos? <1
cosg cos% 2w, w, h, cosg cos(z:
: C+ BS h, andso,h—+w—s C+ B
COs5  COS% a “ cosy COSy

. wb WC Wa 17 .
min {—+—,2—} v AABC,"” =" iff b = ¢ (QED)
W, Wy ha

4018. In AABC the following relationship holds:

/ﬂ+ /is /E
r, w, r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

n2 =s?-2r,h

A
«(Bogdan Fustei) ,r, = stan

2
Wasng
’w ’r W +r w, +1,)? w2+ 12 Wazha InZ 4 12
a a a a _ \/( a a) — \/ a a + 2 S a a + 2 —
ra wa Wara wara hara
sz — 21 h, + 12 sZ + s2tan? (%) sZ?sec? (%)
roh, 2F? 2F2
a(s—a) a(s —a)

_ abc_ 4Rrs_ 2R
|2sr2 T [2sr2 | r
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Equality holds for an equilateral triangle.

4019.
In any A ABC with @ — Brocard’s angle, the following relationship holds :

b+c 2a _ { 1 s 11 s? 1}

+ < min
2a b+c

) ) +
sinw’4Rr 8 ’'27r2

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—cthen:a=y+zb=z+x,c=x+y
y+z VZ
and s = x + y + z and furthermore, we denote : T: m and ﬁ: n and

then, we have the following set S of relations : y? + z? = x2(m? — 2n),y3 + z3 =
x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),y% + z°> =
x° (m((m2 —2n)% + n? — nmz)),y6 + 2% = x®((m3 — 3nn)? — 2n3),y” + 27 =
x’ (m((m3 —3nn)? — 2n®) — mn((m? — 2n)? + n? — nmz))
b+c 2a 1
2a  b+c” sinw

-

IA -

y® + 28 = x8(((m? — 2n)? — 2n?)? — 2n*) and now,

o 43y a*b? 2+ o* + 16a*
2Yyca?b? -y at ~  4a%(b +c)?
y+2)*+ Z+2)*+ (x +y)? 2 2x+y+z)*+16(y +2)*
2xyz(x +y +z) ~ (y+2)2Q2x+y+1z)?

© 4x5(y —2)? + 12x5(y — z)%(y + z) + 21x*(y? + 22)? — 76x*y?z? +
4xtyz(y? +z2) + 22x3(y° + 2%) + 30x3yz(y® + z3) — 20x3y?z2%(y + z) +
15x2(y® + z) + 27x%yz(y* + z*) — 23x%y?z%(y + z)? — 24y3z3 + 6x(y” + z7) +
11xyz(y® + z°) — 25xy22%(y3 + z%) — 88xy%z3(y + z) + y® + 2% + 6yz(y® + z°)

7
+17y2z%(y* + z*) + 30y3z3(y? + z2) + 36y4z40 and - 4x%(y —z)? +
®
12x5(y — z)2(y + z) > 0 & via set of relations "'S", to prove (1), suffices to prove,
following simplification : (m + 2)?n? — 2m* + 31m3 + 63m? + 80m + 80)n +

?

m?(m* + 6m3 + 15m? + 22m + 21) > |0 and discriminant § of LHS of 2 =
@

4 3 2
(2m* + 31m? + 63m? + 80m + 80)2 — 4m?(m + 2)? (m +6m” +15m +)
22m + 21

= 84m’ + 1041m° + 3802m°> + 8573m* + 14352m3 + 16144m? + 12800m +
6400 > 0 .. in order to prove (2), it suffices to prove :

? AM—GM m?
2(m + 2)%2n < 2m* + 31m3 + 63m? + 80m + 80) —Vdand “ n < e
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~ it suffices to prove : 2v8 < 2(2m* + 31m3 + 63m? + 80m + 80) — m?(m + 2)2
squaring

& 2V8 <3m* +58m3 + 122m? + 160m + 160 <
b+c 2a 1
+ < —
2a b+c ™ sinw
b+c 2a ? s? 11 via earlier substitutions

2a " btc_4Rr 8 ]
(8(x +y+z)3-11(y+2z)(z+ x)(x + y)) x+y+z)>
4z+x)(x+y)((2x+y+2)?+4(y+2)?) © 2x3(y+2z) +3x*(y + z)* —
16x%yz + 9x(y3 + z3) — 11xyz(y + z) + 8(y? + z%2)? — 30y?z? + yz(y? + z?) é 0

via set of relations S
and following simplification ?
PEN 8m* +9m3 + 3m? + 2m — n(31m? + 38m + 16) > 0 and
AM-GM m? .
wn < 7z it suffices to prove :

mZ(m + 2)2(3m + 2)2(m — 2)2 > 0| - true = (1) is true -

Again,

4(8m* + 9m3 + 3m? + 2m) — m?2(31m? + 38m + 16) > 0
b+c 2a sz 11
+ <— -
2a b+c” 4Rr 8
b +cC N 2a ; S2 n via earlier substitutions
=
2a b+c¢c~ 27r2

20+ 2)2x+y+2)(x +y+2)3 + 27xyz) = 27xyz((2x + y + 2)% + 4(y + 2)?)
e 4x*(y +2z) + 14x3(y + 2)? — 108x3yz + 18x%(y + z)3 + 10x(y? + z2)% —

via set of relations S

& |m@m + 2)(m — 2)% > 0| - true -

Finally,

? and following simplification
122xy%z% — 41xyz(y?* +z?) + 2(y +z)° > 0 o
. 4 3 ) ? ) AM-GM m?
2m°> + 10m* + 18m? + 14m* + 4m > (81m* + 108)nand ~ n < e

?
~ it suffices to prove : 4(2m° + 10m* + 18m® + 14m? + 4m) > m?(81m? + 108)

?
& |m(8m? —9m + 4)(m — 2)? > 0| > true = discriminant of 8m? —9m + 4 =

81-128<0=8m?-9 +4>0-b+c+ 2a < s* +1-
m m " 2a b+c” 27r2 "
b+c+ 2a o 1 s? 11 s? + 1) v A ABC
2a b+c_mm sinw’4Rr 8 ’'27r2 ’

" =" iff A ABC is equilateral (QED)"' =" iff A ABC is equilateral (QED)
4020. If in AABC, a = max{a, b, c} then:

b+c 2a 252

< -1
2a +b+c_9Rr

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Tapas Das-India

2s> 25  8° (at+b+c)?
9Rr 9Rrs 9(4Rrs)  9abc

b+ c .
Letx=T>1(asmAABCb+c>a)

b+c b+ c a=max{abc} ph+ ¢c AM-GM b + ¢

= = < < = <
X p a7 < N S bTe 2s01l<x<?2
2
b+c
AM—-GM /b + c\>2 *="a a’x? a3x?
bc < ( ) or bc < & abc <
2 4
3 b+c
(@a+b+c) @ (1+ a )>a3(1+x)3_4(1+x)3
9abc 9abc = a3x? =~ 9x2
9. 1
We need to show :
b+c+ 2a <232 L 252 (b+c+ 2a)>1
2a b+c 9Rr Or9Rr 2a b+c/ or
2s? (b+c+ 2a> 150 4(1+x)3 x 2 1>0
9Rr \ 2a ' b+c =0T 792 2 =
4(1+x)3 x 2 8(1 + x)3 — 9x3 — 36x — 18x?
LHS=———F————— 1= =

9x2 2 x 18x2

_8—-12x+6x*—x* (2-x)°
B 18x2 ~ 18x2

>0trueasl1<x<?2

Equality holds for an equilateral triangle.

4021. In any A ABC the following relationship holds :

h, +h 2 + 2h R
b c I Iy I‘c_l_ a}s

max + ) —
j( 2r, h, + h," 2h, I, + I'¢

r

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

1.1 1
hy, + h, 2r, éE@b c_l_s—a; abc
2r, hy+h, " r 1 1+1 4(s—a)(s—b)(s—0¢)
s—a b c
b%c? + (s —a)?(b+¢c)? » abc

bes—a)(bt¢) —4Gs—a)s—bi-0

(z+x)2(x+y)2(y+2)2x+y +2) = 4yz((z + x)2(x + Y)2 + ¥2(2x + y + 2)?)
(x=s—ay=s—bz=s—-c>a=y+zb=z+xc=x+Yy)
© 2x5(y +2) + 5x*(y + 2)? — 20x*yz + 4x3(y + z)® — 20x3yz(y + z) +
x*((y + z)? — 2yz)? — 8x%y?z? + 2x%yz((y + z)? — 2yz) +
2xyz ((y +2)3 — 3yz(y + z)) +y2z2(y —z)2 > 0and - y?z2(y—2)2 > 0
- it suffices to prove : 2m + 5m? — 20n + 4m3 — 20mn + (m? — 2n)? — 8n? +

? +z y/
2n(m? — 2n) + 2n(m3 — 3mn) > 0 (m:yx ,nzi_z)

< (6m+8)n? — (2m3 —2m? — 20m — 20)n — (m* + 4m3 + 5m? + 2m)0
()
Now, LHS of (%) is a quadratic polynomial in 'n" with discriminant, § =
(2m3 — 2m? — 20m — 20)? + 4(6m + 8)(m* + 4m3 + 5m? + 2m)
= 4(m® + 4m°® + 13m* + 62m? + 172m? + 216m + 100) > 0 and so,
in order to prove (x), it suffices to prove :

2(6m + 8)n2m3 —2m? — 20m — 20 + V8 AND
©

?

2(6m + 8)n|>|2m® — 2m? —20m—20 -8

®

AM-GM m?
Now,sincen < 1 ~ in order to prove @ it suffices to prove :

) ?
(B3m + 4)m? < 2m3 — 2m? — 20m — 20 + V8 © m3 + 6m? + 20m + 20 < /&
?
© 4(m® + 4m°® + 13m* + 62m3 + 172m? + 216m + 100) >

(m3® + 6m? + 20m + 20)? © [m(3m + 4)(m + 2)?(m — 2)? é 0|- true~m >0
= (1) is true and also,2(6m + 8)n + V8 > /8
=,/(2m3 — 2m2 — 20m — 20)2 + 4(6m + 8)(m* + 4m3 + 5m2 + 2m) >
J(2m3 — 2m? — 20m — 20)? = |2m® - 2m? — 20m — 20| >
2m3 — 2m? — 20m — 20 = 2(6m + 8)n > 2m3 — 2m? — 20m — 20 — V&

= (2) is true (strict inequality) .- (1) and (2) are both true = (*) is true
“hy +h 2r, R I, + I 2h, ; R

< - d in, <
2r, hy+h, " r anc again 2h, I, +r. r
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1 N 1 4 b
s—b ' s—c a ? abc
<
= 4 T Si-aG-bG-0
s—b s—c¢
4+16(s—b)2(s—c)2; abc

4a%(s—b)(s—¢) 4(s—a)(s—b)(s—c)
o (y+2)3(2 +x(y +2) +yz) = x((y + 2)* + 16y%z?)

& (mx)3(x? + x(mx) + nx?) > x((mx)* + 16n2x*) © m3(n + 1) é 16n?
(%)

Now, via AM — GM, m? > 4n . m3(n + 1) > 4n(2vn)(2vn) = 16n?
. I, + ¢ 2h, R
= (*x) is true . < — and so,
2h, n,+r. r
hy, +h 2r I, + T, 2h R
max{b Cy @ b ¢ a}S—VAABC,
2r, hy,+h. 2h, r,+r, r
=""iff A ABC is equilateral (QED)

4022. In AABC the following relationship holds:

. B . C
’ c a+b a-+c sin & sin & w w
< 2 4+ g S_b+_c

b'a+c a+b sin% sing w, w,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Jenish Rijal-Nepal
a+b

’b
Here, WLOG assume thatb > c= B = C = All -, ,
c'a+c

1
The function f(x) = x + - is strictly increasing for x > 1.

In order to prove the original inequality, it suffices to prove that:

b a+b
max /—,
c ' a+c

2 sin B cos B . B c
B SanCOSZ b SIHZZE-COSZ
C C

sin B

Via Sine Law: — =
sinC

5 onCoasC C
SanCOSZ smz
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cosg sini b
SinceB > C = >1,& 2;-1(:)
coso sinz
. » B
) _, B (s—a)(s—c¢) sin*3
Now,Via HAS Formula: sin“ — = =
2 ac ., C
sin 7

_b(a+b—c) ,; (a+b>4
“cla+c—b) T \a+c
& (b—c) [a®+a*(b+ c) + 2abc + 2a’bc(b + ¢) + abc(3b?

?

— bc+3¢®) + be(b® +¢®)] =0

>0

B
siny Z a+b
>

a+c

which is trivially true-b>c =

Cc Cc .
w b(a+c)cosf_ b-cosi .a+c= sin>

Finally,— < =
Wh c(a+b)cosg c-cosg at+b sin%
— (3)
b a+b
. Via(1),(2) and (3): max / - 'ate < —=. Which follows
b

. B
c a+ b a+c Sin & 7
/ / < ct 5 S+ —
b'a+c a+b sinz sini W, W,
Equality holds if the triangle is isosceles (b = c).

4023. In any A ABC the following relationship holds :

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

4Rc052% _1-§?

Iy, + I _
21, 2.4Rcos%cosgcos%.tan% S(C+9)
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B-C A)_rb+rc@ 1-52 2R 2R

and S = sin— = an =
2 2 2r, S(C+5) r 4R sin%singsin%

1 2RO 1 J mtr [ 2r, 2 [2R
TS(C-5) " r s(c—s MW o T Iptr o T

Shotre, 2, 1 2Rvie@an® 1-8§7  S(C+S) 7

2r, A oo T S(C+s) T 1-s2 " =5(C-9)
©2-2C2—S?+C2S2 4+ CS — C3S > 0

©2(1-C?) —$2(1-C2) +CS(1—C2) = 0 & (1—C2)(2+SC—5)) >0

B-C_ e g bfe A A A A
= an = a .Sll’l2 Sll'l2 Sll'l2 sm2—

(C = COS

- true + C% = cos?

