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FURTHER STUDIES ON FERMAT-TORRICELLI AND NAPOLEON POINTS OF A
TRIANGLE USING PLAGIOGONAL APPROACH

By Thanasis Gakopoulos-Greece, Debabrata Nag-India

Abstract: In this present work, we have attempted to extensively study the geometric
characteristics of Fermat’'s Second point (X1a) and Second Napoleon point (Xis) using a set of
inclined axes, also known as the PLAGIOgonal Axes. As a further continuation of our earlier
work similar to the present one, we expanded our discussions on Fermat’s First point (X13)
and First Napoleon point (X17) and present some additional relations in this work. In both the
cases, we have exemplified our theorems using some challenging geometrical problems
available in the social media. We have also tried to make a comparison of the relations
between the Fermat and Napoleon points.

Keywords: First and Second Fermat — Torricelli points, Xi3, X1a, Napoleon points, Xi7, Xis,
PLAGIOGONAL Axes, isogonic point, ETC

1.0 Introduction

In Euclidean Plane Geometry, if three equilateral triangles are constructed outwardly and
also inwardly on the three sides of a scalene triangle no angles of which are greater than
120°, and then three lines are drawn from each of the vertices of the triangle to the opposite
vertices of the equilateral triangles, then these lines concur at a point which is known as the
First Fermat-Torricelli point, denoted henceforth as F1 and Second Fermat point, denoted
henceforth as F2 and or simply, Fermat points of the given triangle. These Fermat points are
also the first isogonic points (X13 and Xia in Kimberling’s Encyclopedia of Triangle Centers,
ETC) for the above mentioned type of triangle. Further, if lines from each of the vertices of
the triangle are drawn connecting the centroids of the outwardly and inwardly drawn
equilateral triangles then these lines also become concurrent the respective points of
concurrency of these lines are termed as the First and Second Napoleon points Ny and N3 or
according to Clark Kimberling’s ETC nomenclature, as X17 and Xis respectively.

In this present work, we have expanded our analysis carried out in [1] which only had
focussed on F; and N; points.

2.0 Second Fermat or Fermat — Torricelli Point (F2 or X14) and allied Theorems:

According to the theorem, we know that if for any scalene triangle in which the largest angle
not exceeding 1209, if three equilateral triangles are developed inwardly then the three lines
drawn from the opposite vertices of the triangle joining the vertices of the inward
equilateral triangles thus formed, are concurrent and the point of the concurrency is called
Second Fermat or Fermat — Torricelli point denoted as F» or, as per Kimberling's
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nomenclature as Xia. The following figure shows an arbitrary triangle ABC and three
equilateral triangles A1BC, B1CA and CiAB drawn inward. As per the above theorem, lines
AAi, BB; and CC; are concurrent at F2 (X1a).

Figure 1: Fermat’s Second Point F2 (X14)

Proof:- Let us choose the PLAGIOgonal Co — ordinate system (Vertex, x — axis, y — axis) as (B,
BC, BA) and it is easy to note the following co-ordinates of the points A1, B1 and Ci
respectively as follows:

a(sin B—+/3cos B) J3a a(sin B++/3cos B)—«/§c ~ \/§a—c(\/§cosB+sin B)

2sinB "2sinB |’ 2sinB ’ 2sinB

and[ J3c  csin(B-60°)

- , - = equations of AA1, BB; and CC; are thus respectively:
2sinB sinB

J3a—2csinB _ \/§a—c(\/§cosB+sinB) _c(sinB—\/gcosB)

X, y= X, y= 5
a(sin B—+/3cos B) a(sinB+\/§cosB)—\/§c J3c—2asinB

Solving these equations in pairs we obtain the following same co-ordinates of point of

y=c+

X—a)

intersection of the above lines as:

ca(sin B —+/3cos B)[a(sin B ++/3cos B)—\/§c] ca(sin B -+/3cos B)[c(sin B ++/3cos B)—\/ga}
2/3sin B[ca(\/§sin B +cos B)—c2 —az} ’ 2/3sin B[ca(ﬁsin B +cos B)—c2 —az}

or equivalently:
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(1a, 1b)

[casin(B—60°)[2asin(B+60°)—\/§C] casin(B—60°)[2csin(B+60°)—\/§a]J

J3sin B[ansin(B+30°)—c2 —az] " 3sin B[ansin(B+30°)—c2 —az]

and are considered as the co-ordinates of F2 or Xia with respect to the above co-ordinate
system. Alternatively, the above co-ordinates can also be expressed in terms of the sides of
the given triangle as follows [eqn (1c)]:

a [44‘—\/5(‘32+az—bz):|[4A—«/§(Cz+b2—az):| c [4A—\/§(CZ+a2—b2):|[4A—\/§(a2+b2—cz):|
834 [4\/§-A—(a2+b2+cz)] '8J34 [4J§.A—(a2+b2+cz)]

Another useful formulation for the co-ordinates of the second Fermat point are as follows:

2R 4A—\/§(cz+a2—b2)
ﬁ. 4\/§A—(a2+b2+c2)

7R 4A—\/§(c2+a2—b2)

N 4J§A—(a2+b2+c2)

-sin(A—60°) -sin(C —600)] (1d)

Theorem _IlI: For any triangle ABC whose angles are not more than 120°, if F» denotes its
second Fermat point then prove that:

[4A—\/§(b2 +c? —az)]2
(a2 +b? +c2)—4\/§A

[4A—J§(c2 +a’ —bz)}2

(a2 +b? +cz)—4\/§A and

AFZ=1. BFZ=1.
6 6

[4A—\/§(a2 +b? —cz)]2

(a2+b2 +c2)—4J§A

crz oL
6

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate system
(Vertex, x — axis, y — axis) as (B, BC, BA) and various co-ordinates are marked in the figure
itself. For this system, the co-ordinates of F, are shown vide Theorem | and are expressed in
eqgn (1a) — (1d). Considering the co-ordinates as expressed in (1d), we can prove by distance

2R 4A—\/§(cz+a2—b2)

ﬁ' 4\/§A—(a2 +b2+c2)

formula: BF} = f?+ f7+2f - f,cosB, where f, = -sin(A—60°)

2R 4A—\/§(cz+a2—b2)

ﬁ. 4\/§A—(a2+b2 +cz)

and f, = -sin(C—60°). With a little trigonometric simplification,

[4A—\/§(c2 +a’ —bz):|2
(a2 +b’ +cz)—4J§A

relations can likewise be derived by choosing respectively the PLAGIOgonal system (A, AB,
AC) and (C, CB, CA) [QED]

1
we can easily prove that: BF22 =g- [QED] and the rest two
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Note: In both the above theorems, 4 represents the area of the triangle ABC.

Theorem_lll: For any triangle ABC whose angles are not more than 120°, if F, denotes its
a’+b*+c? N 234
2 3

second Fermat point then prove that: AF} + BF/ +CF, =

Proof:- Using the Theorem Il above, we can easily note that:

1 [{[4A—\/§(b2+C2—az)]z+[4A—\/§(cz+a2—bz)]z+[4A—\/§(a2+b2—cz)]2}}
AF? +BF2+CF/ ==

6 [(a®+b? +c*) - 4y34]
which can be simplified to:
9(a4 +b* +c“)—6(a2b2 +b?c? +cza2)+48A2 —8J§A(a2 +b? +c2)

es[(a2 +b? +c2)—4J§A]

= AF/+BF/+CF/ =

[(a2 +b? + cz)—4«/§A]2 +4[(a2 - bz)2 +(b2 —cz)2 +(c2 —az)z}
= and ultimately:

6[(a2+b2+c2)—4J§A]

AF} +BF?+CF} = (2% 7 +c?)-4V34 +3.(a2 ‘b2)2 +(b° ‘CZ)2 +(c? ‘aZ)2

6 3 (a2+b2+cz)—4\/§A
=(a2+b2+c2)_8\/§A+1.8(a4+b4+C4)—8(azb2+b202+cza2)+2\/§A
6 6 (a®+b*+c*)-4434 3

ol

8(a*+b*+c*)-8(a’b*+b°c® +c?a’ 234
(a2+b2+c2—8J§A)+ ( (a2+{)2+(c2)—4«/§41 )]+ \/3_

N 2434

ol

_(az +b? +c2)2 —12J§A(a2 +b? +cz)+96A2 +8(a4 +b* +c“)—8(a2b2 +b%c’ + czaz)
(a2 +b? +c2)—4\/§A

_1_(a2+b2+c2)2—12\/§A(a2+b2+cz)+2(a4+b4+c4)+4(a2b2+b202+cza2) 2./34
"6 (a2+b2+cz)—4\/§A M
_1_3(a2+b2+c2)2—12J§A(a2+b2+02) 2./34
6 (a2+b2+c2)—4\/§A 73

a’+b%+c? +2J§A

= |AF; +BF,/ +CF;} =
2 3

[QED]
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3.0 Properties of 2" Fermat Point, F> (X14): Having found the basic characters of the 2
Fermat point, let us observe some of its properties: Property I: If ABC is a triangle with
ZABC =60°, then we note from eqn (1b) that: F, coincides with the vertex B. In other
words, if any angle of the triangle ABC becomes 60°, then the 2" Fermat point belongs to
the circumcircle of the triangle.lt is also clear that for an equilateral triangle, 2" Fermat
point, F2 or X1a becomes undefined. Property Il: If ABC is a triangle with ZABC = 120°, then
we note from eqn (1b) that the co-ordinates of F» with respect to the PLAGIOgonal system

c’a ca’
shown above are: —— R
c°+a“—-ca c°+a“—ca

Property lll: If ABC is a triangle with ZABC = 120°, then the following is true:

2 2 2
AF, +CF, —BF, =vc?+a’—ca = J%— 2./34

This can be directly checked if we note that for ZABC =120° the following results hold
2 2

C ca a
, BF, = , CF, = ——=—=—===So it is obvious that:

Je?+a?-ca Jet+a%—ca Jet+a’-ca

AF, +CF, > BF,

good: AF, =

Property IV: If ABC is a triangle with ZABC =120°, then BF; is the Geometric Mean (GM)
of AF; and CF; The fact follows easily from Property Il mentioned above.Based on the above
properties related with F2 and a special triangle ABC is a triangle with ZABC =120°,
following examples can be discussed in short.

Example # 1: Consider a non-isosceles triangle ABC with ZBAC =120° and whose
circumcenter, orthocentre and the 2" Fermat point and the middle point of the side BC be
denoted as O, H, F and M respectively . Let the ‘A’ — angle bisector meets the circumcircle of
the triangle at the point K. Prove that AHOK is a parallelogram and its area is given as
AM -OF . [Problem Courtesy: Rachid Iksi]
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K
Figure 2: Example #1

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate system)
as (A, AB, AC) and various co-ordinates are marked in the figure itself. We note that the co-
ordinates of O, H, K and F for the given triangle are respectively:

b+2c 2b+c 2b+c  b+2c b%c bc?
y | T y !(b+cyb+c); 2 2 17 o 2 = how by
3 3 3 3 b +c“—bc b +c”—bc
distance formula we easily obtain:
2 2
OH=AK =btc, AH = [2FC*+bC_ 8 o pro 8 _ 3 L an-oK
3 J3 2sinA /3

(alternatively, we can show that: AK[JOH and OK[HA ) and hence AHOK is a

parallelogram.

\/§ 0 0 1 .
Further: [AHOK]=2[4AOK]=~=|b+c  b+c 1 =m\b2—c2\ (1)
b+2c 2b+c 1
3 3
2(b*+c*)-a’ b%+c?—bc
Also we note that: AM? = ( ) = AM BT — since: a>=b*+c?+bc
and:
) b’c b+2c) bc? 2b+cY b’c b+2c bc? 2b+c
OF " =| 75— - H o3 - | w2, 2 - 2 2 -
b°+c°—=bc 3 b +c°—bc 3 b*+c°—=bc 3 b*+c°—=bc 3

—M c—b)’ +(c—2b)*+(2c— -c ——(bz_cz)z = OF = jo* -1
_9(b2+02—bc)2[(2 b) ( Zb) (2 b)(Zb )i|_3(b2+Cz—bC) OF_\/g(bZ_'_CZ_bC)
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b~ |
243

Example # 2: Consider a non-isosceles triangle ABC with ZBAC =120°. F is the 2" Fermat

point, and AS is the ‘A’ — symmedian of the given triangle. Prove that: S lies on the ‘A’ —
1 1 1

’ RN-YRNY
S AF AB° AC

(2) From (1) and (2): [AHOK]=AM-OF|  [QED]

= AM-OF =

[Problem Courtesy: Rachid Iksi]

symmedian and further

A (0, 0)

c (0, b)

(c,0) B S
/ Figure 3;: Example # 2

F

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate system)

as (A, AB, AC) and various co-ordinates are marked in the figure itself. We note that the co-
b’c bc?

b?+c?—bc’ b?+c?—hc

ordinates of F for the given triangle are: [ ]:> equation of AFis:

C
y= b X =S lies on the ‘A’ — symmedian. Now, we know that by distance formula:

AS = bzbc ~\/b?+c?—bc and also by Theorem — Il we know that:
+C

[4A—J§(b2+cz—a2)]2
(a2+b2+c2)—4«/§A

bc :>1_1_b2+c2:>1_1_1+1
Jbi+ci—be  AS AF  b%? AS AF AB? AC?

which for ZBAC =120° becomes:

NS
6

AF = [QED]

Example # 3: Consider a non-isosceles triangle ABC with ZBAC =120°. Prove that its Lester
Circle (Cy), i.e., the circle which passes through the circumcenter O, center of NPC (Cn), Og
and Fermat points F1 and F2 and the NPC (Cn) of the triangle, are congruent. Also prove that
(Cn) and (Cy) intersect at the points D and E which are the middle points of AB and AC.

[Problem Courtesy: Rachid Iksi]
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c (0, b)

(Co)

Figure 3: Example #3

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate system) as (A, AB,
AC) and various co-ordinates are marked in the figure itself. We note that the co-ordinates of

b+ 2c 2b+c]
and

circumcenter O and O, are respectively (for ZBAC =120°): (

3 3
4b+2c b-c
b—c b-c 6 6 _ . : :
[— 5 ' 6 ):>moog—2b+4c+b_c—1.Nowequatlonoftheperpendlcularb|sectorof
6 6
b+c

the line joining O and Ogis: X+ Yy = T (1) We now note that the first Fermat point, F; for this

given triangle coincides with the vertex A and the co-ordinates of the second Fermat point F; are:

( b%c bc?

C
, =>m = — and the ‘m’ value of the line which is perpendicular to
c?+b?—hc c2+b2—ch FiF2
1+mg. coSA 2b-c
the line joining the points F; and F; is given by: (mF E ) =- 12 = and hence
v/l Mg +COSA  b-2c

the equation of the perpendicular bisector of F; and F; is: (b - 2C) y=-bc +(2b - C) X . Solving it

. . . b+2c 2b+c
with (1) gives us the co-ordinates of the center O, of (C\) as: 6 ' & and as a result, we
get the radius R, of the Lester circle as:
1 b?+c*+bc R
R’ = ﬁ(m 2c)’ +(2b+c)’ —(b+2c)(20+c) | = TS = Ry = (since we have

the results: ZBAC =120° = a’=b*+c’*+bc, R= i:> 3R?=Db?+c?+bc), R being the

NE

circumradius of the given triangle and since this is also the radius of NPC, so prove that for the given
triangle, Lester Circle (C.) and the NPC of the triangle (Cn) are congruent [QED] Now, equation of (C\)

. b+2¢c’ 2b+c b+2c 2b+c) b?+c’+bc
is: [ x— +|y- —| x- y— =
6 6 6 6 12
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Romanian Mathematical Society-Mehedinti Branch | 2026

c_ b
=X +y - Xy_E X_E y = 0= itintersects the sides AB and AC at points D and E which are

clearly the middle points of AB and AC respectively and thus lies on (Cy) and hence we conclude: (Cn)
and (C) intersect at the points D and E which are the middle points of AB and AC [QED] Example #
4: Consider a non-isosceles triangle ABC with ZBAC =120°. AD is the angle — bisector, Le is the
Lemonie point, O is the circumcenter, H is the orthocentre, G is the centroid, Oq is the center of NPC
and F, is the 2" Fermat point of the triangle ABC. M., M, and M. are the middle points of the sides
BC, CA and AB respectively. N and K are respectively the middle points of AD and OsD. M is the
projection of Og on MM, and L is the reflection of Oy with respect to M. E is defined as the second
point of intersection of OG with C;. Let us define the following system of circles: Ci: [] (G , GO) C:

U (D, DA) Cs: Lester Circle (Example # 3)Ca: Circle through A, Og, Vand D Cs: NPC

Ce: Circumcircle of triangle ABC Prove that: 1) L belongs to NPC (Cs) 2) My, M, M and N are
collinear 3) O, G, Os and H are collinear  4) E, A, Le and F, are collinear 5) P, R, N, K, S and Q are
collinear (R and S are on AB and AC respectively)

6) LM.OsM, and DRAS are rhombuses (60° — 120° — 60° — 120°)

‘ \\\ - CS

/ \ -G Cs
Cs— \

\
Figureﬁ4: Example#4— C;
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7) BH and CH are tangents to Ci1 (T and U are touch points)
8) T, A, Ogand U are collinear
[Problem Courtesy: Thanasis Gakopoulos]

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate system)
as (A, AB, AC) and various co-ordinates are marked in the figure itself. We note that the
equations of various circles (C1 through C¢ except Ca) are respectively as follows for the given

triangle: C, : X* + y2—xy+(b_zc)x_[2b_cjy_@=0

3 3 3

g

bc
X4y —xy—-| — |(x+y)=0
y y (b+c]( y)
.- vl 2 C b - v 2 b_C .
C,ixP+y —xy—Ex—§y=O, Cs i X2 +y =xy+(x-y) — =0 and finally,

bc
C, : X?+y*—xy—cx—by=0. Now, equation of MyM_ is: bx +cy = > => co-ordinates of M

cb . b+2c 2b+c
are: | —,— |= co-ordinates of L are: ,
4 4 6 6

»_ 1 2 2 _b*+c?+he
=0,1° = 36[(zb+c) +(b+2c) (zb+c)(b+zc)]_—12

2
:>OQL2=RT=R§:> LeC, [QED]

bc bc cb
Clearly, co-ordinates of N and M are , .| =, = | respectively and the
y [2(b+c) 2(b+c)] (4 4) P y y

satisfy the equation of MyM. and hence: My, M¢, M and N are collinear [QED]

. b+2c 2b+c cbhb b—c b-c
As the co-ordinates of O, G and Og are: 3 ==, ——,T

3 33 6
b-c 2b
:>mOG=1,mOQG=H=1:>O—G—OQDAD:> equation of this line is:
6 6

b—c L : ,
X— y+T =0 and it is clear that the co-ordinates of H — the orthocentre of the triangle

2b+c  b+2c
(— 3 - 3 )satisfy this equation and thus: O, G, Os and H are collinear [QED]
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If we now solve the above line with Ci1, we obtain the co-ordinates of the point E as:

(—%, —%)3 Ee y=%x:> E-Le—A-F,arecollinear  [QED]

We now note that the line PQ is the common chord between the circles C1 and C¢ and hence

bc
its equation is: X+ y= bac which can be obtained by subtracting the two equations of the
+C

circles. Now it intersects the sides AB and AC of the triangle at points R and S respectively

b+c +C
equilateral triangles ADR and ADS [QED]

having the co-ordinates (ﬁ Oj and (O, bb;cj: ARDS is a rhombus formed with two

We note the co-ordinates of the points N (middle point of AD) and K (middle point of OsD)
as:
bc bc 6bc —b*+c? 6bc+b*—c?
2(b+c) 2(b+c) )’ 12(b+c) ' 12(b+c)

J:> N,KePQ:x+y=t:_—CC:>P,R,N.K,S,Q

are collinear [QED]

2, 2 oV (b=c) — -
We again note that 09L2=%,09Mf=(%+b C] +( ) +(E+u)u

6 36 2 6 6
2 2
:>OQM02=%[(b+2c)2+(b—c)2+(b+20)(b—c)}=% Similarly we obtain by
distance formula:
—_cV PSR _ 2, a2
Lz e be OQM§=(b c) +(E_b c] b c(g_b c]=b +CHDC 4 finally:
¢ 12 36 2 6 6 \2 6 12

2 2 2 2
LM? = b+2c N 2b+c_bY) _(b+2c)(2b+c _b)_b+c’+bec and  thus  we
6 6 2 6 6 2 12

conclude that LM.OsMy and DRAS are rhombuses (60° — 120° - 60° — 120°) [QED]

Finally we consider that the equation of the tangents that can be drawn from the point H

(_2b+c _b+2c b(2m-1)+c(m-2)

3 3 )to the circle C1 can be written as: mx—y+ 3 =0

. . (c b
and since it is tangent to C1 whose center is: 5, 5 and therefore:

1 3
gLme=b+b(@m-1+e(m-2)]; (hc) _ 1 (b+c)’(m=1)’ _(b+c)’
m?>—m+1 9 3 mi=m+1 9
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=>m= 2/\%:>Tl :|2x— y+b= O|— which is the equation of HC for m =2 similarly we
1 X c X—C
can find the equation of the second tangent (m =§) as: T, :E_ y—5= 0=y = |~

— which is the equation of HB and the co-ordinates of the touch points are easily found to be
c b b
as T and U having the co-ordinates: (5 —5) and (5 —5) satisfying the equation:

X+ Yy =0and thus we note that T, A, Os and U are collinear [QED]

Example # 5: Consider a non-isosceles triangle ABC with ZABC =45°, Z/ACB =30°. 0 and
F» are the circumcenter and the second Fermat point respectively while DEF is the orthic
triangle of ABC. Prove that A°DEF, ABF,, AOF, are 30° — 60° — 90° triangles. Also show

[4DEF] [4DEF] 3

that: T AAGF, | [4ABF,] 4

[Problem Courtesy: Rachid Iksi]

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate system)
as (C, CA, CB) and various co-ordinates are marked in the figure itself. Now for the given

condition ZABC =45°, ZACB = 30° we note the following:

Figure 5: Example # 5
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a b c a b ¢
= = = =—=—=a=(+3+1),b=2,c=+/2 (WLOG). Hence, we
sin75°  sin45° sin30° T 341 2 2 (\/— ) V2 )

note that the co-ordinates of the points O, F2, D, E and F are respectively given as follows:

2 2(V3+1) J3(V3+1)
2

(1-43.2), A (0.43),

, 0 (\/§+ 1, —1) = we note that:

J3-1 J3-1

Mg =————, My =———= CF UBF, = BF, L AB . Also from our known results:
2 2

ar o L 1 44-\3(*+c-a?) 1 23+2-2V3(1-43) 4
\/a +h?+c?—4434 NG 2

1 [a-VE(crar-b?) g [2VB+2-2V3(VE+1) h
. = . = —= Thus:

NG Ja? +b? +¢c?—4434 6 2 6

= tan(ZBAF, )_%_ \/15

2a-\3b 2
b—+/3a J3+1

2 6

&

BF, =

= /BAF, = 30° = triangle ABF, is a 30° - 60° —90° triangle

Again we note that: m,, = —(\/§—1) and also we have:

2(J§+1) 9
-3

OF, 1—

_T_l+«/_ J§

(J§+1):>1+on-mOF2 +(mAO+mOFZ)cosC =1+2-3=0= AO L OF,

Thus AOF; is right angled triangle and further we note that:

AB

= 2ein300 - AB = AABF, =~ AAOF, = triangle AOF, is a 30° - 60° — 90° triangle.
SN

Finally: my. =— —(\/g—l) = DE[JAO and also we note that:

_2 _

\/§+1_
5 ~ 2(V3+2)

(g e

right angled triangle and due to the above parallelism we note that AAOF, is a 30° - 60° —
90° triangle.  [QED]

Mg, = =—(V3+1)= EF 1OF, = EF L DE => DEF is a
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Now we note by distance formula: DF=\/2(\/§+1)2—\/§(«/§+1)2 =\/§ and since

[ADEF,] DF?
[4AOF,| AF;

[ADEF,] [ADEF,] 3

AAOF, U ADEF, = [AAOFZJ = [AABFZJ =2

[QED]

61 3
4 2 4

4.0 Comparison between 15t and 2" Fermat Points, F1, F2 (X13, X14):

In our earlier work [1], we had discussed the properties of the First Fermat point (also known
as the Fermat — Torricelli point), F1 or Xis. In this present section, we will discuss the
similarity of the two Fermat points F1 and F2. The following figure shows the F1 point for any
triangle ABC.

Figure 6: Fermat’s First Point (F1) and Napoleon’s First Point (N1)

a) Co-ordinates of F1 and Fa:

We list the following co-ordinates with respect to the PLAGIOgonal Co — ordinate system) as

(B, BC, BA) and various co-ordinates are marked accordingly in the figure itself.

casin(B+ 60°)[2asin(60° - B)—«/gc] casin(B +60°)[203in(60° - B)—«/§a]
J3sin B[ansin(300 - B)—a2 —c2] " 3sin B[ansin(SO0 - B)—a2 —cz]

Co-ordinates of Fi: {

and:
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casin(B—GOO)[Zasin(60°+B)—\/§c] casin(B—60°)[205in(60°+B)—\/§a]
ﬁsinB[ansin(SO%B)—cz—az] ' ﬁsinB[ansin(3OO+B)—cz—az]

Co-ordinates of F»:

Hence from the above it is obvious that if any one angle of otherwise a scalene triangle is
120°, then F1 will be on its circumcircle while, if any one angle of otherwise a scalene triangle
is 60° then F, will be on its circumcircle.

b) Distances of F1 and F> from the Triangle Vertices:

We note from the above co-ordinates of F1 and F» that:

2 2 2

AF? 1 [«/§(b2+02—a2)+441] BF: =1_[\/§(cz+a2—b2)+441] cr? =1‘[«/§(a2+b2— 2)+4A]

6 (a2+b2+c2)+4J§A 6 (a2+b2+cz)+4J§A 6 (a2+b2+c )+4«/21
and:
AF;=E.[‘/§(b2+° ~a7)-44] F22=1_[\/§(c2+a -b)-sa] F;=£.[J§(az+b2 ')-44]

6 ( 2+b2+c) 434 6 (a2+b2+c) 434 6 ( 2+b2+c) 434
From the previous set of equations we can conclude that:

2 2 2

AF?+BF/+CF}? = a +b2 LA 2\/3541 for F1 and similarly for F2, we have:
AF} +BF}+CF/ = a’+b*+c” + 234 which we have proved in Theorem lll above.

2

c) Distances of F1 and F» from the Centroid of the Triangle:

In this case we apply Leibnitz’ Theorem which states that: Zi MAi2 =ZiGA12+n- MG?,

where there are n set of points (A1, Az, As, ......., An) whose centroid is G and M be any
arbitrary point. Taking the point M as Fermat points, we get the following Theorems quite
easily:

a?+b?+c? 2434 a’+b*+c?-4434

GF}? = - = for F1
18 9 18

a2+b2+c2+2\/§A_a2+b2+cz+4\/§A

and for F, we get: GF,” = 8 5 - 18

We observe lots of similarities between the characteristics of F1 and F2 as obvious from the
above comparative analysis.

