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FURTHER STUDIES ON FERMAT-TORRICELLI AND NAPOLEON POINTS OF A 

TRIANGLE USING PLAGIOGONAL APPROACH 

By Thanasis Gakopoulos-Greece, Debabrata Nag-India 

Abstract: In this present work, we have attempted to extensively study the geometric 

characteristics of Fermat’s Second point (X14) and Second Napoleon point (X18) using a set of 

inclined axes, also known as the PLAGIOgonal Axes. As a further continuation of our earlier 

work similar to the present one, we expanded our discussions on Fermat’s First point (X13) 

and First Napoleon point (X17) and present some additional relations in this work. In both the 

cases, we have exemplified our theorems using some challenging geometrical problems 

available in the social media. We have also tried to make a comparison of the relations 

between the Fermat and Napoleon points. 

Keywords: First and Second Fermat – Torricelli points, X13, X14, Napoleon points, X17, X18, 

PLAGIOGONAL Axes, isogonic point, ETC  

1.0 Introduction 

In Euclidean Plane Geometry, if three equilateral triangles are constructed outwardly and 

also inwardly on the three sides of a scalene triangle no angles of which are greater than 

1200, and then three lines are drawn from each of the vertices of the triangle to the opposite 

vertices of the equilateral triangles, then these lines concur at a point which is known as the 

First Fermat-Torricelli point, denoted henceforth as F1 and Second Fermat point, denoted 

henceforth as F2  and  or simply, Fermat points of the given triangle. These Fermat points are 

also the first isogonic points (X13 and X14 in Kimberling’s Encyclopedia of Triangle Centers, 

ETC) for the above mentioned type of triangle. Further, if lines from each of the vertices of 

the triangle are drawn connecting the centroids of the outwardly and inwardly drawn 

equilateral triangles then these lines also become concurrent the respective points of 

concurrency of these lines are termed as the First and Second Napoleon points N1 and N2 or 

according to Clark Kimberling’s ETC nomenclature, as X17 and X18 respectively. 

In this present work, we have expanded our analysis carried out in [1] which only had 

focussed on F1 and N1 points.  

2.0 Second Fermat or Fermat – Torricelli Point (F2 or X14) and allied Theorems: 

According to the theorem, we know that if for any scalene triangle in which the largest angle 

not exceeding 1200, if three equilateral triangles are developed inwardly then the three lines 

drawn from the opposite vertices of the triangle joining the vertices of the inward 

equilateral triangles thus formed, are concurrent and the point of the concurrency is called 

Second Fermat or Fermat – Torricelli point denoted as F2 or, as per Kimberling’s 
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nomenclature as X14. The following figure shows an arbitrary triangle ABC and three 

equilateral triangles A1BC, B1CA and C1AB drawn inward. As per the above theorem, lines 

AA1, BB1 and CC1 are concurrent at F2 (X14).  

 

 

 

 

 

 

 

 

 

Proof:- Let us choose the PLAGIOgonal Co – ordinate system (Vertex, x – axis, y – axis) as (B, 

BC, BA) and it is easy to note the following co-ordinates of the points A1, B1 and C1 

respectively as follows:  

     sin 3 cos sin 3 cos 3 3 3 cos sin3
, , ,

2sin 2sin 2sin 2sin

a B B a B B c a c B Ba

B B B B

       
   
   
   

 

and 
 0

sin 603
,

2sin sin

c Bc

B B

 
 
 
 

equations of AA1, BB1 and CC1 are thus respectively: 

 
 

 
 

 
3 3 cos sin sin 3 cos3 2 sin

, ,
3 2 sinsin 3 cos sin 3 cos 3

a c B B c B Ba c B
y c x y x y x a

c a Ba B B a B B c

  
     

  

 Solving these equations in pairs we obtain the following same co-ordinates of point of 

intersection of the above lines as: 

   

 

   

 2 2 2 2

sin 3 cos sin 3 cos 3 sin 3 cos sin 3 cos 3
,

2 3 sin 3 sin cos 2 3 sin 3 sin cos

ca B B a B B c ca B B c B B a

B ca B B c a B ca B B c a

         
    

          
    

or equivalently: 

F2 (X14) 

C1 

A2 A1 

B2 

A 

B C (a, 0) (0, 0) 

(0, c) 

C2 

B1 

Figure 1: Fermat’s Second Point F2 (X14) 
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   

 

   

 

0 0 0 0

0 2 2 0 2 2

sin 60 2 sin 60 3 sin 60 2 sin 60 3
,

3 sin 2 sin 30 3 sin 2 sin 30

ca B a B c ca B c B a

B ca B c a B ca B c a

         
    

         
    

      (1a, 1b) 

and are considered as the co-ordinates of F2 or X14 with respect to the above co-ordinate 

system. Alternatively, the above co-ordinates can also be expressed in terms of the sides of 

the given triangle as follows [eqn (1c)]: 

 

   

 

   

 

2 2 2 2 2 2 2 2 2 2 2 2

2 2 2 2 2 2

4 3 4 3 4 3 4 3
,

8 3 8 34 3 4 3

c a b c b a c a b a b ca c

a b c a b c

   

  

                   
         

           
    

Another useful formulation for the co-ordinates of the second Fermat point are as follows: 

 
 

 
 
 

 
2 2 2 2 2 2

0 0

2 2 2 2 2 2

4 3 4 32 2
sin 60 , sin 60

3 4 3 3 4 3

c a b c a bR R
A C

a b c a b c

 

 

      
      
      
 

         (1d) 

Theorem_II: For any triangle ABC whose angles are not more than 1200, if F2 denotes its 

second Fermat point then prove that:  

 
 

2
2 2 2

2

2 2 2 2

4 31

6 4 3

b c a
AF

a b c





   
 

 
  

    
 

 

2
2 2 2

2

2 2 2 2

4 31

6 4 3

c a b
BF

a b c





   
 

 
  

  and 

 
 

2
2 2 2

2

2 2 2 2

4 31

6 4 3

a b c
CF

a b c





   
 

 
  

 

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate system 

(Vertex, x – axis, y – axis) as (B, BC, BA) and various co-ordinates are marked in the figure 

itself. For this system, the co-ordinates of F2 are shown vide Theorem I and are expressed in 

eqn (1a) – (1d). Considering the co-ordinates as expressed in (1d), we can prove by distance 

formula: 2 2 2

2 1 2 1 2
2 cosBF f f f f B    , where 

 
 

 
2 2 2

0

1 2 2 2

4 32
sin 60

3 4 3

c a bR
f A

a b c





  
   

  
 

and 
 
 

 
2 2 2

0

2 2 2 2

4 32
sin 60

3 4 3

c a bR
f C

a b c





  
   

  
. With a little trigonometric simplification, 

we can easily prove that: 
 

 

2
2 2 2

2

2 2 2 2

4 31

6 4 3

c a b
BF

a b c





   
 

 
  

    [QED] and the rest two 

relations can likewise be derived by choosing respectively the PLAGIOgonal system (A, AB, 

AC) and (C, CB, CA)             [QED]  
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Note: In both the above theorems, Δ represents the area of the triangle ABC. 

Theorem_III: For any triangle ABC whose angles are not more than 1200, if F2 denotes its 

second Fermat point then prove that: 
a b c

AF BF CF
2 2 2

2 2 2

2 2 2

2 3

2 3

 
     

Proof:- Using the Theorem II above, we can easily note that: 

      
 

b c a c a b a b c

AF BF CF
a b c

2 2 2
2 2 2 2 2 2 2 2 2

2 2 2

2 2 2 2 2 2

4 3 4 3 4 3
1

6 4 3

  



                       
   

   
 

 

which can be simplified to: 

     
 

a b c a b b c c a a b c
AF BF CF

a b c

4 4 4 2 2 2 2 2 2 2 2 2 2

2 2 2

2 2 2 2 2 2

9 6 48 8 3

6 4 3

 



        
   

   
 

 

       

 

a b c a b b c c a

a b c

2 2 2 2
2 2 2 2 2 2 2 2 2

2 2 2

4 3 4

6 4 3





          
    


   
 

  and ultimately: 

       
 

     
 

 
   

 

a b c a b b c c a
AF BF CF

a b c

a b c a b c a b b c c a

a b c

a b c a b b c c a
a b c

a b c

a b c

2 2 2
2 2 2 2 2 2 2 2 2

2 2 2

2 2 2 2 2 2

2 2 2 4 4 4 2 2 2 2 2 2

2 2 2

4 4 4 2 2 2 2 2 2

2 2 2

2 2 2

2 2

4 3 2

6 3 4 3

8 3 8 81 2 3

6 6 34 3

8 81 2 3
8 3

6 34 3

1

6





 








       
    

  

       
   

  

     
      

    

 


       
 

       
 

   
 

a b c a b c a b b c c a

a b c

a b c a b c a b c a b b c c a

a b c

a b c a b c

a b c

2
2 2 2 2 2 4 4 4 2 2 2 2 2 2

2 2 2

2
2 2 2 2 2 2 4 4 4 2 2 2 2 2 2

2 2 2

2
2 2 2 2 2 2

2 2 2

12 3 96 8 8 2 3

34 3

12 3 2 41 2 3

6 34 3

3 12 31 2 3

6 34 3

  



 



 



          
  
   
 

           
  
   
 

     
  
   
 

 
a b c

AF BF CF
2 2 2

2 2 2

2 2 2

2 3

2 3

 
      [QED] 
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3.0 Properties of 2nd Fermat Point, F2 (X14): Having found the basic characters of the 2nd 

Fermat point, let us observe some of its properties: Property I: If ABC is a triangle with 
0

60ABC  , then we note from eqn (1b) that: F2 coincides with the vertex B. In other 

words, if any angle of the triangle ABC becomes 600, then the 2nd Fermat point belongs to 

the circumcircle of the triangle.It is also clear that for an equilateral triangle, 2nd Fermat 

point, F2 or X14 becomes undefined. Property II: If ABC is a triangle with 0
120ABC  , then 

we note from eqn (1b) that the co-ordinates of F2 with respect to the PLAGIOgonal system 

shown above are: 
c a ca

c a ca c a ca

2 2

2 2 2 2
,

 
 

    
 

Property III: If  ABC is a triangle with 0
120ABC  , then the following is true: 

a b c
AF CF BF c a ca

2 2 2

2 2

2 2 2
2 3

2


 
        

This can be directly checked if we note that for 0
120ABC  the following results hold 

good: 
c ca a

AF BF CF
c a ca c a ca c a ca

2 2

2 2 2
2 2 2 2 2 2

, ,  
     

. So it is obvious that: 

AF CF BF
2 2 2
    

Property IV: If  ABC is a triangle with 0
120ABC  , then BF2 is the Geometric Mean (GM) 

of AF2 and CF2 The fact follows easily from Property III mentioned above.Based on the above 

properties related with F2 and a special triangle ABC is a triangle with 0
120ABC  , 

following examples can be discussed in short. 

 Example # 1: Consider a non-isosceles  triangle ABC with BAC
0

120   and whose 

circumcenter, orthocentre and the 2nd  Fermat point and the middle point of the side BC be 

denoted as O, H, F and M respectively . Let the ‘A’ – angle bisector meets the circumcircle of 

the triangle at the point K. Prove that AHOK is a parallelogram and its area is given as 

AM OF .                                                                               [Problem Courtesy: Rachid Iksi] 
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Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate system) 

as (A, AB, AC) and various co-ordinates are marked in the figure itself. We note that the co-

ordinates of O, H, K and F for the given triangle are respectively: 

 
b c b c b c b c b c bc

b c b c
b c bc b c bc

2 2

2 2 2 2

2 2 2 2
, , , , , , ,

3 3 3 3

       
        

        
now by 

distance formula we easily obtain:  

b c bc a a a
OH AK b c AH OK R AH OK

A

2 2

, ,
3 2sin3 3

 
           

(alternatively, we can show that: AK OH and OK HA ) and hence AHOK is a 

parallelogram. 

Further:    AHOK AOK b c b c b c

b c b c

2 2

0 0 1
3 1

2 1
2 2 3

2 2
1

3 3

     

 

          (1) 

Also we note that: 
 b c a b c bc

AM AM

2 2 2 2 2
2

2

4 2

   
     since: a b c bc

2 2 2    

and: 

b c b c bc b c b c b c bc b c
OF

b c bc b c bc b c bc b c bc

2 2
2 2 2 2

2

2 2 2 2 2 2 2 2

2 2 2 2

3 3 3 3

         
            

             

 

 

 
       

 
   

b c b c b c
c b c b c b b c OF

b c bcb c bc b c bc

2 2
2 2 2 2 2 2

2 2

2 2 22 2 2 2
2 2 2 2

39 3

  
          
      

 

K 

C B 

A 

M 

O 

F 

(0, 0) 

(c, 0) (0, b) 

H 

Figure 2: Example #1 
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b c
AM OF

2 2

2 3


       (2)               From (1) and (2):  AHOK AM OF          [QED] 

Example # 2: Consider a non-isosceles  triangle ABC with BAC
0

120  . F is the 2nd Fermat 

point, and AS is the ‘A’ – symmedian of the given triangle. Prove that:   S lies on the ‘A’ – 

symmedian and further 
AS AF AB AC

2 2

1 1 1 1
                      [Problem Courtesy: Rachid Iksi]            

                     

 

 

 

 

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate system) 

as (A, AB, AC) and various co-ordinates are marked in the figure itself. We note that the co-

ordinates of F for the given triangle are: 
b c bc

b c bc b c bc

2 2

2 2 2 2
,

 
 

    
equation of  AF is: 

c
y x

b
  S lies on the ‘A’ – symmedian.  Now, we know that by distance formula: 

bc
AS b c bc

b c

2 2

2 2
  


 and also by Theorem – II we know that: 

 
 

b c a
AF

a b c

2
2 2 2

2

2 2 2

4 31

6 4 3





   
 

 
  

 which for BAC
0

120   becomes: 

bc b c
AF

AS AF b c AS AF AB ACb c bc

2 2

2 2 2 22 2

1 1 1 1 1 1
       

 
             [QED] 

 

 

Example # 3: Consider a non-isosceles  triangle ABC with BAC
0

120  . Prove that its Lester 

Circle (CL), i.e., the circle which passes through the circumcenter O, center of NPC (CN), O9 

and Fermat points F1 and F2 and the NPC (CN) of the triangle, are congruent. Also prove that 

(CN) and (CL) intersect at the points D and E which are the middle points of AB and AC.      

    [Problem Courtesy: Rachid Iksi] 

A 

B C 

F 

S 

(0, 0) 

(c, 0) (0, b) 

Figure 3: Example # 2 
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Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate system) as (A, AB, 

AC) and various co-ordinates are marked in the figure itself. We note that the co-ordinates of 

circumcenter O and O9 are respectively (for BAC
0

120  ) : 
b c b c2 2

,
3 3

  
 
 

 and 

OO

b c b c

b c b c
m

b c b c9

4 2

6 6, 1
2 46 6

6 6

 


  
        

. Now equation of the perpendicular bisector of 

the line joining O and O9 is: 
b c

x y
2


     (1)   We now note that the first Fermat point, F1 for this 

given triangle coincides with the vertex A and the co-ordinates of the second Fermat point F2 are: 

F F

b c bc c
m

c b bc c b bc b1 2

2 2

2 2 2 2
,

 
  

    
 and the ‘m’ value of the line which is perpendicular to 

the line joining the points F1 and F2 is given by:   F F

F F

F F

m A b c
m

m A b c

1 2

1 2

1 2

1 cos 2

cos 2

 
  

 
 and hence 

the equation of the perpendicular bisector of F1 and F2 is:    b c y bc b c x2 2     . Solving it 

with (1) gives us the co-ordinates of the center OL of (CL) as:  
b c b c2 2

,
6 6

  
 
 

 and as a result, we 

get the radius RL of the Lester circle as: 

       L L

b c bc R
R b c b c b c b c R

2 2
2 22 1

2 2 2 2
36 12 2

           
 

 (since we have 

the results: 
a

BAC a b c bc R R b c bc
0 2 2 2 2 2 2

120 , 3
3

           ), R being the 

circumradius of the given triangle and since this is also the radius of NPC, so prove that for the given 

triangle, Lester Circle (CL) and the NPC of the triangle (CN) are congruent   [QED] Now, equation of (CL) 

is: 
b c b c b c b c b c bc

x y x y

2 2 2 22 2 2 2

6 6 6 6 12

           
            

      
 

O9 

E D 

A (0, 0) 

(c, 0) 

(0, b) B C 

(CN) 

(CL) 

Figure 3: Example #3 
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c b
x y xy x y

2 2
0

2 2
       it intersects the sides AB and AC at points D and E which are 

clearly the middle points of AB and AC respectively and thus lies on (CN) and hence we conclude: (CN) 

and (CL) intersect at the points D and E which are the middle points of AB and AC     [QED] Example # 

4: Consider a non-isosceles  triangle ABC with BAC
0

120  . AD is the angle – bisector, Le is the 

Lemonie point, O is the circumcenter, H is the orthocentre, G is the centroid, O9 is the center of NPC 

and F2 is the 2nd Fermat point of the triangle ABC. Ma, Mb and Mc are the middle points of the sides 

BC, CA and AB respectively. N and K are respectively the middle points of AD and O9D. M is the 

projection of O9 on MbMc and L is the reflection of O9 with respect to M. E is defined as the second 

point of intersection of OG with C1. Let us define the following system of circles:  C1:  G, GO   C2: 

 D, DA         C3: Lester Circle (Example # 3)C4: Circle through A, O9, V and D     C5:  NPC                  

C6:  Circumcircle of triangle ABC Prove that: 1) L belongs to NPC (C5)                 2) Mb, Mc, M and N are 

collinear 3) O, G, O9 and H are collinear       4) E, A, Le and F2 are collinear 5) P, R, N, K, S and Q are 

collinear (R and S are on AB and AC respectively)                                                                          

                    6) LMcO9Mb and DRAS are rhombuses (600 – 1200 – 600 – 1200) 

                  

 

               

 

 

 

 

 

 

 

 

 

 

   

               

C2 C3 

C4 

C5 

C6 

C1 

M 

(0, 0) 

O 

Le 

O9 

D 

Q 

R 

K 

V 

L 

Mb 

Ma 

N 

Hc 

Hb 

P 

Ha 

E 

F2 

C B 

A 

G 

H 

Mc 
S 

(c, 0) (0, b) 

T 

U 

Figure 4: Example # 4 
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     7) BH and CH are tangents to C1 (T and U are touch points) 

      8) T, A, O9 and U are collinear 

                                                                         [Problem Courtesy: Thanasis Gakopoulos] 

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate system) 

as (A, AB, AC) and various co-ordinates are marked in the figure itself. We note that the 

equations of various circles (C1 through C6 except C4) are respectively as follows for the given 

triangle: 
b c b c bc

C x y xy x y2 2

1

2 2
: 0

3 3 3

    
        

   
 

 
bc

C x y xy x y
b c

2 2

2
: 0

 
     

 

 
c b b c

C x y xy x y C x y xy x y2 2 2 2

3 5
: 0, : 0

2 2 2

 
          

 
 and finally,  

C x y xy cx by
2 2

6
: 0     . Now, equation of MbMc is: 

bc
bx cy

2
   co-ordinates of M 

are: 
c b

,
4 4

 
 

 
 co-ordinates of L are: 

b c b c2 2
,

6 6

  
 
 

 

        
b c bc

O L b c b c b c b c
2 2

2 22

9

1
2 2 2 2

36 12

          
 

 

R
O L R L C

2
2 2

9 9 5
4

             [QED] 

Clearly, co-ordinates of N and M are 
   

bc bc c b

b c b c
, , ,

2 2 4 4

   
        

 respectively and they 

satisfy the equation of MbMc and hence: Mb, Mc, M and N are collinear   [QED] 

As the co-ordinates of O, G and O9 are: 
b c b c c b b c b c2 2

, , , , ,
3 3 3 3 6 6

        
     

     

OG O G

b c b

m m O G O AD
b c c9 9

2

6 61, 1
2

6 6




       


 

equation of this line is: 

b c
x y 0

3


    and it is clear that the co-ordinates of H –– the orthocentre of the triangle 

b c b c2 2
,

3 3

  
  
 

satisfy this equation and thus: O, G, O9 and H are collinear   [QED]  
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If we now solve the above line with C1, we obtain the co-ordinates of the point E as: 

b c c
E y x E Le A F

b
2

,
3 3

 
         
 

are collinear       [QED] 

We now note that the line PQ is the common chord between the circles C1 and C6 and hence 

its equation is: 
bc

x y
b c

 


 which can be obtained by subtracting the two equations of the 

circles. Now it intersects the sides AB and AC of the triangle at points R and S respectively 

having the co-ordinates , 0
bc

b c

 
 

 
 and 

bc
ARDS

b c
0,
 

 
 

 is a rhombus formed with two 

equilateral triangles ADR and ADS      [QED] 

We note the co-ordinates of the points N (middle point of AD) and K (middle point of O9D) 

as: 

       
bc bc bc b c bc b c bc

N K PQ x y P R N K S Q
b c b c b c b c b c

2 2 2 26 6
, , , , : , , , , ,

2 2 12 12

      
                 

 

are collinear  [QED] 

We again note that 
 

c

b cb c bc c b c c b c b c
O L O M

222 2
2 2

9 9
,

12 2 6 36 2 6 6

       
        

   

       c

b c bc
O M b c b c b c b c

2 2
2 22

9

1
2 2

36 12

          
 

 Similarly we obtain by 

distance formula:  

c

b c bc
LM

2 2
2

12

 
  , 

 
b

b c b b c b c b b c b c bc
O M

2 2 2 2
2

9
36 2 6 6 2 6 12

        
        

   
 and finally: 

b

b c b c b b c b c b b c bc
LM

2 2 2 2
2 2 2 2 2

6 6 2 6 6 2 12

           
           
      

 and thus we 

conclude that LMcO9Mb and DRAS are rhombuses (600 – 1200 – 600 – 1200)     [QED] 

Finally we consider that the equation of the tangents that can be drawn from the point H 

b c b c2 2
,

3 3

  
  
 

to the circle C1 can be written as: 
   b m c m

mx y
2 1 2

0
3

  
    

and since it is tangent to C1 whose center is: 
c b

,
3 3

 
 
 

and therefore: 

           mc b b m c m b c b c m b c

m m m m

2 2 2 2

2 2

1 3
2 1 2 119 4

1 9 3 1 9

          
   

   
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m T x y b
1

1
2 : 2 0

2
       ––– which is the equation of HC for m 2  similarly we 

can find the equation of the second tangent m
1

2

 
 

 
 as: 

x c x c
T y y

2
: 0

2 2 2


     ––

– which is the equation of HB and the co-ordinates of the touch points are easily found to be 

as T and U having the co-ordinates: 
c c

,
3 3

 
 

 
 and 

b b
,

3 3

 
 

 
 satisfying the equation: 

x y 0  and thus we note that T, A, O9 and U are collinear                [QED] 

Example # 5: Consider a non-isosceles  triangle ABC with ABC ACB
0 0

45 , 30    . O and 

F2 are the circumcenter and the second Fermat point respectively while DEF is the orthic 

triangle of ABC. Prove that s
DEF ABF AOF

2 2
, ,  are 300 – 600 – 900 triangles. Also show 

that: 
   DEF DEF

AOF ABF
2 2

3

4

 

 
 

      
                                            [Problem Courtesy: Rachid Iksi] 

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate system) 

as (C, CA, CB) and various co-ordinates are marked in the figure itself. Now for the given 

condition ABC ACB
0 0

45 , 30     we note the following: 

 

 

 

 

 

 

 

 

 

 

C 
B 

A 

O 

F2 

D 

E 
F 

450 
300 

Figure 5: Example # 5 
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 a b c a b c
a b c

0 0 0
3 1 , 2, 2

sin 75 sin 45 sin 30 23 1 2
         


 (WLOG). Hence, we 

note that the co-ordinates of the points O, F2, D, E and F are respectively given as follows: 

 
 

 
 

 
2 3 1 3 3 12

1 3, 2 , , , 0, 3 , , 0 , 3 1, 1
23 3

    
       
   
   

 we note that: 

CF BF
m m CF BF BF AB

2 2 2

3 1 3 1
,

2 2

 
       . Also from our known results: 

   b c a
AF

a b c

2 2 2

2
2 2 2

2 3 2 2 3 1 34 31 1 1 8 4

2 26 6 6 64 3





    
      

  
 and  

   c a b
BF

a b c

2 2 2

2
2 2 2

2 3 2 2 3 3 14 31 1 2

26 6 64 3





    
    

  
 Thus: 

 
BF

BAF BAF
AB

02

2 2

1
tan 30

3
       triangle ABF

2
 is a 300 – 600 – 900 triangle 

 Again we note that:  AO

a b
m

b a

2 3 2
3 1

3 3 1


     

 
 and also we have: 

 

   OF AO OF AO OF
m m m m m C AO OF

2 2 2 2

2 3 1 2
2

3 3
3 1 1 cos 1 2 3 0

2 1 31 3
3 3




               
  

 

Thus AOF2 is right angled triangle and further we note that: 

AB
R AB ABF AOF

2 20
2sin30

       triangle AOF
2
 is a 300 – 600 – 900 triangle. 

Finally:  DE
m DE AO

2
3 1

3 1
     


 and also we note that: 

   
 

 EF
m EF OF EF DE

2

2 3 22
3 1

3 13 1 3 2


         

 
DEF is a 

right angled triangle and due to the above parallelism we note that  AOF
2

  is a 300 – 600 – 

900 triangle.       [QED] 
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Now we note by distance formula:    DF
2 2

2 3 1 3 3 1 2      and since 

DEF DEF DEFDF
AOF DEF

AOF AF AOF ABF

2
2 2 22

2 2 2

2 2 2 2

6 1 3 3

4 2 4 4

  
 

  

          
       

          
  [QED] 

4.0 Comparison between 1st and 2nd Fermat Points, F1, F2 (X13, X14): 

In our earlier work [1], we had discussed the properties of the First Fermat point (also known 

as the Fermat – Torricelli point), F1 or X13. In this present section, we will discuss the 

similarity of the two Fermat points F1 and F2. The following figure shows the F1 point for any 

triangle ABC. 

 

 

 

 

 

 

 

 

 

 

 

 

a) Co-ordinates of F1 and F2: 

We list the following co-ordinates with respect to the PLAGIOgonal Co – ordinate system) as 

(B, BC, BA) and various co-ordinates are marked accordingly in the figure itself. 

Co-ordinates of F1:    

 

   

 

ca B a B c ca B c B a

B ca B a c B ca B a c

0 0 0 0

0 2 2 0 2 2

sin 60 2 sin 60 3 sin 60 2 sin 60 3
,

3 sin 2 sin 30 3 sin 2 sin 30

         
    

         
    

and: 

G2 

G3 

G1 

N1 

A1 

F1 

A 

C B 

y 

x 

C1 

B1 

(a, 0) 
(0, 0) 

(0, c) 

Figure 6: Fermat’s First Point (F1) and Napoleon’s First Point (N1) 
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Co-ordinates of F2:    

 

   

 

ca B a B c ca B c B a

B ca B c a B ca B c a

0 0 0 0

0 2 2 0 2 2

sin 60 2 sin 60 3 sin 60 2 sin 60 3
,

3 sin 2 sin 30 3 sin 2 sin 30

         
    

         
    

 

Hence from the above it is obvious that if any one angle of otherwise a scalene triangle is 

1200, then F1 will be on its circumcircle while, if any one angle of otherwise a scalene triangle 

is 600, then F2 will be on its circumcircle.  

b) Distances of F1 and F2 from the Triangle Vertices: 

We note from the above co-ordinates of F1 and F2 that: 

 
 

 
 

 
 

b c a c a b a b c
AF BF CF

a b c a b c a b c

2 2 2
2 2 2 2 2 2 2 2 2

2 2 2

1 1 12 2 2 2 2 2 2 2 2

3 4 3 4 3 41 1 1

6 6 64 3 4 3 4 3

  

  

             
     

     
        

 

and: 

 
 

 
 

 
 

b c a c a b a b c
AF BF CF

a b c a b c a b c

2 2 2
2 2 2 2 2 2 2 2 2

2 2 2

2 2 22 2 2 2 2 2 2 2 2

3 4 3 4 3 41 1 1
, ,

6 6 64 3 4 3 4 3

  

  

             
     

     
        

 

 From the previous set of equations we can conclude that: 

a b c
AF BF CF

2 2 2
2 2 2

1 1 1

2 3

2 3

 
         for F1 and similarly for F2, we have:

a b c
AF BF CF

2 2 2
2 2 2

2 2 2

2 3

2 3

 
      which we have proved in Theorem III above. 

c) Distances of F1 and F2 from the Centroid of the Triangle: 

In this case we apply Leibnitz’ Theorem which states that: i ii i
MA GA n MG2 2 2    , 

where there are n set of points (A1, A2, A3, ……., An) whose centroid is G and M be any 

arbitrary point. Taking the point M as Fermat points, we get the following Theorems quite 

easily: 

a b c a b c
GF

2 2 2 2 2 2
2

1

2 3 4 3

18 9 18

     
      for F1  

and for F2 we get: 
a b c a b c

GF
2 2 2 2 2 2

2

2

2 3 4 3

18 9 18

     
    

We observe lots of similarities between the characteristics of F1 and F2 as obvious from the 

above comparative analysis.  

We conclude the session by considering the following examples. 
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5.0 Examples on 1st and 2nd Fermat Points, F1, F2 (X13, X14): 

Example # 6: Consider a triangle ABC of which ABC
0

60  . Prove that for such a triangle, 

AF BF CF AC
2 2 2 2

1 1 1
                                                        [Problem Courtesy: Rachid Iksi] 

Proof:- We know that: 
a b c

AF BF CF
2 2 2

2 2 2

1 1 1

2 3

2 3

 
     and also we note that:  

ca
b a c ca ca

2 2 2 2 3
, 4 3

3 2


      . Now if we substitute these into above relation, 

we get: 
 a c caa b c ca

AF BF CF a c ca

2 22 2 2
2 2 2 2 2

1 1 1

22 3

2 3 2 2

   
          

AF BF CF b AC2 2 2 2 2

1 1 1
            [QED] 

Example # 7: Consider a triangle ABC of which ABC
0

60   with BS and F1 as ‘B’ – 

symmedian and Fermat – Torricelli point respectively of the triangle . It is also given that                

BS = CS. Show that: 
BF CF AF BF CF

AF BF AC

1 1 1 1 1

1 1

5 1

2


  
    . Also prove that: 

CF AF BF
1 1 1
   and 

AF BF CF
1 1 1

1 1 1
                               [Problem Courtesy: Rachid Iksi] 

Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate system) 

as (B, BC, BA) and various co-ordinates are marked in the figure itself. Since ABC
0

60  , 

we note: b a c ca ca
2 2 2

, 4 3     . Also: We note that the co-ordinates of S are: 

c a ca ca
BS a c ca

a c a c a c

2 2
2 2

2 2 2 2 2 2
,

 
    

   
 and also: 

ba
CS

a c

2

2 2



Thus 

ba ca
BS CS a c ca a c ca

a c a c

2
2 2 2 2

2 2 2 2
       

 
 

a

c

5 1

2



    Also we know 

that: 
b a a b

c c c c

2 2

2 2
1 2 2      . Now from our foregoing analysis we know that:  

 
 

c a bBF c a b ca a

AF b c a ca cb c a

2 2 2 2 2 2

1

2 2 22 2 2
1

3 4

3 4






     
   

    
, 

CF a b c ca a

BF c a b ca c

2 2 2

1

2 2 2

1


  

  
  

. 

Further from [1], it is a known result that: 
a b c

AF BF CF
2 2 2

1 1 1

4 3

2

  
     for 

the present triangle, we have: 
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a a

AF BF CFa b c ca a c ca c cAF BF CF a c ca
bAC b

c

2

2 2 2 2 2 2
2 2 1 1

1 1 1 22

2

1
3

2

 
     

           

AF BF CF AF BF CF

AC AC

2

1 1 1 11
1

2

 
 

    
     

BF CF AF BF CF

AF BF AC

1 1 1 1

1 1


 

    Now from the above ratios we get: 

CF BF AF BF CF AF BF
1 1 1 1 1 1 1

1 1
, 

 

 
       

 
CF AF BF

1 1 1
      [QED]    

Further, we note that: 
AF BF CF BF

1 1 1 1

1 1 1 1 1
,


   

AF CF BF AF BF CF
1 1 1 1 1 1

1 1 1 1 1 1 1




 
       

 
       [QED] 

Example # 8: Consider a triangle ABC of which ABC ACB
0 0

60 , 45     with BM and F1 as 

‘B’ –median and Fermat – Torricelli point respectively of the triangle. If R denotes the 

circumradius of the triangle, then prove that: R AF BM
2

1
  [Problem Courtesy: Rachid 

Iksi] Proof:- Let us refer to the above figure and choose the PLAGIOgonal Co – ordinate 

system) as (B, BC, BA) and various co-ordinates are marked in the figure itself. Since 

ABC ACB
0 0

60 , 45     we note: 
a b c a b c

0 0 0
sin 75 sin 60 sin 45 23 1 6

    


. Thus 

WLOG we assume: 
c

a b c R R
0

3 1, 6, 2 2 2 2 2
sin45

          Also we 

 

 

 

 

 

 

 

M 

A 

B C 

F1 

(0, 0) 

(0, c) 

(a), 

0) 

Figure 8: Example # 8 



Romanian Mathematical Society-Mehedinți Branch 2026 
 

22 ROMANIAN MATHEMATICAL MAGAZINE NR. 49 
 

note that: 
 a c b

BM BM

2 2 2

2
2 10 4 3

4 2

  
   and also we find from our previous 

work that: 

 b c a b c a ca c
AF AF

ca a b c a c caa b c

2 2 2 2 2 2 2

1 1
2 2 2 2 22 2 2

3 41 1 4

6 2 34 3 10 4 3





     
      

       

  

 AF BM R AF BM
2

2

1 1

4 10 4 3
2

210 4 3


       


           [QED] 

Example # 9: Consider a triangle ABC of which AS and BT are two symmedians such that                 

AS = BS and BT = CT. F1 is the Fermat – Torricelli point of the triangle. Prove that: 

AC

AF BF CF
1 1 1

3
1

7
 

 
                                                  [Problem Courtesy: Rachid Iksi] 

 

 

 

 

 

 

Proof:- From our earlier exercise (Refer to Example # 7) we know that AS BS a b2  

and similarly, BT CT b c2   . Thus we must have: 
a b c

a b c2 2
2 12

     . Thus, 

WLOG we assume: a b c2, 2, 1   . Hence 4 7  . Now we note from our analysis [1]: 

AC b

AF BF CF a b c
2 2 2

1 1 1

2 2 7 21

74 3 7 21


  

     

 

AC

AF BF CF
1 1 1

3
1

7
  

 
    [QED] 

S 

F1 

A 

B C 

T 

Figure 9: Example # 9 
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Example # 10: Consider a triangle ABC of which the largest angle is not more than 1200 and 

G and F1 be its centroid and the first Fermat point respectively. Prove that:  

a b
CF GF c

2 2
2

1 1
2


                                                                 [Problem Courtesy: Rachid Iksi] 

  

 

 

 

 

 

Proof:- From our earlier theorems ([1] and art 4.0 above) we know that: 

 
 

 a b c a b c a b c
CF CG GF

a b c

2
2 2 2 2 2 2 2 2 2

2 2 2

1 12 2 2

3 4 21 4 3
, ,

6 9 184 3

 



         
   

  
  

Let us first assume that: CF GF CF GF CG
2 2 2

1 1 1 1
     

 
 

 a b c a b ca b c

a b c

2
2 2 2 2 2 22 2 2

2 2 2

3 4 21 4 3

6 18 94 3

 



        
   

  
 

   

 

a b c a b b c a c a b c

a b c a b b c c a a b c

4 4 4 2 2 2 2 2 2 2 2 2

4 4 4 2 2 2 2 2 2 2 2 2

5 10 8 8 12 3

2 2 4 4 3 2 2





        

        
 

   a b c a b b c a c a b c
4 4 4 2 2 2 2 2 2 2 2 2

3 2 2 3 3 4 3 2 0           

     a b c a b c a b c
2 2 2 2 2 2 2 2 2

3 2 4 2 0          

a b
a b c CF GF c

2 2
2 2 2 2

1 1
2 0

2


         

Conversely we now assume that 
a b

c
2 2

2

2


  and we now consider the expression: 

     
 

 a b c a b c a b c a b c
BF GF CG

a b c

2 2
2 2 2 2 2 2 2 2 2 2 2 2

2 2 2

1 1 2 2 2

9 24 3 4 21

18 184 3





         
    

  
 

G 
F1 

A B 

C 

Figure 10: Example # 10 
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c c c
BF GF CG BF GF CG

c

2 2 2
2 2 2 2 2 2

1 1 1 12

3 4 3
0

3 33 4 3





 
         

 
 

a b a b
c BF GF CG CF GF CF GF c

2 2 2 2
2 2 2 2 2

1 1 1 1 1 1
2 2

 
               [QED] 

6.0 2nd Napoleon Point, N2 (X18): 

Theorem: Figure 11 shows the second Napoleon Point N2 (X18). In this figure again arbitrary 

triangle ABC is shown and the second Napoleon Point is defined as the point of concurrency 

of the three lines: 
1 2 3
, ,AG BG CG    - where 

1 2 3
, ,G G G    represent the centroids of the inner 

equilateral triangles A1CB, B1AC and C1BA respectively. With the PLAGIOgonal system chosen 

as shown and from our foregoing analysis we can say that the co-ordinates of the above 

centroids are given as:  3 3 sin cos 3
,

6sin 6sin

a B B a

B B

 
 
 
 

, 

       3 3 sin cos 3 3 cos sin 3 3 sin cos3
, , ,

6sin 6sin 6sin 6sin

a B B c c B B a c B Bc

B B B B

          
   
    

 

And consequently, the equations of the lines 
1 2 3
, ,AG BG CG    are: 

 
 

 
 

 
 

 
 

2 3 sin 3 sin cos 3 sin cos 3 sin cos
, ,

3 sin cos 3 sin cos 2 3 sin 2 3 sin

a c B c B B a c B B ca B B
y c x y x y x

a B B a B B c c a B c a B

    
    

    

 

 

 

 

 

 

 

 

 

Now solving the first and the last of the above three we get the point of intersection of the 

lines 
1

AG  and 
2

BG  as: 

2
G  

G
3
  

G
1
  

F2 (X14) 

C1 

A2 A1 

B2 

A 

B C (a, 0) (0, 0) 

(0, c) 

C2 

B1 

N2 (X18) 

Figure 11: Second Napoleon’s point (N2 or X18) 
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   

   

   

   

0 0 0 0

2 0 2 2 2 2 0 2 2 2

2 sin 30 2 sin 30 2 sin 30 2 sin 30
,

4sin 30 1 12sin 2 3 sin 4sin 30 12sin 1 2 3 sin

ca B a B c ca B c B a

ca B B a c B ca B B a c B

         
    

             
    

 

and it is easy to see that the above point of intersection lies on the line 
3

CG  and hence we 

conclude: 
1 2 3
, ,AG BG CG    are concurrent and thus the required co-ordinates of N2 or X18 are 

given by: 

   

   

   

   

0 0 0 0

2 0 2 2 2 2 0 2 2 2

2 sin 30 2 sin 30 2 sin 30 2 sin 30
,

4sin 30 1 12sin 2 3 sin 4sin 30 12sin 1 2 3 sin

ca B a B c ca B c B a

ca B B a c B ca B B a c B

         
    

             
    

 

and for reference, we note the co-ordinates of N1 or X17 are [1]: 

   

   

   

   

0 0 0 0

2 0 2 2 2 2 0 2 2 2

2 sin 30 2 sin 30 2 sin 30 2 sin 30
,

4sin 30 12sin 1 2 3 sin 4sin 30 12sin 1 2 3 sin

ca B a B c ca B c B a

ca B B a c B ca B B a c B

         
    

             
    

 

It is easy to observe that: co-ordinates of the centroid of 
1 2 3

G G G     are: ,
3 3

a c
G

 
 

 
 ––– 

centroidal co-ordinates of the triangle ABC. In other words, centroid of 
1 2 3

G G G     coincide 

with the centroid of the triangle ABC ––– the property shared by the first Napoleon point 

also i.e., centroids of ΔG1G2G3 and 
1 2 3

G G G     are coincident. 

Now we note from the triangle 
1 3

BG G    that: 

   
20 2 2 0

1 3 1 3

1
60 2 cos 60

3
G BG B G G a c ca B           

 
 

   
2 2 2

2 2 2 2 2 2

1 3

1 1
2 3 4 3

3 2 6

c a b
G G c a a b c 

  
           

 
constant and is 

always positive (by Weitzenbock’s inequality in triangles) and thus we conclude from the 

above that: 
1 2 3

G G G     is an equilateral triangle – a similar property of N1 (since ΔG1G2G3 is 

equilateral [1]). Further we note that: 

 

    

     

     

2 2
0 02 2 2 0

2

2 2
0 02 0 2 2 2

2 sin 30 2 sin 304 sin 30

2cos 2 sin 30 2 sin 304sin 30 12sin 1 2 3 sin

a B c c B ac a B
BN

B a B c c B aca B B a c B

       


 
               

 

 

   
 

2 2 2 0

2 2 2 2 3

2
2 2

4 sin 30
4 sin 4 sin cos 4 3 sin

3 sin 2 5sin 3 cos

c a B
c a B ca B B ca B

a c B B B


    
 

   
 

 

 

   

 2 2 0 2 2 2

2 2

2 2
2 2

16 sin 30 3 4 3
2

2
3 sin 2 5sin 3 cos

B a b c
BN b

a c B B B

 



    
   
      

 
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 

   

 2 2 2 0 2 2 2

2 2

2 2
2 2

4 sin 30 3 4 3
2

2
3 5sin 3 cos

c a B a b c
BN b

a c ca B B

    
   
      

 

  and similarly we can 

write that: 

   

    
 

   

 2 2 2 0 2 2 2 2 2 2 0 2 2 2

2 2

2 2 2
2 0 2 2 2 2 2

8 sin 30 2 sin2 4 3 4 sin 30 3 4 3
2

2
4sin 30 12sin 1 2 3 3 5sin 3 cos

b c A A a b c b c A a b c
AN a

bc A A b c b c bc A A

                   
               

 

and: 

   

    
 

   

 2 2 2 0 2 2 2 2 2 2 0 2 2 2

2 2

2 2 2
2 0 2 2 2 2 2

8 sin 30 2 sin2 4 3 4 sin 30 3 4 3
2

2
4sin 30 12sin 1 2 3 3 5sin 3 cos

a b C C a b c a b C a b c
CN c

ab C C a b a b ab C C

                   
               

 

In the above expressions we note:  

   
2 2 2 2 2 2

0 24 3
2 sin 30 cos 3 sin 2 3

2 2

b c a a b c
bc A bc A A a




    
        

 

   
 

 

   
 

 

   
 

2 2 2 0

2 2 2 0

2 2
2 2

2 2 2 0

2 2 2 0

2 2
2 2

2 2 2 0

2 2 2 0

2 2
2 2

4 sin 30
2 sin 30

3 5sin 3 cos

4 sin 30
2 sin 30

3 5sin 3 cos

4 sin 30
2 sin 30

3 5sin 3 cos

b c A
AN b c bc A

b c bc A A

c a B
BN c a ca B

a c ca B B

a b C
CN a b ab C

a b ab C C


    
 

   
 


    
 

   
 


    
 

   
 

 

And for reference we note [1]: 

 

   
 

 

   
 

 

   
 

2 2 2 0

2 2 2 0

1
2 2

2 2 2 0

2 2 2 0

1
2 2

2 2 2 0

2 2 2 0

1
2 2

4 30
2 30

3 5 3

4 30
2 30

3 5 3

4 30
2 30

3 5 3

sin
sin

sin cos

sin
sin

sin cos

sin
sin

sin cos

b c A
AN b c bc A

b c bc A A

c a B
BN c a ca B

c a ca B B

a b C
CN a b ab C

a b ab C C


    
    

 


    
    

 


    
    

 

 

Finally, we note from the above co-ordinates of N2 that for a triangle ABC with 

0
120ABC   the co-ordinates of N2 or X18 are: 

   
2 2

,
3 3

ca ca

a c a c

 
     

 N2 lies on 

the external angle bisector of angle B. 

7.0 Conclusion: 

In the present work an extensive discussion has been attempted focussing on the second 

Fermat point and the second Napoleon point of a triangle using the PLAGIOgonal system 

developed by the first author [2], [3]. This work is considered as the extension of the earlier 

research work [1] focussing on the First Fermat and the First Napoleon point only. It is 
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observed that there are lots of similarities between the various theorems and the properties 

of these pairs of isogonic points X13, X14 and X17 and X18. The discussion is further exemplified 

by solving various challenging problems available in the social media. 
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A FEW NON-ELEMENTARY GEOMETRICAL PROOFS 

By Daniel Sitaru-Romania 

PERPENDICULAR LINE ON THE REAL PLAN 

Let be 𝑨(𝟏, 𝟏, 𝟏) and the real plan: 

𝑷: 𝒙 + 𝟐𝒚 + 𝟑𝒛 − 𝟒 = 𝟎 

Find the equations of the perpendicular line from 𝑨 to the real plan 𝑷. 