2
| N 2r, 2R " )
+ < |— VAABC" =" iff b= c (QED)
2r, I, + I¢ r

1
4024. For x = (4r? + (b — ¢)?)z and analogs,

in any A ABC, the following relationship holds :

Al + BI + CI yz
<
r - Z 1 1
e ([ p (l_b)z —y|(p (l_c)2 _,
b\ g “\gc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Fustei
and

(b — c)? Ajiba
18

a2 A2\ o a2\ 2
(s(s —a)+ ® 4c) > <s(s —a)+ 2) > <s(s —a)+ S(BS(;_Sa_i)_(z)z ©) >
s(3s+a)(b— c)2>

”
. 2
mgn, = p; +

(b-—0c)* (b—c¢)?
+ 324 + 5 .<s(s—a)+ 25+ a7
— 4 2 2 2 _ 4
o so- oo (1) 429 SO 000
2s(s — a). Zs 1 a)? t—o1 s(s — a). 5+ 525 + @
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(:)S(S_a)<§+1_25(35+a)(b—c)z_1)
a 4 (2s + a)? 9
s s?(3s+a)? 1 s(3s+a) ?
(4_a ~ (2s+a)* 324 9(2s+ a)2> (b-f200 (k=070
s(s —a)(144s3 — 52s%a — 16sa? + 5a3)
=
36a(2s + a)?
1296s° — 772s*a — 608s3a? + 48s%a3 + 37sa* — a®
324a(2s + a)*

s(s—a) ((s — a)(144s? + 92sa + 76a?) + 81a3)

o
36a(2s + a)? +

(s —a) ((s —a)(1296s3 + 1820s%a + 1736sa? + 1700a?) +)

.(b=0)2>0

1701a* IRVIG
324a(2s + a)* (b0 =0
. L. . 2 (b — C)Z 2 2
— true (strict inequality) . m,n, > p; + 18 >p2 = myn, >p2 - 1)

Bogdan Fustei

and Ngga = mala - @ @'@ = (mana)(naga) = p%a- mala

l 1
= n, >p,. |— and analogs and also,x = (4r% + (b — ¢)2)2
a

Bogdan Fustei ang,
= S and analogs - Z =

" )i

(g}

ycC

cyc

3 be 5 1 1o r 1 ZAI_A1+BI+CI<
(s—b)(s—c) A’ A’ " r =
e Sing 2
yzZ

T
7)o
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4025. In any A ABC the following relationship holds :

Iy + I'c 2w, 2s
+ <
2w, I, +r. 3+3r
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—c&then:a=y+zb=z+xc=x+y

yA Z
and s = x +y + z and furthermore, we denote : y = m and % =nand

then, we have the following set ’S” of relations : y? + z2 = x>(m? — 2n),
y3 +z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),
y> + 25 = x5 (m((m2 —2n)% + n? — nmz)),y6 + z® = x6((m3 — 3nn)? — 2n3),
y’+27 =x7 (m((m3 —3nn)? — 2n3) — mn((m? — 2n)? + n? — nmz)),

rsa(s —a)
L+l _(s—b)(s—0(s—a)

2w, 4+/bc
“ b\{l__c.,/s(s—a)

y® + z8 = x8(((m? — 2n)? — 2n%)? — 2n*) and now,

rs.a(s — a) s (rb + rc>2 B a’(s —a)?
T 2w, ) T 2 _16bc_
rs. bg.,/s(s —a) . rZs. b+ 02 (s—a)
a?(s — a)? s (rb + rc>2 B a?(b + c)?
16bc 2w, /  16bc(s—b)(s —¢)

- (s—a)(s—b)(s— C)'W'(S —a)

r, +r 2w, ? 2s squaring /r, + r.\2 2w, \2
b [ a < o (b c) +< a) +2

and so,

2w, + r, +r. -~ 3/3r 2w, 1, + I

2 4s? 4s3
—27r2 27(s—a)(s—b)(s—c)

a?(b + c)? 16bc(s —b)(s — ¢) ? 4s3

S + +2<
16bc(s —b)(s —¢) az(b + c)? 27(s—a)(s—b)(s—c¢)
y+2)?’Qx+y+2z)? 16yz(z+x)(x+y) 2 4(x+y+z)3
16yz(z+ x)(x+y) (y+2)?2(2x+y+z)? - 27xyz

© 256x7(y +z)% + 1280x°(y + z)% + 2192x5(y? + z%)? — 4544x5y?z? +
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5568x°yz(y? + z%) + 1952x*(y> + z%) + 3872x*yz(y® + z%) —

11968x*y%z%(y + z) + 1016x3(y® + z°) + 3376x3yz(y* + z*) —
6008x3y%z%(y? + z%) — 30560x3y%z3 + 296x2(y” + z7) + 2424x%yz(y® + z°) +
4520x%y?z2(y3 + z3) — 10312x%y3z3(y + z) + 37x(y® + z8) + 744xyz(y® + z°)

+2860xy2%z%(y* + z*) + 5336xy323(y? + z2) — 546xy*z* + 64yz(y + z)7z40
®

& via set of relations "’S”, to prove (1), suffices to prove, following simplification
Qq
(6912 + 13824m + 10368m? + 3456m3 + 864m*) n? —

Q3
(64m7 + 448m® + 352m> — 2720m* — 5888m3 — 3200m?2) n —

Q3
(37m8 + 296m7 + 1016m° + 1952m5 + 2192m* + 1280m3 + 256m?2) +

6912n* + 13824(m + 1)n30 and ~ 6912n* + 13824(m + 1)n3
@

m?2
> ~ in order to prove @

AM-GM m?
— ]+ 13824(m + 1)n2 T

< 6912n?
< n 16

it suffices to prove : Q;.n? — Q,.n — Q; + 432n’m* + 3456(m + 1)m?n? < 0

?

o1

& (6912 + 13824m + 13824m? + 6912m3 + 1296m*) n? —

02

(64m7 + 448m° + 352m° — 2720m* — 5888m?3 — 3200m?) n —

03

(37mé8 + 296m7 + 1016m° + 1952m> + 2192m* + 1280m3 + 256m2)0

Now, LHS of (3) is a quadratic polynomial in "'n” with discriminant,

[8] = 0% + 40,03 (+ 64,03 > 0) and so, in order to prove (3),
?
()] + \/SAND 20'1.11 % (1)) —\/g

n

@OLUA -~

g {IA -~

—

~
—

it suffices to prove : 20,.n

~

AM-GM m? _ _
—— . in order to prove (m), it suffices to prove :

Now,sincen < 2
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2,

m

1>~ <0, +V8 © —8m%(m + 2)%2(8m3 — 57m? — 192m — 208) < V&

and it's trivially true if : 8m3 — 57m? — 192m — 208 > 0 and when :
8m3 — 57m? — 192m — 208 < 0, then it suffices to prove :

64m*(m + 2)*(8m3 — 57m? — 192m — 208)? < o2 + 40,0,

&16912m2(4m + 1)(3m? + 4m + 4)(m + 2)(m — 2)2 > 0| > true * m > 0

= (m) is true and also,26;.n + V8 > V8 = /a% + 406,05 > /a% = |o,| = o,

= 264.n > 6, — V8 = (n) is true (strict inequality) - (m) and (n) are both true

+ 2 2
:@:@:@istrue:-rb rc+ Wa < > v A ABC,

ZWa rb + l'c 3'\/§r
" =" iff A ABC is equilateral (QED)

4026. In any A ABC the following relationship holds :

3r —<wa\/r—aSma\/r—a_3\/_

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

m,./r, <

? §2 squaring <(b —c)? +4s(s— a)> rs_ 2 st
PN .
s

3V3r 4 = 27r
(b—c)? +4s(s—a) z st(s—a)
< 4 ~27(s—a)(s—b)(s—0¢)

)
e 4(x+y+z)t 227yz((y—z)2+4x(x+y+z))
x=s—ay=s—bz=s—-c>a=y+zb=z+xc=x+y
( ands=x+y+z )

o 4x* +16x3(y +z) + 24x%*(y + z)? — 108x%.yz + 16x(y + z)3 — 108xyz(y + z)

?

+4((y + 2)2 — 2yz)? + 70x2y2z2 — 11yz((y + 2)? — 2yz) > 0
& 4x* + 16x3(mx) + 24x*(mx)? — 108x%. nx? + 16x(mx)? — 108x. nx?(mx)
?

+4((mx)2 — 2nx2)2 + 70x2. n2x* — 11nx%((mx)? — 2nx?) > 0
+Z ?
(yx = m and % = n) & 108n% — 27(m + 2)%.n + 4(m + 1)40

®
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Now, LHS of (1) is a quadratic polynomial in "'n” with discriminant, § =
729(m + 2)* — (16)(108)(m + 1)*
= —-27(37m* + 40m3 — 264m? — 608m — 368) < 0 if :
37m* + 40m3 — 264m? — 608m — 368 > 0 and then (1) is definitely true

and when : [37m* + 40m3 — 264m? — 608m — 368 < 0|, then : § > 0

?
and then, in order to prove (1), it suffices to prove : 216n < 27(m + 2)2 — V8

AM-GM m? ?
and sincen < s it suffices to prove : 54m? < 27(m + 2)2 — V8

= \/Sé 27(4 + 4m — m?)
@

Now, 37m* + 40m3 — 264m? — 608m — 368
= (m? —4m — 4)(37m? + 188m + 636) + 2688m + 2176
<0

(37m* + 40m3 — 264m? — 608m — 368) —2688m — 2176

37m? + 188m + 636
< 0= 4+ 4m — m? > 0 and so, following squaring, 2) becomes :

729(4 + 4m — m2)2 >— 27(37m* + 40m3 — 264m? — 608m — 368)

> m?—4m—4 =

©(432(m+1)(4m+1)(Mm—-2)2>0|- true v m > 0= Q) = (1) is true

g2 ? 3R squaring
Mg Ty < 3V3r and again, w,..,/r, > 3r. > o
4bc rs ? 3abc
2

?
©32(x+y+2)3>27(y+z)2x +y + z)?
?
e 32x3 —12x*(y+2z) —12x(y+2z)> +5(y+2)3 >0

‘s—a " 8rs

? ?
© 32x3 —12x%2(mx) — 12x(mx)? +5(mx)®* >0 < |(Gm+8)(m—-2)2 >0

3R
- true~-m>0 - wa.\/r_a > 3r. > and  w, < mg, hence :

3R s2
3r. TSWa. I, <mg. /I, < Wer
mon g <% \ffAABCis equilateral,” =" f >3 R
= orm,../'r, < 1 1S equliaterat, = orw,../'r, = oar. |[—

iff b+ c=2aand” =" for w,.,/r, < m,../r, iff b = c (QED)
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4027. In any A ABC the following relationship holds :

R+2rh
4r ¢

9a =

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

? /R 1 via Bogdan Fustei s—a ?
2 <|— — . h2 p—3 —_ e — —_ 2 <
g5 < <4r + 2) 2 s(s—a) a (b—c)* <

abc 1 s(s—a)

(16(5 —a)(s—b)(s—o¢) + E) <s(s —a)- a? (b c)2>

sa — (b — c)? ; abc+8(s—a)(s—b)(s—c) 4(s—b)(s—c)

< a =S 16(s—a)(s—b)(s—c) a?
o ((y+2)E+x)(x+y) +8xyz)(x +y+12z) = 4(y + 2)x ((y + z)()(,x_+z§l2+ 2) _)
(x=s—a,y=s—b,z=s—c=>a=y+z,b=z+x,c:x+yand)
s=x+y+z
o x3(y+2z) —2x%(y +2)? + 8x2%.yz + x((y+ z)3 —3yz(y + z)) -

4x.yz(y +z) +yz(y +2)2 > 0
& x3(mx) — 2x?2(mx)? + 8x%.nx? + x ((mx)3 - 3nx2(mx)) -
y+z YZ)

?
4x.nx*(mx) + nx?(mx)%? > 0 (m == n=5

n(m?-7m+ 8) + m(m — 1)20 and it’s trivially true if :
()

AM-GM m?
m?—7m+8>0 andwhen: m? — 7m + 8 < 0,then : sincen < —

4
m? ?
-~ in order to prove (*), it suffices to prove : 7 (mM?-7m+8)+m(m—-1)2>0

?
©(Mm+1)(m—-2)2>0->true~m>0asxy,z>0= (x)is true

R+ 2r " .
L < ar by, " =" iffy=zandy+z=2x>

" =" iff A ABC is equilateral (QED)
4028. In any A ABC the following relationship holds :

V9s2 — 48Rr — 6612
9r a

Proposed by Dang Ngoc Minh-Vietnam

Pa =
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Solution by Soumava Chakraborty-Kolkata-India

via Bogdan Fustei

and
? 952 — 48Rr — 661‘2 ) Mohamed Amine Ben Ajiba

pa < 8 1r2 ( .a) N
s(3s+a ?

- - “ —0)2 <

s(s a)+(Zs+a)2'(b ) <

( o s |

| 81(s—a)(s—b)(s—c¢) I<4s(s—a)(s—b)(s—c)>
48abc 66 a?

\81.4(5 —a)(s-b)(s—¢) 81

@x(y+z+2(x+y+z))2+(y+z+3(x+y+z))(y—z)2

(y+z+2(x+y+z))2
é 12(x+y+2z)3—16(y+2z)(z+x)(x+y) — 88xyz
- 27(y +z)?
(x=s—a,y=s—b,z=s—c=>a=y+z,b=z+x,c:x+yand)
S=X+y+z
& 12x5 + 56x*(y +z) + 80x3(y + z)? — 88x3.nx? +
36x?2 ((mx)3 — 3nx2(mx)) —172x%.nx%. mx — 165x.nx?. (mx)? +
ytz YZ)

?
72.nx2. ((mx)3 - 3nx2(mx)) +216n%x* mx >0 (m ="
x x

& n(72m? — 165m? — 280m — 88) + 36m3 + 80m? + 56m + 1ZEO and it's
()

trivially true if : 72m3 — 165m? — 280m — 88 > 0 and when :

5 ) ] AM-GM m?
72m° — 165m*“ — 280m — 88 < 0,then : sincen < 1

. in order to prove (x), it suffices to prove :
2

m ?
T (72m3 — 165m? — 280m — 88) + 36m3 + 80m? + 56m + 12 > 0

?
© B8m+3)3m+2)2(m—2)2>0->true~m>0asxyz>0= (x)is true
V9s2 — 48Rr — 6612

9r
" =" iff A ABC is equilateral (QED)

S P < h' =" iffy=zandy+z=2x>

4029. In any A ABC the following relationship holds :

A
Iv9c = r(ra + 2a cos E)

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

s — a and analogs

Bogdan Fustei 4(s — —b)(s —
g, og u= uste \j(s—a)2+ (S a)(Sa )(S C)>

? A
and so,g,g. > (s —b)(s—c) =rr, - gpgc <Tr (ra + 2a.cos E)

? s(s — a) viaBogdan Fustei
& (gpgc — 11)? < 4r?a?. ————

bc
4(s—a)(s—b)(s — c)> <(s _or 4 4(s—a)(s—b)(s — c)) N

b C

—a)2(s — _ 2,
(s—by2(s —er - T L DE O Ly - b5 -0

< (y(z+x) + 4zx)(z(x + y) + 4xy) + yz(z + x)(x + y) — 4x*(y + 2)? ?