We conclude the session by considering the following examples.
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5.0 Examples on 1%t and 2" Fermat Points, F1, F2 (X13, X14):
Example # 6: Consider a triangle ABC of which ZABC =60°. Prove that for such a triangle,
AF}? +BF?+CF} = AC? [Problem Courtesy: Rachid Iksi]

Proof:- We know that: AF?+BF?+CF/ = and also we note that:

a’+b?+c? _2\/§A
2 3

b?=a’+c’—ca, 44=+3ca= —2\/354‘ ca

= 5 Now if we substitute these into above relation,

a®+b2+c? 234 2(a’+c’)-ca ca
+0 46" 243 = ( ) —-—=a’+c’-ca

we get: AF*+BF’+CF} = 5 3 > >

= |AF?+BF’+CF?=b*=AC?| [QED]

Example # 7: Consider a triangle ABC of which ZABC =60° with BS and F1 as ‘B’ —
symmedian and Fermat — Torricelli point respectively of the triangle . It is also given that

BF, CF, AF,+BF, +CF 5+1
BS = CS. Show that: l=—L1=-—1 ! L=p= V5 . Also prove that:
AF, BF, AC
1 1 1 , .
CF, = AF, + BF, and = + [Problem Courtesy: Rachid Iksi]
AF, BF, CF

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate system)
as (B, BC, BA) and various co-ordinates are marked in the figure itself. Since ZABC =60°,
we note: = b?=a?+c?—ca, 44=+/3ca. Also: We note that the co-ordinates of S are:

2 2 2
ca ca ca ba
[ ]:> BS = > Ja?+ci+ca and also: CS= 5 Thus

a’+c® a’+c? a’+c a’+c
ba® ca a +5+1
BS=CS=—5——=— 2\/a2+cz+ca:>a2—cz=ca = —= =@ Also we know
a‘+c® a“+c c 2
b? a’> a b . _
that: —2=1+—2——=2:>—=\/§. Now from our foregoing analysis we know that:
c cc cC c

BF, \/§(Cz+az—b2)+4ﬁ_c2+a2—b2+ca_ a

CF, _a’+b’-c’+ca _a _
BF, c*+a’-b*+ca c

AF, 3(b’+c?-a’)+44 b+c’-a’+ca c©

’

a’+b?+c?+4434
Further from [1], it is a known result that: AF, +BF, +CF, =\/ > \/_ = for

the present triangle, we have:
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a’?+b*+c?+3ca AF, + BF, +CF a’+c’+ca
AF, + BF1+CF1=\/ 5 =va?+c’+ca = —1 ACl = 2 =

_ AF,+BF,+CF _ 1+¢)+¢) _Jpris AF, +BF, +CF _

AC AC
BF, CF, AF+ BFl +CF ]
= = = = Now from the above ratios we get:
AF,  BF AC
1 1
CF, =¢BF,, AF, =—-BF, = CF, - AF, =| ¢—— |BF, :>|CF AF, +BF| [QED]
(4 (4
1 1 1 1 1
Further, we note that: =@- , =—-
AF BF, CF, ¢ BF
1 1 1)1 1 1 1
AF, CF o ) BF, AF, BF CF

Example # 8: Consider a triangle ABC of which ZABC = 60°, ZACB = 45" with BM and F; as
‘B’ —median and Fermat — Torricelli point respectively of the triangle. If R denotes the

circumradius of the triangle, then prove that: R* = AF, - BM [Problem Courtesy: Rachid

lksi] Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co — ordinate
system) as (B, BC, BA) and various co-ordinates are marked in the figure itself. Since

ZABC =60°, ZACB=45" = we note: — & P _ ¢C 8 _ D _C Thus
sin75°  sin60° sin45°:>J§+1 J6 2
WLOG we assume: a = \/§+1 b= \/5 C—2:>2R———2\/_:>R «/_Alsowe
(0,¢) A
(0,0) B C (a),

Figure 8: Example # 8
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and also we find from our previous

2(a?+c?)-b?
note that: BM? = ( y ) — BM :@

work that:

1 \/§(b2+cz—a2)+4A 1

AE _ 1 b’+c’-at+ca _ c’ AR Y
6 \/4\/§A+a2+b2+02 V2 f3carat+b’+c? ai+ci+ca ' J10+443
2
= AF,-BM = ——2 -“10+4‘/§=(J§) —[R?= AF,-BM [QED]
10+44/3 2

Example # 9: Consider a triangle ABC of which AS and BT are two symmedians such that
AS = BS and BT = CT. F1 is the Fermat — Torricelli point of the triangle. Prove that:

AC 1J§

= Problem Courtesy: Rachid Iksi
AF, + BF, +CF, J7 [ Y ]

B

S C

Proof:- From our earlier exercise (Figure 9: Example # 9 we know that AS=BS = a= J2b

and similarly, BT =CT = b=«/§c. Thus we must have: a = \/Eb =2c=> a_ b _ ¢ . Thus,

2 2
WLOG we assume: a=2,b= \/E, c=1.Hence 44= ﬁ Now we note from our analysis [1]:
AC J2b 2 7-21

AF +BF +CF 2 4b2+c?+4y34 7421 V7

= AC = 1—£ [QED]
AF, + BF, +CF, J7
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Example # 10: Consider a triangle ABC of which the largest angle is not more than 120° and
G and Fi1 be its centroid and the first Fermat point respectively. Prove that:

2 2
CF, LGF, <2 =2 *P

[Problem Courtesy: Rachid Iksi]

F1

Figure 10: Example # 10

Proof:- From our earlier theorems ([1] and art 4.0 above) we know that:

\/§ a’+b?=c?)+44 ’ 2(a?+b?)-c?
[(a2(+b2+02)+)4«/§41] C67= ( 9) GFY

Let us first assume that: CF, L GF, = CF/ +GF}? =CG?

_a’+b?+c7—4434
18

crz=1.
6

[\/§(aZ+b2—cz)+4A:|2 +a2+b2+c2—4\/§A ~ 2(a2+b2)—c2
(a2 +Db? +c2)+4\/§A 18 a 9

1
:> —_
6
= 5(a4 +b*+ c4)+ 10a%bh? —8h%c® — 8a’c? +12\/§A(a2 +b?- cz)
=2a*+2b* —c* +4a’h* +b*c’ +c%a’ + 4\/§A(2a2 +2b% - cz)
= 3(a4 +b*+2¢* + 2a’h? — 3b%c? — 3a2c2) + 4J§A(a2 +b%— 2c2) =0

= J§(a2 +b? —cz)(a2 +b? —202)+4A(a2 +b? —2c2)=0

2 2
=a’+h’=-2c’=0> CFlJ_GF1:>c2=a +b

2 2
Conversely we now assume that ¢° =

and we now consider the expression:

BE?+GE? _ca? = L. 9(a2+b2—c2)2+(a2+b2+c2)2+24\/§A(az+b2—cz)_4(a2+b2)—2c2
' ' 18 (a2 +b? +c2)+4\/§A 18
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2
= BF+GF2-CG% = —

3 3

|:3C2 +4.34 } c?

-— =0=|BF?+GF?=CG?
3c2 +44/34 L L

2 2
— BF?+GF2 =CG? = CF, LGF, . |CF, LGF, e>c?=2 erb [QED]

, a’+Db?
C =

6.0 2" Napoleon Point, N, (X1s):

Theorem: Figure 11 shows the second Napoleon Point N2 (Xis). In this figure again arbitrary
triangle ABC is shown and the second Napoleon Point is defined as the point of concurrency
of the three lines: AG,, BG,, CG; - where G;, G,, G; represent the centroids of the inner

equilateral triangles A1CB, B1AC and C1BA respectively. With the PLAGIOgonal system chosen
as shown and from our foregoing analysis we can say that the co-ordinates of the above

\/§a(\/§sinB—cos B) J3a ]

centroids are given as: ,
6sinB 6sinB

6sin B ’ 6sin B 6sinB’ 6sin B

\/§{a(\/§sinB+cosB)—c} \/§{c(\/§cosB+sinB)—a} [\/§c \/§c(\/§sinB—cosB)

And consequently, the equations of the lines AG;, BG;, CG; are:

(a - 2\/§csin B)
a(\/gsin B —cos B) '

c(\/§sinB+cosB)—a c(\/§sinB—cosB) ca(\/§sinB—cosB)

(c— 2\/§asin B) - (c— 2J§asin B)

y=Cc+

§ y=a(\/§sinB+cosB)—cX' y=

Figure 11: Second Napoleon’s point (N2 or Xig)

Now solving the first and the last of the above three we get the point of intersection of the
lines AG, and BG,; as:
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2casin(300 - B)[Zasin(B+30°)—c:| 2casin(30° - B)I:chin(B + 30°)—a:|
ca|:4sin2(B - 300)—1—123in2 B:|+ 2J§(a2 +cz)sin B ca|:4sin2 (300 - B)—lZsin2 B —1:|+ 2«/5(.':12 +cz)sin B

and it is easy to see that the above point of intersection lies on the line CG; and hence we
conclude: AGJ, BG;, CG; are concurrent and thus the required co-ordinates of N2 or Xig are

given by:

2casin(300 - B)|:2asin(B+SO°)—c:| 2casin(300 - B)I:chin(B + 30°)—a:|
ca|:4sin2(B - 300)—1—12sin2 B:|+ 2J§(a2 +c2)sin B ca|:4sin2 (300 - B)—lZsin2 B —1:|+ 2J§(a2 +c2)sin B

and for reference, we note the co-ordinates of N1 or X17 are [1]:

20asin(30° + B)I:Zasin(SO0 - B)—c:I 2casin(30° + B)I:chin(?;o0 - B)—a]
ca|:4sin2(B—30°)—123in2 B—1:|—2\/§(a2 +cz)sin B’ ca|:4sin2(B—30°)—12$in2 B—1]—2«/§(a2 +cz)sin B

a C
It is easy to observe that: co-ordinates of the centroid of AG,G,G; are: (5, EJEG —

centroidal co-ordinates of the triangle ABC. In other words, centroid of AG/G,G; coincide

with the centroid of the triangle ABC — the property shared by the first Napoleon point
also i.e., centroids of AG1G2G3 and AG,G,G; are coincident.

Now we note from the triangle ABG/G; that:

£G/BG, =B-60° = (GG})’ = %[az +¢? = 2cacos(B-60") |

2,22 R2
= (Gl’G,;)2 = %[cz +a’ —%— 2\/§A} = %(a2 +b? +c° —4\/§A) = constant and is

always positive (by Weitzenbock’s inequality in triangles) and thus we conclude from the
above that: AG,G,G;, is an equilateral triangle — a similar property of N1 (since AG1G2Gs is

equilateral [1]). Further we note that:

BNZ 4c2azsin2(30°—B) [{2asin(B+30°)—c}2+{205in(B+30°)—a}2 ]

{ca[4sin2(30°— B)-12sin? B-1]+2J§(a2 +c?)sin B}z +2cosB{2asin(B+3o°)-c}{2csin(B+3o°)-a}
4czazsin2(300 - B)

[\/g(az + cz)sin B- 2A(55in B ++/3cos B)]

- [4(c2 + az)sin2 B + 4casin? Bcos B — 4+/3casin® B]

2 ain? 0 2 2 2
:>BN22= 16A4°sin (30 —B) )TlS(a +b*+c )—4\/§A_2b21

[ﬁ(az+c2)sinB—2A(55inB+J§cosB 2
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N BN22= 4C2a25in2(3O°—B) : 3(a2+b2+02)_4\/§A_2b2 and simi|ar|y we can
[\/§(a2+c2)—ca(55inB+\/§cosB)] 2
write that:
ANZZ:8bzczsin2(30°—A)~[2Asin2A+(a2+b2+cz)—4\/§zAJ= 4b’c’sin’(30° - A) 2 _3(a2+b2+cz)—4«/§A_2az
{bc[4sin2(300—A)—lZsinzA—l]+2«/§(b2+cz)} [ﬁ(bz+cz)—bc(55inA+\/§cosA)] L 2 i

and:

CNz_8a2bzsinz(30°—C)‘[ZAsinZC+(a2+b2+c2)—4J§A:|_ 4a’p*sin®(30°~C) '3(a2+b2+c2)-4J§A_2C2'
‘ {ab[4sin2(3o°—c)—12sin2c—1]+2J§(a2+b2)}2 [«/§(az+b2)—ab(55inc+«/§cosc)]z I 2 |

In the above expressions we note:

b2+cz—a2_2\/§A=a2+b2+c2—4\/§A_a2

2bcsin(30°—A)=bc(cosA—\/§sinA)= >

4b’c?sin’(30° - A)

[\/g(bz + cz) - bc(SSin A++[3cos A):|2
4c2a25in2(30° - B)

I:«/§(a2 + cz)—ca(Ssin B ++/3cos B)]
4a’h’sin’ (30° - C)

[\/§(a2 + bz)—ab(SSinC + \/§cosC)]2

ANZ =

[b2 +C%+ 2bcsin(30° - A)]

BN; = 2|:c2+a2+2casin(30°—B):|

CN? = [a2+b2+2absin(30°—c)]

And for reference we note [1]:

4b2czsin2(3oO + A)
[\/g(bZ+cz)+bc(58inA—\/§cosA)j|
4c’a’sin® (30° + B) |
e ?+a?+2casin(30°+ B
1 [\E(CZ+a2)+ca(55inB—«/§cosB)][c +a’+ casm( + )]
4a°h’sin’(30° +C)

[«/§(a2 +b?) +ab(5sinC _ﬁcosc)][

AN,? = [ b7 +¢* + 2bcsin(30° + A) |

CN}=

a’?+b%+ 2absin(30° + C)]

Finally, we note from the above co-ordinates of N, that for a triangle ABC with

2ca _ 2ca
3(a-c)’ 3(a-c)

Z/ABC =120° = the co-ordinates of N or Xis are: [ ]: N lies on

the external angle bisector of angle B.
7.0 Conclusion:

In the present work an extensive discussion has been attempted focussing on the second
Fermat point and the second Napoleon point of a triangle using the PLAGIOgonal system
developed by the first author [2], [3]. This work is considered as the extension of the earlier
research work [1] focussing on the First Fermat and the First Napoleon point only. It is
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observed that there are lots of similarities between the various theorems and the properties
of these pairs of isogonic points Xi3, X14 and X17 and Xis. The discussion is further exemplified
by solving various challenging problems available in the social media.
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A FEW NON-ELEMENTARY GEOMETRICAL PROOFS

By Daniel Sitaru-Romania

PERPENDICULAR LINE ON THE REAL PLAN
Let be A(1,1,1) and the real plan:
P:x+2y+3z—4=0

Find the equations of the perpendicular line from A to the real plan P.

ta
l

1
1
1
1
dl

u(1,23), #=1+2j+3k

27 ROMANIAN MATHEMATICAL MAGAZINE NR. 49



Romanian Mathematical Society-Mehedinti Branch | 2026

X—=X4 Y—Ya Z—Zy 4 1_y—l_z—l
T T T2 T3 ®XTATET,TET3

Let’s find also the parametrical equations of d:

y—l 7z—1 x=1+t
x—1=¢ > =t; 3 =t, d:yy=14+2t;teR
z=1+ 3t

THE DISTANCE FROM A POINT TO A LINE

Letbe A(2,—1,1); B(0,1,3);C(—1,2,2). Find the distance from the point A to the line
BC.

AB = (xp = x0T+ (vp — ya)j + (25 — ZA)E =

-

=(0-2T+A+1)j+B -1k =—20+2j+2k
AC = (xc —x2)T+ (e — ya)j + (z¢ _ZA)E
=(-1-21+Q+Dj+Q2-Dk=-31+3]+k

. l

AB x AC = = 21— 6] — 6k + 6k — 61 + 2]

W N~y
=N X

-2
3

—_— —_— 1 —_— —_—
AB x AC = —4T—4j,  A[ABC] = E|AB x AC|

A[ABC] = %\/(—4)2 +(—4)2 = \/%_2 =2V2

BC = (xc—xp)%+ 0 —yp)2 + (zc —25)2 =/(-1- 02+ (2—-1)2+ (2—-3)2 =3

24[ABC] _2-2v2 4V2 46
BC V3 3 3

d(A,BC) =

THE DISTANCE FROM A POINT TO A REAL PLAN

1.Letbe A(2,1,3) and the real plan: P:3x + 4y + 5z — 10 = 0. Find the distance from
Ato P.

|3x4 + 4y, + 524 — 10|

d(A,P) =
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_|3-2+4-1+5~3—10|_|6+4+15—10| _i_i_ﬁ
d(4.p) = VO +16 +25 - V50 S N A

2. Letbe A(1,1,0); B(0,1,0); €(0,1,1); D(8,8,8).

Find the distance from the point D to the real plan (ABC).

x vy z 1 x y—1 z—-1 0
11 0 1)_ 1 0 -1 0]_
(ABC): 01 0 1 =0, (ABC): 0 0 1 0 0
01 11 0 1 1 1
x y—1 z-1
(ABC): 11 0 -1 (=0, (ABC):y—1=0
0 0 -1
18 — 1]
d(D,(ABC)) = ————=—==7
( N

THE MEDIATOR PLAN OF A SEGMENT
Letbe A(1,5,1); B(2, 3,4). Find the mediator plan of AB.

Let M be the middle of AB.

(1+2 543 1+4>
2 2 7 2 2" 72

AB=Q2-1)I+(B-5)j+@4—-1)j AB=1-27+3]
Let P be the mediator plan of AB.

Pi(x—xp) 1+ —ym) (=2)+(z—-2y)-3=0
P:(x—;)+(y—4)-(—2)+(z—§)-3=0

3 15
P:x—z—2y+8+32—7=0, Pix—2y+3z—-1=0
AREA OF THE TRIANGLE

Letbe A(1,1,0); B(0,1,1);C(2,2,2). Find the area of AABC.

AB = (x5 — x2)T+ (g — ya)f + (25 — z2)k

3 5 —_— > > i
M(5.43), B = (s —x)i+ 0~y + (2 — 20k
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AB=0-1D)i+10-1Dj+(1-0k=-+k
AC = (e = x)T+ (e —ya)j + (z¢ _ZA)I_()

AC=0Q2-1Di+Q-1D]+Q2-0k=1+j+2k

|[AB x AC| = /(=12 + 32 + (-1)2 = V11

Vi1

1 —_— —
Area (AABC) =~ |AB x AC| = —

THE AREA OF THE PARALLELOGRAM

Let be A(2,0,0); B(0,1,0); C(1,2,2). Find the area of the parallelogram builded on AB

and AC.

AB = (g —x )]+ (yg —ya)j + (25 — ZA)E
AB=(0-2)T+(1 -0+ 0 —-0k=-21+]  AC = (xc —x)i + (yc — y)j + (zc — za)k

AC=(1-2)I+(2-0)j+@2—-0)k=—-T+2]+2k

—_— —_— i)
AB X AC =

N O XY

N R~y

-2
-1

Area (ABCD) = |ﬁ X A_C)| = /22 + 42+ (=3)2 =29
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VOLUME OF THE CUBE

@

B(1,0,0); D(0,1,0); A'(0,0,1), AB =1

ABxAD=|; o o|l=02k  AA =(0-Di+0j+1k
0 L O
AA"-(AB+AD) = (01 + 0] + 12k) - (=i +0j +1k) =0- (=D +0-0+12-1 =13

VIABCDA'B'C'D'] = I3

VOLUME OF THE PARALLELIPIPED

P N
M
C
A ——B
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Letbe A(1,1,1); B(1,2,3);C(2,3,1); D(4,4,4). Find the volume of the parallelepiped

builded on the vectors AB; AC; AD.

-

AB = (xg —x)i+ (yp —y )]+ (25 —z)k = (1 = 1D)i+ 2 -1+ B - Dk =]+ 2k
AC = (¢ —x)i+ e —y)i+ B — Dk =j+2k
AC = (e —x)T+ e —ya)J + (z¢ —ZA)E =

=2-1Di+GB-1Dj+(1-Dk=1+2]

-

=2j—k—4l=—-41+2]—k

_ O =~
N R~y
o N X

AD = (xp — x)i+ (yp =y )] + (zp — z)k = (4 — )T+ (4 — 1)] + (4 — Dk = 37+ 37 + 3k
AD - (ABxAC)=-4-3+2-3—-1-3=-12+6—3 =—9
VIABMCDQNP] = |AD - (AB x AC)| = 9

VOLUME OF THE RIGHT PARALLELIPIPED

Dl

B(L,0,0); D(0,1,0); A'(0,0, h), AB = LU;AD = IJ; AA" = hk

AB x AD =

AA7 = (0= L)T+ (0 — 0)] + (h — 0)k = —LT + hk
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AA" - (AB+AD) = (—Li+ hk)(0-7+0-j+Llk)=—L-0+0-0+h-L-1=Llh
V[ABCDA'B'C'D’'] = Llh

VOLUME OF THE TETRAHEDRON

Letbe A(1,1,1); B(1,2,3);C(2,3,1); D(4,4,4). Find the volume of the tetrahedron
ABCD.

AB = (x5 —x)T+ g —y)f+ (25 —z)k =1 - DI+ 2 - D+ B - Dk =7+ 2k

AC = (e —x)T+ e =y )]+ (e —z)k = —-1DI+B-1Dj+ (1 - Dk =7+2]

~l

=2j—k—4l=—-41+2]—k

N R~y
oSN X

0
1
AD = (xp — x)T+ (yp — ya)j + (zp — za)k =
=(4-1)i+@4—-1j+@—-1k=31+37+3k
AD - (ABxAC)=-4-3+2-3-1-3=-124+6—-3=-9
VIABCD] ==|AD - (AB x AC)| ==|-9| ==

6 6 2
THE ANGLE BETWEEN TWO LINES

Let be the lines:

x=2+t x=3+1
z=1+ 3t z=4+2t

33 ROMANIAN MATHEMATICAL MAGAZINE NR. 49



Romanian Mathematical Society-Mehedinti Branch

2026

dq
N
u
\2i
I{x—2:t I{x—3:t
-3 -1
y=3_. |y=1_,
d1:4 2 ;d2:4 3 ;s teR
Iz—1_ Iz—4_
t 3 =t k 2 =t
d_x—2 y—-3 z—-1 x-3 y—-1 z-4
1 T 2 T 3 1 T 3 7 2

i (1,2,3) =1+ 2] + 3k
%55;(1,3,2) =7+ 3]+ 2k
U U, =1-1+2-34+3-2=13

| =12 +22+32 =14, [5;]=y12+32+22 =14

TR 13 13
cos(2(W;, 13)) = ———5 =

|-l Vid-viz 14

u(«(u7,uz)) = arccos (E)

14
THE ANGLE BETWEEN TWO REAL PLANS
Let be the real plans:
Pi:x+2y—3z+1=0
Py;:5x—3y+4z—-2=0
The normal vectors of P;, P, are:

i (1,2,-3) =1+ 27— 3k

,(5,—3,4) = 51— 3] + 4k
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Py

P,

U Uy =1-54+42-(=3)—3-4=5-6-12=—-13

Il =12 +22 +(-3)2=V1+4+9=V14

;] = /52 + (—3)2 + 42 =V25+ 9 + 16 = V50 = 5v2

B U - Uy —13 -13 —13v7
cos(a(P P2)) = cos(#0 ) = e = sz - Tov7 - 70

THE ANGLE BETWEEN A LINE AND A REAL PLAN

Let be the line:
x=1+1t
d:{y=2+3t i teER
z=-2+4+5t

Let be the real plan: P:2x + 3y + z — 4 = 0. Find the angle between d and P.

[

Ix
d_4L=t_d_x—1_y—2_z+2
1,12 1 3 5
=t

=t

N =

+ w

5

The line d has the directory vector: ©¥(1,3,5) =7+ 3]+ 5k

The normal vector of the real plan P is: 1u(2,3,1) = 2T+ 3] + k
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£l
E—

1

Uu-v=1-2+3-34+5-1=16

i =22 +32 + 12 = V14, |3l =12+ 32 + 52 = V35

W% 16 16 8210
4l - 19l vi4-v15 210 105

cos(x(u,v)) =

SUPRAARITHMETIC MEANS, SUBHARMONIC MEANS
By Dorin Marghidanu-Romania

In this article, supraarithmetic and subharmonic means are introduced and studied.

Some examples of such means are analyzed. The correlation between these types of means and the
mean’s conjugation operator are also highlighted, as well as the refinement relation that is
established using these means.

Keywords: classical means, supraarithmetic means, subharmonic means, conjugate means,
refinement, Hermite-Hadamard inequality, Jensen’s inequality

Mathematics Subject Classification: 26D15
We recall that a (n-ary) meaninasetS c Ris a function M: S™ — S, with the property of internality:
min{a,, a,, ..., a,} < M(ay, a,, ..., a,) < max{a,,a,, .., a,} (1)
Way,ay,...,a, €S

In general, for the numbers a4, a,, ..., a, > 0,n € N* we will denote define their classical means, as
follows, [1]:
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a;+az++ay

Ay(aq,ay, ...,a,) = , (arithmetic mean)  (2)

G,(aj,ay,...,a,) = */a; -a, - ...-a,, (geometric mean) (3)

H,(aq,ay,...,a,) = 11n—+i’ (harmonic mean)  (4)

ai az an

Obviously, there are numerous other means, theoretically — infinitely many. Among them, we will be
interested here (and we will introduce them in the following) in two categories of means, namely
supraarithmetic and subharmonic means:

1. Definition
Let the numbers a4, a,, ...,a, € S € R,n € N*,
A mean M (a4, a,, ..., a,) is called supraarithmetic mean if,
M(ay,ay,...,ay) = A,(aq,a,,...,a,).  (5)
A mean N (ay, a,, ..., a,) itis called subharmonic mean if,
N(a,ay, ...,a,) < Hy(aq,a,, ..., a,). (6)
2. Remark.

When there is no possibility of confusion regarding the numbers a4, a,, ..., a then relations (5) and
(6) are written in simplified form: M = A, N' < H,,.

Furthermore, if we also note: m := minf{a,, a,, ..., a,}, M := max{aq, a,, ..., a,}, then we can
express the relations from the previous definition in the language of membership to intervals:

M is the supraarithmetic mean if, M € [4,, M] (7)
N is the subharmonic mean if, N € [m,H,,] (8)
Characteristic of many types of means are the properties (see e.g:[1],[4],[5]):
- of symmetry: if M(a,b) = M(b,a), (V)a,b € S;
- of homogeneity: if M(ka, kb) = kM (b,a), (¥)a,b € S,k € R-,.
3. Remember.

If M and N there are two binary means, we say that M and N are inverse (with respectto G) if M -
N = G?, and we will say that N is the inverse of M and we will write N = M.

Of course, as well, M is the inverse of N, too an L(iM) =M.

The notion of inverse mean was introduced by Corrado Gini, in [1]. See also [4], [5], [8].

For example — for classical means, the arithmetic mean and the harmonic mean are inverse means:
'A=H,'H = A, as can be easily observed. The geometric mean is its own inverse, 'G = G. In [7], the
notation of conjugation was also introduced.

4, Definition.
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For the mean M (a4, ay, ..., a,) of numbers ay, a,, ...., a, € Ry we will call its conjugate, the
expression denoted and defined as follows:

‘M(aq,ay, ..., a,) =1/M[1/ay,1/a,, ..., 1/a,].
The expressions M (a4, a,, ..., a,) and M (a4, a,, ..., a,) will be called conjugate expressions.
Also, the conjugation operator is involutive: (M) = M, as can be easily observed.

As well as inverse means, the arithmetic mean and the harmonic mean are conjugate means: A =
H,°H = A, as can be easily observed. The geometric mean is its own.

There are situations when the inversion and conjugation operators are different, see for example in

[4].
For what follows, the following is very important.
5. Lemma.

For the numbers a4, a,, ..., a, € Ry, the following identities holds:

(a) ﬁ = min(a;,a,, ...,a,); (9)

aj’az’an

(b) m = max(al, az, .., an) (10)

aj’az’an

1 _ 1 _
1

11 -
max (— —, —) 1 1 1 1
al'az' 'an maX((—,_ - -

7 ") 7
a, a; an-1/ Qan

= min((ay, az, ..., an_1), @) = min(ay, a, ..., a).
(b) In a similar way
With the following result, we have a characterization of supraarithmetic and subharmonic means.
6. Theorem.

If a;,a,, ..., a, € Ry, then occurs the statement:
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M (a4, a,, ..., a,) is a supraarithmetic mean if and only if M (aq, a,, ..., a,,)is the subharmonic
mean.

Proof.
M(ay,ay, ..., ay) is a supraarithmetic mean if and only if
M(aq,ay, ..., a,) = Ap(aq,ay, ..., a,), (V)aq, a,, ..., a, € Rsy. In particular, making the

. . 1 1 1 .
substitutions: a; - —,a, - —, ...,a, = —, we obtain:
a; ay an

1 1 1 1 1 1
P PO S S P
a; a; an a; a; an

s 1/M[1/aq,1/ay,...,1/a,] < 1/4, (1/ay,1/a,, ..., 1/a,) ©
S ‘Mlay, ay, ..., an] < Hy(aq,ay, ..., ay,).
Definition 3 was used, as well as the well — known identity:
1/A, (1/ay,1/a,,...,1/a,) = Hy(aq,a,, ..., a,).
Several supraarithmetic and subharmonic means have been proposed in [3].
7. Proposition, [3]

For any real numbers a, b > 0, the following inequalities hold:

a+b® Jaz tab+b? @ jaz 4 b2 O
< < <

2 3 - 2 -

3) a?+b? (4)

(5)
(a) < < Va? —ab + b? < max{a,b} (11)

a+b

(inequalities for superarithmetic means)

2 (1)\/ 3 (2)\/ 2 ®
> > >

1 1 = 1 1 1 = 1 1 =

aty Netatr J=ztr

o) ®Ll® e @)
> £ > > min{a,

(inequalities for subharmonic means)
Proof.

(a) After routine calculations, the inequalities (1), (2), (3), (4) reduce to the obvious inequality, a? +
b? > 2ab.