 

𝑢⃗ (1,2,3), 𝑢⃗ = 𝑖 + 2𝑗 + 3𝑘⃗  
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𝑑: 
𝑥 − 𝑥𝐴
1

=
𝑦 − 𝑦𝐴
2

=
𝑧 − 𝑧𝐴
3

, 𝑑: 𝑥 − 1 =
𝑦 − 1

2
=
𝑧 − 1

3
 

Let’s find also the parametrical equations of 𝑑: 

𝑥 − 1 = 𝑡;
𝑦 − 1

2
= 𝑡;

𝑧 − 1

3
= 𝑡, 𝑑: {

𝑥 = 1 + 𝑡
𝑦 = 1 + 2𝑡
𝑧 = 1 + 3𝑡

; 𝑡 ∈ ℝ 

THE DISTANCE FROM A POINT TO A LINE 

Let be 𝑨(𝟐, −𝟏, 𝟏); 𝑩(𝟎, 𝟏, 𝟑); 𝑪(−𝟏, 𝟐, 𝟐).  Find the distance from the point 𝑨 to the line 

𝑩𝑪. 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (𝑥𝐵 − 𝑥𝐴)𝑖 + (𝑦𝑏 − 𝑦𝐴)𝑗 + (𝑧𝐵 − 𝑧𝐴)𝑘⃗ = 

= (0 − 2)𝑖 + (1 + 1)𝑗 + (3 − 1)𝑘⃗ = −2𝑖 + 2𝑗 + 2𝑘⃗  

𝐴𝐶⃗⃗⃗⃗  ⃗ = (𝑥𝐶 − 𝑥𝐴)𝑖 + (𝑦𝐶 − 𝑦𝐴)𝑗 + (𝑧𝐶 − 𝑧𝐴)𝑘⃗  

= (−1 − 2)𝑖 + (2 + 1)𝑗 + (2 − 1)𝑘⃗ = −3𝑖 + 3𝑗 + 𝑘⃗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘⃗ 

−2 2 2
−3 3 1

| = 2𝑖 − 6𝑗 − 6𝑘⃗ + 6𝑘⃗ − 6𝑖 + 2𝑗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = −4𝑖 − 4𝑗 , 𝐴[𝐴𝐵𝐶] =
1

2
|𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| 

𝐴[𝐴𝐵𝐶] =
1

2
√(−4)2 + (−4)2 =

√32

2
= 2√2 

𝐵𝐶 = √(𝑥𝐶 − 𝑥𝐵)2 + (𝑦𝑐 − 𝑦𝐵)2 + (𝑧𝐶 − 𝑧𝐵)2 = √(−1 − 0)2 + (2 − 1)2 + (2 − 3)2 = √3 

𝑑(𝐴, 𝐵𝐶) =
2𝐴[𝐴𝐵𝐶]

𝐵𝐶
=
2 ⋅ 2√2

√3
=
4√2

√3
=
4√6

3
 

THE DISTANCE FROM A POINT TO A REAL PLAN 

1. Let be 𝑨(𝟐, 𝟏, 𝟑) and the real plan:   𝑷: 𝟑𝒙 + 𝟒𝒚 + 𝟓𝒛 − 𝟏𝟎 = 𝟎. Find the distance from 

𝑨 to 𝑷. 

𝑑(𝐴, 𝑃) =
|3𝑥𝐴 + 4𝑦𝐴 + 5𝑧𝐴 − 10|

√32 + 42 + 52
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𝑑(𝐴, 𝑃) =
|3 ⋅ 2 + 4 ⋅ 1 + 5 ⋅ 3 − 10|

√9 + 16 + 25
=
|6 + 4 + 15 − 10|

√50
, 𝑑(𝐴, 𝑃) =

15

5√2
=
3

√2
=
3√2

2
 

2. Let be 𝑨(𝟏, 𝟏, 𝟎);𝑩(𝟎, 𝟏, 𝟎); 𝑪(𝟎, 𝟏, 𝟏); 𝑫(𝟖,𝟖, 𝟖). 

Find the distance from the point 𝑫 to the real plan (𝑨𝑩𝑪). 

(𝐴𝐵𝐶): |

𝑥 𝑦 𝑧 1
1 1 0 1
0 1 0 1
0 1 1 1

| = 0, (𝐴𝐵𝐶): |

𝑥 𝑦 − 1 𝑧 − 1 0
1 0 −1 0
0 0 −1 0
0 1 1 1

| = 0 

(𝐴𝐵𝐶): |
𝑥 𝑦 − 1 𝑧 − 1
1 0 −1
0 0 −1

| = 0, (𝐴𝐵𝐶): 𝑦 − 1 = 0 

𝑑(𝐷, (𝐴𝐵𝐶)) =
|8 − 1|

√12 + 02 + 02
= 7 

THE MEDIATOR PLAN OF A SEGMENT 

Let be 𝑨(𝟏, 𝟓, 𝟏);𝑩(𝟐, 𝟑, 𝟒). Find the mediator plan of 𝑨𝑩. 

Let 𝑀 be the middle of 𝐴𝐵. 

𝑀(
1 + 2

2
;
5 + 3

2
;
1 + 4

2
) ⇒ 𝑀 (

3

2
, 4,
5

2
) , 𝐴𝐵⃗⃗ ⃗⃗  ⃗ = (𝑥𝐵 − 𝑥𝐴)𝑖 + (𝑦𝐵 − 𝑦𝐴)𝑗 + (𝑧𝐵 − 𝑧𝐴)𝑘⃗  

𝐴𝐵⃗⃗⃗⃗  ⃗ = (2 − 1)𝑖 + (3 − 5)𝑗 + (4 − 1)𝑗 , 𝐴𝐵⃗⃗ ⃗⃗  ⃗ = 𝑖 − 2𝑗 + 3𝑗  

Let 𝑃 be the mediator plan of 𝐴𝐵. 

𝑃: (𝑥 − 𝑥𝑀) ⋅ 1 + (𝑦 − 𝑦𝑀) ⋅ (−2) + (𝑧 − 𝑧𝑀) ⋅ 3 = 0 

𝑃: (𝑥 −
3

2
) + (𝑦 − 4) ⋅ (−2) + (𝑧 −

5

2
) ⋅ 3 = 0 

𝑃: 𝑥 −
3

2
− 2𝑦 + 8 + 3𝑧 −

15

2
= 0, 𝑃: 𝑥 − 2𝑦 + 3𝑧 − 1 = 0 

AREA OF THE TRIANGLE 

Let be 𝑨(𝟏, 𝟏, 𝟎);𝑩(𝟎, 𝟏, 𝟏); 𝑪(𝟐, 𝟐, 𝟐). Find the area of 𝚫𝑨𝑩𝑪. 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (𝑥𝐵 − 𝑥𝐴)𝑖 + (𝑦𝐵 − 𝑦𝐴)𝑗 + (𝑧𝐵 − 𝑧𝐴)𝑘⃗  
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𝐴𝐵⃗⃗⃗⃗  ⃗ = (0 − 1)𝑖 + (1 − 1)𝑗 + (1 − 0)𝑘⃗ = −𝑖 + 𝑘⃗  

𝐴𝐶⃗⃗⃗⃗  ⃗ = (𝑥𝐶 − 𝑥𝐴)𝑖 + (𝑦𝐶 − 𝑦𝐴)𝑗 + (𝑧𝐶 − 𝑧𝐴)𝑘⃗  

𝐴𝐶⃗⃗⃗⃗  ⃗ = (2 − 1)𝑖 + (2 − 1)𝑗 + (2 − 0)𝑘⃗ = 𝑖 + 𝑗 + 2𝑘⃗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘⃗ 

−1 0 1
1 1 2

| = 𝑗 − 𝑘⃗ − 𝑖 + 2𝑗 , 𝐴𝐵⃗⃗ ⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = −𝑖 + 3𝑗 − 𝑘⃗  

|𝐴𝐵⃗⃗ ⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| = √(−1)2 + 32 + (−1)2 = √11 

𝐴𝑟𝑒𝑎 (Δ𝐴𝐵𝐶) =
1

2
|𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| =

√11

2
 

THE AREA OF THE PARALLELOGRAM 

Let be 𝑨(𝟐, 𝟎, 𝟎);𝑩(𝟎, 𝟏, 𝟎); 𝑪(𝟏, 𝟐, 𝟐). Find the area of the parallelogram builded on 𝑨𝑩⃗⃗⃗⃗⃗⃗  

and 𝑨𝑪⃗⃗⃗⃗  ⃗. 

 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (𝑥𝐵 − 𝑥𝐴)𝑗 + (𝑦𝐵 − 𝑦𝐴)𝑗 + (𝑧𝐵 − 𝑧𝐴)𝑘⃗  

𝐴𝐵⃗⃗⃗⃗  ⃗ = (0 − 2)𝑖 + (1 − 0)𝑗 + (0 − 0)𝑘⃗ = −2𝑖 + 𝑗 , 𝐴𝐶⃗⃗⃗⃗  ⃗ = (𝑥𝐶 − 𝑥𝐴)𝑖 + (𝑦𝐶 − 𝑦𝐴)𝑗 + (𝑧𝐶 − 𝑧𝐴)𝑘⃗  

𝐴𝐶⃗⃗⃗⃗  ⃗ = (1 − 2)𝑖 + (2 − 0)𝑗 + (2 − 0)𝑘⃗ = −𝑖 + 2𝑗 + 2𝑘⃗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘⃗ 

−2 1 0
−1 2 2

| = 2𝑖 − 4𝑘⃗ + 𝑘⃗ + 4𝑗 = 2𝑖 + 4𝑗 − 3𝑘⃗  

Area (𝐴𝐵𝐶𝐷) = |𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗| = √22 + 42 + (−3)2 = √29 
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VOLUME OF THE CUBE 

 

𝐵(𝑙, 0,0); 𝐷(0, 𝑙, 0); 𝐴′(0,0, 𝑙), 𝐴𝐵⃗⃗ ⃗⃗  ⃗ = 𝑙𝑖 ;  𝐴𝐷⃗⃗ ⃗⃗  ⃗ = 𝑙𝑗 ; 𝐴𝐴′⃗⃗ ⃗⃗⃗⃗  ⃗ = 𝑙𝑘⃗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐷⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘⃗ 

𝑙 0 0
0 𝑙 0

| = 𝑙2𝑘⃗ , 𝐴𝐴′⃗⃗ ⃗⃗⃗⃗  ⃗ = (0 − 𝑙)𝑖 + 0𝑗 + 𝑙𝑘⃗  

𝐴𝐴′⃗⃗ ⃗⃗⃗⃗  ⃗ ⋅ (𝐴𝐵⃗⃗ ⃗⃗  ⃗ + 𝐴𝐷⃗⃗⃗⃗  ⃗) = (0𝑖 + 0𝑗 + 𝑙2𝑘⃗ ) ⋅ (−𝑙𝑖 + 0𝑗 + 𝑙𝑘⃗ ) = 0 ⋅ (−𝑙) + 0 ⋅ 0 + 𝑙2 ⋅ 𝑙 = 𝑙3 

𝑉[𝐴𝐵𝐶𝐷𝐴′𝐵′𝐶′𝐷′] = 𝑙3 

VOLUME OF THE PARALLELIPIPED 
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Let be 𝑨(𝟏, 𝟏, 𝟏);𝑩(𝟏, 𝟐, 𝟑); 𝑪(𝟐, 𝟑, 𝟏); 𝑫(𝟒,𝟒, 𝟒). Find the volume of the parallelepiped 

builded on the vectors 𝑨𝑩⃗⃗⃗⃗⃗⃗ ; 𝑨𝑪⃗⃗⃗⃗  ⃗; 𝑨𝑫⃗⃗⃗⃗⃗⃗ . 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (𝑥𝐵 − 𝑥𝐴)𝑖 + (𝑦𝐵 − 𝑦𝐴)𝑗 + (𝑧𝐵 − 𝑧𝐴)𝑘⃗ = (1 − 1)𝑖 + (2 − 1)𝑗 + (3 − 1)𝑘⃗ = 𝑗 + 2𝑘⃗  

𝐴𝐶⃗⃗⃗⃗  ⃗ = (𝑥𝐶 − 𝑥𝐴)𝑖 + (𝑦𝐶 − 𝑦𝐴)𝑗 + (3 − 1)𝑘⃗ = 𝑗 + 2𝑘⃗  

𝐴𝐶⃗⃗⃗⃗  ⃗ = (𝑥𝐶 − 𝑥𝐴)𝑖 + (𝑦𝐶 − 𝑦𝐴)𝑗 + (𝑧𝐶 − 𝑧𝐴)𝑘⃗ = 

= (2 − 1)𝑖 + (3 − 1)𝑗 + (1 − 1)𝑘⃗ = 𝑖 + 2𝑗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘⃗ 

0 1 2
1 2 0

| = 2𝑗 − 𝑘⃗ − 4𝑖 = −4𝑖 + 2𝑗 − 𝑘⃗  

𝐴𝐷⃗⃗⃗⃗  ⃗ = (𝑥𝐷 − 𝑥𝐴)𝑖 + (𝑦𝐷 − 𝑦𝐴)𝑗 + (𝑧𝐷 − 𝑧𝐴)𝑘⃗ = (4 − 1)𝑖 + (4 − 1)𝑗 + (4 − 1)𝑘⃗ = 3𝑖 + 3𝑗 + 3𝑘⃗  

𝐴𝐷⃗⃗⃗⃗  ⃗ ⋅ (𝐴𝐵⃗⃗ ⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗) = −4 ⋅ 3 + 2 ⋅ 3 − 1 ⋅ 3 = −12 + 6 − 3 = −9 

𝑉[𝐴𝐵𝑀𝐶𝐷𝑄𝑁𝑃] = |𝐴𝐷⃗⃗⃗⃗  ⃗ ⋅ (𝐴𝐵⃗⃗ ⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗)| = 9 

VOLUME OF THE RIGHT PARALLELIPIPED 

 

𝐵(𝐿, 0,0); 𝐷(0, 𝑙, 0); 𝐴′(0,0, ℎ), 𝐴𝐵⃗⃗ ⃗⃗  ⃗ = 𝐿𝑖 ; 𝐴𝐷⃗⃗⃗⃗  ⃗ = 𝑙𝑗 ; 𝐴𝐴′⃗⃗ ⃗⃗⃗⃗  ⃗ = ℎ𝑘⃗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐷⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘⃗ 

𝐿 0 0
0 𝑙 0

| = 𝐿𝑙𝑘⃗  

𝐴𝐴′⃗⃗ ⃗⃗⃗⃗  ⃗ = (0 − 𝐿)𝑖 + (0 − 0)𝑗 + (ℎ − 0)𝑘⃗ = −𝐿𝑖 + ℎ𝑘⃗  
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𝐴𝐴′⃗⃗ ⃗⃗⃗⃗  ⃗ ⋅ (𝐴𝐵⃗⃗ ⃗⃗  ⃗ + 𝐴𝐷⃗⃗⃗⃗  ⃗) = (−𝐿𝑖 + ℎ𝑘⃗ )(0 ⋅ 𝑖 + 0 ⋅ 𝑗 + 𝐿𝑙𝑘⃗ ) = −𝐿 ⋅ 0 + 0 ⋅ 0 + ℎ ⋅ 𝐿 ⋅ 𝑙 = 𝐿𝑙ℎ 

𝑉[𝐴𝐵𝐶𝐷𝐴′𝐵′𝐶′𝐷′] = 𝐿𝑙ℎ 

VOLUME OF THE TETRAHEDRON 

 

Let be 𝑨(𝟏, 𝟏, 𝟏);𝑩(𝟏, 𝟐, 𝟑); 𝑪(𝟐, 𝟑, 𝟏); 𝑫(𝟒,𝟒, 𝟒). Find the volume of the tetrahedron 

𝑨𝑩𝑪𝑫. 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (𝑥𝐵 − 𝑥𝐴)𝑖 + (𝑦𝐵 − 𝑦𝐴)𝑗 + (𝑧𝐵 − 𝑧𝐴)𝑘⃗ = (1 − 1)𝑖 + (2 − 1)𝑗 + (3 − 1)𝑘⃗ = 𝑗 + 2𝑘⃗  

𝐴𝐶⃗⃗⃗⃗  ⃗ = (𝑥𝐶 − 𝑥𝐴)𝑖 + (𝑦𝐶 − 𝑦𝐴)𝑗 + (𝑧𝐶 − 𝑧𝐴)𝑘⃗ = (2 − 1)𝑖 + (3 − 1)𝑗 + (1 − 1)𝑘⃗ = 𝑖 + 2𝑗  

𝐴𝐵⃗⃗⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗ = |
𝑖 𝑗 𝑘⃗ 

0 1 2
1 2 0

| = 2𝑗 − 𝑘⃗ − 4𝑖 = −4𝑖 + 2𝑗 − 𝑘⃗  

𝐴𝐷⃗⃗⃗⃗  ⃗ = (𝑥𝐷 − 𝑥𝐴)𝑖 + (𝑦𝐷 − 𝑦𝐴)𝑗 + (𝑧𝐷 − 𝑧𝐴)𝑘⃗ = 

= (4 − 1)𝑖 + (4 − 1)𝑗 + (4 − 1)𝑘⃗ = 3𝑖 + 3𝑗 + 3𝑘⃗  

𝐴𝐷⃗⃗⃗⃗  ⃗ ⋅ (𝐴𝐵⃗⃗ ⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗) = −4 ⋅ 3 + 2 ⋅ 3 − 1 ⋅ 3 = −12 + 6 − 3 = −9 

𝑉[𝐴𝐵𝐶𝐷] =
1

6
|𝐴𝐷⃗⃗⃗⃗  ⃗ ⋅ (𝐴𝐵⃗⃗ ⃗⃗  ⃗ × 𝐴𝐶⃗⃗⃗⃗  ⃗)| =

1

6
|−9| =

3

2
 

THE ANGLE BETWEEN TWO LINES 

Let be the lines: 

𝒅𝟏: {
𝒙 = 𝟐 + 𝒕
𝒚 = 𝟑 + 𝟐𝒕
𝒛 = 𝟏 + 𝟑𝒕

;  𝒅𝟐: {
𝒙 = 𝟑 + 𝒕
𝒚 = 𝟏 + 𝟑𝒕
𝒛 = 𝟒 + 𝟐𝒕

;   𝒕 ∈ ℝ 
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𝑑1:

{
 
 

 
 
𝑥 − 2 = 𝑡
𝑦 − 3

2
= 𝑡

𝑧 − 1

3
= 𝑡

;  𝑑2:

{
 
 

 
 
𝑥 − 3 = 𝑡
𝑦 − 1

3
= 𝑡

𝑧 − 4

2
= 𝑡

;   𝑡 ∈ ℝ 

𝑑1:
𝑥 − 2

1
=
𝑦 − 3

2
=
𝑧 − 1

3
; 𝑑2:

𝑥 − 3

1
=
𝑦 − 1

3
=
𝑧 − 4

2
 

𝑢1⃗⃗⃗⃗ (1,2,3) = 𝑖 + 2𝑗⃗⃗  ⃗ + 3𝑘⃗  

𝑢2⃗⃗⃗⃗ (1,3,2) = 𝑖 + 3𝑗 + 2𝑘⃗  

𝑢1⃗⃗⃗⃗ ⋅ 𝑢2⃗⃗⃗⃗ = 1 ⋅ 1 + 2 ⋅ 3 + 3 ⋅ 2 = 13 

|𝑢1| = √12 + 22 + 32 = √14, |𝑢2⃗⃗⃗⃗ | = √12 + 32 + 22 = √14 

cos(∢(𝑢1⃗⃗⃗⃗ , 𝑢2⃗⃗⃗⃗ )) =
𝑢1⃗⃗⃗⃗ ⋅ 𝑢2⃗⃗⃗⃗ 

|𝑢1⃗⃗⃗⃗ | ⋅ |𝑢2⃗⃗⃗⃗ |
=

13

√14 ⋅ √14
=
13

14
 

𝜇(∢(𝑢1⃗⃗⃗⃗ , 𝑢2⃗⃗⃗⃗ )) = arccos (
13

14
) 

THE ANGLE BETWEEN TWO REAL PLANS 

Let be the real plans: 

𝑷𝟏: 𝒙 + 𝟐𝒚 − 𝟑𝒛 + 𝟏 = 𝟎 

𝑷𝟐: 𝟓𝒙 − 𝟑𝒚 + 𝟒𝒛 − 𝟐 = 𝟎 

The normal vectors of 𝑃1, 𝑃2 are: 

𝑢1⃗⃗⃗⃗ (1,2, −3) = 𝑖 + 2𝑗 − 3𝑘⃗  

𝑢2⃗⃗⃗⃗ (5, −3,4) = 5𝑖 − 3𝑗 + 4𝑘⃗  
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𝑢1⃗⃗⃗⃗ ⋅ 𝑢2⃗⃗⃗⃗ = 1 ⋅ 5 + 2 ⋅ (−3) − 3 ⋅ 4 = 5 − 6 − 12 = −13 

|𝑢1⃗⃗⃗⃗ | = √12 + 22 + (−3)2 = √1 + 4 + 9 = √14 

|𝑢2⃗⃗⃗⃗ | = √5
2 + (−3)2 + 42 = √25 + 9 + 16 = √50 = 5√2 

cos(∢(𝑃1, 𝑃2)) = cos(∢(𝑢1⃗⃗⃗⃗ , 𝑢2⃗⃗⃗⃗ )) =
𝑢1⃗⃗⃗⃗ ⋅ 𝑢2⃗⃗⃗⃗ 

|𝑢1⃗⃗⃗⃗ | ⋅ |𝑢2⃗⃗⃗⃗ |
=

−13

√14 ⋅ 5√2
=
−13

10√7
=
−13√7

70
 

THE ANGLE BETWEEN A LINE AND A REAL PLAN 

Let be the line: 

𝒅: {
𝒙 = 𝟏 + 𝒕
𝒚 = 𝟐 + 𝟑𝒕
𝒛 = −𝟐 + 𝟓𝒕

; 𝒕 ∈ ℝ 

Let be the real plan:  𝑷: 𝟐𝒙 + 𝟑𝒚 + 𝒛 − 𝟒 = 𝟎. Find the angle between 𝒅 and 𝑷. 

𝑑:

{
 
 

 
 
𝑥 − 1 = 𝑡
𝑦 − 2

3
= 𝑡

𝑧 + 2

5
= 𝑡

; 𝑑:
𝑥 − 1

1
=
𝑦 − 2

3
=
𝑧 + 2

5
 

The line 𝑑 has the directory vector:  𝑣 (1,3,5) = 𝑖 + 3𝑗 + 5𝑘⃗  

The normal vector of the real plan 𝑃 is:  𝑢⃗ (2,3,1) = 2𝑖 + 3𝑗 + 𝑘⃗  
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𝑢⃗ ⋅ 𝑣 = 1 ⋅ 2 + 3 ⋅ 3 + 5 ⋅ 1 = 16 

|𝑢⃗ | = √22 + 32 + 12 = √14,   |𝑣 | = √12 + 32 + 52 = √35 

cos(∢(𝑢⃗ , 𝑣 ) ) =
𝑢⃗ ⋅ 𝑣 

|𝑢⃗ | ⋅ |𝑣 |
=

16

√14 ⋅ √15
=

16

√210
=
8√210

105
 

 

SUPRAARITHMETIC MEANS, SUBHARMONIC MEANS 

By Dorin Mărghidanu-Romania 

In this article, supraarithmetic and subharmonic means are introduced and studied. 

Some examples of such means are analyzed. The correlation between these types of means and the 
mean’s conjugation operator are also highlighted, as well as the refinement relation that is 
established using these means. 

Keywords: classical means, supraarithmetic means, subharmonic means, conjugate means, 
refinement, Hermite-Hadamard inequality, Jensen’s inequality 

Mathematics Subject Classification: 26D15 

We recall that a (𝑛-ary) mean in a set 𝑆 ⊂ ℝ is a function 𝑀: 𝑆𝑛 → 𝑆, with the property of internality: 

min{𝑎1, 𝑎2, … , 𝑎𝑛} ≤ 𝑀(𝑎1, 𝑎2, … , 𝑎𝑛) ≤ max{𝑎1, 𝑎2, … , 𝑎𝑛}     (1) 

(∀)𝑎1, 𝑎2, … , 𝑎𝑛 ∈ 𝑆 

In general, for the numbers 𝑎1, 𝑎2, … , 𝑎𝑛 > 0, 𝑛 ∈ ℕ
∗ we will denote define their classical means, as 

follows, [1]: 
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𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≔
𝑎1+𝑎2+⋯+𝑎𝑛

𝑛
,   (arithmetic mean)       (2) 

𝐺𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≔ √𝑎1 ⋅ 𝑎2 ⋅ … ⋅ 𝑎𝑛
𝑘 ,   (geometric mean)      (3) 

𝐻𝑛(𝑎1, 𝑎2,… , 𝑎𝑛) ≔
𝑛

1

𝑎1
+
1

𝑎2
+⋯+

1

𝑎𝑛

,    (harmonic mean)      (4) 

Obviously, there are numerous other means, theoretically – infinitely many. Among them, we will be 
interested here (and we will introduce them in the following) in two categories of means, namely 
supraarithmetic and subharmonic means: 

1. Definition 

Let the numbers 𝑎1, 𝑎2, … , 𝑎𝑛 ∈ 𝑆 ⊂ ℝ, 𝑛 ∈ ℕ
∗. 

A mean ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) is called supraarithmetic mean if, 

ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) ≥ 𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛).       (5) 

A mean 𝒩(𝑎1, 𝑎2,… , 𝑎𝑛) it is called subharmonic mean if, 

𝒩(𝑎1, 𝑎2, … , 𝑎𝑛) ≤ 𝐻𝑛(𝑎1, 𝑎2, … , 𝑎𝑛).              (6) 

2. Remark. 

When there is no possibility of confusion regarding the numbers 𝑎1, 𝑎2, … , 𝑎 then relations (5) and 
(6) are written in simplified form: ℳ ≥ 𝐴𝑛,𝒩 ≤ 𝐻𝑛 . 

Furthermore, if we also note: 𝑚 ≔ min{𝑎1, 𝑎2, … , 𝑎𝑛} ,𝑀 ≔ max{𝑎1, 𝑎2, … , 𝑎𝑛}, then we can 
express the relations from the previous definition in the language of membership to intervals: 

ℳ is the supraarithmetic mean if, ℳ ∈ [𝐴𝑛, 𝑀]       (7) 

𝒩 is the subharmonic mean if, 𝒩 ∈ [𝑚,𝐻𝑛]      (8) 

Characteristic of many types of means are the properties (see e.g:[1],[4],[5]): 

- of symmetry: if 𝑀(𝑎, 𝑏) = 𝑀(𝑏, 𝑎), (∀)𝑎, 𝑏 ∈ 𝑆; 

- of homogeneity: if 𝑀(𝑘𝑎, 𝑘𝑏) = 𝑘𝑀(𝑏, 𝑎), (∀)𝑎, 𝑏 ∈ 𝑆, 𝑘 ∈ 𝑅>0. 

3. Remember. 

If 𝑀 and 𝑁 there are two binary means, we say that 𝑀 and 𝑁 are inverse (with respect to 𝐺) if 𝑀 ⋅

𝑁 = 𝐺2, and we will say that 𝑁 is the inverse of 𝑀 and we will write 𝑁 = 𝑀 
𝑖 . 

Of course, as well, 𝑀 is the inverse of 𝑁, too an ( 𝑀 
𝑖 )

 

𝑖
= 𝑀. 

The notion of inverse mean was introduced by Corrado Gini, in [1]. See also [4], [5], [8]. 

For example – for classical means, the arithmetic mean and the harmonic mean are inverse means: 

𝐴 = 𝐻 
𝑖 , 𝐻 

𝑖 = 𝐴, as can be easily observed. The geometric mean is its own inverse, 𝐺 
𝑖 = 𝐺. In [7], the 

notation of conjugation was also introduced. 

4. Definition. 
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For the mean ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) of numbers 𝑎1, 𝑎2, … . , 𝑎𝑛 ∈ ℝ>0 we will call its conjugate, the 
expression denoted and defined as follows: 

ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) ≔ 1 𝑀⁄ [1 𝑎1⁄ , 1 𝑎2⁄ ,… , 1 𝑎𝑛⁄ ] 
𝑐 . 

The expressions ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) and ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) 
𝑐  will be called conjugate expressions. 

Also, the conjugation operator is involutive: ( 𝑀 
𝑐 ) = 𝑀 

𝑐 , as can be easily observed. 

As well as inverse means, the arithmetic mean and the harmonic mean are conjugate means: 𝐴 
𝑐 =

𝐻, 𝐻 
𝑐 = 𝐴, as can be easily observed. The geometric mean is its own. 

There are situations when the inversion and conjugation operators are different, see for example in 
[4]. 

For what follows, the following is very important. 

5. Lemma. 

For the numbers 𝑎1, 𝑎2, … , 𝑎𝑛 ∈ ℝ>0, the following identities holds: 

(a) 
1

max(
1

𝑎1
,
1

𝑎2
,…,

1

𝑎𝑛
)
= min(𝑎1, 𝑎2, … , 𝑎𝑛) ;       (9) 

(b) 
1

min(
1

𝑎1
,
1

𝑎2
,…,

1

𝑎𝑛
)
= max(𝑎1, 𝑎2, … , 𝑎𝑛)      (10) 

Proof. 

(a) We will prove by induction. For 𝑛 = 2, we have to prove that: 

1

max(
1

𝑎1
,
1

𝑎2
)
= min(𝑎1, 𝑎2).        (9’) 

Considering 𝑎1 ≤ 𝑎2, the relation (9’) becomes, 
1
1

𝑎1

= 𝑎1, obviously true. 

We assume that 
1

max(
1

𝑎1
,
1

𝑎2
,…,

1

𝑎𝑛−1
)
= min(𝑎1, 𝑎2, … , 𝑎𝑛−1); and we will demonstrate that  

1

max(
1

𝑎1
,
1

𝑎2
,…,

1

𝑎𝑛
)
= min(𝑎1, 𝑎2, … , 𝑎𝑛). Indeed, we have: 

1

max (
1

𝑎1
,
1

𝑎2
, … ,

1

𝑎𝑛
)
=

1

max ((
1

𝑎1
,
1

𝑎2
, … ,

1

𝑎𝑛−1
) ,

1

𝑎𝑛
)

= 

= min((𝑎1, 𝑎2, … , 𝑎𝑛−1), 𝑎𝑛) = min(𝑎1, 𝑎2, … , 𝑎𝑛). 

(b) In a similar way 

With the following result, we have a characterization of supraarithmetic and subharmonic means. 

6. Theorem. 

If 𝑎1, 𝑎2,… , 𝑎𝑛 ∈ ℝ>0, then occurs the statement: 
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ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) is a supraarithmetic mean if and only if ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) 
𝑐 is the subharmonic 

mean. 

Proof. 

ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) is a supraarithmetic mean if and only if 

ℳ(𝑎1, 𝑎2, … , 𝑎𝑛) ≥ 𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛), (∀)𝑎1, 𝑎2,… , 𝑎𝑛 ∈ ℝ>0. In particular, making the 

substitutions: 𝑎1 →
1

𝑎1
, 𝑎2 →

1

𝑎2
, … , 𝑎𝑛 →

1

𝑎𝑛
, we obtain: 

𝑀 [
1

𝑎1
,
1

𝑎2
, … ,

1

𝑎𝑛
] ≥ 𝐴𝑛 (

1

𝑎1
,
1

𝑎2
, … ,

1

𝑎𝑛
) ⇔ 

⇔ 1 𝑀⁄ [1 𝑎1⁄ , 1 𝑎2⁄ ,… , 1 𝑎𝑛⁄ ] ≤ 1 𝐴𝑛⁄ (1 𝑎1, 1 𝑎2⁄⁄ ,… , 1 𝑎𝑛⁄ ) ⇔ 

⇔ 𝑀 
𝑐 [𝑎1, 𝑎2, … , 𝑎𝑛] ≤ 𝐻𝑛(𝑎1, 𝑎2, … , 𝑎𝑛). 

Definition 3 was used, as well as the well – known identity: 

1 𝐴𝑛⁄ (1 𝑎1⁄ , 1 𝑎2⁄ ,… , 1 𝑎𝑛⁄ ) = 𝐻𝑛(𝑎1, 𝑎2,… , 𝑎𝑛). 

Several supraarithmetic and subharmonic means have been proposed in [3]. 

7. Proposition, [3] 

For any real numbers 𝑎, 𝑏 > 0, the following inequalities hold: 

𝑎 + 𝑏

2
≤
(1)
√
𝑎2 + 𝑎𝑏 + 𝑏2

3
≤
(2)
√
𝑎2 + 𝑏2

2
≤
(3)

 

(a) ≤
(3)

𝑎2+𝑏2

𝑎+𝑏
≤
(4)

√𝑎2 − 𝑎𝑏 + 𝑏2 ≤
(5)

max{𝑎, 𝑏}       (11) 

(inequalities for superarithmetic means) 

2
1

𝑎
+
1

𝑏

≥
(1)

√
3

1

𝑎2
+

1

𝑎𝑏
+

1

𝑏2

≥
(2)

√
2

1

𝑎2
+

1

𝑏2

≥
(3)

 

(b) ≥
(3) 1

𝑎
+
1

𝑏
1

𝑎2
+
1

𝑏2

≥
(4)

1

√
1

𝑎2
−
1

𝑎𝑏
+
1

𝑏2

≥
(5)

min{𝑎, 𝑏} 

(inequalities for subharmonic means) 

Proof. 

(a) After routine calculations, the inequalities (1), (2), (3), (4) reduce to the obvious inequality, 𝑎2 +
𝑏2 ≥ 2𝑎𝑏. 

For inequality (5) (due to symmetry in 𝑎, 𝑏) we assume 𝑎 ≤ 𝑏 and then the inequality becomes, 

√𝑎2 − 𝑎𝑏 + 𝑏2 ≤ 𝑏 ⇔ 𝑎2 − 𝑎𝑏 + 𝑏2 ≤ 𝑏2 ⇔ 𝑎2 ≤ 𝑎𝑏 ⇔ 𝑎 ≤ 𝑏. 
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In all inequalities, the equality relation occurs when 𝑎 = 𝑏. 

(b) The inequalities in (b) are obtained from (a), based on Theorem 6. 

8. Remark. 

In Proposition 7, besides the classical binary means: 

𝐴2(𝑎, 𝑏) ≔
𝑎+𝑏

2
,   (arithmetic mean);      (13) 

𝐻2(𝑎, 𝑏) ≔
2

1

𝑎
+
1

𝑏

,   (harmonic mean);    (14) 

𝑄2(𝑎, 𝑏) ≔ √
𝑎2+𝑏2

2
,     (quadratic mean),     (15) 

other means also appear, which we will name and note in a sui=generis way: 

𝑄2(𝑎, 𝑏): 
𝑐 = √

2
1

𝑎2
+
1

𝑏2

,  (c-quadratic mean),      (16) 

𝐶2(𝑎, 𝑏) ≔
𝑎2+𝑏2

𝑎+𝑏
,   (contraharmonic mean),   (17) 

𝐶2(𝑎, 𝑏) ≔
1

𝑎
+
1

𝑏
1

𝑎2
+
1

𝑏2
 
𝑐 ,       (c-contraharmonic mean),     (18) 

𝑃2(𝑎, 𝑏) ≔ √
𝑎2+𝑎𝑏+𝑏2

3
,   (extended power mean),    (19) 

𝑃2 
𝑐 (𝑎, 𝑏) ≔ √

3
1

𝑎2
+
1

𝑎𝑏
+
1

𝑏2

,     (c-extended power mean)    (20) 

𝑅2(𝑎, 𝑏) ≔ √𝑎2 − 𝑎𝑏 + 𝑏2,    (radical mean),    (21) 

𝑅2(𝑎, 𝑏) ≔
1

√
1

𝑎2
−
1

𝑎𝑏
+
1

𝑏2

 
𝑐 ,   (c-radical mean)    (22) 

All the above means are symmetric and homogeneous. In addition, in each of the pairs: 

(𝐴2(𝑎, 𝑏), 𝐻2(𝑎, 𝑏)), (𝑄2(𝑎, 𝑏), 𝑄2(𝑎, 𝑏) 
𝑐 ), (𝐶2(𝑎, 𝑏), 𝐶2 

𝑐 (𝑎, 𝑏)), 

(𝑃2(𝑎, 𝑏), 𝑃2(𝑎, 𝑏) 
𝑐 ), (𝑅2(𝑎, 𝑏), 𝑅2(𝑎, 𝑏) 

𝑐 ), (max(𝑎, 𝑏) ,min(𝑎, 𝑏)), the first component is the 
supraarithmetic mean, and the second component is the subharmonic mean. 

In [6], the following multiple inequality was proposed: 

If 𝑎, 𝑏 > 0, then: 

𝑎+𝑏

2
≤ ln

𝑒𝑎−𝑒𝑏

𝑏−𝑎
≤ ln

𝑒𝑎+𝑒𝑏 

2
≤

𝑒𝑎+𝑒𝑏−2

2
     (23) 

As we have, 
𝑒𝑎+𝑒𝑏−2

2
≥ max{𝑎, 𝑏},     (24) 

we will retain from (23) only the first two inequalities: 
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9. Proposition. 

If 𝑎, 𝑏 > 0, then we have the following inequalities: 

(a) 
𝑎+𝑏

2
≤
(1)

ln
𝑒𝑏−𝑒𝑎

𝑏−𝑎
≤
(2)

ln
𝑒𝑎+𝑒𝑏

2
≤
(3)

max{𝑎, 𝑏};   (25) 

(inequality for supraarithmetic means) 

(b) 
2

1

𝑎
+
1

𝑏

≥
(1)

1

ln

𝑎𝑏(𝑒
1
𝑎−𝑒

1
𝑏)

𝑏−𝑎

≥
(2)

1

ln
𝑒
1
𝑎+𝑒

1
𝑏

2

≥
(3)

min{𝑎, 𝑏}.    (26) 

(inequalities for subharmonic means) 

Proof. 

(a) Applying Hermite – Hadamard inequality for convex functions, 

𝑓 (
𝑎+𝑏

2
) ≤

1

𝑏−𝑎
⋅ ∫ 𝑓(𝑥)

𝑏

𝑎
⋅ 𝑑𝑥 ≤

𝑓(𝑎)+𝑓(𝑏)

2
       (27) 

for the function 𝑓(𝑥) = 𝑒𝑥 , we get: 

𝑒
𝑎+𝑏

2 ≤
𝑒𝑏 − 𝑒𝑎

𝑏 − 𝑎
≤
𝑒𝑎 + 𝑒𝑏

2
. 

By applying the logarithm, the inequalities (1), (2) from the statement are obtained. For inequality 
(3), for 𝑎 ≤ 𝑏, we have: 

ln
𝑒𝑎 + 𝑒𝑏

2
≤ ln

2𝑒𝑏

2
≤ ln 𝑒𝑏 = 𝑏 = max{𝑎, 𝑏}. 

In all inequalities, the equality relation occurs when 𝑎 = 𝑏. 

(b) The inequalities in (b) are obtained from (a), based on Theorem 6. 

10. Remark. 

And here let us notice that in Proposition 9, besides the classical binary means: the arithmetic mean 
and the harmonic mean, new binary means also appear, which we will name and note as follows:  

𝐿𝑑𝑒2(𝑎, 𝑏) ≔ ln
𝑒𝑏−𝑒𝑎

𝑏−𝑎
,   (log.diff.exp. mean),     (28) 

𝐿𝑑𝑒2(𝑎, 𝑏) ≔
1

ln

𝑎𝑏(𝑒
1
𝑎−𝑒

1
𝑏)

𝑏−𝑎

 
𝑐 , (c – log.diff.exp.mean),   (29) 

𝐿𝑠𝑒2(𝑎, 𝑏) ≔ ln
𝑒𝑎+𝑒𝑏

2
,    (log.sum exp. mean ),     (30) 

𝐿𝑠𝑒2(𝑎, 𝑏) ≔
1

ln
𝑒
1
𝑎+𝑒

1
𝑏

2

 
𝑐 ,       (c-log.sum exp. mean).    (31) 

The means (28) – (31) are symmetric and homogeneous. In addition, in each of the pairs:  



Romanian Mathematical Society-Mehedinți Branch 2026 
 

42 ROMANIAN MATHEMATICAL MAGAZINE NR. 49 
 

(𝐴2(𝑎, 𝑏), 𝐻2(𝑎, 𝑏)), (𝐿𝑑𝑒2(𝑎, 𝑏), 𝐿𝑑𝑒2(𝑎, 𝑏) 
𝑐 ), (𝐿𝑠𝑒2(𝑎, 𝑏), 𝐿𝑠𝑒2(𝑎, 𝑏) 

𝑐 ), 

(max(𝑎, 𝑏) ,min(𝑎, 𝑏)), the first component is the supraarithmetic mean, and the second 
component is the subharmonic mean. 

In [5], [6], [7] – among others the following two inequalities were presented: 

min(𝑎, 𝑏) ≤ (𝑎𝑏 ⋅ 𝑏𝑎)
1

𝑎+𝑏 ≤
𝑎+𝑏

2
≤ (𝑎𝑎 ⋅ 𝑏𝑏)

1

𝑎+𝑏 ≤ max(𝑎, 𝑏).     (32) 

min(𝑎, 𝑏, 𝑐) ≤ (𝑎𝑏𝑐 ⋅ 𝑏𝑐𝑎 ⋅ 𝑐𝑎𝑏)
1

𝑎𝑏+𝑏𝑐+𝑐𝑎 ≤
𝑎+𝑏+𝑐

3
≤ (𝑎𝑎 ⋅ 𝑏𝑏 ⋅ 𝑐𝑐)

1

𝑎+𝑏+𝑐 ≤ max(𝑎, 𝑏, 𝑐)     (33) 

In these inequalities we observe binary and trinary means which are supraarithmetical means. We 
will try to generalize these means to the 𝑛 – ary case. 

11. Definition. 

For the numbers 𝑎1, 𝑎2, … , 𝑎𝑛 ∈ ℝ>0, we will consider the following two expressions: 

𝐸𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≔ (∏ 𝑎𝑘
𝑎𝑘𝑛

𝑘=1 )
1

∑ 𝑎𝑘
𝑛
𝑘=1         (34) 

𝐹𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≔ (∏ 𝑎
𝑘

∏ 𝑎𝑘
𝑛
𝑖=1,𝑖≠𝑘𝑛

𝑘=1 )

1

∑ (∏ 𝑎𝑖
𝑛
𝑖=1,𝑖≠𝑘 )𝑛

𝑘=1       (35) 

12. Proposition. 

For any numbers 𝑎1, 𝑎2, … , 𝑎𝑛 ∈ ℝ>0, the statement hold: 

(a) The expression 𝐸𝑛(𝑎1,2 , … , 𝑎𝑛) is supraarithmetic mean. 

(b) The expression 𝐹𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) is subharmonic mean. 

Proof. 

The expression 𝐸𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) is supraarithmetic mean of numbers 𝑎1, 𝑎2, … , 𝑎𝑛 if we have, 
according to Remark 2: 

𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≤
(1)

𝐸𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≤
(2)

max{𝑎1, 𝑎2, … , 𝑎𝑛}.     (36) 

For the inequality (1), we successively have 

𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≤ 𝐸𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ⇔ ln𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≤ ln𝐸𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ⇔ 

⇔ ln𝐴𝑛 (𝑎1, 𝑎2, … , 𝑎𝑛) ≤
1

∑ 𝑎𝑘
𝑛
𝑘=1

⋅ ∑𝑎𝑘

𝑛

𝑘=1

⋅ ln 𝑎𝑘 ⇔ (∑𝑎𝑘

𝑛

𝑘=1

) ⋅ ln 𝐴𝑛 (𝑎1, 𝑎2,… , 𝑎𝑛) ≤ 

≤ ∑𝑎𝑘

𝑛

𝑘=1

⋅ ln 𝑎𝑘 ⇔ 

⇔ 𝑛 ⋅ 𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ⋅ ln 𝐴𝑛 (𝑎1, 𝑎2, … , 𝑎𝑛) ≤ ∑𝑎𝑘

𝑛

𝑘=1

⋅ ln 𝑎𝑘 ⇔ 
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⇔ 𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ⋅ ln 𝐴𝑛 (𝑎1, 𝑎2, … , 𝑎𝑛) ≤
1

𝑛
⋅ ∑ 𝑎𝑘

𝑛
𝑘=1 ⋅ ln 𝑎𝑘     (*) 

Using Jensen’s inequality, 

𝑓 (
𝑎1 + 𝑎2 +⋯+ 𝑎𝑛

𝑛
) ≤

𝑓(𝑎1) + 𝑓(𝑎2) +⋯+ 𝑓(𝑎𝑛)

𝑛
⇔ 

⇔ 𝑓(𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛)) ≤
𝑓(𝑎1)+𝑓(𝑎2)+⋯+𝑓(𝑎𝑛)

𝑛
,   (37) 

for the convex function 𝑓: (0,∞) → ℝ, 𝑓(𝑥) = 𝑥 ⋅ ln 𝑥, we obtain: 

𝐴𝑛(𝑎1, 𝑎2,… , 𝑎𝑛) ⋅ ln(𝐴𝑛(𝑎1, 𝑎2, … , 𝑎𝑛)) ≤
𝑎1 ⋅ ln 𝑎1 + 𝑎2 ⋅ ln 𝑎2 +⋯+ 𝑎𝑛 ⋅ ln 𝑎𝑛

𝑛
. 

what is the inequality (*) above. 

For the inequality (2), WLOG 𝑎1 ≤ 𝑎2 ≤ ⋯ ≤ 𝑎𝑛 and we will have: 

𝐸𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) ≔ (∏𝑎𝑘
𝑎𝑘

𝑛

𝑘=1

)

1

∑ 𝑎𝑘
𝑛
𝑘=1

≤ (∏𝑎𝑛
𝑎𝑘

𝑛

𝑘=1

)

1

∑ 𝑎𝑘
𝑛
𝑘=1

= 

= (𝑎𝑛
∑ 𝑎𝑘
𝑛
𝑘=1 )

1

∑ 𝑎𝑘
𝑛
𝑘=1 = 𝑎𝑛 = max{𝑎1, 𝑎2,… , 𝑎𝑛}. 

(b) We will demonstrate that 𝐹𝑛(𝑎1, 𝑎2, … , 𝑎𝑛) is the conjugate of the mean 𝐸𝑛(𝑎1, 𝑎2, … , 𝑎𝑛). 
Indeed, by Definition 4, we have: 

𝐸𝑛 
𝑐 (𝑎1, 𝑎2, … , 𝑎𝑛) =

𝐷𝑒𝑓.4 1

𝐸𝑛 (
1

𝑎1
,
1

𝑎2
, … ,

1

𝑎𝑛
)
=

1

(∏ (
1

𝑎𝑘
)

1

𝑎𝑘𝑛
𝑘=1 )

1

∑
1
𝑎𝑘

𝑛
𝑘=1

= 

=
1
1

(∏ 𝑎
𝑘

1
𝑎𝑘𝑛

𝑘=1 )

∏ 𝑎𝑘
𝑛
𝑘=1

∑ (∏ 𝑎𝑖
𝑛
𝑖=1,𝑖≠𝑘 )𝑛

𝑘=1
 

= (∏𝑎
𝑘

1

𝑎𝑘

𝑛

𝑘

)

∏ 𝑎𝑘
𝑛
𝑘=1

∑ (∏ 𝑎𝑖
𝑛
𝑖=1,𝑖≠𝑘 )𝑛

𝑘=1

=∏𝑎𝑘

𝑛

𝑘

1

𝑎𝑘
 

∏ 𝑎𝑘
𝑛
𝑘=1

∑ (∏ 𝑎𝑖
𝑛
𝑖=1,𝑖≠𝑘 )𝑛

𝑘=1

= 

=∏𝑎
𝑘

∏ 𝑎𝑘
𝑛
𝑖=1,𝑖≠𝑘

∑ (∏ 𝑎𝑖
𝑛
𝑖=1,𝑖≠𝑘 )𝑛

𝑘=1

𝑛

𝑘=1

= (∏𝑎
𝑘

∏ 𝑎𝑖
𝑛
𝑖=1,𝑖≠𝑘

𝑛

𝑘=1

)

1

∑ (∏ 𝑎𝑖
𝑛
𝑖=1,𝑖≠𝑘 )𝑛

𝑘=1

= 𝐹𝑛(𝑎1, 𝑎2, … , 𝑎𝑛). 