((s —b)? +

<2
(z+x)(x+y) = 29vgc
(x=s—ay=s—-bz=s—-c=2>a=y+zb=z+x,c=x+Yy)
2yz(5x% + 3xy + 3xz + yz) 2o via Bog((i:a)n Fustei
Z+0x+y) = “vfe
y%22(5x% + 3xy + 3xz + yz)? ; yz(y(z + x) + 4zx)(z(x + y) + 4xy)

(z+ x)%(x + y)? z+x)(x+y)
& 4x3 (x(y— z)2+y3+23 —yz(y + z)) >0 4x3(x+y+2)(y—2)2=>0
A
—>true v x,y,z>0: gpg.<r (ra + 2a.cos E) vV A ABC,
" =" iff A ABC is equilateral (QED)

4030. In any A ABC the following relationship holds :
m, m, VsZ—11r?2
hc hb 2r
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

< <
MaMyp = 4 4 =7 16

?
o a* + b* — 2a?b? — a?c? + 2abc? —b%c2 >0

) ?
e (a+b)2(a-b)2%-c?(a-b)?>0< (a—b)*(a+b+c)(a+b—-c)>0
2c? +ab q logs - (mb_l_mc)z _m12,+m§+2mbmC -

g andanalogs (1= +3-) =15 w2t Thon, =

? 2c® +ab <2b2 +2c¢% — a2> <2c2 + 2a% — b2> ? (2¢? + ab)?
o

- true > m,my <
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b 2a? + bc
c2(4s(s —b) + (c — a)?) N bZ(4s(s — c) + (a — b)?) N ¢ 4 2 sZ — 11r?
16r2s2 16r2s2 4rZs2 ~  4r?

4

o4 Zx — 44xyz Zx > 4 Zx yx+y)??+ (x+y)(z—x)?%+

cyc cyc cyc

4 Zx 2Z+x)2+ Z+x)?(x—-y)?+4y+2)?Z+x)(x+y)+

cyc

2(z+x)2(x+y)2< x=s—ay=s—bz=s-c> )

a=y+zb=z+xc=x+yands=x+y+z
o 2x3(y+12) + x2(y + 2)? — 5x2.yz — 5x.yz(y + 2) + 2yz(y + 2)2 — y2z2 > 0

& 2x3(mx) + x2(mx)? — 5x2. nx? — 5x. nx2. mx + 2nx2(mx)2 — n2x* > 0
+z Z ?

(y :mandy—Z:n>@nz—(ZmZ—Sm—S)n—(m2+2m)0
x x 5

Now, LHS of (1) is a quadratic polynomial in"'n” with discriminant, § =
(2m? — 5m — 5)2 + 4(m? + 2m) > 0 and so,
in order to prove (1), it suffices to prove :

2n2m2—5m—5+\/§AND2n > (2m2-5m—5—+8
)

S
(+#)

- AM-GM mz - = -
Sincen < —— . inorder toprove (x),itsuffices to prove :

- 4
m? ? ?
- < 2m? — 5m — 5 + V8 © 2V8 > 10m + 10 — 3m? and it’s trivially true if :

10m + 10 — 3m? < 0 and when : 10m + 10 — 3m? > 0, then it suffices to prove :
?
42m? - 5m—5)?2 +16(m? + 2m) > (10m + 10 — 3m?)?

?
& m(7m+ 8)(m—2)% > 0|- true * m > 0 = (») is true
Again,2n + V8 > \/(Zm2 —5m-—>5)2+4(m? + 2m) > \/(Zm2 —5m — 5)2
=|2m? — 5m — 5| > 2m? — 5m — 5 and so0,2n > 2m? — 5m — 5 — V/§
= () is true (strict inequality) - both (x) and () are true = (1) is true
m, m, s2 — 11r?

W—+—<————VAABC,"” =" iff A ABCis equilateral (QED)
hc hb 2r

4031. In any A ABC the following relationship holds :
mph, + m:hy, < 2m,r,

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

? 2¢2 +ab 2b% + 2¢% — a?\ [2c? + 2a®* — b?\ ? (2c¢? + ab)?
m,my < (= 1 ) < 16
& a* + b* — 2a%b? — a?c? + 2abc? — b%c2 > 0

o (a+b)2(a—b)2-c2(a—b)2=>0e (a—b)2(a+b+c)(a+b—-c) =0
2c¢? +ab
- true = mymy < — 2 and analogs
~ (mph, + mchy)? = mih? + m?hi + 2Zmym:hyh, <
(4s(s—b) + (c — a)?) 4r?s? N b2(4s(s — ¢) + (a — b)?) 4r?s?

2 4 2.2 ¢ 4 . 222
2a“ + bc\ 4r“s“ ? r<s
2 ) " < 4m?r? = (4s(s — a) + (b — ¢)?). G a2

e (z+x)?(x+y)?| 4x Zx + (y —2z)? é

cyc

x*(z+x)?%| 4y Zx +(z—x)? |+ x%(x+y)?| 4z Zx +(x—-y)? |+
cyc cyc
2(z + x)(x + y)x? (Z(y +2z)?2+(z+x)(x+ y))
(xzs—a,y=s—b,z=s—c:>a=y+z,b=z+x,c:x+y)
ands=x+y+z
& 4x°(y + z) + 5x*(y + 2)? — 20x*.yz + 2x3 ((y +2)3 - 3yz(y + z)) —
10x3.yz(y + z) + 2x%.yz((y + z)? — 4yz) + 2xyz(y + z)3 —

4xy?z%(y + z) + y*z%(y — z)? é 0 and - y?z?(y — z)? > 0 - it suffices to prove :
4x5(mx) + 5x*(mx)? — 20x* nx? + 2x3 ((mx)3 — 3nx? (mx)) — 10x3. nx?(mx)

+z
? y = m and
+2x%. nx?((mx)? — 4nx?) + 2xnx?(mx)3 — 4x.n%x*(mx) >0 * yz
2 0
x
?
& (8+4m)n? — 2m3 +2m? —16m — 20)n — (2m3 + 5m? + 4m)0
®

Now, LHS of (1) is a quadratic polynomial in "'n” with discriminant, § =
(2m3 +2m? — 16m — 20)% + 4(8 + 4m)(2m3 + 5m? + 4m) > 0 and so,
in order to prove (1), it suffices to prove :

?
2(8 + 4m)n2m3 +2m? — 16m — 20 + V8 AND
©)
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2(8 + 4m)n % 2m3 + 2m? — 16m — 20 — V8
**)

~

] AM-GM m? ] )
Sincen < - ~in order to prove (x), it suffices to prove :

?
2(2+ m)m? < 2m3 + 2m? — 16m — 20 + V3§
squaring

©2m?+16m+20 < V5 o
(2m3 + 2m? — 16m — 20)? + 4(8 + 4m)(2m3 + 5m? + 4m) >

(2m? + 16m + 20)?  [4m(m + 2)3(m — 2)? é 0|- true~m>0
= (+) is true and again, 2(8 + 4m)n + V& >
J(2m3 +2m? — 16m — 20)2 + 4(8 + 4m)(2m3 + 5m? + 4m) >
J(2m3 +2m? — 16m — 20)2 = |2m® + 2m? — 16m — 20| >
2m3 + 2m? — 16m — 20 and so0,2(8 + 4m)n > 2m3 + 2m? — 16m — 20 — V8

= (*#) is true (strict inequality) - both () and (**) are true = (1) is true
s~ mph, + m:hy < 2m,r, Vv AABC," =" iff A ABC is equilateral (QED)

4032. In AABC the following relationship holds:

> |1+ ) )=

cyc

Proposed by Marin Chirciu-Romania
Solution by Jenish Rijal-Nepal

By applying Holder's Inequality, we obtain:

J— () ErD Zmge

gz ze){-ga)-

cyc cyc cyc cyc

:3j<3+6r.;hia><r.;hib).3=j(gw.;)(r.;).g=327=3
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6=

cyc

Equality holds if f AABC is equilateral.

4033. In any A ABC the following relationship holds :

zl_l_ R z 1 - 4
h3  2r2s? hyh, | — 81r>

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z 1 4 R Z 1 _
h3 * 2r2s? hpyh, |
cyc

cyc

B <2$(s2 — 6Rr — 3r?) R > s? + 4Rr + r? 3

8ris3 2rs? 2r2s?
" R
(s?—4Rr —3r?)(s>? +4Rr+r?) > 4
= =
16r5s* 81r> ,
o 17s* — 162r2s? — 1'2(1296R2 + 1296Rr + 2431‘2) % 0
®

Now, via Gerretsen, LHS of @ >
?
1782(16Rr — 51‘2) —162r%s2 — 1'2(1296R2 + 1296Rr + 2431‘2) =0
?

& (272R — 247r)s? ér(1296R2 + 1296Rr + 243r?) and indeed,
©)

Gerretsen

?
(272R - 247r)s* > (272R-—247r)(16Rr — 5r?) >
?
r(1296R? + 1296Rr + 243r?) © 16r(R—2r)(191R—31r) > 0

Euler
—true~ R > 2r = (2) = (1is true and so,

> LR > L )o_* vaasc
h3 = 2r2s2 hyh. | — 81r5 '
cyc

cyc

" =" iff A ABC is equilateral (QED)
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4034. In AABC the following relationship holds:

2r r, +71., 4R
A ) LR
R T, r

cyc
Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

B C
sin (3 + )
ry +r,_P(tan(3) + tan(3)) cos(3).cos(3) _ cos (3)
Ta ptan (3) tn(z)  tan(z).cos(3).cos(3)
A B

[t cos () cos (3)

L ) eon (B) con (§) an 3) con (2) o 5)

cos (g) _ 1 _

tan (g) .COS (g) .COS (g) tan (%4) .tan (g) .tan (%) .COS (g) .COS (g) .COS (g)
1 4R
F _F
Tyt T, _p- »—b " p—c _ a(p—a)
Tq _F  “p-bp-0o
p—a

e @-bp-o p-adp-0 G-a)p-b)
abc 4RF.p

" p-a@-b@-0o pp-a@-bp-o
4-RF.p_4-Rp_4-R.p_4—R
F2  F pr r
4R 2r R 2
—>9——; Let —=x, Then: 4x>9—— -
R Tr X

r

nrb +r. a(p—a) b(p — b) c(p—o)

cyc

R
4x? —-9x+2>0 > (4x-1D(x-2)=>0 x- xZZ,;ZZ (True)
Equality holds if a=b=c
4035. In any A ABC the following relationship holds :

108r’(R—r) < Z a’r, < 27R*(R —r)

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

Z a*r, = Z (az. Sr_sa) = rrTSsZ (az(—s2 +sa + bc))

cyc cyc cyc
—2s%(s? —4Rr — r?) + 2s%(s? — 6Rr — 3r?) + 8Rrs?> 4s?(R-r) d
— = an b
r r
Mitrinovic Mitrinovic

108r? < 4s? < 27R%?.108r’(R-r) < z a’r, <27R?*(R-r)
cyc

v AABC," =" iff A ABC is equilateral (QED)

4036. In any acute A ABC the following relationship holds :

32— @R+ < S B (p ry
P V= AH+BH '
cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

A ABC is acute = AH = 2R cos A > 0 and analogs
AH.BH? aM-GM AH3  AmM-GM
s 3, 3\/ eye > 3 (1_[ AH

3
"/ZJAH+BH ~ >'ZCYC(AH + BH)

[1cyc(AH + BH)
cyc cyc
Z_(2R+r)? 1 1 2_(2R+1n? 1 1
=9.8R3.p ( ) = = 9.8R3.p ( ) e
4R? 2R 2Y . cosA 4R? 2R, 3
"2
X AH.BH?

L) — > 2 _ 2 i
AH T BH > 3(p* — (2R + r)*) and again,

cyc

2
AH.BH? AM_GM (AH+BH)2.BH 1 ZZAHZ N ZAH ZAHZ
AH+BH ~— 4(AH+BH) 8

cyc cyc cyc cyc cyc

1 ] (R+r1)?
= §<4R2 (3 - Z sin? A) + 4RZ. R >

cyc

1 Gerretsen
=3 (12R? + 4R+ 1)? - 2(p* —4Rr —1?)) ~ <
1 ?
§(12R2 +4(R+1)?2 — 2(16Rr — 5r% — 4Rr — rz)) = 2(R2 —Rr +r2) < 6(R — r)?