For inequality (5) (due to symmetry in a, b) we assume a < b and then the inequality becomes,

Ja:i—ab+b2<beoea’?—ab+b*’<b*oa*<abeac<h.
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In all inequalities, the equality relation occurs when a = b.
(b) The inequalities in (b) are obtained from (a), based on Theorem 6.
8. Remark.
In Proposition 7, besides the classical binary means:
A,(a,b) = %, (arithmetic mean);  (13)

H,(a,b) = é, (harmonic mean); (14)

a b

Q,(a,b) = ’azzi, (quadratic mean), (15)

other means also appear, which we will name and note in a sui=generis way:

°Q,(a,b):= ’%, (c-quadratic mean),  (16)
a2tz

2 2
C,(a,b) = aa:z , (contraharmonic mean), (17)
1,1
€C,(a,b) = 1“+b1 ,  (c-contraharmonic mean), (18)
a2 p2

°P,(a,b) = /%, (c-extended power mean) (20)
FLAFTANY
R,(a,b) :=+Va® —ab + b?, (radical mean), (21)

L , (c-radical mean) (22)

1 1 1
N

‘R,(a,b) =

All the above means are symmetric and homogeneous. In addition, in each of the pairs:

(AZ(a: b)' HZ (al b)): (QZ (a; b); CQZ (a; b))' (CZ (a' b); CCZ (a; b));

(P,(a,b),P,(a, b)), (R,(a,b),“R,(a,b)), (max(a, b), min(a, b)), the first component is the

supraarithmetic mean, and the second component is the subharmonic mean.
In [6], the following multiple inequality was proposed:

Ifa,b > 0, then:

a+b e—eb e%+eb et+eb—2
—<In <In <
2 b—a 2 2

(23)

et+eb-2

As we have, > max{a, b}, (24)

we will retain from (23) only the first two inequalities:
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9. Proposition.

If a, b > 0, then we have the following inequalities:

D gb_ga @

e

a+b ea+eb(3)
— < In
(a) 2 b—a

< In—— < max{a, b}; (25)

(inequality for supraarithmetic means)

®

2 3
> 1 1

—~ = —— = min{a, b}. (26)
ab<ea—93> lnea+eE

b-a

(b) 71

T 1
a b

In

(inequalities for subharmonic means)
Proof.

(a) Applying Hermite — Hadamard inequality for convex functions,

F(5) Sii JF00 ax < HETE 27)

for the function f(x) = e*, we get:

ath e —e? e 4 el
ez < <
b—a 2

By applying the logarithm, the inequalities (1), (2) from the statement are obtained. For inequality
(3), for a < b, we have:

e + eb 2eb b
> SlnTSlne = b = max{a, b}.

In

In all inequalities, the equality relation occurs when a = b.
(b) The inequalities in (b) are obtained from (a), based on Theorem 6.
10. Remark.

And here let us notice that in Proposition 9, besides the classical binary means: the arithmetic mean
and the harmonic mean, new binary means also appear, which we will name and note as follows:

b_,a
Lde,(a,b) :==In eb_z , (log.diff.exp. mean), (28)
°Lde,(a,b) == %, (c - log.diff.exp.mean), (29)
ab( ea—eb
In <b_a >
e4eb

Lse,(a,b) :==In -— (log.sum exp. mean), (30)

‘Lse,(a,b) == lll, (c-log.sum exp. mean). (31)
lnea+eb
2

The means (28) — (31) are symmetric and homogeneous. In addition, in each of the pairs:
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(A2 (a,b),H,(a, b)), (Ldey(a,b),Lde,(a, b)), (Lse,(a,b), Lse,(a, b)),

(max(a, b), min(a, b)), the first component is the supraarithmetic mean, and the second
component is the subharmonic mean.

In [5], [6], [7] —among others the following two inequalities were presented:
L b L
min(a, b) < (a? - b*)*+ < aT < (a%- b?)*** < max(a,b). (32)

1
< (a%- b? - c¢)a+b+c < max(a, b,c) (33)

1
min(a, b, c¢) < (a?® - be® - cab)abrberea < a+z3a+c

In these inequalities we observe binary and trinary means which are supraarithmetical means. We
will try to generalize these means to the n —ary case.
11. Definition.

For the numbers a4, a,, ..., a, € Ry, we will consider the following two expressions:

1
En(al, a, ..., an) = (H;cl=1 a,‘:k)ﬂé:lak (34)

1

l'[’.l_ .a n n . i
Fn(alr aZr ey an) = ( ;cl=1 ak i=1izk k)zkzl(nl=1,l¢k al) (35)

12. Proposition.

For any numbers a4, a,, ..., a, € Rs,, the statement hold:
(a) The expression E,,(a4,,, ..., @) is supraarithmetic mean.
(b) The expression E, (a4, as, ..., a,) is subharmonic mean.
Proof.

The expression E,, (a4, a,, ..., a,) is supraarithmetic mean of numbers a,, a,, ..., a, if we have,
according to Remark 2:

(1) )
Ay(aq,ay, ...,ay) < Ep(aq,ay, ..., a,) < max{ay,a,, ..., a,}. (36)

For the inequality (1), we successively have

A, (aq,ay,...,a,) < E,(aq,a,,...,a,) © InA,(ay,ay,...,a,) <InE,(a,a,,..,a,) ©

n
Zak Ina, © Zak -In4,, (ay,ay,...,a,) <
Zk 10k &

@lnA (al,az,.. an)_

k=1
n
< Z a;-lna, ©
k=1
n
on-A,(aq,a,,...,a,) - In4, (a,a,, ...,a,) < Z ay -Ina, ©
k=1
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1
s Ay(aq,a,, ..., a,) - In4, (aq,a,,...,a,) < ~ Y10k - Ina,  (*)

Using Jensen’s inequality,

<a1 +a;+--+ an) < flay) + f(ayp) + -+ f(an) -
f n - n

flap+f(az)++f(an)

n

e f(An(ay,az, .., a,)) < , (37)

for the convex function f: (0,®) - R, f(x) = x - In x, we obtain:

a, lna;+a, -Ina, +--+a,-Ina,

Ay (aq,ay,...,a,) - ln(An(al, [ PY an)) <

n
what is the inequality (*) above.
For the inequality (2), WLOG a4 < a, < -+ < a, and we will have:
__r __r
I Tii=1 %% i Ti=1%
E,(ay,ay,...,a,) = Ha,f" < Hazk =
k=1 k=1

1

Z;(l=1ak an ag
(an k=1"% = q, = max{aq, a,, ..., ay}.

(b) We will demonstrate that E, (a, a,, ..., a,) is the conjugate of the mean E,, (a4, a,, ..., ay).
Indeed, by Definition 4, we have:

c Def.4 1 1
En(alrazr---ran) = E 1 1 1 = 1 =
— T e, — 1 1
n (al Tay,’ "t an) n 1 \ay Zﬁﬂ@
k=1 \g,
n H1I;L=1 ak n 1 H;cl:1 Ak
1 LNz (MY rereai) ak 3 (M e a2)
1 k k
Mie=1 9% k k
1
< n a_k>2;c1:1(n?:1,i¢kai)
a
k=1%

1

. ...a I
n __li=LizkTk n —
R (M) ere i) M o a SR (T e i)
— k=1\"Mi=1,izk ") _ i=1,izk @i —F ( )
- ak - ak — In al;az, ...,an .

k=1 k=1

The rest follows from Theorem 6.

Regarding the supraarithmetic and subharmonic means presented in this material it would be
interesting to compare them and then establish an ordering of them. We will deal with this in a
future paper.
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SELECTED PROBLEMS IN GEOMETRY AND INEQUALITIES

By Andrei Stefan Mihalcea — Romania
Abstract:

This note presents a short collection of original problems in geometry and inequalities. The solutions
use elementary but effective tools such as orthogonal coordinates, barycentric representations, the
triangle inequality, Schur’s inequality, Cauchy’s inequality, and Jensen’s inequality. The aim is to give
clean statements and rigorous proofs suitable for olympiad-style mathematics.

1. A Geometry problem in an Orthodiagonal Quadrilateral
Problem 1: Let ABCD be an othodiagonal quadrilateral and let
AC N BD = {0}
Assume that
M € Int(AAOB), N € Int(ABOC), P € Int(ACOD), Q € Int(ADOA).

Let
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MM, L A0, MM, 1 BO,NN; L BO, NN, 1 CO, PP; 1 CO, PP, 1 DO,
00, L DO,  QQ, L AO.
Prove that: [MN + PQ| < MyQ, + NyM, + PyN; + Q4 P,
Proof:

Since ABCD is orthodiagonal, the diagonals AC and BD are perpendicular. We take them as
coordinate axes, with origin 0. Denote by 7y the position vector of a point X.

For a point lying inside one of the four triangles determined by the two axes, its position vector can
be expressed in terms of its perpendicular distances to the two axes. Thus, for M € AAOB, we have
MM, , MM,
Ty =———11+——=—T5.
M~ o4 oB "

Similarly,
NN, , NNy, , PP, PP
n = OB 8- +_OC e, Tp = %TC +0_DT'D,
and
L Q0 00,
C7 04 4" oD ™™
Therefore

MN+_@=FN _?M +T-ZQ _T-ZP.
Using the expressions above, we get

Q0 — MM, , +NN2_MM1-> NN; — PP, | +QQz—PP1a
T,

MN + PQ =
+ PO 04 4 og BT

Since
7p
oD

A

g
0A

OB

e
oc

)

the tringle inequality gives
|[MN + PG| < 10Q, — MM,| + INN, — MM,| + |[NN; — PP,| + |QQ, — PP;|.

The four absolute values are precisely the distances between the corresponding orthogonal
projections:

|QQ1_MM2|=M1Q2’ |NN2_MM1|=N1M2' |NN1_PP2|=P1N2,
and
|QQ2 _PP1| = Q1P;,.

Hence
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|[MN + PQ| < M,Q, + N;M, + PN, + Q. P;.
2. A Cyclic Inequality
Problem 2: Let a, b,c > 0 with
a+b+c=3.

Prove that

1 1 1 5b+2c—a 5¢c+2a—b 5a+2b-—c

>
a+b+c_ 9 —3a + 9-3b + 9 -3¢

Proof: Sincea + b + ¢ = 3, we have
9 —3a=3(0b+c), 9 —3b =3(c + a), 9 —3c =3(a+b).
Thus the right — hand side becomes
5b+2c—a
3(b+c)

cyc

A direct simplification gives

5b+2c—a z
3(b+c) a+b b
yc cyc

By the AM-HM inequality,
1 1 4

a b a+b

Adding the three analogous inequalities, we obtain

1+1+1>2( 1 4 1 4 1)
a b ¢ "\a+b b+c c+al

Therefore it remains to prove that

b—a
Y=
b+c
cyc
Multiplying by the positive number (a + b)(b + ¢)(c + a), this is equivalent to
a3+ b3+ ¢® > a?b + b%c + c?a.
This follows from Schur’s inequality:
a3+ b3 + ¢ + 3abc = a?b + a’c + b?a + b?c + c?a + c?b
Hence: a3+ b3 +c3 — (a®b + b?c + c?a) = a’c + b?a + ¢?b — 3abc.

By AM-GM: a?c + b%a + ¢?b > 3abc.Thus: a® + b3 + ¢ > a?b + b?c + c?a.

Consequently,
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b—a<0
b+c™ "

cyc
and the desired inequality follows. Equality holds fora = b = ¢ = 1.

3. A Bound Involving a Parameter

1
Problem 3: Lett > 1 and let x4, ..., x;, be real numbers such that ISX S S Sx St

and

n
z X = 1.
k=1

Prove that: t = n and

1 -,
k=1

Proof: Since x; > %for every k, summingoverk = 1,...,ngives 1 = }7_; x; = %
Therefore t = n. Now, for each k € {1, ...,n}, we have% <x, <t

1 . 2 Xk
Hence: (t — x) (xk — ?) > 0. Expanding, we get tx, —xj; — 1 + <2 0,

or equivalently: x;, (t + %) > xZ + 1. Summing from k = 1 to n, we obtain

Since

it follows that

4. A Four — Variable Quadratic Inequality
Problem 4: Let g, b, ¢c,d € R with
a+b+c+d=0.

Prove that: 5(a? + b? + c?> +d?) > 4(a + ¢)(b + d) + 4(bd — ac).
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Proof: Sincea+ b +c+d =0,wemaywrited = —a—b —c.
The desired inequality is equivalent to

5(a?+b®>+c®>+d?») —4(a+c)(b+d)—4(bd —ac) = 0.
Substituting d = —a — b — ¢, the left-hand side becomes

14a? + 14b? + 14c? + 14ab + 14bc + 22ac.

u+v u-v
letu=a+c, v=a—c. Thena :Tand c :T.Therefore

1
14a? + 14b? + 14c? + 14ab + 14bc + 22a = 5(28b2 + 28bu + 25u? + 3v?).

We rewrite this as
%(28 (b+ %)2 +18u? + 3172).

This quantity is nonnegative. Hence

5(a?+b?+c?>+d?)=>4(a+c)(b+d)+ 4(bd — ac),
as required.
5. A Jensen — Type Inequality
Problem 5: Let f:1 - R be a convex function, andlet0 < a,b,c €1, a+b +c = 1.
Assume also that ab + bc + ca € [ and Hb;ﬂ € I. Prove that:

1—ab—bc—ca
2

f(a)+f(b)+f(0)22f( )+f(ab+bc+ca).

Proof: Sincea,b,c = 0anda+b+c =1,thenumbers1+a, 1+ b, 1+¢

are positive and have sum 4. By Jensen’s inequality,

1+a)a+(@+b)b+(1+ c)c)
2 .

(1+a)f(a)+(1+b)f(b)+(1+c)f(c)24f<
Now
1+a)a+A+b)b+(1+c)c=a+b+c+a?+b*+c?=1+a?+b?+ 2.
Since
(a+b+0c)? =1,
we have: a? + b? + ¢? + 2(ab + bc + ca) = 1.

Thus
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1+a2+b2+c2_1—ab—bc—ca
4 B 2 '

Therefore

1—ab—bc—ca>

(1+a)f@+ 1 +b)fB) + (1 +)fC) 24f( -

Similarly, the numbers

are nonnegative and have sum 2. Applying Jensen’s inequality again, we get

A-a)f(@+@=b)fb)+1A-0c)f()= 2f((l—a)a+ (1—2b)b+ (1_c)c>.

But
1-a)a+@-b)b+(1—-c)c=a+b+c—(a?+b?>+c?)=1—-(a?+b*>+c?) =
= 2(ab + bc + ca).
Hence: (1 —a)f(a) + 1 —b)f(b) + (1 —c)f(c) = 2f(ab + bc + ca).
Adding the two inequalities gives

1—ab—bc—ca
2

2(£(@) + f(b) + f(0)) = 4f( ) 4+ 2f(ab + be + ca).

Dividing by 2, we conclude that

1—ab—bc—ca
2

f(a)+f(b)+f(0)22f( )+f(ab+bc+ca).

A FEW LIMITS OF INTEGRALS

By Neculai Stanciu-Romania

Abstract: In the next paper we will prove a theorem and we will solve three problems from the
well-known math magazine Crux Mathematicorum, Vol. 52, No. 2, February, 2026.

Theorem: Let | =[a,b] = R, and the sequences (@,),.,, (0,).5,and (C,);:
(iya, <b,,c, >0,forany ne N*; (i) a,,b,,c,xel,ne N forany xe l,neN’;

(iii) (a,C, )y and (b,C, ). have finite limits and lim a,c, = limb,c, =lel;

N—o0 N—o0

(iv) there exists & € Rsuch that im n“(b, —a,)=LeR.

n—o
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If the function f : 1 — Ris continuous on |, then:
bI'I
lim n [ f(c,x)dx=L-f(l).
nN—oo 2

Proof: Fora ne N7, let the function g, : | — R defined by g,(X) = f(c,X), Xel .Since g, it

is a continuous function on | , according to the mean theorem (MVT) of integral calculus we have
that there exists £, €[a,,b, ] such that

bn
[9,(0dx = (b, —2,)9,(£,), (*),
i.e. there exists 8, <&, <b, such that
bn
[ fcdx=(b, -a,)f(c,&,), ne N, (%)

Since ¢, >0, from (*) we have a,C, <C.&, <b.C,. Taking into account (iii), according to the

squeeze theorem it follows that
lim f (c, &)= (), (***).

Taking into account (**) and (***), we get the conclusion of the proposition.

The idea of the proof in the proposition above can be used in solving problems with limits of definite
integrals.

”2

6
Y 01
Problem 1: Find the limit !llinm n! I f (X)dX , Where (Sn) S, =) — and

n>1’%n 2
Sh k=1 k

f :(0,0) — (0,0) is a continuous function on (0,0).

nN—o0

2 2
. T T
Solution: Using lim s, = ?, by (MVT) there exists &, € (SH’FJ such that

[ 10dx = (2 =5, )f(£,), ¥ne N", ). 50,

n
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2
2 T

6 n/nl 2 n/nl 6

R/ﬁjf(x)dx:\/a'f(fn)-n[”——SnJ=\/_'f(fn)' 61

: n 6 n -

n

and since

Wl 1 i o/ :1.(n- im 6"

o -2, I 100 = tlim o S5

n

1 H n+1 n
e | 6 Jioe 1 1 e Llinw B
n+l n n(n+1)
(¢ o ), 0 15
- jim \NHD” jim "~ %/
e = 1 e m=n+l e
n(n+1)

”n
n
. . lim /1 1
Problem 2: Find the limit L'LT!O n J. f (X)dX, where (}/n )nﬂ, 7y, =—Ihn+ ;E
” =
lim y, =y and f :(0,00) — (0,) is a continuous function on (0,0) .

n

. 1
Solution: Using lim ==, (1), by (MVT) there exists &, € (7,7,) such that
e

n—oo n

7n

[ £00dx= (7, =7) F(£) vnen®,so

e

Wff(x)dXZW(Q/n—J/)f(fn):@n(7n_7)f(§n),(2)

From (1) and (2)
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N—>o0

lim W]. f (x)dx :% f(!iir!o ¢ )lnlgl N(r,—7)=

f(y)"m _7/n+l+7n _

n—oo 1 (OJ @ now 1 1 e now 1

0

1 f(}/) ||m 7n -y Cesaoro-Stols f(]/) || 7n+l 7/n B

n+l n n(n+1)
n+l 1 1 X
n——— In(1+x)——
TR LR L G vell
g noo i e ;;60 X2
n2

_ f(y) i (Xx+DIn(1+ x)—x _ f(;/)I (X+D)In(1+x)—x _
e X0 x2(L+X) e x0 X2

x>0 x>0

1

W)y A+ +1-1  F () In(1+ x)* _ e T
e X0 2X 2e x-0 2e 2e

n>1"’

7n
Problem 3: Find the limit !EQO r{/@ ) 3{/@ "N (2n-D! J. f(x)dx , Where (7/n)
Y

o1 .
v, =—Inn+ Z— with lim y, =y ,and f :(0,0) — (0,) is a continuous function on (0, ).

Solution: lim r{/@@n“ (2n - — lim ri/\/g_ ----- \/n (2n-1n

N—o0 n N—o0

V36 af2n—1n- n+g/(2n+1)n nn
o (n+p™ 3.y N

_im ”*&(2n+1!!( n j”_ i [(2n -1t _1p @ o
e n+l  \n+l) en=\ n" erH<>o(n+1)n+1 (2n- 1)'|

1. 2n+1( n ' 2
==1lim — | ==, ().
Ceme n+ln+l e

By (MVT) 3&, € (,7,) such that

7n

[ £00dx= (7, =7 F(£) vne N 5o

e
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'{/@-@-”(Zn—l!!yfnf(x)dx:\/ﬁs """ A g, i)

From (1) and (2) yields that

Im\/@i@ (2n-1 !!Tf(x)dx:

Yo —y oSt 2f(y) o Voa =V _ 28 = Tea tY
f lim =& lim &5 n— lim o+ n =
(7/) n—w 1 (0] e2 now 1 1 e2 n—w 1
n

0

n+l n n(n+1)
n+1 1 1
Ih——— In(1+x)——
200 g LRI LG Vel
2 2 -
e n—oo i e 2;60 X
r.12

e’ x=0 x%(1+ X) g’ xo0 x?
x>0

_ 21 (y) i (X+D)In(1+x)-x  2f(y) lim (X+1)In(1+ x)—x _

x>0

1

2f(7/)| In(L+x)+1-1 _ 2f(2y) i (L4 ) = f(zy) neo 1)
2 x0 2% 262 0

x>0

x>0

References: [1]. Neculai Stanciu, Evaluating Limits of Integrals Using The Mean Value

Theorem, Crux Mathematicorum, Vol. 52(2), February, 2026, 83-87.

NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(I11)

By Bogdan Fustei-Romania

Lemmal: For x 2 y ,real numbers and also t is a real number and x,y,t >0 ,x,y>t then:

Z <X
x—t y—

Proof : x(y —t) <y(x—t) 2> xy—xt<xy—yt>xt=>yt—=>x>y

X t
Lemmaz2: x,y,t,r; -real numbers and x,y,t,r; > 0;x>t,y>ry. If -= - then:
1
5 _ x—t
y y-r1
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Proof: x(y — 1) =y(x—t) > Xy —xr; = Xy —yt>—xr; = —yt> xr; =yt

ABC triangle with usual notations:

2 2
(&) =(E) + 42 (and analogous)[1]
r ra a

Na _ Na—v4r?+(b—c)?
ra r

bic g%—(na—\/4r2+(b—c)2)2

= = (and analogous)(1)

(and analogous)[2]

Ta a2 (and analogous) (2)

From 2S=ah,= 2sr =(a+b+c)r - % =1+ b:C >b:C = har_r (and analogous)

ha-1 _ (ga+na—m)(ga—na+m)

r 4r2

h,-r __ Batna—y4r2+(b—c)?
P rryvours i = (and analogous)(3)

4(ha—1) =82 4 %2 (3nd analogous)(4)

ga—Nat/arZ+(b—0)2 T I

From (4) after summation:

obtain:

4 hy—r _ 8at8bt8c

2 ga—Nat/arZ+(b—0)% r

From g2 = (s — a)?+2rh, (and analogous)[1]-> g, > s — a (and analogous)

s—a= g§—2rha$s—a=\/ga—,/2rha\/ga+ 2rh,

S r S .
From r, = — (and analogous) ;S= sr - = = —— (and analogous) we obtain:
a S—a r S—a

+22 420 4 Ze(s5)
Ia r, TIc

fa = > (and analogous)

r Jga—,/Zrhana+ 2rh,

We know that : rTa = (and analogous)[2] ,we obtain:

Na
ng—/4r?+(b—c)?

n, ,ga+‘/2rha s

na—y4r2+(b—c)?2 \/ga_ 2rh,

(and analogous) (6)

From (6) after summation :
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5 N, [ga+y/2rhy 5

=S
ny—+/4r2+(b—c)?2

L (7)
J8a—/2rhy

From s2=n2+2h,r, (and analogous)[3]> 2h,r, =s? —n2 =(s —n,)(s + n,)

2h,r 2h s—n s n 2h
s—n, = —2> =2 =""3(and analogous) > —=—2+—=>
s+ny s+n, ra ra Iy s+ny
1 1 1 1 s n n n h n n n s h
—t—+—=-S>-=24p by 2 A b =" 2%—2and(5)we
ra TIp TI¢ r r Iy I'y I'c s+n, ) I'p I'c r s+n,
obtain:
h,-r h +gpt+gcts
ZZ a +2 a_ _ 8at8b T8¢ (8)
ga—Ny++/4rZ+(b—c)?2 s+n, 2r
ta_s __ . s(s —a) = rpr, (and analogous);
r s-a s(s—a)’ — 'bic g ’
s?=n2+2h,r, (and analogous)
ra _ 2s* _ ng+2hprp+n+2here > 2npnc+2hprp+2here_npne hy he
r 2rpre - 2rpre - 2rpre _rbrcTrcTrb
I, npn h h
fa > M Db, X (and analogous) (9)
r Iprc Ic I'p
From 2 = ——2& (and analogous) and (9):
r ny—+/4r2+(b—c)?
Ny npne  hp  he
> +— +— (and analogous)(10)
n,—+/4r2+(b—c)2 rpfle T¢ TIp
Is well-known that r,ryr.=Ss=s?r and (9) we obtain:
FaTble —(5)2 > [ (Rt 4 2o 4 2e)(19)
B T\t = Ipfe Tc T
From (8) and (11) :
1
h,-r h +gp+ 1 npn h h¢\2
22 a +Z a Zga gb gc+_l—[(bc+_b+_c) (12)
ga—Ny+/4rZ+(b—c)2 s+n, 2r 2 Iple  Ic  Tp

We know that: n, = pa\/:;1 (and analogous)[4] and using lemmal :

la
Ia Pa ga

=<

r p;,,\/E—\/tlr2+(b—c)2
8a

(and analogous)(13)

From(13):

2
(f) < ’ lalplc l—[ Pa (14)
r 8a8b8c pa\/:ia_ /4r2+(b—c)2
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From(14) and (11):

L1 h, h
¥ ﬂ =[G ) as
8a8b8¢ \/4 2 4 (b _ C)Z IpIe Ie Iy

From (14) and (8):

2

+gp+ 14| llpl hy— h
8at8b gc+_ alblc Pa 222 a” T +Z a (16)
2r 2 9a9b9c Pa\[:}— [4rZ +(b—c)2 ga—Ny+y4r2+(b—c)? s+n,
a

2
2 2 2
hy-r 8a—(na—v4r’+(b-c) .
From ar = ( pre ) (and analogous) we obtain:

2
g2 =4r(h, — r)+(na - \/41“2 + (b — c)z) (and analogous)(17)

From (17) after summation:

2
g2+ gi+g?=4r(h, +hy+h,—3r)+) (na —J4r2 + (b - c)z) (18)

From C.B.S:

D (n - \/41'2 + (b — c)z) (na +n, +n, — Z\/4r2 + (b - c)z)2 and (19):

2
g2+ gi+g?>ar(h,+h, +h, —3r)+- (na +n,+n, —Y/4r2 +(b— c)z) (20)

From (3) ,(4) and g, + ny; = 2m, (and analogous)[5]:
h,-r - 2my—+/4r2+(b—c)?

(and analogous)(21)

ga—Na+y4ré+(b—c)2 — 4r
n 2m,—/ 412+ (b—c)?
gTa"'r_a > = L) (and analogous)(22)
a

From (21) and (22) after summation:

h,—-r 2my—+/4r2+(b-c)?
>
42 ga—Na+y4r2+(b—c)2 — Z r (23)
+ + nc > sza ga+\/4r +(b—c)2 (24)

(and analogous);

n 2my—ga++/4r2+(b—c)?2 r 2my—ga++/4r2+(b—c)?2
From (22) fa a—8a (b—0) >L> a—8a . (b—c)
a

ra r ra

e D)

Ia I'p

2m,—ga+y/4r2+(b—c)? (25)
ny
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From g2 = (s — a)?+2rh, (and analogous) and (17) we obtain:

2
(s —a)? = (na — \/4-r2 + (b — c)z) + 2r(h, — 2r) (and analogous) (26)

From (26) : 2r(h, — 2r) = (s—a+na —\/4r2 + (b —C)Z) (s— a—n, +\/4r2 + (b—c)z)

2(ha—2r) __ s—a+ng—y/4r2+(b—c)? (*)
s—a—ny+y/4r2+(b—c)? r
—1/4r2+(b -c)

. (and analogous) -
a

2(hy—2r) __s—a

s—a—ny++/4r2+(b—c)?2 T or

From (27) after summation :

+ -2 (and analogous) (27)

ha 21 =4y (2g)

225 a-na+/4r2+(b-c)2 r

From (28) and iz
r Iy

np
r

h, — 2r
s—a—na+\/4r2+(b—c)2 I,
2r s—a+ng—+/4r2+(b—c)? s—a ny—4r2+(b—c)?2
s—a—ny+/4r2+(b—c)? hy—2r hy—2r h,—2r
S a S a S—a
From — = —(and analogous) and lemma2 : —= — =
h, Zr( & ) h, 2r hy-2r
—\/4r2+(b —c) a s—a
From -2 = and analogous) [2 and—— — = :
h, hy-2r ( g ) [ ] h, 2r hy-2r
2r a n, na+s

s—a-ngtJar2+(b—c)2 =57 b hy (and analogous) (30)

2h,r 2r s—n a
Froms —n, = ——2>—2= a=———and(30)
s+n,  s+ng, h, 2r

na

s—a— na+\/4r2+(b c)2

a n 2r a s—a n na—/4r2+(b—c)? s—a na—/4r¢+(b—c)? 2r
From—==2+—"2 == and 2 =-2 ¢ )9 =2 (b-)” | 2ra
2r hp s+ny " 2r hy-2r h, hy-2r hy-2r hy-2r s+ng
2r, s—a—ny++/4r2+(b—c)?2
i = & L) (and analogous) (32)
s+n, h,—2r

From (32) after summation :

22 Iy =Zs—a—na+\/4r2+(b—c)2

s+n, h,—-2r

(33)
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s—a—ny++/4r2+(b—c)?

h,—-2r

From (32) becauser, > 0ands+n, > 0> > 0 and because h, — 2r>0

weobtain:s—a—na+\/4r2 +(Mb-0c)2>0

s+ \/4-r2 + (b — ¢)? > a + n, (and analogous) (34)

ng—+/4r2+(b-c)? r n
a7 607 ra _ a
B L ey o

From(34):s—a>na—\/4r2+(b—c)2e%>

(and analogous) we obtain :

% > ? (and analogous) (35)

. 2(ha—2r) _S—a | n .
From (27): PN oy s A + - and (35) we obtain:
s—a h,—2r n,
. > P oy > . (and analogous)(36)
From2=—""3T2-33nd (36) :
r s-a r Ty
z> h,—2r > 22 (and analogous) (37)
o  s—a-ng+/4r2+(b-c)2 1y g

From (27) and % =i (and analogous) :

2(hy~2r) = ™ (and analogous) (38)

s—a—na+/4r2+(b—c)2 I,

From (38) after summation :

2y h;,,—Zr=2 s—a—ny++/4r2+(b—c)?2 (39)

ny+s Ip
From (38) after summation :

(ng+s) (s—a—na+w/ 4rZ+ (b—c)z)

Ia

2(h, + hy + h, — 6r)=),

(40)

From (30) and (38) after summation:

S_a_n;(ji’"_zri(Tc)z =(n, +s) (i + i)(and analogous)(41)
From (30) : S—a—na+\/24rrz+(Tc)2 = % + E—: = n:s (and analogous) we obtain :
T 1 T iy e (42
Sﬂ—mﬁm = n;:s and after summation :
h, _ Natnp+nc+3s (43)

2 s—a—ny++/4r2+(b—c)?2 - 2r
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From (8) and (43):

h,-r h, h, Ny +Np+Nc+g8,a+8p+8c+4s
2 + = 44
Z 8a—Na+y/4r2+(b—c)? Z S+n, + Z s—a—na+/4rZ+(b—c)? 2r ( )
From (44) and g, + n; = 2m, (and analogous) , we obtain:
hy—-r h, h, 2s+my+mp+me
2 + > 4
2 ga—Na+y4r2+(b—c)? 2 s+n, t2 s—a—ng+/4r2 +(b—c)2 (45)

From R> 2r(Euler) and (42):
1 S n, np ne
>34 0a, b N
) s—a—ng+4rZ+(b—-c)2 ~ T + h, + hp + h¢ (46)
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ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES-I

By Daniel Sitaru-Romania

01. In AABC the following relationship holds:
Ty Tp T¢ r
24+ 21+ >33 —
b + c + a V3 R

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

T, Tp T T F 1 AM—-GM 3F
RIS N NS =
b ¢ a b b(s —a) & b(s —a) \/abc(s —a)(s—b)(s—0)

cyc cyc

_ 3F _ 3F _ 3F _ 3F _ 3rs -
V4Rrs(s —a)(s — b)(s — ¢) VarRrF?2  V4Rrr2s2  r-V4Rs? r-V4Rs?