The rest follows from Theorem 6. 

Regarding the supraarithmetic and subharmonic means presented in this material it would be 
interesting to compare them and then establish an ordering of them. We will deal with this in a 
future paper. 
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SELECTED PROBLEMS IN GEOMETRY AND INEQUALITIES 

By Andrei Ștefan Mihalcea – Romania  

Abstract: 

This note presents a short collection of original problems in geometry and inequalities. The solutions 
use elementary but effective tools such as orthogonal coordinates, barycentric representations, the 
triangle inequality, Schur’s inequality, Cauchy’s inequality, and Jensen’s inequality. The aim is to give 
clean statements and rigorous proofs suitable for olympiad-style mathematics. 

1. A Geometry problem in an Orthodiagonal Quadrilateral 

Problem 1: Let 𝐴𝐵𝐶𝐷 be an othodiagonal quadrilateral and let 

𝐴𝐶 ∩ 𝐵𝐷 = {𝑂} 

Assume that 

𝑀 ∈ 𝐼𝑛𝑡(Δ𝐴𝑂𝐵), 𝑁 ∈ 𝐼𝑛𝑡(Δ𝐵𝑂𝐶), 𝑃 ∈ 𝐼𝑛𝑡(Δ𝐶𝑂𝐷), 𝑄 ∈ 𝐼𝑛𝑡(Δ𝐷𝑂𝐴). 

Let  

https://www.facebook.com/groups/1486244404996949/?ref=gs&tn-str=%2AF&fref=gs&dti=1486244404996949&hc_location=group_dialog
https://www.facebook.com/photo/?fbid=25234326986199738&set=gm.4204226443198718&idorvanity=1486244404996949
https://www.facebook.com/photo/?fbid=25234326986199738&set=gm.4204226443198718&idorvanity=1486244404996949
http://www.ssmrmh.ro/wp-content/uploads/2025/02/NEW-REFINEMENTS-OF-AM-GM-HM-INEQUALITIES.pdf
http://www.ssmrmh.ro/wp-content/uploads/2025/02/NEW-REFINEMENTS-OF-AM-GM-HM-INEQUALITIES.pdf
https://www.facebook.com/groups/ShMaId/?__cft__%5b0%5d=AZYflKSqJOf9wtGWqtPOgkmvm_yyfpVzp9zt8vAWFxUjBFxxBLdg7aC_Ml4zKgOOpvmRygy5gD-AdqI9Uy8XFCV1mCCFgugcUDLl8huwEShqrtB9l-qv3GN3bZi8eqg7nuHjt8Y_FO2yL0FUnHRssnEUQA712nmqtfGZzPiSlaf_uw&__tn__=-UC%2CP-R
https://www.facebook.com/photo?fbid=4302028806522861&set=gm.2204205463049216
https://www.facebook.com/groups/1486244404996949/?ref=gs&tn-str=%2AF&fref=gs&dti=1486244404996949&hc_location=group_dialog
https://www.facebook.com/photo?fbid=9098245156901178&set=gm.3890347251253307&idorvanity=1486244404996949
https://www.facebook.com/photo?fbid=9098245156901178&set=gm.3890347251253307&idorvanity=1486244404996949
http://ajmaa.org/RGMIA/monographs.php/
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𝑀𝑀1 ⊥ 𝐴𝑂, 𝑀𝑀2 ⊥ 𝐵𝑂,𝑁𝑁1 ⊥ 𝐵𝑂, 𝑁𝑁2 ⊥ 𝐶𝑂, 𝑃𝑃1 ⊥ 𝐶𝑂, 𝑃𝑃2 ⊥ 𝐷𝑂, 

𝑄𝑄1 ⊥ 𝐷𝑂, 𝑄𝑄2 ⊥ 𝐴𝑂. 

Prove that: |𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ + 𝑃𝑄⃗⃗⃗⃗  ⃗| ≤ 𝑀1𝑄2 + 𝑁1𝑀2 + 𝑃1𝑁2 +𝑄1𝑃2 

Proof: 

Since 𝐴𝐵𝐶𝐷 is orthodiagonal, the diagonals 𝐴𝐶 and 𝐵𝐷 are perpendicular. We take them as 
coordinate axes, with origin 𝑂. Denote by 𝑟 𝑋  the position vector of a point 𝑋. 

For a point lying inside one of the four triangles determined by the two axes, its position vector can 
be expressed in terms of its perpendicular distances to the two axes. Thus, for 𝑀 ∈ Δ𝐴𝑂𝐵, we have 

𝑟 𝑀 =
𝑀𝑀2
𝑂𝐴

𝑟 𝐴 +
𝑀𝑀1
𝑂𝐵

𝑟 𝐵. 

Similarly, 

𝑟 𝑁 =
𝑁𝑁2
𝑂𝐵

𝑟 𝐵 +
𝑁𝑁1
𝑂𝐶

𝑟 𝐶 , 𝑟 𝑃 =
𝑃𝑃2
𝑂𝐶

𝑟 𝐶 +
𝑃𝑃1
𝑂𝐷

𝑟 𝐷 , 

and  

𝑟 𝑄 =
𝑄𝑄1
𝑂𝐴

𝑟 𝐴 +
𝑄𝑄2
𝑂𝐷

𝑟 𝐷 . 

Therefore 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ + 𝑃𝑄⃗⃗⃗⃗  ⃗ = 𝑟 𝑁 − 𝑟 𝑀 + 𝑟 𝑄 − 𝑟 𝑃. 

Using the expressions above, we get 

𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ + 𝑃𝑄⃗⃗⃗⃗  ⃗ =
𝑄𝑄1 −𝑀𝑀2

𝑂𝐴
𝑟 𝐴 +

𝑁𝑁2 −𝑀𝑀1
𝑂𝐵

𝑟 𝐵 +
𝑁𝑁1 − 𝑃𝑃2

𝑂𝐶
𝑟 𝐶 +

𝑄𝑄2 − 𝑃𝑃1
𝑂𝐷

𝑟 𝐷 . 

Since  

|
𝑟 𝐴
𝑂𝐴
| = |

𝑟 𝐵
𝑂𝐵
| = |

𝑟 𝐶
𝑂𝐶
| = |

𝑟 𝐷
𝑂𝐷

| = 1, 

the tringle inequality gives 

|𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ + 𝑃𝑄⃗⃗⃗⃗  ⃗| ≤ |𝑄𝑄1 −𝑀𝑀2| + |𝑁𝑁2 −𝑀𝑀1| + |𝑁𝑁1 − 𝑃𝑃2| + |𝑄𝑄2 − 𝑃𝑃1|. 

The four absolute values are precisely the distances between the corresponding orthogonal 
projections: 

|𝑄𝑄1 −𝑀𝑀2| = 𝑀1𝑄2, |𝑁𝑁2 −𝑀𝑀1| = 𝑁1𝑀2, |𝑁𝑁1 − 𝑃𝑃2| = 𝑃1𝑁2, 

and  

|𝑄𝑄2 − 𝑃𝑃1| = 𝑄1𝑃2. 

Hence 
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|𝑀𝑁⃗⃗⃗⃗⃗⃗  ⃗ + 𝑃𝑄⃗⃗⃗⃗  ⃗| ≤ 𝑀1𝑄2 +𝑁1𝑀2 + 𝑃1𝑁2 +𝑄1𝑃2. 

2. A Cyclic Inequality 

Problem 2:  Let 𝑎, 𝑏, 𝑐 > 0 with 

𝑎 + 𝑏 + 𝑐 = 3. 

Prove that 

1

𝑎
+
1

𝑏
+
1

𝑐
≥
5𝑏 + 2𝑐 − 𝑎

9 − 3𝑎
+
5𝑐 + 2𝑎 − 𝑏

9 − 3𝑏
+
5𝑎 + 2𝑏 − 𝑐

9 − 3𝑐
. 

Proof:  Since 𝑎 + 𝑏 + 𝑐 = 3, we have 

9 − 3𝑎 = 3(𝑏 + 𝑐), 9 − 3𝑏 = 3(𝑐 + 𝑎), 9 − 3𝑐 = 3(𝑎 + 𝑏). 

Thus the right – hand side becomes 

∑
5𝑏 + 2𝑐 − 𝑎

3(𝑏 + 𝑐)
𝑐𝑦𝑐

. 

A direct simplification gives 

∑
5𝑏 + 2𝑐 − 𝑎

3(𝑏 + 𝑐)
𝑐𝑦𝑐

= 2∑
1

𝑎 + 𝑏
𝑐𝑦𝑐

+∑
𝑏 − 𝑎

𝑏 + 𝑐
𝑐𝑦𝑐

. 

By the AM-HM inequality, 

1

𝑎
+
1

𝑏
≥

4

𝑎 + 𝑏
. 

Adding the three analogous inequalities, we obtain 

1

𝑎
+
1

𝑏
+
1

𝑐
≥ 2 (

1

𝑎 + 𝑏
+

1

𝑏 + 𝑐
+

1

𝑐 + 𝑎
). 

Therefore it remains to prove that 

∑
𝑏− 𝑎

𝑏 + 𝑐
𝑐𝑦𝑐

≤ 0. 

Multiplying by the positive number (𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎), this is equivalent to 

𝑎3 + 𝑏3 + 𝑐3 ≥ 𝑎2𝑏 + 𝑏2𝑐 + 𝑐2𝑎. 

This follows from Schur’s inequality: 

𝑎3 + 𝑏3 + 𝑐3 + 3𝑎𝑏𝑐 ≥ 𝑎2𝑏 + 𝑎2𝑐 + 𝑏2𝑎 + 𝑏2𝑐 + 𝑐2𝑎 + 𝑐2𝑏 

Hence:   𝑎3 + 𝑏3 + 𝑐3 − (𝑎2𝑏 + 𝑏2𝑐 + 𝑐2𝑎) ≥ 𝑎2𝑐 + 𝑏2𝑎 + 𝑐2𝑏 − 3𝑎𝑏𝑐. 

By AM-GM:  𝑎2𝑐 + 𝑏2𝑎 + 𝑐2𝑏 ≥ 3𝑎𝑏𝑐. Thus: 𝑎3 + 𝑏3 + 𝑐3 ≥ 𝑎2𝑏 + 𝑏2𝑐 + 𝑐2𝑎. 

Consequently, 
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∑
𝑏− 𝑎

𝑏 + 𝑐
𝑐𝑦𝑐

≤ 0, 

and the desired inequality follows. Equality holds for 𝑎 = 𝑏 = 𝑐 = 1. 

3. A Bound Involving a Parameter 

Problem 3:  Let 𝑡 > 1 and let 𝑥1, … , 𝑥𝑛 be real numbers such that 
1

𝑡
≤ 𝑥1 ≤ 𝑥2 ≤ ⋯ ≤ 𝑥𝑛 ≤ 𝑡 

and  

∑𝑥𝑘

𝑛

𝑘=1

= 1. 

Prove that: 𝑡 ≥ 𝑛 and  

𝑡 +
1

𝑡
≥ 𝑛 +∑𝑥𝑘

2

𝑛

𝑘=1

. 

Proof:  Since 𝑥𝑘 ≥
1

𝑡
 for every 𝑘, summing over 𝑘 = 1,… , 𝑛 gives 1 = ∑ 𝑥𝑘

𝑛
𝑘=1 ≥

𝑛

𝑡
. 

Therefore  𝑡 ≥ 𝑛. Now, for each 𝑘 ∈ {1,… , 𝑛}, we have 
1

𝑡
≤ 𝑥𝑘 ≤ 𝑡. 

Hence: (𝑡 − 𝑥𝑘) (𝑥𝑘 −
1

𝑡
) ≥ 0. Expanding, we get 𝑡𝑥𝑘 − 𝑥𝑘

2 − 1 +
𝑥𝑘

𝑡
≥ 0, 

or equivalently: 𝑥𝑘 (𝑡 +
1

𝑡
) ≥ 𝑥𝑘

2 + 1. Summing from 𝑘 = 1 to 𝑛, we obtain 

(𝑡 +
1

𝑡
)∑𝑥𝑘

𝑛

𝑘=1

≥ ∑𝑥𝑘
2

𝑛

𝑘=1

+ 𝑛. 

Since 

∑𝑥𝑘

𝑛

𝑘=1

= 1, 

it follows that 

𝑡 +
1

𝑡
≥ 𝑛 +∑𝑥𝑘

2

𝑛

𝑘=1

. 

 

4. A Four – Variable Quadratic Inequality 

Problem 4:  Let 𝑎, 𝑏, 𝑐, 𝑑 ∈ ℝ with 

𝑎 + 𝑏 + 𝑐 + 𝑑 = 0. 

Prove that: 5(𝑎2 + 𝑏2 + 𝑐2 + 𝑑2) ≥ 4(𝑎 + 𝑐)(𝑏 + 𝑑) + 4(𝑏𝑑 − 𝑎𝑐). 
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Proof:  Since 𝑎 + 𝑏 + 𝑐 + 𝑑 = 0, we may write 𝑑 = −𝑎 − 𝑏 − 𝑐. 

The desired inequality is equivalent to 

5(𝑎2 + 𝑏2 + 𝑐2 + 𝑑2) − 4(𝑎 + 𝑐)(𝑏 + 𝑑) − 4(𝑏𝑑 − 𝑎𝑐) ≥ 0. 

Substituting 𝑑 = −𝑎 − 𝑏 − 𝑐, the left-hand side becomes 

14𝑎2 + 14𝑏2 + 14𝑐2 + 14𝑎𝑏 + 14𝑏𝑐 + 22𝑎𝑐. 

Let 𝑢 = 𝑎 + 𝑐, 𝑣 = 𝑎 − 𝑐.  Then 𝑎 =
𝑢+𝑣

2
 and 𝑐 =

𝑢−𝑣

2
. Therefore  

14𝑎2 + 14𝑏2 + 14𝑐2 + 14𝑎𝑏 + 14𝑏𝑐 + 22𝑎 =
1

2
(28𝑏2 + 28𝑏𝑢 + 25𝑢2 + 3𝑣2). 

We rewrite this as 

1

2
(28 (𝑏 +

𝑢

2
)
2

+ 18𝑢2 + 3𝑣2). 

This quantity is nonnegative. Hence 

5(𝑎2 + 𝑏2 + 𝑐2 + 𝑑2) ≥ 4(𝑎 + 𝑐)(𝑏 + 𝑑) + 4(𝑏𝑑 − 𝑎𝑐), 

as required. 

5. A Jensen – Type Inequality 

Problem 5:  Let 𝑓: 𝐼 → ℝ be a convex function, and let 0 ≤ 𝑎, 𝑏, 𝑐 ∈ 𝐼, 𝑎 + 𝑏 + 𝑐 = 1. 

Assume also that 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 ∈ 𝐼 and  
1−𝑎𝑏−𝑏𝑐−𝑐𝑎

2
∈ 𝐼. Prove that: 

𝑓(𝑎) + 𝑓(𝑏) + 𝑓(𝑐) ≥ 2𝑓 (
1 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎

2
) + 𝑓(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎). 

Proof: Since 𝑎, 𝑏, 𝑐 ≥ 0 and 𝑎 + 𝑏 + 𝑐 = 1, the numbers 1 + 𝑎, 1 + 𝑏, 1 + 𝑐 

are positive and have sum 4. By Jensen’s inequality, 

(1 + 𝑎)𝑓(𝑎) + (1 + 𝑏)𝑓(𝑏) + (1 + 𝑐)𝑓(𝑐) ≥ 4𝑓 (
(1 + 𝑎)𝑎 + (1 + 𝑏)𝑏 + (1 + 𝑐)𝑐

4
). 

Now 

(1 + 𝑎)𝑎 + (1 + 𝑏)𝑏 + (1 + 𝑐)𝑐 = 𝑎 + 𝑏 + 𝑐 + 𝑎2 + 𝑏2 + 𝑐2 = 1+ 𝑎2 + 𝑏2 + 𝑐2 . 

Since 

(𝑎 + 𝑏 + 𝑐)2 = 1, 

we have: 𝑎2 + 𝑏2 + 𝑐2 + 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) = 1. 

Thus 
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1 + 𝑎2 + 𝑏2 + 𝑐2

4
=
1 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎

2
. 

Therefore 

(1 + 𝑎)𝑓(𝑎) + (1 + 𝑏)𝑓(𝑏) + (1 + 𝑐)𝑓(𝑐) ≥ 4𝑓 (
1 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎

2
). 

Similarly, the numbers 

1 − 𝑎, 1 − 𝑏, 1 − 𝑐 

are nonnegative and have sum 2. Applying Jensen’s inequality again, we get 

(1 − 𝑎)𝑓(𝑎) + (1 − 𝑏)𝑓(𝑏) + (1 − 𝑐)𝑓(𝑐) ≥ 2𝑓 (
(1 − 𝑎)𝑎 + (1 − 𝑏)𝑏 + (1 − 𝑐)𝑐

2
). 

But  

(1 − 𝑎)𝑎 + (1 − 𝑏)𝑏 + (1 − 𝑐)𝑐 = 𝑎 + 𝑏 + 𝑐 − (𝑎2 + 𝑏2 + 𝑐2) = 1 − (𝑎2 + 𝑏2 + 𝑐2) = 

= 2(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎). 

Hence: (1 − 𝑎)𝑓(𝑎) + (1 − 𝑏)𝑓(𝑏) + (1 − 𝑐)𝑓(𝑐) ≥ 2𝑓(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎). 

Adding the two inequalities gives 

2(𝑓(𝑎) + 𝑓(𝑏) + 𝑓(𝑐)) ≥ 4𝑓 (
1 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎

2
) + 2𝑓(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎). 

Dividing by 2, we conclude that 

𝑓(𝑎) + 𝑓(𝑏) + 𝑓(𝑐) ≥ 2𝑓 (
1 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎

2
) + 𝑓(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎). 

 

A FEW LIMITS OF INTEGRALS 

By Neculai Stanciu-Romania 

     Abstract: In the next paper we will prove a theorem and we will solve three problems from the 

well-known math magazine Crux Mathematicorum, Vol. 52, No. 2, February, 2026. 

     Theorem: Let RbaI  ],[ ,  and the sequences 1)( nna , 1)( nnb , and 1)( nnc : 

(i) nn ba  , 0nc , for any *Nn ; (ii) *,,, NnIxcba nnn  for any *, NnIx  ;  

(iii) 1)( nnnca  and 1)( nnncb have finite limits and 


nn
n

calim Ilcb nn
n




lim ;  

(iv) there exists R such that RLabn nn
n




)(lim  . 
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If the function RIf : is continuous on I , then:  

)()(lim lfLdxxcfn
n

n

b

a

n
n



 . 

     Proof: For a *Nn , let the function RIgn :  defined by )()( xcfxg nn  , Ix . Since ng  it 

is a continuous function on I , according to the mean theorem (MVT) of integral calculus we have 

that there exists ],[ nnn ba  such that  

)()()( nnnn

b

a

n gabdxxg
n

n

 , (*), 

 i.e. there exists nnn ba    such that  

)()()( nnnn

b

a

n cfabdxxcf
n

n

 , *Nn , (**). 

Since 0nc , from (*) we have nnnnnn cbcca   . Taking into account (iii), according to the 

squeeze theorem it follows that 

)()(lim lfcf nnn
n




 , (***). 

Taking into account (**) and (***), we get the conclusion of the proposition. 

The idea of the proof in the proposition above can be used in solving problems with limits of definite 

integrals. 

Problem 1:  Find the limit 

6

2

)(! lim



ns

n

n
dxxfn , where  

1nns , 



n

k

n
k

s
1

2

1
 and 

),0(),0(: f  is a continuous function on ),0(  . 

     Solution: Using 
6

lim
2




n
n

s , by (MVT) there exists 









6
,

2
 nn s  such that 

  )()(
6

6
2

2

nn

s

fsdxxf

n





 , *Nn , (1). So, 
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







 nn

n

s

n snf
n

n
dxxfn

n
6

)(
!

)(!
26

2






n

s

f
n

n n

n

n

1
6)(

!

2







  

and since 

en

nn

n

1!
lim 


,    Stolzn

n
n

n
s

n

n

n

s

f
e

dxxfn

n













0

0

2

6

1
6limlim

1
)(!lim

2 





 





























 







)1(

1
lim

6

1

1

1
lim

6

1 1

2

1

2

nn

ss

e

f

nn

ss
f

e

nn

n

nn

n




 


















)1(

1

)1(

1

lim
6 2

2

nn

n

e

f

n















 1
lim

6

2

n

n

e

f

n



e

f 








6

2

. 

         Problem 2:  Find the limit 

n

dxxfnn

n





)(! lim , where  
1nn , 




n

k

n
k

n
1

1
ln , 

 


n
n
lim   and ),0(),0(: f  is a continuous function on ),0(  . 

                                                         . 

     Solution:  Using 
en

nn

n

1!
lim 


,  (1), by  (MVT) there exists ),( nn    such that     

)()()( nn fdxxf
n






 , *Nn , so 

)()(
!

)()(!)(! nn

n

nn

nn fn
n

n
fndxxfn

n






 , (2). 

From (1) and (2) 
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  
  )(limlim

1
)(!lim 





n
n

n
n

n

n
nf

e
dxxfn

n

 















 


















)1(

1
lim

)(

1

1

1
lim

)(

1
lim)(

1 11

0

0

nn

e

f

nn

e

f

n

f
e

nn

n

nn

n

StolsCesaoro
n

n


  
























 2

0
0

1

2

1
)1ln(

lim
)(

1
1

11
ln

lim
)(

x

x

x
x

e

f

n

nn

n

e

f

x
x

x
n

n


 








 )1(

)1ln()1(
lim

)(
2

0
0 xx

xxx

e

f

x
x







 2

0
0

)1ln()1(
lim

)(

x

xxx

e

f

x
x


 







 x

x

e

f

x
x 2

11)1ln(
lim

)(

0
0



e

f
e

e

f
x

e

f
x

x
x 2

)(
ln

2

)(
)1ln(lim

2

)(
1

0
0







. 

     Problem 3:  Find the limit 


n

dxxfnn n

n





)(!)!12(!!5!!3lim 3
, where  

1nn , 





n

k

n
k

n
1

1
ln  with  


n

n
lim , and ),0(),0(: f  is a continuous function on ),0(  . 

                       Solution:   







n
n

n

n

n n

n n

n

n

n !)!12(...!!5!!3
lim

!)!12(...!!5!!3
lim

33

 














 n

n

n

nn

n n

n

n

nn

)!12(...!!5!!3)1(

!)!12(!)!12(...!!5!!3
lim

31

13

 






























 !)!12()1(

!)!12(
lim

1!)!12(
lim

1

11

!)!12(
lim

1

1

n

n

n

n

en

n

en

n

n

n n

nn

n
nn

nn

n
 

2

2

11

12
lim

1

en

n

n

n

e

n

n
















, (1). 

By (MVT) ),( nn   such that  

                                     )()()( nn fdxxf
n






 , *Nn , so 
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        
n

dxxfnn n





)(!)!12(!!5!!3 3 )()(
!)!12(...!!5!!3 3

nn

n n

fn
n

n
 


, (2).   

From (1) and (2) yields that 

                                         

n

dxxfnn n

n





)(!)!12(!!5!!3lim 3  
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
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 
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




 x

x

e
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x
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11)1ln(
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)(2
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02
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ln
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)1ln(lim
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)(2

e

f
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. 

     References:  [1]. Neculai Stanciu, Evaluating Limits of Integrals Using The Mean Value 

Theorem, Crux Mathematicorum, Vol. 52(2), February, 2026, 83-87.  

 

NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(III) 

By Bogdan Fuștei-Romania 

Lemma1: For x ≥ y ,real numbers and also t is a real number and x,y,t >0 ,x,y>t then: 

𝐱

𝐱−𝐭
≤

𝐲

𝐲−𝐭
 . 

Proof : x(y − t)  ≤ y(x − t) → xy − xt ≤ xy − yt→ xt ≥ yt → x ≥ y 

Lemma2: x,y,t,𝐫𝟏 -real numbers and x,y,t,𝐫𝟏 > 𝟎 ; x>t , y>𝐫𝟏. If  
𝐱

𝐲
 = 

𝐭

𝐫𝟏
 then: 

𝐱

𝐲
=

𝐱−𝐭

𝐲−𝐫𝟏
 . 
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Proof: x(y − r1) = y(x − t) →  xy − xr1 =  xy − yt→−xr1 = −yt→ xr1 = yt 

ABC triangle with usual notations: 

(
ga

r
)
2

=(
na

ra
)
2

+ 4
b+c

a
 (and analogous)[1] 

na

ra
=

na−√4r
2+(b−c)2

r
 (and analogous)[2] 

𝐛+𝐜

𝐚
=

𝐠𝐚
𝟐−(𝐧𝐚−√𝟒𝐫

𝟐+(𝐛−𝐜)𝟐)
𝟐

𝟒𝐫𝟐
 (and analogous)(1) 

𝐛+𝐜

𝐚
=

(𝐠𝐚+𝐧𝐚−√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐)(𝐠𝐚−𝐧𝐚+√𝟒𝐫

𝟐+(𝐛−𝐜)𝟐)

𝟒𝐫𝟐
 (and analogous) (2) 

From 2S=aha= 2sr =(a+b+c)r → 
ha

r
=1+

b+c

a
→
b+c

a
=

ha−r

r
 (and analogous) 

ha−r

r
=

(ga+na−√4r
2+(b−c)2)(ga−na+√4r

2+(b−c)2)

4r2
  obtain: 

𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

=
𝐠𝐚+𝐧𝐚−√𝟒𝐫

𝟐+(𝐛−𝐜)𝟐

𝟒𝐫
 (and analogous)(3) 

𝟒(𝐡𝐚−𝐫)

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 = 
𝐠𝐚

𝐫
 + 
𝐧𝐚

𝐫𝐚
 (and analogous)(4) 

From (4) after summation: 

4∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 = 
𝐠𝐚+𝐠𝐛+𝐠𝐜

𝐫
+

𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
 (5) 

From ga
2 = (s − a)2+2rha (and analogous)[1]→ ga >  𝑠 − 𝑎 (and analogous) 

s − a = √ga2 − 2rha→ s − a = √ga − √2rha√ga + √2rha 

From ra =
S

s−a
 (and analogous) ;S= sr → 

ra

r
 = 

s

s−a
 (and analogous) we obtain: 

ra

r
=

s

√ga−√2rha√ga+√2rha

 (and analogous) 

We know that : 
ra

r
=

na

na−√4r
2+(b−c)2

 (and analogous)[2] ,we obtain: 

𝐧𝐚√𝐠𝐚+√𝟐𝐫𝐡𝐚

𝐧𝐚−√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 = 
𝐬

√𝐠𝐚−√𝟐𝐫𝐡𝐚

 (and analogous) (6) 

From (6) after summation : 
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∑
𝐧𝐚√𝐠𝐚+√𝟐𝐫𝐡𝐚

𝐧𝐚−√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 = s∑
𝟏

√𝐠𝐚−√𝟐𝐫𝐡𝐚

 (7) 

From s2=na
2+2hara (and analogous)[3]→ 2hara = s2 − na

2 =(s − na)(s + na) 

s − na =
2hara

s+na
 → 

2ha

s+na
 = 
s−na

ra
 (and analogous) → 

s

ra
 = 
 na

ra
 + 

2ha

s+na
 

1

ra
+

1

rb
+

1

rc
=

1

r
 → 

s

r
=

na

ra
+

nb

rb
+

nc

rc
+ 2∑

ha

s+na
→

na

ra
+

nb

rb
+

nc

rc
=

s

r
− 2∑

ha

s+na
 and (5) we 

obtain:  

2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 +∑
𝐡𝐚

𝐬+𝐧𝐚
=

𝐠𝐚+𝐠𝐛+𝐠𝐜+𝐬

𝟐𝐫
 (8) 

ra

r
 = 

s

s−a
=

s2

s(s−a)
 ; s(s − a) = rbrc (and analogous);  

s2=na
2+2hara (and analogous) 

ra

r
 = 

2s2

2rbrc
 = 
nb
2+2hbrb+nc

2+2hcrc

2rbrc
 ≥

2nbnc+2hbrb+2hcrc

2rbrc
=
nbnc

rbrc
+
hb

rc
+
hc

rb
  

𝐫𝐚

𝐫
≥

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
 + 
𝐡𝐛

𝐫𝐜
 + 
𝐡𝐜

𝐫𝐛
 (and analogous) (9) 

From 
ra

r
=

na

na−√4r
2+(b−c)2

 (and analogous) and (9): 

𝐧𝐚

𝐧𝐚−√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

≥
𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
 + 
𝐡𝐛

𝐫𝐜
 + 
𝐡𝐜

𝐫𝐛
 (and analogous)(10) 

Is well-known that rarbrc=Ss=s2r and (9) we obtain: 

𝐫𝐚𝐫𝐛𝐫𝐜

𝐫𝟑
 =(

𝐬

𝐫
)
𝟐

≥ ∏(
𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐛

𝐫𝐜
+

𝐡𝐜

𝐫𝐛
)(11) 

From (8) and (11) :  

2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 +∑
𝐡𝐚

𝐬+𝐧𝐚
≥

𝐠𝐚+𝐠𝐛+𝐠𝐜

𝟐𝐫
 +
𝟏

𝟐
∏(

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐛

𝐫𝐜
+

𝐡𝐜

𝐫𝐛
)

𝟏

𝟐
 (12) 

We know that: na ≥ pa√
la

ga
 (and analogous)[4] and using lemma1 : 

𝐫𝐚

𝐫
≤

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐩𝐚√
𝐥𝐚
𝐠𝐚
−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

 (and analogous)(13) 

From(13) : 

(
𝐬

𝐫
)
𝟐

≤ √
𝐥𝐚𝐥𝐛𝐥𝐜

𝐠𝐚𝐠𝐛𝐠𝐜
∏

𝐩𝐚

𝐩𝐚√
𝐥𝐚
𝐠𝐚
−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

 (14) 
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From(14) and (11): 

√
𝐥𝐚𝐥𝐛𝐥𝐜
𝐠𝐚𝐠𝐛𝐠𝐜

∏
𝐩𝐚

𝐩𝐚√
𝐥𝐚

𝐠𝐚
−√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐

≥∏(
𝐧𝐛𝐧𝐜
𝐫𝐛𝐫𝐜

+
𝐡𝐛
𝐫𝐜
+
𝐡𝐜
𝐫𝐛
) (𝟏𝟓) 

From (14) and (8): 

𝐠𝐚+𝐠𝐛+𝐠𝐜

𝟐𝐫
 + 
𝟏

𝟐
√

𝒍𝒂𝒍𝒃𝒍𝒄

𝒈𝒂𝒈𝒃𝒈𝒄

𝟒
∏(

𝐩𝐚

𝐩𝐚√
𝐥𝐚
𝐠𝐚
−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

)

𝟏

𝟐

≥2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 +∑
𝐡𝐚

𝐬+𝐧𝐚
 (16) 

From 
ha−r

r
=

ga
2−(na−√4r

2+(b−c)2)
2

4r2
 (and analogous) we obtain: 

𝐠𝐚
𝟐 = 𝟒𝐫(𝐡𝐚 − 𝐫)+(𝐧𝐚 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟐

(and analogous)(17) 

From (17) after summation: 

𝐠𝐚
𝟐 + 𝐠𝐛

𝟐 + 𝐠𝐜
𝟐 = 𝟒𝐫(𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜 − 𝟑𝐫)+∑(𝐧𝐚 −√𝟒𝐫

𝟐 + (𝐛 − 𝐜)𝟐)
𝟐

(18) 

From C.B.S :  

∑(𝐧𝐚 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)
𝟐

≥
𝟏

𝟑
(𝐧𝐚 + 𝐧𝐚 + 𝐧𝐚 − ∑√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟐

 and (19): 

𝐠𝐚
𝟐 + 𝐠𝐛

𝟐 + 𝐠𝐜
𝟐 ≥4r(𝐡𝐚 + 𝐡𝐚 + 𝐡𝐚 − 𝟑𝐫) + 

𝟏

𝟑
(𝐧𝐚 + 𝐧𝐚 + 𝐧𝐚 −∑√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟐

(20) 

From (3) ,(4) and ga + na ≥ 2ma (and analogous)[5]: 

𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

≥
𝟐𝐦𝐚−√𝟒𝐫

𝟐+(𝐛−𝐜)𝟐

𝟒𝐫
 (and analogous)(21) 

𝐠𝐚

𝐫
 + 
𝐧𝐚

𝐫𝐚
≥

𝟐𝐦𝐚−√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

𝐫
 (and analogous)(22) 

From (21) and (22) after summation: 

4∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

≥ ∑
𝟐𝐦𝐚−√𝟒𝐫

𝟐+(𝐛−𝐜)𝟐

𝐫
 (23) 

𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
≥ ∑

𝟐𝐦𝐚−𝐠𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

𝐫
 (24) 

From (22) : 
na

ra
≥

2ma−ga+√4r
2+(b−c)2

r
 → 

r

ra
≥

2ma−ga+√4r
2+(b−c)2

na
 (and analogous); 

𝟏

𝐫𝐚
+

𝟏

𝐫𝐛
+

𝟏

𝐫𝐜
=

𝟏

𝐫
 →1≥ ∑

𝟐𝐦𝐚−𝐠𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

𝐧𝐚
 (25) 
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From ga
2 = (s − a)2+2rha (and analogous) and (17) we obtain: 

(𝐬 − 𝐚)𝟐 = (𝐧𝐚 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)
𝟐

+ 𝟐𝐫(𝐡𝐚 − 𝟐𝐫) (and analogous) (26) 

From (26) : 2r(ha − 2r) = (s − a + na − √4r2 + (b − c)2) (s − a − na +√4r2 + (b − c)2) 

2(ha−2r)

s−a−na+√4r
2+(b−c)2

=
s−a+na−√4r

2+(b−c)2

r
 (*) 

na

ra
=

na−√4r
2+(b−c)2

r
 (and analogous) → 

𝟐(𝐡𝐚−𝟐𝐫)

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

=
𝐬−𝐚

𝐫
 +

𝐧𝐚

𝐫𝐚
 (and analogous) (27) 

From (27) after summation : 

𝟐∑
𝐡𝐚−𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

=
𝐬

𝐫
+

𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
 (28) 

From (28) and 
s

r
=

na

ra
+

nb

rb
+

nc

rc
+ 2∑

ha

s+na
 we obtain: 

∑
𝐡𝐚 − 𝟐𝐫

𝐬 − 𝐚 − 𝐧𝐚 +√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
=
𝐧𝐚
𝐫𝐚
+
𝐧𝐛
𝐫𝐛
+
𝐧𝐜
𝐫𝐜
+∑

𝐡𝐚
𝐬 + 𝐧𝐚

 (𝟐𝟗) 

From (*) → 
2r

s−a−na+√4r
2+(b−c)2

=
s−a+na−√4r

2+(b−c)2

ha−2r
 =

s−a

ha−2r
+

na−√4r
2+(b−c)2

ha−2r
 

From 
s

ha
 =

a

2r
 (and analogous) and lemma2 : 

s

ha
 =

a

2r
=

s−a

ha−2r
 

From 
na

ha
=

na−√4r
2+(b−c)2

ha−2r
 (and analogous) [2] and 

s

ha
 =

a

2r
=

s−a

ha−2r
 : 

𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

=
𝐚

𝟐𝐫
+

𝐧𝐚

𝐡𝐚
=

𝐧𝐚+𝐬

𝐡𝐚
 (and analogous) (30) 

From s − na =
2hara

s+na
→

2ra

s+na
 = 
s−na

ha
 = 

a

2r
−

na

ha
 and (30): 

𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 = 
𝐧𝐚

𝐡𝐚
 + 

𝐫𝐚

𝐬+𝐧𝐚
 (and analogous)(31) 

From 
a

2r
 = 
na

ha
 + 

2ra

s+na
  , 

a

2r
=

s−a

ha−2r
 and 

na

ha
=

na−√4r
2+(b−c)2

ha−2r
 → 

s−a

ha−2r
=

na−√4r
2+(b−c)2

ha−2r
+

2ra

s+na
 

𝟐𝐫𝐚

𝐬+𝐧𝐚
=

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

𝐡𝐚−𝟐𝐫
  (and analogous) (32) 

From (32) after summation : 

2∑
𝐫𝐚

𝐬+𝐧𝐚
 =∑

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

𝐡𝐚−𝟐𝐫
 (33) 
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From (32) because ra > 0 and s + na > 0 → 
s−a−na+√4r

2+(b−c)2

ha−2r
 > 0 and because ha − 2r >0 

we obtain: s − a − na + √4r
2 + (b − c)2 > 0 

𝐬 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 > 𝐚 + 𝐧𝐚 (and analogous) (34) 

From (34) : s − a > na − √4r2 + (b − c)2 → 
s−a

r
>

na−√4r
2+(b−c)2

r
 and 

ra

r
=

na

na−√4r
2+(b−c)2

 

(and analogous) we obtain :  

𝐬−𝐚

𝐫
>

𝐧𝐚

𝐫𝐚
 (and analogous) (35) 

From (27): 
2(ha−2r)

s−a−na+√4r
2+(b−c)2

=
s−a

r
 +

na

ra
 and (35) we obtain: 

𝐬−𝐚

𝐫
>

𝐡𝐚−𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

>
𝐧𝐚

𝐫𝐚
  (and analogous)(36) 

From 
ra

r
 = 

s

s−a
 → 

s−a

r
 = 

s

ra
 and (36) :  

𝐬

𝐫𝐚
>

𝐡𝐚−𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

>
𝐧𝐚

𝐫𝐚
 (and analogous) (37) 

From (27) and 
s−a

r
 = 

s

ra
 (and analogous) : 

𝟐(𝐡𝐚−𝟐𝐫)

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

=
𝐧𝐚+𝐬

𝐫𝐚
 (and analogous) (38) 

From (38) after summation : 

2∑
𝐡𝐚−𝟐𝐫

𝐧𝐚+𝐬
=∑

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

𝐫𝐚
 (39) 

From (38) after summation :  

𝟐(𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜 − 𝟔𝐫)=∑
(𝐧𝐚+𝐬)(𝐬−𝐚−𝐧𝐚+√𝟒𝐫

𝟐+(𝐛−𝐜)𝟐)

𝐫𝐚
 (40) 

From (30) and (38) after summation: 

𝟐(𝐡𝐚−𝐫)

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

= (𝐧𝐚 + 𝐬) (
𝟏

𝐫𝐚
+

𝟏

𝐡𝐚
)(and analogous)(41) 

From (30) : 
2r

s−a−na+√4r
2+(b−c)2

=
a

2r
+

na

ha
=

na+s

ha
 (and analogous) we obtain : 

2∑
𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 = 
𝐬

𝐫
+

𝐧𝐚

𝐡𝐚
+

𝐧𝐛

𝐡𝐛
+

𝐧𝐜

𝐡𝐜
 (42) 

ha

s−a−na+√4r
2+(b−c)2

=
na+s

2r
 and after summation : 

∑
𝐡𝐚

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 = 
𝐧𝐚+𝐧𝐛+𝐧𝐜+𝟑𝐬

𝟐𝐫
 (43) 
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From (8) and (43):  

2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 +∑
𝐡𝐚

𝐬+𝐧𝐚
+∑

𝐡𝐚

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

=
𝐧𝐚+𝐧𝐛+𝐧𝐜+𝐠𝐚+𝐠𝐛+𝐠𝐜+𝟒𝐬

𝟐𝐫
 (44) 

From (44) and ga + na ≥ 2ma (and analogous) , we obtain: 

2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

 +∑
𝐡𝐚

𝐬+𝐧𝐚
+∑

𝐡𝐚

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

≥
𝟐𝐬+𝐦𝐚+𝐦𝐛+𝐦𝐜

𝐫
 (45) 

From R≥ 2r(Euler) and (42): 

R∑
𝟏

𝐬−𝐚−𝐧𝐚+√𝟒𝐫
𝟐+(𝐛−𝐜)𝟐

≥
𝐬

𝐫
+

𝐧𝐚

𝐡𝐚
+

𝐧𝐛

𝐡𝐛
+

𝐧𝐜

𝐡𝐜
 (46) 
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ROMANIAN MATHEMATICAL MAGAZINE CHALLENGES-I 

By Daniel Sitaru-Romania 

01. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
𝒓𝒂
𝒃
+
𝒓𝒃
𝒄
+
𝒓𝒄
𝒂
≥ 𝟑√𝟑 ⋅

𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

𝑟𝑎
𝑏
+
𝑟𝑏
𝑐
+
𝑟𝑐
𝑎
=∑

𝑟𝑎
𝑏

𝑐𝑦𝑐

=∑
𝐹

𝑏(𝑠 − 𝑎)
𝑐𝑦𝑐

= 𝐹∑
1

𝑏(𝑠 − 𝑎)
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀 3𝐹

√𝑎𝑏𝑐(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
3

= 

=
3𝐹

√4𝑅𝑟𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
3

=
3𝐹

√4𝑅𝑟𝐹2
3 =

3𝐹

√4𝑅𝑟𝑟2𝑠2
3 =

3𝐹

𝑟 ⋅ √4𝑅𝑠2
3 =

3𝑟𝑠

𝑟 ⋅ √4𝑅𝑠2
3 ≥ 

≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶 3𝑠

√4𝑅 (
3√3𝑅

2
)
23

≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶 3 ⋅ 3√3𝑟

√4𝑅 ⋅
27𝑅2

4

3

=
9√3𝑟

3𝑅
= 3√3 ⋅

𝑟

𝑅
 

http://www.ssmrmh.ro/
http://www.ssmrmh.ro/
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Equality holds for 𝑎 = 𝑏 = 𝑐. 

02. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
≥
𝟑𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

sin
𝐴

2
+ sin

𝐵

2
+ sin

𝐶

2
≥

𝐽𝐸𝑁𝑆𝐸𝑁

3 sin

𝐴

2
+
𝐵

2
+
𝐶

2

3
= 3 sin

𝜋

6
= 3 ⋅

1

2
≥ 3 ⋅

𝑟

𝑅
 

Equality holds for 𝐴 = 𝐵 = 𝐶. 

03. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝐬𝐢𝐧
𝑨

𝟐

𝐜𝐨𝐬
𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐

+
𝐬𝐢𝐧

𝑩

𝟐

𝐜𝐨𝐬
𝑪

𝟐
𝐜𝐨𝐬

𝑨

𝟐

+
𝐬𝐢𝐧

𝑪

𝟐

𝐜𝐨𝐬
𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐

= 𝟐 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

sin
𝐴

2

cos
𝐵

2
cos

𝐶

2

+
sin

𝐵

2

cos
𝐶

2
cos

𝐴

2

+
sin

𝐶

2

cos
𝐴

2
cos

𝐵

2

= 

=∑
sin

𝐴

2

cos
𝐵

2
cos

𝐶

2𝑐𝑦

=∑√
(𝑠 − 𝑏)(𝑠 − 𝑐)

𝑏𝑐
𝑐𝑦𝑐

⋅ √
𝑎𝑐 ⋅ 𝑎𝑏

𝑠(𝑠 − 𝑏) ⋅ 𝑠(𝑠 − 𝑐)
= 

=∑√
𝑎2

𝑠2
=

𝑐𝑦𝑐

1

𝑠
∑𝑎

𝑐𝑦𝑐

=
𝑎 + 𝑏 + 𝑐

𝑠
=
2𝑠

𝑠
= 2 

04. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝐬𝐢𝐧𝟐 𝑨𝐬𝐢𝐧 𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑩𝐬𝐢𝐧 𝟐𝑨 = 𝟐𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

sin2 𝐴 sin 2𝐵 + sin2𝐵 sin 2𝐴 = sin2 𝐴 ⋅ 2 sin𝐵 cos 𝐵 + sin2𝐵 ⋅ 2 sin𝐴 cos 𝐴 = 

= 2 sin𝐴 sin𝐵 (sin𝐴 cos 𝐵 + sin𝐵 cos 𝐴) = 2 sin𝐴 sin𝐵 ⋅ sin(𝐴 + 𝐵) = 

= 2 sin𝐴 sin𝐵 ⋅ sin(𝜋 − 𝐶) =2 sin𝐴 sin𝐵 sin 𝐶 
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05. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝐬𝐢𝐧 𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪 ≥ 𝟑√𝟑 ⋅
𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

sin𝐴 + sin𝐵 + sin𝐶 =∑sin𝐴

𝑐𝑦𝑐

=∑
𝑎

2𝑅
𝑐𝑦𝑐

=
1

2𝑅
(𝑎 + 𝑏 + 𝑐) =

2𝑠

2𝑅
=
𝑠

𝑅
≥

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶 3√3𝑟

𝑅
 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

06. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝐜𝐨𝐭 𝑨 + 𝐜𝐨𝐭 𝑩 + 𝐜𝐨𝐭𝑪 =
𝟐(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪)

𝐬𝐢𝐧𝟐𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑪
 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

sin2𝐴 + sin2𝐵 + sin2𝐶 = 2 sin
2𝐴 + 2𝐵

2
cos

2𝐴 − 2𝐵

2
+ sin2𝐶 = 

= 2 sin(𝐴 + 𝐵) cos(𝐴 − 𝐵) + 2 sin𝐶 cos 𝐶 = 

= 2 sin(𝜋 − 𝐶) cos(𝐴 − 𝐵) + 2 sin𝐶 cos 𝐶 = 2 sin𝐶 (cos(𝐴 − 𝐵) + cos 𝐶) = 

= 2 sin𝐶 ⋅ 2 cos
𝐴 − 𝐵 + 𝐶

2
cos

𝐴 − 𝐵 − 𝐶

2
= 

= 4 sin𝐶 cos
𝜋 − 2𝐵

2
cos

2𝐴 − 𝜋

2
= 4 sin𝐶 cos (

𝜋

2
− 𝐵) cos (

𝜋

2
− 𝐴) = 

= 4 sin𝐶 sin𝐵 sin𝐴 

sin 2𝐴 + sin 2𝐵 + sin 2𝐶 = 4 sin𝐴 sin𝐵 sin𝐶    (1) 

cot 𝐴 + cot 𝐵 + cot 𝐶 =∑cot 𝐴

𝑐𝑦𝑐

=∑
cos 𝐴

sin𝐴
𝑐𝑦𝑐

=∑
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐 sin𝐴
𝑐𝑦𝑐

= 

=
1

4𝐹
∑(𝑏2 + 𝑐2 − 𝑎2)

𝑐𝑦𝑐

=
1

4𝐹
∑𝑎2

𝑐𝑦𝑐

=
1

4𝐹
∑4𝑅2 sin2 𝐴 =

𝑐𝑦𝑐

 

=
4𝑅2(sin2𝐴 + sin2𝐵 + sin2 𝐶)

4 ⋅ 2𝑅2 sin𝐴 sin𝐵 sin 𝐶
=
2(sin2𝐴 + sin2𝐵 + sin2 𝐶)

4 sin𝐴 sin𝐵 sin𝐶
=
(1)

 

=
2(sin2 𝐴 + sin2𝐵 + sin2 𝐶)

sin 2𝐴 + sin 2𝐵 + sin 2𝐶
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07. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝟕𝒓𝟑 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

ℎ𝑎ℎ𝑏ℎ𝑐 =
2𝐹

𝑎
⋅
2𝐹

𝑏
⋅
2𝐹

𝑐
=
8𝐹3

𝑎𝑏𝑐
=
8𝐹3

4𝑅𝐹
=
2𝐹2

𝑅
=
2𝑟2𝑠2

𝑅
 

We must prove that: 

2𝑟2𝑠2

𝑅
≥ 27𝑟3 ⇔

2𝑠2

𝑅
≥ 27𝑟 ⇔ 27𝑟 ⇔ 2𝑠2 ≥ 27𝑅𝑟 

2𝑠2 ≥
𝐺𝐸𝑅𝑅𝐸𝑇𝑆𝐸𝑁

2(16𝑅𝑟 − 5𝑟2) ≥ 27𝑅𝑟 

32𝑅𝑟 − 10𝑟2 ≥ 27𝑅𝑟, 5𝑅𝑟 ≥ 10𝑟2, 𝑅 ≥ 2𝑟   (Euler) 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

08. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝒉𝒂 + 𝒉𝒃
𝒂

+
𝒉𝒃 + 𝒉𝒄
𝒃

+
𝒉𝒄 + 𝒉𝒂

𝒄
≥ 𝟔√𝟑 ⋅

𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

Lemma: In Δ𝐴𝐵𝐶 holds: 

ℎ𝑎ℎ𝑏ℎ𝑐 ≥ 27𝑟
3 

Proof: 

ℎ𝑎ℎ𝑏ℎ𝑐 =
8𝐹3

𝑎𝑏𝑐
=
8𝐹3

4𝑅𝐹
=
2𝐹2

𝑅
=
2𝑟2𝑠2

𝑅
 

2𝑟2𝑠2

𝑅
≥ 27𝑟3 ⇔

2𝑠2

𝑅
≥ 27𝑟 ⇔ 2𝑠2 ≥ 27𝑅𝑟 

2𝑠2 ≥
𝐺𝐸𝑅𝑅𝐸𝑇𝑆𝐸𝑁

2(16𝑅𝑟 − 5𝑟2) ≥ 27𝑅𝑟 

32𝑅𝑟 − 10𝑟2 ≥ 27𝑅𝑟 ⇔ 𝑅 ≥ 2𝑟   (Euler) 

Back to the problem: 

∑
ℎ𝑎 + ℎ𝑏
𝑎

𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

3√
(ℎ𝑎 + ℎ𝑏)(ℎ𝑏 + ℎ𝑐)(ℎ𝑐 + ℎ𝑎)

𝑎𝑏𝑐

3

≥ 
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≥
𝐶𝐸𝑆𝐴𝑅𝑂

3√
8ℎ𝑎ℎ𝑏ℎ𝑐
4𝑅𝐹

3

≥
𝐿𝑒𝑚𝑚𝑎

3√
8 ⋅ 27𝑟3

4𝑅𝑟𝑠

3

= 3 ⋅ 2 ⋅ 3𝑟 ⋅ √
1

4𝑟𝑠

3

=
18𝑟

√2𝑅2𝑠
3 ≥

𝐸𝑈𝐿𝐸𝑅
 

≥
18𝑟

√4𝑅 ⋅
𝑅

2
⋅ 𝑠

3

=
18𝑟

√2𝑅2𝑠
3 ≥

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶
 

≥
18𝑟

√2𝑅2 ⋅
3√3

2
⋅ 𝑅

3
=

18𝑟

√(𝑅√3)
33

=
18𝑟

√3𝑅
=
18√3𝑟

3𝑅
= 6√3 ⋅

𝑟

𝑅
 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

09. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝑨𝑰 ⋅ 𝑩𝑰 ⋅ 𝑪𝑰

𝒂𝒃𝒄
≤

𝟏

𝟑√𝟑
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝐴𝐼 ⋅ 𝐵𝐼 ⋅ 𝐶𝐼

𝑎𝑏𝑐
=

𝑟

sin
𝐴

2

⋅
𝑟

sin
𝐵

2

⋅
𝑟

sin
𝐶

2

𝑎𝑏𝑐
=

𝑟3

𝑎𝑏𝑐 sin
𝐴

2
sin

𝐵

2
sin

𝐶

2

= 

=
𝑟3

𝑎𝑏𝑐√
(𝑠−𝑏)(𝑠−𝑐)(𝑠−𝑎)(𝑠−𝑐)(𝑠−𝑎)(𝑠−𝑏)

𝑏𝑐⋅𝑎𝑐⋅𝑎𝑏

=
𝑟3

𝑎𝑏𝑐 ⋅
(𝑠−𝑎)(𝑠−𝑏)(𝑠−𝑐)

𝑎𝑏𝑐

=
𝑟3𝑠

𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
= 

=
𝑟3𝑠

𝐹2
=
𝑟3𝑠

𝑟2𝑠2
=
𝑟

𝑠
≤

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶
 
𝑟

3√3𝑟
=

1

3√3
 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

10. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝒂 + 𝒃

𝒉𝒂
+
𝒃 + 𝒄

𝒉𝒃
+
𝒄 + 𝒂

𝒉𝒄
≥ 𝟒√𝟑 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑎 + 𝑏

ℎ𝑎
+
𝑏 + 𝑐

ℎ𝑏
+
𝑐 + 𝑎

ℎ𝑐
=∑

𝑎 + 𝑏

ℎ𝑎
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

 

≥ 3√
(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)

ℎ𝑎ℎ𝑏ℎ𝑐

3

≥
𝐶𝐸𝑆𝐴𝑅𝑂

3√
8𝑎𝑏𝑐

2𝐹

𝑎
⋅
2𝐹

𝑏
⋅
2𝐹

𝑐

3
= 
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= 3√
(𝑎𝑏𝑐)2

𝐹3

3

= 3√
16𝑅2𝐹2

𝐹3

3

= 3√
16𝑅2

𝐹

3

≥ 

≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

3√
16 ⋅

4

27
𝑠2

𝑟𝑠

3

= 3 ⋅
4

3
√
𝑠

𝑟

3
≥

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶
4√

3√3𝑟

𝑟

3

= 4√(√3)
33

= 4√3 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

11. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝐜𝐨𝐬
𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
≥ 𝟑√𝟑 ⋅

𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

cos
𝐴

2
+ cos

𝐵

2
+ cos

𝐶

2
≥

𝐴𝑀−𝐺𝑀
3√cos

𝐴

2
cos

𝐵

2
cos

𝐶

2

3

= 

= 3√√
𝑠(𝑠 − 𝑎) ⋅ 𝑠(𝑠 − 𝑏) ⋅ 𝑠(𝑠 − 𝑐)

𝑏𝑐 ⋅ 𝑎𝑐 ⋅ 𝑎𝑏

3

= 3√
𝑠3(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)

(𝑎𝑏𝑐)2

6

= 3√
𝑠2𝐹2

(𝑎𝑏𝑐)2

6

= 

= 3√
𝑠𝐹

𝑎𝑏𝑐

3

= 3√
𝑠𝐹

4𝑅𝐹

3

= 3√
𝑠

4𝑅

3
 

Remains to prove: 

3√
𝑠

4𝑅

3
≥ 3√3 ⋅

𝑟

𝑅
⇔

𝑠

4𝑅
≥ 3√3 ⋅

𝑟3

𝑅3
 

𝑠𝑅3 ≥ 12√3𝑅𝑟3 ⇔ 𝑠𝑅2 ≥ 12√3𝑟3    (to prove) 

𝑠𝑅2 ≥
𝐸𝑈𝐿𝐸𝑅

𝑠 ⋅ (2𝑟)2 ≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

3√3𝑟 ⋅ 4𝑟2 = 12√3𝑟3 

Equality holds for 𝐴 = 𝐵 = 𝐶. 

12. If 𝒂, 𝒃 > 0 and 𝒂 + 𝒃 = 𝟐𝒂𝒃 then: 
 

𝒂

𝒃𝟐
+
𝒃

𝒂𝟐
≥ 𝟐 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

𝑎

𝑏2
+
𝑏

𝑎2
≥ 2 ⇔ 𝑎3 + 𝑏3 ≥ 2𝑎2𝑏2, (𝑎 + 𝑏)(𝑎2 − 𝑎𝑏 + 𝑏2) ≥ 2𝑎2𝑏2 
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2𝑎𝑏(𝑎2 − 𝑎𝑏 + 𝑏2) ≥ 2𝑎2𝑏2, 𝑎2 − 𝑎𝑏 + 𝑏2 ≥ 𝑎𝑏 

𝑎2 − 2𝑎𝑏 + 𝑏2 ≥ 0, (𝑎 − 𝑏)2 ≥ 0 

Equality holds for 𝑎 = 𝑏. 

13. If 𝒂, 𝒃 > 0; 𝑎 + 𝑏 = 2𝒂𝟐𝒃𝟐 then: 
 

𝒂 + 𝟏

𝒃𝟐
+
𝒃 + 𝟏

𝒂𝟐
≥ 𝟒 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

Denote 𝑆 = 𝑎 + 𝑏;𝑃 = 𝑎𝑏; 𝑆 > 0; 𝑃 > 0 

𝑎 + 𝑏 ≥
𝐴𝑀−𝐺𝑀

2√𝑎𝑏 ⇒ 𝑆 ≥ 2√𝑃 ⇒ 2𝑃2 ≥ 2√𝑃 

⇒ 𝑃2 ≥ 𝑃 ⇒ 𝑃4 ≥ 𝑃 ⇒ 𝑃3 ≥ 1 ⇒ 𝑃 ≥ 1 ⇒ 𝑃 − 1 ≥ 0     (1) 

We used the hypothesis: 𝑆 = 2𝑃2. 

𝑎 + 1

𝑏2
+
𝑏 + 1

𝑎2
≥ 4 ⇔ 𝑎2(𝑎 + 1) + 𝑏2(𝑏 + 1) ≥ 4𝑎2𝑏2 

𝑎3 + 𝑏3 + 𝑎2 + 𝑏2 − 4𝑎2𝑏2 ≥ 0 

𝑆3 − 3𝑆𝑃 + 𝑆2 − 2𝑃 − 4𝑃2 ≥ 0 

8𝑃6 − 6𝑃3 + 4𝑃4 − 2𝑃 − 4𝑃2 ≥ 0, 4𝑃5 − 3𝑃2 + 2𝑃3 − 1 − 2𝑃 ≥ 0 

4𝑃5 + 2𝑃3 − 3𝑃2 − 2𝑃 − 1 ≥ 0 

4𝑃5 − 4𝑃4 + 4𝑃4 − 4𝑃3 + 6𝑃3 − 6𝑃2 + 3𝑃2 − 3𝑃 + 𝑃 − 1 ≥ 0 

4𝑃4(𝑃 − 1) + 4𝑃3(𝑃 − 1) + 6𝑃2(𝑃 − 1) + 3𝑃(𝑃 − 1) + (𝑃 − 1) ≥ 0 

(𝑃 − 1)(4𝑃4 + 4𝑃3 + 6𝑃2 + 3𝑃 + 1) ≥ 0 

𝑃 − 1 ≥ 0      (True by (1)) 

Equality holds for 𝑎 = 𝑏 = 1. 

14. If 𝒂, 𝒃 > 0; 𝑎𝑏 = 𝑎 + 𝑏 then: 
 

𝒂 + 𝟏

𝒃𝟑
+
𝒃 + 𝟏

𝒂𝟑
≥
𝟑

𝟒
 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

Denote: 𝑆 = 𝑎 + 𝑏; 𝑃 = 𝑎𝑏; 𝑆 > 0; 𝑃 > 0 
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𝑎 + 𝑏 ≥
𝐴𝑀−𝐺𝑀

2√𝑎𝑏 ⇒ 𝑆 ≥ 2√𝑃 ⇒ 𝑆 ≥ 2√𝑆 ⇒ 𝑆2 ≥ 4𝑆 ⇒ 𝑆 ≥ 4 ⇒ 𝑆 − 4 ≥ 0        (1) 

𝑎 + 1

𝑏3
+
𝑏 + 1

𝑎3
≥
3

4
⇔ 4[𝑎3(𝑎 + 1) + 𝑏3(𝑏 + 1)] ≥ 3𝑎3𝑏3 

4(𝑎4 + 𝑏4) + 4(𝑎3 + 𝑏3) ≥ 3𝑎3𝑏3 

4[(𝑆2 − 2𝑃)2 − 2𝑃2] + 4(𝑆3 − 3𝑆𝑃) − 3𝑃3 ≥ 0 

𝑆 = 𝑃 ⇒ 4(𝑆2 − 2𝑆)2 − 8𝑆2 + 4𝑆3 − 12𝑆2 − 3𝑆3 ≥ 0 

4𝑆4 − 16𝑆3 + 16𝑆2 − 8𝑆2 + 𝑆3 − 12𝑆2 ≥ 0 

4𝑆4 − 15𝑆3 − 4𝑆2 ≥ 0 ⇔ 4𝑆2 − 15𝑆 − 4 ≥ 0 

4𝑆2 − 16𝑆 + 𝑆 − 4 ≥ 0 ⇔ 4𝑆(𝑆 − 4) + (𝑆 − 4) ≥ 0 

(𝑆 − 4)(4𝑆 + 1) ≥ 0 ⇔ 𝑆 − 4 ≥ 0  (True by (1)). 

Equality holds for 𝑎 = 𝑏 = 2. 

15. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝒂 + 𝒃

𝐬𝐢𝐧𝟐 𝑪
+
𝒃 + 𝒄

𝐬𝐢𝐧𝟐 𝑨
+
𝒄 + 𝒂

𝐬𝐢𝐧𝟐𝑩
≥ 𝟖√𝟑𝑹 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑎 + 𝑏

sin2 𝐶
+
𝑏 + 𝑐

sin2 𝐴
+
𝑐 + 𝑎

sin2𝐵
=∑

𝑎 + 𝑏

sin2 𝐶
𝑐𝑦𝑐

≥ 

≥ 3√
(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)

sin2 𝐴 sin2𝐵 sin2𝐶

3

≥
𝐶𝐸𝑆𝐴𝑅𝑂

3√
8𝑎𝑏𝑐

𝑎2

4𝑅2
⋅
𝑏2

4𝑅2
⋅
𝑐2

4𝑅2

3
= 3 ⋅ 4𝑅2√

8𝑎𝑏𝑐

𝑎2𝑏2𝑐2

3

= 

= 12𝑅2 ⋅ 2 ⋅
1

√𝑎𝑏𝑐
3 =

24𝑅2

√4𝑅𝑟𝑠
3 ≥

𝐸𝑈𝐿𝐸𝑅 24𝑅2

√4𝑅 ⋅
𝑅

2
⋅ 𝑠

3

=
24𝑅2

√2𝑅2 ⋅
3√3

2
𝑅

3
= 

=
24𝑅2

√(√3𝑅)
33

=
24𝑅2

√3𝑅
=
24𝑅

√3
=
24√3𝑅

3
= 8√3𝑅 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

16. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝒂 + 𝒃

(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩)𝟐
+

𝒃 + 𝒄

(𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧 𝑪)𝟐
+

𝒄 + 𝒂

(𝐬𝐢𝐧𝑪 + 𝐬𝐢𝐧𝑨)𝟐
≥ 𝟐√𝟑𝑹 

Proposed by Nguyen Hung Cuong – Vietnam 
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Solution by Daniel Sitaru – Romania  

𝑎 + 𝑏

(sin𝐴 + sin𝐵)2
+

𝑏 + 𝑐

(sin𝐵 + sin𝐶)2
+

𝑐 + 𝑎

(sin𝐶 + sin𝐴)2
= 

=∑
𝑎 + 𝑏

(sin𝐴 + sin𝐵)2
𝑐𝑦𝑐

=∑
𝑎 + 𝑏

(
𝑎

2𝑅
+

𝑏

2𝑅
)
2

𝑐𝑦𝑐

= 4𝑅2∑
𝑎+ 𝑏

(𝑎 + 𝑏)2
𝑐𝑦𝑐

= 

= 4𝑅2 ⋅∑
12

𝑎 + 𝑏
𝑐𝑦𝑐

≥
𝐵𝐸𝑅𝐺𝑆𝑇𝑅𝑂𝑀

4𝑅2 ⋅
(1 + 1 + 1)2

𝑎 + 𝑏 + 𝑏 + 𝑐 + 𝑐 + 𝑎
= 

= 4𝑅2 ⋅
9

4𝑠
=
9𝑅2

𝑠
≥

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶 9𝑅2

3√3

2
𝑅
=
3𝑅 ⋅ 2

√3
= 2√3𝑅 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

17. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
 

𝒂 + 𝒃

(𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩)𝟑
+

𝒃+ 𝒄

(𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪)𝟑
+

𝒄 + 𝒂

(𝐬𝐢𝐧𝑪 + 𝐬𝐢𝐧 𝑨)𝟑
≥ 𝟐𝑹 

Proposed by Nguyen Hung Cuong  - Vietnam  

Solution by Daniel Sitaru – Romania  

𝑎 + 𝑏

(sin𝐴 + sin𝐵)3
+

𝑏 + 𝑐

(sin𝐵 + sin𝐶)3
+

𝑐 + 𝑎

(sin𝐶 + sin𝐴)3
= 

=∑
𝑎 + 𝑏

(sin𝐴 + sin𝐵)3
𝑐𝑦𝑐

=∑
𝑎 + 𝑏

(
𝑎

2𝑅
+

𝑏

2𝑅
)
3

𝑐𝑦𝑐

= 8𝑅3∑
𝑎 + 𝑏

(𝑎 + 𝑏)3
𝑐𝑦𝑐

= 8𝑅3∑
1

(𝑎 + 𝑏)2
𝑐𝑦𝑐

≥
𝑅𝐴𝐷𝑂𝑁

 

≥ 8𝑅3 ⋅
(1 + 1 + 1)3

(𝑎 + 𝑏 + 𝑏 + 𝑐 + 𝑐 + 𝑎)2
=
8𝑅3 ⋅ 27

4 ⋅ 4𝑠2
=
27𝑅3

2𝑠2
≥

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶𝐼 27𝑅3

2 ⋅ (
3√3

2
𝑅)

2 =
27𝑅3

2 ⋅
27𝑅2

4

= 2𝑅 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

18. If 𝒂, 𝒃, 𝒄 > 0 then: 

∑
√(𝟏 + 𝒃𝟐)(𝟏 + 𝒄𝟐)

𝒂
𝒄𝒚𝒄

≥ 𝟔 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

∑
√(1 + 𝑏2)(1 + 𝑐2)

𝑎
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

∑
√2𝑏 ⋅ 2𝑐

𝑎
𝑐𝑦𝑐

= 
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= 2∑
√𝑏𝑐

𝑎
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

2 ⋅ 3√
√𝑏𝑐

𝑎
⋅
√𝑐𝑎

𝑏
⋅
√𝑎𝑏

𝑐

3

= 6√
𝑎𝑏𝑐

𝑎𝑏𝑐

3

= 6 ⋅ 1 = 6 

Equality holds for 𝑎 = 𝑏 = 𝑐 = 1. 

19. If 𝒂, 𝒃 > 0, 𝑎𝑏 = 1 then: 

𝒂𝒂
𝟐+𝟐𝒃𝟐 ⋅ 𝒃𝒃

𝟐+𝟐𝒂𝟐 ≤ 𝟏 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑎𝑎
2+2𝑏2 ⋅ 𝑏𝑏

2+2𝑎2 ≤ 1 ⇒ ln(𝑎𝑎
2+2𝑏2 ⋅ 𝑏𝑏

2+2𝑎2) ≤ ln 1 

(𝑎2 + 2𝑏2) ln 𝑎 + (𝑏2 + 2𝑎2) ln 𝑏 ≤ 0, (𝑎2 +
2

𝑎2
) ln 𝑎 + (

1

𝑎2
+ 2𝑎2) ln

1

𝑎
≤ 0 

𝑎2 ln 𝑎 +
2

𝑎2
ln 𝑎 +

1

𝑎2
ln 𝑎−1 + 2𝑎2 ln 𝑎−1 ≤ 0, 𝑎2 ln 𝑎 +

2

𝑎2
ln 𝑎 −

1

𝑎2
ln 𝑎 − 2𝑎2 ln 𝑎 ≤ 0 

(𝑎2 +
2

𝑎2
−
1

𝑎2
− 2𝑎2 ) ln 𝑎 ≤ 0, (

1

𝑎2
− 𝑎2) ln 𝑎 ≤ 0 ⇔

𝑎4 − 1

𝑎2
ln 𝑎 ≥ 0 

(𝑎 − 1)(𝑎 + 1)(𝑎2 + 1)

𝑎2
ln 𝑎 ≥ 0 ⇔ (𝑎 − 1) ln 𝑎 ≥ 0 

If 𝑎 ≥ 1 ⇒ 𝑎 − 1 ≥ 0; ln 𝑎 ≥ 0 ⇒ (𝑎 − 1) ln 𝑎 ≥ 0 

If 0 < 𝑎 ≤ 1 ⇒ 𝑎 − 1 ≤ 0; ln 𝑎 ≤ 0 ⇒ (𝑎 − 1) ln 𝑎 ≥ 0 

Equality holds for 𝑎 = 𝑏 = 1. 

20. In 𝚫𝑨𝑩𝑪, 𝑰 – incenter, the following relationship holds: 

𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪 = 𝟒𝐬𝐢𝐧(𝑨𝑰𝑩̂) 𝐬𝐢𝐧(𝑩𝑰𝑪̂) 𝐬𝐢𝐧(𝑪𝑰𝑨̂) 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  
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∢𝐵𝐼𝐶 = 180° −
𝐵̂

2
−
𝐶̂

2
= 180° −

𝐵̂ + 𝐶̂

2
= 

= 180° −
180° − 𝐴̂

2
= 180° − 90° +

𝐴̂

2
= 90° +

𝐴̂

2
 

sin(𝐵𝐼𝐶̂) = sin (90° +
𝐴

2
) = sin90° cos

𝐴

2
+ sin

𝐴

2
cos 90° = cos

𝐴

2
 

Analogous: sin(𝐴𝐼𝐵̂) = cos
𝐶

2
; sin(𝐶𝐼𝐴̂) = sin

𝐵

2
 

sin𝐴 + sin𝐵 + sin𝐶 = 2 sin
𝐴 + 𝐵

2
cos

𝐴 − 𝐵

2
+ sin(2 ⋅

𝐶

2
) = 

= 2 sin
180° − 𝐶

2
cos

𝐴 − 𝐵

2
+ 2 sin

𝐶

2
cos

𝐶

2
= 2 cos

𝐶

2
cos

𝐴 − 𝐵

2
+ 2 cos

𝐶

2
⋅ cos (90° −

𝐶

2
) = 

= 2cos
𝐶

2
(cos

𝐴 − 𝐵

2
+ cos

180° − 𝐶

2
) = 

= 2cos
𝐶

2
⋅ 2 cos

𝐴 − 𝐵 + 180° − 𝐶

4
cos

𝐴 − 𝐵 − 180° + 𝐶

4
= 

= 4cos
𝐶

2
cos

𝐴 − 𝐵 − 𝐶 + 𝐴 + 𝐵 + 𝐶

4
cos

𝐴 − 𝐵 − 𝐴 − 𝐵 − 𝐶 + 𝐶

4
= 

= 4cos
𝐶

2
cos

2𝐴

4
cos (−

2𝐵

4
) = 4 cos

𝐴

2
cos

𝐵

2
cos

𝐶

2
= 4 sin(𝐴𝐼𝐵̂) sin(𝐵𝐼𝐶̂) sin(𝐶𝐼𝐴̂) 

21. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐬𝐢𝐧 𝟐𝟎𝟐𝟔𝑨 + 𝐬𝐢𝐧 𝟐𝟎𝟐𝟔𝑩 + 𝐬𝐢𝐧 𝟐𝟎𝟐𝟔𝑪 = 𝟒𝐬𝐢𝐧 𝟏𝟎𝟏𝟑𝑨𝐬𝐢𝐧𝟏𝟎𝟏𝟑𝑩𝐬𝐢𝐧𝟏𝟎𝟏𝟑𝑪 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania 

Denote: 

1013𝐴 = 𝑥; 1013𝐵 = 𝑦; 1013𝐶 = 𝑧 

𝑥 + 𝑦 + 𝑧 = 1013(𝐴 + 𝐵 + 𝐶) = 1013𝜋     (1) 

cos (
1013𝜋

2
− 𝑦) = cos

1013𝜋

2
cos 𝑦 + sin

1013𝜋

2
sin𝑦 = 

= cos (506𝜋 +
𝜋

2
) cos 𝑦 + sin (506𝜋 +

𝜋

2
) sin 𝑦 = cos

𝜋

2
cos 𝑦 + sin

𝜋

2
sin 𝑦 = sin 𝑦 

cos (
1013𝜋

2
− 𝑦) = sin 𝑦     (2) 

Analogous: 

cos (𝑥 −
1013𝜋

2
) = cos (

1013𝜋

2
− 𝑥) = sin𝑥   (3) 
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sin 2026𝐴 + sin2026𝐵 + sin2026𝐶 = sin 2𝑥 + sin 2𝑦 + sin 2𝑧 = 

= 2 sin
2𝑥 + 2𝑦

2
cos

2𝑥 − 2𝑦

2
+ 2 sin 𝑧 cos 𝑧 = 2 sin(𝑥 + 𝑦) cos(𝑥 − 𝑦) + 2 sin 𝑧 cos 𝑧 =

(1)
 

= 2 sin(1013𝜋 − 𝑧) cos(𝑥 − 𝑦) + 2 sin𝑧 cos 𝑧 = 

= 2(sin1013𝜋 cos 𝑧 − sin 𝑧 cos 1013𝜋) cos(𝑥 − 𝑦) + 2 sin 𝑧 cos 𝑧 = 

= 2(0 ⋅ cos 𝑧 − sin 𝑧 ⋅ (−1)1013) cos(𝑥 − 𝑦) + 2 sin 𝑧 cos 𝑧 = 

= 2 sin𝑧 cos(𝑥 − 𝑦) + 2 sin𝑧 cos 𝑧 = 2 sin 𝑧 (cos(𝑥 − 𝑦) + cos 𝑧) = 

= 2 sin 𝑧 ⋅ 2 cos
𝑥 − 𝑦 + 𝑧

2
⋅ cos

𝑥 − 𝑦 − 𝑧

2
= 4 sin𝑧 cos

𝑥 + 𝑧 − 𝑦

2
cos

𝑦 + 𝑧 − 𝑥

2
=
(1)

 

= 4 sin 𝑧 cos (
1013𝜋 − 2𝑦

2
) cos (

1013𝜋 − 2𝑥

2
) =
(2),(3)

= 4 sin 𝑧 sin𝑦 sin 𝑥 = 

= 4 sin 1013𝐴 sin1013𝐵 sin1013𝐶 

22. If in 𝚫𝑨𝑩𝑪 we have: 𝐭𝐚𝐧
𝑨

𝟐
𝐭𝐚𝐧

𝑩

𝟐
=

𝟏

𝟑
 then: 

𝟐 𝐬𝐢𝐧 𝑪 = 𝐬𝐢𝐧 𝑨 + 𝐬𝐢𝐧𝑩 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

tan
𝐴

2
tan

𝐵

2
=
1

3
⇒ √

(𝑠 − 𝑏)(𝑠 − 𝑐)

𝑠(𝑠 − 𝑎)
⋅ √
(𝑠 − 𝑎)(𝑠 − 𝑐)

𝑠(𝑠 − 𝑏)
=
1

3
 

⇒
𝑠 − 𝑐

𝑠
=
1

3
⇒ 3𝑠 − 3𝑐 = 𝑠 ⇒ 2𝑠 − 3𝑐 = 0 ⇒ 𝑎 + 𝑏 + 𝑐 − 3𝑐 = 0 ⇒ 2𝑐 = 𝑎 + 𝑏 

2 ⋅ 2𝑅 sin𝐶 = 2𝑅 sin𝐴 + 2𝑅 sin𝐵 , 2 sin 𝐶 = sin𝐴 + sin𝐵 

23. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐜𝐨𝐭𝑨 + 𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪 =
𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐 𝑪

𝟐𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑪
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

cot 𝐴 + cot𝐵 + cot 𝐶 =∑cot 𝐴

𝑐𝑦𝑐

=∑
cos𝐴

sin𝐴
𝑐𝑦𝑐

= 

=∑

𝑏2+𝑐2−𝑎2

2𝑏𝑐

sin𝐴
𝑐𝑦𝑐

=∑
𝑏2 + 𝑐2 − 𝑎2

2𝑏𝑐 sin𝐴
𝑐𝑦𝑐

=∑
𝑏2 + 𝑐2 − 𝑎2

4𝐹
𝑐𝑦𝑐

= 
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=
1

4𝐹
(∑𝑏2

𝑐𝑦𝑐

+∑𝑐2

𝑐𝑦𝑐

−∑𝑎2

𝑐𝑦𝑐

) =
1

4𝐹
(∑𝑎2

𝑐𝑦𝑐

+∑𝑎2

𝑐𝑦𝑐

−∑𝑎2

𝑐𝑦𝑐

) =
1

4𝐹
∑𝑎2

𝑐𝑦𝑐

= 

=
1

4𝐹
(𝑎2 + 𝑏2 + 𝑐2) =

1

4 ⋅ 2𝑅2 sin𝐴 sin𝐵 sin𝐶
∑4𝑅2 sin2 𝐴

𝑐𝑦𝑐

= 

=
4𝑅2

8𝑅2
⋅
sin2 𝐴 + sin2𝐵 + sin2𝐶

sin𝐴 sin𝐵 sin𝐶
=
sin2 𝐴 + sin2𝐵 + sin2 𝐶

2 sin𝐴 sin𝐵 sin𝐶
 

24. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂

𝐬𝐢𝐧𝟑 𝑩
+

𝒃

𝐬𝐢𝐧𝟑 𝑪
+

𝒄

𝐬𝐢𝐧𝟑 𝑨
≥ 𝟖𝑹 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑎

sin3𝐵
+

𝑏

sin3 𝐶
+

𝑐

sin3 𝐴
=∑

𝑎

sin3𝐵
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

3 ⋅ √
𝑎𝑏𝑐

sin3 𝐴 sin3𝐵 sin3 𝐶

3

= 

= 3√
𝑎𝑏𝑐

(
𝑎𝑏𝑐

2𝑅
)
3

3
= 3√

(8𝑅3)3

(𝑎𝑏𝑐)2

3

=
24𝑅3

√(𝑎𝑏𝑐)2
3

=
24𝑅3

√16𝑅2𝑟2𝑠2
3 ≥

𝐸𝑈𝐿𝐸𝑅 24𝑅3

√16𝑅2 ⋅
𝑅2

4
𝑠2

3

≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

 

≥
24𝑅3

√4𝑅4 ⋅
27𝑅2

4

3

=
24𝑅3

3𝑅2
= 8𝑅 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

25. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒉𝒂
𝒃
+
𝒉𝒃
𝒄
+
𝒉𝒄
𝒂
≤
𝟑√𝟑

𝟐
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

ℎ𝑎
𝑏
+
ℎ𝑏
𝑐
+
ℎ𝑐
𝑎
=∑

ℎ𝑎
𝑏

𝑐𝑦𝑐

=∑

2𝐹

𝑎

𝑏
𝑐𝑦𝑐

= 2𝐹∑
1

𝑎𝑏
𝑐𝑦𝑐

= 2𝐹 ⋅
𝑎 + 𝑏 + 𝑐

𝑎𝑏𝑐
= 

= 2𝐹 ⋅
2𝑠

4𝑅𝐹
=
𝑠

𝑅
≤

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶𝐼 1

𝑅
⋅
3√3

2
𝑅 =

3√3

2
 

Equality holds for 𝑎 = 𝑏 = 𝑐. 
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26. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂 + 𝒃

𝐬𝐢𝐧 𝑨
+
𝒃 + 𝒄

𝐬𝐢𝐧𝑩
+
𝒄 + 𝒂

𝐬𝐢𝐧 𝑪
≥ 𝟏𝟐𝑹 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑎 + 𝑏

sin𝐴
+
𝑏 + 𝑐

sin𝐵
+
𝑐 + 𝑎

sin𝐶
=∑

𝑎 + 𝑏

sin𝐴
𝑐𝑦𝑐

=∑
𝑎+ 𝑏
𝑎

2𝑅𝑐𝑦𝑐

= 2𝑅∑
𝑎 + 𝑏

𝑎
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

 

≥ 2𝑅 ⋅ 3√
(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)

𝑎𝑏𝑐

3

≥
𝐶𝐸𝑆𝐴𝑅𝑂

6𝑅 ⋅ √
8𝑎𝑏𝑐

𝑎𝑏𝑐

3

= 6𝑅√8
3

= 6𝑅 ⋅ 2 = 12𝑅 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

27. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒉𝒂
𝒃
+
𝒉𝒃
𝒄
+
𝒉𝒄
𝒂
≤
𝟑√𝟑

𝟒
⋅
𝑹

𝒓
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

ℎ𝑎
𝑏
+
ℎ𝑏
𝑐
+
ℎ𝑐
𝑎
=∑

ℎ𝑎
𝑏

𝑐𝑦𝑐

=∑

2𝐹

𝑎

𝑏
𝑐𝑦𝑐

= 2𝐹∑
1

𝑎𝑏
𝑐𝑦𝑐

= 2𝐹∑
𝑐

𝑎𝑏𝑐
𝑐𝑦𝑐

= 

=
2𝐹

𝑎𝑏𝑐
∑𝑐

𝑐𝑦𝑐

=
2𝐹

4𝑅𝐹
(𝑎 + 𝑏 + 𝑐) =

1

2𝑅
⋅ 2𝑠 =

𝑠

𝑟
≤

𝐸𝑈𝐿𝐸𝑅 𝑠

2𝑟
≤

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶 3√3

2
𝑅 ⋅

1

2𝑟
=
3√3

4
⋅
𝑅

𝑟
 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

28. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
𝒓𝒂𝒓𝒃 + 𝒓𝒃𝒓𝒄 + 𝒓𝒄𝒓𝒂 ≥ 𝒉𝒂𝒉𝒃 + 𝒉𝒃𝒉𝒄 + 𝒉𝒄𝒉𝒂 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

∑𝑟𝑎𝑟𝑏
𝑐𝑦𝑐

≥∑ℎ𝑎ℎ𝑏
𝑐𝑦𝑐

 

∑
𝐹

𝑠 − 𝑎
𝑐𝑦𝑐

⋅
𝐹

𝑠 − 𝑏
≥∑

2𝐹

𝑎
𝑐𝑦𝑐

⋅
2𝐹

𝑏
 

∑
1

(𝑠 − 𝑎)(𝑠 − 𝑏)
𝑐𝑦𝑐

≥ 4∑
1

𝑎𝑏
𝑐𝑦𝑐

,     
𝑠 − 𝑐 + 𝑠 − 𝑏 + 𝑠 − 𝑎

(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
≥ 4 ⋅

𝑎 + 𝑏 + 𝑐

𝑎𝑏𝑐
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𝑠

(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
≥ 4 ⋅

2𝑠

4𝑅𝐹
,

𝑠2

𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
≥

2𝑠

𝑅 ⋅ 𝑟𝑠
 

𝑠2

𝐹2
≥
2

𝑅𝑟
,

𝑠2

𝑟2𝑠2
≥
2

𝑅𝑟
,

1

𝑟2
≥
2

𝑅𝑟
 

⇔ 𝑅 ≥ 2𝑟    (Euler) 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

29. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒓𝒂𝒓𝒃𝒓𝒄
𝒉𝒂𝒉𝒃𝒉𝒄

=
𝑹

𝟐𝒓
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑟𝑎𝑟𝑏𝑟𝑐
ℎ𝑎ℎ𝑏ℎ𝑐

=

𝐹

𝑠−𝑎
⋅
𝐹

𝑠−𝑏
⋅
𝐹

𝑠−𝑐
2𝐹

𝑎
⋅
2𝐹

𝑏
⋅
2𝐹

𝑐

=
𝑎𝑏𝑐

8(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
= 

=
𝑎𝑏𝑐𝑠

8𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
=
4𝑅𝐹𝑠

8𝐹2
=
4𝑅𝑟

8𝐹
=
4𝑅𝑠

8𝑟𝑠
=
𝑅

2𝑟
 

30. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝟏𝟔𝒓𝟑 ≤ (𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒄 + 𝒉𝒂) ≤ 𝟐𝟕𝑹
𝟑 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(ℎ𝑎 + ℎ𝑏)(ℎ𝑏 + ℎ𝑐)(ℎ𝑐 + ℎ𝑎) =∏(ℎ𝑎 + ℎ𝑏)

𝑐𝑦𝑐

=∏(
2𝐹

𝑎
+
2𝐹

𝑏
)

𝑐𝑦𝑐

= 8𝐹3∏(
1

𝑎
+
1

𝑏
)

𝑐𝑦𝑐

= 

= 8𝐹3∏(
𝑎+ 𝑏

𝑎𝑏
)

𝑐𝑦𝑐

= 8𝐹3 ⋅
(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)

𝑎𝑏𝑐 ⋅ 𝑎𝑏𝑐
≥

𝐶𝐸𝑆𝐴𝑅𝑂
 

≥ 8𝐹3 ⋅
8𝑎𝑏𝑐

𝑎𝑏𝑐 ⋅ 𝑎𝑏𝑐
=
64𝐹3

𝑎𝑏𝑐
=
64𝐹3

4𝑅𝐹
=
16𝐹2

𝑅
=
16𝑟2𝑠2

𝑅
 

Remains to prove: 

216𝑟3 ≤
16𝑟2𝑠2

𝑅
≤ 27𝑅3 

16𝑟2𝑠2

𝑅
≤

𝐸𝑈𝐿𝐸𝑅 16 ⋅ (
𝑅

2
)
2
⋅ 𝑠2

𝑅
= 4𝑅𝑠2 ≤

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶
 4𝑅 ⋅ (

3√3

2
𝑅)

2

= 4𝑅 ⋅
27𝑅2

4
= 27𝑅3 

16𝑟2𝑠2

𝑅
≥ 216𝑟3 ⇔

2𝑟2𝑠2

𝑅
≥ 27𝑟3 ⇔

2𝑠2

𝑅
≥ 27𝑟 ⇔ 2𝑠2 ≥ 27𝑅𝑟   (to prove) 
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2𝑠2 ≥
𝐺𝐸𝑅𝑅𝐸𝑆𝑇𝐸𝑁

2(16𝑅𝑟 − 5𝑟2) = 32𝑅𝑟 − 10𝑟2 ≥ 27𝑅𝑟 ⇔ 5𝑅𝑟 ≥ 10𝑟2 ⇔ 𝑅 ≥ 2𝑟    (Euler) 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

31. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐𝟏𝟔𝒓𝟑 ≤ (𝒓𝒂 + 𝒓𝒃)(𝒓𝒃 + 𝒓𝒄)(𝒓𝒄 + 𝒓𝒂) ≤ 𝟐𝟕𝑹𝟑 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(𝑟𝑎 + 𝑟𝑏)(𝑟𝑏 + 𝑟𝑐)(𝑟𝑐 + 𝑟𝑎) =∏(𝑟𝑎 + 𝑟𝑏)

𝑐𝑦𝑐

= 

=∏(
𝐹

𝑠 − 𝑎
+

𝐹

𝑠 − 𝑏
)

𝑐𝑦𝑐

= 𝐹3∏(
1

𝑠 − 𝑎
+

1

𝑠 − 𝑏
)

𝑐𝑦𝑐

= 

= 𝐹3∏
𝑠− 𝑏 + 𝑠 − 𝑎

(𝑠 − 𝑎)(𝑠 − 𝑏)
𝑐𝑦𝑐

= 𝐹3∏
2𝑠 − 𝑎 − 𝑏

(𝑠 − 𝑎)(𝑠 − 𝑏)
𝑐𝑦𝑐

= 

= 𝐹3∏
𝑎+ 𝑏 + 𝑐 − 𝑎 − 𝑏

(𝑠 − 𝑎)(𝑠 − 𝑏)
𝑐𝑦𝑐

= 𝐹3∏
𝑐

(𝑠 − 𝑎)(𝑠 − 𝑏)
=

𝑐𝑦𝑐

 

= 𝐹3 ⋅
𝑎𝑏𝑐

(𝑠 − 𝑎)2(𝑠 − 𝑏)2(𝑠 − 𝑐)2
=

𝐹3 ⋅ 𝑎𝑏𝑐 ⋅ 𝑠2

𝑠2(𝑠 − 𝑎)2(𝑠 − 𝑏)2(𝑠 − 𝑐)2
=
𝐹3 ⋅ 4𝑅𝐹 ⋅ 𝑠2

𝐹4
= 4𝑅𝑠2 

Remains to prove: 

216𝑟3 ≤ 4𝑅𝑠2 ≤ 27𝑅3 

4𝑅𝑠2 ≤
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

4𝑅 ⋅ (
3√3

2
𝑅)

2

= 4𝑅 ⋅
27𝑅2

4
= 27𝑅3 

4𝑅𝑠2 ≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

4𝑅 ⋅ (3√3𝑟)
2
= 4𝑅 ⋅ 27𝑟2 ≥

𝐸𝑈𝐿𝐸𝑅
4 ⋅ 2𝑟 ⋅ 27𝑟2 = 216𝑟3 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

32. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒉𝒂 + 𝒉𝒃)
𝐜𝐨𝐬

𝑪

𝟐 ⋅ (𝒉𝒃 + 𝒉𝒄)
𝐜𝐨𝐬

𝑨

𝟐 ⋅ (𝒉𝒄 + 𝒉𝒂)
𝐜𝐨𝐬

𝑩

𝟐 ≤ (𝟑𝑹)
𝟑√𝟑

𝟐  

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

WLOG: 𝑎 ≤ 𝑏 ≤ 𝑐 ⇒
1

𝑎
≥

1

𝑏
≥

1

𝑐
⇒

2𝐹

𝑎
≥

2𝐹

𝑏
≥

2𝐹

𝑐
⇒ ℎ𝑎 ≥ ℎ𝑏 ≥ ℎ𝑐 ⇒ {

ℎ𝑎 + ℎ𝑐 ≥ ℎ𝑏 + ℎ𝑐
ℎ𝑏 + ℎ𝑎 ≥ ℎ𝑐 + ℎ𝑎

⇒ 

⇒ ℎ𝑎 + ℎ𝑏 ≥ ℎ𝑎 + ℎ𝑐 ≥ ℎ𝑏 + ℎ𝑐        (1) 
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𝑎 ≤ 𝑏 ≤ 𝑐 ⇒ cos
𝐴

2
≥ cos

𝐵

2
cos

𝐶

2
⇒⇒ cos

𝐶

2
≤ cos

𝐵

2
≤ cos

𝐴

2
       (2) 

By (1); (2) and Cebyshev’s inequality: 

(ℎ𝑎 + ℎ𝑏) cos
𝐶

2
+ (ℎ𝑏 + ℎ𝑐) cos

𝐴

2
+ (ℎ𝑐 + ℎ𝑎) cos

𝐴

2
≤ 

≤
1

3
(ℎ𝑎 + ℎ𝑏 + ℎ𝑏 + ℎ𝑐 + ℎ𝑐 + ℎ𝑎) (cos

𝐴

2
+ cos

𝐵

2
+ cos

𝐶

2
) = 

=
2

3
(ℎ𝑎 + ℎ𝑏 + ℎ𝑐) (cos

𝐴

2
+ cos

𝐵

2
+ cos

𝐶

2
)       (3) 

∏(ℎ𝑎 + ℎ𝑏)

𝑐𝑦𝑐

cos
𝐶

2
≤

𝑊𝐸𝐼𝐺𝐻𝑇𝐸𝐷 𝐴𝑀−𝐺𝑀
 

≤ (
(ℎ𝑎 + ℎ𝑏) cos

𝐶

2
+ (ℎ𝑏 + ℎ𝑐) cos

𝐴

2
+ (ℎ𝑐 + ℎ𝑎) cos

𝐵

2

cos
𝐴

2
+ cos

𝐵

2
+ cos

𝐶

2

)

cos
𝐴

2
+cos

𝐵

2
+cos

𝐶

2

≤ 

≤
(3)

(

2

3
(ℎ𝑎 + ℎ𝑏 + ℎ𝑐) (cos

𝐴

2
+ cos

𝐵

2
+ cos

𝐶

2
)

cos
𝐴

2
+ cos

𝐵

2
+ cos

𝐶

2

)

cos
𝐴

2
+cos

𝐵

2
+cos

𝐶

2

≤ 

≤
𝐽𝑒𝑛𝑠𝑒𝑛

(
2

3
(
2𝐹

𝑎
+
2𝐹

𝑏
+
2𝐹

𝑐
))

3 cos
𝐴+𝐵+𝐶

6

= (
4𝐹

3
⋅
𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎

𝑎𝑏𝑐
)
3cos

𝜋

6

= 

= (
4𝐹

3
⋅
𝑠2 + 𝑟2 + 4𝑅𝑟

4𝑅𝐹
)

3√3

2

= (
𝑠2 + 𝑟2 + 4𝑅𝑟

3𝑅
)

3√3

2

≤
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

(

27𝑅2

4
+ 𝑟2 + 4𝑅𝑟

3𝑅
)

3√3

2

≤
𝐸𝑈𝐿𝐸𝑅

 

≤ (

27𝑅2

4
+
𝑅2

4
+ 4𝑅 ⋅

𝑅

2

3𝑅
)

3√3

2

= (
7𝑅2 + 2𝑅2

3𝑅
)

3√3

2

= (3𝑅)
3√3

2  

Equality holds for 𝑎 = 𝑏 = 𝑐. 

33. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒂𝒃)𝐬𝐢𝐧𝑪 ⋅ (𝒃𝒄)𝐬𝐢𝐧𝑨 ⋅ (𝒄𝒂)𝐬𝐢𝐧𝑩 ≤ (𝟑𝑹𝟐)
𝟑√𝟑

𝟐  

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(𝑎𝑏)sin𝐶 ⋅ (𝑏𝑐)sin 𝐴 ⋅ (𝑐𝑎)sin𝐵 ≤
𝑊𝐸𝐼𝐺𝐻𝑇𝐸𝐷 𝐴𝑀−𝐺𝑀

(
𝑎𝑏 sin 𝐶 + 𝑏𝑐 sin𝐴 + 𝑐𝑎 sin𝐵

sin𝐴 + sin𝐵 + sin𝐶
)
sin𝐴+sin 𝐵+sin 𝐶

= 



Romanian Mathematical Society-Mehedinți Branch 2026 
 

76 ROMANIAN MATHEMATICAL MAGAZINE NR. 49 
 

= (
2𝐹 + 2𝐹 + 2𝐹

𝑠

𝑅

)

𝑠

𝑅

≤
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

(
6𝐹
𝑠

𝑅

)

1

𝑅
⋅
3√3

2
𝑅

= (
6𝐹𝑅

𝑠
)

3√3

2

= (
6𝑟𝑠𝑅

𝑠
)

3√3

2

= 

= (6𝑟𝑅)
3√3

2 ≤ (6 ⋅
𝑅

2
⋅ 𝑅)

3√3

2

= (3𝑅2)
3√3

2  

Equality holds for 𝑎 = 𝑏 = 𝑐. 

34. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒓𝒂 + 𝟐𝒓𝒃
𝒉𝒄

+
𝒓𝒃 + 𝟐𝒓𝒄
𝒉𝒂

+
𝒓𝒄 + 𝟐𝒓𝒂
𝒉𝒃

≥ 𝟗 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑟𝑎 + 2𝑟𝑏
ℎ𝑐

+
𝑟𝑏 + 2𝑟𝑐
ℎ𝑎

+
𝑟𝑐 + 2𝑟𝑎
ℎ𝑏

=∑
𝑟𝑎 + 2𝑟𝑏
ℎ𝑐

𝑐𝑦𝑐

=∑
𝑟𝑎
ℎ𝑐

𝑐𝑦𝑐

+ 2∑
𝑟𝑏
ℎ𝑐

𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

 

≥ 3√
𝑟𝑎𝑟𝑏𝑟𝑐
ℎ𝑎ℎ𝑏ℎ𝑐

3

+ 2 ⋅ 3√
𝑟𝑎𝑟𝑏𝑟𝑐
ℎ𝑎ℎ𝑏ℎ𝑐

3

= 9√
𝑟𝑎𝑟𝑏𝑟𝑐
ℎ𝑎ℎ𝑏ℎ𝑐

3

≥ 9 ⇔ √
𝑟𝑎𝑟𝑏𝑟𝑐
ℎ𝑎ℎ𝑏ℎ𝑐

3

≥ 1 ⇔ 𝑟𝑎𝑟𝑏𝑟𝑐 ≥ ℎ𝑎ℎ𝑏ℎ𝑐 

𝐹

𝑠 − 𝑎
⋅
𝐹

𝑠 − 𝑏
⋅
𝐹

𝑠 − 𝑐
≥
2𝐹

𝑎
⋅
2𝐹

𝑏
⋅
2𝐹

𝑐
, 𝑎𝑏𝑐 ≥ 8(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐) 

𝑎𝑏𝑐 ⋅ 𝑠 ≥ 8𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐), 4𝑅𝐹 ⋅ 𝑠 ≥ 8𝐹2 

𝑅𝑠 ≥ 2𝐹, 𝑅𝑠 ≥ 2𝑟𝑠, 𝑅 ≥ 2𝑟    (Euler) 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

35. If 𝒂, 𝒃, 𝒄 > 0; 𝑎𝑏𝑐 = 1 then: 

(𝒂𝟑 + 𝟏)𝒂(𝒃𝟑 + 𝟏)𝒃(𝒄𝟑 + 𝟏)𝒄 ≥ 𝟖 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(𝑎3 + 1)𝑎(𝑏3 + 1)𝑏(𝑐3 + 1)𝑐 ≥ 8 

ln[(𝑎3 + 1)𝑎(𝑏3 + 1)𝑏(𝑐3 + 1)𝑐] ≥ ln 8 

𝑎 ln(𝑎3 + 1) + 𝑏 ln(𝑏3 + 1) + 𝑐 ln(𝑐3 + 1) ≥3 ln 2   (to prove) 

Let be 𝑓: (0,∞) → ℝ;𝑓(𝑥) = 𝑥 ln(1 + 𝑥3) 

𝑓′(𝑥) = ln(1 + 𝑥3) + 𝑥 ⋅
3𝑥2

1 + 𝑥3
= ln(1 + 𝑥3) +

3𝑥3

1 + 𝑥3
> 0 

𝑓′(𝑥) > 0 ⇒ 𝑓  increasing 
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𝑓′′(𝑥) =
3𝑥2

1 + 𝑥3
+
9𝑥2(1 + 𝑥3) − 3𝑥3 ⋅ 3𝑥2

(1 + 𝑥3)2
=

3𝑥2

1 + 𝑥3
+

9𝑥2

(1 + 𝑥3)2
> 0 

𝑓′′(𝑥) > 0 ⇒ 𝑓 convex 

𝑎 ln(𝑎3 + 1) +𝑏 ln(𝑏3 + 1) + 𝑐 ln(𝑐3 + 1) = 

= 𝑓(𝑎) + 𝑓(𝑏) + 𝑓(𝑐) ≥
𝐽𝐸𝑁𝑆𝐸𝑁

3𝑓 (
𝑎 + 𝑏 + 𝑐

3
) ≥
𝐴𝑀−𝐺𝑀

3𝑓(√𝑎𝑏𝑐
3

) = 3𝑓(√1
3
) = 3𝑓(1) = 3 ln 2 

Equality holds for 𝑎 = 𝑏 = 𝑐 = 1. 

36. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒂 + 𝒃)𝟐

𝒉𝒄
+
(𝒃 + 𝒄)𝟐

𝒉𝒂
+
(𝒄 + 𝒂)𝟐

𝒉𝒃
≥ 𝟒𝟖𝒓 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

(𝑎 + 𝑏)2

ℎ𝑐
+
(𝑏 + 𝑐)2

ℎ𝑎
+
(𝑐 + 𝑎)2

ℎ𝑏
=∑

(𝑎 + 𝑏)2

ℎ𝑐
𝑐𝑦𝑐

≥ 

≥
𝐴𝑀−𝐺𝑀

3√
((𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎))

2

ℎ𝑎ℎ𝑏ℎ𝑐

3

≥
𝐶𝐸𝑆𝐴𝑅𝑂

3√
(8𝑎𝑏𝑐)2

ℎ𝑎ℎ𝑏ℎ𝑐

3

= 3√
64 ⋅ (4𝑅𝐹)2

2𝐹

𝑎
⋅
2𝐹

𝑏
⋅
2𝐹

𝑐

3
= 

=
3

2𝐹
⋅ 4√(4𝑅𝐹)2 ⋅ 𝑎𝑏𝑐

3
=
6

𝐹
√(4𝑅𝐹)3
3

=
6

𝐹
⋅ 4𝑅𝐹 = 24𝑅 ≥

𝐸𝑈𝐿𝐸𝑅
24 ⋅ 2𝑟 = 47𝑟 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

37. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒓𝒂 + 𝒓𝒃)
𝟐

𝒉𝒄
+
(𝒓𝒃 + 𝒓𝒄)

𝟐

𝒉𝒂
+
(𝒓𝒄 + 𝒓𝒂)

𝟐

𝒉𝒃
≥ 𝟑𝟔𝒓 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(𝑟𝑎 + 𝑟𝑏)
2

ℎ𝑐
+
(𝑟𝑏 + 𝑟𝑐)

2

ℎ𝑎
+
(𝑟𝑐 + 𝑟𝑎)

2

ℎ𝑏
=∑

(𝑟𝑎 + 𝑟𝑏)
2

ℎ𝑐
𝑐𝑦𝑐

≥ 

≥
𝐴𝑀−𝐺𝑀

3√
((𝑟𝑎 + 𝑟𝑏)(𝑟𝑏 + 𝑟𝑐)(𝑟𝑐 + 𝑟𝑎))

2

ℎ𝑎ℎ𝑏ℎ𝑐

3

≥
𝐶𝐸𝑆𝐴𝑅𝑂

3√
(8𝑟𝑎𝑟𝑏𝑟𝑐)2

ℎ𝑎ℎ𝑏ℎ𝑐

3

= 3√
64 ⋅ (

𝐹

𝑠−𝑎
⋅
𝐹

𝑠−𝑏
⋅
𝐹

𝑠−𝑐
)
2

2𝐹

𝑎
⋅
2𝐹

𝑏
⋅
2𝐹

𝑐

3

= 

= 12√
𝐹6

((𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐))
2

3
⋅
𝑎𝑏𝑐

8𝐹3
=
12

2
√

𝐹3 ⋅ 4𝑅𝐹 ⋅ 𝑠2

(𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐))
2

3
= 6√

4𝑅𝑠2𝐹4

𝐹4

3

= 
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= 6√4𝑅𝑠2
3

≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

6√4𝑅 ⋅ 27𝑟2
3

≥
𝐸𝑈𝐿𝐸𝑅

6 ⋅ 3√8𝑟 ⋅ 𝑟2
3

= 36𝑟 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

38. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

(𝒂 + 𝒃)𝟐

𝒓𝒄
+
(𝒃 + 𝒄)𝟐

𝒓𝒂
+
(𝒄 + 𝒂)𝟐

𝒓𝒃
≥ 𝟒𝟖𝒓 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

(𝑎 + 𝑏)2

𝑟𝑐
+
(𝑏 + 𝑐)2

𝑟𝑎
+
(𝑐 + 𝑎)2

𝑟𝑏
=∑

(𝑎 + 𝑏)2

𝑟𝑐
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

3√
((𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎))

2

𝑟𝑎𝑟𝑏𝑟𝑐

3

≥
𝐶𝐸𝑆𝐴𝑅𝑂

 

≥ 3√
(8𝑎𝑏𝑐)2

𝐹

𝑠−𝑎
⋅
𝐹

𝑠−𝑏
⋅
𝐹

𝑠−𝑐

3
= 3√

64(𝑎𝑏𝑐)2

𝐹3𝑠

𝐹2

3
= 12√

(4𝑅𝐹)2

𝐹𝑠

3

= 12√
16𝑅2𝐹2

𝐹𝑠

3

= 

= 12√
16𝑅2𝐹

𝑠

3

= 12√
16𝑅2𝑟𝑠

𝑠

3

= 12√16𝑅2𝑟
3

≥
𝐸𝑈𝐿𝐸𝑅

12√16 ⋅ 4𝑟2 ⋅ 𝑟
3

= 12√64𝑟3
3

= 12 ⋅ 4𝑟 = 48𝑟 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

39. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒓𝒂 + 𝒓𝒃
𝒉𝒄

+
𝒓𝒃 + 𝒓𝒄
𝒉𝒂

+
𝒓𝒄 + 𝒓𝒂
𝒉𝒃

≤
𝟑𝑹

𝒓
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

∑
𝑟𝑎 + 𝑟𝑏
ℎ𝑐

𝑐𝑦𝑐

=∑

𝐹

𝑠−𝑎
+

𝐹

𝑠−𝑏
2𝐹

𝑐𝑐𝑦𝑐

=∑

1

𝑠−𝑎
+

1

𝑠−𝑏
2

𝑐𝑐𝑦𝑐

= 

=
1

2
∑

𝑐(𝑠 − 𝑎 + 𝑠 − 𝑏)

(𝑠 − 𝑎)(𝑠 − 𝑏)
𝑐𝑦𝑐

=
1

2
∑

𝑐(𝑎 + 𝑏 + 𝑐 − 𝑎 − 𝑏)

(𝑠 − 𝑎)(𝑠 − 𝑏)
𝑐𝑦𝑐

= 

=
1

2
∑

𝑐2

(𝑠 − 𝑎)(𝑠 − 𝑏)
𝑐𝑦𝑐

=
1

2(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
∑𝑐2(𝑠 − 𝑐)

𝑐𝑦𝑐

= 

=
𝑠

2𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
⋅ 4𝑟𝑠(𝑅 + 𝑟) =

4𝑟𝑠2(𝑅 + 𝑟)

2𝐹2
=
2𝑟𝑠2(𝑅 + 𝑟)

𝑟2𝑠2
=
2(𝑅 + 𝑟)

𝑟
≤ 

≤
2(𝑅 +

𝑅

2
)

𝑟
=
2 ⋅

3𝑅

2

𝑟
=
3𝑅

𝑟
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Equality holds for 𝑎 = 𝑏 = 𝑐. 

40. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂
𝟐 +𝒎𝒃

𝟐

𝒄
+
𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒂
+
𝒎𝒄
𝟐 +𝒎𝒂

𝟐

𝒃
≥ 𝟗√𝟑𝒓 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑚𝑎
2 +𝑚𝑏

2

𝑐
+
𝑚𝑏
2 +𝑚𝑐

2

𝑎
+
𝑚𝑐
2 +𝑚𝑎

2

𝑏
= 

=∑
𝑚𝑎
2 +𝑚𝑏

2

𝑐
𝑐𝑦𝑐

=∑
2(𝑏2 + 𝑐2) − 𝑎2 + 2(𝑎2 + 𝑐2) − 𝑏2

4𝑐
𝑐𝑦𝑐

= 

=∑
𝑏2 + 𝑎2 + 4𝑐2

4𝑐
𝑐𝑦𝑐

=
1

4
∑

𝑏2

𝑐
𝑐𝑦𝑐

+
1

4
∑

𝑎2

𝑐
𝑐𝑦𝑐

+∑𝑐

𝑐𝑦𝑐

≥ 

≥
𝐵𝐸𝑅𝐺𝑆𝑇𝑅𝑂𝑀 1

4
⋅
(𝑎 + 𝑏 + 𝑐)2

𝑎 + 𝑏 + 𝑐
+
1

4
⋅
(𝑎 + 𝑏 + 𝑐)2

𝑎 + 𝑏 + 𝑐
+ 2𝑠 = 

=
𝑎 + 𝑏 + 𝑐

4
+
𝑎 + 𝑏 + 𝑐

4
+ 2𝑠 =

2𝑠

4
+
2𝑠

4
+ 2𝑠 =

4𝑠

4
+ 2𝑠 = 3𝑠 ≥

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶
3 ⋅ 3√3𝑟 = 9√3𝑟 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

41. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂
𝟐 +𝒎𝒃

𝟐

𝒄𝟐
+
𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒂𝟐
+
𝒎𝒄
𝟐 +𝒎𝒂

𝟐

𝒃𝟐
≥
𝟗

𝟐
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania 

𝑚𝑎
2 +𝑚𝑏

2

𝑐2
+
𝑚𝑏
2 +𝑚𝑐

2

𝑎2
+
𝑚𝑐
2 +𝑚𝑎

2

𝑏2
= 

=∑
𝑚𝑎
2 +𝑚𝑏

2

𝑐2
𝑐𝑦𝑐

=∑
2(𝑏2 + 𝑐2) − 𝑎2 + 2(𝑎2 + 𝑐2) − 𝑏2

4𝑐2
𝑐𝑦𝑐

= 

=∑
𝑏2 + 𝑎2 + 4𝑐2

4𝑐2
𝑐𝑦𝑐

=
1

4
∑

𝑏2

𝑐2
𝑐𝑦𝑐

+
1

4
∑

𝑎2

𝑐2
𝑐𝑦𝑐

+∑
4𝑐2

4𝑐2
𝑐𝑦𝑐

≥ 

≥
𝐴𝑀−𝐺𝑀 1

4
⋅ 3√

𝑏2

𝑐2
⋅
𝑐2

𝑎2
⋅
𝑎2

𝑏2

3

+
1

4
⋅ 3√

𝑎2

𝑐2
⋅
𝑏2

𝑎2
⋅
𝑐2

𝑏2

3

+ 3 =
3

4
+
3

4
+ 3 =

6

4
+ 3 =

3

2
+ 3 =

9

2
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42. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒓𝒂
𝟐 + 𝒓𝒃

𝟐

𝒄
+
𝒓𝒃
𝟐 + 𝒓𝒄

𝟐

𝒂
+
𝒓𝒄
𝟐 + 𝒓𝒂

𝟐

𝒃
≥ 𝟗√𝟑𝒓 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑟𝑎
2 + 𝑟𝑏

2

𝑐
+
𝑟𝑏
2 + 𝑟𝑐

2

𝑎
+
𝑟𝑐
2 + 𝑟𝑎

2

𝑏
=∑

𝑟𝑎
2 + 𝑟𝑏

2

𝑐
𝑐𝑦𝑐

=∑
𝑟𝑎
2

𝑐
𝑐𝑦𝑐

+∑
𝑟𝑏
2

𝑐
𝑐𝑦𝑐

≥
𝐵𝐸𝑅𝐺𝑆𝑇𝑅𝑂𝑀

 

≥
(𝑟𝑎 + 𝑟𝑏 + 𝑟𝑐)

2

𝑎 + 𝑏 + 𝑐
+
(𝑟𝑎 + 𝑟𝑏 + 𝑟𝑐)

2

𝑎 + 𝑏 + 𝑐
=
2(𝑟𝑎 + 𝑟𝑏 + 𝑟𝑐)

2

𝑎 + 𝑏 + 𝑐
= 

=
2(4𝑅 + 𝑟)2

2𝑠
=
(4𝑅 + 𝑟)2

𝑠
≥

𝐷𝑂𝑈𝐶𝐸𝑇 (4𝑅 + 𝑟)2

4𝑅+𝑟

√3

= √3(4𝑅 + 𝑟) ≥
𝐸𝑈𝐿𝐸𝑅

√3(4 ⋅ 2𝑟 + 𝑟) = 9√3𝑟 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

43. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟐 + 𝒃𝟐

𝒓𝒄
+
𝒃𝟐 + 𝒄𝟐

𝒓𝒂
+
𝒄𝟐 + 𝒂𝟐

𝒓𝒃
≥ 𝟐𝟒𝒓 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑎2 + 𝑏2

𝑟𝑐
+
𝑏2 + 𝑐2

𝑟𝑎
+
𝑐2 + 𝑎2

𝑟𝑏
=∑

𝑎2 + 𝑏2

𝑟𝑐
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

∑
2𝑎𝑏

𝑟𝑐
𝑐𝑦𝑐

= 2∑
𝑎𝑏

𝑟𝑐
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

 

= 2 ⋅ 3√
(𝑎𝑏𝑐)2

𝑟𝑎𝑟𝑏𝑟𝑐

3

= 6√
16𝑟2𝐹2

𝐹𝑠

3

= 6 ⋅ 2√
2𝑅2𝐹

𝑠

3

= 12√
2𝑅2𝑟𝑠

𝑠

3

= 12√2𝑅2𝑟
3

≥ 

≥ 12√2 ⋅ 4𝑟2 ⋅ 𝑟
3

= 12 ⋅ 2𝑟 = 24𝑟 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

44. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟒 + 𝒃𝟒

𝒓𝒄
+
𝒃𝟒 + 𝒄𝟒

𝒓𝒂
+
𝒄𝟒 + 𝒂𝟒

𝒓𝒃
≥ 𝟐𝟖𝟖𝒓𝟑 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝑟𝑎𝑟𝑏𝑟𝑐 =
𝐹

𝑠 − 𝑎
⋅
𝐹

𝑠 − 𝑏
⋅
𝐹

𝑠 − 𝑐
=

𝐹3𝑠

𝑠(𝑠 − 𝑎)(𝑠 − 𝑏)(𝑠 − 𝑐)
=
𝐹3𝑠

𝐹2
= 𝐹𝑠 
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𝑎4 + 𝑏4

𝑟𝑐
+
𝑏4 + 𝑐4

𝑟𝑎
+
𝑐4 + 𝑎4

𝑟𝑏
=∑

𝑎4 + 𝑏4

𝑟𝑐
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

2∑
𝑎2𝑏2

𝑟𝑐
𝑐𝑦𝑐

≥
𝐴𝑀−𝐺𝑀

2 ⋅ 3 ⋅ √
(𝑎𝑏𝑐)4

𝑟𝑎𝑟𝑏𝑟𝑐

3

= 

= 6𝑎𝑏𝑐 ⋅ √
𝑎𝑏𝑐

𝐹𝑠

3

= 6 ⋅ 4𝑅𝐹 ⋅ √
4𝑅𝐹

𝐹𝑠

3

= 24𝑅𝐹√
4𝑅

𝑠

3

≥
𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶

24𝑅𝐹 ⋅ √
4

𝑠
⋅
2

3√3
𝑠

3

= 

= 24𝑅𝑟𝑠 ⋅
2

√3
≥

𝑀𝐼𝑇𝑅𝐼𝑁𝑂𝑉𝐼𝐶
24𝑅 ⋅ 3√3𝑟 ⋅

2

√3
= 24 ⋅ 6𝑅𝑟 ≥

𝐸𝑈𝐿𝐸𝑅
144 ⋅ 2𝑟 ⋅ 𝑟 = 288𝑟3 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

 

ABOUT A RMM INEQUALITY-X 

By Marin Chirciu-Romania 

1) If 𝒙, 𝒚, 𝒛 > 𝟎 such that 
𝟏

𝒙𝟑
+

𝟏

𝒚𝟑
+

𝟏

𝒛𝟑
= 𝟑 then: 

𝟒∑𝒙𝟑 + 𝟕 (∑𝒙𝟐 +∑
𝟏

𝒙𝟐
) ≥ 𝟓𝟒 

Proposed by Daniel Sitaru-Romania  

Solution  Using means inequality AM-AH we obtain: 

∑𝑥3 ≥
9

∑
1

𝑥3

=
9

3
= 3   (1) 

∑𝑥2 +∑
1

𝑥2
= ∑(𝑥2 +

1

𝑥2
) ≥∑2 = 6   (2) 

From (1) and (2) we obtain the conclusion: 

𝑀𝑠 = 4∑𝑥3 + 7(∑𝑥2 +∑
1

𝑥2
) ≥ 4 ⋅ 3 + 7 ⋅ 6 = 54 

Equality holds if and only if 𝑥 = 𝑦 = 𝑧. 

Remark: The problem can be developed. 

2) If 𝒙, 𝒚, 𝒛 > 𝟎 such that 
𝟏

𝒙𝟑
+

𝟏

𝒚𝟑
+

𝟏

𝒛𝟑
= 𝟑 and 𝝀 ≥ 𝟎, 𝝁 ≥ 𝟎 then: 

𝝀∑𝒙𝟑 + 𝝁(∑𝒙𝟐 +∑
𝟏

𝒙𝟐
) ≥ 𝟑(𝝀 + 𝟐𝝁) 

Marin Chirciu  

Solution Using the means inequality AM-AH (1) and AM-GM (2) we obtain: 
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∑𝑥3 ≥
9

∑
1

𝑥3

=
9

3
= 3  (1) 

∑𝑥2 +∑
1

𝑥2
= ∑(𝑥2 +

1

𝑥2
) ≥ ∑2 = 6   (2) 

From (1) and (2) we obtain the conclusion: 

𝑀𝑠 = 𝜆∑𝑥3 + 𝜇 (∑𝑥2 +∑
1

𝑥2
) ≥ 𝜆 ⋅ 3 + 𝜇 ⋅ 6 = 3𝜆 + 6𝜇 = 3(𝜆 + 2𝜇) 

Equality holds if and only if 𝑥 = 𝑦 = 𝑧 and 𝜆 = 𝜇 = 0 

Note: For 𝝀 = 𝟒 and 𝝁 = 𝟕 we obtain Cyclic Inequality – 857 from RMM 10/2020, 
proposed by Daniel Sitaru, Romania  

3) If 𝒙, 𝒚, 𝒛 > 𝟎 such that 
𝟏

𝒙𝒏
+

𝟏

𝒚𝒏
+

𝟏

𝒛𝒏
= 𝟑 and 𝝀 ≥ 𝟎,𝝁 ≥ 𝟎, 𝒏, 𝒌 ∈ ℝ then: 

𝝀∑𝒙𝒏 + 𝝁(∑𝒙𝒌 +∑
𝟏

𝒙𝒌
) ≥ 𝟑(𝝀 + 𝟐𝝁) 

Marin Chirciu  

Solution: Using means inequality AM-AH (1) and AM-GM (2) we obtain: 

∑𝑥𝑛 ≥
9

∑
1

𝑥𝑛

=
9

3
= 3  (1) 

∑𝑥𝑘 +∑
1

𝑥𝑘
= ∑(𝑥𝑘 +

1

𝑥𝑘
) ≥ ∑2 = 6  (2) 

From (1) and (2) we obtain the conclusion: 

𝑀𝑠 = 𝜆∑𝑥𝑛 + 𝜇 (∑𝑥𝑘 +∑
1

𝑥𝑘
) ≥ 𝜆 ⋅ 3 + 𝜇 ⋅ 6 = 3𝜆 + 6𝜇 = 3(𝜆 + 2𝜇) 

Equality holds if and only if 𝑥 = 𝑦 = 𝑧 or 𝜆 = 𝜇 = 0 or 𝑛 = 𝑘 = 0 

Note: For 𝝀 = 𝟒 and 𝝁 = 𝟕, 𝒏 = 𝟑 and 𝒌 = 𝟐 we obtain Cyclic Inequality – 857 from RMM 
10/2020, proposed by Daniel Sitaru, Romania  

 

ABOUT A RMM INEQUALITY-XV  

By Marin Chirciu-Romania 

1) In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟒(𝒂 ⋅ 𝒎𝒃𝒎𝒄 + 𝒃 ⋅ 𝒎𝒄𝒎𝒂 + 𝒄 ⋅ 𝒎𝒂𝒎𝒃) ≥ 𝟗𝒂𝒃𝒄 

Proposed by Daniel Sitaru-Romania 
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Solution. Lemma. 2) In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂 ⋅ 𝒎𝒃𝒎𝒄 + 𝒃 ⋅ 𝒎𝒄𝒎𝒂 + 𝒄 ⋅ 𝒎𝒂𝒎𝒃 ≥
𝟐

𝟑
𝒔𝟑 

Proof. The triplets (𝑎, 𝑏, 𝑐) and (𝑚𝑏𝑚𝑐 ,𝑚𝑐𝑚𝑎 , 𝑚𝑎𝑚𝑏) are same ordered, from Chebyshev’s 
inequality and form well-known inequality ∑𝑚𝑏𝑚𝑐 ≥ 𝑠

2, we get: 

𝑎 ⋅ 𝑚𝑏𝑚𝑐 + 𝑏 ⋅ 𝑚𝑐𝑚𝑎 + 𝑐 ⋅ 𝑚𝑎𝑚𝑏 ≥
1

3
(∑𝑎)(∑𝑚𝑏𝑚𝑐) ≥

1

3
⋅ 2𝑠 ⋅ 𝑠2 =

2

3
𝑠3 

Let’s get back to the main problem. Using Lemma it is enough to prove that  

4 ⋅
2

3
𝑠3 ≥ 9𝑎𝑏𝑐 ⇔

8

3
𝑠3 ≥ 9 ⋅ 4𝑅𝑟𝑠 ⇔ 2𝑠2 ≥ 27𝑅𝑟 (Coșniță − Turtoiu. 1965), which 

follows from Gerretsen inequality 𝑠2 ≥ 16𝑅𝑟 − 5𝑟2 and Euler inequality 𝑅 ≥ 2𝑟. 

Equality holds if and only if triangle is equilateral. 

Second solution. Hayashi-Cocea’s inequality: 

Let 𝑷 be point in plane of 𝚫𝑨𝑩𝑪. If 𝑷𝑨 = 𝒙,𝑷𝑩 = 𝒚,𝑷𝑪 = 𝒛 then 

𝒂 ⋅ 𝒚𝒛 + 𝒃 ⋅ 𝒛𝒙 + 𝒄 ⋅ 𝒙𝒚 ≥ 𝒂𝒃𝒄 

Putting 𝑃 = 𝐺, we get: 𝑎 ⋅ 𝐺𝐵 ⋅ 𝐺𝐶 + 𝑏 ⋅ 𝐺𝐶 ⋅ 𝐺𝐴 + 𝑐 ⋅ 𝐺𝐴 ⋅ 𝐺𝐵 ≥ 𝑎𝑏𝑐 ⇔ 

𝑎 ⋅
2

3
𝑚𝑏 ⋅

2

3
𝑚𝑐 + 𝑏 ⋅

2

3
𝑚𝑐 ⋅

2

3
𝑚𝑎 + 𝑐 ⋅

2

3
𝑚𝑎 ⋅

2

3
𝑚𝑏 ≥ 𝑎𝑏𝑐 ⇔ 

4(𝑎 ⋅ 𝑚𝑏𝑚𝑐 + 𝑏 ⋅ 𝑚𝑐𝑚𝑎 + 𝑐 ⋅ 𝑚𝑎𝑚𝑏) ≥ 9𝑎𝑏𝑐 

Equality holds if and only if triangle is equilateral.Remark. Let’s find an opposite inequality. 

3) In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂 ⋅ 𝒎𝒃𝒎𝒄 + 𝒃 ⋅ 𝒎𝒄𝒎𝒂 + 𝒄 ⋅ 𝒎𝒂𝒎𝒃 ≤ 𝒔𝑹(𝟒𝑹 + 𝒓) 

Marin Chirciu 

Solution. Lemma. 4) In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂 ⋅ 𝒎𝒃𝒎𝒄 + 𝒃 ⋅ 𝒎𝒄𝒎𝒂 + 𝒄 ⋅ 𝒎𝒂𝒎𝒃 ≤ 𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟑𝑹𝒓) 

Proof. Using well-known inequality 𝑚𝑏𝑚𝑐 ≤
2𝑎2+𝑏𝑐

4
, we get:  

∑𝑎 ⋅ 𝑚𝑏𝑚𝑐 ≤∑𝑎 ⋅
2𝑎2 + 𝑏𝑐

4
=
1

4
(2∑𝑎3 +∑𝑎𝑏𝑐) = 

=
1

4
(2 ⋅ 2𝑠(𝑠2 − 3𝑟2 − 6𝑅𝑟) + 3 ⋅ 4𝑅𝑟𝑠) =

1

4
⋅ 4𝑠(𝑠2 − 3𝑟2 − 6𝑅𝑟 + 3𝑅𝑟) = 

= 𝑠(𝑠2 − 3𝑟2 − 3𝑅𝑟). Let’s get back to the main problem. 
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Using Lemma and Gerretsen inequality 𝑠2 ≤ 4𝑅2 + 4𝑅𝑟 + 3𝑟2, we get: ∑𝑎 ⋅ 𝑚𝑏𝑚𝑐 ≤ 

≤ 𝑠(𝑠2 − 3𝑟2 − 3𝑅𝑟) ≤ 𝑠(4𝑅2 + 4𝑅𝑟 + 3𝑟2 − 3𝑟2 − 3𝑅𝑟) = 𝑠(4𝑅2 + 𝑅𝑟) = 𝑠𝑅(4𝑅 + 𝑟) 

Equality holds if and only if triangle is equilateral. 

Remark. Inequality can be double. 

5) In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟐

𝟑
𝒔𝟑 ≤∑𝒂 ⋅𝒎𝒃𝒎𝒄

𝒄𝒚𝒄

≤ 𝒔𝑹(𝟒𝑹 + 𝒓) 

Marin Chirciu 

Solution. See inequalities 1) and 3). Equality holds if and only if triangle is equilateral. 

Remark. We can write: 

6) In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝟗𝑹𝒓𝒔 ≤
𝟐

𝟑
𝒔𝟑 ≤∑𝒂 ⋅𝒎𝒃𝒎𝒄

𝒄𝒚𝒄

≤ 𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟑𝑹𝒓) ≤ 𝒔𝑹(𝟒𝑹+ 𝒓) 

Marin Chirciu 

Solution. See up these inequalities. Equality holds if and only if triangle is equilateral. 

References: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 

ABOUT A RMM INEQUALITY-XX  

By Marin Chirciu-Romania 

1) If 𝒂, 𝒃, 𝒄 > 𝟎 then: 

∑
𝒂𝟒

𝒃𝟒
𝒄𝒚𝒄

⋅∑
𝒂𝟑

𝒃𝟑
𝒄𝒚𝒄

≥ (∑
𝒂𝟐

𝒃𝟐
𝒄𝒚𝒄

)

𝟐

 

Proposed by Daniel Sitaru-Romania 

Solution. Using AM-GM and CBS Inequality, we get: 

∑
𝑎4

𝑏4
𝑐𝑦𝑐

⋅∑
𝑎3

𝑏3
𝑐𝑦𝑐

≥∑
𝑎4

𝑏4
𝑐𝑦𝑐

⋅ 3√∏
𝑎3

𝑏3
𝑐𝑦𝑐

3
=∑

𝑎4

𝑏4
𝑐𝑦𝑐

⋅ 3 =∑
𝑎4

𝑏4
𝑐𝑦𝑐

⋅∑12

𝑐𝑦𝑐

≥ 

≥ (∑
𝑎2

𝑏2
𝑐𝑦𝑐

⋅ 1)

2

= (∑
𝑎2

𝑏2
𝑐𝑦𝑐

)

2
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Equality holds if and only if 𝑎 = 𝑏 = 𝑐. 

Remark. The problem can be developed. 

2) If 𝒂, 𝒃, 𝒄 > 𝟎 and 𝒏 ∈ ℕ∗ then 

∑
𝒂𝟐𝒏

𝒃𝟐𝒏
𝒄𝒚𝒄

⋅∑
𝒂𝟐𝒏−𝟏

𝒃𝟐𝒏−𝟏
𝒄𝒚𝒄

≥ (∑
𝒂𝒏

𝒃𝒏
𝒄𝒚𝒄

)

𝟐

 

Marin Chirciu 

Solution. Using AM-GM and CBS Inequality, we get: 

∑
𝑎2𝑛

𝑏2𝑛
𝑐𝑦𝑐

⋅∑
𝑎2𝑛−1

𝑏2𝑛−1
𝑐𝑦𝑐

≥∑
𝑎2𝑛

𝑏2𝑛
𝑐𝑦𝑐

⋅ 3√∏
𝑎2𝑛−1

𝑏2𝑛−1
𝑐𝑦𝑐

3
=∑

𝑎2𝑛

𝑏2𝑛
𝑐𝑦𝑐

⋅∑12

𝑐𝑦𝑐

≥ 

≥ (∑
𝑎𝑛

𝑏𝑛
⋅ 1

𝑐𝑦𝑐

)

2

= (∑
𝑎𝑛

𝑏𝑛
𝑐𝑦𝑐

)

2

 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

3) If 𝒂, 𝒃, 𝒄 > 𝟎 and 𝒏 ∈ ℕ∗, 𝒌 ∈ ℕ then 

∑
𝒂𝟐𝒏

𝒃𝟐𝒏
𝒄𝒚𝒄

⋅∑
𝒂𝒌

𝒃𝒌
𝒄𝒚𝒄

≥ (∑
𝒂𝒏

𝒃𝒏
𝒄𝒚𝒄

)

𝟐

 

Marin Chirciu 

Solution. Using AM-GM and CBS Inequality, we get: 

∑
𝑎2𝑛

𝑏2𝑛
𝑐𝑦𝑐

⋅∑
𝑎𝑘

𝑏𝑘
𝑐𝑦𝑐

≥∑
𝑎2𝑛

𝑏2𝑛
𝑐𝑦𝑐

⋅ 3√∏
𝑎𝑘

𝑏𝑘
𝑐𝑦𝑐

3
=∑

𝑎2𝑛

𝑏2𝑛
𝑐𝑦𝑐

⋅ 3 =∑
𝑎2𝑛

𝑏2𝑛
𝑐𝑦𝑐

⋅∑12

𝑐𝑦𝑐

≥ 

≥ (∑
𝑎𝑛

𝑏𝑛
⋅ 1

𝑐𝑦𝑐

)

2

= (∑
𝑎𝑛

𝑏𝑛
𝑐𝑦𝑐

)

2

 

Equality holds for 𝑎 = 𝑏 = 𝑐. 

Note. For 𝑛 = 2 and 𝑘 = 3 we get the proposed problem by Daniel Sitaru-JP.348 from 
R.M.M.-24, Spring Edition 2022. 

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro 
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ABOUT A RMM INEQUALITY-XXII 

By Marin Chirciu-Romania 

1) If 𝒂, 𝒃, 𝒄 > 𝟎 such that 𝒂 + 𝒃 + 𝒄 = 𝟐, then 

∑
𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝟑 

Proposed by Daniel Sitaru-Romania 

Solution. Lemma. 2) If 𝒙, 𝒚 > 𝟎 then  

𝒙𝟐 + 𝒙𝒚+ 𝒚𝟐

𝒙 + 𝒚
≥
𝟑(𝒙 + 𝒚)

𝟒
 

Proof. We have: 

𝑥2 + 𝑥𝑦 + 𝑦2

𝑥 + 𝑦
≥
3(𝑥 + 𝑦)

4
⇔ (𝑥 − 𝑦)2 ≥ 0, equality holds for 𝑥 = 𝑦. 

Let’s get back to the main problem. Using Lemma, we have: 

𝐿𝐻𝑆 =∑
𝑏2 + 𝑏𝑐 + 𝑐2

𝑏 + 𝑐
𝑐𝑦𝑐

≥∑
3(𝑏 + 𝑐)

4
𝑐𝑦𝑐

=
3

2
∑𝑎

𝑐𝑦𝑐

=
3

2
⋅ 2 = 3 

Equality holds for 𝑎 = 𝑏 = 𝑐 =
2

3
. 

Remark. The problem can be developed. 

3) If 𝒂, 𝒃, 𝒄 ≥ 𝟎 such that 𝒂 + 𝒃 + 𝒄 = 𝟐 and 𝝀 ≤ 𝟐 then 

∑
𝒃𝟐 + 𝝀𝒃𝒄 + 𝒄𝟐

𝒃 + 𝒄
𝒄𝒚𝒄

≥ 𝝀 + 𝟐 

Marin Chirciu 

Solution. Lemma. 4) If 𝒙, 𝒚 > 𝟎 and 𝝀 ≤ 𝟐 then 

𝒙𝟐 + 𝝀𝒙𝒚 + 𝒚𝟐

𝒙 + 𝒚
≥
𝝀 + 𝟐

𝟒
(𝒙 + 𝒚) 

Proof. We have: 

𝑥2 + 𝜆𝑥𝑦 + 𝑦2

𝑥 + 𝑦
≥
𝜆 + 2

4
(𝑥 + 𝑦) ⇔ (2 − 𝜆)(𝑥 − 𝑦)2 ≥ 0 

which is true from (𝑥 − 𝑦)2 ≥ 0 and 𝜆 ≤ 2. Equality holds for 𝑥 = 𝑦. 
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Let’s get back to the main problem. Using Lemma, we have: 

𝐿𝐻𝑆 =∑
𝑏2 + 𝜆𝑏𝑐 + 𝑐2

𝑏 + 𝑐
𝑐𝑦𝑐

≥
𝜆 + 2

4
∑(𝑏 + 𝑐)

𝑐𝑦𝑐

=
𝜆 + 2

4
⋅ 2∑𝑎

𝑐𝑦𝑐

= 𝜆 + 2 

Equality holds for 𝑎 = 𝑏 = 𝑐 =
2

3
. 

Note. For 𝜆 = 1 we get the proposed problem by Daniel Sitaru in R.M.M. 10/2020. 