Euler

? ?
& 2R2-5Rr+2r2>0= 2R-rN(R-2r)>0->true~R > 2r
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AH.BH? AH.BH?
AP _ )2 _ 2y ) 20T Y
AHTBH > <6(R—r)?andso,3(p?— (2R+r)?) AR BH = <6(R—r)
cyc cyc
V acute A ABC,” =" iff A ABC is equilateral (QED)

4037. In any A ABC the following relationship holds :
r ,A 27R (R
54r (1 _E) SZhacot < —(—— 1)

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A bc s(s—a)?
) hacot? = Zy: (ﬁ' G-D)G- OG- a)>

cyc

1 s2(s? + 4Rr + r?) — 4s.4Rrs
_ § 2 _ 2y) —
= SReZ" (bc(s 2sa+a )) 2ReZ

cyc

Mitrinovic
and

2(S — 12Rr + rz) Gerretsen (4‘R2 8Rr + 41‘2) 27R(R _ l')z

2Rr2 2Rr? , N 2r2

27R A 27R/R .
( ) Zh cot? — <—(——1) and again,

cyc

Mitrinovic

d
,A _ s%(s? — 12Rr + r2) Gerretsen 27r2(4Rr — 4r2) r
Zhacot == > :541-(1__)

2Rr? o 2Rr? R
cyc
) hg cot2 > 54r(1- ) ands0,54r(1-2) < > h, e L 27R (R 1)2
) andso,54r cot®s < ——(1
cyc cyc
v AABC," =" iff A ABC is equilateral (QED)

4038.
In any A ABC the following relationship holds :

A
1 _\otan’y 8R®-23r’

< <
3r h, 27r3

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-KoIkata-India

tan? Rz(s—b)(s—c) Rz—s(s—a)+bc

s(s —a)bc s(s—a)bc

cyc

1 4R+r)_8R2+2Rr—sZ

_or| 25, L Z( b)( )—ZR( +
- 4Rrs r?s? S STO= 2Rr rs2 rs2

Gerretsen

cyc

Mntrzovnc 8R? + 2Rr — 16Rr + 5r? Euler 8R? — 28r? + 5r? and so
2713 - 2713 ’
tanz% 8R? — 23r? _ tanzé—\ 8R?+2Rr—s?? 1
h, = 27r3 and again, h, rs2 Z3r

cyc
Gerretsen

?
& 2s?2 < 12R?% + 3Rr and indeed, 2s? <

cyc

?
8R? + 8Rr + 6r% < 12R? + 3Rr

? Euler tan 2 1
< (4R+3r)(R—2r) >0 > true R > 2rand SO’Z h > Ir
a

cyc

1 tanz% 8R2 — 23r2
—< < v AABC,” =" iff A ABC is equilateral (QED)

"3 h, - 2713

cyc

4039. In any A ABC the following relationship holds :

tané cosZé
)82t
B ™ B

cyc tan 7 cyc COSZ 7

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

s(s—a) als — )

A
Ztan123>zcos (:)Zrb_s(s—b) ZS b b(s—b)

e tanz o cos2 eye

@ZZ> (Y+Z)x(x—s—ay—s—bz—s—c:>)
(z+x)y a=y+zb=z+xc=x+y

cyc

1
~xyz Zy “xyz(x+y)y+ D)z +x) Z (G + 9@ +27%22)
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& Z xty? + xyzz x3 % xyszyz + 3x2y?z?
cyc cyc ©) cyc
Now, Z xty? = (x%y)? + (y?z2)% + (z2x)% >

cyc

(x%y)(y*z) + (y*2)(z%x) + (z%x) (x%y) = xyzz xy? and also,

cyc

AM-GM
xyzz x3 > 3x%y?*z%?and SO’Z xty? + xyzZ:x3 > xyzz xy? + 3x2y?z?

cyc cyc cyc

A ,A
tani Ccos 7

:@istrue-‘-z BZZ & VAABC " =
2

cyc

" iff A ABC is equilateral (QED)
cyc tani cyc COSZ

4040. In any A ABC the following relationship holds :

A -
cot 7 sin A

z Z Z i
B sin B

cyc cot 7 cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

A
C0t7 sin A a s—a? a
2. S EE e 52 )h
B~ sin B b s—b b
cyc COt 9  cyc cyc cyc cyc cyc
@zx? y+Z(x:s—a,y:s—b,z:s—c:>)
Zz+x\a=y+zb=z+xc=x+y
cyc cyc

? 1
x_yz zx (x+y)(y+z)(z+x>z("”)(y”))

@Zx2y4+z 3>xysz y + 3x%y?z?

cyc cyc cyc

Now,z x’y* = (xy?)? + (yz?)? + (zx?)? >

cyc

(xy?)(yz?) + (yz2)(zx?) + (zx?)(xy?) = xyzz x2y and also,
cyc

AM-GM
Z x3y? > 3x%y?z? and so,z x’y* + Z x3y3 > xyzz x%y + 3x%y?z?

cyc cyc cyc cyc
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COt sin A
= (s true z 2> Z v AABC,” =" iff A ABC is equilateral (QED)
cyc COt cyc

4041. In any acute A ABC the following relationship holds :

Z tan A - sin 2A
tanB sin 2B

cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Let us consider a A A’'B’'C’ with angles A’ = (m — 2A),B’ = (t — 2B) and
C' = (m—2C) &then: cosA'cosB’' cosC' = cos(mt— 2A) cos(m — 2B) cos(m — 2C)
= —Cc0s2Acos2Bcos2C=1+4cosAcosBcosC>0
(+ A ABC being acute = cosAcosBcosC > 0) > AA'B'C' is acute — ()

N Z“’t_ seYmzy dey izl
=
ow, sinB b b
cyc

cyc € cyc cyc cyc cyc
x=s—ay=s—bz=s—c=>

cyc cyc
1
‘:’x_yz' 2 GG T DE TR Z (G400 +27)
@Zx2y4+z 3>xysz y + 3x%y?z?
cyc cyc cyc

Now, Y x%y* = (xy?)? + (yz2)? + (zx?)? >

cyc

(xy?)(y22) + (y22)(@x?) + (2x%) (xy?) = xyz ) ¥’y and also,

cyc

AM-GM
Z x3y3 > 3x%y?z? and SO'Z x’y* + z x3y3 > xyzz x%y + 3x%y?z?
cyc cyc cyc cyc
A
cot sin A ] o
vV A ABC and implementing it

= ist =
(D) is true . Z 52 ) .58

cyc cot 7 cyc

AA'B'C’ : COt sin(m — ZA) nAA'B'C’ :
on ,we get : z T ZB z Sin(m = ZB) ,we get :

cyc € cyc
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cot == sin(m — 2A) tan A sin 2A
e N T
e ZB sin(mt — 2B) tan B sin 2B

cyc € cyc cyc cyc
via (*) tan A sin 2A

AA'B'C' is acute hence: Z = - V acute A ABC,
tan B sin 2B

cyc cyc

" =""iff A ABC is equilateral (QED)
4042. In AABC the following relationship holds:
(,,na)b2+c2 (mb)a2+c2 (mc)b2+a2 > (31,)72r2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

23 a?
Weighted Chebyshev
b2+4c2 a?+c? b2 +a? < 2(a2 + b* + CZ) >
(mg)” *¢ (mp)* < (m,) > — S
a‘*+b 4 +b L@ +c
m, m, my
23 a? 25 a?
a
2((12 + bZ + CZ) \ 3 Neu:erg

> | > ————
- 1 1 -11 1 1 -
= 2 2 2 — 4= —+t7—+
\3<2(a +b +c)( +mb+mc)>/ h, " h, " h,
72r
3 2 , .
> <T> = (3r)7?"" . Equality holds if a=b = c.
T

4043. In any A ABC the following relationship holds :

Z W \/@

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 2cos z NG3
CYC cos cYCJZsmB-l_C cos B ¢ CYCJZsinB;CcosBEC
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B-C
('.'0<cos S1)=Z - -
vsinB + sin C
Z\/smB + sinC
CYC cos—
1 1 Bergstrom 1 4
A ain,z =—_, ( + ) > —.
& VsinA 2 o Vsin B \/sinC 2 \/sinB ++/sin C

and so,

CBS Z Z v1a® Z
J2(51n B + sin C) \/sm B + sinC /cos

cyc cyc

Z \/SIT \g

4044. In any acute A ABC the following relationship holds :

Z Vcos A ’
cyc sm 2

Proposed by Nguyen Hung Cuong-Vietnam

v A ABC,"” =" iff A ABC is equilateral (QED)

Solution by Soumava Chakraborty-Kolkata-India

1 f2cosB ¢ Z NG3

CYC sm CYCJZC sB+C cos B c CYCJZCOSB;CCOSB_C

2
B - V2
( 0 < cos S 1) =

vcos B + cos C

yc
2

V2 NG

, vcosB + cos C
cyc Sln_

Bergstrom 1 4 CBS
>

1
A ain,z =—. ( ) = —. =
g JcosA 2 & vcosB \/cosC 2 \/cosB—i-\/cosC

and so,

v1a@
Z\/Z(COSB+COSC) zm z\[;

cyc cyc
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Z vcos A [
sm

V acute A ABC," =" iff A ABC is equilateral (QED)
4045. In AABC the following relationship holds:

3 3 3

a
+—+—=
ha3 hb3 hc3 raS

a a

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Jenish Rijal-Nepal

3 _ 3
Dii = 2= D= = Y N

cyc cyc cyc cyc cyc
Za6 22a3(b+c—a)3
cyc cyc

Thus, it suffices to prove that: Z al(b+c—a)< Z a®
cyc cyc

By AM — GM Inequality,

a+b+c—a\’ b+ c\?

a(b+c—a)£(f> =( > ) =>a3(b+c—a)3s<

By symmetry, the same holds for b and c.

b+c>6
2

6 Power Mean

a — < il < e = > ab.
=Y @bre-a? < 3 (757 > (55) =2

cyc cyc cyc cyc

Equality holds if and only if the triangle is equilateral.

4046. In any A ABC the following relationship holds :

Vs2 — 7Rr + 3r2
4r

Proposed by Dang Ngoc Minh-Vietnam

my, + m, < (hy + h)

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—-c;then:a=y+zb=z+x,c=x+y
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y+z VZ
and s = x + y + z and furthermore, we denote : = m and Z =n
and then, we have the following set ’S" of relations : y? + z? = x*(m? — 2n),
y3 +z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),
y®> + 2% =x° (m((m2 —2n)% + n? — nmz)),y6 + z% = x6((m3 — 3nn)? — 2n3),

2a’ + bc
and now, (my + m)? <mi + m? + ————
<Reference : Solution to Inequality in Triangle — 316 by Dang Ngoc Minh;)
published at www. ssmrmbh.ro
_4s(s—b) + (c— a)’> +4s(s—c) + (a—b)? + 2(2a? + be) ;
= 2 <

s2 — 7Rr + 3r? h +h)2_s3—7Rrs+3rzs 2 (1 +1+ 2)
1612 b < 1612 TSz " " be

o 4(y+1z) Zx +(z—x)2+(x—y)2+2(2(y+z)2+(z+x)(x+y));
cyc
3

Zx —%(y+z)(z+x)(x+y) + 3xyz

cyc

(x+y+z)(2x+y +2)?
(z+x)2(x +y)?

© 4x5(y+2z) —4x*(y+2)? + 16xt.yz — 3x3(y + z)3 + 4x3.yz(y + z) +
26x2(y? +z2)? — 112x%.y?2% + 4x%. yz(y? + z2) + 25x(y> + 2%) +
30xyz(y3 + z3) — 51x.y%z%(y + z) + 4(y® + z°) + 17yz(y* + z*) — 4y?z2%(y + z)3

7
—26y3z3|>|0 and via set of relations ’S”, in order to prove (1),
©)

it suffices to prove, following simplification :
o1 02

(36m2 + 16m + 16) n?> + (7m* + 95m3 + 100m2 —4m — 16) n —

o3
>
(4m® + 25m> + 26m* — 3m3 — 4m? + 4m) 0
®
Now, LHS of (2) is a quadratic polynomial in 'n” with discriminant,[§] =
02 + 46,63 = (m + 1)2(m + 2)2(625m* + 1436m> — 716m? — 96m + 64)
Now, 625m* + 1436m?3 — 716m? — 96m + 64 =

1
E((1875m2 + 5558m + 1349)(3m — 1)? + 379 — 56m) > 0 whenever :

379
0<m<—and 625m* + 1436m3 — 716m? — 96m + 64 =

~ 56
379

(625m? + 2686m + 4031)(m — 1)? + 5280m — 3967 > 0 when : m > 6

and so,[8] = (m + 1)2(m + 2)2(625m* + 1436m> — 716m? — 96m + 64)
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> 0V m > 0 and so, in order to prove (2), it suffices to prove :

? ?

20,.n| < |— 06, + V6 AND 20,.0n|> |— 6, — V8

(o} [}
(m) (n)
= AM-GM mZ = = =
Now,sincen < 1 . in order to prove (m), it suffices to prove :

m? ?
04 115 = <—0,+V6 © (m+2)%2(25m? + 3m — 4) < V8 and it's trivially true if :

25m? + 3m — 4 < 0 and when : 25m? + 3m — 4 > 0, then it suf fices to prove :

? 4 3 _ 2 _
(m +2)*(25m?2 + 3m — 4)% < (m + 1)2(m + 2)? (625“‘ +1436m” ~716m )
96m + 64

& [4m(m + 2)2(m — 2)2(9m? + 4m + 4) > 0| - true

+m > 0= (m) is true and also,26,.n +V8 > /8 = 65 + 40,03

= \/0‘2 +4(36m2 + 16m + 16). m(m + 1)2(4m3 + 17m? — 12m + 4)

> fo% (“Aof17m? —12m+4=-128<0=>4m3 +17m? — 12m + 4 > 0)
=|o,] > -0, (< [x| + x>0V xER) = 26,.n > —0, — V8 = (n) is true

(strict inequality) - (m) and (n) are both true = 2) = (1) is true

Vs2 — 7Rr + 3r2
- (h, + h,) V A ABG,

" =" iff A ABC is equilateral (QED)

< 1My + mg <

4047. In any A ABC holds :

wp, +w,  hy+h, mb+mc_|_wb+wc}<mb+mC hy, + h, <\/52—7Rr+51r2

max , < <
{hb+hc Wp + W Wp W, my +mg hy +h, my+m, 4r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—c;then:a=y+zb=z+x,c=x+y

y/ y/
and s = x + y + z and furthermore, we denote : = m and % =n

X
and then, we have the following set ’'S" of relations : y? + z? = x*(m? — 2n),
y3 + z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),
y> + 25 = x5 (m((m2 —2n)%? + n? — nmz)),y6 + z® = x6((m3 — 3nn)? — 2n3),

2a? + bce

2
(Reference : Solution to Inequality in Triangle — 316 by Dang Ngoc Minh; )

and now, (my, + m.)? < m? + m? +
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_4s(s—b) + (c— a)’> +4s(s—c) + (a—b)? + 2(2a? + be) ;

4
s2 — 7Rr + 3r? s3 — 7Rrs + 3r?s , (1 1 2
r S(_+C_2+_)

2 _
16r2 - (hy +he)” = 1612 b2 bc

e 4(y+1z) Zx +(Z-—x)%+(x—y)? +2(2(y+z)2 + (z+x)(x+y)) <
cyc
(x+y+z)(2x+y +2)? s 7
@t 02 (x +y) ((x +y+1z) — Z(y +z)z+x)(x+y)+ 3xyz)
© 4x5(y+2z) —4x*(y+2)? + 16xt.yz — 3x3(y + z)3 + 4x3.yz(y + z) +
26x%(y? +z2)? — 112x%.y?2% + 4x%. yz(y? + z2) + 25x(y> + 2%) +
30xyz(y3 + z3) — 51x.y%z%(y + z) + 4(y® + z%) + 17yz(y* + z*) — 4y?z%(y + z)3

?
—26y3z3|>|0 and via set of relations "’S”, to prove (1), suffices to prove,
©)

o1 02

(36m2 + 16m + 16) n?> + (7m* + 95m3 + 100m2 — 4m — 16) n —

03

(4m® + 25m° + 26m* — 3m3 — 4m? + 4m)EO; now, discriminant,@ =
©)

n

63 + 40,03 =(m+ 1)?2(m + 2)? (625m* + 1436m3 — 716m? — 96m + 64) &
2 103

1 379
n= E((1875m2 +5558m + 1349)(3m — 1) + 379 — 56m) >0form< =~

379

&n=(625m? + 2686m + 4031)(m — 1)? + 5280m — 3967 > 0 when : m > 56

@ >0V m > 0 and so,in order to prove @ it suffices to prove :

? ?