MITRINOVIC 3s MITRINOVIC 3 -3+/3r  9/3r 33 r
> > - —3vV3 . —
3 3\/§R 2 3 . 27R2 3R R

4R( 2 ) 4R 4
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Equality holdsfora = b = c.

02. In AABC the following relationship holds:

. A+ . B+ . C>3r
sinS +sin +sinz >

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

A B CENsEN D424 s 1 r
AL BT 22 _ L, Tl o T
51n2+51n2+sm2 > 3sin 3 3sm6 3 2_3 R

Equality holdsfor A =B = C.

03. In AABC the following relationship holds:
. A . B . C
sin> sin— sin_
+ + =2

B c c A A B
COS-COS- COS_-COS- COS-COS—
2 2 2 2 2 2
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
. A . B . C
sin= sin— sin—
2 2 2

B ¢t C at A B~
COS—COS— COS—COS— COS=COS—
2 2 2 2 2 2

3 sing 3 (s=b)(s—0) ac - ab B
_zcosgcosc_z bc . s(s=b)-s(s—c)

cy E cyc

a2 1 a+b+c 2s
3 [y,
s s s s

cyc cyc

04. In AABC the following relationship holds:

sin? Asin 2B + sin? Bsin 24 = 2 sin Asin B sin C
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
sin? Asin2B + sin? Bsin2A = sin? A - 2sinB cos B +sin? B - 2sinAcos A =
= 2sinAsinB (sinAcosB + sinBcosA) = 2sinAsinB - sin(4A + B) =

= 2sinAsinB - sin(m — C) =2sinA4sinBsinC
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05. In AABC the following relationship holds:

r
sin A + sin B + sin C > 3\/§.E

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

4 B c p a 1 b 2s s MITRINOVIC 3+/3r
. . Lo R _ 25 _s Iy
sinA4 + sin B + sin E sin E % = 7R (a+b+0) R R > P

cyc cyc
Equality holds fora = b = c.
06. In AABC the following relationship holds:

2(sin? A + sin? B + sin? C)
sin2A4 + sin2B + sin 2C

cotA+ cotB + cotC =

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

2A+ 2B 2A — 2B
sin24 + sin2B + sin 2C = 2 sin > cos > +sin2C =

= 2sin(A + B) cos(A— B) + 2sinCcosC =

= 2sin(m — C) cos(A — B) + 2sinC cos C = 2sinC (cos(A —B) + cosC) =

A-B+C A—B—C _

= 2sinC - 2
sin cos > cos >
— 4sinC T — 2B 2A—TL’_4. C (T[ B) (T[ A)—
= 4sin C cos > cos > = sin C cos > cos > =
=4sinCsinBsinA
sin2A 4+ sin2B + sin2C = 4sinAsinBsinC (1)
tA+ cotB + cotC = Z tA= ZCOSA b+c’—ab
co co €0 co sin A 2bcsinA
cyc cyc cyc
2 _ 2 in2 A —
4F,Z:(b +c? —a? 4Fz 4FZ4R sin? A
cyc cyc cyc

3 4R?(sin? A + sin? B + sin? C) 3 2(sin? A + sin? B + sin? C) €))
 4-2R?sinAsinBsinC 4 sin A sin B sin C N

3 2(sin? A + sin? B + sin? ()
" sin2A + sin 2B + sin 2C
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07. In AABC the following relationship holds:

hohyh, = 2713
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

bk _2F 2F 2F_8F3_8F3_2F2 2r2is?
a™e ™ b ¢ abc 4RF R R

We must prove that:

2r?s? 2s? 5
> 2713 @? >27r & 27r & 2s% > 27Rr

GERRETSEN
2s2 > 2(16Rr — 5r%) > 27Rr

32Rr — 10r? > 27Rr, 5Rr > 1012, R = 2r (Euler)
Equality holds fora = b = c.

08. In AABC the following relationship holds:

ha+hb+hb+hc+hc+ha26\/§.r
a b c R

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
Lemma: In AABC holds:
hohyhe = 2773
Proof:

- _8F® 8F% 2F% 2r%s?
a™™c " abc 4RF~ R R

21252 252
>27r & = > 27r & 252 > 27Rr

GERRETSEN
2s2 > 2(16Rr — 5r%) > 27Rr

32Rr —107r? > 27Rr © R > 2r (Euler)

Back to the problem:

Z ha + hb AM;GM 33 (ha + hb)(hb + hc)(hc + ha) >
a - abc -

cyc
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CESARO 3 8h hbh Lemma 3 8.27r3 _3.9.3 18r EULER
4Rrs " lars T 32R%Zs

18r MITRINOVIC

2 2
3\]4R~§~s V2R?s

18r 18r 18r 18\/_1”
= = =6V3 -

r
R~ 3R R
3\/2RZ.3T‘/§.R 3\/(R\/§) \/§

Equality holds fora = b = c.

09. In AABC the following relationship holds:

AI-BI-CI< 1
abc T 33

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

LA S
Al -BI-CI sin} sin sing r3

abc abc abc sinZ sin 2 sin

27272

3 r3 3 r3 B r3s 3
\/(s—b)(s—c)(s—a)(s—c)(s—a)(s—b) abc - (s2a)(s-b)(s—c) s(s—a)(s—b)(s—c)
abc abc
bc-ac-ab
r3s  r3s 1 MITRINOVIC 1 1

< =
F2 r2s? s - 3v3r 3V3
Equality holds fora = b = c.

10. In AABC the following relationship holds:

a+b+b+c+c+a>
ha hb hc N

43

Proposed by Nguyen Hung Cuong - Vietham

Solution by Daniel Sitaru - Romania

a+b b+c cH+a a+bAM;GM

. T Th, Th h,

cyc

> 33 (a+b)b+c)(c+a) CESé‘lRO 33 8abc _
hohyh, 2F 2F 2F
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3|(abc)? 3|16R?*F? 3|16R?
=3 =3 =3 >
F3 F3 F

MITRINOVIC 3116 - —52 sMITRINOVIC 3(3 3r
/ 27 \f / P43

Equality holds fora = b = c.

11. In AABC the following relationship holds:

A B
cosE+cosE+ cos— 3\/_ —

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

COSE+COS—+COS— = 0OS—-COS—-COS— =

A B CAM—GM33 A B C
2 2 0575 €055 €085

bc - ac - ab (abc)?
_33 sF_33 sF_335
= labe = ° JarF T "R
/4 >3V3- —@— 3\/_—

sR® > 12\/3Rr® & sR? > 12v/3r® (to prove)

_ 33 \/s(s —a)-s(s—b)-s(s—c) _ 36\/53(5 —a)(s—b)(s—¢) 36\/ s2F2

Remains to prove:

EULER MITRINOVIC
sR? > s-(2r)? > 3V3r - 4r2 = 12313

Equality holds for A = B = C.
12.Ifa,b > 0and a + b = 2ab then:
a b
bz + 2z >2
Proposed by Nguyen Hung Cuong - Vietham

Solution by Daniel Sitaru - Romania

a b
ﬁ+§22=}a + b3 > 2a?b?, (a + b)(a? — ab + b?) = 2a?b?
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2ab(a? — ab + b?) > 2a%b?, a’?—ab+ b?> > ab
a? —2ab + b? >0, (a—b)?=>0
Equality holds for a = b.

13.Ifa,b > 0;a + b = 2a?b? then:

a+1 b+1
b2 + o2 =>4

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

DenoteS=a+b;P=ab;S>0;P >0

AM—

GM
a+b = 2Vab=>S§3=2VP=2P?>2VP

>P?>P=>P*>P>P3>1P>21=>P—-120 (1)
We used the hypothesis: S = 2P2.

a+1l b+1
7-|-724<=>az(a+1)+b2(b+1)24a2b2

a®+b3+a®+b*—4a’h* =0
S3—3SP+S?—-2P—4P*>0
8P% — 6P3 + 4P* — 2P —4P? > 0, 4P5> —3P2+2P3—1-2P >0
4P> +2P3 —3P?2—-2P—-120
4P> — 4P* 4+ 4P* — 4P3 + 6P® —6P? +3P?—-3P+P—-12>0
4P*(P—-1) +4P3(P—-1)+6P*(P—-1)+3P(P-1)+(P—-1)=0
(P—1)(4P*+4P3+6P?2+3P+1) =0
P—1>=0 (Trueby(1))
Equality holds fora = b = 1.

14.if a,b > 0; ab = a + b then:

a+1+b+1>3
b3 a3 ~ 4

Proposed by Nguyen Hung Cuong - Vietham
Solution by Daniel Sitaru - Romania

Denote:S=a+b;P=ab;S>0;P>0
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AM-GM

a+b = 2Wab=2S5>22VP=2S>2/S=252>245=>5>4=>5-4>0 (1)

a+1 b+1 3
— t 27 o 4lai @+ D+ b0 + 1] 2 3¢%°

4(a* + b*) + 4(a® + b3) > 3a3b3
4[(§? —2P)? — 2P?] +4(S3 —35P) —3P3 >0
S=P=4(5%—-25)2—85% +45% - 1252 -353>0
45* — 1683 + 165* —85% + S - 1252 > 0
45* — 1553 —4S2 >0 452 —155-4>0
452 —16S+S—-42>2045-4)+ (-4 =0
-4)4S+1)=0<S5S—4=>0 (True by (1)).
Equality holds fora = b = 2.

15. In AABC the following relationship holds:

a+b+b+c+ c+a > 8V3R
sin2C sin?A sin?B —

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

a+b+b+c+c+a_ a+b
sin2C  sin?A  sin?B sin?2C —

3/(a+b)(b+c)(c+a)cEsArRo _, 8abc ,3| 8abc
>3 |[— . . > 3 —0——— _=3.4R? [——— =
sin? A sin? B sin? C a? b* o c? a%b?c?

1 24R? EULER  24R? 24R?

23 = < > =
Vabc V4Rrs 3\/4R-§-s i/ZRZ-ﬁ

2

= 12R? -

R

24R?>  24R* 24R _ 24V3R

:3(\/§R)3:‘/§R_‘/§ 5 = 8V3R
Equality holds fora = b = c.
16. In AABC the following relationship holds:
a+b b+c ct+a

> 2V/3R

(sin A + sin B)? + (sin B + sin ()2 + (sinC + sinA)%Z —

Proposed by Nguyen Hung Cuong - Vietnam
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Solution by Daniel Sitaru - Romania

a+b N b+c 4 c+a _
(sind + sinB)? = (sinB +sinC)? = (sinC + sin4)?

_ a+b _ Z a+b o a+b _
~ ZLu(sind +sinB)? (a b\2 (a+Db)?
cyc c\Zx E) cyc
12 BERGSTROM 14+1+1)2
= 4R? Z > R? . a+1+1) -
a+b a+b+b+c+c+a
cyc
AR2 9  9RZ mITRINOVIC 9RZ 3R -2 V3R
— —_— = — > = =
4s S - ﬂR \/§
2
Equality holds fora = b = c.
17. In AABC the following relationship holds:
a+b b+c c+a

2R

+ + =
(sinA +sinB)3  (sinB +sinC)3® (sinC + sin A4)3
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a+b 4 b+c 4 c+a _
(sind +sinB)3 ' (sinB +sinC)3  (sinC +sind)3

a+b a+b 3 a+b 3 1 RADON
=) — = z S=8R*Y — _ =8R Z—Z >
(sinA + sinB)3 ( a b (a+b) (a+b)
cyc cye 5 E) cyc cyc
- 1+1+1)3 _BR®-27 27R? MITRINOVICI 27R®  27R®
- (a+b+b+c+c+a)? 4-4s?2 252 - 3V3 2_2.27R2_
2-(*7R) 4

Equality holds fora = b = c.

18.If a, b, c > 0 then:

1+ b%)(1+
S Ja+p)a+e)
a
cyc
Proposed by Nguyen Hung Cuong - Vietham

Solution by Daniel Sitaru - Romania

Z\/(l + b2)(1 + ¢?) AM;;M Z V2b - 2¢ _
a

a
cyc cyc
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6-1=

a a b c a_bc:

Vbc am-em _ 3\[bc vea Vab  3|abc
=2 > 2-3 . . =6
cyc
Equality holdsfora=b =c = 1.
19.1fa,b > 0,ab = 1 then:
aa2+2b2 ,bb2+2a2 <1
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

aa2+2b2 X bb2+2a2 <1= ln(aa2+2b2 X bb2+2a2) <In1l
2 1 1
(a®? +2b*)Ina+ (b?> +2a?)Inb <0, (a2 +E)lna + (E+ ZaZ)InE <0

2 1 1
a’lna+—lna+—ma*+2a%Ina™ <0, a’lna+—lIna——Ina—-2a*lna<0
a a a a

a* -1
a2

2 1 1
(az_i_;___zaZ)]naS(), (——az)lnaSO@ Ina >0

a? a?

(a—1D(a+1D(a?+ 1)1
a2

na>0< (a—1)Ina=0

fa>1=>a—-1>0;lna>0=>(a—-—1)Ina=>0
f0<a<1=>a-1<0;lna<0=>(@—1)Ina=0
Equality holds fora = b = 1.
20. In AABC, I - incenter, the following relationship holds:
sin A + sin B + sin C = 4 sin(AIB) sin(BIC) sin(CTA)
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania
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ABIC = 180° B_¢_ 180° B+e_

- 2 2 2
= 180° 4 180° — 90° +[i = 90° +A
B 2 - 2 2

s . . A e A A .
sm(BIC) = sin (90 +E) = sin90 cosE+ smzcos 90° = cosE

Analogous: sin(AIB) = cosg; sin(CIA) = sing

A+B A-B C
+sm(2-E)=

sinA + sinB + sin C = 2 sin 2 cos >
~ o 180° - C A—B+2_ Cc C_2 C A—B+2 C (900 )_
= 2sin > cos > smzcosz— coszcos > cos2 cos 5) =
_5 C( A—B+ 180°—C)_
= cos2 cos > cos > =
_5 c ) A—B+180°—-C A—B—180°+C_
= cos2 cos 2 cos 2 =
c A—-B—-C+A+B+C A—-B—-A—-B—-C+¢C
=4cosEcos 2 cos 2 =

= 4cos S cos 2 cos (~ ) = 4cos 5 cos’ cos 3 = 4sin(ATB) sin(BTC) sin(CTa)

= 4 COS 2 CosS 4 CosS 4 = 4 COS 2 CosS 2 CosS 2 = 4 SIn Sin Sin
21. In AABC the following relationship holds:

sin 2026 A + sin 2026 B + sin 2026C = 4sin 10134sin 1013B sin 1013C

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

Denote:
10134 = x;1013B = y;1013C = z
x+y+z=1013(A+ B+ ) =10137 (1)
1013m 1013m 1013m
cos( —y):cos > cosy + sin > siny =
= cos (5067‘[ + %) cosy + sin (5067r + g) siny = cosgcos y+ singsiny =siny
cos (10;% - y) =siny (2)
Analogous:

10137 10137 .
cos(x— )= s( 5 —x)=smx (3)
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sin 20264 + sin2026B + sin 2026C = sin 2x + sin 2y + sin2z =

2x + 2 2x — 2 €Y)
= 2sin 5 ycos 5 y+251nzcosz:251n(x+y)cos(x—y)+Zsinzcosz=

= 2sin(10137 — z) cos(x — y) + 2sinzcos z =
= 2(sin1013m cos z — sin z cos 1013m) cos(x —y) + 2sinzcosz =
=2(0-cosz—sinz- (=1)1°13) cos(x —y) + 2sinzcosz =
= 2sinzcos(x —y) + 2sinzcosz = 2sinz (cos(x —y) + cosz) =

x—y+z x—y—z_4_ x+z—y ytz—x@
> cos > = 4sinz cos > cos > =

= 2sinz - 2cos

1013w — 2y 1013w — 2x\ (2),(3) ] ] ]
> )cos( > ) = =4sinzsinysinx =

= 4sinzcos<
=4sin10134sin1013B sin1013C
. A B 1
22. If in AABC we have: tanztang = gthen:

2sinC =sinA +sinB
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

B 1 \/(s—b)(s—c).\/(s—a)(s—c)_1

tan—tan— = = = ==
Ny =3 s(s—a) s(s—b) 3

s—c 1

= S :§:>3s—30=s:>25—3c:0:>a+b+c—3c=0:>20=a+b

2:-2RsinC = 2RsinA + 2RsinB, 2sinC =sinA + sinB
23. In AABC the following relationship holds:

sin? A + sin? B + sin? C

CotA + cotB + cotl = — N Bsin C

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

cosA
cotA+cotB+cotC=ZcotA=z — =
sin4
cyc cyc

b2+c2-a?

_ZT_ b2+c2—a2_zb2+cz—a2_
B sinA 2bcsinA 4F N

cyc cyc cyc
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1 1 1
N b2 Z Z_Z 2 | — — Z 2 Z 2_2 2 :_Z 2 _
iF Z + c a iF a“ + a a iF a

cyc cyc cyc cyc cyc cyc cyc
=i(a2+b2+cz)= 1 Z4stin2A=
4F 4.2R2%2sinAsinBsinC

cyc
4R? sin? A+ sin?B +sin?C  sin? A + sin® B + sin? C
8R2 sinA sin B sin C " 2sinAsinBsinC

24. In AABC the following relationship holds:

¢ + b + ¢ >8R
sin3B sin3C sin3A4

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a b c a AM-GM 3 abc
— ot T3t T35 = — > 3- S 3B a3
sin®B sin®C sin®A sin® B sin® A sin® B sin® C
cyc

_ g abc 33\/(8R3)3 _ 24R* 24R° EULER 24R3 MITRINOVIC
B bc\3 abc)? 3 z 3 222 =
(%) (abc) V(abc)2  V16R?r2s 3’16R2-R7252

24R®  24R%

= , 3R2
3 4. 27R?
4R Y

Equality holds fora = b = c.

8R

25. In AABC the following relationship holds:

ha  hy hc<3\/§

b c a 2

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

h, hy, h, Zha Z; Zl a+b+c
b+c+a_ b =2F ab_ZF abc

2s s MITRINovicl 1 3+/3 33
= <

"4RF R = R 2 2

Equality holds fora = b = c.
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26. In AABC the following relationship holds:

a+b+b+c+c+a>12R
sinA sinB sinC —

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a+b+b+c+c+a_ a+b_ a+b_2Rza+bAM;GM
sinA  sinB  sinC sind e a -
cyc cyc 2R cyc

3[(a+b)(b+c)(c+ a) CEsArRO 3|8abc
>2R-3 ( X ) ) > 6R- = 6RY8=6R-2=12R
abc abc

Equality holds fora = b = c.

27. In AABC the following relationship holds:

h, h, h. 3V3 R
+—+—=—<——
b c a 4 r

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

cyc cyc cyc cyc
2F z 2F . 1 ) s EULER § MITRINOVIC 3\/§R 1 3V3 R
= — = — = — = — < _— < _ R — = — . —
el CTappl@tbtI=gp2s=0 s o < 2 VT 4

cyc
Equality holds fora = b = c.

28. In AABC the following relationship holds:
TaTp + rpr. + r.r, = hahb + hth + hcha

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

Z TaTp > Z hahb

cyc cyc

Z F F >22F 2F
s—a s—b "~ a b

cyc cyc

Z 1 >4zl s—c+s—b+s—a>4 at+b+c
(s—a)(s—b) — ab’ (s—a)(s—b)(s—c) abc
cyc cyc
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s 2s s? 2s
=>4 —, >
(s—a)(s=b)(s—10) 4RF s(s—a)(s=b)(s—c) R-rs
s? - 2 s? - 2 1 - 2
F2 — Rr’ r2s2 — Rr’ r2 ~ Rr

< R = 2r (Euler)
Equality holds fora = b = c.

29. In AABC the following relationship holds:

rarpe R

h hyh,  2r

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

— s—a s—b s—c — abc —
2F 2F 2F 8(s —a)(s—b)(s—c¢)
a b

c

B abcs _ 4RFs _ 4Rr _ 4Rs _ R
" 8s(s—a)(s—b)(s—c) 8F2 B

8F  8rs 2r
30. In AABC the following relationship holds:

21613 < (h, + hy)(hy + h)(h, + h,) < 27R3

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

(ha + By + h) e + o) = | [Cha+ hy) = ﬂ(§+ 2k ) e[ | (l+l)

b a b
cyc cyc

cyc

a+b (a+ b)(b + c)(c + a) cESArRO
] :

a abc - abc
cyc
8abc 64F3 64F%® 16F? 16r%s?
> 8F3 . = = = =
abc - abc abc 4RF R R
Remains to prove:
252
21673 < < 27R3
R\?2 2
167252 EuLER 16 - (E) .S MITRINOVIC 343 27R2
R < T=4Rs2 < 4R-|—R ) =4R- = 27R3

167252

22 2
> 2161 ZrTS >27r o 2% > 27r © 2s% > 27Rr (to prove)
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GERRESTEN
252 > 2(16Rr — 5r?) = 32Rr — 10r? > 27Rr © 5Rr > 10r? © R > 2r (Euler)

Equality holds fora = b = c.
31. In AABC the following relationship holds:
21613 < (ro+ry,)(rp +r)(r. +1,) < 27R3
Proposed by Nguyen Hung Cuong - Vietham

Solution by Daniel Sitaru - Romania

(ry +1)(rp + 1) +7,) = H(ra +7,) =

cyc

:1_[<sia+sib):F31—[(sia+sib)=

cyc cyc

_ g3 s—b+s—a_F3 2s—a-—b>b _
- (s—a)s—b) (s—a)(s—b)
cyc cyc

a+b+c—a-—-0> c
= (s—@@—b)z”ﬂglu—axs—mz

cyc

abc F3 -abc - s? F3 - 4RF - s?

G I R (s e e X eyl s L Sl

=F3

Remains to prove:

21613 < 4Rs? < 27R3

4Rs = 27R3

2
MITRINOVIC 3v3 27R?
z < 4R-<TR> =4R-—

MITRINOVIC 2 EULER
4Rs? = 4R-(3V3r) =4R-27r? > 4-2r-27r? =216r3
Equality holds fora = b = c.

32. In AABC the following relationship holds:

C A

B 3V3
(ha + h'b)cosE ’ (hb + hc)cosE ’ (hc + ha)cosi < (3R)T
Proposed by Nguyen Hung Cuong - Vietham
Solution by Daniel Sitaru - Romania

hg + he = hy + ke

2F _ 2F h:{ N
¢ hy +hy=h.+h,

WLOG:a<b<c=> 27

Qlr

=

[

=

[

2F
= ZT:hQZhb

\Y

a

> hg+hy,=hg+h.=h,+h, (1)
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a<b<c=> cos2 > cos 2 cos < == cos < < cosZ < cos2 (2)
2 2 2 2 2 2
By (1); (2) and Cebyshev’s inequality:

<

N

C A
(hg + hyp) cosE + (hy + k) cosE + (h, + hgy) cos

1 A B C
Sg(ha+hb + hy, +hc+hc+ha)<cosz+cosi+cosi) =

= %(ha + hy + he) (cosg + cos§+ cos g) (3)

C WEIGHTED AM—GM
| |(ha+hb)cosE <
cyc
4, osBrcosE
COS2 COS2 COS2

(hg + hyp) cosg + (hy + h,) cosg + (he + hy) cosg

<
A B C =
COS—+ CcoS—+ cos—

2 2 2

4, cosBrcost
C) COS2 C052 C052

@ [2 (hg + hy + he) (cosé + cosZ + cos <
< 3 2 2 2

<
cosé + cosE + cos£
2 2 2
3 cosAtBtC 3 cos®
Jensen (7 <2F 2F ZF) 6 (4F ab + bc + ca) 6
< - |—+t—+— =\ =
a b c 3 abc
33 3V3 27R% | %ﬁ
4F s%2 4+ 1% 4+ 4Rr\ 2 s? + 12+ 4Rr\ 2 miTriNovic [ ——+71° +4Rr EULER
= "~ =l < <
3 4RF 3R - 3R -
3V3
2 2 - 3v3
T AR\ D 7R 4 oR?\ 53
<[+—2 2] =(——=—) =@R):
3R 3R

Equality holds fora = b = c.

33. In AABC the following relationship holds:

. . . 3v3
(ab)smC . (bC)SmA . (Ca)smB < (3R2)_2
Proposed by Nguyen Hung Cuong - Vietham

Solution by Daniel Sitaru - Romania

sin A+sin B+sin C

(ab)Si“C . (bc)SinA . (ca)Si“B WEIGHTE<D AM—-GM (ab sinC + bcsin A4 + ca sin B)
sind + sinB +sinC

75 ROMANIAN MATHEMATICAL MAGAZINE NR. 49



Romanian Mathematical Society-Mehedinti Branch | 2026

_ <2F +2F + 2F )R MITRINOVIC <6F>R z (6FR) > (6rsR >
-\ = 5 “Us /) s ) B

R R

33
3v3 R 2 3v3
— (6rR) 3(63.12) — (3R?)
Equality holds fora = b = c.

34. In AABC the following relationship holds:

Ty, + 2r, rb+2rc+rc+2ru>9
hc ha hb B

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

ra+2rb+rb+2rc+rc+2ra=zra+27'b: Ta , T AMZGM
hc ha hb hc hc hC B

cyc cyc cyc

3| TaTpTe 3| TaTpTe 3| TaTpTe 3| TaTpTe
>3 ———+4+23 |—=9 |— >0 [—>1o > h, h,h
=2 [hahphe ]hahbhc hahphy = /hahbhc =1 9 Blple = fallplie

F F F 2F 2F 2F
> .. ,  abc=8(s—a)(s—b)(s—c)

abc-s >8s(s—a)(s —b)(s —o¢), 4RF - s > 8F?
Rs = 2F, Rs = 2rs, R = 2r (Euler)
Equality holds fora = b = c.
35.1fa,b,c > 0; abc = 1 then:
(a®+1)*b3+ 1P (2 +1)>8
Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania
(@®+1D*B3+ D (2 +1)¢>8
In[(a® + D23 + 1)P(c® +1)°] > In8
aln(@®+1)+bIn(B3+1) +cln(c® +1) >3In2 (to prove)

Let be f:(0,0) - R; f(x) = xIn(1 + x3)

2 3

X
E— Ve | 3 0
= = In( +x)+1+x3>

ff(x) =In(1+x3) +x- 13:}-x

f'(x) > 0= f increasing

76 ROMANIAN MATHEMATICAL MAGAZINE NR. 49



Romanian Mathematical Society-Mehedinti Branch | 2026

., 3x? 9x2(1 + x3) — 3x3 - 3x? 3x? 9x?
') = + = + >0
123 1+ 292 1+ 1+ 20)2

f"(x) > 0= f convex
aln(@®+1) +bIn(b3+ 1) +cln(c® +1) =

=@+ + @ 2 3 () ™ sp(Vabe) = 37(VD) = 37(1) = 312

Equality holdsfora =b =c = 1.
36. In AABC the following relationship holds:

(a + b)? N (b + c)? +(c+a)2
hc ha hb

= 48r

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

(a+b)> (b+c)? (c+a) (a + b)?
R = >

cyc

AM—GM 3|((@a+b)(b +c)(c+ a)) CESARO 3 (8abc)2 3 64 - (4RF)2
>
= hahphe E . E . E

3 EULER
=5 43/(4RF)? - abc =—\/(4RF)3 =F 4RF =24R > 24-2r =47r

Equality holds fora = b = c.