REFERENCE: 

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro. 
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PROBLEMS FOR JUNIORS 
 

 
 

J.3301 If 𝑚, 𝑢, 𝑣, 𝑥, 𝑦 ≥ 0 and 𝑢 + 𝑣 = 2𝑚, 𝑥 + 𝑦 = 2𝑚 + 4 then in Δ𝐴𝐵𝐶 with the area 𝐹 and 𝑀 is 
an interior point in the triangle, and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐 are the distances of 𝑀 to the sides 𝐵𝐶, 𝐶𝐴 respectively 
𝐴𝐵, the following inequality holds: 

(
𝑎𝑥

𝑑𝑎
𝑢 +

𝑏𝑥

𝑑𝑏
𝑢 +

𝑐𝑥

𝑑𝑐
𝑢) ⋅ (

𝑎𝑦

𝑑𝑎
𝑣 +

𝑏𝑦

𝑑𝑏
𝑣 +

𝑐𝑦

𝑑𝑐
𝑣) ≥ 4

𝑚+2 ⋅ 3𝑚+1 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3302 If 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎2𝑏2

𝑐(𝑥𝑎 + 𝑦𝑏)
+

𝑏2𝑐2

𝑎(𝑥𝑏 + 𝑦𝑐)
+

𝑐2𝑎2

𝑏(𝑥𝑐 + 𝑦𝑎)
≥
4√3

𝑥 + 𝑦
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3303 If 𝑚 ≥ 0, 𝑥, 𝑦 ∈ ℝ and 𝑥 + 𝑦 = 4𝑚 + 4 then in any triangle with the area 𝐹 the following 

inequality holds: (𝑎𝑥 + 𝑏𝑥 + 𝑐𝑦) ⋅ (𝑎𝑦 + 𝑏𝑦 + 𝑐𝑥) ≥ 16𝑚+1 ⋅ 31−𝑚 ⋅ 𝐹2𝑚+2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3304 If 𝑚 ≥ 0 and 𝐹 is the area of Δ𝐴𝐵𝐶, then: 

(𝑎3𝑚+1 + 𝑏𝑚+3 + 𝑐2𝑚+2) ⋅ (𝑎𝑚+3 + 𝑏3𝑚+1 + 𝑐2𝑚+2) ≥ 16𝑚+1 ⋅ 31−𝑚 ⋅ 𝐹2𝑚+2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3305 If 𝑡, 𝑥, 𝑦 ∈ ℝ and 𝑥 + 𝑦 = 4 then in any triangle with the area 𝐹 the following inequality 
holds: 

(𝑎𝑥 sin
2 𝑡+𝑦 cos2 𝑡 + 𝑏𝑥 cos

2 𝑡+𝑦 sin2 𝑡+𝑥 sin2 𝑡+𝑦 cos2 𝑡) ⋅ 

⋅ (𝑎𝑦 sin
2 𝑡+𝑥 cos2 𝑡 + 𝑏𝑦𝑐𝑜𝑠

2𝑡+𝑥 sin2 𝑡 + 𝑐𝑦 sin
2 𝑡+𝑥 cos2 𝑡) ≥ 48𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3306 If 𝑥, 𝑦, 𝑧 > 0, then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎3𝑥

(𝑦 + 𝑧)ℎ𝑎
+

𝑏3𝑦

(𝑦 + 𝑧)ℎ𝑏
+

𝑐3𝑧

(𝑥 + 𝑦)ℎ𝑐
≥ 4𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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J.3307 Let be 𝑡, 𝑢 > 0, 𝑋, 𝑌 the interior points of triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑥𝑎 the distances 
from 𝑋 to 𝐵𝐶, 𝑦𝑎 the distances from 𝑌 to 𝐵𝐶 and 𝑥𝑏 , 𝑥𝑐 , 𝑦𝑏 , 𝑦𝑐 the analogs of 𝑥𝑎 respectively 𝑦𝑎. 
Prove that: 

𝑎3

𝑡𝑥𝑎 + 𝑢𝑦𝑎
+

𝑏3

𝑡𝑥𝑏 + 𝑢𝑦𝑏
+

𝑐3

𝑡𝑥𝑐 + 𝑢𝑦𝑐
≥

24

𝑡 + 𝑢
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3308 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎

ℎ𝑎
+
𝑏

ℎ𝑏
+
𝑐

ℎ𝑐
≥ 2√3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3309 Let be 𝑀 and 𝑁 the interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐  the distances 
of point 𝑀 to the sides 𝐵𝐶, 𝐶𝐷, 𝐴𝐵 and 𝑢𝑎 , 𝑢𝑏 , 𝑢𝑐  the distances of point 𝑁 to the sides 𝐵𝐶, 𝐶𝐴, 𝐴𝐵. 
Prove that: 

𝑎3

𝑑𝑎 + 𝑢𝑎
+

𝑏3

𝑑𝑏 + 𝑢𝑏
+

𝑐3

𝑑𝑐 + 𝑢𝑐
≥ 12 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3310 If 𝑥, 𝑦 > 0, then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎3

𝑏𝑥 + 𝑐𝑦
+

𝑏3

𝑐𝑥 + 𝑎𝑦
+

𝑐3

𝑎𝑥 + 𝑏𝑦
≥
4√3

𝑥 + 𝑦
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3311 In any triangle 𝐴𝐵𝐶 the following inequality holds: 

𝑎

ℎ𝑏
+
𝑏

ℎ𝑐
+
𝑐

ℎ𝑎
≥ 2√3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3312 In triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎3

𝑏 + 𝑐
+

𝑏3

𝑐 + 𝑎
+

𝑐3

𝑎 + 𝑏
≥ 2√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3314 If 𝑥, 𝑦, 𝑧 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎𝑥

(𝑦 + 𝑧)ℎ𝑎
+

𝑏𝑦

(𝑧 + 𝑥) ⋅ ℎ𝑏
+

𝑐𝑧

(𝑥 + 𝑦)ℎ𝑐
≥ √3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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J.3315 Let 𝐴𝐵𝐶 be a triangle with the semiperimeter 𝑠, then: 

1

𝑎2 + 𝑏2 + 𝑐2
+

2

𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎
≥

9

4𝑠2
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3316 If 𝑥, 𝑦, 𝑧 > 0, then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑥𝑎3

(𝑦 + 𝑧)ℎ𝑎
+

𝑦𝑏3

(𝑧 + 𝑥)ℎ𝑏
+

𝑧𝑐3

(𝑥 + 𝑦)ℎ𝑐
≥ 4𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3317 In any triangle 𝐴𝐵𝐶 with the area 𝐹 and any 𝑥, 𝑦 > 0 the following inequality holds: 

𝑎5

𝑏𝑥 + 𝑐𝑦
+

𝑏5

𝑐𝑥 + 𝑎𝑦
+

𝑐5

𝑎𝑥 + 𝑏𝑦
≥

16

𝑥 + 𝑦
⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu-Romania 

J.3318 In any triangle 𝐴𝐵𝐶 with the area 𝐹, the following inequality holds: 

𝑎5

𝑏 + 𝑐
+

𝑏5

𝑐 + 𝑎
+

𝑐5

𝑎 + 𝑏
≥ 8𝐹2 

Proposed by D.M. Bătinețu – Giurgiu-Romania 

J.3319 If 𝑥, 𝑦, 𝑧 > 0 then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑦 + 𝑧

𝑥
⋅ 𝑎4 +

𝑧 + 𝑥

𝑦
⋅ 𝑏4 +

𝑥 + 𝑦

𝑧
⋅ 𝑐4 ≥ 32𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3320 If 𝑥, 𝑦, 𝑧 > 0 then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑦 + 𝑧 + 2𝑡

𝑥 + 𝑡
𝑟𝑎
4 +

𝑧 + 𝑥 + 2𝑡

𝑦 + 𝑡
𝑟𝑏
4 +

𝑥 + 𝑦 + 2𝑡

𝑧 + 𝑡
𝑐4 ≥ 18𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3321 If 𝐴𝐵𝐶 is a triangle with the semiperimeter 𝑠 and the area 𝐹 then: 

1

(𝑠 − 𝑎)ℎ𝑎
+

1

(𝑠 − 𝑏)ℎ𝑏
+

1

(𝑠 − 𝑐)ℎ𝑐
≥
3

𝐹
 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru-Romania 
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J.3322 Let be 𝑥 ≥ 0, 𝑦, 𝑧 > 0 and Δ𝐴𝐵𝐶 with the semiperimeter 𝑠 such that 𝑧𝑠 > 𝑦max{𝑎, 𝑏, 𝑐}, 
then: 

𝑥𝑠 + 𝑦𝑎

𝑧𝑠 − 𝑦𝑎
+
𝑥𝑠 + 𝑦𝑏

𝑧𝑠 − 𝑦𝑏
+
𝑥𝑠 + 𝑦𝑐

𝑧𝑠 − 𝑦𝑐
≥
9𝑥 + 15𝑦 − 9𝑧

3𝑧 − 2𝑦
 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru-Romania 

J.3323 Let be 𝑥, 𝑦 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹 and semiperimeter 𝑠. If  

𝑥𝑠 > 𝑦max{𝑎, 𝑏, 𝑐} then 

1

(𝑥𝑠 − 𝑦𝑎)ℎ𝑎
+

1

(𝑥𝑠 − 𝑦𝑏)ℎ𝑏
+

1

(𝑥𝑠 − 𝑦𝑐)ℎ𝑐
≥

3

(3𝑥 − 2𝑦)𝐹
 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze-Romania 

J.3324 With the usual notations in triangle 𝐴𝐵𝐶 and for 𝑥, 𝑦 > 0 with 𝑥 + 𝑦 = 4 the following 
inequality holds: 

(𝑎2𝑥 + 2)(𝑏2𝑦 + 2)(𝑐2𝑥 + 2)(𝑎2𝑦 + 2)(𝑏2𝑥 + 2)(𝑐2𝑦 + 2) ≥ 20736𝑆4 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze-Romania 

J.3325 If 𝑥, 𝑦 > 0, 𝑥 ≥ 𝑦 and 𝑀 is an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐 are 
the distances of point 𝑀 to the sides 𝐵𝐶, 𝐶𝐴, 𝐴𝐵, then: 

𝑎2

𝑥ℎ𝑎
2 − 𝑦𝑑𝑎

2 +
𝑏2

𝑥ℎ𝑏
2 − 𝑦𝑑𝑏

2 +
𝑐2

𝑥ℎ𝑐
2 − 𝑦𝑑𝑐

2 ≥
36

9𝑥 − 𝑦
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3326 Let  𝐴𝐵𝐶𝐷 be a convexe quadrilateral with the sides 𝑎 = 𝐴𝐵, 𝑏 = 𝐵𝐶, 𝑐 = 𝐶𝐷, 𝑑 = 𝐷𝐴 and 
the semiperimeter 𝑠. Prove that: 

𝑎

𝑠 − 𝑎
+

𝑏

𝑠 − 𝑏
+

𝑐

𝑠 − 𝑐
+

𝑑

𝑠 − 𝑑
≥ 4 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3327 If 𝑠 is the semiperimeter of Δ𝐴𝐵𝐶 and the other notations are the usual ones, then: 

(
𝑎2

(𝑠 − 𝑎)2
+ 2)(

𝑏2

(𝑠 − 𝑏)2
+ 2) (

𝑐2

(𝑠 − 𝑐)2
+ 2) ≥ 108 

Proposed by D.M. Bătinețu – Giurgiu-Romania 

J.3328 Let be 𝑡 ≥ 0 and 𝐴𝐵𝐶 a triangle with the semiperimeter 𝑠. Prove that: 

𝑎

(𝑠 − 𝑎)𝑡
+

𝑏

(𝑠 − 𝑏)𝑡
+

𝑐

(𝑠 − 𝑐)𝑡
≥
2 ⋅ 3𝑡

𝑠𝑡−1
 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru-Romania 
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J.3329 Let be 𝑠, 𝑡, 𝑢 ≥ 0, 𝑥, 𝑦 > 0 such that 𝑠 + 𝑡 = 2, 𝑢 + 𝑣 = 4 then in any Δ𝐴𝐵𝐶 with the area 𝐹 
the following inequality holds: 

𝑥𝑠

(𝑦 + 𝑧)𝑡
⋅ 𝑎𝑢 +

𝑦𝑠

(𝑧 + 𝑥)𝑡
⋅ 𝑏𝑣 +

𝑧𝑠

(𝑥 + 𝑦)𝑡
⋅ 𝑐𝑢 +

𝑥𝑡

(𝑦 + 𝑧)𝑠
⋅ 𝑎𝑣 +

𝑦𝑡

(𝑧 + 𝑥)𝑠
⋅ 𝑏𝑢 +

𝑧𝑡

(𝑥 + 𝑦)𝑠
⋅ 𝑐𝑣 ≥ 4√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu-Romania 

J.3330 If 𝑥, 𝑦, 𝑧 > 0 then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

((𝑥 + 𝑦)2 + (𝑦 + 𝑧)2 + (𝑧 + 𝑥)2) ⋅ (𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) ≥ 

≥ 4𝐹2(√
𝑥𝑦

sin2
𝐶

2

+
𝑦𝑧

sin2
𝐴

2

+
𝑧𝑥

sin2
𝐵

2

+ 4 ⋅ √𝑥𝑦 sin2
𝐶

2
+ 𝑦𝑧 sin2

𝐴

2
+ 𝑧𝑥 sin2

𝐵

2
)

2

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3331 Let 𝐴𝐵𝐶 be a triangle with the area 𝐹 and 𝑀 is an interior point in the triangle and  

𝐹𝑎 = area 𝑀𝐵𝐶, 𝐹𝑏 = area 𝑀𝐶𝐴, 𝐹𝑐 = area 𝑀𝐴𝐵. Prove the inequality: 
𝑎2𝑏2

𝐹𝑐
+
𝑏2𝑐2

𝐹𝑎
+
𝑐2𝑎2

𝐹𝑐
≥ 48𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu-Romania 

J.3332 In any Δ𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑚𝑎
4 +𝑚𝑏

4

𝑚𝑐
2 +

𝑚𝑏
4 +𝑚𝑐

4

𝑚𝑎
2 +

𝑚𝑐
4 +𝑚𝑎

4

𝑚𝑏
2 ≥ 6 ⋅ √3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu-Romania 

J.3333 Let be 𝑠, 𝑡 ≥ 0,𝑀 an interior point in Δ𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐  the distances of 
point 𝑀 to the sides 𝐵𝐶, 𝐶𝐴 respectively 𝐴𝐵. Prove that: 

𝑎 ⋅ 𝑏𝑠+𝑡+1

𝑑𝑎
𝑠+𝑡 +

𝑏 ⋅ 𝑐𝑠+𝑡+1

𝑑𝑏
𝑠+𝑡 +

𝑐 ⋅ 𝑎𝑠+𝑡+1

𝑑𝑐
𝑠+𝑡 ≥ 2𝑠+𝑡+2 ⋅ (√3)

𝑠+𝑡+1
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu-Romania 

J.3334 In Δ𝐴𝐵𝐶 the following relationship holds: 

(
6𝑟

𝑅𝑝
)
2

≤
1

𝑚𝑎𝑤𝑎
+

1

𝑚𝑏𝑤𝑏
+

1

𝑚𝑐𝑤𝑐
≤

1

27𝑟2
(1 +

4𝑅

𝑟
) 

Proposed by Marin Chirciu – Romania  

J.3335 If 𝑎, 𝑏, 𝑐 > 0 such that 𝑎𝑏𝑐 = 1 then 

1

2
(𝑎 + 𝑏)3 +

𝑏2 + 𝑐2

𝑎2
+
𝑐2 + 𝑎2

𝑏2
≥ 8 

Proposed by Marin Chirciu – Romania  
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J.3336 In Δ𝐴𝐵𝐶 the following relationship holds: 

48𝐹𝑟 ≤∑𝑎 (𝑏 + 𝑐)2 cos 𝐴 ≤ 4𝐹(5𝑅 + 2𝑟) 

Proposed by Marin Chirciu – Romania  

J.3337 In Δ𝐴𝐵𝐶 the following relationship holds: 

√∑
csc4

𝐴

2

(csc
𝐵

2
+ csc

𝐶

2
)
4 ≥

3

4
√
𝑟

6𝑅
 

Proposed by Marin Chirciu – Romania  

J.3338 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑚𝑎
2

ℎ𝑏ℎ𝑐
≥∑

𝑚𝑎
2

𝑟𝑏𝑟𝑐
 

Proposed by Marin Chirciu – Romania  

J.3339 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑚𝑎
2

ℎ𝑎
2 ≤∑

𝑚𝑎
2

𝑟𝑎
2  

Proposed by Marin Chirciu – Romania  

J.3340 In Δ𝐴𝐵𝐶 the following relationship holds: 

5 −
4𝑟

𝑅
≤∑

ℎ𝑏 cos 𝐵 + ℎ𝑐 cos 𝐶

ℎ𝑎
≤
2𝑅

𝑟
− 1 

Proposed by Marin Chirciu – Romania  

J.3341 In Δ𝐴𝐵𝐶 the following relationship holds: 

2√3

𝑅
≤∑

sin𝐵 + sin𝐶

𝑟𝑎
≤
√3𝑅

2𝑟2
 

Proposed by Marin Chirciu – Romania  

J.3342 In Δ𝐴𝐵𝐶 the following relationship holds: 

𝑟𝑎
𝑎
+
𝑟𝑏
𝑏
+
𝑟𝑐
𝑐
≥
3

𝑅
√
3𝑅𝑟

2
 

Proposed by Marin Chirciu – Romania  

J.3343 In Δ𝐴𝐵𝐶 the following relationship holds: 
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9𝑟√
2𝑟

𝑅

3

≤
𝑠𝑏𝑠𝑐
𝑠𝑎

+
𝑠𝑐𝑠𝑎
𝑠𝑏

+
𝑠𝑎𝑠𝑏
𝑠𝑐

≤ 9𝑟 (
𝑅

2𝑟
)
3

 

Proposed by Marin Chirciu – Romania  

J.3344 In Δ𝐴𝐵𝐶 the following relationship holds: 

𝜆

𝜆−3+cos(𝐴−𝐵)+cos(𝐵−𝐶)+cos(𝐶−𝐴)
≤

𝑅

2𝑟
, 𝜆 ≥ 4 

Proposed by Marin Chirciu – Romania  

J.3345 In Δ𝐴𝐵𝐶 the following relationship holds: 

𝑎3

ℎ𝑎
+
𝑏3

ℎ𝑏
+
𝑐3

ℎ𝑐
≥
1

3
(𝑎3 + 𝑏3 + 𝑐3) ≥

𝑎3

𝑟𝑎
+
𝑏3

𝑟𝑏
+
𝑐3

𝑟𝑐
 

Proposed by Marin Chirciu – Romania  

J.3346 In Δ𝐴𝐵𝐶 the following relationship holds: 

1

2
(
3𝑟

𝑅
)
2

≤∑
𝑠𝑎
2

𝑏2 + 𝑐2
≤
1

2
(
3𝑅

4𝑟
)
2

 

Proposed by Marin Chirciu – Romania  

J.3347 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑𝑎4 + 𝜆𝑎𝑏𝑐(𝑎 + 𝑏 + 𝑐) ≥
𝜆 + 1

3
(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)2, 0 ≤ 𝜆 ≤ 5 

Proposed by Marin Chirciu – Romania  

J.3348 In Δ𝐴𝐵𝐶 the following relationship holds: 

1

𝑅
≤∑

ℎ𝑎

𝑤𝑏
2 +𝑤𝑐

2 ≤
𝑅

4𝑟2
 

Proposed by Marin Chirciu – Romania  

J.3349 In Δ𝐴𝐵𝐶 the following relationship holds: 

1

𝑅
(
2𝑟

𝑅
)

4

3

≤∑
ℎ𝑎

𝑚𝑏
2 +𝑚𝑐

2 ≤
1

2𝑟
 

Proposed by Marin Chirciu – Romania  

J.3350 In Δ𝐴𝐵𝐶 the following relationship holds: 

1

𝑅
(
2𝑟

𝑅
)

4

3

≤∑
ℎ𝑎

𝑠𝑏
2 + 𝑠𝑐

2 ≤
1

𝑅
(
𝑅

2𝑟
)
2

 

Proposed by Marin Chirciu – Romania  
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J.3351 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
ℎ𝑎
2

ℎ𝑐
≤
9𝑅

2
(
𝑅

2𝑟
)
3

 

Proposed by Marin Chirciu – Romania  

J.3352 If 𝑎, 𝑏, 𝑐 > 0, such that 𝑎 + 𝑏 + 𝑐 = 1 and 𝜆 ≤ 2 then 

1

𝑎
+
1

𝑏
+
1

𝑐
+ 3𝜆 ≥ 9 + 𝜆√

𝑎

𝑏𝑐
+
𝑏

𝑐𝑎
+
𝑐

𝑎𝑏
 

Proposed by Marin Chirciu – Romania  

J.3353 In all nonisosceles triangle 𝐴𝐵𝐶 is true the following identity: 

∑
sin4 𝐴 sin

𝐴

2

sin
𝐴−𝐵

2
sin

𝐴−𝐶

2

=
𝑟(3𝑠2 − 𝑟2 − 4𝑅𝑟)

4𝑅3
 

Proposed by Neculai Stanciu – Romania  

J.3354 In all nonisosceles triangle 𝐴𝐵𝐶 holds: 

∑
sin3 𝐴 sin

𝐴

2

sin
𝐴−𝐵

2
sin

𝐴−𝐶

2

=
𝑠𝑟

𝑅2
 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

J.3355 Let 𝑎, 𝑏, 𝑐 be three positive real numbers. Prove that: 

𝑎

2𝑏 + 7 ⋅ √𝑎𝑏3
4 +

𝑏

2𝑐 + 7 ⋅ √𝑏𝑐3
4 +

𝑐

2𝑎 + 7 ⋅ √𝑐𝑎3
4 ≥

1

3
 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

 

J.3356 If 𝑥𝑘 > 0 (𝑘 = 1,2, … , 𝑛) and ∑ 𝑥𝑘
𝑛
𝑘=1 = 1, then prove that: 

∑
𝑛2 + 1

𝑛3(1 + 𝑥𝑘
2)

𝑛

𝑘=1

≤ 1 

Proposed by Neculai Stanciu – Romania  

J.3357 In all triangle 𝐴𝐵𝐶 holds: 

∑
𝑚𝑎𝑚𝑏

𝑚𝑎 +𝑚𝑏 −𝑚𝑐
≥∑𝑚𝑎 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  
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J.3358 If 𝑎𝑘 > 0 (𝑘 = 1,2, … , 𝑛) then: 

∑
𝑎1
2

𝑎1 + 𝑎2
𝑐𝑦𝑐𝑙𝑖𝑐

≥
1

2
∑𝑎𝑘

𝑛

𝑘=1

≥ ∑
𝑎1𝑎2

2

𝑎1
2 + 𝑎2

2

𝑐𝑦𝑐𝑙𝑖𝑐

 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

J.3359 If 𝑎𝑘 > 0 (𝑘 = 1,2, … , 𝑛) and ∑ 𝑎𝑘
2𝑛

𝑘=1 = 𝑛, then prove that: 

∑
1

𝑛 + 1 − 𝑎𝑘

𝑛

𝑘=1

≤ 1 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

J.3360 In all nonisoceles triangle 𝐴𝐵𝐶 holds: 

∑
sin

𝐴

2

sin2 𝐴 sin
𝐴−𝐵

2
sin

𝐴−𝐶

2

=
𝑅(𝑠2 + 𝑟2 + 4𝑅𝑟)

𝑠2𝑟
 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

J.3361 If 𝑎𝑘 > 0 (𝑘 = 1,2, … , 𝑛), then prove that: 

(∑𝑎𝑘

𝑛

𝑘=1

)(∑𝑎𝑘
𝑛−1

𝑛

𝑘=1

) −∑𝑎𝑘
𝑛

𝑛

𝑘=1

− 𝑛(𝑛 − 1)∏𝑎𝑘

𝑛

𝑘=1

≥ 0 

Proposed by Neculai Stanciu – Romania  

J.3362 If 𝑎𝑘 > 0 (𝑘 = 1,2, … , 𝑛) and ∑
1

𝑛+1−𝑎𝑘

𝑛
𝑘=1 = 1, then prove that: 

∑
1

𝑛 + 1 − 𝑎𝑘
2

𝑛

𝑘=1

≤ 1 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

J.3363 If 𝑥, 𝑦, 𝑧 > 0, then prove that: 

∑
(𝑥 + 𝑦)5 − 𝑥5 − 𝑦5

5((𝑥 + 𝑦)3 − 𝑥3 − 𝑦3) 
≤∑𝑥2  

Proposed by Neculai Stanciu – Romania  

J.3364 If 𝑥, 𝑦, 𝑧 > 0, then prove that: 

∏
(𝑥 + 𝑦)7 − 𝑥7 − 𝑦7

(𝑥 + 𝑦)5 − 𝑥5 − 𝑦5
≥
343

125
(∑𝑥𝑦)

3

 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  
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J.3365 If 0 < 2𝑎𝑘 ≤ 1 (𝑘 = 1,2, … , 𝑛) and ∑ 𝑎𝑘
2𝑛

𝑘=1 = 1, then prove that: 

∑
9

2(1 − 𝑎𝑘)

𝑛

𝑘=1

≤ 5𝑛 + 16 

Proposed by Neculai Stanciu – Romania  

J.3366 If 𝑎, 𝑏, 𝑐 > 0, then prove that: 

∑
3

2𝑎
+

9

∑𝑎
−∑

5

𝑎 + 𝑏
≥ 0 

Proposed by Neculai Stanciu – Romania  

J.3367 If 𝑎, 𝑏, 𝑐 > 0, then prove that: 

∑
𝑏

𝑎2 − 𝑏2 + 𝑐2
≥
∑𝑎2

∏𝑎
 

Proposed by Neculai Stanciu – Romania  

J.3368 If 𝑎, 𝑏, 𝑐 > 0, 𝑛 ∈ ℕ, 𝑛 ≥ 2, then prove that: 

(∑
𝑎

√𝑎 + 2𝑏
𝑛 )

𝑛

− (∑𝑎)
𝑛−1

≥ 0 

Proposed by Neculai Stanciu – Romania  

J.3369 If 𝑎, 𝑏, 𝑐 > 0, 𝑛 ∈ ℕ, 𝑛 ≥ 2, then prove that: 

(∑
𝑎

√𝑎2 + 3𝑎𝑏 + 3𝑏2 + 2𝑏𝑐
𝑛 )

𝑛

− (∑𝑎)
𝑛−2

≥ 0 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

J.3370 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎3 + 𝑏3 + 𝑐3) ⋅ (
1

ℎ𝑎
+
1

ℎ𝑏
+
1

ℎ𝑐
) ≥ 24 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3371 In any triangle 𝐴𝐵𝐶 the following inequality holds: 

(𝑎2 + 𝑏2 + 𝑐2) ⋅ (
1

ℎ𝑎
2 +

1

ℎ𝑏
2 +

1

ℎ𝑐
2) ≥ 12 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3372 If 𝑢 ∈ ℝ then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎4sin
2 𝑢 + 𝑏4 cos

2 𝑢 + 𝑐2) ⋅ (𝑎cos
2𝑢 + 𝑏4 sin

2 𝑢 + 𝑐2) ≥ 48𝐹2 

Proposed by D.M. Bătinețu – Giurgiu -Romania 
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J.3373 Let be 𝑡 ∈ ℝ, then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎4sin
2 𝑡 + 𝑏4 cos

2 𝑡 + 𝑐4 sin
2 𝑡) ⋅ (𝑎4cos

2 𝑡 + 𝑏4 sin
2 𝑡 + 𝑐4 cos

2 𝑡) ≥ 48 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu -Romania 

J.3374 If 𝑡 ∈ ℝ then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎3 + 𝑏4 sin
2 𝑡 + 𝑐4 cos

2 𝑡) ⋅ (𝑎 + 𝑏4 cos
2 𝑡 + 𝑐4 sin

2 𝑡) ≥ 48 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3375 If 𝑡 ∈ ℝ, then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎4cos
2 𝑡 + 𝑏4 sin

2 𝑡 + 𝑐4 cos
2 𝑡) ⋅ (𝑎4sin

2 𝑡 + 𝑏4 cos
2 𝑡 + 𝑐4 sin

2 𝑡) ≥ 48 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3376 Let be 𝑥, 𝑦 ≥ 0, such that 𝑥 + 𝑦 = 4 and 𝐴1𝐴2…𝐴𝑛, 𝑛 ≥ 3 a convexe polygon with the sides 

𝐴𝑘𝐴𝑘+1 = 𝑎𝑘 , 𝑘 = 1, 𝑛̅̅ ̅̅ ̅, 𝐴𝑛+1 = 𝐴1 then: 

(𝑎1
𝑥 + 𝑎2

𝑥 +⋯+ 𝑎𝑛
𝑥)(𝑎1

𝑦
+ 𝑎2

𝑦
+⋯+ 𝑎𝑛

𝑦) ≥ 16 ⋅ 𝐹2 ⋅ tan2
𝜋

𝑛
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3377 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑚𝑎
4 +𝑚𝑏

4 +𝑚𝑐
4 + 3 ≥ 6√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3378 If 𝑎, 𝑏, 𝑐, 𝑥, 𝑦 > 0 then: 

𝑎2𝑏2

𝑐(𝑥𝑎 + 𝑦𝑏)
+

𝑏2𝑐2

𝑎(𝑥𝑏 + 𝑦𝑐)
+

𝑐2𝑎2

𝑏(𝑥𝑐 + 𝑦𝑎)
≥
𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎

𝑥 + 𝑦
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3379 Let be 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

𝑥 + 𝑦

ℎ𝑎ℎ𝑏
+
𝑦 + 𝑧

ℎ𝑏ℎ𝑐
+
𝑧 + 𝑥

ℎ𝑐ℎ𝑎
− (

𝑥

ℎ𝑎
2 +

𝑦

ℎ𝑏
2 +

𝑧

ℎ𝑐
2) ≥

2

𝐹 √
∑𝑥𝑦 sin2

𝐶

2
𝑐𝑦𝑐

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

J.3380 Let be 𝑥, 𝑦 > 0 and 𝑀 an interior point in Δ𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐  are the 
distances of point 𝑀 to the sides 𝐵𝐶, 𝐶𝐴 respectively 𝐴𝐵. Prove that: 

𝑎2𝑏

𝑥𝑑𝑏 + 𝑦ℎ𝑏
+

𝑏2𝑐

𝑥𝑑𝑐 + 𝑦ℎ𝑐
+

𝑐2𝑎

𝑥𝑑𝑎 + 𝑦ℎ𝑎
≥

24

𝑥 + 3𝑦
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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J.3381 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑𝑤𝑎 𝐴𝐼 ≥ 18𝑟
2 

Proposed by Marin Chirciu – Romania  

J.3382 In Δ𝐴𝐵𝐶 the following relationship holds: 

12√3𝑟(𝑅 − 𝑟) ≤∑𝑎2 tan
𝐴

2
≤ 6√3𝑅(𝑅 − 𝑟) 

Proposed by Marin Chirciu – Romania  

J.3383 In Δ𝐴𝐵𝐶 the following relationship holds: 

3∑𝑎2 tan
𝐴

2
≥∑𝑎2 cot

𝐴

2
 

Proposed by Marin Chirciu – Romania  

J.3384 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝐴𝐼

𝑟𝑎
≥ 2 

Proposed by Marin Chirciu – Romania  

J.3385 In Δ𝐴𝐵𝐶 the following relationship holds: 

3√
27𝑟5

2𝑅2

6

≤∑√
ℎ𝑎𝑟𝑎
𝑟𝑏 + 𝑟𝑐

≤
3

2
√3𝑅 

Proposed by Marin Chirciu – Romania  

J.3386 In Δ𝐴𝐵𝐶 the following relationship holds: 

16𝑟

𝑅
≤∑

𝑏2 + 𝑐2

𝑤𝑎
2 ≤

2𝑅2

𝑟2
 

Proposed by Marin Chirciu – Romania  

J.3387 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin𝐴

sin 𝐴+𝑛 sin 𝐵
≤

3

𝑛+1
(1 + 𝑛

𝑅

2𝑟
),  where 𝑛 ∈ ℕ. 

Proposed by Marin Chirciu – Romania  

J.3388 Let be 𝑥, 𝑦 real positive numbers. Prove that: 

(𝑥3 + 𝑦3)4 ≤ 2(𝑥4 + 𝑦4)3 

Proposed by Marin Chirciu – Romania  
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J.3389 Let be 𝜆 > 0 a real fixed number. Solve in real set numbers the equation: 

𝜆𝑥(𝜆𝑥 + 1) + 𝜆𝑦(𝜆 + 1) = 𝜆2𝑥𝑦 − 1 

Proposed by Marin Chirciu – Romania  

J.3390 If 𝑎, 𝑏, 𝑐 > 0 such that 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 1 and 𝜆 ≥
2

3
 then find the maximum value of 

𝑃 =
1

𝜆 + 𝑎2
+

1

𝜆 + 𝑏2
+

1

𝜆 + 𝑐2
 

Proposed by Marin Chirciu – Romania  

J.3391 In Δ𝐴𝐵𝐶, 𝐼 – incenter, 𝐴𝐷, 𝐵𝐸, 𝐶𝐹 – bisectors 

(
𝐴𝐼

𝐴𝐷
)
𝑛

+ (
𝐵𝐼

𝐵𝐷
)
𝑛

+ (
𝐶𝐼

𝐶𝐷
)
𝑛

≥ 3 ⋅ (
2

3
)
𝑛

, 𝑛 ∈ ℕ 

Proposed by Marin Chirciu – Romania  

J.3392 If 𝑥, 𝑦, 𝑧 > 0 such that 
1

𝑥
+
1

𝑦
+
1

𝑧
= 3 and 𝑘 ∈ ℕ∗ then find the maximum value of 

𝐴 =
1

(𝑥 + 𝑦 + 2𝑘 − 2)𝑘
+

1

(𝑦 + 𝑧 + 2𝑘 − 2)𝑘
+

1

(𝑧 + 𝑥 + 2𝑘 − 2)𝑘
 

Proposed by Marin Chirciu – Romania  

J.3393 If 𝑥, 𝑦, 𝑧, 𝑡 > 0 and 𝜆 ≥ 1 then: 

∑
𝑥

𝜆𝑥 + 𝑦 + 𝑧 + 𝑡
≤

4

𝜆 + 3
 

Proposed by Marin Chirciu – Romania  

J.3394 Solve in (0,
𝜋

2
) the equation: 

1

(1 + √2 sin 𝑥)
2 +

1

(1 + √2 cos 𝑥)
2 =

1

1 + sin2𝑥
 

Proposed by Marin Chirciu – Romania  

J.3395 If 𝑎, 𝑏, 𝑐 > 0 with 𝑎 + 𝑏 + 𝑐 ≥ 3 and 𝜆 ≥ 0 then: 

𝑎

√𝜆 + 𝑏
+

𝑏

√𝜆 + 𝑐
+

𝑐

√𝜆 + 𝑎
≥

3

√𝜆 + 1
 

Proposed by Marin Chirciu – Romania  

J.3396 If 𝑎, 𝑏, 𝑐 > 0 with 𝑎 + 𝑏 + 𝑐 = 1 and 𝜆 ≥ 4 then: 

1

𝑎𝑏𝑐
+

𝜆

𝑎2 + 𝑏2 + 𝑐2
≥

𝜆 + 9

𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎
 

Proposed by Marin Chirciu – Romania  
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J.3397 If 𝑎, 𝑏, 𝑐 > 0 and 2𝑎 + 𝑏 + 𝑐 = 2 and 𝑛 ∈ ℕ then: 

(𝑎 + 𝑏)𝑛 + (𝑏 + 𝑐)𝑛 + (𝑐 + 𝑎)𝑛 + 2𝑛𝑎 ≥ 𝑛 + 3 

Proposed by Marin Chirciu – Romania  

J.3398 Solve in ℝ the equation: 

1

(1 + 𝑒𝑥)2
+

1

(1 + 𝑒𝑦)2
=

1

1 + 𝑒𝑥+𝑦
 

Proposed by Marin Chirciu – Romania  

J.3399 Let 𝑚, 𝑛, 𝑥, 𝑦, 𝑧 > 0. In Δ𝐴𝐵𝐶: 

∑
𝑚𝑦+ 𝑛𝑧

𝑥
⋅ 𝐼𝐴4 ≥ 48(𝑚 + 𝑛)𝑟4 

Proposed by Marin Chirciu – Romania  

J.3400 If 𝑚, 𝑛, 𝑝, 𝑥, 𝑦, 𝑧 > 0, then in Δ𝐴𝐵𝐶: 

∑
𝑚+𝑛

𝑝
⋅
𝑦 + 𝑧

𝑥
𝑟𝑏
2𝑟𝑐
2 ≥ 36𝐹2 

Proposed by Marin Chirciu – Romania  

J.3401 In any triangle 𝐴𝐵𝐶 the following inequality holds: 

𝑎2

ℎ𝑏
2 +

𝑏2

ℎ𝑐
2 +

𝑐2

ℎ𝑎
2 ≥ 4 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

J.3402 In triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎3 + 𝑏3 + 𝑐3) (
1

𝑎
+
1

𝑏
+
1

𝑐
) ≥ 12 ⋅ √3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru– Romania  

J.3403 If 𝑚 ≥ 0 and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

𝑎𝑚+2 + 𝑏𝑚+2 + 𝑐𝑚+2 ≥ 2𝑚+2 ⋅ 𝑟𝑚(√3)
𝑚+1

⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

J.3404 If 𝑚 ≥ 0, then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎2𝑚

ℎ𝑎
2 +

𝑏2𝑚

ℎ𝑏
2 +

𝑐2𝑚

ℎ𝑐
2 ≥ 2𝑚(√3)

𝑚+1
⋅ 𝐹𝑚−1 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 
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J.3405 Let be 𝑚 ≥ 0 then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎𝑚+2

ℎ𝑎
𝑚 +

𝑏𝑚+2

ℎ𝑏
𝑚 +

𝑐𝑚+2

ℎ𝑐
𝑚 ≥ 2𝑚+2 ⋅ (√3)

1−𝑚
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

J.3406 Let be 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

𝑥𝑎

𝑦 + 𝑧
+

𝑦𝑏

𝑧 + 𝑥
+

𝑧𝑐

𝑥 + 𝑦
≥ √27

4
⋅ √𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3407 If 𝑥, 𝑦, 𝑧 > 0 then in any triangle 𝐴𝐵𝐶 the following inequality holds: 

(
𝑥2√𝑎

𝑦 + 𝑧
+

𝑦𝑏

𝑧 + 𝑥
+

𝑥√𝑐

(𝑥 + 𝑦)2
) ⋅ (

𝑎√𝑎

𝑦 + 𝑧
+

𝑦𝑏

𝑧 + 𝑥
+ 𝑧𝑐√𝑐) ≥ 27𝑟2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3408 If 𝑥, 𝑦, 𝑧 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(
𝑥2𝑎

𝑦 + 𝑧
+
𝑦𝑏2

𝑧 + 𝑥
+

𝑧𝑐

(𝑥 + 𝑦)2
) ⋅ (

𝑎3

𝑦 + 𝑧
+
𝑦𝑏2

𝑧 + 𝑥
+ 𝑧𝑐3) ≥ 12 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3409 Let be 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑥𝑎 = 𝑀𝐴, 𝑥𝑏 = 𝑀𝐵, 

𝑥𝑐 = 𝑀𝐶. Prove that: 2(𝑥𝑎
2 + 𝑥𝑏

2 + 𝑥𝑐
2) + 𝑎2 + 𝑏2 + 𝑐2 ≥ 4√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3410 If 𝐺 is the centroid of the triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑥𝑎 = 𝐺𝐴, 𝑥𝑏 = 𝐺𝐵, 𝑥𝑐 = 𝐺𝐶 then: 

𝑥𝑎
2 + 𝑥𝑏

2 + 𝑥𝑐
2 ≥

4√3

3
𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți– Romania  

J.3411 Let 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹 then: 

(
𝑥2𝑎4

(𝑦 + 𝑧)2
+ 2) ⋅ (

𝑦2𝑏4

(𝑧 + 𝑥)2
+ 2) ⋅ (

𝑧2𝑐4

(𝑥 + 𝑦)2
+ 2) ≥ 36 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți– Romania  
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J.3412 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎2𝑏 + 𝑏2𝑐 + 𝑐2𝑎 ≥ 2𝐹 ⋅ √
𝑏𝑐

sin2
𝐶

2

+
𝑐𝑎

sin2
𝐴

2

+
𝑎𝑏

sin2
𝐵

2

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3413 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎3 + 𝑏3 + 𝑐3 ≥ 2𝐹 ⋅ √
𝑎𝑏

sin2
𝐶

2

+
𝑏𝑐

sin2
𝐴

2

+
𝑐𝑎

sin2
𝐵

2

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3414 If 𝑥, 𝑦, 𝑧 > 0 then in triangle 𝐴𝐵𝐶 the following inequality holds: 

𝑥√𝑎

(𝑦 + 𝑧)√ℎ𝑎
+

𝑦√𝑏

(𝑧 + 𝑥)√ℎ𝑏
+

𝑧√𝑐

(𝑥 + 𝑦)√ℎ𝑐
≥
√27
4

√2
=
√2 ⋅ √27

4

2
=
√108
4

2
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3415 If 𝑥, 𝑦 ≥ 0 and 𝑥 + 𝑦 = 6 and 𝐴𝐵𝐶 is a triangle having the area 𝐹 and the sides of lengths 
𝑎, 𝑏, 𝑐 and 𝑠 is the semiperimeter of the triangle then: 

(2𝑠 + 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑥)(2𝑠 + 𝑎𝑦 + 𝑏𝑥 + 𝑐𝑦) ≥ 192 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

J.3416 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎𝑏

ℎ𝑎ℎ𝑏
+

𝑏𝑐

ℎ𝑏ℎ𝑐
+

𝑐𝑎

ℎ𝑐ℎ𝑎
≥ 4 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3417 Let 𝑀 be an interior point in triangle 𝐴𝐵𝐶 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐 the distances of point 𝑀 to the sides 
𝐵𝐶, 𝐶𝐴, 𝐴𝐵, then: 

𝑎3

ℎ𝑎 + 𝑑𝑎
+

𝑏3

ℎ𝑏 + 𝑑𝑏
+

𝑐3

ℎ𝑐 + 𝑑𝑐
≥ 6𝑆 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3418 In any triangle 𝐴𝐵𝐶 the following inequality holds:  

𝑎

ℎ𝑏
+
𝑏

ℎ𝑐
+
𝑐

ℎ𝑎
≥ 2√3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 
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J.3419 Let 𝑋, 𝑌 be interior points in Δ𝐴𝐵𝐶 with the area 𝐹 and 𝑥𝑎 , 𝑥𝑏 , 𝑥𝑐  the distances of point 𝑋 to 
the sides 𝐵𝐶, 𝐶𝐴, respectively 𝐴𝐵 and 𝑦𝑎 , 𝑦𝑏 , 𝑦𝑐 the distances of point 𝑌 to the sides 𝐵𝐶, 𝐶𝐴, 𝐴𝐵, 
then: 

𝑎3

𝑥𝑎 + 𝑦𝑎
+

𝑏3

𝑥𝑏 + 𝑦𝑏
+

𝑐3

𝑥𝑐 + 𝑦𝑐
≥ 12 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

J.3420 If 𝑚 ≥ 0 and 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐 the distances 
of point 𝑀 to the sides 𝐵𝐶, 𝐶𝐴, 𝐴𝐵, then: 

(
𝑎3

𝑑𝑎
)

𝑚+1

+ (
𝑏3

𝑑𝑏
)

𝑚+1

+ (
𝑐3

𝑑𝑐
)

𝑚+1

≥ 23𝑚+3 ⋅ 3 ⋅ 𝐹𝑚+1 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3421 Let be 𝑚 ≥ 0 and 𝑥, 𝑦, 𝑧 > 0, then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following 
inequality holds: 

𝑎𝑚+2 ⋅ 𝑥𝑚+1

(𝑦 + 𝑧)𝑚+1 ⋅ ℎ𝑎
𝑚 +

𝑏𝑚+2 ⋅ 𝑦𝑚+1

(𝑧 + 𝑥)𝑚+1 ⋅ ℎ𝑏
𝑚 +

𝑐𝑚+2 ⋅ 𝑧𝑚+1

(𝑥 + 𝑦)𝑚+1 ⋅ ℎ𝑐
𝑚 ≥ 2(√3)

1−𝑚
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru– Romania  

J.3422 In any triangle 𝐴𝐵𝐶 the following inequality holds: 

𝑎

ℎ𝑎
+
𝑏

ℎ𝑏
+
𝑐

ℎ𝑐
≥ 2√3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3423 Let be 𝑎𝑘 ∈ ℝ+
∗ = (0,∞), ∀𝑘 = 1, 𝑛̅̅ ̅̅ ̅, 𝑛 ≥ 2 and 𝑠 = ∑ 𝑎𝑘

𝑛
𝑘=1 . If 𝑥, 𝑦 > 0, 𝑥𝑠 > 𝑦 max

1≤𝑘≤𝑛
𝑎𝑘 and 

𝑚 ∈ ℕ,𝑚 ≥ 2, then: 

∑
√𝑎𝑘

𝑚 + (𝑠 − 𝑎𝑘)
𝑚𝑚

𝑥𝑠 − 𝑦𝑎𝑘

𝑛

𝑘=1

≥
𝑛2

(𝑛𝑥 − 𝑦) ⋅ 2
𝑚−1

𝑚

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți– Romania  

J.3424 Let be 𝑚 ≥ 0 and 𝐴𝐵𝐶 a triangle 𝐴𝐵𝐶 with the area 𝐹. Prove that: 

𝑎2𝑚+4 + 𝑏2𝑚+4 + 𝑐2𝑚+4 ≥ 4𝑚+2 ⋅ (√3)
−𝑚

⋅ 𝐹𝑚+2 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu– Romania 

J.3425 If 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑥2𝑎4 + 𝑦2𝑏4

𝑐2
+
𝑥2𝑏4 + 𝑦2𝑐4

𝑎2
+
𝑥2𝑐4 + 𝑦2𝑎4

𝑏2
≥ 2(𝑥 + 𝑦)2𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu– Romania 
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J.3426 Let be 𝑚 ≥ 1 and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

𝑎𝑚 + 𝑏𝑚 + 𝑐𝑚 + 𝑎𝑚+2 + 𝑏𝑚+2 + 𝑐𝑚+2 ≥ 2𝑚+2 ⋅ (√3
4
)
𝑚+1

⋅ (√𝐹)
𝑚+1

 

Proposed by D.M. Bătinețu – Giurgiu– Romania  

J.3427 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎4 + 𝑏4

𝑚𝑐
2 +

𝑏4 + 𝑐4

𝑚𝑎
2 +

𝑐4 + 𝑎4

𝑚𝑏
2 ≥

32√3

3
𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru– Romania 

J.3428 Let 𝑚 ≥ 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹 and semiperimeter 𝑠, then: 

(𝑎2 + 𝑏2 + 2𝑠2)𝑚+1

(𝑐2 + 𝑠2)𝑚
+
(𝑏2 + 𝑐2 + 2𝑠2)𝑚+1

(𝑎2 + 𝑠2)𝑚
+
(𝑐2 + 𝑎2 + 2𝑠2)𝑚+1

(𝑏2 + 𝑠2)𝑚
≥ 2𝑚+1 ⋅ 13 ⋅ √3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru– Romania 

J.3429 In any triangle 𝐴𝐵𝐶 with the semiperimeter 𝑠 with the area 𝐹 the following inequality holds: 

𝑠 ⋅ (𝑎3 + 𝑏3 + 𝑐3) ≥ 24𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru– Romania 

J.3430 In triangle 𝐴𝐵𝐶 with the semiperimeter 𝑠 and the area 𝐹 the following inequality holds: 

(𝑎2 + 𝑏2 + 2𝑠2)3

(𝑐2 + 𝑠2)2
+
(𝑏2 + 𝑐2 + 2𝑠2)3

(𝑎2 + 𝑠2)2
+
(𝑐2 + 𝑎2 + 2𝑠2)3

(𝑏2 + 𝑠2)2
≥ 104 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3431 If 𝑥, 𝑦, 𝑧 > 0, 𝑡, 𝑢, 𝑣, 𝑤 ≥ 0 and 𝑡 + 𝑢 = 2, 𝑣 + 𝑤 = 4 then in any triangle 𝐴𝐵𝐶 with the area 
𝐹 the following inequality holds: 

((
𝑥

𝑦 + 𝑧
)
𝑡

⋅ 𝑎𝑣 + (
𝑦

𝑧 + 𝑥
)
𝑢

 ⋅ 𝑏𝑤 + (
𝑧

𝑥 + 𝑦
)
𝑢

⋅ 𝑐𝑣) ⋅ 

⋅ ((
𝑥

𝑦 + 𝑧
)
𝑢

⋅ 𝑎𝑤 + (
𝑦

𝑧 + 𝑥
)
𝑡

⋅ 𝑏𝑣 + (
𝑧

𝑥 + 𝑦
)
𝑡

⋅ 𝑐𝑤) ≥ 12 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3432 Let be 𝑚 ≥ 0, then in any triangle 𝐴𝐵𝐶 with the area 𝐹, the following inequality holds: 

𝑟𝑎
2𝑚+2 + 𝑟𝑏

2𝑚+2 + 𝑟𝑐
2𝑚+2 ≥ (√3)

𝑚+3
⋅ 𝐹𝑚+1 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 
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J.3433 In any triangle with the area 𝐹 and the semiperimeter 𝑠 the following inequality holds: 

𝑠 ≥ √27
4

⋅ √𝐹 +
1

4
((√𝑎 − √𝑏)

2
+ (√𝑏 − √𝑐)

2
+ (√𝑐 − √𝑎)

2
) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3434 If 𝑥, 𝑦 > 0 and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

𝑎3

𝑥𝑏 + 𝑦𝑐
+

𝑏3

𝑥𝑐 + 𝑦𝑎
+

𝑐3

𝑥𝑎 + 𝑦𝑏
≥
4√3

𝑥 + 𝑦
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3435 Let be 𝑡 ∈ (0,
𝜋

2
) and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

𝑎3

𝑏 sin2 𝑡 + 𝑐 cos2 𝑡
+

𝑏3

𝑐 sin2 𝑡 + 𝑎 cos2 𝑡
+

𝑐3

𝑎 sin2 𝑡 + 𝑏 cos2 𝑡
≥ 4√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3436 If 𝑚 ≥ 0, 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎𝑥 + 𝑏𝑦)2𝑚+2

(𝑎𝑏)𝑚
+
(𝑏𝑥 + 𝑐𝑦)2𝑚+2

(𝑏𝑐)𝑚
+
(𝑐𝑥 + 𝑎𝑦)2𝑚+2

(𝑐𝑎)𝑚
≥ 4√3(𝑥 + 𝑦)2𝑚+2 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3437 Let be 𝑚 ≥ 0, 𝑥, 𝑦 > 0 and 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 

𝐹𝑎 = area 𝑀𝐵𝐶, 𝐹𝑏 = area 𝑀𝐶𝐴, 𝐹𝑐 = area 𝑀𝐴𝐵, then: 

(𝑥(𝑎𝑏 + 𝑏𝑐) + 2𝑦𝐹𝑎)
𝑚+1 + (𝑥(𝑏𝑐 + 𝑐𝑎) + 2𝑦𝐹𝑏)

𝑚+1+(𝑥(𝑐𝑎 + 𝑎𝑏) + 2𝑦𝐹𝑐)
𝑚+1

≥
2𝑚+1

3𝑚
(4√3𝑥 + 𝑦)

𝑚+1
⋅ 𝐹𝑚+1 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3438 In any triangle 𝐴𝐵𝐶 with the area 𝐹 and the length sides 𝑎, 𝑏, 𝑐 the following inequality holds: 

(𝑎 + 𝑏)4

𝑏𝑐
+
(𝑏 + 𝑐)4

𝑐𝑎
+
(𝑐 + 𝑎)4

𝑎𝑏
≥ 64√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3439 In triangle 𝐴𝐵𝐶 with the area 𝐹, with 𝑢, 𝑧, 𝑦 > 0, 𝑥 + 𝑦 = 4 the following inequality holds:  

(𝑚𝑎
𝑥 +𝑚𝑏

𝑦 +𝑚𝑐
𝑥) ⋅ (𝑚𝑎

𝑦 +𝑚𝑏
𝑥 +𝑚𝑐

𝑦) ≥ 27𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 
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J.3440 If 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎𝑥 + 𝑏𝑦)4