204.n s|—o +\/§AND201.n = |~ 02 -8

(m) (n)
AM-GM m? m2 ?

Sincen < = to prove (m), it suffices to prove : o;. > <—o0,+V8

?
& (m + 2)2(25m? + 3m — 4) < V6 and it’s trivially true if :
25m? + 3m — 4 < 0 and when : 25m? + 3m — 4 > 0, then it suf fices to prove :

?
m+2)*25m?>+3m-4)?? < (m+1)*(m+2)pe

?
4m(m + 2)2(m — 2)2(9m? + 4m + 4) > 0| - true; also,26,.n+ V8 > V8

A=-128<0
= ja% +4(36m? + 16m + 16). m(m + 1)2 <4m3 +17m? — 12m + 4) > |3

m, + m, (;) Vs2 — 7Rr + 3r2

> —0; > 201.N > —0; — V8 .. (m), (n) true -- h, +h, — 4r
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vVs2 — 7Rr + 51r2 ? ?
LetO = r and then : 6% > 4 © s2 — 7Rr + 51r? > 64r?

- true via Gerretsen and Euler . 6 > 2 - (mm) and let t =

mb+mc
h, + h,

1>
and then : t+ <6=)2t<6+ 0z — AND2t>9 0z —
(1) (u)
via (w) \/SZ —7Rr +3r2 ? Vs2 — 7Rr+ 51r2 Vs2 — 7Rr — 13r2
Now,2t < 2. < +
4r 4r 4r

squaring ?
& sZ—7Rr—13r2 <,/(s?2 — 7Rr — 13r2)(s? — 7Rr + 51r2)
? Gerretsen and Euler
& s?2 —7Rr — 13r%? < s? — 7Rr + 51r? ( s?2 — 7Rr — 13r? > )

- true = (i) is true; again, 2t>2>9 \/92 4@62—4>92—49+4—>

. . 1 b T We my + mg

true via (mm) = (ii) true -'-t+—SB&let—=a21&—:B>1
t hb+hc Wb+wc

1 1 1 1
then : (a+&>,<B+E> St+¥<': o <twitha,B,t > 1&k+E is T on [1,00)>

( +1)( +1)<t+1& { +1 +1}<t+1<\/52—7Rr+51r2
..aa,BB_ " S0, maxja a,BB_ = ar

VAABC," =" iff a=b = c (QED)

4048. In AABC the following relationship holds:

1+ E — =4 E r
B hahb
cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Jenish Rijal-Nepal
r 1 1 1 1
=1 [—+— —=r(—+—+—)=r-—=1]
ha r
r r r
_ —12 = S =
:(h +hb+hc> 1 12}2 7+ 2 Zh I,

:>4zhhb_z ZZ—

cyc cyc
Substituting this into our original mequallty

1+2— 2 - ZZ—@32—>1@Z—2

cyc cyc
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2
Thus it suffices to show that: % > %

cyc @

r\? r\?
r2 h_a BERGSTROM chch—a 12 1
Y-y TET g
a

3 3 3
cyc cyc

r? r2
Y ey
ha hahb

cyc cyc

Equality holds if and only if the triangle is equilateral.

4049. In AABC the following relationship holds:

Tal's + 112 + 1,12 - 167r% — 3R?
(ro+rp+r)(rgry+ryr.+r.or,) 3R2

Proposed by Zaza Mzhavanadze-Georgia
Solution by Jenish Rijal-Nepal

BERGSTROM
2 (rarb)2 g (rarb-l'rbrc'{_rcra)2
Tarb = >

Tq Ta+r,+71,
cyc cyc
. LHS — Tors + 1% + 1,12 T Ty +TpTe + 7.7,
(ro+rp+r)rgry+ryre+roa,)  (rg+r,+1)?
Via well — known identitiesz e =4R+ 71 and z .1y = s ,we have:
cyc cyc
Tal'p + Tl + 7T, s? Mitrinovic 572
(ro+ry,+r.)? (4R + 1r )2 (4R + 1r )2
2712 1612 — 3R?

Thus, it suffices to prove that: AR +71 )2 = 3RZ

& 48R* + 24R3r — 172R?*r? — 128Rr3 — 16r* > 0
& 4(R—2r)(12R3 + 30R?*r + 17Rr? + 2r3) > 0
which is true via Euler's Inequality (R > 2r)
Equality holds if and only if the triangle is equilateral.

4050. In AABC the following relationship holds:

a b c 1 (a’?—-b?> b*—-c* c*-a?
“Jaz + b2 +—=Jb2 + c2 +—+/c? 2>
b @ +c e +a ¢ ra \/E<a+3b+b+3c+c+3a>
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Proposed by Zaza Mzhavanadze-Georgia
Solution by Jenish Rijal-Nepal

RMS AM

+b 1 +b

Jaz+b: = aﬁ @% a’ + b?% > N %
a(a + b) az—bZ_ b ( a— b) _ (a+b)? S0

b a+3p - @YD\ 3 ~ b(a+3b)
(:)a(a+b)>a2—b2=)a T p > 1 a(a+b)> 1 [a? - b?
b a+3b bV N vz \a+3b

a+3b

Thus, Z —+a? + bz > Z % <a2 _ bz)

cyc

b c 1 (a’?-b* b*—-c* c*—-a?
a2+b2+? b2+c2+?/c2+a2>—< + + >

v2\a+3b b+3c c+3a

4051. In any A ABC the following relationship holds :

s—na—nb—nc_l_ na>z (na—\/4r2+(b—c)2> (ﬁ_l_&_ﬁ)
2r cych o [4rZ + (b — )2 b ¢ h,

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

z na—\/4r2+(b—c)2 (mb+mc na) Bogdan Fustei
Jarz+®-02z ) \b ¢ h,
h _ N
a= g\ /my 2_&) _z s—a (mb E_E)
Z(%)'(bJrc n,/) |~ (a)'b+c h,

cyc

N

cyc cyc cyc cyc

<52 ((S;“)-(%+%>)

() “eyc
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NowZ( S_ mb+T >=$Z((s—a)(bmc+cmb))

cyc cyc

2rs
-4Rrs-z(<s—a><h—b+—c>)-m > (6o (3)
cyc cyc
R mb
/ F >+ h_ and analogs — reference : article titled \
b

I "New Trlangle Inequalities With Brocard's Angle"” |
by Bogdan Fustei, Mohamed Amine Ben Ajiba; Lemma 12,6 — 7,
published at : www. ssmrmh. ro

1 S . Ss—n, —nb
—EZ(s—a) —E:(*) is true .. Zh

cyc cyc

n, —4rz+ (b -c)?\ /my, m, n,
ZZ(( \/4.r2+(b_c)2 ).(Y-l-T_h_a))‘VAABC

cyc
" =" iff A ABC is equilateral (QED)

4052. In any A ABC the following relationship holds :

16m, > 9p, + 2g, + 5 /1T,
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

CBS ?
9p, +2g, + 5 /11 < J(9 +2+5)(9p2 + 292 + 5s(s — a)) < 16m,

?

& 16m2 > 9p?2 + 2g% + 5s(s — a)

9s(3s + a)(b — ¢)?
(2s + a)?

& 16s(s—a) +4(b—c)? > 9s(s — a) +

_ _ M2
2s(s—a)—2(S azl(b ©) +5s(s—a)

(via Bogdan Fustei and Mohamed Amine Ben Ajiba and via Bogdan Fustei)
2(s—a) ? 9s(3s+a ?
o4+ ( )2 ( )(-.-(b—c)z20)@883—1152a+sa2+2a320
a (2s + a)?
?
e (s—a) ((s —a)(8s+ 5a) + 3a2) >0->true~s>a

~16m, > 9p, +2g, + 5,/r,r. VAABC,"' =" iff b = ¢ (QED)

4053. In any A ABC the following relationship holds :
18p, = 7ng + 4m, + 79,
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Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

CBS ?
Tng +4m, +7g, < /(7 +4+7)(7n2 + 4m2 + 7g2) < 18p,
?
& 18p2 > 7n2 + 4m2 + 7g2

18s(3s+ a)(b—c)? ? 7
© 18s(s —a) + sBs+a)b -0 27s(s—a)+;s(b—c)2+4s(s—a)+

(2s + a)?
(b—c)?+7s(s—a) — 7(s—a)b-o*
(via Bogdan Fustei and Mohamed Amine Ben Ajcilba and via Bogdan Fustei)
R
© 11s? — 7sa — 4a? é 0o (s—a)(11s + 4a) é 0> true vs>a
~18p, = 7n, +4m, + 7g, vV AABC,” =" iff b = ¢ (QED)

4054. In any acute A ABC the following relationship holds :
A
Z tan® A > Z cot? >
cyc cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2
ZtanZA = (ZtanA) —ZZtanAtanB

cyc cyc cyc
. 2 .
sin A sin A
= —Hcyc -2 —Hcyc Z cotA
[Ieyccos A [Ieyccos A
cyc
2

4Rrs 4Rrs
_ 8R3 2 8R3 s2 — 4Rr — r?
| s2—4R2 — 4Rr — r2 s2 —4R%2 — 4Rr —r2 2rs

4R2 4R2

4r?s? —2(s?2 —4R?> —4Rr — r?)(s? — 4Rr —r?) ,A
= Z cot” —
(sZ —4R?% — 4Rr —r?2)2 2

cyc

Zsz 2(1 2(4R + r)) s? — 8Rr — 2r?
= — =S _— =
rZ

r2 sZr r2
cyc

& —s° + (8R? + 16Rr + 2r?)s* — (16R* + 96R3r + 96R?r? + 24Rr3 — 3r*)s?
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+8Rr(16R* + 36R3r + 28R?*r? + 9Rr3 + r4)0
()
and - P = —(s? — 4R? — 4Rr — r?)(s? — 2R? — 8Rr — 3r?)(s? — 4R? — 4Rr — 3r?)
Walker

and
Gerretsen

> O0(and ~ s> 2R +r) - in order to prove (*), it suffices to prove :
?
LHS of (x) > P & —(2R? + 5r?)s* + (16R* + 16R3r + 32R?r? + 48Rr3 + 18r%)s? —
?

(32R® + 64R°r + 80R*r? + 160R°r® + 158R’r* + 64Rr® + 9r°)| = |0

(=9

s> 2R+r
and

Gerretsen

and © Q = —(2R?> + 5r?)(s? —4R?> —4Rr —r?)(s? —4R* —4Rr-3r?) > 0

~ in order to prove (%), it suffices to prove : LHS of () > Q

& 32R* + 16R3r + 4R?r? + 8Rr3 + 3r? % (8R% — 4Rr + r?)s?
(***)

Rouche

Finally, (8R? — 4Rr +r?)s? <
(8R? — 4Rr +r?) (ZRZ +10Rr — r? + 2(R - 2r).«/R% — ZRI‘) S LHS of (xx*x*)

& 2(R - 2r)(8R® — 12R%r + Rr? — r¥) > 2(R — 2r).VRE — ZRr. (8R? — 4Rr + ?)
and ~ R —2r Elger 0 - it suffices to prove :
(8R3 — 12R?r + Rr? —r3) ; (R? — 2Rr)(8R? — 4Rr + r?)?
& r3(32R3 + 8R?r +r3) ; 0 - trivially true = (**x) = (¥x) = (%) is true

A
Z tan? A > Z cot? > V acute A ABC,” =" iff A ABC is equilateral (QED)

cyc cyc

4055. In AABC the following relationship holds:
r)® . (rp)?. (ro) = (3r)%e"

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

a?+b?%+c?
Weighted GM—-HM Chebyshev
o2 b2 2 o a’ + b? + c? ol
(ra)® . (rp)” . (ro) = 2 b 2 =
at b c*
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a?+b?%+c2

Neuberg
-

2 2 2
(a® +b" +c*) | — (3r)“2+b2+cz S (31’)36r2

1 2 2 (1, 1,1
3<(a +b +C)(ra+rb+rc)>/

Equality holds if a=b =rc.

|
\

4056. In AABC the following relationship holds:

(rg + 1) (ry + 1)% (rg + T.)? < (3R)3RV3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbajan

In AABC wlog: a<b<c, T <1, <71,
5 {ra+rbSra+rcSrb+rc
c=>b>a
Weighted GM—-HM

)

(ra + rb)c- (rb + rc)a- (ra + rc)b <
Chebysh
- c(ro+ry) +alry,+r.) +b(r, +r1,) Zathe és v
- a+b+c

a+b+c

- <% (@a+b+c)(2(rg+1, + rc))>a+b+c

Mitrinovici

2 a+b+c Euler R 2p
= <§ (4R + r)) < <§ (4R + E)) =@BR)?» < (3R

Equality holds if a=b =rc.
4057. In AABC the following relationship holds:

(ma + mb)c- (mc + mb)a- (ma + mc)b = (67')6“/5

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

Weighted GM—-HM
-

(m, + mp)°. (m, + my)®. (m, + m,)"? >
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Ya
a+b+c
= =
a b c
m.+m, mg+m, m,+m,
In AABC wlog: a<b<c, m.<m,<m,
1 1 1
< <
> ymg+m, my,+m, m,+m,
c>b=>a
Ya
hebysh
Cegev a+b+c _
- 1 1 1 1
§(a+b+c)(mc+mb+ma+mc+ma+mb)

X
R el

_ 3 S
o 1 1 N 1 -
mc+mb ma+mc ma+mb
Xa Ya Ya
3 B 6 - 6
1 1 1 1 1T 1 1 =71 1 1 =
2 tmtm))  \mtmtm) R tR TR
Mitrinovici

=(6r)Ze = (6r)3
Equality holds if a=b=c

4058. In AABC, I - incenter, the following relationship holds:
sin A + sin B + sin € = 4 sin(4IB) sin(BIC) sin(CTA)
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
A

B C B+C
<BIC = 180° —— — 5 = 180° - =
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180°— 4

=180 —T=180 -90 +E=90 +

)
N| )

o A A A A
sin(BIC) = sin (90° + E) = sin 90° cos  + sin > cos 90° = cos

Analogous: sin(AIB) = cosg; sin(CTA) = sing

A+B A-B c
sinA + sin B + sin € = 2 sin cos + sin (2-—) =
2 2 2
— 25 180° - C A_B+2 . C C
=2sin—sy cos — sin; cos; =
— 2cos—coso— > + 2 cos (90° C)—
=2cos;Ccos— cos > - €os >) =
c A-B 180°—-C
=2cos— (cos + cos T) =
—3 c 2 A-B+180°-C A-B-180°+C
=2cos; - 208 2 cos 2 =
Cc A-B-C+A+B+C A-B-A-B-C+C
= 4 coscos cos =
2 4 4
c 24 2B A B c N
=4 €OS 5 COS - CO0S (— T) = 4cos§cosicos§ = 4sin(AIB) sin(BIC) sin(CTA)