37. In AABC the following relationship holds:

2 2 2
(ra + rb) + (rb + rc) + (rc + ra) > 3671
hc ha hb

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

(ra + rb)z + (rb + rc)z + (rc + ra)z — (ra + rb)z >
h, h,

cyc

2 2 364.(L.L.L)2
AM;GM 33 ((Ta + Tb)(rb + rC)(rC + ra)) CE‘S;‘lRO 33 (8rarbrc) =3 s—a s-b s-c —
= hghphe = hahph, 2F 2F 2F
b

a

_17° Fo .abc_Eg F3 - 4RF - s2 —63 4Rs?*F*
(G-0G-0G-0) 8 2 |6-a6-n6-0) | F
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3 MITRINOVIC EULER 5
= 6+/4Rs? = 6V4R -27r? > 6-348r-r2=36r

Equality holds fora = b = c.
38. In AABC the following relationship holds:

+b)?  (b+c)? +a)?
(arby brof (et 4er

re Ta Tp
Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

(a + b)? N (b + ¢)? N (c + a)? _ z (a -|r- b)? Am G 33\/((a +b)(b +0)(c+a)’ CESARD

e Ta p cye c TaTvTc

;| (8abc)? 5 |64(abc)? 3
ZBJ—F T T
s—a s-b s-c Fz
3|16R%F 3[16R
=12 =12
s S

(4RF)? 3|16R2F?
Fs Fs

2rs EULER
=12316R%r > 12Y16-4r2-r =123/641r3 = 12 - 4r = 48r

Equality holds fora = b = c.
39. In AABC the following relationship holds:

r,+r ry,+r r.+r 3R
a b b c+c a<

h, h, hy, — T

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

F F

1 1
—_ —_
Tat Ty _ s—a Ss-b __ s—a Ss—-b __
- 2F - 2 -
h, Z 2F Z 2
c

cyc cyc cyc

1 c(s—a+s—b)_1 c(a+b+c—a—b)_
‘Ecyc (s—a)(s—b) ‘E; s—-a)s—b)

1 c? 1
- E; G-—a)s—b) 2G-—a)(s—b)(s— c);cz(s -0 =

4rs?(R 2rs?(R 2(R
_ s drs(R4 1) = rs4( +r)= rs?( +r)= ( +r)S
2s(s—a)(s—b)(s—c) 2F? r2s2 T

<2(R+§)=2-§=£
- T T T
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Equality holds fora = b = c.
40. In AABC the following relationship holds:

m§+m,2,+m,2,+m§+m§+mﬁ

> 9/3r
c a b

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

m¢21+mlz,_}_mf,+m§_|_m§+mf1

c a b
_Zm§+m§ _22(b2+cz)—a2+2(a2+c2)—b2 3
a o a 4c B
cyc cyc
_z:b2+a2+4c2 _1zb2+1za2+z -
- 4c T4 c 4 c €=
cyc cyc cyc cyc

BERGSTROM 1 (a+b+c)?> 1 (a+b+c)?

25 =
- 4 a+b+c 4 a+b+c TS
a+b+c a+b+c 2s 2s 4s MITRINOVIC
= + +2s=—4—42s=—+25s=3s >  3-3V/3r=9V3r
4 4 4 4 4
Equality holds fora = b = c.
41. In AABC the following relationship holds:
m¢21+m,2,+m,2,+m§ +m§+mﬁ>9
c? a? b2 —2

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

m2+mi mi+m2 mZ+m?
+ +
c? a? b2

_ng+mlz,_ZZ(bZ+cz)—a2+2(a2+cz)—b2_
= = =

4c?
cyc cyc
_sz + a? + 4c? 3 1z:b2 N 1z:a2 +Z4C2 -
B 42 4 cz 4 c? 4¢c2 —
cyc cyc cyc cyc

amoomM 1 2 |b% ¢ a2+1 o Cz+3—3+3+3—6+3—3+3—9
= 4 c2 a? b? 4 c2 a? b2 T4 4 T4 2 2
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42. In AABC the following relationship holds:

2 2 2 2 2 2
rg+r ry+r re+r
= b+ b 4= £>9V3r

c a b

Proposed by Nguyen Hung Cuong - Vietnam
Solution by Daniel Sitaru - Romania

2+ i+ r2+ ra 2+ rb Ta T BERGSTROM
+ + =
c a b

cyc cyc cyc

- (p+m, +1)% g+ +1)° 20 +1, +1)%

a+b+c a+b+c a+b+c
2(4R +1)?> (4R +1)? poUCET (4R +1)?
= ( ) =( ) = %_\/_(4R+T) \/_(4 2T+T‘)—9\/_T'
2s S aRA4T
V3

Equality holds fora = b = c.

43. In AABC the following relationship holds:

a’+b*> b +c®? c?+a?
+ +
re Tq Trp

> 24r

Proposed by Nguyen Hung Cuong - Vietnam

Solution by Daniel Sitaru - Romania

a’?+b?> b*+c? c?+a? a® + b? aM—6M < 2ab ab AM-GM
+ + z > —=2 >

Te Ta Tp Te Te Te

cyc cyc cyc

3|(abc)? 3|1612F2 3|2R%F 3|2R?rs 3
=2-3 =6 =6-2 =12 = 12v/2R?r =
T pTe Fs s S

> 1232 412 - r=12-2r = 24r

Equality holds fora = b = c.

44. In AABC the following relationship holds:

a*+b* b*+c* ct+at
+ +
re Tq Trp

> 288r3

Proposed by Nguyen Hung Cuong - Vietham
Solution by Daniel Sitaru - Romania

F F F _ Fis _Ps_
Talble = o 0 5 —b s—c s(s—a)s—b)(s—c) F? ’
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a*+b* b*+c* c*+at a* + b* AM-6M a’b? AM-G6M 3 (abc)4
T, Ty T T, T, T TpTe

cyc cyc

3 4R MITRINOVIC 34 2
= 6abc - =6-4RF - —24R 24RF - |- =
s 3\/§
2 MITRINOVIC ULER
= 24Rrs - — > 24R - 3\3r - — =24 6Rr > 144 -2r-r = 288r3
V3 \/§

Equality holds fora = b = c.

ABOUT A RMM INEQUALITY-X

By Marin Chirciu-Romania

1 1 1
)Ifx,y z> Osuchthatx—3+ﬁ+z—3= 3 then:

4-Zx3+7(2x2+zx—12) > 54

Proposed by Daniel Sitaru-Romania

Solution Using means inequality AM-AH we obtain:

Tai=r=2=3 (1)

X

W

Tl +Ei=%(x*+3)282=6 (2)

From (1) and (2) we obtain the conclusion:

1
MS=4Zx3+7(Zx2+ZF>24-3+7-6=54

Equality holds if and only if x = y = z.

Remark: The problem can be developed.

1,1, 1
2)Ifx,y,z>Osuchthatx—3+ﬁ+z—3=3and/120,u20then:

AZx:‘ +u(2x2+2é> > 3(A+2u)

Marin Chirciu

Solution Using the means inequality AM-AH (1) and AM-GM (2) we obtain:
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Zx322%=§=3 (1)
X3

1 1
Txt+Xs=%(x*+5)222=6 (2)
From (1) and (2) we obtain the conclusion:
1
Ms=/12x3+/1 (sz-l_ZF) >A-34+u-6=31+6u=3A+2u)

Equality holdsifand onlyif x =y =zandA=pu =0

Note: For A = 4 and u = 7 we obtain Cyclic Inequality — 857 from RMM 10/2020,
proposed by Daniel Sitaru, Romania

3)Ifx,y,z> Osuchthatxin+yin+zln= 3andA>0,u > 0,n,k € R then:
1
AZx"+u<Zxk+ZF) >3(A+2pn)

Solution: Using means inequality AM-AH (1) and AM-GM (2) we obtain:

Marin Chirciu

Yat>r=-=3 (1)

n 3_
x4 RS =2(x*+%)222=6(2)

From (1) and (2) we obtain the conclusion:

1
Ms=)le”+,u(Zxk+zx—k>21-3+u-6=3&+6u=3(l+2u)
Equality holdsifand onlyif x =y =zorA=u=00orn=k =0

Note: For A = 4and u = 7,n = 3 and k = 2 we obtain Cyclic Inequality — 857 from RMM
10/2020, proposed by Daniel Sitaru, Romania

ABOUT A RMM INEQUALITY-XV
By Marin Chirciu-Romania

1) In AABC the following relationship holds:
4(a-mym,+b-m.m, + c- mym,) = 9abc

Proposed by Daniel Sitaru-Romania
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Solution. Lemma. 2) In AABC the following relationship holds:

2

a-mbmc+b-mcm,,t+c-m,,tmb2§s3

Proof. The triplets (a, b, ¢) and (m,m,, m.m,, m,m,) are same ordered, from Chebyshev’s
inequality and form well-known inequality ), m,m, = s2, we get:

1 1 , 2
a-mbmc+b-mcma+c-mamb2§( a)( mbmc)2§-2$-s =§s
Let’s get back to the main problem. Using Lemma it is enough to prove that

4-25% = 9abc & 253 2 9 - 4Rrs & 2s? > 27Rr (Cosnitd — Turtoiu. 1965), which
follows from Gerretsen inequality s? > 16Rr — 5r2 and Euler inequality R > 27.

Equality holds if and only if triangle is equilateral.

Second solution. Hayashi-Cocea’s inequality:

Let P be point in plane of AABC. If PA = x,PB = y,PC = z then
a-yz+b-zx+c-xy=>abc

Putting P = G,weget:a-GB-GC+b-GC-GA+c-GA-GB = abc &

2 2 2 2 2
a-gmb-gmc+b-§mc-§ma+c-§ma-§mbZabC(:)

4(a-mym,+b-m.m, + c-mymy) = 9abc
Equality holds if and only if triangle is equilateral.Remark. Let’s find an opposite inequality.
3) In AABC the following relationship holds:
a-mym.+b-mm,+c-mym, <sR(4R + 1)
Marin Chirciu

Solution. Lemma. 4) In AABC the following relationship holds:

a-mym.+b-mmg,+c-mymy < s(s* —3r> —3Rr)

2
Proof. Using well-known inequality m;m, < 24 +bC, we get:
2a2+bc 1
Za-mbmc SZa-T=Z(22a3 + Yabc) =

1 1
= Z(Z -25(s> = 3r2 —6Rr) + 3-4Rrs) = i 4s(s? —3r> —6Rr + 3Rr) =

= s(s? — 3r%2 — 3Rr). Let’s get back to the main problem.
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Using Lemma and Gerretsen inequality s> < 4R? + 4Rr + 372, weget: Y a - mym, <

< s(s?—3r2 —3Rr) < s(4R?>+ 4Rr + 3r?> —3r2 —3Rr) = s(4R?> + Rr) = sR(4R + 1)
Equality holds if and only if triangle is equilateral.

Remark. Inequality can be double.

5) In AABC the following relationship holds:

2
§s3 < Za -mym, < SR(4R + 1)

cyc
Marin Chirciu

Solution. See inequalities 1) and 3). Equality holds if and only if triangle is equilateral.

Remark. We can write:

6) In AABC the following relationship holds:

2
9Rrs < §s3 < Z a-mym, < s(s*—3r>—3Rr) <sRMAR+ )

cyc

Marin Chirciu
Solution. See up these inequalities. Equality holds if and only if triangle is equilateral.

References: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro

ABOUT A RMM INEQUALITY-XX
By Marin Chirciu-Romania

1) Ifa,b,c > 0then:
2

at a3 a?
Z bt Z b= Z b2
cyc cyc cyc

Proposed by Daniel Sitaru-Romania

Solution. Using AM-GM and CBS Inequality, we get:

a* a a* a3 a* a* X
2 2wz il E= 2= e

cyc cyc cyc cyc cyc cyc cyc
2 2
a’? a?
> Z 1] = hutll
- b2 b2
cyc cyc
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Equality holds if and only if a = b = c.
Remark. The problem can be developed.
2)Ifa,b,c > 0 and n € N* then
2
aZn aZn—l am
. > —
z bZn z bZn—l - Z bn

cyc cyc cyc

Marin Chirciu
Solution. Using AM-GM and CBS Inequality, we get:

aZn 1
ZbZn ZbZn 1—Zb2n 3 bZn 1 zbZn le

cyc cyc cyc cyc cyc cyc

(3e) -(28)

cyc cyc

Equality holds fora = b = c.
3)Ifa,b,c > 0andn € N*, k € N then

aZn ak an
Zﬁ'ZﬁZ Zb—n

cyc cyc cyc

Marin Chirciu
Solution. Using AM-GM and CBS Inequality, we get:

aZn ak a2n . ak a2n aZn X
D 2z 2 ] L= i 3= D g 21

cyc cyc cyc cyc cyc cyc cyc
2
am am
Zb—n' L) = Zb_"
cyc cyc

Equality holds fora = b = c.

Note. For n = 2 and k = 3 we get the proposed problem by Daniel Sitaru-JP.348 from
R.M.M.-24, Spring Edition 2022.

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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ABOUT A RMM INEQUALITY-XXII

By Marin Chirciu-Romania
1)Ifa,b,c > Osuchthata + b + ¢ = 2, then
b?% + bc + c?
LA
b+c
cyc
Proposed by Daniel Sitaru-Romania
Solution. Lemma. 2) If x,y > 0 then

x2+xy+y2>3(x+y)
x+y o 4

Proof. We have:

x2+xy+y2>3(x+y)

= lity holds f =y.
Xty > 2 & (x —y)* = 0,equality holds for x = y

Let’s get back to the main problem. Using Lemma, we have:
LHS = Zb2+bc+c Z3(b+c)_32 3 3
b+c = 4 240772747
cyc cyc cyc
Equality holdsfora =b =c¢c = g
Remark. The problem can be developed.

3)Ifa,b,c > 0suchthata+ b+ c=2and A < 2 then

>A+2

Z b% + Abc + c?
b+c
cyc
Marin Chirciu

Solution. Lemma. 4) If x,y > 0 and A < 2 then

x% + Axy + y? A+2
Xty =2 (x+y)

Proof. We have:

x% + Axy + y? /1
x+y

21 2t y) o - D) 20

which is true from (x — y)? = 0 and A1 < 2. Equality holds for x = y.
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Let’s get back to the main problem. Using Lemma, we have:

LHS_zb2+/1bc+c2>A+zz(b+ )_/1+2 22 42
- b+c - 4 “= a=

cyc cyc cyc

Equality holds fora = b = ¢ = 2
Note. For A = 1 we get the proposed problem by Daniel Sitaru in R.M.M. 10/2020.
REFERENCE:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro.
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PROBLEMS FOR JUNIORS

. Romanian

z Magazine

L

J.3301 Ifm,u,v,x,y 2 0andu+v =2m,x + y = 2m + 4 then in AABC with the area F and M is
an interior point in the triangle, and d,, dj, d are the distances of M to the sides BC, CA respectively
AB, the following inequality holds:

a* b* ¥ a¥ bY Y 2 1 o2
—t— 4 — | =+ —=+ —= | > gmte.3ym+l . F
<dz; ot dé‘) (dz ot dz> -

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3302 If x,y > 0 thenin any triangle ABC with the area F the following inequality holds:

a’b? b?c? c?a? 43

> - F
c(xa + yb) + a(xb + yc) + b(xc+ya)  x+vy

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3303I1fm > 0,x,y € Rand x + y = 4m + 4 then in any triangle with the area F the following
inequality holds: (a* + b* + ¢¥) - (a¥ + bY + c*) > 16™m*t1 . 31-m . p2m+2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3304 If m = 0 and F is the area of AABC, then:
(@31 4 pME3 4 (2MA2) L (@3 4 p3IMFL 4 (2MmA2) > {gmtl . 31-m  p2me2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3305If t,x,y € Rand x + y = 4 then in any triangle with the area F the following inequality
holds:

(ax sin? t+y cos? t + bx cos? t+ysin? t+x sin? t+y cos? t) .
. (ay sin? t+x cos?t + bycoszt+x sin? t +cY sin? t+x cos? t) > 48F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3306 If x, ¥,z > 0, then in any triangle ABC with the area F the following inequality holds:

a3x b3y c3z

+ + > 4AF
+2h, +2h, &+yh,

Proposed by D.M. Batinetu - Giurgiu, Claudia Nanuti-Romania
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J.3307 Let be t,u > 0, X,Y the interior points of triangle ABC with the area F and x, the distances
from X to BC, y, the distances from Y to BC and xy, x, yp, V. the analogs of x, respectively y,.
Prove that:

a b3 c3 24
+ + > -
txg tuy, tx,+tuy, tx.+uy. t+u

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

J.3308 In any triangle ABC with the area F the following inequality holds:

a b c
442>
ot TR V3

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

J.3309 Let be M and N the interior point in triangle ABC with the area F and d,, d;, d. the distances
of point M to the sides BC, CD, AB and u,, u,, u. the distances of point N to the sides BC, CA, AB.
Prove that:

a b3 c3
+ + >12-F
deo+u, dpy+u, d.+u,

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3310 If x, ¥y > 0, then in any triangle ABC with the area F the following inequality holds:

a3 b3 c3 43
+ + > -F
bx+cy cx+ay ax+by x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3311 In any triangle ABC the following inequality holds:
a b c
—+—+—2=>2V3
T TR 223

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3312 In triangle ABC with the area F the following inequality holds:

a3 b3 3
+ + >2V3-F
b+c c+a a+b

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3314 If x, y,z > 0 then in any triangle ABC with the area F the following inequality holds:

ax by cz
+ + >3
+2h, (z+x)-hy (x+yh,

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti-Romania
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J.3315 Let ABC be a triangle with the semiperimeter s, then:

1 2 9

+ >
a?+b%+c%2 ab+bc+ca 4s?

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

J.3316 If x, ¥,z > 0, then in any triangle ABC with the area F the following inequality holds:

3 3 3

xa yb zc

+ + > 4F
W+ 2h, (z+x)h, &+y)h,

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
J.3317 In any triangle ABC with the area F and any x,y > 0 the following inequality holds:

a® b5 c® 16
+ + > :
bx+cy cx+4+ay ax+by x+y

FZ

Proposed by D.M. Bdtinetu - Giurgiu-Romania
J.3318 In any triangle ABC with the area F, the following inequality holds:

a® b® c®
+ + > 8F?
b+c c+a a+b

Proposed by D.M. Bdtinetu - Giurgiu-Romania

J.3319 If x, v,z > 0 then in triangle ABC with the area F the following inequality holds:

+z Z+x X+
A -b* +

y-c4 > 32F?
X

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3320 If x, v,z > 0 then in triangle ABC with the area F the following inequality holds:

y+z+2t zZ+x+2t

4 4
T, T
x+t © y+t P

x+y+2t
zZ+t

c* > 18F?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3321 If ABC is a triangle with the semiperimeter s and the area F then:

1 1 1
@—wm+®—mm+@—dm

3
2_
F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.3322 Letbe x = 0,y,z > 0 and AABC with the semiperimeter s such that zs > y max{a, b, c},
then:

xs+ya xs+yb xs+yc_ 9x+ 15y —9z
+ + >
zs—ya zs—yb zs—yc 3z -2y

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
J.3323 Let be x,y > 0 and ABC a triangle with the area F and semiperimeter s. If

xs > ymax{a, b, c} then

1 1 1 3
>
(xs —ya)h, * (xs —yb)hy, * (xs —yc)h, — (B3x — 2y)F

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

J.3324 With the usual notations in triangle ABC and for x,y > 0 with x + y = 4 the following
inequality holds:

(@®* +2)(b?Y 4+ 2)(c** + 2)(a®’ + 2)(b** + 2)(c¢® + 2) = 207365*
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

J.3325If x,y > 0,x = y and M is an interior point in triangle ABC with the area F and d,,d}, d are
the distances of point M to the sides BC, CA, AB, then:

a? N b? N c? - 36
xh% —yd2  xhi—yd} xh%Z—yd? 9x—y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3326 Let ABCD be a convexe quadrilateral with the sidesa = AB,b = BC,c = CD,d = DA and
the semiperimeter s. Prove that:
a b c

d
+ + + >4
s—a sS—b s—c s—d

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3327 If s is the semiperimeter of AABC and the other notations are the usual ones, then:

a’ b? c?
<—(s — 2) <—(s a— 2) <—(S E 2) > 108

Proposed by D.M. Bdtinetu - Giurgiu-Romania
J.3328 Let be t = 0 and ABC a triangle with the semiperimeter s. Prove that:

a N b N c >2-3t
(s—a) (s—b)t (s—c)t  st?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.3329 Letbe s,t,u = 0,x,y > Osuchthats +t = 2,u + v = 4 then in any AABC with the area F
the following inequality holds:

t t t

v Y u

al Y z wy * + b* +
G+t ¢ Tt C T @tror Gry)y ¢

gl . pY
(y + 2)¢ a +(z+x)f

v > 4/3F

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania
J.3330 If x, ¥,z > 0 then in triangle ABC with the area F the following inequality holds:

((x+9v)?2+ (y+2)?%+(z+x)?2) - (a®b? + b?c? + c?a?) >

X zZ zX C A B
> 4F*? AN +4 - |xysin?< + yzsin? = + zx sin? -

) C ) A ) B 2 2 2
Sin E Sin E Sin ;

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3331 Let ABC be a triangle with the area F and M is an interior point in the triangle and

a?b?  b%c?  c2%a?
F, = area MBC, F,, = area MCA, F, = area MAB. Prove the inequality: -t t—2=2 48F

c Fa c

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania
J.3332 In any AABC with the area F the following inequality holds:

4 4 4 4 4 4
m, +m m, +m m., +m
a b b c c a>6-/_3-F

m¢ mg m;

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania

J.3333 Let be 5,t = 0, M an interior point in AABC with the area F and d,, d}, d. the distances of
point M to the sides BC, CA respectively AB. Prove that:

a- STl p . oSttHl s+t+1

c-a

s+t+1
dstt + dstt + dstt > 2%tz (\/g) F
a b c

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania

J.3334 In AABC the following relationship holds:

(6r>2< 1 1 1 (1+4R)
Rp) ~— mgw, myw, mw, ~ 27r? r

Proposed by Marin Chirciu - Romania

J.3335If a,b,c > 0 such that abc = 1 then

b?+c%? c%?+4a?
+ >8

1
E (a + b)3 + az bz =

Proposed by Marin Chirciu - Romania
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J.3336 In AABC the following relationship holds:

48Fr < Z a(b+c)?>cosA <4F(5R +2r)

Proposed by Marin Chirciu -

J.3337 In AABC the following relationship holds:

z csc‘*g >§ T
( 6)4_4 6R

B
CscC 2 + CSC2

Proposed by Marin Chirciu -

J.3338 In AABC the following relationship holds:

mg mg

hb hc - TpTc

Proposed by Marin Chirciu -

J.3339 In AABC the following relationship holds:

mg mg

2 = 2
ha ra

Proposed by Marin Chirciu -

J.3340 In AABC the following relationship holds:

5—-—< <—-1
R h, T

4r zhbcosB+thosC 2R

Proposed by Marin Chirciu -

J.3341 In AABC the following relationship holds:

23 sinB +sinC 3R
_SZ <

R 7, - 2r2

Proposed by Marin Chirciu -

J.3342 In AABC the following relationship holds:

. Ty rc>3 3Rr

a b ¢ R 2

Proposed by Marin Chirciu -

J.3343 In AABC the following relationship holds:

Romania

Romania

Romania

Romania

Romania

Romania

Romania
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3

3(2r  SpS S¢S, S4S R
s“+”+“”s9r(§)

Or |—
R Sa Sp S¢

Proposed by Marin Chirciu - Romania

J.3344 In AABC the following relationship holds:

A <Zi>a4
A-3+cos(A—B)+cos(B—C)+cos(C—-A4) 2r

Proposed by Marin Chirciu - Romania

J.3345 In AABC the following relationship holds:

a3 b3 C3 3 b3 3

1 a c
+t—+—>2-@+bP+c)>—+—+—
h, hy, h; 3 Ty, Tp, T

Proposed by Marin Chirciu - Romania

J.3346 In AABC the following relationship holds:

1 (37‘)2 z s2 1 (3R)2
(=) < < =
2\R/ — b2 +c? = 2 \4r

Proposed by Marin Chirciu - Romania

J.3347 In AABC the following relationship holds:

A+

1
3 (ab + bc +ca)’>,0<A1<5

Za4+labc(a+b+c)2

Proposed by Marin Chirciu - Romania

J.3348 In AABC the following relationship holds:

1 z h, R
R Wi +wZ " 4r?

Proposed by Marin Chirciu - Romania

J.3349 In AABC the following relationship holds:

4
1(2r)§ Z hy 1
R\R mi+mZ ™ 2r

Proposed by Marin Chirciu - Romania

J.3350 In AABC the following relationship holds:

2 2
1/2r\3 hy, 1/R
R\R sg+s¢~ R\2r

Proposed by Marin Chirciu - Romania
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J.3351 In AABC the following relationship holds:
h2 9R (R )
h 2r
Proposed by Marin Chirciu

J.3352Ifa,b,c > 0,suchthata+ b +c=1and A < 2 then

1+1+1+3/1>9+/1 +b +—
b bc ca ab

Proposed by Marin Chirciu

J.3353 In all nonisosceles triangle ABC is true the following identity:

z sin* A siné _ 1(3s? —r* —4Rr)

A-B A [ 3
SII’ITSII’IT 4R

Proposed by Neculai Stanciu
J.3354 In all nonisosceles triangle ABC holds:
z sin® A sing ST
smA—Bsmu R?
2 2

Proposed by Mihaly Bencze, Neculai Stanciu

J.3355 Let a, b, ¢ be three positive real numbers. Prove that:

[EnN

a b c
+ + > =
2b+7-Vab3 2c+7-3Ybc3 2a+7-Vead 3

Proposed by Mihaly Bencze, Neculai Stanciu

J.3356 If x;, > 0 (k = 1,2,...,n) and X}, x; = 1, then prove that:

n
Z n?+1 <1
3 2\ —
&in (1 +xP)
Proposed by Neculai Stanciu

J.3357 In all triangle ABC holds:

mamb
ma
mg +my — mc

Proposed by Mihaly Bencze, Neculai Stanciu

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania
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J.3358 If a;, > 0 (k = 1,2, ...,n) then:

>ty as Y o
a+a2 T 24 a? + a3

cyclic cyclic

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.33591fa; > 0 (k = 1,2,...,n) and X¥_, a2 = n, then prove that:

n

S s
n+1l—a;,

k=1

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3360 In all nonisoceles triangle ABC holds:

A
z sinZ _ R(s*+1? + 4Rr)

- A-C 2
stAsm—2 sm—2 ser

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
J.3361If a;, > 0 (k = 1,2, ...,n), then prove that:

(i ak)(i aﬁ_1>—iaﬁ—n(n—1)ﬁak >0
k=1 k=1

k=1

Proposed by Neculai Stanciu - Romania

J.33621Ifa, >0 (k = .,n)and Yp- 1T 1, then prove that:

n
z <1
=1 1_ak

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3363 If x, ¥,z > 0, then prove that:

()5 —a® —y°
Y Ty <L

Proposed by Neculai Stanciu - Romania

J.3364 If x,y,z > 0, then prove that:

(x+y)7—x7—y7>343(z )3
(x+y)5—x>—y>~ 125 xy

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
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J.33651f 0 < 2a, <1 (k=1,2,..,n) and X7_, aZ = 1, then prove that:

n

9
S sneis
k=12(1 — ak)

Proposed by Neculai Stanciu - Romania

J.3366 If a, b, c > 0, then prove that:

z3+9 z 5 -0
2a Ya a+b

Proposed by Neculai Stanciu - Romania

J.3367 If a, b, c > 0, then prove that:

z b >Za2
a?—>b2+c%2 " Jla

Proposed by Neculai Stanciu - Romania

J.3368 If a,b,c > 0,n € N,n = 2, then prove that:

Pomes) - (Ya) " 20

Proposed by Neculai Stanciu - Romania

J.3369Ifa,b,c > 0,n € N,n = 2, then prove that:

(2. - ) -(Xa)
— a >0
Va? + 3ab + 3b? + 2bc

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3370 In any triangle ABC with the area F the following inequality holds:

1 1 1
4+ b3 3-(— — —)224-F
(@ +b° +c?) ha+hb+hc

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3371 In any triangle ABC the following inequality holds:

1 1 1
2+b*P+ ) s+ +=5 =12
@0t +ed: ()

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3372 If u € R then in any triangle ABC with the area F the following inequality holds:
(a4sin2u + b4coszu + CZ) . (acoszu + b4sin2u + CZ) > 48F2

Proposed by D.M. Bdtinetu - Giurgiu -Romania
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J.3373 Let be t € R, then in triangle ABC with the area F the following inequality holds:
(a4sin2t + b4c052t + C4-sin2 t) . (a4coszt + b4sin2t + C4-c052 t) > 48 - F2
Proposed by D.M. Bdtinetu - Giurgiu -Romania
J.3374 If t € R then in triangle ABC with the area F the following inequality holds:
(a3 + b4sin2t + C4c052 t) . (a + b4coszt + C4sin2 t) > 48 - F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
J.3375If t € R, then in any triangle ABC with the area F the following inequality holds:
(a4coszt + b4sin2t + C4c052 t) . (a4sin2t + b4coszt + C4sin2 t) > 48 - F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3376 Let be x,y > 0, such that x + y = 4 and A4, ... A,,n = 3 a convexe polygon with the sides
AkAk+1 = ak,k = H,An+1 = A1 then:

(@f+af+-—+a)(a) +a)++a))=16-F? -tanzg
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3377 In any triangle ABC with the area F the following inequality holds:
mié+mi+md+3=>6V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3378 Ifa,b,c,x,y > 0 then:

a’b? N b?c? N c?a? - ab + bc + ca
c(xa+yb) a(xb+yc) blxc+ya) x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3379 Let be x,y,z > 0 and ABC a triangle with the area F, then:

x+y+y+z+z+x x+y+z >2 Z -zc
hahy © hphe * hohe \R2  R2 T RZ)TF |£77M 2

cyc

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3380 Let be x,y > 0 and M an interior point in AABC with the area F and d,, d,, d. are the
distances of point M to the sides BC, CA respectively AB. Prove that:
a’b b%c c?a 24

+ + > -F
xdy +yvhy, xd.+yh, xd,+yh, x+3y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

98 ROMANIAN MATHEMATICAL MAGAZINE NR. 49



Romanian Mathematical Society-Mehedinti Branch | 2026

J.3381 In AABC the following relationship holds:

Z wq Al > 1877

Proposed by Marin Chirciu - Romania

J.3382 In AABC the following relationship holds:

A
12V3r(R—7r) < Z a? tanE <6V3R(R—71)
Proposed by Marin Chirciu - Romania

J.3383 In AABC the following relationship holds:

3 aztanézza2 coté
2 2

Proposed by Marin Chirciu - Romania

J.3384 In AABC the following relationship holds:

Al
2—22
ra

Proposed by Marin Chirciu - Romania

J.3385 In AABC the following relationship holds:

62715
,IZRZ —z rb+rc ‘

Proposed by Marin Chirciu - Romania

J.3386 In AABC the following relationship holds:

R

16r b? +c* 2R?
= Z 2 =2
wg r

Proposed by Marin Chirciu - Romania

J.3387 In AABC the following relationship holds:

ZL (1+n ), wheren € N.

sin A+nsinB n+1

Proposed by Marin Chirciu - Romania
J.3388 Let be x, y real positive numbers. Prove that:
(3 +y3)*t <2(x* +yH)3

Proposed by Marin Chirciu - Romania
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J.3389 Let be 1 > 0 a real fixed number. Solve in real set numbers the equation:
AxQx+1D) +2y(A+1) =2%xy — 1
Proposed by Marin Chirciu - Romania
J.33901Ifa,b,c > Osuchthatab+ bc+ca=1and 1> gthen find the maximum value of

P= 1 + ! + !
T A+a? A+b%2 A+c?