𝑎𝑏
+
(𝑏𝑥 + 𝑐𝑦)4

𝑏𝑐
+
(𝑐𝑥 + 𝑎𝑦)4

𝑐𝑎
≥ 4√3 ⋅ (𝑥 + 𝑦)4 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3441 If 𝑚 ≥ 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎 + 𝑏)2𝑚+2

(𝑎𝑏)𝑚
+
(𝑏 + 𝑐)2𝑚+2

(𝑏𝑐)𝑚
+
(𝑐 + 𝑎)2𝑚+2

(𝑐𝑎)𝑚
≥ 4𝑚+2 ⋅ √3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți– Romania  

J.3442 If 𝑎, 𝑏, 𝑐, 𝑑, 𝑒, 𝑓 > 0 and 𝑎 + 𝑏 + 𝑐 = 𝑠, 𝑑 + 𝑒 + 𝑓 = 𝑡 then 

(𝑎 + 𝑑)3

(𝑏 + 𝑒)2
+
(𝑏 + 𝑒)3

(𝑐 + 𝑓)2
+
(𝑐 + 𝑓)3

(𝑎 + 𝑑)2
≥ 𝑠 + 𝑡 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3443 If 𝑥, 𝑦, 𝑧 > 0 and 𝑥 + 𝑦 + 𝑧 = 1 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following 
inequality holds: 

(𝑎2 + 𝑎𝑏 + 𝑏2)2

1 − 𝑥2
+
(𝑏2 + 𝑏𝑐 + 𝑐𝑎2)2

1 − 𝑦2
+
(𝑐2 + 𝑐𝑎 + 𝑎2)2

1 − 𝑧2
≥ 162 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3444 If 𝑚 ≥ 0, then in any triangle 𝐴𝐵𝐶 the following inequality holds: 

𝑎𝑚+2 + 𝑏𝑚+2 + 𝑐𝑚+2 ≥ 2𝑚+2 ⋅ (√3)
𝑚+4

⋅ 𝑟𝑚+2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3445 Let be 𝑎, 𝑏, 𝑐 > 0 prove that: 

1

(𝑎 + 𝑏)2 + 2025
+

1

(𝑏 + 𝑐)2 + 2025
+

1

(𝑐 + 𝑎)2 + 2025
≤
1

90
(

1

𝑎 + 𝑏
+

1

𝑏 + 𝑐
+

1

𝑐 + 𝑎
) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3446 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎8 + 𝑏8 + 𝑐8 ≥
256

3
⋅ 𝐹4 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți – Romania 

J.3447 Let be 𝑚 ≥ 0, then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎4𝑚+4 + 𝑏4𝑚+4 + 𝑐4𝑚+4 ≥
16𝑚+1

3𝑚
⋅ 𝐹2𝑚+2 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 
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J.3448 Let 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝐹𝑎 = are 𝑀𝐵𝐶, 𝐹𝑏 = area 𝑀𝐶𝐴, 
𝐹𝑐 = area 𝑀𝐴𝐵. Prove that: 

(𝑥(𝑎𝑏 + 𝑏𝑐) + 2𝑦𝐹𝑎)
2

𝑥𝑐𝑎 + 𝑦𝐹𝑏
+
(𝑥(𝑏𝑐 + 𝑐𝑎) + 2𝑦𝐹𝑏)

2

𝑥𝑎𝑏 + 𝑦𝐹𝑐
+
(𝑥(𝑐𝑎 + 𝑎𝑏) + 2𝑦𝐹𝑐)

2

𝑥𝑏𝑐 + 𝑦𝐹𝑎
≥ 4(4√3𝑥 + 𝑦)𝐹,∀𝑥, 𝑦 ∈ ℝ∗  

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

J.3449 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds:𝑎8 + 𝑏8 + 𝑐8 + 9 ≥

16√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

J.3450 Let be 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝐹𝑎 = area 𝑀𝐵𝐶, 

𝐹𝑏 = area 𝑀𝐶𝐴 respectively 𝐹𝑐 = are 𝑀𝐴𝐵. Prove that: 

((𝑚𝑎
2 + 𝐹𝑏)

2 + 2) ⋅ ((𝑚𝑏
2 + 𝐹𝑐)

2 + 2) ⋅ ((𝑚𝑐
2 + 𝐹𝑎)

2 + 2) ≥ 3 ⋅ (3√3 + 1)
2
⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru – Romania 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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PROBLEMS FOR SENIORS 
 

 
S.3301 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑚𝑎 +𝑚𝑏 +𝑚𝑐 +𝑚𝑎
3 +𝑚𝑏

3 +𝑚𝑐
3 ≥ 6√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3302 If 𝑥, 𝑦, 𝑧 > 0 and 𝑎 + 𝑏 + 𝑐 = 18 ⋅ 𝑎𝑏𝑐 then: 

(
1

𝑎2
+ 5)(

1

𝑏2
+ 5) (

1

𝑐2
+ 5) ≥ 243 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3303 If 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑥2 ⋅ 𝑚𝑎
4 + 𝑦2𝑚𝑏

4

𝑚𝑐
2 +

𝑥2 ⋅ 𝑚𝑏
4 + 𝑦2 ⋅ 𝑚𝑐

4

𝑚𝑎
2 +

𝑥2𝑚𝑐
4 + 𝑦2𝑚𝑎

4

𝑚𝑏
2 ≥

3√3

2
⋅ (𝑥 + 𝑦)2 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3304 If 𝑎, 𝑏 > 0 and 𝑥 ∈ ℝ, then: 

(𝑎 sin2 𝑥 + 𝑏)3 + (𝑎 cos2 𝑥 + 𝑏)3 ≥
1

4
(𝑎 + 2𝑏)3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3305 If 𝑥, 𝑦 ≥ 0 with 𝑥 + 𝑦 = 4 and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

(𝑚𝑎
𝑥 +𝑚𝑏

𝑦 +𝑚𝑐
𝑥)(𝑚𝑎

𝑦 +𝑚𝑏
𝑥 +𝑚𝑐

𝑦) ≥ 27 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3306 If 𝑎, 𝑏 > 0 and 𝑡 ∈ (0,
𝜋

2
 ) then: 

(𝑎 tan2 𝑡 + 𝑏 cot2 𝑡)3 + (𝑎 cot2 𝑡 + 𝑏 tan2 𝑡)3 ≥ 2(𝑎 + 𝑏)3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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S.3307 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎4 + 𝑏4 + 𝑐4 + 27 ≥ 24√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3308 If 𝑎, 𝑏 > 0 and 𝑥 ∈ ℝ such that sin 𝑥 ⋅ cos 𝑥 ≠ 0, then: 

(𝑎 tan2 𝑥 + 𝑏)3 + (𝑎 ⋅ cot2 𝑥 + 𝑏)3 ≥ 2(𝑎 + 𝑏)3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3309 If 𝑥, 𝑦 > 0 and 𝑥 + 𝑦 = 3 then in triangle 𝐴𝐵𝐶 with the area 𝐹 and semiperimeter 𝑠 the 
following inequality holds: 

3 + 𝑎𝑥𝑏𝑦 + 𝑏𝑥𝑐𝑦 + 𝑐𝑥𝑎𝑦 ≥ 8√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3310 If 𝑎, 𝑏, 𝑐 > 0 then: 

(
𝑎√𝑎
3

𝑏 + 𝑐
+
𝑏√𝑏
3

𝑐 + 𝑎
+
𝑐√𝑐
3

𝑎 + 𝑏
)(

√𝑎2
3

𝑏 + 𝑐
+
√𝑏2
3

𝑐 + 𝑎
+
√𝑐2
3

𝑎 + 𝑏
) ≥

9

4
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3311 If 𝑥, 𝑦 > 0 and 𝑥 + 𝑦 = 4 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality 
holds: 

𝑚𝑎
𝑥 +𝑚𝑏

𝑦 +𝑚𝑐
𝑥 +𝑚𝑎

𝑦 +𝑚𝑏
𝑥 +𝑚𝑐

𝑦 ≥ 6√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3312 If 𝑎, 𝑏, 𝑐, 𝑑 > 0, then: 

(𝑎 ⋅
𝑐

𝑑
+ 𝑏)

2025

+ (𝑎 ⋅
𝑑

𝑐
+ 𝑏)

2025

≥ 2(𝑎 + 𝑏)2025 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3313 In any Δ𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

√𝑎2𝑏2 + 𝑏2𝑐2 +√𝑏2𝑐2 + 𝑐2𝑎2 + √𝑐2𝑎2 + 𝑎2𝑏2 ≥ 4√6 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3314 Let be 𝑎, 𝑏 > 0, 𝑛 ∈ ℕ∗ , 𝑛 ≥ 2 and 𝑡𝑘 , 𝑢𝑘 > 0 ∀𝑘 = 1, 𝑛̅̅ ̅̅ ̅. Prove that: 

∑(𝑎 ⋅
𝑡𝑘
𝑢𝑘
+ 𝑏 ⋅

𝑢𝑘
𝑡𝑘
)
3

𝑛

𝑘=1

+∑(𝑎 ⋅
𝑢𝑘
𝑡𝑘
+ 𝑏 ⋅

𝑡𝑘
𝑢𝑘
)
3

𝑛

𝑘=1

≥ 2𝑛(𝑎 + 𝑏)3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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S.3315 If 𝑚 ≥ 0 and 𝑎, 𝑏, 𝑡, 𝑢, 𝑥, 𝑦 > 0, then: 

(𝑎 ⋅
𝑡

𝑢
+ 𝑏 ⋅

𝑥

𝑦
)
𝑚+1

+ (𝑎 ⋅
𝑢

𝑡
+ 𝑏 ⋅

𝑦

𝑥
)
𝑚+1

≥ 2(𝑎 + 𝑏)𝑚+1 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3316 Let be 𝑡 ∈ ℝ and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

((𝑎𝑏)2cos
2 𝑡 + (𝑏𝑐)2sin

2 𝑡 + (𝑐𝑎)2sin
2 𝑡) ⋅ ((𝑎𝑏)2sin

2 𝑡 + (𝑏𝑐)2 cos
2 𝑡 + (𝑐𝑎)2cos

2 𝑡) ≥ 48 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3317 If 𝑚 ≥ 0 and 𝑡, 𝑥, 𝑦 > 0, then: 

(𝑥2𝑚+2 + 𝑡2𝑚+2)(𝑦2𝑚+2 + 𝑡2𝑚+2) ≥
3𝑚+1

42𝑚+1
⋅ 𝑡2𝑚+2((𝑥 + 𝑦)2 + 𝑡2)𝑚+1 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3318 If 𝑢 ∈ ℝ then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎4sin
2 𝑢 + 𝑏4 cos

2 𝑢 + 𝑐2) ⋅ (𝑎4cos
2 𝑢 + 𝑏4 sin

2 𝑢 + 𝑐2) ≥ 48𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3319 If 𝑎, 𝑏, 𝑐, 𝑑, 𝑢, 𝑣 > 0 prove that: 

(𝑎 ⋅
𝑐

𝑑
+ 𝑏 ⋅

𝑢

𝑣
)
3

+ (𝑎 ⋅
𝑑

𝑐
+ 𝑏 ⋅

𝑣

𝑢
) ≥ 2(𝑎 + 𝑏)3 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru-Romania 

S.3320 Let be 𝑡 ∈ ℝ, then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎4sin
2 𝑡 + 𝑏4 cos

2 𝑡 + 𝑐4 sin
2 𝑡) ⋅ (𝑎4cos

2 𝑡 + 𝑏4 sin
2 𝑡 + 𝑐4⋅cos

2 𝑡) ≥ 48 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3321 If 𝑎, 𝑏 > 0 and 𝑡 ∈ ℝ then: 

(𝑎 sin2 𝑡 + 𝑏 ⋅ cos2 𝑡)3 + (𝑎 cos2 𝑡 + 𝑏 sin2 𝑡) ≥
1

4
(𝑎 + 𝑏)3 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru-Romania 

S.3322 Let be 𝑡 ∈ (0,
𝜋

2
) and 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹.  

If 𝐹𝑎 = area 𝑀𝐵𝐶, 𝐹𝑏 = area 𝑀𝐶𝐴, 𝐹𝑐 = area 𝑀𝐴𝐵 then: 

𝑎4

𝐹𝑏 ⋅ sin2 𝑡 + 𝐹𝑐 ⋅ cos2 𝑡
+

𝑏4

𝐹𝑐 ⋅ sin2 𝑡 + 𝐹𝑎 ⋅ cos2 𝑡
+

𝑐4

𝐹𝑎 ⋅ sin2 𝑡 + 𝐹𝑏 ⋅ cos2 𝑡
≥ 48𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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S.3323 If 𝑎, 𝑏, 𝑐, 𝑥, 𝑦 > 0 then: 

(
𝑎 ⋅ √𝑎

3

𝑏𝑥 + 𝑐𝑦
+
𝑏 ⋅ √𝑏

3

𝑐𝑥 + 𝑎𝑦
+

𝑐 ⋅ √𝑐
3

𝑎𝑥 + 𝑏𝑦
) ⋅ (

√𝑎2
3

𝑏𝑥 + 𝑐𝑦
+

√𝑏2
3

𝑐𝑥 + 𝑎𝑦
+

√𝑐2
3

𝑎𝑥 + 𝑏𝑦
) ≥

9

(𝑥 + 𝑦)2
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3324 If 𝑛 ∈ ℕ, 𝑛 ≥ 3, 𝑎𝑘 ∈ ℝ+
∗ = (0,∞), ∀𝑘 = 1, 𝑛̅̅ ̅̅ ̅ and 𝑠𝑛 = ∑ 𝑎𝑘

𝑛
𝑘=1  and 𝑥, 𝑦 ∈ ℝ+

∗  such that 
𝑥𝑠𝑛 > 𝑦 ⋅ max

1≤𝑘≤𝑛
𝑎𝑘, then: 

(∑
𝑎𝑘
3

𝑥𝑠𝑛 − 𝑦𝑎𝑘

𝑛

𝑘=1

) ⋅ (∑
𝑎𝑘

𝑥𝑠𝑛 − 𝑦𝑎𝑘

𝑛

𝑘=1

) ≥
𝑠𝑛
2

(𝑛𝑥 − 𝑦)2
 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze-Romania 

S.3325 If 𝑛 ≥ 3 and 𝑎𝑘 > 0, ∀𝑘 = 1, 𝑛, and 𝑠𝑛 = ∑ 𝑎𝑘
𝑛
𝑘=1  and 𝑥, 𝑦 > 0 such that 

 𝑥𝑠𝑛 > 𝑦 ⋅ max
1≤𝑘≤𝑛

𝑎𝑘 then: 

(∑
𝑎𝑘 ⋅ √𝑎𝑘

3

𝑥𝑠𝑛 − 𝑦𝑎𝑏

𝑛

𝑘=1

)

(

 ∑
√𝑎𝑘

23

𝑥𝑠𝑛 − 𝑦𝑎𝑘

𝑛

𝑘=1
)

 ≥
𝑛2

(𝑛𝑥 − 𝑦)2
 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu-Romania 

S.3326 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎3 + 𝑏3 + 𝑐3) ⋅ (
1

ℎ𝑎
+
1

ℎ𝑏
+
1

ℎ𝑐
) ≥ 24 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3327 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑚𝑎
4 +𝑚𝑏

4 +𝑚𝑐
4 + 3 ≥ 6√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3328. If 𝑡 ∈ ℝ, then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎4cos
2 𝑡 + 𝑏4 sin

2 𝑡 + 𝑐4 cos
2 𝑡) ⋅ (𝑎4sin

2 𝑡 + 𝑏4 cos
2 𝑡 + 𝑐4 sin

2 𝑡) ≥ 48 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3329 In any triangle 𝐴𝐵𝐶 the following inequality holds: 

(𝑎2 + 𝑏2 + 𝑐2) ⋅ (
1

ℎ𝑎
2 +

1

ℎ𝑏
2 +

1

ℎ𝑐
2) ≥ 12 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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S.3330 In any triangle 𝐴𝐵𝐶 with the semiperimeter 𝑠 the following inequality holds: 

𝑎3 + 𝑏3 + 𝑐3 ≥ 72√3 ⋅ 𝑟3 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu -Romania 

S.3331 Let be 𝑢, 𝑣 ≥ 0 and 𝐴𝐵𝐶 a triangle with the semiperimeter 𝑠 and the area 𝐹 such that  

𝑢 + 𝑣 = 2. Prove that:  2𝑠 + 𝑎𝑢𝑏𝑣 + 𝑏𝑢𝑐𝑣 + 𝑐𝑢𝑎𝑣 ≥ 8√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3332 If 𝑎, 𝑏, 𝑐, 𝑥, 𝑦 > 0, then: 

𝑎2𝑏2

𝑐(𝑥𝑎 + 𝑦𝑏)
+

𝑏2𝑐2

𝑎(𝑥𝑏 + 𝑦𝑐)
+

𝑐2𝑎2

𝑏(𝑥𝑐 + 𝑦𝑎)
≥
𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎

𝑥 + 𝑦
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3333 If 𝑥, 𝑦, 𝑧 ∈ [0,4] then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑎4−𝑥 + 𝑏4−𝑦 + 𝑐4−𝑧 ≥ 8√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu -Romania 

S.3334 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

1

ℎ𝑎
+
1

ℎ𝑏
+
1

ℎ𝑐
+

𝑎2

(𝑏 + 𝑐)4ℎ𝑎
+

𝑏2

(𝑐 + 𝑎)4ℎ𝑏
+

𝑐2

(𝑎 + 𝑏)4ℎ𝑐
≥
3

4𝐹
 

Proposed by D.M. Bătinețu – Giurgiu -Romania 

S.3335 Let be 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

𝑥 + 𝑦

ℎ𝑎ℎ𝑏
+
𝑦 + 𝑧

ℎ𝑏ℎ𝑐
+
𝑧 + 𝑥

ℎ𝑐ℎ𝑎
− (

𝑥

ℎ𝑎
2 +

𝑦

ℎ𝑏
2 +

𝑧

ℎ𝑐
2) ≥

2

𝐹 √
∑𝑥𝑦 sin2

𝑐

2
𝑐𝑦𝑐

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3336 Let 𝑀 be an interior point in Δ𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐 the distances of point 𝑀 to 
the sides 𝐵𝐶, 𝐶𝐴 respectively 𝐴𝐵. Prove that: 

𝑎2𝑏

𝑑𝑏 + ℎ𝑏
+

𝑏2𝑐

𝑑𝑐 + ℎ𝑐
+

𝑐2𝑎

𝑑𝑎 + ℎ𝑎
≥ 6𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3337. If 𝑡 ∈ ℝ then in triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎3 + 𝑏4 sin
2 𝑡 + 𝑐4 cos

2 𝑡) ⋅ (𝑎 + 𝑏4⋅cos
2 𝑡 + 𝑐4 sin

2 𝑡) ≥ 48 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 
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S.3338 Let be 𝑥 ≥ 𝑦, such that 𝑥 + 𝑦 = 4 and 𝐴1𝐴2…𝐴𝑛, 𝑛 ≥ 3 a convexe polygon with the side 

lengths 𝐴𝑘𝐴𝑘+1 = 𝑎𝑘 , 𝑘 = 1, 𝑛̅̅ ̅̅ ̅, 𝐴𝑛+1 = 𝐴1 then: 

(𝑎1
𝑥 + 𝑎2

𝑥 +⋯+ 𝑎𝑛
𝑥) ⋅ (𝑎1

𝑦
+ 𝑎2

𝑦
+⋯+ 𝑎𝑛

𝑦) ≥ 16 ⋅ 𝐹2 ⋅ tan2
𝜋

𝑛
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

S.3339 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑚𝑎 ⋅ 𝑎
2 +𝑚𝑏 ⋅ 𝑏

2 +𝑚𝑐 ⋅ 𝑐
2 ≥ 2𝐹 ⋅ √

𝑚𝑎 ⋅ 𝑚𝑏

sin2
𝐶

2

+
𝑚𝑏𝑚𝑐

sin2
𝐴

2

+
𝑚𝑐𝑚𝑎

sin2
𝐵

2

 

Proposed by D.M. Bătinețu – Giurgiu -Romania 

S.3340 In Δ𝐴𝐵𝐶 the following relationship holds: 

 

4 ≤∑sec
𝐴

2
√sec

𝐵

2
sec

𝐶

2
≤
2𝑅

𝑟
 

Proposed by Marin Chirciu – Romania  

S.3341 In Δ𝐴𝐵𝐶 the following relationship holds: 

3 ≤
ℎ𝑎

𝑎 sin𝐴
+

ℎ𝑏
𝑏 sin𝐵

+
ℎ𝑐

𝑐 sin𝐶
≤ 3(

𝑅

2𝑟
)
3

 

Proposed by Marin Chirciu – Romania  

S.3342 In Δ𝐴𝐵𝐶 the following relationship holds: 

9

4
⋅ (
2𝑟

𝑅
)

4

3

≤∑sin𝐴√sin𝐵 sin 𝐶 ≤ (1 +
𝑟

𝑅
)
2

 

Proposed by Marin Chirciu – Romania  

S.3343 In Δ𝐴𝐵𝐶 the following relationship holds: 

√(𝑎3 +
1

2
) (𝑏3 +

1

2
) (𝑐3 +

1

2
)

3

csc
𝐴

2
+ csc

𝐵

2
+ csc

𝐶

2

≥
4𝑟3(4𝑅 + 𝑟)

3𝑅2
 

Proposed by Marin Chirciu – Romania  

S.3344 In Δ𝐴𝐵𝐶 the following relationship holds: 

32𝑟3

4𝑅3 + 𝑅2𝑟 − 4𝑟3
≤

2𝑚𝑏𝑚𝑐

(𝑚𝑏 +𝑚𝑏)2
+
1

2
≤ 1 

Proposed by Marin Chirciu – Romania  
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S.3345 In Δ𝐴𝐵𝐶 the following relationship holds: 

𝑟𝑎
𝑎 sin𝐴

+
𝑟𝑏

𝑏 sin𝐵
+

𝑟𝑐
𝑐 sin 𝐶

≤
3𝑅

2𝑟
 

Proposed by Marin Chirciu – Romania  

S.3346 In Δ𝐴𝐵𝐶 the following relationship holds: 

3√3𝑟 ≤ √𝑤𝑎 + √𝑤𝑏 + √𝑤𝑐 ≤ 3√
3𝑅

2
 

Proposed by Marin Chirciu – Romania  

S.3347 If 𝑎, 𝑏, 𝑐 > 0 and 𝑛 ∈ ℕ∗ then: 

𝑎𝑛+1

𝑏𝑛
+
𝑏𝑛+1

𝑐𝑛
+
𝑐𝑛+1

𝑎𝑛
+ (2𝑛 − 1)(𝑎 + 𝑏 + 𝑐) ≥ 𝑛∑ √2𝑛(𝑎𝑛+1 + 𝑏𝑛+1)

𝑛+1
 

Proposed by Marin Chirciu – Romania  

S.3348 If 𝑎, 𝑏, 𝑐 > 0 such that 𝑎 + 𝑏 + 𝑐 = 3 then find the minimum of the expression: 

𝑃 = 𝑎𝑏𝑐 + (𝑎 − 𝜆)2 + (𝑏 − 𝜆)2 + (𝑐 − 𝜆)2 

Proposed by Marin Chirciu – Romania  

S.3349 If 𝑎, 𝑏, 𝑐 > 0, 𝑎5 + 𝑏5 + 𝑐5 = 3 then find the maximum of 

𝐹 = (𝑎7 + 𝑎3)(𝑏7 + 𝑏3)(𝑐7 + 𝑐3) 

Proposed by Marin Chirciu – Romania  

S.3350 If 𝑎, 𝑏, 𝑐 > 0, 𝑎3 + 𝑏3 + 𝑐3 = 3 then find the maximum of: 

𝐹 = (𝑎5 + 𝑎)(𝑏5 + 𝑏)(𝑐5 + 𝑐) 

Proposed by Marin Chirciu – Romania  

S.3351 If 𝑥, 𝑦, 𝑧 > 0, 𝑥 + 𝑦 + 𝑧 =
1

𝑥
+
1

𝑦
+
1

𝑧
 and 𝜆 ≥ 0 then: 

𝑥 + 𝑦 + 𝑧 ≥ √
𝑥𝑦 + 𝜆

𝜆 + 1
+√

𝑦𝑧 + 𝜆

𝜆 + 1
+√

𝑧𝑥 + 𝜆

𝜆 + 1
 

Proposed by Marin Chirciu – Romania 

S.3352 If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 1 and 0 ≤ 𝜆 ≤
9

4
 then: 

𝑎3

𝑏
+
𝑏3

𝑐
+
𝑐3

𝑎
+ 𝜆𝑎𝑏𝑐 ≥

𝜆 + 9

27
 

Proposed by Marin Chirciu – Romania  
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S.3353 If 𝑥, 𝑦, 𝑧 > 0, 𝑥 + 𝑦 + 𝑧 = 1 and 
3

2
≤ 𝜆 ≤ 3 then: 

1

𝜆𝑥2 + 𝑦 + 𝑧
+

1

𝜆𝑦2 + 𝑧 + 𝑥
+

1

𝜆𝑧2 + 𝑥 + 𝑦
≤

27

𝜆 + 6
 

Proposed by Marin Chirciu – Romania  

S.3354 If 𝑎, 𝑏, 𝑐, 𝑑 > 0, 𝑎𝑛 + 𝑏𝑛 + 𝑐𝑛 + 𝑑𝑛 = 2𝑛 , 𝑛 ∈ ℕ∗ then: 

𝑎𝑛+1 + 𝑏𝑛+1 + 𝑐𝑛+1 + 𝑑𝑛+1 ≤ 2𝑛+1 

Proposed by Marin Chirciu – Romania  

S.3355 If 𝑥, 𝑦, 𝑧 ∈ ℝ, then prove that: 

2(𝑥2 + 𝑦2 + 𝑧2) + 𝑥2𝑦2 + 𝑦2𝑧2 + 𝑧2𝑥2 − 3(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 − 1) ≥ 0 

Proposed by Neculai Stanciu – Romania  

S.3356 If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3 and 𝜆 ≥ 0 then: 

√
𝑎𝑏

(𝜆 + 1)𝑎 + 𝑏 + 𝑐
+ √

𝑏𝑐

(𝜆 + 1)𝑏 + 𝑐 + 𝑎
+√

𝑐𝑎

(𝜆 + 1)𝑐 + 𝑎 + 𝑏
≤

3

√𝜆 + 3
 

Proposed by Marin Chirciu – Romania  

S.3357 If 𝑥, 𝑦, 𝑧 > 0, 𝑥𝑦𝑧 ≥ 1 and 𝜆 ≥ 0 then: 

(𝜆 + 1)(𝑥2 + 𝑦2 + 𝑧2) ≥ 𝑥 + 𝑦 + 𝑧 + 3𝜆 

Proposed by Marin Chirciu – Romania  

S.3358 If 𝑎, 𝑏, 𝑐 > 0, (𝑎 + 𝑏 + 𝑐)(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎) = 𝑎𝑏𝑐 + 1 and 𝑛 ∈ ℕ then: 

(
1

𝑎 + 𝑏
)
𝑛

+ (
1

𝑏 + 𝑐
)
𝑛

+ (
1

𝑐 + 𝑎
)
𝑛

≥ 3 

Proposed by Marin Chirciu – Romania  

S.3359 Prove that in all triangles 𝐴𝐵𝐶 with usual notations holds the inequality: 

∑tan
𝐴

2
√
1

3
(tan2

𝐵

2
+ tan

𝐵

2
+ tan

𝐶

2
+ tan2

𝐶

2
) ≥ 1 

Proposed by Neculai Stanciu – Romania  

S.3360 If 𝑎, 𝑏, 𝑐 > 0, then prove that: 

(∑
𝑎

√𝑎 + 2𝑏
3 )

3

2
≥∑𝑎 

Proposed by Neculai Stanciu – Romania  
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S.3361 Prove that in all triangles 𝐴𝐵𝐶 with usual notations holds the following inequality: 

27 (∑𝑎2)
2

− 54∑𝑎4 ≤ 16𝑠4 

Proposed by Neculai Stanciu – Romania  

S.3362 If 𝑥, 𝑦, 𝑧 ∈ ℝ, then: 

𝑥2𝑦2 + 𝑦2𝑧2 + 𝑧2𝑥2 + 𝑥2 + 𝑦2 + 𝑧2 + 𝑥 + 𝑦 + 𝑧 − 2(𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥 − 3) ≥ 0 

Proposed by Neculai Stanciu – Romania  

S.3364 If 𝑎, 𝑏, 𝑐 > 0, then prove that: 

(√3∑𝑎3) (√3∑𝑎4) ≥ 𝑎𝑏𝑐 (∑𝑎)
2

(∑𝑎2) 

Proposed by Neculai Stanciu – Romania  

S.3365 If 𝐴𝐵𝐶 is a triangle, then prove that: 

∏(𝑎 + 𝑏) +∏(𝑎 + 𝑏 − 𝑐) ≥ 9𝑎𝑏𝑐 ⇔ 𝑠2 + 5𝑟2 ≥ 16𝑅𝑟 

and then the both inequalities are true. 

Proposed by Neculai Stanciu – Romania  

S.3366 If 𝑎, 𝑏, 𝑐 > 0, then prove that: 

3∑𝑎𝑏∑
𝑎

𝑏
− 7∑𝑎𝑏 ≥ 2∑𝑎2 

Proposed by Neculai Stanciu – Romania  

S.3367(a) If 𝑎, 𝑏, 𝑐 > 0, then prove the inequality ∑𝑎2 ≥ ∑𝑎𝑏 +
1

2
∑(|𝑎 − 𝑐| + |𝑏 − 𝑐|)2 is false! 

(b) If 𝑎, 𝑏, 𝑐 > 0, then prove the inequality ∑𝑎2 ≥ ∑𝑎𝑏 +
1

8
∑(|𝑎 − 𝑐| + |𝑏 − 𝑐|)2is true! 

Proposed by Neculai Stanciu – Romania  

S.3368 Let be 𝑚 ≥ 0 and 𝑡, 𝑥, 𝑦 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

(𝑎2 + 𝑏2 + 𝑡𝑐2)𝑚+1

(𝑎2𝑥 + 𝑏2𝑦)𝑚
+
(𝑏2 + 𝑐2 + 𝑡𝑎2)𝑚+1

(𝑏2𝑥 + 𝑐2𝑦)𝑚
+
(𝑐2 + 𝑎2 + 𝑡𝑏2)𝑚+1

(𝑐2𝑥 + 𝑎2𝑦)𝑚
≥
4(𝑡 + 2)𝑚+1

(𝑥 + 𝑦)𝑚
⋅ √3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze – Romania 

S.3369 If 𝑥𝑘 ∈ ℝ(𝑘 = 1,2, … , 𝑛) and ∑ 𝑥𝑘
2𝑛

𝑘=1 = 1, then prove that: 

3

2
(∑𝑥𝑘

𝑛

𝑘=1

) − 1 ≤ 𝑛 

Proposed by Neculai Stanciu – Romania  
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S.3370 If 𝑎, 𝑏 > 0 are such that its arithmetic, geometric and harmonic means are the sides of 
triangle 𝐴𝐵𝐶(∠90∘, ∠𝐵 < ∠𝐶), then prove that: 

(i) sin𝐵 = cos2 𝐵;   (ii) cos 𝐶 = sin2𝐶;   (iii) 30∘ < ∠𝐵 < 45∘ 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

S.3371 Let be 𝑢, 𝑣 ≥ 0 and 𝐴𝐵𝐶 a triangle with the sermiperimeter 𝑠 and the area 𝐹 such that  

𝑢 + 𝑣 = 2. Prove that: 

2𝑠 + 𝑎𝑢𝑏𝑣 + 𝑏𝑢𝑐𝑣 + 𝑐𝑢𝑎𝑣 ≥ 8√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze -Romania 

S.3372 If 𝑥, 𝑦, 𝑧 ∈ [0,4] then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑎4−𝑥 + 𝑏4−𝑦 + 𝑐4−𝑧 ≥ 8√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3373 Let 𝑚 ≥ 0, 𝑥, 𝑦 ≥ 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

𝑎𝑚+2

(𝑏𝑥 + 𝑐𝑦)𝑚
+

𝑏𝑚+2

(𝑐𝑥 + 𝑎𝑦)𝑚
+

𝑐𝑚+2

(𝑎𝑥 + 𝑏𝑦)𝑚
≥

4

(𝑥 + 𝑦)𝑚
⋅ √3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3374 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑎2 + 𝑏2 + 2)𝑚+1

(𝑐2 + 1)𝑚
+
(𝑏2 + 𝑐2 + 2)𝑚+1

(𝑎2 + 1)𝑚
+
(𝑐2 + 𝑎2 + 2)𝑚+1

(𝑏2 + 1)𝑚
≥ 2𝑚+1(4𝐹 + √3)√3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3375 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

1

ℎ𝑎
+
1

ℎ𝑏
+
1

ℎ𝑐
+

𝑎2

(𝑏 + 𝑐)4ℎ𝑎
+

𝑏2

(𝑐 + 𝑎)4ℎ𝑏
+

𝑐2

(𝑎 + 𝑏)4ℎ𝑐
≥
3

4𝐹
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3376 In any triangle 𝐴𝐵𝐶 with the semiperimeter 𝑠 the following inequality holds: 

𝑎3 + 𝑏3 + 𝑐3 ≥ 72√3 ⋅ 𝑟3 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3377 Let be 𝑚 ≥ 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹 then: 

(𝑎2 + 𝑏2 + 2𝑐2)𝑚+1

(𝑎2 + 𝑏2)𝑚
+
(𝑏2 + 𝑐2 + 2𝑎2)𝑚+1

(𝑏2 + 𝑐2)𝑚
+
(𝑐2 + 𝑎2 + 2𝑏2)𝑚+1

(𝑐2 + 𝑎2)𝑚
≥ 2𝑚+3 ⋅ √3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 
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S.3378 Let be 𝑥, 𝑦, 𝑧 > 0 and 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐 the 
distances of point 𝑀 to the sides 𝐵𝐶, 𝐶𝐴 respectively 𝐴𝐵, then: 

𝑥2𝑎3

(𝑦 + 𝑧)2𝑑𝑎
+

𝑦2𝑏3

(𝑧 + 𝑥)2𝑑𝑏
+

𝑧2𝑐3

(𝑥 + 𝑦)2𝑑𝑐
≥ 6𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3379 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑚𝑎 ⋅ 𝑎
2 +𝑚𝑏 ⋅ 𝑏

2 +𝑚𝑐 ⋅ 𝑐
2 ≥ 2𝐹 ⋅ √

𝑚𝑎 ⋅ 𝑚𝑏

sin2
𝐶

2

+
𝑚𝑏 ⋅ 𝑚𝑐

sin2
𝐴

2

+
𝑚𝑐 ⋅ 𝑚𝑎

sin2
𝐵

2

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3380 If 𝑠, 𝑡, 𝑥, 𝑦, 𝑧 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑥2𝑎8

(𝑠𝑦 + 𝑡𝑧)2
+

𝑦2𝑏8

(𝑠𝑧 + 𝑡𝑥)2
+

𝑧2𝑐8

(𝑠𝑥 + 𝑡𝑦)2
≥

256

3(𝑠 + 𝑡)
⋅ 𝐹4 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu -Romania 

S.3381 Let be 𝑥, 𝑦, 𝑧 > 0 and 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and  

𝐹𝑎 = area 𝑀𝐵𝐶, 𝐹𝑏 = area 𝑀𝐶𝐴, 𝐹𝑐 = area 𝑀𝐴𝐵. Prove that: 

𝑥2 ⋅ 𝑎4

(𝑦 + 𝑧)2𝐹𝑏
+

𝑦2 ⋅ 𝑏4

(𝑧 + 𝑥)2𝐹𝑐
+

𝑧2 ⋅ 𝑐4

(𝑥 + 𝑦)2𝐹𝑎
≥ 12 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3382 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎2𝑟𝑎 + 𝑏
2𝑟𝑏 + 𝑐

2𝑟𝑐 ≥ 2𝐹 ⋅ √
𝑟𝑎𝑟𝑏

sin2
𝐶

2

+
𝑟𝑏𝑟𝑐

sin2
𝐴

2

+
𝑟𝑐𝑟𝑎

sin2
𝐵

2

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3383 In any triangle 𝐴𝐵𝐶 the following inequality holds: 

𝑎3 + 𝑏3 + 𝑐3 ≥ 36√3𝑟3 

Proposed by D.M. Bătinețu – Giurgiu -Romania 

S.3384 If 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

𝑥 + 𝑦

ℎ𝑎
⋅ 𝑏 +

𝑦 + 𝑧

ℎ𝑏
⋅ 𝑐 +

𝑧 + 𝑥

ℎ𝑐
⋅ 𝑎 − (

𝑥𝑎

ℎ𝑎
+
𝑦𝑏

ℎ𝑏
+
𝑧𝑐

ℎ𝑐
) ≥ 4√𝑥𝑦 sin2

𝐶

2
+ 𝑦𝑧 sin2

𝐴

2
+ 𝑧𝑥 sin2

𝐵

2
 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu -Romania 
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S.3385 Let be 𝑠, 𝑡, 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

𝑥2𝑎3

(𝑦 + 𝑧)2ℎ𝑎
+

𝑦2𝑏3

(𝑧 + 𝑥)2ℎ𝑏
+

𝑧2𝑐3

(𝑥 + 𝑦)2ℎ𝑐
≥ 2𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3386 Let be 𝑚 ≥ 0, 𝑥, 𝑦 ≥ 0, 𝑥 + 𝑦 ≥ 4(𝑚 + 1) and 𝐴𝐵𝐶 a triangle with the area 𝐹 then the 

following inequality holds: (𝑎𝑥 + 𝑏𝑦 + 𝑐𝑥) ⋅ (𝑎𝑦 + 𝑏𝑥 + 𝑐𝑦) ≥ 4𝑚+1 ⋅ (√3)
1−𝑚

⋅ 𝐹𝑚+1 

Proposed by D.M. Bătinețu – Giurgiu -Romania 

S.3387 If 𝑥, 𝑦, 𝑧 ∈ ℝ+
∗ = (0,∞) and (𝐹𝑛)𝑛≥1 is Fibonacci sequence, then in any triangle 𝐴𝐵𝐶 with the 

area 𝑆 the following inequality holds: 

𝑥𝑎4

𝑦 ⋅ 𝐹𝑛
2 + 𝑧𝐹𝑛+1

2 +
𝑦𝑏4

𝑧 ⋅ 𝐹𝑛
2 + 𝑥 ⋅ 𝐹𝑛+1

2 +
𝑧𝑐4

𝑥𝐹𝑛
2 + 𝑦 ⋅ 𝐹𝑛+1

2 ≥
16

𝐹2𝑛+1
⋅ 𝑆2 , ∀𝑛 ∈ ℕ∗ 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze -Romania 

S.3388 Let be 𝑀 be an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝐹𝑎 = area 𝑀𝐵𝐶,  

𝐹𝑏 = area 𝑀𝐶𝐴, 𝐹𝑐 = area 𝑀𝐴𝐵. Prove that: 

(𝑎𝑏 + 𝑏𝑐 + 2𝑥𝐹𝑎)
2

𝑐𝑎 + 𝑥𝐹𝑏
+
(𝑏𝑐 + 𝑐𝑎 + 2𝑥𝐹𝑏)

2

𝑎𝑏 + 𝑥𝐹𝑐
+
(𝑐𝑎 + 𝑎𝑏 + 2𝑥𝐹𝑐)

2

𝑏𝑐 + 𝑥𝐹𝑎
≥ 4(√3 + 𝑥) ⋅ 𝐹, ∀𝑥 ∈ ℝ+

∗ = (0,∞) 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze-Romania 

S.3389 If 𝑥, 𝑦, 𝑧 > 0 and 𝑡 ≥ 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality 
holds: 

(
𝑥

𝑦 + 𝑧
+ 𝑡)

𝑎3

ℎ𝑎
+ (

𝑦

𝑧 + 𝑥
+ 𝑡)

𝑏3

ℎ𝑏
+ (

𝑧

𝑥 + 𝑦
+ 𝑡)

𝑐3

ℎ𝑐
≥ 4(2𝑡 + 1)𝐹 

 Proposed by D.M. Bătinețu – Giurgiu ,Daniel Sitaru-Romania 

S.3390 Let be 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝐹𝑎 = area 𝑀𝐵𝐶,  

𝐹𝑏 = area 𝑀𝐶𝐴, 𝐹𝑐 = area 𝑀𝐴𝐵. Prove that: 

((𝑎2 + 𝐹𝑏)
2 + 2) ⋅ ((𝑏2 + 𝐹𝑐)

2 + 2) ⋅ ((𝑐2 + 𝐹𝑎)
2 + 2) ≥ 3(4√3 + 1)

2
⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu ,Daniel Sitaru-Romania 

S.3391 If 𝑥, 𝑦, 𝑧 > 0 and 𝑡 ≥ 1 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality 

holds: 

(
𝑥

𝑦 + 𝑧
+ 𝑡)𝑎4 + (

𝑦

𝑧 + 𝑥
+ 𝑡) 𝑏4 + (

𝑧

𝑥 + 𝑦
+ 𝑡) 𝑐4 ≥ 8(2𝑡 + 1) ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu ,Daniel Sitaru-Romania 
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S.3392 If 𝑥, 𝑦, 𝑧 > 0 and 𝑡 ≥ 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality 
holds: 

(
𝑥

𝑦 + 𝑧
+ 𝑡)𝑎4 + (

𝑦

𝑧 + 𝑥
+ 𝑡) 𝑏4 + (

𝑧

𝑥 + 𝑦
+ 𝑡) 𝑐4 ≥ 8(2𝑡 + 1) ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3393 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

∏(𝑎4 + 1) ⋅ (𝑏4 + 1)

𝑐𝑦𝑐

≥ 1296 ⋅ 𝐹4 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3394 Let be 𝐴𝐵𝐶 a triangle with the area 𝐹, then: 

(𝑎2 + 𝑏2 + 2𝐹)2

𝑐2 + 𝐹
+
(𝑏2 + 𝑐2 + 2𝐹)2

𝑎2 + 𝐹
+
(𝑐2 + 𝑎2 + 2𝐹)2

𝑏2 + 𝐹
≥ 4(4√3 + 1)𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3395 If 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑥2(𝑎4 + 𝑏4 + 𝑐4) + 𝑦2(𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2) ≥ 32𝑥𝑦 ⋅ 𝐹2 +∑(𝑎𝑥 − 𝑏𝑦)2

𝑐𝑦𝑐

⋅ 𝑎2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3396 Let be 𝑠, 𝑡, 𝑥, 𝑦, 𝑧 ∈ ℝ+
∗ = (0,∞) then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following 

inequality holds: 

𝑥

𝑠𝑦 + 𝑡𝑧
⋅ 𝑎4 +

𝑦

𝑠𝑧 + 𝑡𝑥
⋅ 𝑏4 +

𝑧

𝑠𝑥 + 𝑡𝑦
⋅ 𝑐4 ≥

16

𝑠 + 𝑡
⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3397 In any triangle 𝐴𝐵𝐶 with the area 𝐹 let be 𝑀 an interior point and 𝐹𝑎 = area 𝑀𝐵𝐶, 

𝐹𝑏 = area 𝑀𝐶𝐴, 𝐹𝑐 = area 𝑀𝐴𝐵 then: 

(1936𝐹 + 388𝐹2)
2

𝐹𝑏 + 𝐹𝑐
+
(1936𝐹 + 388𝐹𝑏)

2

𝐹𝑐 + 𝐹𝑎
+
(1936𝐹 + 388𝐹𝑐)

2

𝐹𝑎 + 𝐹𝑏
≥ 18436593𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

S.3398 With the usual notations in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑥, 𝑦 ≥ 0, 𝑥 + 𝑦 ≥ 8 the 
following inequality holds: 

(𝑎𝑥 + 𝑏𝑦 + 𝑐𝑥) ⋅ (𝑎𝑦 + 𝑏𝑥 + 𝑐𝑦) ≥ 256𝐹4 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 
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S.3399 If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 ≥ 3 and 𝜆 ≥ 0 then: 

𝑎2

𝑏 + 𝜆𝑏𝑐
+

𝑏2

𝑐 + 𝜆𝑐𝑎
+

𝑐2

𝑎 + 𝜆𝑎𝑏
≥

3

𝜆 + 1
 

Proposed by Marin Chirciu –Romania 

S.3400 If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 ≥ 3 and 𝜆 ≥ 0, 𝑛 ∈ ℕ, 𝑛 ≥ 2 then: 

𝑎𝑛

𝑏 + 𝜆𝑏𝑐
+

𝑏𝑛

𝑐 + 𝜆𝑐𝑎
+

𝑐𝑛

𝑎 + 𝜆𝑎𝑏
≥

3

𝜆 + 1
 

Proposed by Marin Chirciu – Romania  

S.3401 If 𝑥, 𝑦, 𝑧 > 0 and 𝑢, 𝑣 ≥ 0, 𝑢 + 𝑣 = 4 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following 
inequality holds: 

(
𝑥𝑎𝑢

𝑦 + 𝑧
+
𝑦𝑏𝑣

𝑧 + 𝑥
+
𝑧𝑐𝑢

𝑥 + 𝑦
)(

𝑥𝑎𝑣

𝑦 + 𝑧
+
𝑦𝑏𝑢

𝑧 + 𝑥
+
𝑧𝑐𝑣

𝑥 + 𝑦
) ≥ 12 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru –Romania 

S.3402 If 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 the following inequality holds: 

1

𝑎(𝑏𝑥 + 𝑐𝑦)
+

1

𝑏(𝑐𝑥 + 𝑎𝑦)
+

1

𝑐(𝑎𝑥 + 𝑏𝑦)
≥

27

(𝑥 + 𝑦)(𝑎 + 𝑏 + 𝑐)2
 

 Proposed by D.M. Bătinețu – Giurgiu–Romania 

S.3403 If 𝑥, 𝑦 ≥ 0, 𝑥 + 𝑦 = 4 then in any acute-angled triangle 𝐴𝐵𝐶 with the area 𝐹 the following 

inequality holds: (𝑎𝑥 cot 𝐴 + 𝑏𝑦 cot 𝐵 + 𝑐𝑦 cot 𝐶)(𝑎𝑦 cot 𝐴 + 𝑏𝑥 cot 𝐵 + 𝑐𝑥 cot 𝐶) ≥ 16𝐹2 

Proposed by D.M. Bătinețu – Giurgiu–Romania 

S.3404 If 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

𝑥2𝑎4

(𝑦 + 𝑧)2
+

𝑦2𝑏4

(𝑧 + 𝑥)2
+

𝑧2𝑐4

(𝑥 + 𝑦)2
+ 3 ≥ 4√3 ⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți–Romania 

S.3405 If 𝑥, 𝑦 > 0 then in triangle 𝐴𝐵𝐶 with the area 𝑆 the following inequality holds: 

1

𝑎(𝑏𝑥 + 𝑐𝑦)
+

1

𝑏(𝑐𝑥 + 𝑎𝑦)
+

1

𝑐(𝑎𝑥 + 𝑏𝑦)
≥

108

(𝑥 + 𝑦 + 1)2(𝑎 + 𝑏 + 𝑐)2
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3406 If 𝑥, 𝑦, 𝑧 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(𝑥𝑎4 +
𝑦𝑏3

𝑧 + 𝑥
+

𝑧𝑐2

𝑥 + 𝑦
) ⋅ (

𝑥

(𝑦 + 𝑧)2
+

𝑦𝑏

𝑧 + 𝑥
+

𝑧𝑐2

𝑥 + 𝑦
) ≥ 12 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 
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S.3407 Let (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ and lim

𝑛→∞

𝑎𝑛+1

𝑛⋅𝑎𝑛
= 𝑎 > 0. Find: 

lim
𝑛→∞

√𝑎𝑛+1
2𝑛+1

− √𝑎𝑛
2𝑛

√𝑛!
𝑛  

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze –Romania 

S.3408 Let be (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1 sequences of real strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1
𝑛 ⋅ 𝑎𝑛

= 𝑎 > 0, lim
𝑛→∞

𝑏𝑛+1
𝑛2𝑏𝑛

= 𝑏 > 0 

Find: lim
𝑛→∞

1

𝑛3
⋅ ∑ √𝑎𝑘

𝑘𝑛
𝑘=2 ⋅ ( √𝑏𝑘+1

𝑘+1 − √𝑏𝑘
𝑘 ) 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze –Romania 

S.3409 Let be 𝑢, 𝑣 > 0 and (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1 sequences of reals strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1
𝑎𝑛 ⋅ 𝑛𝑢

= 𝑎 > 0, lim
𝑛→∞

𝑏𝑛+1
𝑏𝑛𝑛𝑣

= 𝑏 > 0 

and (𝐻𝑛)𝑛≥1, 𝐻𝑛 = ∑
1

𝑘
𝑛
𝑘=1 . Find: lim

𝑛→∞
√𝑎𝑛𝑏𝑛
𝑛 ⋅ 𝑒−(𝑢+𝑣)𝐻𝑛 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu–Romania 

S.3411 If 𝑠 ≥ 0, find: lim
𝑛→∞

((𝑛 + 1) ⋅ ( √𝑛 + 1
𝑛+1 )

𝑠+1
− 𝑛(√𝑛

𝑛 )
𝑠+1
) 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru –Romania 

S.3412 Let be (𝐻𝑛)𝑛≥1, 𝐻𝑛 = ∑
1

𝑘
𝑛
𝑘=1  and (𝑎𝑛)𝑛≥1 a sequence of real strictly positive numbers such 

that lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛⋅𝑒
𝐻𝑛
= 𝑎 > 0. Find: lim

𝑛→∞
( √𝑎𝑛+1
𝑛+1 − √𝑎𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu–Romania 

S.3413 If (𝑎𝑛)𝑛≥1 is a sequence of real strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛 ⋅ √(2𝑛 − 1)‼
𝑛

= 𝑎 

Find: lim
𝑛→∞

( √𝑎𝑛+1
𝑛+1 − √𝑎𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu –Romania 

S.3414 If (𝑎𝑛)𝑛≥1, (𝛾𝑛)𝑛≥1, are sequence of real strictly positive numbers such that 

lim
𝑛→∞

𝑟𝑛 = 𝑟 > 0 and 𝑎𝑛+1 = 𝑎𝑛 + 𝑟𝑛, ∀𝑛 ≥ 1. Find: 

lim
𝑛→∞

(𝑎𝑛+1 √𝑎𝑛+1
𝑛+1 − 𝑎𝑛 ⋅ √𝑎𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 
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S.3415 If 𝑡 ≥ 0, find: 

lim
𝑛→∞

(
( √(𝑛 + 1)!
𝑛+1

)
𝑡+1

(𝑛 + 1)𝑡
−
(√𝑛!
𝑛

)
𝑡+1

𝑛𝑡
) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3416 Let be (𝑎𝑛)𝑛≥1 a sequence with 𝑎𝑛 ∈ ℝ+
∗ , ∀𝑛 ∈ ℕ∗ and 

𝑎𝑛+1 = 𝑎𝑛 + √𝑛!
𝑛

⋅ tan
𝜋

2
, ∀𝑛 ∈ ℕ∗. Find: lim

𝑛→∞
(𝑎𝑛+1 ⋅ √𝑎𝑛+1

𝑛+1 − 𝑎𝑛 ⋅ √𝑎𝑛
𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3417 If (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ and lim

𝑛→∞

𝑎𝑛+1

𝑛3⋅𝑎𝑛
= 𝑎 > 0, find: lim

𝑛→∞

√𝑎𝑛+1
𝑛+1 − √𝑎𝑛

𝑛

( √𝑛!
𝑛 )

2  

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3418 Find: lim
𝑛→∞

(
√((𝑛+1)!)