4059. In AABC the following relationship holds:
sin2026 A 4+ sin2026 B + sin2026C = 4sin1013Asin1013Bsin1013C

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

Denote:
10134 = x;1013B =y;1013C =z
x+y+z=1013(A+ B+ C) =1013w (1)
1013w 1013w . 1013w
cos ( — y) = COS cosy + sin siny =
= CcoS (5061t + E) cos y + sin (5061t + E) siny = coszcos + sinEsin = sin
= 2 y 2 Yy = 2 y 2 Yy = y

cos (g - y) =siny (2)
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Analogous:

10137 10137 .
) = cos( > —x) =sinx (3)

cos (x -
sin2026A4 + sin2026B + sin 2026C = sin2x + sin2y + sin2z =

. 2x+2y 2x — 2y .
= 2 sin > cos > 4+ 2sinzcosz =

(€))
= 2sin(x+ y)cos(x —y) + 2sinzcosz =

= 2sin(10137 — z) cos(x —y) + 2sinzcosz =

= 2(sin1013m cos z — sin z cos 1013m) cos(x —y) + 2sinzcos z =
=2(0-cosz—sinz-(—1)1°13) cos(x —y) + 2sinzcosz =

= 2sinzcos(x —y)+ 2sinzcosz = 2sinz(cos(x —y) + cosz) =

. xX—y+z X—y—1z
=2sinz-2cos - COS =
2 2
. xX+z—-y y+z—x@
= 4 sin z cos 2 cos 2 =

. 1013w — 2y 1013w — 2x\ (2.3) . . . .
= 4sin zZ cos (T) cos (T) = 4sinzsinysinx =

=4sin10134sin1013Bsin1013C

4060. If in AABC we have: tangtang

2sinC =sinA +sinB
Proposed by Nguyen Hung Cuong — Vietnam

1
= - then:
3

Solution by Daniel Sitaru — Romania

. . 1 (s—b)(s—0¢) (s—a)(s—c)_l
anptansy =3 s(s —a) s(s—b) 3
s—c 1
:§:>3s—30=s:>25—3c=0

>a+b+c—3c=0>2c=a+b>b
2-2RsinC = 2Rsin A + 2Rsin B

2sinC = sinA4 + sinB
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4061. In AABC the following relationship holds:

sin? A + sin? B + sin? C
2sinAsinBsinC

cotA + cotB + cotC =

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

cos A

cotA+ cotB + cotC = ZcotA = z

cyc cyc

sin 4 -

b% + ¢ — a?

=Zz—bc= b2+c2—a2=22b2+c2—a2=
sinA 2bcsin A 4F
cyc cyc cyc
DX Y R U W ol S e
4-F 4F
cyc cyc cyc cyc cyc cyc cyc
=i(a2+b2+c2)= ! Z4stin2A=
4F 4 -2R?sinAsin BsinC

cyc
4R? sin? A + sin? B + sin? C B sin? A + sin? B + sin? C
8R? sin4dsinBsinC N 2sinAsinBsinC

4062. In any A ABC the following relationship holds :
1
galg =s(s—a)+5(b— c)? < mgn,

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Jalg ; s(s—a) + 1(b —c)?
_ — )2 ?
S (s(s —a)— (s a)c(lb ©) > (s(s —a)+— (b —¢)? ) <

_ 4
s?(s — a)? +¥+ s(s—a)(b—c)?

2 _ _ 2
@sz(s—a)z+L“a)(b—c)2—¥(b—c)2—s(a—)(b—c)4<
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(b—0o)*

s’2(s—a)? + +s(s—a)(b—c)?

4
2 p )(b—c)2+s(s—a)(1+s_a

(2s—a)?(b—c)? » 1
e 12 >0 - true - g,n, <s(s—a) + E(b —¢)?

<1+s(s—a) “H20¢b-0220
a a

? 1
and myn, >s(s —a) + E(b —c)?

— )2 2
(® 4c) )(s(s—a) +Z(b—c)2) >

_ 4
¥+s(s—a)(b—c)2
2(c _ _
s’(s—a) (b_c)2+s(s4 a)

4
s?(s — a)? +¥+ s(s—a)(b—c)?

& <s(s —a)+
s?(s—a)? +

o s?(s—a)? +

(b=c)?+—(b—c)*>
4a

S;aa-(b—0)2+s(s—a)(2+%—1);0(:' (b—c)?>0)

s—a 4s — 3a\ ?
)20—>true°-°s>a
4a

=4

= .(b—c)2+s(s—a)(

~mgn, > s(s—a) + E(b —¢)? and so,

1
gag <s(s—a) + E(b —¢)?2 <mgn,vV AABC,” =" iff b = ¢ (QED)
4063. In any A ABC the following relationship holds :
2 2
s(s—a) +§(b — C)“ < pang,

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

? 2
Py, =>s(s—a) + §(b —c)?

s(3s+ a)(b — c)? s ?
= <s(s —a)+ 25+ a)? >(s(s —a)+ E(b — c)Z) >
_ 4
s?(s—a)? + w+ gs(s —a)(b — c)?
s?(s—a) s?(3s+a)(s—a)
o si(s—a)+ (b—c)? + 25+ a)? (b—c)?+
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4b-0)* 4

2 ?
%(b—c)“ész(s—@z"‘ TR S
s s(3s+a) 4

s?(3s+a) 4 ?
‘E’(m‘a>(b‘°>z+S<S‘“><z+m‘§>2"
_ 2 2
(s—a)(27s* + 20sa + 4a ).(b—c)z N

o _ 2 > P
(b-0"20) 9a(2s + a)?
( ) (s —a)(12s? + 17sa + 7a?) + 3a3 ; 0ot .
—a). N
s(s—a 3a(2s 1 @) > rue s >a
2
~s(s—a)+ 3 (b—c¢c)?> <pyn,VAABC" =" iff b= c (QED)

4064. In AABC the following relationship holds
a+b b+c c+a
sin? C * sin? A * sin? B > 8V3R
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a+b+b+c+c+a_ a+b>33 (a+b)(b+c)(c+a)CES;1R0
sin2C  sin?A sin?B sin2C — sinZ Asin? Bsin? C -
cyc
. 8abc _ 3 4R23 8abc 12R . 2 1 24R? -
B a? b?2 a’b*c? Yabc ¥Y4Rrs
4R? 4R? 4RZ
EULER 24R? 24R? 24R? 24R? 24R 24\/§R
3 R 3 3 3
\/4R-7-s \/ZRZ-—B\ZER J(ﬁR)

Equality holds fora = b = c.

4065. In AABC the following relationship holds:

a+b N b+c N c+a > 2V3R
(sin4 +sinB)? (sinB +sinC)? (sinC +sinA4)? —

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

a+b 4 b+c 4 c+a _
(sind + sinB)?  (sinB +sinC)?  (sinC +sin4)?
_ a+b _Z a+b _4R? a+b _
~ L.(sinA+sinB)?2 a b2 (a+b)?2
e e (ﬁ + ﬁ) e
12  BERGSTROM (1+1+1)?
= 4R?* - Z >  4R%. =
a+b a+b+b+c+c+a
cyc
4AR? 9 9R? MITRINOVIC 9R? 3R-2 23R
B 4s s - 3v3. V3
——R
2
Equality holds fora = b = c.
4066. In AABC the following relationship holds:
a+b b+c c+a

+ + > 2R
(sinA+sinB)3  (sinB +sinC)3 (sinC + sin A)3

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru — Romania

a+b 4 b+c 4 c+a _
(sind + sinB)3 * (sinB +sinC)3 '~ (sinC +sin4)3

_ a+b _Z a+b —8R3Z a+b _8R3Z 1 RAD>0N
~ Z.i(sinA+sinB)3 a by (a+b)3 (a+b)?2 ~
cyc cyc cyc

cve (ﬁ+z—)
> 8R3 1+1+1)3 __8R*-27 27R? MITRINOVICI 27R3 B
- (a+b+b+c+c+a)? 4-4s2  2s? = 2z
3V3
2 5 R
_ 2R
, 27R% "
4

Equality holds fora = b = c.
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4067. In AABC the following relationship holds:

L B > 8R
sin3B sin3C sin3A4

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a b c a AM-GM 3 abc

- 3 + - 3 + - 3 = - 3 2 3 ¢ - 3 - 3 - 3 =

sinB sin°C sin° A4 sin®° B sin® A sin” B sin® C
cyc

33 (8R3)3 24R3 24R3  EULER
= = = 2
(abc)?  3/(abc)? V16R2r2s?

24.R3 MITRINOVIC 24.R3 24R3

> >
3 2
/16R2 -RTSZ ’4R4 27R

Equality holds fora = b = c.
4068. In AABC the following relationship holds:

ha By he 373

b c a2
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

b h, Z Z —ZFz a+b+c
a b ab abc

cyc cyc cyc

2s s MITRINovicl 1 3+/3 33

_op. 25 _swmmpovieil 35, 3V3
4RF R R 2 2

Equality holds fora = b = c.
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4069. In AABC the following relationship holds:

a+b b+c+c+a>12R
sin4d sinB sinC

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a+b+b+c+c+a_ a+b_ a+b_2Rza+bAM;GM
sind  sinB sinC Z.sind a - a =
cyc cyc 2R cyc

3 +b)(b+ + a) CESARO 3/8ab
22R-3\j(a )(ab:)(c @) > 6R- /aabcczsRi/ﬁzeRQ:uR

Equality holds fora = b = c.
4070. In AABC the following relationship holds:

hy  hy hc<3\/§_5

b c a 4 r
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

h h h h 2F 1
Ao M e N'Ma_ N'a _ 2 c _
b + c + a Z b Z b Zanb 2Fz:abc

cyc cyc cyc cyc
2F 2F b 1 5 s EULER § MITRINOVIC
= — = — = —" = - < —_ <
abczf agF@tb+O=op-2s=0 < oo <
cyc
3v3 1 3v3 R
<—R - —=——.—

2 2r 4 r
Equality holds fora = b = c.
4071. In AABC the following relationship holds:
r e R
h hyh, 2r

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

F F F
TalpTc _s—a s—b s—c _ abc _
h.hyh, 2F 2F 2F 8(s—a)(s—b)(s—0)
a b c

abcs 4RFs 4Rr 4Rs R

~8s(s—a)(s—b)(s—c) 8F2 8F 8rs 2r

4072. In any A ABC the following relationship holds :

|b% — 2

a

62
< min{4./R(R - 2r), 2+/s2 — 4Rr — 1912, 4. \/E (2s2 — 27Rr)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—c&then:a=y+zb=z+xc=x+y

+ 7z Z
and s = x +y + z and furthermore, we denote : y = m and Z_Z = n and then,

we have the following set 'S” of relations : y? + z? = x?(m? — 2n),
y3 + z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),
y> + 25 =x° (m((m2 —2n)%? + n? — nmz)),y6 + z® = x6((m3 — 3nn)? — 2n3),

-]
and now, a2 <4../R(R—-2r)
(b+c)?(b—c)? a’b?c? abc
= <16 —
a? 16s(s—a)(s—b)(s—c) 2s
2x +y +z)*(y — z)? ; 16 y+2)%Z+x)%*(x+y)?-8xyz(y+z)(z+x)(x +y)
(y + z)? - 16xyz(x+y+z)

e x*(y? +22)% + 12x*. y?z2% + 2x3(y5 +2%) — 6x3.yz(y® +z%) +
4x3.y%z%(y + z) + x%(y® + z°) — 5x%.yz(y* + z*) — 9x%.y?z%(y? + z?) —
6x2.y323 + x.yz(y® + z5) + x.y?2%(y® + z3) — 2x.y323(y + 2) + y?z%(y + z)*

?
0 and via set of relations ”S"”,in order to prove @ it suffices to prove,
®

Q1

following simplification : (m* — 4m3 + 20m?2 + 32m + 16) n? +
Q;

7
(m5 — 11m* — 16m3 — 4m?2) n + m*(m + 1)? O and now, LHS of (2)
©)

is a quadratic polynomial in "'n” with discriminant, 8§ = Q2 — 4Q,.m*(m + 1)?
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=-m*(m+1)’Bm+2)(m+6)(m—2)? <0 - true (~ m > 0)
[y ool
ol <4.,/R(R-2r)|and again,— — < 2\/52 — 4Rr — 19r?
2x+y+2)?*(y—-2)? 2 4(x+y+2)3—(y+2)(z+x)(x+y) — 19xyz)

X+y+z

o
(y +2)?
© 16x3.yz + 32x%.yz(y + z) + 3x(y* + z*) — 44x.yz(y? + z2) — 94x.y?z? +

?
3(y + z)>|>|0 and via set of relations ’'S”, to prove (i), it suffices to prove,
Q)
?
> |0 andit’'s
o

~—

ii

~

following simplification : 3m® + 3m* + n(16 + 32m — 56m?)

trivially true if : 16 + 32m — 56m? > 0 and when : 16 + 32m — 56m? < 0,

AM_GM mZ - - - -
——,in order to prove (ii), it suffices to prove :

then,sincen <
3m° 4+ 3m* + m?(4 + 8m — 14m?) > 0 © m*(Bm+ 1)(m - 2)2> 0
|b% —c?| » 62
<4, |— 2 _
4 135 (2s%2 — 27Rr)

o
- true .. Y < 2y/s2 — 4Rr — 19r2
2x+y+2z2)*(y—2)?%?7 496(x+y+2z)3—-1674(y+2z)(z+x)(x+Yy)

135(x+y+2z)

(=
(y +2)?
© 1444x3(y + z)? + 2160x3.yz — 1824x%(y + z)3 + 4320x%.yz(y + z) —
1419x(y? + 22)? — 276x.y?z% — 2976x.yz(y? + z2) + 1849(y® + z°) +

?
> |0 and via set of relations "’S”,

3089yz(y3 + z3) + 22y?z2%(y + z) >
(a)

in order to prove (a), it suffices to prove, following simplification :

1849m° — 1419m* — 1824m? + 1444m? +
?
0 and it’s trivially true if :

>

n(2160 + 4320m + 2700m? — 6156m3) 2
(b)
2160 + 4320m + 2700m? — 6156m° > 0 and when :
AM-GM m?
< —,
4

2160 + 4320m + 2700m? — 6156m?3 < 0, then, since n
- to prove (b), it suffices to prove : 1849m® — 1419m* — 1824m?3 + 1444m? +

? ?
m?2(540 + 1080m + 675m? — 1539m3) > 0 © 62m?(5m + 8)(m — 2)2 > 0

true (~ m > 0) [b? — ¢ <4 |22 (2s2 — 27Rr) | and
_) ‘.‘ ." ————————————— . — —
rue m = 135 S r)landa so,

2
< min{4.,/R(R — 2r), 2y/s2 — 4Rr — 1912, 4. \/ﬁ (2s2 — 27Rr)

b -
a
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Vv A ABC, " =" for 15t inequality iffb+c=2aand’ =" for
2"d gnd 3" inequalities iff A ABC is equilateral (QED)

4073. In any A ABC the following relationship holds :
1 2 1 2
s(s—a) +§(b— ) < p,m, <s(s—a) +E(b—c)
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 ?
s(s—a) + §(b - ¢c)? <p,m,

(b—o)* 2

o si(s—a)?+ +§s(s—a)(b—c)2;

— )2 Y
<s(s —a)+ S(BS(-ZI_Sa_l)_(Z)z 2 ) <s(s —a)+ (® 4c) >
— 4 ? _ 2
o si(s—a)? + ® 9C) + gs(s —a)(b-0¢c)? <s%(s—a)?+s(s—a). (® 4c) +
s(3s+ a)(b — ¢)? s(3s+a) (b—c)*
(2s + a)? 'S(S_a)+(25+a)2' 4
s3s+a) 1
1 s(B3s+a) 2\
S(S—a).<z+m—§> = 0( (b—C)Z = 0)
(s —a)(11s + 4a) (s —a)(16s + 8a) + 3a?) ?
36(2s + a)? (b — ¢)? +s(s—a)< 12(2s + a)? >2 0 - true
vs>asp,mg =>s(s—a) +%(b—c)2
Again, p,m, ; s(s—a) + %(b —¢)?
— )2 _ 2
o s%(s —a)? +s(s—a).(b 0" sBst+a)b—c) .s(s—a)+

4 + (2s + a)?