Proposed by Marin Chirciu - Romania
J.3391 In AABC,I —incenter, AD, BE, CF — bisectors
AIN" BI\" CI\" 2\"
() +(@0) +(55) 23:(5) men
Proposed by Marin Chirciu - Romania

J.3392 If x, ¥,z > 0 such that i + i +§ = 3 and k € N* then find the maximum value of

1 1 1
A=
(x+y+2k—2)k+(y+z+2k—2)k+(z+x+2k—2)k

Proposed by Marin Chirciu - Romania

J.3393If x,y,z,t > 0and A = 1 then:

z X < 4
Ax+y+z+t~ A+3

Proposed by Marin Chirciu - Romania

J.3394 Solve in (O, g) the equation:

1 N 1 1
(1+\/§sinx)2 (1+\/§cosx)2 1+ sin2x

Proposed by Marin Chirciu - Romania

J.3395Ifa,b,c > 0witha+ b+ c=3and A = 0then:

a b c 3
+ + >
VA+b VAl+c VA+a JA+1

Proposed by Marin Chirciu - Romania

J.3396 Ifa,b,c > 0witha+b+c=1and A = 4 then:

1 4 A - A+9
abc a?+b?+c2  ab+bc+ca

Proposed by Marin Chirciu - Romania
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J.3397 Ifa,b,c >0and2a+ b +c =2andn € N then:

(a+b)*"+b+)"+(c+a)"+2na=n+3

Proposed by Marin Chirciu -

J.3398 Solve in R the equation:

1 4 1 _ 1
(1+e¥)2 " (1+e¥)2 1+exty

Proposed by Marin Chirciu -

J.3399 Let m,n,x,y,z > 0. In AABC:

my + nz
zyTJA“ > 48(m +n)r*

Proposed by Marin Chirciu -

J.3400 If m,n,p,x,y,z > 0, thenin AABC:

m+n +z
z 2 rors = 36F?
14 X

Proposed by Marin Chirciu -

J.3401 In any triangle ABC the following inequality holds:
a? b? ?

—+—=+—5>4
22 2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -

J.3402 In triangle ABC with the area F the following inequality holds:

1 1 1
(a3+b3+c3)(—+—+—) >12-V3-F
a b c

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-

J.3403 If m = 0 and ABC is a triangle with the area F, then:

a™*2 £ pm+2 4 cmA2 > omH2, rm(\/g)m"'l -F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -

J.3404 If m = 0, then in triangle ABC with the area F the following inequality holds:
aZm me

+
2 n2

C2m

tr > 2m(y3)" T pmet
c

Proposed by D.M. Badtinetu - Giurgiu, Daniel Sitaru -

Romania

Romania

Romania

Romania

Romania

Romania

Romania

Romania
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J.3405 Let be m = 0 then in triangle ABC with the area F the following inequality holds:

am+2 bm+2 Cm+2

1-m
>2m+2, . F
nr TR RE S (3)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.3406 Let be x,y,z > 0 and ABC a triangle with the area F, then:

xa b zC
+ 22 > 1327 -VF
y+z z+x x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania
J.3407 If x, y,z > 0 then in any triangle ABC the following inequality holds:

<x2\/a yb xvc ava
+ + :
y+z z+x (x+ y)2> <

yb
Ve | = 27r?
y+z+z+x+zc c)_ r

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3408 If x, y,z > 0 then in any triangle ABC with the area F the following inequality holds:

x%a b? zc a b?
< +y >< +y +Zc3>212-F2

y+z Z+x-|_(x+y)2 y+z z+x
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
J.3409 Let be M an interior point in triangle ABC with the area F and x, = MA,xb = MB,
x. = MC. Prove that: 2(x2 + x2 + x2) + a® + b? + ¢ = 4V3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
J.3410 If G is the centroid of the triangle ABC with the area F and x, = GA, x, = GB,x. = GC then:
43

xé + Xﬁ + x? = TF
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

J.3411 Let x,y,z > 0 and ABC a triangle with the area F then:

x2a* y2b* 724 ,
(oot 2) (et ?) (Gt 2) 230

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
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J.3412 In any triangle ABC with the area F the following inequality holds:

. ) ) bc ca ab
a“b+ b°c+c“a = 2F - ct+ +

. B
sinZ =
2

sin2$  sin22
2 2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

J.3413 In any triangle ABC with the area F the following inequality holds:

3 3 3 ab bc ca
a®+ b>+c°> = 2F - ¢t

sin2$  sin22  sin22
2 2 2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

J.3414 If x, y,z > 0 then in triangle ABC the following inequality holds:

S R S (S R A i L
G+he G+xJhy, (+y)Jhe V2 2 2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3415 If x,y = 0 and x + y = 6 and ABC is a triangle having the area F and the sides of lengths
a, b, c and s is the semiperimeter of the triangle then:

(2s+a*+b”+c*)R2s+a” +b*+c¥)>192 - F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.3416 In any triangle ABC with the area F the following inequality holds:

ab N bc N ca -
hahb hbhc hcha_

4

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3417 Let M be an interior point in triangle ABC and d, dj, d. the distances of point M to the sides
BC,CA, AB, then:
3 b3 c3

a
+ + > 6S
hg+dg hy+d, h.+d,

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3418 In any triangle ABC the following inequality holds:

a b c
—+—+—>2vV3
hb+hc+ha_ V3

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

103 ROMANIAN MATHEMATICAL MAGAZINE NR. 49



Romanian Mathematical Society-Mehedinti Branch | 2026

J.3419 Let X, Y be interior points in AABC with the area F and x,, x3,, x. the distances of point X to
the sides BC, CA4, respectively AB and y,, ¥p, Y. the distances of point Y to the sides BC, CA, AB,
then:

a3 b3 c3
+ + >12-F
xa+ya Xp +yb xc+3/'c

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

J.3420 If m = 0 and M an interior point in triangle ABC with the area F and d,, d}, d the distances
of point M to the sides BC, CA, AB, then:

a3 m+1 b3 m+1 C3 m+1
- —_ _ > 23m+3 .3. Fm+1
&) @) @) -

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

J.3421 Letbe m = 0 and x,y,z > 0, then in any triangle ABC with the area F the following
inequality holds:

m+2 | ,m+1 pmt2 . mtl m+2 ., m+1

a X N y N c z
+2z2)m - (z4+ )™ A (x4 y)™tL AT

>2(v3) " F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

J.3422 In any triangle ABC the following inequality holds:

a b c
— 4>
ha+hb+hc_2\/§

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3423 Letbe ay € R}, = (0,),Vk=1,n,n=2ands = X}i_; ag. Ifx,y > 0,xs > y max a and
<ksn
m € N,m = 2, then:

i"i/ai"+(s—ak)m> n

— = m1
k=1 XS Yk (nx—y) -2 m

2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
J.3424 Let be m = 0 and ABC a triangle ABC with the area F. Prove that:
Q2ZMH4 4 p2md | 2mtd 5 gma2 (\/g)_m . pm+2
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu- Romania
J.3425 If x,y > 0 then in any triangle ABC with the area F the following inequality holds:

x2a* +y%b*  x2b* +y%ct  x2ct + ylat
c? + a? + b2

> 2(x +y)?F

Proposed by D.M. Badtinetu - Giurgiu, Neculai Stanciu- Romania
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J.3426 Let be m = 1 and ABC a triangle with the area F, then:
@M 4 D™ 4 M @M 4 M2 4 omez > gmez . (43)" L (vF)™
Proposed by D.M. Bdtinetu - Giurgiu- Romania

J.3427 In any triangle ABC with the area F the following inequality holds:

a*+b* b*+c* c*+a* 3243
+ >

m¢

+ = F
m2 m2 3

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.3428 Let m = 0 and ABC a triangle with the area F and semiperimeter s, then:

>2m*t1.13.v3-F
(c? +s2)m (a? +s2)m (b% + s2)m - V3

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.3429 In any triangle ABC with the semiperimeter s with the area F the following inequality holds:
s-(a®+ b3+ c3) = 24F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania
J.3430 In triangle ABC with the semiperimeter s and the area F the following inequality holds:

(a® + b%? +252)3 (b2 +c? +25%)% (c? + a? +25?)3

=>104-F
Z+s02 T (@+s02 | pE+s?  ©

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.34311Ifx,y,z> 0,t,u,v,w =2 0andt + u = 2,v + w = 4 then in any triangle ABC with the area
F the following inequality holds:

x t u 7z u
<( ) e (2)" b ))
y+z Z+x x+y
x \4 t 7 A\t
<( ) -aW+(L) -b"+( )-CW>212-F2
y+z Z+x x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3432 Let be m > 0, then in any triangle ABC with the area F, the following inequality holds:

m+3
7,.aZm+2 + rme+2 + T.C2m+2 > (\/g) . Fm+1

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
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J.3433 In any triangle with the area F and the semiperimeter s the following inequality holds:
1 2 2 2
52427 -VF +2((Va—vb) + (Vb —Ve)" + (Ve —va)*)
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

J.3434 If x,y > 0 and ABC is a triangle with the area F, then:

a3 b3 c3 43
+ + > :
xb+yc xc+ya xa+yb x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

J.3435 Letbe t € (O, %) and ABC a triangle with the area F, then:

a’ b? c® 2
+ + > 4+/3F
bsin?t +ccos?t csin?t+acos?t asin?t+ bcos?t

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
J.3436 If m = 0,x,y > 0 then in any triangle ABC with the area F the following inequality holds:

(ax + by)2m+2 N (bx + Cy)2m+2 N (cx + ay)2m+2
(ab)™ (bc)™ (ca)™

> 43 (x + y)Tmt2. F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
J.3437 Letbe m = 0,x,y > 0 and M an interior point in triangle ABC with the area F and
F, = area MBC, F, = area MCA, F, = area MAB, then:
(x(ab + bc) + 2yE)™ + (x(bc + ca) + 2yF,)™ " +(x(ca + ab) + 2yF,)™+1
> %: (4V3x+y)" - Fml
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
J.3438 In any triangle ABC with the area F and the length sides a, b, c the following inequality holds:

(a+b)4+(b+c)4+(c+a)4

>64V3-F
bc ca ab V3

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
J.3439 In triangle ABC with the area F, with u,z,y > 0,x + y = 4 the following inequality holds:
(mZ+m) +m¥)- (m) + m§ + mY) = 27F?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
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J.3440 If x, y > 0 then in any triangle ABC with the area F the following inequality holds:

(ax + by)* (bx +cy)* (cx +ay)*
+ +
ab bc ca

>4V3-(x+y)*-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania
J.3441 If m = 0 then in any triangle ABC with the area F the following inequality holds:

@ + o + ™ > 4m+2 .\[3.F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania
J.3442fa,b,c,d,e,f >0anda+b+c=s,d+e+ f =tthen

(a+d)® b+e)3P (c+[)3 -
GbreZ " cr? T larap=""t

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3443 If x,y,z > 0 and x + y + z = 1 then in any triangle ABC with the area F the following
inequality holds:
(a?+ab+b%)? (Bb%+bc+ca®)?> (c?+ca+a?)?
1—x2 1—y? 1—22

> 162 - F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
J.3444 If m = 0, then in any triangle ABC the following inequality holds:
a™*2 £ pm+2 4 cmH2 > omt2, (\/g)m+4 . pm+2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3445 Let be a, b, ¢ > 0 prove that:

1 1 1 1 1 1 1
< —
(a+b)2+2025+(b+c)2+2025+(c+a)2+2025_90(a+b+b+c+c+a)

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3446 In any triangle ABC with the area F the following inequality holds:
256
a® + b® + 8 ZT.F‘L
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

J.3447 Let be m = 0, then in any triangle ABC with the area F the following inequality holds:

m+1
a4m+4 + b4m+4 + C4m+4 > . F2m+2

3m

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
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J.3448 Let M an interior point in triangle ABC with the area F and F, = are MBC, F;, = area MCA,
F. = area MAB. Prove that:

(x(ab + bc) + 2yF,))?* (x(bc + ca) + 2yF,)?  (x(ca + ab) + 2yF.)?
xca + yF, xab + yF, xbc + yE,

> 4(4V3x + y)F,vx,y € R*

Proposed by D.M. Bétinetu — Giurgiu, Daniel Sitaru - Romania

J.3449 In any triangle ABC with the area F the following inequality holds:a® + b® + ¢ + 9 >
16V3F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania
J.3450 Let be M an interior point in triangle ABC with the area F and F, = area MBC,
F,, = area MCA respectively F, = are MAB. Prove that:
((MZ2+F)?+2)- (M2 +E)?+2)-(m2+F)*+2)>3-(3V3 + 1)2 . F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR SENIORS

Romanian

Magazine

$.3301 In any triangle ABC with the area F the following inequality holds:
Mg +my, +me+md +mi +md>6V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3302 If x,y,z>0anda + b + c = 18 - abc then:

1 1 1
(E-F 5)(ﬁ+ 5) (C_2+ 5) > 243
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3303 If x, y > 0 thenin any triangle ABC with the area F the following inequality holds:

xz-m3+y2m‘b*+x2-m§+y2-m§+x2m§+y2m§>3\/§

> -(x+y)?-F
m? m2 mé 2 (x+)

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

S$.3304 If a,b > 0 and x € R, then:

(asin®?x + b)3 + (acos? x + b)3 > = (a + 2b)3

el B

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3305 If x,y = 0 with x + y = 4 and ABC is a triangle with the area F, then:
(mZ+m) + m¥)(m) + m§ +mY) =27 - F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
5.3306 fa,b > 0 and t € (0,2 ) then:
(atan?t + b cot?t)3 + (acot?t + btan?t)3 > 2(a + b)3

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
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$.3307 In any triangle ABC with the area F the following inequality holds:
a* + b* + c* + 27 = 24V3F
Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania
$.3308 If a,b > 0 and x € R such that sinx - cos x # 0, then:
(atan?x +b)3 + (a-cot?x + b)® > 2(a + b)3
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3309 If x,y > 0 and x + y = 3 then in triangle ABC with the area F and semiperimeter s the
following inequality holds:

34+ a*b¥ + b*c? + c*a¥ = 8V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3310If a, b, c > 0 then:

<a3{/a b/b c%><3a2 Vb2 3c2>

9
> =
4

+ + + +
b+c c+a a+b/\b+c c+a a+b
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

$.3311If x,y > 0and x + y = 4 then in any triangle ABC with the area F the following inequality
holds:

m¥ +m) + m¥ + m) + mf + m? = 6V3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

S.33121Ifa,b,c,d > 0, then:

(a'EJ’b) +(a-;+b) > 2(a + b)?°%

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

$.3313 In any AABC with the area F the following inequality holds:

Ja2b? + b2c2 ++/b2c? + c2a? ++/c2a? + a?b? > 46 - F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
S.3314 Letbe a,b > 0,n € N*,n > 2 and t,, u;, > 0 Vk = 1,n. Prove that:

3

n n

t u u te\3
E (a-—k+b-—k) + E (a-—k+b-—k) > 2n(a + b)?
k=1 e b k=1 Ly Uk

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
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$.3315ifm >0anda,b,t,u,x,y > 0, then:

m+1 m+1

t u
(a-—+b~—) +(a~—+b~z) > 2(a + b)™+?
u y t X

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania
$.3316 Let be t € R and ABC a triangle with the area F, then:
((ab)z cos?t + (bc)z sin?t + (Ca)ZSin2 t) X ((ab)ZSinZ t 4 (bc)z cos?t + (Ca)z cos? t) > 48 - F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3317I1fm = 0andt,x,y > 0, then:

m+1

42m+1
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3318 If u € R then in any triangle ABC with the area F the following inequality holds:
(a4sin2u + b4coszu + Cz) X (a4coszu + b4sin2u + Cz) > 48F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

$.33191Ifa,b,c,d,u,v > 0 prove that:

(a-§+b-%)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

3 d
+(a-—+b-z)22(a+b)3
c u

$.3320 Let be t € R, then in triangle ABC with the area F the following inequality holds:
(a4sin2t + b4coszt + C4sin2 t) i (a4coszt + b4sin2t + C4~cosz t) > 48 - F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

S$.33211fa,b > 0andt € R then:
: : 1
(asin?t + b - cos?t)® + (acos?t + bsin?t) > Z(a +b)3
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

S$.3322 Letbe t € (0, g) and M an interior point in triangle ABC with the area F.

If F, =area MBC, F,, = area MCA, F, = area MAB then:

a* b* ct
> 48F

+ + >
Fp-sin?t + F.-cos?t F,-sin?t+ F,-cos?t F,-sin?t+ F, - cos?t

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
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S$.3323If a,b,c,x,y > 0 then:

a-¥a b-Vb c-Vc Va2 Vb2 Ve2? 9
+ + : + + >
bx+cy cx+ay ax+by) \bx+cy cx+ay ax+by (x+y)?

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

S.33241fneN,n>3,a; € Ry =(0,0),Vk =1,nands, = Xr_; a; and x,y € R such that
XSp >y - 1r£1ka<x ay, then:
SK=N

i a; i ax - s?
L xsn — yay xs, —ya )~ (nx — y)?

k=1

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania
$.33251fn>3anday > 0,Vk = 1,n,and s,, = X3, ax and x,y > 0 such that

XSp >y - max ay then:

Lixsy—yay, )| Lixsw—yar | = G =y)?

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania

$.3326 In any triangle ABC with the area F the following inequality holds:

1 1 1
3 3 3y . > .
(a®>+ b3 +¢3) (ha+hb+hc)_24 F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3327 In any triangle ABC with the area F the following inequality holds:
mé+mi+mi+3=>6V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3328. If t € R, then in any triangle ABC with the area F the following inequality holds:
(a4coszt + b4sin2t + C4c052 t) i (a4sin2t + b4coszt + C4sin2 t) > 48 - F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

$.3329 In any triangle ABC the following inequality holds:

1
(a2+b2+c2)-< +

1+1 =12
h2 -

hE " h2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
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$.3330 In any triangle ABC with the semiperimeter s the following inequality holds:
a®+ b3+ >72V3 13
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
$.3331 Let be u, v = 0 and ABC a triangle with the semiperimeter s and the area F such that
u + v = 2. Prove that: 2s + a*b” + b¥c” + c*a’ > 8+/3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
S$.33321Ifa,b,c,x,y > 0, then:

a’b? N b?c? N c?a? - ab + bc + ca
c(xa+yb) a(xb+yc) blxc+ya) x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
S.3333 If x, v, z € [0,4] then in any triangle ABC with the area F the following inequality holds:
a*+bY +c?+a* ¥+ b+ +c* 7 >28V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
$.3334 In any triangle ABC with the area F the following inequality holds:

1 N 1 N 1 N a? N b? N c? - 3
he hy h. (b+c)*h, (c+a)*h, (a+b)*h.  4F

Proposed by D.M. Bdtinetu - Giurgiu -Romania

$.3335 Let be x,y,z > 0 and ABC a triangle with the area F, then:

x+y+y+z+z+x x+y+z >2 z ., C
hehy © hphe * hohe \R2 R2 RZ)TF Cycxy )

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

$.3336 Let M be an interior point in AABC with the area F and d,, d},, d. the distances of point M to
the sides BC, CA respectively AB. Prove that:

a’b b%c c’a

+ + > 6F
dp+h, d.+h, dg+hg

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3337.If t € Rthenin triangle ABC with the area F the following inequality holds:
(a3 + b4sin2t + C4c052 t) i (a + b4lcoszt + C4sin2 t) > 48 - F2

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti-Romania
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S$.3338 Let be x = y, such that x + y = 4 and 4,4, ... A,, n = 3 a convexe polygon with the side
lengths Ay Ag41 = ax, k = 1,1, 4,41 = A then:
(@f+af+-+a}) (a) +a) ++a))=16-F? -tanzr—l

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

$.3339 In any triangle ABC with the area F the following inequality holds:
a"Mp MpMme

. q2 . h2 . 2 .
mg-a®+my-b +m.-c® = 2F Y — A —
Sll’l; Sll’l; Sll’l;

Proposed by D.M. Bdtinetu - Giurgiu -Romania

$.3340 In AABC the following relationship holds:

A B C 2R
4SZsec— sec—seC— < —
2 2 r

Proposed by Marin Chirciu - Romania

$.3341 In AABC the following relationship holds:
hg hp h. R
< <3(—
3= asinA + bsinB + csinC — 3(21‘)
Proposed by Marin Chirciu - Romania

3

$.3342 In AABC the following relationship holds:

4
9 <2r)§<z i AVSTE S C<(1+7‘)
7) =, sindvsinBsinC < R
Proposed by Marin Chirciu - Romania

2

4

$.3343 In AABC the following relationship holds:

3\/(“3 +2) (@ +)(+3)  wsar+n
=T 3p2

A B C
csc—+ csc—+ csco
2 2 2
Proposed by Marin Chirciu - Romania

$.3344 In AABC the following relationship holds:
32r3 - 2mym, N 1 <1
4R3 + R?r —4r3 = (my + my)? 2~
Proposed by Marin Chirciu - Romania
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$.3345 In AABC the following relationship holds:

7, T T 3R
- +— + — <—
asinA bsinB c¢sinC ~— 2r

Proposed by Marin Chirciu - Romania

$.3346 In AABC the following relationship holds:

3R
3V§SJW_a+Jw_b+ﬁ33j;

Proposed by Marin Chirciu - Romania

S$.3347 If a,b,c > 0 andn € N* then:

n+1 bn+1 CTl+1

? + + +@2n—-1D(a+b+c)= nz "H\/Z"(a’“r1 + pntl)

bn ch am

Proposed by Marin Chirciu - Romania
$.3348 If a, b, c > 0 such that a + b + ¢ = 3 then find the minimum of the expression:
P=abc+ (a—2)2?+ b —-21)%+ (c —21)?
Proposed by Marin Chirciu - Romania
$.3349If a,b,c > 0,a® + b® + ¢® = 3 then find the maximum of
F=(@@ +a®>(7 +b3)(c” +c?)
Proposed by Marin Chirciu - Romania
$.3350If a,b,c > 0,a® + b3 + ¢3 = 3 then find the maximum of:
F=(a®>+a)®+b)(c®+c)
Proposed by Marin Chirciu - Romania

$.33511fx,y,2> 0,x +y +z =§+§+§andaz 0 then:

vt g xy+/'l+ yz+/'l+ zx + A
FYYTES A+1 T a1 2+

Proposed by Marin Chirciu - Romania

$.33521fa,b,c>0,a+b+c=1and0 S)lﬁzthen:

a3+b3+63+/1 b >/’l+9
b c a ane = 27

Proposed by Marin Chirciu - Romania
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5.33531fx,y,z > 0,x +y +2z = Land> < 1 < 3 then:

1 N 1 N 1 - 27
A2+y+z Ay?+z+x Az2+x+y~ A+6

Proposed by Marin Chirciu - Romania
S.33541fa,b,c,d > 0,a™ + b™ + c" +d™ = 2", n € N* then:
QL 4 prtl g ntl 4o gntl < gntl
Proposed by Marin Chirciu - Romania
$.3355If x, y,z € R, then prove that:
202 + y2 + 22) + x*y? + y? 2 + 22x* - 3(xy +yz+zx — 1) = 0
Proposed by Neculai Stanciu - Romania

S$.33561fa,b,c >0,a+b+c=3andA =0 then:

ab bc ca 3
\/(A+1)a+b+c+\/(A+1)b+c+a+\[(l+1)c+a+b =773
Proposed by Marin Chirciu - Romania
$.3357 If x,y,z > 0,xyz = 1 and 1 = 0 then:
A+D%2+y?*+2z3)=>2x+y+z+31
Proposed by Marin Chirciu - Romania

S.33581fa,b,c > 0,(a+ b + c)(ab + bc + ca) = abc + 1 and n € N then:

1 \" 1 \" 1 \"
>
(a+b) +(b+c) +(c+a) =3

Proposed by Marin Chirciu - Romania

$.3359 Prove that in all triangles ABC with usual notations holds the inequality:

Zt 4 1(t 2B+t B+t C+t 2C)>1
an |o|tan®— +tano +tano +tan®o | >
Proposed by Neculai Stanciu - Romania

$.3360 If a, b,c > 0, then prove that:

P ) =

Proposed by Neculai Stanciu - Romania
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$.3361 Prove that in all triangles ABC with usual notations holds the following inequality:

27 (Z a2)2 - 542 a* < 16s*
Proposed by Neculai Stanciu - Romania
$.3362If x,y,z € R, then:
x?y? +y222 + 22x%2 +x? +y?+ 22 +x+y+z—-2(xy+yz+zx—3) =0
Proposed by Neculai Stanciu - Romania

$.3364 If a, b, c > 0, then prove that:

(5Y.@) (5 a2 ane(Ya) (Y2

Proposed by Neculai Stanciu - Romania

$.3365 If ABC is a triangle, then prove that:
n(a+b)+1—[(a+b—c)29abc<:>52+5r2 > 16Rr

and then the both inequalities are true.

Proposed by Neculai Stanciu - Romania
$.3366 If a, b,c > 0, then prove that:

a
32ab23—72ab > 22:(12
Proposed by Neculai Stanciu - Romania

S.3367(a) If a, b, c > 0, then prove the inequality Y, a® > Y ab + %Z(Ia —c| +|b —c|)? is false!