—c)4 » - o)*
s(3s+a) (b—c) ész(s_a)z+¥+s(s—a)(b—c)z

2s+a)? 4
1 s(3s+a) ) 3 s(Bs+a))’

" ) (b= —a). === )>0(+(b=c¢)%>
= (4 125 1 a)2> (b—c)*+s(s—a) <4 2staZ) = 0(+(b=c)>=0)
s? + 3sa + a? (b2 +5( ) 8sa + 3a? ;0 . S

.(b— -a).————— -
4(2s + a)? ¢ sis—a 4(2s+ a)? — rue~s>a

1 1
W Ppgm, < s(s—a)+ E(b —c)?and so,s(s — a) + §(b -0 <p,m, <
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s(s—a) +%(b — )2V AABC," =" iff b = c (QED)

4074. In any A ABC the following relationship holds:

Z 1 - /3
4| 2r
cyc h,,. /hib-l_hl
C

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 Z Sr)
T 2 y= =
cyc h, l l 3r y + z 21‘ h, y hb h,
hy, h
Z Y+Z(*)

cyc

Z x2 Bergs>trom (Z cyc x) CBS
T x.Jytz chc(\/_,/xy+zx) B
(chc x)z > (chc x) _ 9

Jz(zcyc ) (Segexy) J

X
Indeed, Z =
Jy+z

cyc

9

(ch:; x)z \/6' 3

2 (chc x).

Z 3 Z 1 30 3 -2 4 st d
A X = 3r. —_—= = = — *x) 1S true anda so,
h, r V2

cyc cyc

1 3
Z—Z — VAABC”
1 1 2r
cyc ha- h—+h—
b c

4075. In any A ABC the following relationship holds:

[1 ,’Zr
cycra — 4 —
b

Proposed by Marin Chirciu-Romania

=" iff A ABCis equilateral (QED)
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Solution by Soumava Chakraborty-Kolkata-India

1 - ; 3( 3r 3r 3r)

— |{x=—, =—,Z =—

/1 1 2r ZBr /y+z 2r ray Tp T
CyCr r— — CC—

Ic

7 3
> —
y+z3V2
Indeed, Z Z x—z BergsZtrom (chc X) CES
Sfy+z Lixfy+z Yeye(Vx. /2y + 2x)
(chc x) (chc x) 9
> =

\/2 (Zeye x) (Zeye xy) _ \[2 (Zeye x). —(ch?: x)z \[6' %

1 3r 3 .
'.'Zx=3r. —=—=3 | =— = (%) is true and so,
r, r V2
cyc

cyc

=" iff A ABC is equilateral (QED)

’— v A ABC,"”
cyc | ’

4076. In any A ABC the following relationship holds :

Z\/cotA< 1 |2R? +r2
a ~ 2r% 34/3
cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

\/COtA CBS 1 - Goldstone
Z a = Z“’“‘- m-zab =

cyc cyc cyc

Mitrinovic

d
s2—4Rr—r2 | 4R?s? Gerretsen |4RZ+2r2 |1 1 |2R?+r2
. < . -
2rs 16R2r2s2 — 2r2.3\/3 4r? 2r2 343
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vecotA 1 [2R%Z +r? v ) ]
and so,z p < 2z 373 v AABC," =" iff A ABCis equilateral (QED)

cyc

4077. In any A ABC the following relationship holds :
r\3 r\>°
10) (5) —° 0 (5) =1
cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-KoIkata-lndia

Letx=oF g3 ,_ d th Z —3 z r — 3and
etx = lla ,j/ llb ,Z = c (lrl en: X r. ll r ana so,
cyc cyc

10) (&) -9 (&) 21
h,) h,/) =
cyc cyc
2 5
= X (D D AEr )
243\ L% ) T3\ LY = 2a3\ L
Cyc CyC Cyc CyC

o Z xty + Z xyt > 2xyzz xy — true Z xty + Z xyt = z (z(x4 + y4))

cyc cyc cyc cyc cyc cyc

AM-GM 3 A5
> 2 ) (zx?y?) = 2xyzz xy - 102 (—) — 92 (—) > 1V AABC,
h, h,

cyc cyc cyc cyc

" =" iff A ABC is equilateral (QED)

4078. In any A ABC the following relationship holds :
r\3 r\>
03 (503 () =
ra ra
cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3r 3r
Letx =—,y=—, z——andthen Zx—Br Z—z——Bandso,
Iy Iy
cyc cyc

03 () o0 () 2

cyc cyc
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2 5
- 10 Z 3 Z 9 Z 5 ; 1 z
243\ L.7" ) T2a3\ LY [T 243\ L7
cyc cyc cyc cyc
o Z xty + Z xyt > nyzz xy - true - Z xty + z xyt = (z(x4 + y4))

cyc cyc cyc cyc cyc cyc

AM-GM r\3 A5
> ZZ(zxzyZ) = nyzz xy - 102 (—) — 92 (—) > 1V AABC,
ra ra
cyc

cyc cyc cyc

" =" iff A ABC is equilateral (QED)

4079. In AABC the following relationship holds:
Talp +TpTe +1:7q = hshy + hyh. + h h,
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

F F 2F 2F
ZrarbZZhahb, Z:s—a.s—b2 a b

cyc cyc cyc cyc
Z 1 >4zl s—c+s—b+s—a>4 a+b+c
(s—a)(s—b) — ab’ (s—a)(s—b)(s—c) — abc
cyc cyc
s 2s s? 2s
>4 , =
(s—a)(s—b)(s—o¢) 4RF’ s(s—a)(s—b)(s—c) R-rs

s? - 2 s? - 2

FZ — Rr’ r2s2 — Rr

12 = 2 &R > 2r (Euler)

r Rr

Equality holds fora = b = c.
4080. In AABC the following relationship holds:
21613 < (h, + hy)(hy + h,)(h,. + h,) < 27R3
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

(o + hy)(hy + R (e + ) = | [Cha + 1) =

cyc
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[+ %)= [G+3)-

cye cyc
= 8F3 1_[ (ib> — 8F3 . (a+b)(b+c)(c+a) CES;IRO
ab abc - abc =

8abc 64F3 3 64F3 3 16F? 3 161r2s?

> 8F3 -

abc -abc  abc  4RF R R
Remains to prove:
2.2
21613 < < 27R3
R\? 2
161%s2 EuLEr 16 - (7) - §2 MITRINOVIC 3V3 27R?
R < ——=——=4Rs* < 4R-(——R| =4R- = 27R?

161252

2.2 2
> 21613 ZrTs >27r o 2% > 27r & 2s* > 27Rr (to prove)

GERRESTEN
2s? > 2(16Rr — 51%) = 32Rr — 10r? > 27Rr

& 5Rr > 1012 © R > 2r (Euler)
Equality holds fora = b = c.
4081. In AABC the following relationship holds:
21613 < (rg +1p)(rp + 1)@ +1,) < 27R3?
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

(ra + rb)(rb + rc) (rc + ra) = H(ra + rb) =

cyc

[ =Pl =) -
N s—a s—b) s—a s—b/
cyc cyc
s—b+s—a 2s—a—»>b
= F3 = F3 =
(s—a)(s—b) (s—a)(s—b)
cyc cyc

a+b+c—a-» c
=Pl | G-o6-» :F31;[<s—a><s—b>:

cyc
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3 abc

3 F3 -abc - s* F3 - 4RF - s*
(s—a)?(s—b)2(s—c)? s2(s—

PR CEr P el

Remains to prove:

21613 < 4Rs? < 27R3
MITRINOVIC 33 g 27R?
4Rs? < 4R-(—R| =4R-

MITRINOVIC

2 EULER
4Rs> >  4R-(3V3r) =4R-27r* = 4-2r 27r?=2161°

Equality holds fora = b = c.
4082. In AABC the following relationship holds:

= 27R3

3V3
(h, + h,,)“’s - (hy + hc)“’S - (h, + ha)“’sz <(3R) 2

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania
WLOG:a<bh<c=:> >

a

=

S| =
OIH

> 2F
b c

m+m_m+m
:>haZhb2hc:>{h1,+ha2hc+ha:>ha+hb2ha+hc2hb+hc (1)

a<b<c> cosg > cosgcosE = cos < < cos2 < cos 2 (2)
By (1); (2) and Cebyshev’s inequality:

Cc A A
(h, +hb)cosz+(hb+hc)cos + (h,+ hy) cos = <

2

1 A B Cc
Sg(ha+ h,+h, +h.+ h.+ h,) (cos—+ cos—+cos—) =

2 2 2
= g(ha + hy+ h,) (cosé+ cos5+ cosg)

C WEIGHTED AM—-GM
n(h + hy) cos <

cyc

(3)

A B (4
€0S5+C0s5+CoSy

(h, +hb)cos + (hy, + h, )cosA+(h +h )cosE

B C
Cos5 + €os + cos 5

<
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A B _C
2 A B C COSi"'COSf"‘COSE
(i) 3 (hy+ hy + h,) (cosi + cos5 + cos 7)

IA

A B C
Cos5 + €os5 + cosy

A+B+C

Jensen (2 2F 2F 2F\\"°° 6 AF ab + be + car3<°%
< —_ — —_— el — 0 ——————ee =
- 3( a + b + c) (3 abc )

3v3 3v3
_[4F s2+7r%2+4Rr\ 2 3 s2+1r?2+4Rr\ 2 -
~\'3 4RF B 3R -
3V3
7RZ 2
MITRINOVIC 1 + 1% 4+ 4Rr EULER
< <
3R
3v3
2 2 2 3V3
< %JFRTJAR'% _ (7R* +2R? T_(BR)¥
- 3R N 3R N

Equality holds fora = b = c.
4083. In AABC the following relationship holds:

. : : 3V3
(ab)smc . (bc)smA . (ca)smB < (3R2)T

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

. . . WEIGHTED AM—-GM
(ab)smC . (bC)SmA . (Ca)smB <

S

. . . R
- (ab sin C + bcsin A + ca sin B)S"‘A*S"‘ BtsinC 2F + 2F + 2F \ MITRINOVIC

= <
sinA + sin B + sin C % -
13V3
G 3V3 3V3 3/3

- 6F B (6FR> z (6rsR> z © R)32£< (6 R R) 2 (3R2)¥

= % “\s "\ s = or = 2 N

Equality holds fora = b = c.
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4084. In AABC the following relationship holds:

r, +2r ry + 2r r.+ 2r
a b_I_ b c+ c a
hc ha hb

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

ra+2rb+rb+2rc+rc+2ra=zr ot 21 z erbAM GM
h,. h, h, h,

cyc cyc cyc

3Tyt 3[TTpT, 3[ 7Ty, 3Ty,
>3 2-3 =9 >9
=3 [hahyh, j hahtoh, j hohoh, = /hahbhc

F F F 2F 2F 2F

>1or,;ryr. = hhyh,

s—as—-bs—c-a b c
abc>8(s—a)(s—b)(s—¢)
abc-s>8s(s—a)(s—b)(s—c)
4RF - s > 8F?, Rs = 2F, Rs = 2rs
R = 2r (Euler)
Equality holds fora = b = c.
4085. In any A ABC the following relationship holds :

Za+b z

cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Letvs—a=x,Vvs—b=y,Vs—c=z(v(s—a),(s—b),(s—c)>0)

andthen:s—a=x2,s—b=y2,s—c:z2:>38—Zs=2x2andso,

cyc

te?
a=y?+2%b=2%+x%c=x%+y? Z Z

cyc cyc
Z x(2x? +y? +z2%) 2 z (y? + zz).\/Z(y2 + z2
Jrs B \Jrs

cyc cyc
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@Z((y2+zz).\/2(y2+z Z x(2x + y? +Z2))
)

cyc cyc

Now, Z((y + z2). m)

cyc

Z ((y2 +z2)(y + z)) Z Z (x(Zx2 +y%+ zz))

cyc cyc

= (y2+z2)<czyc:x—x> ;<;xz><;x>+;x3

cyc

@z<zxz><zx>_p;zzxs+p<p=zx2y+zxyz>

cyc cyc cyc cyc cyc

@22x3+2P—P;22x3+P—>true=> (%) is true

cyc cyc
oza+b

C," =" iff A ABC is equilateral (QED)
cyc cyc

4086. In any acute triangle ABC the following relationship holds :

9Vv2
r,VcosA + r,vestB +r.vcosC < TR

Proposed by Vasile Mircea Popa-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z(ra.\/cosA) = SZ (\/tan%.\/tan%.cosA) c;s

cyc cyc

A A A 4R+r
S. Ztan—. Z tan—.(ZcosZ——1> =s. ZsmA Ztan—
2 2 2
cyc cyc cyc cyc
\j4-R+r \js 4R+r \/4—R+r\/ —4R2 — Rr Gerretsen
=s. . == =s.
S R S

R 9R 3
4R +r 3r(4R + r) (R+r) Euler 7 Wi
= .v3Rr +3r? = = 9R.

2
R
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9Vv2 9V2
= TR and so,r,.VcosA + r,.VestB + r..Veos C < TRV acute A ABC,

" ="iff A ABC is equilateral (QED)

4087. In AABC the following relationship holds:

B

w h COS—H COSH w w. 2w

h—a+—aS %,+ l%,Smin{—b+—c,ha}
a Wa Cos5 COSo We Wp Mo

Proposed by Dang Ngoc Minh-Vietnam
Solution by Jenish Rijal-Nepal
B-C

= smE.

B+C A
Letu=cos( )andv=cos( )

Also,assume M to be the middle term.

IB—-C| B+C = ,
We know > < > <E = 0<v<u<1. Now,let'sprovethe LHS:

cosg cosg 1+ cos (%) cos (?) _2+2vu

ong eonf fleon (P reon(B50)] T

B . Wa ha . .
The inequality ™ +— < M is equivalent to:

a wa
w, h u? +1 2+ 2vu
Za e _ <M=——o W-1Du-v)<0
h, w, u v+u

whichistrue ~v<u<1.

. 2w, 2
Now, let us prove the RHS i.e. M < h- ;:

a

2+2vu 2 2 L
= tu E@u(1+vu)Sv+u<:>u <1 whichistrue - u<1.

IA

At last, WLOG assume: b > c.

B B
Lett—cosi wy, [c(a+b) cosy  cla+b) _

<1.Now,— = . j—————~ =
cos w, |b(a+c) cos b(a+ c)
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ac + bc
<1.Thus,0< kt<t<1.

A > =
sb>c=>k ab + be =

1
We can observe that the function f(x) = x + p is strictly decreasing on (0,1].

And the middle term is f(t),i.e., f(t) = M.

Monotonicity

~ Wy w,
O0<ktst<1 = f(kt) = fA) = —+—=2M.
w Wy

c

h cos

" B

DR
ha wa

. {wb w, ZWa}
cos% cos > we Wy hg

Equality holds if and only if the triangle is isosceles (b = c).
4088. In AABC the following relationship holds:

my® - my"t - mgc > (3r)Matmptme
Proposed by Daniel Sitaru — Romania
Solution by Khaled Abd Imouti, Kasem Abotrabi — Syria
Letbe f:(0,0) - R; f(x) = xInx
f'(x)=Inx +x-§ =Ilnx+1;f"(x) = i > 0 = f convex

By Jensen’s inequality:

m, +m, +mc>

fmg) + fmy) + fm) 2 3f (4

m, +my, +m, (ma+mb+mc)
3 3

my,Inm, +mylnmy, + m;lnm, > 3

mgt+tmp+me

In(mj) + In(m,*) + In(m7) = (m, +my +m)In (M) (g

1 1 1 1 1 1

> —

ha m, hb m, hc m,

1 4 1 4 1 1 4 1 1

ha b hc_ma my m,
1.1 1 1 BERGSTRoM (1+ 1+ 1)2
> —t—t— 2 =
r m, m, m, m, +my, + m,
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9 +mp+
=>ma+m,,+mcz9r=>W23r (2)

mg+mp+mg,

! (ma+mb+mc

- ) > In(37)

By (1):

ma+mb+mc)>

In(mg* -m,"* - m7*) = (m, + my + m,) ln( 3

2
> (ma + m, + mc) 1n(3r) = ln(gr)ma+mb+mc

In(mg* - m,"* - m*) > In(3r)matmp+me
m:lnu . mzlb ,m;nc > (3r)ma+mb+mc
Equality holds for:a = b = c.
4089. In AABC the following relationship holds:
(a+b)2_|_(b+c)2_|_(c+a)2
hc ha hb

> 48r

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a+b)? (b+c) + a)? + b)?
( ) +( c) +(c a) zz(a ) >
hc ha hb hc

cyc

AM_GM 33 ((a+b)(b+c)(c+ a))2 CESARO 3° (8abc)?
= h,hyh, = hghph,

3164 - (4RF)? 3 i/—2
5F 2F 2F ZF_ﬁA (4RF)? - abc =

=3

6 6 EULER
= ff/(4RF)3 = 4RF=24R > 24 -2r=47r

Equality holds fora = b = c.
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4090. In AABC the following relationship holds:

(ra + rb)z n (rb + rc)z n (rc + ra)z

> 36
h h, h, O

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

(ra + rb)z + (rb + rc)z + (rc + ra)z — z (ra + rb)z >
hc ha hb hc

cyc

AM_GH 33 (ra + 1)y + 1) + ra))2 CESARO 33 (8 1p1)%
- h,hyh, B hohyh, B
F_F F

364'(s—a's—b's—c) _12° Fe ,abe _
((s—a)(s—b)(s—c))" 8F

12, F3 - 4RF - 52 ~ 63,4R52F4 ~
2 (s(s —a)(s—b)(s — c))2 F*

3 MITRINOVIC EULER 3
= 6+/4Rs? > 6V4R - 2712 > 6-3/8r-r?=36r

=3

Equality holds fora = b = c.
4091. In AABC the following relationship holds:

(a+b)? (b+0)? (c+a)?
+ +
re rq Trp

> 48r

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

(a+b)2_I_(b+c)2_|_(c+a)2zz:(a+b)22

re rq ry cye re

am-6m _3|((a+ b)(b+ c)(c+ a))2 CESARO 3 (8abc)? 3| 64(abc)?
> 3 > 3 =3 =
TYaTrpTe. F . F . F F3S
s—as—b's—c F2
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3 /(4-RF)2 3 16R2F2 3 ,16R2F . 16R?rs _
ULER

= 123/16R?%r > V16 - 4r2 - r = 1236413 = 12 - 4r = 48r

Equality holds fora = b = c.
4092. In AABC the following relationship holds:
rgtry, rp+r., r.+r 3R
a b n b c n c a <
h, h, hy r

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

Zra+rb Z S—b Zs_ +
h, Z
C

1

cyc cyc cyc

c(s—a+s—b) c(a+b+c—a—b)_
2 (s—a)(s—b) ZZ (s—a)(s—b)

¢ 1
:E;(S_a)(s_b) - Z(S—a)(s—b)(S—c);cz(S—C) =

S

= -4rs(R =
2s(s—a)(s—b)(s—c) rs(R+1)
R 3R
_4r52(R+r)_ZrSZ(R_|_r)_2(R+r)<2(R+7)_2 3R 3R
2F2  r2s2 r T r  r T r

Equality holds fora = b = c.

4093. In AABC the following relationship holds:

m§+mlz,+ml2,+m§+m§+mﬁ

> 9+/3r

c a b

Proposed by Nguyen Hung Cuong — Vietnam
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Solution by Daniel Sitaru — Romania

m§+m§+m§+m§+m§+mﬁ

a b
_Zm§+m,2,_Zz(b2+cz)—a2+2(a2+cz)—b2_
— = 16 =

cyc cyc
z:b2+a2+4-c2 1zb2+1zaz+z -
B 4c 4luc 4L €=
cyc cyc cyc cyc

BERGSTROM 1 (a+b+c¢)? 1 (a+ b+ c)?

- 4 a+b+c +4 a+b+c +as
_a+b+c_|_a+b+c_|_2 _2s_|_2s_|_2 _
= 2 2 s_4 m s =

4s MITRINOVIC

=—+4+2s=3s = 3-3v3r =9V3r

4
Equality holds fora = b = c.

4094. In AABC the following relationship holds:

m2+mi: mi+m?2 m?+m?
7z T z T+ 7 2
c a b

Proposed by Nguyen Hung Cuong — Vietnam

N| O

Solution by Daniel Sitaru — Romania

m§+m§+m,2,+m§+m§+m§

c? a? b?
_zm§+m,2, _Z:Z(b2+c2)—a2+2(a2+c2)—b2 B
N c? N 42 N
cyc cyc
_Zb2+a2+4cz_1z z Z
B 4c? 4 t1l. 42 =
cyc cyc cyc cyc
AM GM 1 3 b2 2 a2 3 a? b2 c2
2 a? b2 2 az b2
4- 4- 4-+ 2 + Z
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Equality holds fora = b = c.

4095. In AABC the following relationship holds:

2 2 2 2 2 2
r,+r ry; +r r.+7r
= b+ b C+ < a29\/3r

[ a b

Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

ri+r; ri+r: ri+r? T+ rb rb BERGSTROM
+ +
c a b

cyc cyc cyc

- (ro+rp+1)2 (rg+rp+71)° 20 +1,+71.)%

a+b+c a+b+c = a+b+c
2(4R +1)*> (4R +1)? DOUCET (4R + 1)? EULER
= T = . > —RT= =vV3@4R+1r) >
V3

>34 2r+7r)=9V3r
Equality holds fora = b = c.

4096. In AABC the following relationship holds:
r2r2 + rir? + r2r2 + nin% + nin? + n?n?% > 2h,hyh (hy + hy, + h,)

Proposed by Zaza Mzhavanadze-Georgia

Solution by Jenish Rijal-Nepal

HM-GM
2r, Ty -

h,. = < = >h?:oe
c Ty + T rqTp raTp c
T Ty Ngny = h%-h hy [~ n, > h, and n, > hy]
®
" TaTpNgNy = hghyh?
Now,via AM — GM Inequality:

Via (D)

~
rir? + nZnZ > 2 /rﬁrﬁnﬁnﬁ =1 rpngn, > 2h,h,h? =

Z( riri+nZnl ) > Zz( h,h,h?)

cyc cyc
o r2ri +r2r2 + r2r: + n2n? + nin? + n?nZ > 2h,hyh (h, + hy, + h,).
Equality holds if and only if thetriangle is equilateral.
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4097. In AABC the following relationship holds:

sin = <sm fsm + sm fsm >

2 B 2
cyc sin 7 sin 7 (sm > + sin 2)

Proposed by Zaza Mzhavanadze-Georgia
Solution by Jenish Rijal-Nepal

A B _C
Let (x,y,z) = (smi,smi,smi). =x,y2z€(0,1)
1
Lemma 1: xyz < Y
A B C r Eulerq
P : Wek that:r = 4R sin—sin—sin— = =— < -
roof: We know that:r sin sin- sin Xyz=,5 < g

3
Lemma 2: x+y+z<i

Proof: Since the sine function is concave on (0,m), by Jensen's Inequality,

A B C
A B Cc T 3
x+y+z—sm2+sm2+smis3 sm(%)z&sin(g)zz

Claim 1: l_[(x +y)<1

AM GM 3 Lemma 2
x+y+y+z+z+x 2x+y+z ~~
Proof: | |(x+y) < ( 4 y3 ) <—( 3y )> = < 1

sin <s1n fsm + sin? fsm ' x(yz\/z_i_zz\/z) B

y*z*(y + 2)

2,

cyc sin? = > sm2 5 (sm > + sin 2) Cyc

B xVx x\z
B Zy: (zz(y+ z) +y2(y+2)>

By AM — GM Inequality,
xVx x\z 6 6 xVx _ x\Vz B
;<z2(y+2)+y2(y+2)>‘ n(ZZ(y+Z) yz(y+Z)> a

6. 6 x3y323 _6. 1
B xtytzt(x + y)2(y + 2)2(x + 2)2 xyz-[ [1(x +y) ]2
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From Lemma 1 and Claim 1 it follows that:

sin5 <sm /sm + sin? /sm ’
Z < + xVz ) >
2 2
cye sin? g sin? g (smg + sin 2) i \Z y+2z) y*(y+2)
1
26-°|7 =6V2
§. (1)2

Equality holds if and only if the triangle is equilateral.

4098. In AABC the following relationship holds:

1+Z >4Z r
N hahb

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Jenish Rijal-Nepal

r r r r r r 1 1 1 1
—+—+—=1 [v— —+—=r(—+—+—)=r-—=1]
T, Tp T, Ty Tp T, re Tp T¢ r
r o r r\?2 5 r? r?
=>(—+—+—) =12=1 :Z—2+2- =1
rq Trp re Tq Taql'p
cyc cyc
r? r?
SO
raTp Tq

cyc cyc
Substituting this into our original inequality:

r 1
1+Z—>2 ZZ— @32—>1@Z—22§
cyc

cyc cyc cyc
Thus it suffices to show that:

r21
3

cyc

(L)Z BERGSTROM (2 L)Z 2
a cyc 1

D) = : ;
_— > _— -
T2 1 3 3 3

c

r? r?
.‘.1+z—22

rq rqTp

cyc

cyc
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Equality holds if and only if the triangle is equilateral.

4099. In AABC the following relationship holds:

r r

rp/T¢ 3
2 —
2
a
cyc

Proposed by Marin Chirciu-Romania
Solution by Jenish Rijal-Nepal

1 1
Letr, = ;,rb = ; andr, = —.
. . . 1 1 1
Using the ldentltyZ— =—,wehavex+y+z=—
Ty T r
cyc
1 ﬁ ,
TpJT x
Substituting these into the LHS: LHS = Z b Zc = Z Y T Z =)
Tq =2 Yz
cyc cyc ¥ cyc
2 BERGSTROM 2
~ xX+y+z
Now‘ - > u — @
Yz Leyc Yz
cyc
Again by Cauchy's Inequality,
2 2

Zﬁ\/ﬁ = Zyx/? <@x+y+2)(xy+yz+zx) =

cyc cyc

y\/ES\/(x+y+z)(xy+yz+zx)

cyc

Substituting this bound back into (1):
(x+y+2)? | (x+y+2)3

Cycyﬁ_J(x+y+z)(xy+yz+zx) (xy + yz + zx)

Since (a+ b + ¢)? = 3(ab + bc + ac), it follows that:

hy/h, x? x+y+2z)3 1
E b 7 = E—Z ( y+2) >/3x+y+2z)= [3-—

h, Yz (xy +yz + zx) T
cyc cyc

.sz> 3

2 T

2

X

cyc
Equality holds if and only if the triangle is equilateral.
89
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4100. In AABC the following relationship holds:

a?+b* b +c%: c?+a?
+ +

re Tq Trp

> 24r

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a’?+b* b*+c*? c?+a? a? + b? aM-6M ~ 2ab ab AM-GM
+ + = g > —=2) — >
Tr

T T

cyc cyc cyc

C
123/2R2r >

c L Trp re
3((abc)? 3/1612F? 3|2R2%F 3|2R%rs
=2-3 =6 =62 =12 =
TalpTc Fs s s

> 1232 -4r2 .r =12 -2r = 24r

Equality holds fora = b = c.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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