(b) If a, b, c > 0, then prove the inequality Y. a? > Y. ab + %Z(Ia —c| + |b = c|)?is true!
Proposed by Neculai Stanciu - Romania

$.3368 Letbe m = 0 and t,x,y > 0 and ABC a triangle with the area F, then:

(a2 + b? +tc?)™1 (b2 +c? +ta®)™  (c? +a? +th?)™1  4(t + 2)m*?
(a%x + b2y)™m (b%2x + c2y)m (c®x+a?2y)ym = (x+y)m

V3-F

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze - Romania

$.3369 If x;, € R(k = 1,2,...,n) and X}_, x2 = 1, then prove that:

n

3 Z 1<

> Xk sSn
k=1

Proposed by Neculai Stanciu - Romania
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$.3370 If a, b > 0 are such that its arithmetic, geometric and harmonic means are the sides of
triangle ABC(£90°, 2B < «C), then prove that:

(i) sinB = cos? B; (ii) cos C = sin?C; (iii) 30° < «B < 45°
Proposed by Mihaly Bencze, Neculai Stanciu - Romania

S$.3371 Let be u, v = 0 and ABC a triangle with the sermiperimeter s and the area F such that
u + v = 2. Prove that:

25 + a*b? + b¥c? + c*a¥ = 8V3F

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
$.3372If x, v,z € [0,4] then in any triangle ABC with the area F the following inequality holds:

a*+bY +c?+a* ¥ +b*Y +c* 7 >28V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3373 Let m = 0,x,y = 0 and ABC a triangle with the area F, then:

m+2 bm+2 m+2 4

a c
>
(bx + cy)™m + (cx + ay)™ + (ax + by)™ ~ (x +y)™

3 F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.3374 In any triangle ABC with the area F the following inequality holds:

(a? + b?% + 2)m*1 N (b?% + ¢? +2)m+1 N (c? + a? +2)m*1
(c2+1m (a2 +1)m (b2 +1)m

> 2™+1(4F +V3)V3

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.3375 In any triangle ABC with the area F the following inequality holds:

1 N 1 N 1 N a? N b? N c? - 3
he hy h. (b+c)*h, (c+a)*h, (a+b)*h.  4F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.3376 In any triangle ABC with the semiperimeter s the following inequality holds:
a®+b3+c3>72V3-r3
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.3377 Let be m = 0 and ABC a triangle with the area F then:

(@® + b% +2c®)™1 (b%2 +c? +2a>)™*T (c? + a? + 2b*)™H1

> 2m+3 V3. F
(a? + b2)™ b2 + &)™ +ad)m - v

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti -Romania
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$.3378 Let be x,y,z > 0 and M an interior point in triangle ABC with the area F and d, d},, d the
distances of point M to the sides BC, CA respectively AB, then:

x2a3 y2b3 ZZC3

> 6F
O +27%d,  G+02d, Gt yEd,

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3379 In any triangle ABC with the area F the following inequality holds:

Mg -Mp Mp-Me MMy
ma-a2+mb-b2+mc'6222F~\[

sin2 £ sin22 sin22
2 2 2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3380 If s,t,x,y,z > 0 then in any triangle ABC with the area F the following inequality holds:

x%a® y?b® z%c8 256

> . F*4
(sy + tz)? + (sz + tx)? + (sx+ty)? " 3(s+¢t)

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
$.3381 Let be x,y,z > 0 and M an interior point in triangle ABC with the area F and

F, = area MBC, F, = area MCA, F, = area MAB. Prove that:

2 4 4

x%-a y? - b* z%-c

+ + >12-F
r+2)%F, (2+x)%F  (x+y)’FK

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3382 In any triangle ABC with the area F the following inequality holds:

TaTp TpTc Teha

_ C " . AT __B
sin?= sin?= sin?-=
2 2 2

a’r, + b, + c*r. = 2F \/
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.3383 In any triangle ABC the following inequality holds:
ad + b3 + 3 > 36V3r3
Proposed by D.M. Bdtinetu - Giurgiu -Romania

$.3384If x,y,z > 0 and ABC is a triangle with the area F, then:

xa yb zc . C . A ., B
—+—+—)24 xy51n2§+yzsm2§+zxsmzi

X+ +z Z+Xx

he hy ' hy he 'y | hy

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
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$.3385 Let be s,t,x,y,z > 0 and ABC a triangle with the area F, then:

x2a3 N y2b3 N 22¢3 o
(y+2)*hg  (z+x)%hy  (x+y)?he

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3386 Letbem > 0,x,y = 0,x + y = 4(m + 1) and ABC a triangle with the area F then the
following inequality holds: (a* + bY + c*) - (a¥ + b* + ¢¥) > 4™m*1. (\/§)1_m .+l

Proposed by D.M. Bdtinetu - Giurgiu -Romania

$.3387 If x, v,z € R} = (0,0) and (F,),»; is Fibonacci sequence, then in any triangle ABC with the
area S the following inequality holds:

xa* yb* zct 16

+ + > -52,vn € N*
y-Ef+zFr, z-FZ+x-Fi, xFl+y-Fii Fonn

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
$.3388 Let be M be an interior point in triangle ABC with the area F and F, = area MBC,
F, = area MCA, F, = area MAB. Prove that:

(ab + bc + 2xF,)? (bc +ca + 2xF,)?> (ca+ ab + 2xF.)?

> 4(V3+x)-F,vx €R} = (0,
ca + xFy ab + xF; bc + xF, ( x) X + =0,

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

$.3389If x,y,z > 0 and t = 0 then in any triangle ABC with the area F the following inequality
holds:

( ad +t>a3+( Y +t)b3+( z +t)C3>4(2t+1)F
y+z he ‘z+4+x hy \x+y he —

Proposed by D.M. Bdtinetu - Giurgiu ,Daniel Sitaru-Romania
$.3390 Let be M an interior point in triangle ABC with the area F and F, = area MBC,

F,, = area MCA, F, = area MAB. Prove that:

2
(@ +F)?+2)- (B> +F)*+2) - ((c? +F)*+2) >3(4V3 +1) - F?
Proposed by D.M. Bdtinetu - Giurgiu ,Daniel Sitaru-Romania

$.33911If x,y,z > 0 and t = 1 thenin any triangle ABC with the area F the following inequality
holds:

x z
(—+t>a4+(L+t)b4+(—+t)c428(2t+1)-F2
y+z Z+Xx x+y

Proposed by D.M. Bdtinetu - Giurgiu ,Daniel Sitaru-Romania
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$.3392If x,y,z > 0 and t = 0 then in any triangle ABC with the area F the following inequality
holds:

X zZ
(—+t)a4+(L+t)b4+(—+t)c428(2t+1)-F2
y+z Z+x x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3393 In any triangle ABC with the area F the following inequality holds:

I—I(a4 +1)-(b*+1) =129 - F*
cyc
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.3394 Let be ABC atriangle with the area F, then:
(@a®> +b? +2F)? (b?>+c?2+2F)? (c?+a?+2F)?
c’+F a’?+F b2 +F

> 4(4V3 + 1)F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3395 If x, y > 0 thenin any triangle ABC with the area F the following inequality holds:
x?(a* + b* + ¢*) + y?(a®b® + b?c? + c?a?) = 32xy - F? + Z(ax —by)?-a?
cyc

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3396 Let be s, t,x,y,z € R} = (0,) then in any triangle ABC with the area F the following
inequality holds:
x y 4 z 16

ca*+ : et > - F?
sy +tz sz +tx sx +ty s+t

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
$.3397 In any triangle ABC with the area F let be M an interior point and F, = area MBC,
F,, = area MCA, F, = area MAB then:

(1936F + 388F,)* (1936F + 388F,)*> (1936F + 388F,)?
F, + F, FF+F F,+F,

> 18436593F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3398 With the usual notations in triangle ABC with the area F and x,y = 0,x +y = 8 the
following inequality holds:

(a* +bY +c*) - (a¥ + b* +¢¥) = 256F*

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
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$.33991Ifa,b,c >0,a+b+c=3andA = 0then:

a? b? c? 3
+ + >
b+Abc c+Aca a+Aab ~ A+1

Proposed by Marin Chirciu -Romania

$.3400Ifa,b,c>0,a+b+c=3andA=>0,n € N,n > 2then:

a™ b" c" 3
+ + >
b+Abc c+Aca a+Aab  A+1

Proposed by Marin Chirciu - Romania

$.3401Ifx,y,z > 0and u,v = 0,u + v = 4 then in any triangle ABC with the area F the following

inequality holds:
xa* b zct xa’ bt zc?
+22 4 + 22y >12-F?
y+z z+x x+y)\ytz z+x x+Yy

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

$.3402 If x, y > 0 then in any triangle ABC the following inequality holds:

1 1 1 27
>
a(bx + cy) + b(cx + ay) + clax+by) ~ (x+y)a+ b+ c)?

Proposed by D.M. Bdtinetu - Giurgiu-Romania

$.3403 If x,y = 0,x + y = 4 then in any acute-angled triangle ABC with the area F the following
inequality holds: (a* cot A + bY cot B + ¢¥ cot C)(a” cot A + b* cot B + c* cot C) = 16F?

Proposed by D.M. Bdtinetu - Giurgiu-Romania
$.3404 If x,y,z > 0 and ABC is a triangle with the area F, then:

x2a4 y2b4 Z2C4

G+2% Gttt y)?

+3>4V3-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
$.3405 If x, y > 0 then in triangle ABC with the area S the following inequality holds:

1 1 1 108
+ + >
a(bx+cy) blex+ay) clax+by)  (x+y+12%(a+b+c)?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3406 If x,y,z > 0 then in any triangle ABC with the area F the following inequality holds:

yb3  zc? x yb zc?
xa* + + : + + >12 - F?
z+x x+y +2)? z+x x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
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$.3407 Let (a,) 21, an > 0,Vn € N* and lim 2 = g > 0. Find:

n—oo N-An

n+1/ 5~ n[_ 7
. Apy1 — Van
lim -
n—oo n!

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

$.3408 Let be (a,)ns1, (bn)n=1 sequences of real strictly positive numbers such that

An+1 bn+1

=a>0, lim =b>0

an n—c n2b,
Find: 1{1_{130% Xz Vax (“Vbirr = Vbi)

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

lim
n-oon -

$.3409 Let be u, v > 0 and (a,,),>1, (bn)n=1 Sequences of reals strictly positive numbers such that

An+1 b1

=b>0

lim =a>0, lim
n-oo q, - n* "n—c b,n?

and (Hy)ps1, Hy = Zﬁ=1%- Find: lim %/ayb,, - e~ @+V)Hn
n—->oo
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania
. . n+1 s+1 n s+1
$.3411If s > 0, find: lim ((n +1)-("Vn+1)  —n(¥n) )
n—-oo
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

S.3412 Let be (H,,) 51, Hy = Q=1% and (a,)ns1 a sequence of real strictly positive numbers such

that lim —21 = g > 0. Find: T{i_g)lo(”“,/anﬂ - ’{/a_n)

n—oo An-et’n

Proposed by D.M. Bdtinetu - Giurgiu-Romania
S.3413 If (a,),>1 is a sequence of real strictly positive numbers such that

. An+1
lim

now g M on— DI
Find: 71i_r)£1o(““,/an+1 - ’(/a—n)

Proposed by D.M. Bdtinetu - Giurgiu -Romania

S.3414 If (a,)) 151, Fn)n>1, are sequence of real strictly positive numbers such that

limn =r>0anda,,; =a, +n,Vn = 1.Find:

n—oo
; n+1 n
711_I)T()10(an+1 VAn+1 — An " A an)

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
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$.34151f t = 0, find:

- (n+1/(n n 1)!)t+1 ) (W)t+1

n—-oo (n+ 1)t nt

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

S.3416 Let be (a,,),»1 a sequence with a,, € R}, Vn € N* and
T . .
Ape1 = ay + Yn!- tanZ,vn € N*. Find: r{l_)nolo(an_l_l e —ay - ay)

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

n+1 _n
5-3417 If (an)n21, an > 0, vn E N* and llm a:+1 =a > 0’ find: hm Van+1 \/a_n

n-oo N>-ap n—oo (W)z
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

n+1 ((n+1)')2
! n 2
$.3418 Find: lim - V(:D

n—oo n+1

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3419 If f: R} = R} = (0, o) is a continuous function such that lim ng;(li) =a > 0. Find:
n—-oo

1 = 1
lim —((FGc+ D) - (F)7)
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3420 Let be (ay)ps1, @y > 0,Vn € N* such that lim 222 = g > 0. Find:

n—oo N-an

1 1
lim Y/ (n!)3 - < - >
n—-oo n 'an n+1 ’an+1

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

S.3421 Let be (H,,) 51, Hy = L‘:l% and (ay)ns1,an > 0,Vn € N* such that

lim %’:1 =a > 0. Find: lim e?/n . (Tva—n— " ani)

n—-oo n—-oo
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

$.3422 Let be (ay)ps1, @y > 0,Vn € N* such that lim 222 = g > 0. Find:
n—-oo

an

n n 1
7{1_{1(‘)10( Vo +Dlap, — \/n!an) —

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
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$.3423 If (ay)n21, (bp)ns1, @y by > 0,¥n € N* and lim Z;;l =a>0,
n—oo n

n+i——_n
lim 221 = p > 0. Find: lim —Y iV an Ve

n—oco N-by n-oo W
Proposed by D.M. Badtinetu - Giurgiu, Claudia Ndnuti-Romania

S.3424 Let be (a,,),»1 a sequence of real strictly positive numbers such that

a
1{1_{130 # =a>0
Find:
Jim (" @ny = Van)
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
S.3425 Let be (H,)ps1, Hy = Ll% and (a,)ns1 a sequence of real strictly positive numbers such
that T}l_r)l;lo ai",z’/% =a > 0. Find: Al_r)?oji—;:_n

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

5.3427 Let be (ay)ps1, @y > 0,Vn € N* such that lim 222 = g > 0. Find:

n-oo an

lim (n+V(n + Dlag, — Yn! an)

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

S.3428 Let be (a,,),»1, @y, = n!. Find:

lim
n—oo

n+1 n

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

S.3429 Let be (a,,),51, (bn)n=1 sequences of real strictly positive numbers such that
1

lim & =g > 0and lim 2% = p > 0. Find: lim 22—

n-oo N n—oo Anbn n—-oo an

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3430 Let be (ay)ys1, @y > 0,¥Vn € N* and lim 22 = ¢ > (. Find:

n—oco N-Ap

lim nH\/ Qi1 = 1Va—%

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
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S.3431 Let be (H,) 51, Hy = Zﬁ=1% and (a,),>1 a sequence of real strictly positive numbers such

that lim —2— = g > 0. Find: lim )7 | w
n—oo an'W'eHn ) ) n—-oo n+11/an+1 W

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

$.3432 Let be (a,)ns1, (bn)n=1 sequences of real strictly positive numbers such that

. n . by . : n n
lim 2% = g > 0, lim L =) > 0. Find: lim (" a1 - bur1 — Van - bn)

n-oo an n—oo N-Dn n—-oo
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3433 Let be s,t > 0 and the sequences of real strictly positive numbers such that

S+t
lim % =a >0, lim nb—b”“ = b. Find: lim %/a, - b, - n*

n-oo N°-Apn n—oo n n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3434 Let be (ap)ns1, @y > 0,¥n = 1 such that lim 2% = g > 0. Find:

n-oo an

lim (n+V(2n + D@ —Y@n =Dl an)

n—oo

Proposed by D.M. Bétinetu — Giurgiu, Claudia Ndnuti -Romania

$.3435 letn € N,n > 3and a; € R} = (0,),Vk = 1,n.Ifa; + a, + -+ a, = 1. Prove that

n (ag+1)™mt?

k=1{g, 4 >n+1, vm = 0,where a,q = a;.

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

S.3436 Let (a,,),>1 a sequence of real strictly positive numbers and

(Hp)ns1, Hy = Z?é:l%. If lim % = a > 0. Find: rli_r)go("“,/anﬂ —"fa,)-efn

n—-»oo n
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3437 Let be m = 0 and ABC a triangle then:

4m+4 b4m+4 4m+4

a c
1 2, 2m+2
(bc)m+1 t (ca)m+1 t (ab)m+1 > R L e

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3438 If x, y,z > 0 then in any triangle ABC with the area F the following inequality holds:

xZ 2 yz 2 ZZ 2 2 2 2 2
SN R A —— b >12-F
<(y+z)2 a +(z+x)2 +(x+y)2 c) (a® 4+ b%*+c¢?) =

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
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$.3439 If x,y > 0 and ABC is a triangle with the area F then the following inequality holds:

ab? bc? ca? 4/3
+ + > -F
bx+cy cx+ay ax+by x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania
$.3440 If x,y > 0 and ABC is a triangle with the area F, then:

a* N b* N c* - 43 -
b?2x +c?y c?x+a’y a’x+b%y x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

$.3441 If m = 0 then in any triangle ABC with the area F the following inequality holds:

m+2 bm+2 Cm+2

a
ot t o 2 4V3F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

$.3442 |n any triangle ABC with the area F the following inequality holds:

a*+b* b*+c* c*+a
—+———+ > 8V3F
c a b2

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

$.3443 If x,y,z > 0 and ABC is a triangle with the area F, then:

X+ +z Z+Xx
ya2+y b? + c? > 8V3F
A X y

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

S.3444 letbet € (O, g) and ABC is a triangle with the area F, then:

a?+b%+c2 > 4V3-Fsin2t + (asint — b cost)? + (bsint — ccos t)? + (csint — a cos t)?

Proposed by D.M. Bdtinetu - Giurgiu -Romania

$.3445 In any triangle ABC with the area F the following inequality holds:
1
a’b? + b%c? + c%?a? > 16 - F? +§(a2(b —0)2 +b%(c—a)? + c?(a — b)?)

Proposed by D.M. Bdtinetu - Giurgiu -Romania
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$.3446 In any triangle ABC with the area F the following inequality holds:
1
a* + b* + c* > 16F? + E((a2 —b%) + (b% — c?)? + (c? — a?)?)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

S.3447 If m € [1, ), then in any triangle with the area F and semiperimeter s the following

inequality holds:

a’ b3 c3 4+/3
+ + > -F
2ms—(m+1Da 2ms—(m+1Db 2ms—(m+1)c 3B3m-—-1)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania
S.34481fa,b,c >0,m € [1,©)anda + b + ¢ = s, then:

a b c 3
+ + >
ms—(m+1)b ms—(m+1c ms—(m+1Da 2m-1

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania

S.3449 Letbe m € [1,) and n € N,n > 3 and a4, a,, ..., a, the lengths of the sides of a polygon

with n sides and s and F the semiperimeter, respectively the area of the polygon, then:

z a; - 4F can”
2ms—(m+1a, mn—-m-—1 an
cyc
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
$.3450 Letbem > 0,n € N,n > 3 and a; € R}, Vk = 1,n,s,t > 0 then:

+1
n_ (™ (Tkegatns)” where a =a
k=1 (ageq+t)™ = (Tt ag+nt)"’ ntl 1

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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UNDERGRADUATE PROBLEMS

Romanian

Magazine

. .unll "

U.3301 Let be (E,)ns1, (Ln)ns1 Fibonacci sequence and Lucas’ sequence and a, b, ¢ > 0.

Prove that:

(Foa + Fpy1b)?  (Fyb + Fpyq0)?  (Fpc + Frpqa)® S Fiis

> a+b+c),vneN"
Lnb + LTl+1 - C LnC + Ln+1a Lna + Ln+1b Ln+2 ( )
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.3302 Prove that in any triangle ABC, with area S and usual notations is true the inequality:

az(m+1) bz(m+1)

+
(Fomg + Fn+1m12) + Fryom@)™ (anzzy + Fn+1mg + Fn+2m¢21)

+ =
(Fymé + Fpygmg + Fn+2m12)) 3MFy2

)

where m > 0 and Fy, is the k-th Fibonacci number.
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu - Romania

U.3303 Determine all matrices A € M,(R) such that:

©=s )

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

U.3304 Solve on [0, ) the following system:

I((x+y+z)3:y3+z3+t3+24yzt
4 y+z+1t)3 =23 +1t3+x3 + 24ztx
| Z+t+x)° =0 +x°+y° + 24txy
Lt +x+3)3 =23+ y3 + 23 + 24xyz

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

U.3305 If n,,ny, n. — Nagel cevians in AABC then:

Ng — Mg nb—mb+nc—mc>a2+b2+cz—ab—bc—ca
I Iy he  © 2F

Proposed by Mohamed Amine Ben Ajiba — Morocco
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U.3306 If n,,ny,, n. — Nagel cevians in AABC then:

n,? + ny? + n? —s?

2s

n, +ny +n. =2m, + my +me +

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3307 If ny, ny, n. — Nagel cevians in AABC then:
Ng+n, +n, = 25—3(2\@-3)7’

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3308 If n,,ny, n. — Nagel cevians in AABC then: (n, + np + n.)? = 9s2 — 80Rr — 2r?

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3309 If n,, ny, n. — Nagel cevians in AABC then: n, +ny, + n, + 18r = 3(h, + h, + h.)

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3310 If ng, ny, n, — Nagel cevians in AABC then: ngn;, + nyn, + n.ng = 3s? — 32Rr + 1072

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3311 If ng,ny, n. — Nagel cevians in AABC then:

2V3

-3
na+nb+nc+T-(ha+hb+hc)225

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3312 if n,, ny, n,. — Nagel cevians in AABC then:
3(ng +np +n.) + hg + hy + he = 4(my, + my + m,)

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3313 If n,, ny, n. — Nagel cevians in AABC then: 3(n, + ny, +n.) + 9r = 4(m, + my, + m.)

Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3314 if n,,ny, n. — Nagel cevians in AABC then:ng, + ny + n, = hy + hy + h. + 2(5 - 3\/§r)

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3315 If n,,ny, n. — Nagel cevians in AABC then:
1
Ng +np +n, =myg +my +mc+z(s—3\/§r)

Proposed by Mohamed Amine Ben Ajiba — Morocco
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U.3316 If n,,ny, n. — Nagel cevians in AABC then:
(2v3 = 3)(ng + np + ) + (4 — 2V3)(mg + my, + m.) = V3s
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3317 If n,, ny, n. — Nagel cevians in AABC then:
(2 =V3)(ng +np +n.) +V3s = (3 —V3)(mg +my, + m,)
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3318 If n,,ny, n. — Nagel cevians in AABC then:

(32 — 15v3)(a? + b? + ¢?) — (32 — 18V3)(ab + bc + ca)
2(a+b+0¢)

Ng +np +ng =

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3319 If g,, gy, gc — Gergonne cevians in AABC then:

8R + 29r

5 (ha + hb + hc)

(8a +8b+80)° 2
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3320 If g,, g, g — Gergonne cevians in AABC then:
(ga + gp +9c)? < 5% +4(2v/5 - 1)Rr +2(31 - 8V5)r?
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3321 If n,,ny, n. — Nagel cevians in AABC then:
ne(np + ne —ng) + npy (e +ng — np) + ne(ng +np —ng) = hy + hyp® + he°
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3322 if n,,ny, n. — Nagel cevians in AABC then:
stng +my +1.) = (2 -V3)(n2 + %2 +n.2) +2(V3-1)s?
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3321 if g,, g, g — Gergonne cevians in AABC then:
(a+9p +9)* = s* +6r(hg+hy +h,)

Proposed by Mohamed Amine Ben Ajiba — Morocco
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U.3322 If g,, 9», g — Gergonne cevians in AABC then:
mg+my+me < gg+9gp+9c+2(R—2r).
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3323 If g,, 9», 9. — Gergonne cevians in AABC then:
2(mg +my +m.) +9r > 3(gq + gp + 9c)-
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3324 If n,,ny, n. — Nagel cevians in AABC then:

(a=b)?+ (b —-0c) + (c—a)?
at+b+c

ng+n,+n,—9r =3-
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3325 If ng,ny, n. — Nagel cevians, g4, gp, g — Gergonne cevians in AABC then:
Ng +np +n.+9r = 2(9, + gp + g
Proposed by Mohamed Amine Ben Ajiba — Morocco
U.3326 If n,,ny, n. — Nagel cevians, g4, gy, g — Gergonne cevians in AABC then:
(V3—=1)(ng +np +nc) + (2—V3)(ga + g» + 9c) = V3s.

Proposed by Mohamed Amine Ben Ajiba — Morocco

U.3327 Find:
o °J9 x In?(x) arctan(x)
0 (x2 +1)(x2 +x+1)
Proposed by Vasile Mircea Popa-Romania
U.3328 Find:

Q= Iim{n Jl'ln(1+e‘”)dx}

n—oo
0

Proposed by Vasile Mircea Popa-Romania

U.3329 In any acute triangle ABC holds:
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bc+/cot A +ca~/cotB +ab+/cotC >g R?

Proposed by Vasile Mircea Popa-Romania

U.3330 Find:
3 I
af 0,
0 (X*+1)(x+1)
Proposed by Vasile Mircea Popa-Romania
U.3331 Find:
= xIn*(x)
Q= dx
{ (x2 +1)(x2 —X +1)

Proposed by Vasile Mircea Popa-Romania

U.33321Ifg,b > 0 andn € N,n = 2 then:
Ba+3D)"+ (n—4)(4a)" ta = 3n(4a)™ b
Proposed by Marin Chirciu - Romania
U.33331Ifx,y,z>0,xyz=1and 1 < %then:
x2+y2+2243QA-1D) =2 AMx+y+z+xy+yz+ zx)
Proposed by Marin Chirciu - Romania

U.33341fx,y,z > 0,xyz = 13,1 > 2 then:

1 N 1 N 1 __ 1
x2+23  y2+23 0 224+ 237 220+ 1)

Proposed by Marin Chirciu - Romania

U.33351fx,y,z > 0and —2 < A < 2 then:

x>+ Axy+y?\ _ 3
> () S0 v

Jx+y
Proposed by Marin Chirciu - Romania

U.3336 Solve in real numbers:

x2 14—
4% +4 Vx =120

Proposed by Marin Chirciu - Romania
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U.3337 Let a > 1 fixed. Solve in real numbers:
(a* + 2a + 1)!°8a+12 — ((g@ + 1)* — 2a — 1)08(@+D) = (g + 1)* — ¥ —2(2a + 1)
Proposed by Marin Chirciu - Romania

U.33381Ifa,b,c > 0,ab+ bc+ ca =3 and -2 < A < 2 then:

Z a® + Zab + b\’ 3042
a+b 4
Proposed by Marin Chirciu - Romania

U.3339 Let n € N* fixed. Solve in real numbers:

n Y
2 +n' " E=nn+1)
Proposed by Marin Chirciu - Romania

U.33401Ifa,b,c > 0,abc = 1 then:

(a+b+1)3
Sty
a*+b*+1

Proposed by Marin Chirciu - Romania

U.3342 In AABC the following relationship holds:
vz 2
x- cot4; 3

Proposed by Marin Chirciu - Romania

U.3343 Let x,y,z > 0. In AABC the following relationship holds:
+z
AL
X - tan*=
2
Proposed by Marin Chirciu - Romania

U.3344 In AABC the following relationship holds:

y+z> 32
x-rg  37R*

Proposed by Marin Chirciu - Romania
U.3345 In AABC the following relationship holds:

y+z S 32
x-mgi — 27R*

Proposed by Marin Chirciu - Romania
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U.3346 In AABC the following relationship holds:

Z y+z S 3
x - 1A* — 2R2r2

Proposed by Marin Chirciu - Romania

U.3347 In AABC the following relationship holds:

&@fsﬂ+@+&3&@0
R Wy We W 2r

3
2

Proposed by Marin Chirciu - Romania

U.3348 In AABC the following relationship holds:

3(zfsz+&+isg(ﬂ)
R Sp  Sc¢  Sq 2r

3
2

Proposed by Marin Chirciu - Romania

U.3349 In AABC the following relationship holds:

S A
z sz; <2R3
. A . . B—= 3
231n6—+sm6; r

2

Proposed by Marin Chirciu - Romania

U.3350 In AABC the following relationship holds:

sinB + sinC - zsinB +sinC
hb + hC Ty + 10
Proposed by Marin Chirciu - Romania
U.3351 In AABC the following relationship holds:
4
Z sinB -sinC _ 3V3 (2r)5

2

Proposed by Marin Chirciu - Romania

U.3352 In AABC the following relationship holds:

1
ZsinB +sinC - 2\/§(2r)5
Wq ~ R \R

Proposed by Marin Chirciu - Romania
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U.3353 In acute AABC the following relationship holds:

ZsinB +sinC - 33 (Zr)
HA - R R

Proposed by Marin Chirciu - Romania

U.3354 In AABC the following relationship holds:

Z (tan2 + tan 2)4 _ 16

tan22 + Atan2tanZ + tan22 A +2°
2 2 2 2
Proposed by Marin Chirciu - Romania

U.3355 In AABC the following relationship holds:

2
z sinB +sinC - 2v3 (ZT)E
Sa - R \R

Proposed by Marin Chirciu - Romania

U.3356 In AABC the following relationship holds:

z sinB +sinC - 3V3 (Z_Tf
1A ~ R \R
Proposed by Marin Chirciu - Romania
U.3357 In AABC the following relationship holds:
Y b%c? (A + cos?A) > 441+ 1F?, 1=0.
Proposed by Marin Chirciu - Romania

U.3358 In AABC the following relationship holds:
2r A B C
p(l +§> <+ c)sin§+ (c+a)sin5+ (a+b)sinES 2p

Proposed by Marin Chirciu - Romania

U.3359 In AABC the following relationship holds:

1 <Z 1 < 1 |R 1
2Rr — Luala+b—c) ™ 4r? |r

Proposed by Marin Chirciu - Romania
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U.3360 In AABC the following relationship holds:

\/§<2b+c—a<\/§R
2R 2anbc ~ 8r?

Proposed by Marin Chirciu - Romania

U.3361 In AABC the following relationship holds:

612 Z sin? A 2R —r
— < <
R? sinZ? B + sin? C 2r

Proposed by Marin Chirciu - Romania

U.3362 In AABC the following relationship holds:

\/§<zb+c—a<\/§R
R — avbe = 4r?

Proposed by Marin Chirciu - Romania
U.3363 In AABC the following relationship holds:

Z(mb+mc)a 9R3
a+b+c _47'

1812 <

Proposed by Marin Chirciu - Romania

U.3364 In AABC the following relationship holds:

2772
oRZ = 1_[(1 + cos A) < —

Proposed by Marin Chirciu - Romania

U.3365 In AABC the following relationship holds:

27\/3R3

8r

27V3r2 < Z(mb +m2)sinA <

Proposed by Marin Chirciu - Romania

U.3366 In AABC the following relationship holds:

3S(4Rr — 2r2 — R 9V/3 2r
( R ) Zsm Asm2A<T ?

Proposed by Marin Chirciu - Romania
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U.3367 Let 1 > %fixed. Ifa,b,c > 0,abc = 1 then find minimum of

_(@a+b)(b+c)c+a)
~ Ma+b+o)-1

Proposed by Marin Chirciu - Romania

U.3368 If a, b, c > 0 then:

a+1 2a+1
E _—t ) — =
Vaa* +1 a+1
Proposed by Marin Chirciu - Romania

U.33691f x,y,z >0 and% < A1 < 4 then:

z x - 3
A2 +yz+2y2 V2A+1
Proposed by Marin Chirciu - Romania

U.3370 Leta = 1. If x > 0 then:

1 b 3
+ <
Vx+a 2Vax?+1 2va+1

Proposed by Marin Chirciu - Romania

U.33711fa,b,c >0,a+ b +c =3and A= 0 then:

bc(c+ 1)
Z—Zab+bc+ca
a+ A

Proposed by Marin Chirciu - Romania
U.33721f x4, X5, ..., X > 0, X1 + X5 + -+ x, = 1 then find the maximum value of x;x5x35 ... x%

Proposed by Marin Chirciu - Romania
U.33731Ifa,b,c > 0,ab+ bc+ ca=1and A = 0 then:

(a + b)* (b +c)* (c + a)* - 16
a2+ Adab+b?% b2+ Abc+c? c?4+Acat+a? T A+2

Proposed by Marin Chirciu - Romania

U.33741fx,,z > 0 and = < A < 4 then:

Z X S 3
VA2 +yz+2z2 V24 +1

Proposed by Marin Chirciu - Romania
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U.3375 Let a > 0,4 > 0 fixed. Solve for real numbers:

(ax +1) (1 + +/(ax + 1)2 +/'l) +x(1+\/x2 +A) =0
Proposed by Marin Chirciu - Romania
U.3376 If a,b,c, m,n > 0 then:

5
- (a+b+0)

(2 ‘{/%—i—nc) ~ (m+n)(a?+ b2+ c?)

Proposed by Marin Chirciu - Romania

U.33771f0<a; < 1,i = I,nand 1 > 1 then:

1 1 1 n
+ + ot <
A+a; A+a, A+an ™ A+ "aja,..a,

Proposed by Marin Chirciu - Romania

U.3378 If a, b, c > 0,%+%+%= 3andx,y,z>0,x+y+z=3nn>0and 1 > 0 then:

1 1 1 3
>
a(xa+l)+b(yb+l)+c(zc+l)_n+/1

Proposed by Marin Chirciu - Romania

U.3379 In AABC, AA4, BB;, CC; —angle bisectors. Prove that:

+ + >3-4"neN
(BlCl) (ClAl) (AlBl) "

Proposed by Marin Chirciu - Romania

U.3380 Let n € N fixed. Solve for real numbers:

n n
[x]+m={x}+m

Proposed by Marin Chirciu - Romania
U.3381 Solve for real numbers:
Vi—x=1-2x2—2xJ1—-x2
Proposed by Marin Chirciu - Romania
U.33821Ifa,b,c=0,a+b+c=3andn =1 =0 then:
n(a? + b2 + c2) + A(Vab + Vbc + Vea) = 3(n + 1)

Proposed by Marin Chirciu - Romania
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U.3383Ifa,b,c = 0andn € N,n > 2 then:

Z"/Wwawawa

Proposed by Marin Chirciu - Romania
U.3384 Write the number 723"*1 n € N, as a sum of two perfect cubes.
Proposed by Marin Chirciu - Romania

U.3385 Prove that:

sin24—n sinz *
9 9

1 1 8\/5(

.4 . 0w
—2SIn—+SIn —
9 9)

Proposed by Vasile Mircea Popa-Romania

U.3386 Let be s,t,x,y,z € R, = (0,) then in any triangle ABC with the area F the following
inequality holds:

4 4 4
xa vb zc” 16

+ + = :
sy+tz sz+tx sx+ty s+t

FZ

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

U.3387 If x,y,z > 0, (E,),>1 is Fibonacci sequence then in any triangle ABC with the area S the
following inequality holds:

4 4

yb zc* 16
+ + >
VB, +2zFh 1 zEy+xFpy xFy+YFhi Fase

xa
-S%2,vn € N*

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania
U.3388 Letm = 0and a,b,c > 0,a+ b + c =1, then:

(@a+b+2)™t (b+c+2)™" (c+a+2)m*!

>2m+3
CctD" T G@rDm T mrDm

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania
U.33891Ifa,b,c >0anda+ b + ¢ = 1 then:

(@a+b+22 Bb+c+2)2 (ct+ta+2)
Ccr0z TTarn: tTornz =%

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania
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U.33901If s,t,x,y,z € R} = (0, 0) then in any triangle ABC with the area F the following
inequality:

2 2 2

xa zc

yb
+ + >
sy+tz sz+tx sx+ty s

4
V3-F
+t

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.3391 In any triangle ABC with the area F and the semiperimeter s the following inequality holds:
s+a*+b*+c3=>4V6-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3392 Let be M an interior point in triangle ABC with the area F and d, d}, d. the distances of
point M to the sides BC, CA respectively AB, then:

a’b N b%c N c’a S 243
hod? ' hpdZ " hodZ =

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania
U.3393 If x, v,z > 0 then:

1936x + 88y 4 1936y + 88z 4 1936z + 88x
88x + 1936y + 2024z 88y + 1936z + 2024x 88z + 1936z + 2024y

3
>—
2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

U.3394 If x, y, z > 0 then in any triangle ABC with the area F the following inequality holds:

xa b zc
+ 22y > V27 -VF
y+z z+x x+Yy

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

U.3395 Let x,y,z > 0 and ABC a triangle with the area F then:

xa yb? zc xa®  yb?  zc3
+ + . + + > 12F?
yt+z z+x x+Yy y+z z+x x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania

U.3396 Prove that:

n

Z: k = e vn € N*
Lnn+D—k=20-D""

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti -Romania
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U.3397 Letay € R, Vk =1,nands = X7, ay. Ifx,y >0andxs >y - max a, then:
<ksn

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3398Ifm > 0,x,y,z> 0andx + y + z = s > 0 then in any triangle ABC with the area F the
following inequality holds:

(az +ab+ b2)m+1 (bz + bc + a2)m+1 (CZ +ca+ a2)m+1 - 22—m . 32m+1(\/§)m+1

2 2\m 2 2\m 2 2\ym = 2m - Fm
(s2 —x2) (s —y?) (s2 —z2) s

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.3399 In any triangle ABC with the usual notations the following inequality holds:

a® b® 3
L2 ser
ot TR

where F = area ABC
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
U.3400 Let be x, y > 0 then in any triangle ABC with the area F the following inequality holds:

x2a* +y2b* xb* +yc* xc*+ya* 8V3
Zy + Zy + Zy > (x + y)?F
mg mg mg 3

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3401 Find:
0 T x [In(x )| arctan(x)
0 (x2+1)(x+1)2
Proposed by Vasile Mircea Popa-Romania
U.3402 Prove that:
1 2(K(k)—-E(k
f_K(k)Jr ( (,)c2 ())dk |
k 4

0

1 — k2sin%0

3 3
1
where, E(k) = j\/l —k2sin260d0 And K(k) =.[
0 0

Proposed by Shobhit Jain — India
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U.3403 In any acute triangle ABC holds:

\/;4__\/% \/smi—>2x/_

Proposed by Vasile Mircea Popa-Romania

U.3404 Find: Q=

Proposed by Vasile Mircea Popa-Romania

U.3405 Find:

x In?(x )arctan(x)
(x +1)

o]
0

Proposed by Vasile Mircea Popa-Romania

U.3406 In any acute triangle ABC holds:

9J’

r,\/COSA +1,/cosB +r.+/cosC < ——

Proposed by Vasile Mircea Popa-Romania

U.3407 Prove the below closed form

3 G = 3
1 inx + dx=——=—+-1 (2 + —)
J;) n(V51nx v cos x) x > 132 n 7z
Where, G is the Catalan’s constant

Proposed by Ankush Kumar Parcha-India

U.3408 Prove the below closed form

2
dx dy = %ln(Z) - %((3)

flflln(l_x y?) —xyln (113)
o Jo

1—x2y2
Where, {(3) is an Apery’s constant

Proposed by Ankush Kumar Parcha -India
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U.3409 Prove the below closed form

f flln % ()dxdy——((3)
y

><I‘<

Where {(3) is an Apery’s constant
Proposed by Ankush Kumar Parcha -India

U.3410 Prove the below closed form

f f dx dy _n?
[OE]Z sin2(x) + cos2(y)  2v2
Proposed by Ankush Kumar Parcha -India

U.3411 Prove the below closed form

1 442
f sinh™1(x) cosh™(x) dx = i 1-— —1” i
o o\
4

Proposed by Ankush Kumar Parcha -India

U.3412 Prove the below closed form

sin(x)  cos(x) 7{(3)
ff 221n<cos(y)+sin(y)>dXdy 5 —ln2

Where, {(3) is the Apery’s constant

Proposed by Ankush Kumar Parcha -India

U.38131f Q= [ [ [ sin(ty+2) cos6ty+2) v dy dz
x /y\/E

4\/15+11\/§—2\/116+82\/7 5
AEOrG)

Proposed by Ankush Kumar Parcha -India

Then, show that: Q = —

U.3414 Prove the below closed form

fl(ii >ln(x)ln(1+i)dx—<x +4>1n(2)——2——(( )

Proposed by Ankush Kumar Parcha -India
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U.3415 Prove the below closed form

2
f ﬂ ]2 In(sin?(x) + cos?(y)) dxdy = nG — %ln 2

Proposed by Ankush Kumar Parcha-India

U.3416 Prove the below closed form

f <sin(x)> <sin(2x)> <sin(3x)>
dx =71
R\ X X X

Where, T is the ratio between the circumference and radius of a circle

Proposed by Ankush Kumar Parcha -India

1
U.3417 1 Q= [ 210 (222) dx Then, show that:

1-x

In3(2)
3

1 1 7
0= Lis; (—E) + 1n2L12 (—E) — 56(3) +
Where Lig(z) is the polylogarithm of Jonquiere’s function, {(3) is the Apery’s constant

Proposed by Ankush Kumar Parcha-India

U.3418 Prove the below closed form

csc(2x) - csc(2y) dx dv = Tw
.f -ﬁo,ﬂz cos?(x) cos?(y) — sin?(x) sin?(y) Y=y

Where, w is the lemniscate constant.

Proposed by Ankush Kumar Parcha -India

U.3419 Prove the below closed form

3w
= I

In?(x) sin3(x) i
fR d B g ®

Ty
=292~ In(3
. x 4]/ 4n()+

Where, y is the Euler — Mascheroni constant.
Proposed by Ankush Kumar Parcha-India

U.3420 Prove the below closed form

n(n+1)

Z (-1 =z B cos(2) —sin(2)
& rGy)rGer)

Proposed by Ankush Kumar Parcha-India
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U.3421 Prove the below closed form

2m (1 + msin(x)) - (1 + m cos(x)) (T 2
J;) (1+esin(x) - L +ecos(x) " (_)

Proposed by Ankush Kumar Parcha-India
U.3422 Prove the below closed form

e3
In| 2 |dxdydz =1
ffj;o,1]3;Zn yrz |2 = T 4006

z

Proposed by Ankush Kumar Parcha -India

U.3423 Prove the below closed form

z 272 (Zn) _3m
= D IO [ CE T N

Proposed by Ankush Kumar Parcha -India
U.3424 Prove the below closed form

1(1—x)(2—x)(3—x)d 1 >
o A+x9)nx “(2048)

Proposed by Ankush Kumar Parcha-India

U34251£0 = [ n (F22) (1) ax

2
Then, show that: O = %2 - @ —V2In(1++v2) + (1 +v2)In(2)

Proposed by Ankush Kumar Parcha-India

U.3426 Prove the below closed form

1

fZ" dx _, 22
o sin*(x) +sin2(x) +1 3%

m

Proposed by Ankush Kumar Parcha -India

U.3427 Prove the below closed form

T

fz 1(1+ t 1 )d PN
Oxn csc(x)  sec(x) x—2 16rl

Where, G is the Catalan’s constant.

Proposed by Ankush Kumar Parcha -India
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U.3428 Prove the below closed form

1 sin(x) zd m
J.R<;_ x? ) =3

Proposed by Ankush Kumar Parcha-India

U.3429 Prove the below closed form

j‘f (1= - 1—y? dx dy o n3+3n21 @)
RZ cos 1+ x2 cos 1+y2)(1 +x2)(x2+y2)(1+y2)_n 8 2 "

Where, G is the Catalan’s constant

Proposed by Ankush Kumar Parcha-India

U.3430 Prove the below closed form

z n?+1  mV2sinh(nv2)
n*+1  cosh(nv2) — cos(mv2)

nez

Proposed by Ankush Kumar Parcha -India

U.3431 Prove the below closed form

1 5
;F(n—1)+l"(n)+l"(n+1)_;+y+e_1

Where I'(z), R{z} > 0 is the gamma function, § is the Gompertz constant or Euler-Gompertz
constant, y is Euler’s constant or Euler — Mascheroni constant

Proposed by Ankush Kumar Parcha-India

U.3432 Prove the below closed form
1 1
f ln(1+—2+—4)dx=7r\/§
]R+ X X

Proposed by Ankush Kumar Parcha -India

U.3433 Let be (a,);51, A, = n!and (by,)ps1, by > 0,¥n € N* with lim 2Pnt1 — > 0. Find:

n—-oo n
n+1 n
lim a?,..— |a®]|-%/b
n-oo n+1 n n

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania
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U.3434 Let s,t = 0 and (ay)ns1, (Pn)ns1, Qny by > 0,¥n € N* and lim an+1s =a>0,

n—oo Ap'n

lim 2841 — b > 0. Find: lim Vn'bn

n—-oo nTlt n—-oo n5+t

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
U.3435 Let (a,)n=1, (bp)ns1 sequences of real strictly positive numbers such that

. an+1
lim ——
n-con-a

n-b
=a>0,limb—n+1:b>0

n n-oo n

Find: lim Y/ a, - by,

n—oo

Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3436 Let (a, )1 a sequence of real strictly positive numbers such that

. NnN-an4+1 — . BRT n I.
lim —= = a > 0. Find: 111_1){)10 ynl-a,

n—oo an
Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.3437 Let be (a,),>1 a sequence of real strictly positive numbers such that

lim =51 — ¢ > 0. Find: lim /(2n — D! a,
n—oo

n—oo an

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
U.3438 If t = O find:

m

n—oo (n + 1)t B nt

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3439 Letbey, = —Inn + 221:1%:711_{{}0 ¥n = ¥ = Euler — Mascheroni constant. Find:

lim (yn, — ) - V@n -1

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3440 Let be (a,)n>1,a, = n! and (by,) 51, by > 0,Vn € N* such that

lim 22851 = b > 0. Find: lim ("VaZ,, — VaZ) Vb,

n-o bp

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania
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U.3441 Find:

lim ("Y/@n+ DI+ D) - Y@n— Diin
n—-oo
Proposed by D.M. Bdtinetu - Giurgiu Daniel Sitaru-Romania

U.3442 Let be (a,) 21, an > 0,Vn € N* with lim =22 = g > 0 and (b,)ps1, by = n!. Find:

n—oo an

n+1)3 nd )
lim */a. - _
nl—r}go \/a—n <n+1 /_bn+1 rvb_n

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3443 If (ay)ps1, @y > 0,Vn € N* such that lim =22 = g > 0. Find:

n—oo an

m <"+1\/((n + 1)!)2 “Ant1 T m>

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3444 If (ay)ps1, @y > 0,¥Vn € N* with lim 2242 = g > 0 and (by)ps1, by = (2n — 1!, Find:

n—oo an

n+1 n
lim anii b, — |a, b2

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.3445Ifs,t > 0,s + t = 1 and (@) n>1, (br)ns1, @n, by > 0,Vn = 1 with

lim 2L = g > 0, lim ;’"H = b > 0. Find: rli_r){)lo(""{/anﬂbnﬂ — Y an - by)

n-oo Ap'N n—oo n~nt

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

. 1 Van .
U.3446 Let (a,)ps1,an > 0,¥Yn € N* with 7%1_{210 e a > 0. Find:

7li—l;l(}o(n+1 ,an+1 _n ,an)
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3447 If t = 0, find:

- (n+1 ['(n n 1)!)t+1 ) (W)t+1

n—-co (n+ 1)t nt

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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U.3448 Let be (a,) =1, (bn)n>1 Sequences of real strictly positive numbers such that

An+1

b ‘n
lim =a>0,limL=b>0

n—-oo an ‘n n—-oo n

T (n+1)3 o+l _ n3 n
Fmd'r{%(""m Dt i w/bn)

Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.3449 Let be (a,) 21, an > 0,Vn € N* such that lim 222 = g > 0. Find:

n—oo N-An

1
lim n- %/a, f x3-(1—x*)"dx
0

n—oo
Proposed by D.M. Bdtinetu - Giurgiu-Romania
U.3450 Let (a,)ns1, (bp)ns1 sequences of real strictly positive numbers such that

lim 21 = g > 0, limb”—;l=b>0.Find:

n-oo N-An n—oo N-On

Lol Zn: k
im-—- ) —

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.601Ifa,b,c > 0and A > 0 then:

a?
>
(A+1)Zb+lc+2\/3(ab+bc+ca)_3(a+b+c)

Proposed by Marin Chirciu - Romania

JP.602If a,b,c > 0 and A2 > 0 then:

ZZ al +A+1Zb >ZZ )
b+Ac 2 €= a

Proposed by Marin Chirciu - Romania

JP.603If a, b, c > 0 then:
2(a® +b® +c°) = a® + a® + b + b° + ¢ + cP
Proposed by Daniel Sitaru - Romania

JP.604Ifa,b > 0;n € N* then:

2n

——+ a*"p*" + >B+azzb+i

Proposed by Daniel Sitaru - Romania

151 ROMANIAN MATHEMATICAL MAGAZINE NR. 49



Romanian Mathematical Society-Mehedinti Branch | 2026

JP.605 Find if it exists x, y € R" such that:

4% +/2026* + 2026 —2 = 2*¥Tyt1 — 1
Proposed by Adrian Gobej - Romania

JP.606 Solve the following equation:
201627 + 20162017 ~+x-2013 = 2017

Proposed by Adrian Gobej - Romania

JP.607 Solve for reals:

Vex—7+V3-2x*=2
Proposed by Marin Chirciu - Romania

JP.608 Let be the triangle ABC,AA{, BB, CC, internal bisectors and A,, B,, C, contact

points to the bisectors with the circumcircle of the triangle. Prove that:
A]_AZ . Bzcz + B]_BZ . AZCZ + C1C2 . AZBZ > Rs
where p represent the semiperimeter and R the circumradii of triangle ABC.

Proposed by Marian Ursdrescu, Floricd Anastase - Romania

JP.609 In acute triangle ABC,A’, B', C' are symmetric points of the points A4, B, C to the
sides BC, AC, and AB respectively. Prove that:

a[A’B’C’]_ (r 2 r
o[ABC] " \R

where o[ABC] represent area of AABC.

Proposed by Marian Ursarescu, Floricda Anastase - Romania
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JP.610 Solve for real numbers:

1°gzm(x2 +x+2)= log\/‘m(x2 +x+1)
Proposed by Marian Ursdrescu, Floricd Anastase - Romania
JP.611 Find the angle between the real plans:
Pi:2x+y+3z—-1=0
P;:3x—-2y+z+1=0
Proposed by Daniel Sitaru - Romania

JP.612 Find the angle between the line d and the real plan P.

x =2+ 3t
d:{y=3—2t;tE]R;P:2x+y+Z—5=0
z=1+5t

Proposed by Daniel Sitaru - Romania
JP.613 Find the angle between the lines:

x=3-2t x=2+4t
di:i y=1+1t ;dy:jy=—-1+2t;t€eR
z=-1+3t z=4-t
Proposed by Daniel Sitaru - Romania

JP.614 In AABC the following relationship holds:

a* + b* b‘*+c4_|_c4+a4

> 288r3
he | h h, =0T

Proposed by Nguyen Hung Cuong - Vietnam
JP.615 In AABC the following relationship holds:

a*+b* b*+c* ct+at

> 9672
nz | hz 2 =0

Proposed by Nguyen Hung Cuong - Vietnam
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PROBLEMS FOR SENIORS

SP.601 What is the largest positive value of the power k such that
ak+b*+ck<3
for all nonnegative real numbers a,b,c,d witha < b < c < d and
ab + bc +cd +da = 4?
Proposed by Vasile Cirtoaje - Romania

SP.602 Let a4, a,, ..., a,, be nonnegative real numbers such thata; + a, + -+ a,, = n.

n
n—a;
I —
Z ’n—1+ai_ nn-1
i=

Proposed by Vasile Cirtoaje - Romania

Prove that:

SP.603 Prove that g is the largest positive value of the power k such that

1 1 1
—+—+—==>a*+b*+ck+d*
b ¢ d

1
a

for all positive real numbers a, b, c, d with at most one of them smaller than 1 and
ab + ac+ ad + bc + bd + cd = 6.

Proposed by Vasile Cirtoaje - Romania

SP.604 Letbe A(2,1,0); B(1,2,1);C(3,3,3); D(0,0,4). Find the distance from the point
D to the real plan (ABC).

Proposed by Daniel Sitaru - Romania
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SP.605 Let be A(1,2,1); B(2,1,3); C(4,4,4).Find the distance from the point A to the line
BC.

Proposed by Daniel Sitaru - Romania

SP.606 Let be A(2,1,0); B(0,1,2);C(3,0,1); D(4,4,4). Find the volume of the
tetrahedron ABCD.

Proposed by Daniel Sitaru - Romania

SP.607 Let be the function f: [0, 1] —» R integrable such that f(1) = 1 and
y 1
[ r@ae=3050) - x50). vy e 10,11
X
Find:
i
I= f f(x) - tan? x dx
0

Proposed by Marian Ursdrescu, Floricd Anastase - Romania

SP.608If a,b,c € (0,1) and x,y,z > 0 such that a = (bc)*, b = (ca)?,c = (ab)? and
xyz = 1 then holds:

cyc

"\/Z at(y+z+2)"1>6- VYabc,n € N*,n > 2

Proposed by Marian Ursdrescu, Florica Anastase - Romania

SP.609 If a, b, c > O then:

Vazb? + ¢ ++/c2b? + a? +/c2a? + b2 = \/(a+ b + ¢)? + (ab + bc + ca)?

Proposed by Daniel Sitaru - Romania
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SP.610If a, b, c > 0 then:

Va2 +1+Jb2 +1+Jc2+12/(a+b+c)?+9
Proposed by Daniel Sitaru - Romania
SP.6111If x,y,z > 0 then:
(x5 + 95 +25)(x0 + y° + 26) (2% + y* + 22)° > (&% + y® + 2%)7
Proposed by Daniel Sitaru - Romania

SP.612 Letbe A(1,2,3); B(4,1,1);€(0,3,2); D(2,1, 3). Find the volume of the
parallelepiped builded on the vectors AB, AC, AD.

Proposed by Daniel Sitaru - Romania
SP.613 Let be A(2,4,1); B(4,2,5). Find the mediator plan of the segment [AB].

Proposed by Daniel Sitaru - Romania

SP.614 Let be A(1,3,2); B(3,1,1); C(4,2,0). Find the area of the parallelogram builded
on AB and AC.

Proposed by Daniel Sitaru - Romania

SP.615 Let be A(1,2,3) and thereal plan: P:2x+y+z—5=10
Find the parametrical equations of the perpendicular line from A to the real plan P.

Proposed by Daniel Sitaru - Romania
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UNDERGRADUATE PROBLEMS

UP.601 Let {L,,},-0 be the Lucas’ sequence definedby L, = 2,L; = 1 and foralln >
2,L, =L, 1+ L, ,.Determine the sum of the lengths of the intervals, disjoint two by
two, formed by all f(x) = 1, where

Li L; L

fx) x+ L} x+L3 x+ L2

Proposed by Jose Luiz Diaz Barrero-Spain

UP.602 Find all non-negative integers for which

n k 2
Z k+1 (k)
k=0
is and integer number.
Proposed by Jose Luiz Diaz Barrero-Spain
UP.603 Find all positive real values of the constant k such that
9(a?*+k)(B* +k)(c*+k)<(1+k)3(a+b+c)?
for any nonnegative real numbers a, b, ¢ with ab + bc + ca = 3.

Proposed by Vasile Cirtoaje - Romania
UP.604 Prove that ; is the smallest positive value of the power k such that

1 1 1 2 2 2
ﬁ+ﬁ+32a + b“ +c

for all positive real numbers a, b, ¢ with at most one of them smaller than 1 and

ab + bc + ca = 3.

Proposed by Vasile Cirtoaje - Romania
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UP.605 We consider the function u: R — R, periodic with period 2. For the period

[0, 2m] we have:

g,?’z—");u(x) = cos(x) ifx € [37”,211).

u(x) = cos(x)ifx € [O,g);u(x) =0ife [

Prove the equality:

f°° u(x)d 1t+e2+1 . (1)
——dx =— arctan (—
o 1+x2 4e  2e e

Proposed by Vasile Mircea Popa - Romania
UP.606 If f:IR — (1,0) and g: R — R are continuous functions, and y,, = \/n! F,,

n € N* — {1}, where (F,),,»¢ is Fibonacci sequence, find:

Vi1 _ 9Vn+1-%)
Tlll—l;?o (f!(:(cx_y:;n)) 9n+1—x) dx
o (Fne1 — %) +(f(x—ya)

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.607 Calculate the integral:

1 xInx

L GrD@r D™

Proposed by Vasile Mircea Popa - Romania

UP.608If f:IR — (1,) and g: R — R are continuous functions, and (L,,) > is Lucas

sequence,and y, = Y/ (2n — 1! L,,n € N* — {1}, find:

n+1—%)
. Yn+1 (f(x _ yn))g
rltl—{g f 9(x=yn) IYn+1-x) dx.
v (e — %) +(F(x = yw)

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
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UP.609 If f: [a, b] — (0, ) is continuous functions such that f(a + b — x) + f(x) = c,

Vx € [a,b]landa+ b = ;—t, find:

f” sin"x + f(x) +d d
. X,
e SiN"x + cos™x + ¢+ 2d

wheren € N*and d > 0.

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.610 If f: R} — R} is a continuous functionand y,, = —Ilnn + }}_, %, find

. ¥n fx—v)
rllg?onjy fn—2)+fx—7y) dx

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania

UP.611 If f: R} — R} is a continuous function and (x,,) 51, X = D=1 %, find

l. exn+1 f(x _ exn) d
b en [t —x) + f(x — e¥n) x

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
UP.612 If f: R} — R} is a continuous function and (a,,),,>1 is definedby a; = a, =1,

f(x—e*n)
f(e*n+1-x)+f(x—e*n)

—yn 9% . \n 1 .. . 1 re*n+1
Ani1 = D=1 VN 2 2 and (Xp)n>1, X = Xk=1 o find ’lll_)lg;fexn

Proposed by D.M. Batinetu - Giurgiu, Neculai Stanciu - Romania
UP.613 Letbe A(1,2,0); B(2,0,1); C(3,3,3). Find the area of AABC.

Proposed by Daniel Sitaru - Romania
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UP.6141f 0 < a < b then:

dxdy b\\> b b dxdy
[ ea(m(Z) 21| [
x? —xy+ y? a ata (X+y)

Proposed by Daniel Sitaru - Romania
UP.615 Prove that g is the smallest positive value of the constant k such that

1 1 1 3
<
(a+b)2+k+(b+c)2+k+(c+a)2+k_4+k

for all side lengths a, b, c of a triangle with ab + bc + ca = 3.
Proposed by Vasile Cirtoaje - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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