2𝑛+1

𝑛+1
−

√(𝑛!)2
𝑛

𝑛
) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3419 If 𝑓:ℝ+
∗ → ℝ+

∗ = (0,∞) is a continuous function such that lim
𝑛→∞

𝑓(𝑥+1)

𝑥𝑠+1𝑓(𝑥)
= 𝑎 > 0. Find: 

lim
𝑥→∞

1

𝑥𝑠
((𝑓(𝑥 + 1))

1

𝑥+1 − (𝑓(𝑥))
1

𝑥) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3420 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ such that lim

𝑛→∞

𝑎𝑛+1

𝑛⋅𝑎𝑛
= 𝑎 > 0. Find:  

lim
𝑛→∞

√(𝑛!)3
𝑛

⋅ (
1

√𝑎𝑛
𝑛

−
1

√𝑎𝑛+1
𝑛+1

) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3421 Let be (𝐻𝑛)𝑛≥1, 𝐻𝑛 = ∑
1

𝑘
𝑛
𝑘=1  and (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ∗ such that 

lim
𝑛→∞

𝑛⋅𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0. Find: lim

𝑛→∞
𝑒2𝐻𝑛 ⋅ ( √𝑎𝑛

𝑛 − √𝑎𝑛+1
𝑛+1 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți–Romania 

S.3422 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ such that lim

𝑛→∞

𝑎𝑛+1

𝑛𝑎𝑛
= 𝑎 > 0. Find: 

lim
𝑛→∞

( √(𝑛 + 1)! 𝑎𝑛+1
𝑛+1

− √𝑛! 𝑎𝑛
𝑛 ) ⋅

1

𝑛
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 
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S.3423 If (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1, 𝑎𝑛, 𝑏𝑛 > 0, ∀𝑛 ∈ ℕ
∗ and lim

𝑛→∞

𝑎𝑛+1

𝑛2𝑎𝑛
= 𝑎 > 0, 

lim
𝑛→∞

𝑏𝑛+1

𝑛⋅𝑏𝑛
= 𝑏 > 0. Find: lim

𝑛→∞

√𝑎𝑛+1
𝑛+1 − √𝑎𝑛

𝑛

√𝑏𝑛
𝑛  

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți–Romania 

S.3424 Let be (𝑎𝑛)𝑛≥1 a sequence of real strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛 ⋅ √𝑛!
𝑛 = 𝑎 > 0 

Find: 

lim
𝑛→∞

( √𝑎𝑛+1
𝑛+1 − √𝑎𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți–Romania 

S.3425 Let be (𝐻𝑛)𝑛≥1, 𝐻𝑛 = ∑
1

𝑘
𝑛
𝑘=1  and (𝑎𝑛)𝑛≥1 a sequence of real strictly positive numbers such 

that lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛⋅ √𝑛!
𝑛 = 𝑎 > 0. Find: lim

𝑛→∞

𝑒2𝐻𝑛

𝑛⋅ √𝑎𝑛
𝑛  

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3427 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ such that lim

𝑛→∞

𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0. Find: 

lim
𝑛→∞

( √(𝑛 + 1)! 𝑎𝑛+1
𝑛+1

− √𝑛! 𝑎𝑛
𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3428 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 = 𝑛!. Find: 

lim
𝑛→∞

(
√𝑎𝑛+1

2𝑛+1

𝑛 + 1
−
√𝑎𝑛

2𝑛

𝑛
) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3429 Let be (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1 sequences of real strictly positive numbers such that  

lim
𝑛→∞

𝑎𝑛

𝑛
= 𝑎 > 0 and lim

𝑛→∞

𝑏𝑛+1

𝑎𝑛𝑏𝑛
= 𝑏 > 0. Find: lim

𝑛→∞

𝑏𝑛

1
𝑎𝑛

𝑎𝑛
 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3430 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ and lim

𝑛→∞

𝑎𝑛+1

𝑛⋅𝑎𝑛
= 𝑎 > 0. Find: 

lim
𝑛→∞

√𝑎𝑛+1
2𝑛+1

− √𝑎𝑛
2𝑛

√(2𝑛 − 1)‼
𝑛

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 
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S.3431 Let be (𝐻𝑛)𝑛≥1, 𝐻𝑛 = ∑
1

𝑘
𝑛
𝑘=1  and (𝑎𝑛)𝑛≥1 a sequence of real strictly positive numbers such 

that lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛⋅ √𝑛!
𝑛

⋅𝑒𝐻𝑛
= 𝑎 > 0. Find: lim

𝑛→∞
(
(𝑛+1)3

√𝑎𝑛+1
𝑛+1 −

𝑛3

√𝑎𝑛
𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3432 Let be (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1 sequences of real strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0, lim

𝑛→∞

𝑏𝑛+1

𝑛⋅𝑏𝑛
= 𝑏 > 0. Find: lim

𝑛→∞
( √𝑎𝑛+1 ⋅ 𝑏𝑛+1
𝑛+1 − √𝑎𝑛 ⋅ 𝑏𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți–Romania 

S.3433 Let be 𝑠, 𝑡 > 0 and the sequences of real strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1

𝑛𝑠⋅𝑎𝑛
= 𝑎 > 0, lim

𝑛→∞

𝑛𝑠+𝑡⋅𝑏𝑛+1

𝑏𝑛
= 𝑏. Find: lim

𝑛→∞
√𝑎𝑛 ⋅ 𝑏𝑛
𝑛 ⋅ 𝑛𝑡  

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3434 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ≥ 1 such that lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0. Find: 

lim
𝑛→∞

( √(2𝑛 + 1)‼ ⋅ 𝑎𝑛+1
𝑛+1

− √(2𝑛 − 1)‼ ⋅ 𝑎𝑛
𝑛

) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3435 Let 𝑛 ∈ ℕ, 𝑛 ≥ 3 and 𝑎𝑘 ∈ ℝ+
∗ = (0,∞), ∀𝑘 = 1, 𝑛̅̅ ̅̅ ̅. If 𝑎1 + 𝑎2 +⋯+ 𝑎𝑛 = 1. Prove that 

∑
(𝑎𝑘+1)

𝑚+1

(𝑎𝑘+1+1)
𝑚

𝑛
𝑘=1 ≥ 𝑛 + 1, ∀𝑚 ≥ 0, where 𝑎𝑛+1 = 𝑎1. 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3436 Let (𝑎𝑛)𝑛≥1 a sequence of real strictly positive numbers and  

(𝐻𝑛)𝑛≥1, 𝐻𝑛 = ∑
1

𝑘
𝑛
𝑘=1 . If lim

𝑛→∞

𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0. Find: lim

𝑛→∞
( √𝑎𝑛+1
𝑛+1 − √𝑎𝑛

𝑛 ) ⋅ 𝑒𝐻𝑛 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3437 Let be 𝑚 ≥ 0 and 𝐴𝐵𝐶 a triangle then: 

𝑎4𝑚+4

(𝑏𝑐)𝑚+1
+

𝑏4𝑚+4

(𝑐𝑎)𝑚+1
+

𝑐4𝑚+4

(𝑎𝑏)𝑚+1
≥ 4𝑚+1 ⋅ 3𝑚+2 ⋅ 𝑟2𝑚+2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3438 If 𝑥, 𝑦, 𝑧 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

(
𝑥2

(𝑦 + 𝑧)2
⋅ 𝑎2 +

𝑦2

(𝑧 + 𝑥)2
⋅ 𝑏2 +

𝑧2

(𝑥 + 𝑦)2
⋅ 𝑐2) ⋅ (𝑎2 + 𝑏2 + 𝑐2) ≥ 12 ⋅ 𝐹2 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 
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S.3439 If 𝑥, 𝑦 > 0 and 𝐴𝐵𝐶 is a triangle with the area 𝐹 then the following inequality holds: 

𝑎𝑏2

𝑏𝑥 + 𝑐𝑦
+

𝑏𝑐2

𝑐𝑥 + 𝑎𝑦
+

𝑐𝑎2

𝑎𝑥 + 𝑏𝑦
≥
4√3

𝑥 + 𝑦
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3440 If 𝑥, 𝑦 > 0 and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

𝑎4

𝑏2𝑥 + 𝑐2𝑦
+

𝑏4

𝑐2𝑥 + 𝑎2𝑦
+

𝑐4

𝑎2𝑥 + 𝑏2𝑦
≥
4√3

𝑥 + 𝑦
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3441 If 𝑚 ≥ 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎𝑚+2

𝑏𝑚
+
𝑏𝑚+2

𝑐𝑚
+
𝑐𝑚+2

𝑎𝑚
≥ 4√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

S.3442 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎4 + 𝑏4

𝑐2
+
𝑏4 + 𝑐4

𝑎2
+
𝑐4 + 𝑎4

𝑏2
≥ 8√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze –Romania 

S.3443 If 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

𝑥 + 𝑦

𝑧
𝑎2 +

𝑦 + 𝑧

𝑥
𝑏2 +

𝑧 + 𝑥

𝑦
𝑐2 ≥ 8√3𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze –Romania 

S.3444 Let be 𝑡 ∈ (0,
𝜋

2
) and 𝐴𝐵𝐶 is a triangle with the area 𝐹, then: 

𝑎2 + 𝑏2 + 𝑐2 ≥ 4√3 ⋅ 𝐹 sin2𝑡 + (𝑎 sin 𝑡 − 𝑏 cos 𝑡)2 + (𝑏 sin 𝑡 − 𝑐 cos 𝑡)2 + (𝑐 sin 𝑡 − 𝑎 cos 𝑡)2 

Proposed by D.M. Bătinețu – Giurgiu –Romania 

S.3445 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎2𝑏2 + 𝑏2𝑐2 + 𝑐2𝑎2 ≥ 16 ⋅ 𝐹2 +
1

2
(𝑎2(𝑏 − 𝑐)2 + 𝑏2(𝑐 − 𝑎)2 + 𝑐2(𝑎 − 𝑏)2) 

Proposed by D.M. Bătinețu – Giurgiu –Romania 
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S.3446 In any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑎4 + 𝑏4 + 𝑐4 ≥ 16𝐹2 +
1

2
((𝑎2 − 𝑏2) + (𝑏2 − 𝑐2)2 + (𝑐2 − 𝑎2)2) 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru–Romania  

S.3447 If 𝑚 ∈ [1,∞), then in any triangle with the area 𝐹 and semiperimeter 𝑠 the following 

inequality holds: 

𝑎3

2𝑚𝑠 − (𝑚 + 1)𝑎
+

𝑏3

2𝑚𝑠 − (𝑚 + 1)𝑏
+

𝑐3

2𝑚𝑠 − (𝑚 + 1)𝑐
≥

4√3

3(3𝑚 − 1)
⋅ 𝐹 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru –Romania 

S.3448 If 𝑎, 𝑏, 𝑐 > 0,𝑚 ∈ [1,∞) and 𝑎 + 𝑏 + 𝑐 = 𝑠, then: 

𝑎

𝑚𝑠 − (𝑚 + 1)𝑏
+

𝑏

𝑚𝑠 − (𝑚 + 1)𝑐
+

𝑐

𝑚𝑠 − (𝑚 + 1)𝑎
≥

3

2𝑚 − 1
 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu –Romania 

S.3449 Let be 𝑚 ∈ [1,∞) and 𝑛 ∈ ℕ, 𝑛 ≥ 3 and 𝑎1, 𝑎2, … , 𝑎𝑛 the lengths of the sides of a polygon 

with 𝑛 sides and 𝑠 and 𝐹 the semiperimeter, respectively the area of the polygon, then: 

∑
𝑎𝑘
3

2𝑚𝑠 − (𝑚 + 1)𝑎𝑘
𝑐𝑦𝑐

≥
4𝐹

𝑚𝑛 −𝑚 − 1
⋅ tan

𝜋

𝑛
 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu –Romania 

S.3450 Let be 𝑚 ≥ 0, 𝑛 ∈ ℕ, 𝑛 ≥ 3 and 𝑎𝑘 ∈ ℝ+
∗ , ∀𝑘 = 1, 𝑛̅̅ ̅̅ ̅, 𝑠, 𝑡 > 0 then: 

∑
(𝑎𝑘+𝑠)

𝑚+1

(𝑎𝑘+1+𝑡)
𝑚

𝑛
𝑘=1 ≥

(∑ 𝑎𝑘+𝑛𝑠
𝑛
𝑘=1 )

𝑚+1

(∑ 𝑎𝑘+𝑛𝑡
𝑛
𝑘=1 )

𝑚 , where 𝑎𝑛+1 = 𝑎1. 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți –Romania 

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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UNDERGRADUATE PROBLEMS 
 

 
U.3301 Let be (𝐹𝑛)𝑛≥1, (𝐿𝑛)𝑛≥1 Fibonacci sequence and Lucas’ sequence and 𝑎, 𝑏, 𝑐 > 0.  

Prove that: 

(𝐹𝑛𝑎 + 𝐹𝑛+1𝑏)
2

𝐿𝑛𝑏 + 𝐿𝑛+1 ⋅ 𝑐
+
(𝐹𝑛𝑏 + 𝐹𝑛+1𝑐)

2

𝐿𝑛𝑐 + 𝐿𝑛+1𝑎
+
(𝐹𝑛𝑐 + 𝐹𝑛+1𝑎)

2

𝐿𝑛𝑎 + 𝐿𝑛+1𝑏
≥
𝐹𝑛+2
2

𝐿𝑛+2
(𝑎 + 𝑏 + 𝑐), ∀𝑛 ∈ ℕ∗ 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania 

U.3302 Prove that in any triangle 𝐴𝐵𝐶, with area 𝑆 and usual notations is true the inequality: 

𝑎2(𝑚+1)

(𝐹𝑛𝑚𝑎
2 + 𝐹𝑛+1𝑚𝑏

2 + 𝐹𝑛+2𝑚𝑐
2)𝑚

+
𝑏2(𝑚+1)

(𝐹𝑛𝑚𝑏
2 + 𝐹𝑛+1𝑚𝑐

2 + 𝐹𝑛+2𝑚𝑎
2)
+ 

+
𝑐2(𝑚+1)

(𝐹𝑛𝑚𝑐
2 + 𝐹𝑛+1𝑚𝑎

2 + 𝐹𝑛+2𝑚𝑏
2)
≥
2𝑚+2√3

3𝑚𝐹𝑛+2
𝑚 𝑆, 

where 𝑚 > 0 and 𝐹𝑘 is the k-th Fibonacci number. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

U.3303 Determine all matrices 𝐴 ∈ 𝑀2(ℝ) such that: 

𝐴3 = (
19 30
−45 −71

) 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

U.3304 Solve on [0,∞) the following system: 

{
 
 

 
 (𝑥 + 𝑦 + 𝑧)

3 = 𝑦3 + 𝑧3 + 𝑡3 + 24𝑦𝑧𝑡

(𝑦 + 𝑧 + 𝑡)3 = 𝑧3 + 𝑡3 + 𝑥3 + 24𝑧𝑡𝑥

(𝑧 + 𝑡 + 𝑥)3 = 𝑡3 + 𝑥3 + 𝑦3 + 24𝑡𝑥𝑦

(𝑡 + 𝑥 + 𝑦)3 = 𝑥3 + 𝑦3 + 𝑧3 + 24𝑥𝑦𝑧

 

Proposed by Mihaly Bencze, Neculai Stanciu – Romania  

U.3305 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎 −𝑚𝑎

ℎ𝑎
+
𝑛𝑏 −𝑚𝑏

ℎ𝑏
+
𝑛𝑐 −𝑚𝑐

ℎ𝑐
≥
𝑎2 + 𝑏2 + 𝑐2 − 𝑎𝑏 − 𝑏𝑐 − 𝑐𝑎

2𝐹
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 
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U.3306 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

na + nb + nc ≥ ma +mb +mc +
na

2 + nb
2 + nc

2 − s2

2s
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3307 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 ≥ 2𝑠 − 3(2√3 − 3)𝑟 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3308 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: (𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐)
2 ≥ 9𝑠2 − 80𝑅𝑟 − 2𝑟2 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3309 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 + 18𝑟 ≥ 3(ℎ𝑎 + ℎ𝑏 + ℎ𝑐) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3310 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 𝑛𝑎𝑛𝑏 + 𝑛𝑏𝑛𝑐 + 𝑛𝑐𝑛𝑎 ≥ 3𝑠2 − 32𝑅𝑟 + 10𝑟2 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3311 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 +
2√3 − 3

3
. (ℎ𝑎 + ℎ𝑏 + ℎ𝑐) ≥ 2𝑠 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3312 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

3(𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐) + ℎ𝑎 + ℎ𝑏 + ℎ𝑐 ≥ 4(𝑚𝑎 +𝑚𝑏 +𝑚𝑐) 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3313 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 3(𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐) + 9𝑟 ≥ 4(𝑚𝑎 +𝑚𝑏 +𝑚𝑐) 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3314 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 ≥ ℎ𝑎 + ℎ𝑏 + ℎ𝑐 + 2(𝑠 − 3√3𝑟) 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3315 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 ≥ 𝑚𝑎 +𝑚𝑏 +𝑚𝑐 +
1

2
(𝑠 − 3√3𝑟) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 
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U.3316 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

(2√3 − 3)(𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐) + (4 − 2√3)(𝑚𝑎 +𝑚𝑏 +𝑚𝑐) ≥ √3𝑠 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3317 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

(2 − √3)(𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐) + √3𝑠 ≥ (3 − √3)(𝑚𝑎 +𝑚𝑏 +𝑚𝑐) 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3318 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 ≥
(32 − 15√3)(𝑎2 + 𝑏2 + 𝑐2) − (32 − 18√3)(𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎)

2(𝑎 + 𝑏 + 𝑐)
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3319 If ga, gb, gc − Gergonne cevians in ∆ABC then: 

(ga + gb + gc)
2 ≥

8R + 29r

5
(ha + hb + hc) 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3320 If 𝑔𝑎 , 𝑔𝑏 , 𝑔𝑐 − Gergonne cevians in ∆𝐴𝐵𝐶 then: 

(𝑔𝑎 + 𝑔𝑏 + 𝑔𝑐)
2 ≤ 𝑠2 + 4(2√5 − 1)𝑅𝑟 + 2(31 − 8√5)𝑟2 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3321 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎(𝑛𝑏 + 𝑛𝑐 − 𝑛𝑎) + 𝑛𝑏(𝑛𝑐 + 𝑛𝑎 − 𝑛𝑏) + 𝑛𝑐(𝑛𝑎 + 𝑛𝑏 − 𝑛𝑐) ≥ ℎ𝑎
2 + ℎ𝑏

2 + ℎ𝑐
2 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3322 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑠(𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐) ≥ (2 − √3)(𝑛𝑎
2 + 𝑛𝑏

2 + 𝑛𝑐
2) + 2(√3 − 1)𝑠2 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3321 If 𝑔𝑎 , 𝑔𝑏 , 𝑔𝑐 − Gergonne cevians in ∆𝐴𝐵𝐶 then: 

(𝑔𝑎 + 𝑔𝑏 + 𝑔𝑐)
2 ≥ 𝑠2 + 6𝑟(ℎ𝑎 + ℎ𝑏 + ℎ𝑐) 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 
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U.3322 If 𝑔𝑎 , 𝑔𝑏 , 𝑔𝑐 − Gergonne cevians in ∆𝐴𝐵𝐶 then: 

𝑚𝑎 +𝑚𝑏 +𝑚𝑐 ≤ 𝑔𝑎 + 𝑔𝑏 + 𝑔𝑐 + 2(𝑅 − 2𝑟). 

Proposed by 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3323 If 𝑔𝑎 , 𝑔𝑏 , 𝑔𝑐 − Gergonne cevians in ∆𝐴𝐵𝐶 then: 

2(𝑚𝑎 +𝑚𝑏 +𝑚𝑐) + 9𝑟 ≥ 3(𝑔𝑎 + 𝑔𝑏 + 𝑔𝑐). 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3324 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 − 9𝑟 ≥ 3 ∙
(𝑎 − 𝑏)2 + (𝑏 − 𝑐)2 + (𝑐 − 𝑎)2

𝑎 + 𝑏 + 𝑐
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3325 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians, 𝑔𝑎 , 𝑔𝑏 , 𝑔𝑐 − Gergonne cevians in ∆𝐴𝐵𝐶 then: 

𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐 + 9𝑟 ≥ 2(𝑔𝑎 + 𝑔𝑏 + 𝑔𝑐). 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3326 If 𝑛𝑎 , 𝑛𝑏 , 𝑛𝑐 −Nagel cevians, 𝑔𝑎 , 𝑔𝑏 , 𝑔𝑐 − Gergonne cevians in ∆𝐴𝐵𝐶 then: 

(√3 − 1)(𝑛𝑎 + 𝑛𝑏 + 𝑛𝑐) + (2 − √3)(𝑔𝑎 + 𝑔𝑏 + 𝑔𝑐) ≥ √3𝑠. 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑴𝒐𝒉𝒂𝒎𝒆𝒅 𝑨𝒎𝒊𝒏𝒆 𝑩𝒆𝒏 𝑨𝒋𝒊𝒃𝒂 −𝑴𝒐𝒓𝒐𝒄𝒄𝒐 

U.3327 Find: 

 

  

2

2 2
0

x ln x arctan(x)
dx

x 1 x x 1



 
  

  

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 Vasile Mircea Popa-Romania 

U.3328 Find: 

 
1

n x

n
0

lim n ln 1 e dx



 
   

 
  

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 Vasile Mircea Popa-Romania 

U.3329 In any acute triangle ABC holds: 
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 28
bc cot A ca cot B a b cot C R

3
    

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 Vasile Mircea Popa-Romania 

U.3330 Find: 

 

  
22

0

x ln x
dx

x 1 x 1



 
 

  

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 Vasile Mircea Popa-Romania 

U.3331 Find: 

 

  

2

2 2
0

x ln x
dx

x 1 x x 1



 
  

  

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 Vasile Mircea Popa-Romania 

U.3332 If 𝑎, 𝑏 > 0 and 𝑛 ∈ ℕ, 𝑛 ≥ 2 then: 

(3𝑎 + 3𝑏)𝑛 + (𝑛 − 4)(4𝑎)𝑛−1𝑎 ≥ 3𝑛(4𝑎)𝑛−1𝑏 

Proposed by Marin Chirciu – Romania  

U.3333 If 𝑥, 𝑦, 𝑧 > 0, 𝑥𝑦𝑧 = 1 and 𝜆 ≤
3

2
 then: 

𝑥2 + 𝑦2 + 𝑧2 + 3(2𝜆 − 1) ≥ 𝜆(𝑥 + 𝑦 + 𝑧 + 𝑥𝑦 + 𝑦𝑧 + 𝑧𝑥) 

Proposed by Marin Chirciu – Romania  

U.3334 If 𝑥, 𝑦, 𝑧 > 0, 𝑥𝑦𝑧 = 𝜆3, 𝜆 ≥ 2 then: 

1

𝑥2 + 𝜆3
+

1

𝑦2 + 𝜆3
+

1

𝑧2 + 𝜆3
≤

1

𝜆2(𝜆 + 1)
 

Proposed by Marin Chirciu – Romania  

U.3335 If 𝑥, 𝑦, 𝑧 > 0 and −2 ≤ 𝜆 ≤ 2 then: 

∑(
𝑥2 + 𝜆𝑥𝑦 + 𝑦2

√𝑥 + 𝑦
) ≥

3

2
(𝜆 + 2)2𝑥𝑦𝑧 

Proposed by Marin Chirciu – Romania  

U.3336 Solve in real numbers: 

4𝑥
2
+ 4

1+
1

√𝑥 = 20 

Proposed by Marin Chirciu – Romania  
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U.3337 Let 𝑎 > 1 fixed. Solve in real numbers: 

(𝑎𝑥 + 2𝑎 + 1)log𝑎+1 𝑎 − ((𝑎 + 1)𝑥 − 2𝑎 − 1)log𝑎(𝑎+1) = (𝑎 + 1)𝑥 − 𝑎𝑥 − 2(2𝑎 + 1) 

Proposed by Marin Chirciu – Romania  

U.3338 If 𝑎, 𝑏, 𝑐 > 0, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 3 and −2 ≤ 𝜆 ≤ 2 then: 

∑(
𝑎2 + 𝜆𝑎𝑏 + 𝑏2

𝑎 + 𝑏
)

2

≥
3

4
(𝜆 + 2)2 

Proposed by Marin Chirciu – Romania  

U.3339 Let 𝑛 ∈ ℕ∗ fixed. Solve in real numbers: 

𝑛𝑥
𝑛
2 + 𝑛

1+
1

√𝑥 = 𝑛(𝑛 + 1) 

Proposed by Marin Chirciu – Romania  

U.3340 If 𝑎, 𝑏, 𝑐 > 0, 𝑎𝑏𝑐 = 1 then: 

∑
(𝑎 + 𝑏 + 1)3

𝑎4 + 𝑏4 + 1
≤ 27 

Proposed by Marin Chirciu – Romania  

U.3342 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑦+ 𝑧

𝑥 ⋅ cot4
𝐴

2

≥
2

3
 

Proposed by Marin Chirciu – Romania  

U.3343 Let 𝑥, 𝑦, 𝑧 > 0. In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑦+ 𝑧

𝑥 ⋅ tan4
𝐴

2

≥ 54 

Proposed by Marin Chirciu – Romania  

U.3344 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑦+ 𝑧

𝑥 ⋅ 𝑟𝑎
4 ≥

32

37𝑅4
 

Proposed by Marin Chirciu – Romania  

U.3345 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑦 + 𝑧

𝑥 ⋅ 𝑚𝑎
4 ≥

32

27𝑅4
 

Proposed by Marin Chirciu – Romania  
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U.3346 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
𝑦+ 𝑧

𝑥 ⋅ 𝐼𝐴4
≥

3

2𝑅2𝑟2
 

Proposed by Marin Chirciu – Romania  

U.3347 In Δ𝐴𝐵𝐶 the following relationship holds: 

3 ⋅ (
2𝑟

𝑅
)
2

≤
𝑤𝑎
𝑤𝑏

+
𝑤𝑏
𝑤𝑐

+
𝑤𝑐
𝑤𝑎

≤ 3 ⋅ (
𝑅

2𝑟
)

3

2

 

Proposed by Marin Chirciu – Romania  

U.3348 In Δ𝐴𝐵𝐶 the following relationship holds: 

3 ⋅ (
2𝑟

𝑅
)
2

≤
𝑠𝑎
𝑠𝑏
+
𝑠𝑏
𝑠𝑐
+
𝑠𝑐
𝑠𝑎
≤ 3 ⋅ (

𝑅

2𝑟
)

3

2

 

Proposed by Marin Chirciu – Romania  

U.3349 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin2

𝐴

2

2 sin6
𝐴

2
+ sin6

𝐵

2

≤
2𝑅3

𝑟3
 

Proposed by Marin Chirciu – Romania  

U.3350 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin𝐵 + sin𝐶

ℎ𝑏 + ℎ𝑐
≥∑

sin𝐵 + sin𝐶

𝑟𝑏 + 𝑟𝑐
 

Proposed by Marin Chirciu – Romania  

U.3351 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin𝐵 ⋅ sin 𝐶

csc
𝐴

2

≥
3√3

2
⋅ (
2𝑟

𝑅
)

4

3

 

Proposed by Marin Chirciu – Romania  

U.3352 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin𝐵 + sin𝐶

𝑤𝑎
≥
2√3

𝑅
(
2𝑟

𝑅
)

1

3

 

Proposed by Marin Chirciu – Romania  
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U.3353 In acute Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin𝐵 + sin𝐶

𝐻𝐴
≥
3√3

𝑅
⋅ (
2𝑟

𝑅
) 

Proposed by Marin Chirciu – Romania  

U.3354 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
(tan

𝐴

2
+ tan

𝐵

2
)
4

tan2
𝐴

2
+ 𝜆 tan

𝐴

2
tan

𝐵

2
+ tan2

𝐵

2

≥
16

𝜆 + 2
, 𝜆 ≥ 0 

Proposed by Marin Chirciu – Romania  

U.3355 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin𝐵 + sin𝐶

𝑠𝑎
≥
2√3

𝑅
(
2𝑟

𝑅
)

2

3

 

Proposed by Marin Chirciu – Romania  

U.3356 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑
sin𝐵 + sin𝐶

𝐼𝐴
≥
3√3

𝑅
(
2𝑟

𝑅
)

1

3

 

Proposed by Marin Chirciu – Romania  

U.3357 In Δ𝐴𝐵𝐶 the following relationship holds: 

∑𝑏2𝑐2 (𝜆 + cos2 𝐴) ≥ 4(4𝜆 + 1)𝐹2,   𝜆 ≥ 0. 

Proposed by Marin Chirciu – Romania 

U.3358 In Δ𝐴𝐵𝐶 the following relationship holds: 

𝑝 (1 +
2𝑟

𝑅
) ≤ (𝑏 + 𝑐) sin

𝐴

2
+ (𝑐 + 𝑎) sin

𝐵

2
+ (𝑎 + 𝑏) sin

𝐶

2
≤ 2𝑝 

Proposed by Marin Chirciu – Romania  

U.3359 In Δ𝐴𝐵𝐶 the following relationship holds: 

1

2𝑅𝑟
≤∑

1

𝑎(𝑎 + 𝑏 − 𝑐)
≤

1

4𝑟2
√
𝑅

𝑟
− 1 

Proposed by Marin Chirciu – Romania  
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U.3360 In Δ𝐴𝐵𝐶 the following relationship holds: 

√3

2𝑅
≤∑

𝑏 + 𝑐 − 𝑎

2𝑎√𝑏𝑐
≤
√3𝑅

8𝑟2
 

Proposed by Marin Chirciu – Romania  

U.3361 In Δ𝐴𝐵𝐶 the following relationship holds: 

6𝑟2

𝑅2
≤∑

sin2𝐴

sin2𝐵 + sin2 𝐶
≤
2𝑅 − 𝑟

2𝑟
 

Proposed by Marin Chirciu – Romania  

U.3362 In Δ𝐴𝐵𝐶 the following relationship holds: 

√3

𝑅
≤∑

𝑏 + 𝑐 − 𝑎

𝑎√𝑏𝑐
≤
√3𝑅

4𝑟2
 

Proposed by Marin Chirciu – Romania  

U.3363 In Δ𝐴𝐵𝐶 the following relationship holds: 

18𝑟2 ≤
∑(𝑚𝑏

2 +𝑚𝑐
2)𝑎

𝑎 + 𝑏 + 𝑐
≤
9𝑅3

4𝑟
 

Proposed by Marin Chirciu – Romania  

U.3364 In Δ𝐴𝐵𝐶 the following relationship holds: 

 

27𝑟2

2𝑅2
≤∏(1 + cos 𝐴) ≤

27

8
 

Proposed by Marin Chirciu – Romania  

U.3365 In Δ𝐴𝐵𝐶 the following relationship holds: 

27√3𝑟2 ≤∑(𝑚𝑏
2 +𝑚𝑐

2) sin𝐴 ≤
27√3𝑅3

8𝑟
 

Proposed by Marin Chirciu – Romania  

U.3366 In Δ𝐴𝐵𝐶 the following relationship holds: 

3𝑆(4𝑅𝑟 − 2𝑟2 − 𝑅2)

𝑅4
≤∑sin2 𝐴 sin 2𝐴 ≤

9√3

8
⋅
2𝑟

𝑅
 

Proposed by Marin Chirciu – Romania  
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U.3367 Let 𝜆 >
1

3
 fixed. If 𝑎, 𝑏, 𝑐 > 0, 𝑎𝑏𝑐 = 1 then find minimum of 

𝑃 =
(𝑎 + 𝑏)(𝑏 + 𝑐)(𝑐 + 𝑎)

𝜆(𝑎 + 𝑏 + 𝑐) − 1
 

Proposed by Marin Chirciu – Romania  

U.3368 If 𝑎, 𝑏, 𝑐 > 0 then: 

∑
𝑎+ 1

√4𝑎4 + 1
+∑

2𝑎2 + 1

𝑎 + 1
≥ 6 

Proposed by Marin Chirciu – Romania  

U.3369 If 𝑥, 𝑦, 𝑧 > 0 and 
7

4
≤ 𝜆 ≤ 4 then: 

∑
𝑥

√𝜆𝑦2 + 𝑦𝑧 + 𝜆𝑦2
≥

3

√2𝜆 + 1
 

Proposed by Marin Chirciu – Romania  

U.3370 Let 𝑎 ≥ 1. If 𝑥 > 0 then: 

1

√𝑥 + 𝑎
+

𝑥

2√𝑎𝑥2 + 1
≤

3

2√𝑎 + 1
 

Proposed by Marin Chirciu – Romania  

U.3371 If 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 3 and 𝜆 ≥ 0 then: 

∑
𝑏𝑐(𝑐 + 𝜆)

𝑎 + 𝜆
≥ 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 

Proposed by Marin Chirciu – Romania  

U.3372 If 𝑥1, 𝑥2, … , 𝑥𝑛 > 0, 𝑥1 + 𝑥2 +⋯+ 𝑥𝑛 = 1 then find the maximum value of 𝑥1𝑥2
2𝑥3

3 …𝑥𝑛
𝑛  

Proposed by Marin Chirciu – Romania  

U.3373 If 𝑎, 𝑏, 𝑐 > 0, 𝑎𝑏 + 𝑏𝑐 + 𝑐𝑎 = 1 and 𝜆 ≥ 0 then: 

(𝑎 + 𝑏)4

𝑎2 + 𝜆𝑎𝑏 + 𝑏2
+

(𝑏 + 𝑐)4

𝑏2 + 𝜆𝑏𝑐 + 𝑐2
+

(𝑐 + 𝑎)4

𝑐2 + 𝜆𝑐𝑎 + 𝑎2
≥

16

𝜆 + 2
 

Proposed by Marin Chirciu – Romania  

U.3374 If 𝑥, 𝑦, 𝑧 > 0 and 
7

4
≤ 𝜆 ≤ 4 then: 

∑
𝑥

√𝜆𝑦2 + 𝑦𝑧 + 𝜆𝑧2
≥

3

√2𝜆 + 1
 

Proposed by Marin Chirciu – Romania  
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U.3375 Let 𝑎 > 0, 𝜆 > 0 fixed. Solve for real numbers: 

(𝑎𝑥 + 1) (1 + √(𝑎𝑥 + 1)2 + 𝜆) + 𝑥 (1 + √𝑥2 + 𝜆) = 0 

Proposed by Marin Chirciu – Romania  

U.3376 If 𝑎, 𝑏, 𝑐,𝑚, 𝑛 > 0 then: 

(∑
𝑎

√𝑚𝑏 + 𝑛𝑐
4 )

4

≥
(𝑎 + 𝑏 + 𝑐)5

(𝑚 + 𝑛)(𝑎2 + 𝑏2 + 𝑐2)
 

Proposed by Marin Chirciu – Romania  

U.3377 If 0 ≤ 𝑎𝑖 ≤ 1, 𝑖 = 1, 𝑛 and 𝜆 ≥ 1 then: 

1

𝜆 + 𝑎1
+

1

𝜆 + 𝑎2
+⋯+

1

𝜆 + 𝑎𝑛
≤

𝑛

𝜆 + √𝑎1𝑎2…𝑎𝑛
𝑛

 

Proposed by Marin Chirciu – Romania  

U.3378 If 𝑎, 𝑏, 𝑐 > 0,
1

𝑎
+
1

𝑏
+
1

𝑐
= 3 and 𝑥, 𝑦, 𝑧 > 0, 𝑥 + 𝑦 + 𝑧 = 3𝑛, 𝑛 > 0 and 𝜆 ≥ 0 then: 

1

𝑎(𝑥𝑎 + 𝜆)
+

1

𝑏(𝑦𝑏 + 𝜆)
+

1

𝑐(𝑧𝑐 + 𝜆)
≥

3

𝑛 + 𝜆
 

Proposed by Marin Chirciu – Romania  

U.3379 In Δ𝐴𝐵𝐶, 𝐴𝐴1, 𝐵𝐵1, 𝐶𝐶1 – angle bisectors. Prove that: 

(
𝐵𝐶

𝐵1𝐶1
)
2𝑛

+ (
𝐶𝐴

𝐶1𝐴1
)
2𝑛

+ (
𝐴𝐵

𝐴1𝐵1
)
2𝑛

≥ 3 ⋅ 4𝑛, 𝑛 ∈ ℕ 

Proposed by Marin Chirciu – Romania  

U.3380 Let 𝑛 ∈ ℕ fixed. Solve for real numbers: 

[𝑥] +
𝑛

[𝑥]
= {𝑥} +

𝑛

{𝑥}
 

Proposed by Marin Chirciu – Romania  

U.3381 Solve for real numbers: 

√1 − 𝑥 = 1 − 2𝑥2 − 2𝑥√1 − 𝑥2 

Proposed by Marin Chirciu – Romania  

U.3382 If 𝑎, 𝑏, 𝑐 ≥ 0, 𝑎 + 𝑏 + 𝑐 = 3 and 𝑛 ≥ 𝜆 ≥ 0 then: 

𝑛(𝑎2 + 𝑏2 + 𝑐2) + 𝜆(√𝑎𝑏 + √𝑏𝑐 + √𝑐𝑎) ≥ 3(𝑛 + 𝜆) 

Proposed by Marin Chirciu – Romania  
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U.3383 If 𝑎, 𝑏, 𝑐 ≥ 0 and 𝑛 ∈ ℕ, 𝑛 ≥ 2 then: 

∑ √
𝑎𝑛−1(𝑏 + 𝑐)

2

𝑛

> √𝑎𝑏 + √𝑏𝑐 + √𝑐𝑎 

Proposed by Marin Chirciu – Romania  

U.3384 Write the number 723𝑛+1, 𝑛 ∈ ℕ, as a sum of two perfect cubes. 

Proposed by Marin Chirciu – Romania  

U.3385 Prove that: 

 
2 2

1 1 8 3 4
2 sin sin

4 3 9 9
sin sin

9 9

  
       

 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 Vasile Mircea Popa-Romania 

U.3386 Let be 𝑠, 𝑡, 𝑥, 𝑦, 𝑧 ∈ ℝ+
∗ = (0,∞) then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following 

inequality holds: 

𝑥𝑎4

𝑠𝑦 + 𝑡𝑧
+

𝑦𝑏4

𝑠𝑧 + 𝑡𝑥
+

𝑧𝑐4

𝑠𝑥 + 𝑡𝑦
≥

16

𝑠 + 𝑡
⋅ 𝐹2 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3387 If 𝑥, 𝑦, 𝑧 > 0, (𝐹𝑛)𝑛≥1 is Fibonacci sequence then in any triangle 𝐴𝐵𝐶 with the area 𝑆 the 
following inequality holds: 

𝑥𝑎4

𝑦𝐹𝑛 + 𝑧𝐹𝑛+1
+

𝑦𝑏4

𝑧𝐹𝑛 + 𝑥𝐹𝑛+1
+

𝑧𝑐4

𝑥𝐹𝑛 + 𝑦𝐹𝑛+1
≥

16

𝐹𝑛+2
⋅ 𝑆2 , ∀𝑛 ∈ ℕ∗ 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3388 Let 𝑚 ≥ 0 and 𝑎, 𝑏, 𝑐 > 0, 𝑎 + 𝑏 + 𝑐 = 1, then: 

(𝑎 + 𝑏 + 2)𝑚+1

(𝑐 + 1)𝑚
+
(𝑏 + 𝑐 + 2)𝑚+1

(𝑎 + 1)𝑚
+
(𝑐 + 𝑎 + 2)𝑚+1

(𝑏 + 1)𝑚
≥ 2𝑚+3 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3389 If 𝑎, 𝑏, 𝑐 > 0 and 𝑎 + 𝑏 + 𝑐 = 1 then: 

(𝑎 + 𝑏 + 2)3

(𝑐 + 1)2
+
(𝑏 + 𝑐 + 2)3

(𝑎 + 1)2
+
(𝑐 + 𝑎 + 2)3

(𝑏 + 1)2
≥ 32 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 
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U.3390 If 𝑠, 𝑡, 𝑥, 𝑦, 𝑧 ∈ ℝ+
∗ = (0,∞) then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following 

inequality: 

𝑥𝑎2

𝑠𝑦 + 𝑡𝑧
+

𝑦𝑏2

𝑠𝑧 + 𝑡𝑥
+

𝑧𝑐2

𝑠𝑥 + 𝑡𝑦
≥

4

𝑠 + 𝑡
√3 ⋅ 𝐹 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3391 In any triangle 𝐴𝐵𝐶 with the area 𝐹 and the semiperimeter 𝑠 the following inequality holds: 

𝑠 + 𝑎3 + 𝑏3 + 𝑐3 ≥ 4√6 ⋅ 𝐹 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3392 Let be 𝑀 an interior point in triangle 𝐴𝐵𝐶 with the area 𝐹 and 𝑑𝑎 , 𝑑𝑏 , 𝑑𝑐 the distances of 
point 𝑀 to the sides 𝐵𝐶, 𝐶𝐴 respectively 𝐴𝐵, then: 

𝑎2𝑏

ℎ𝑎𝑑𝑏
2 +

𝑏2𝑐

ℎ𝑏𝑑𝑐
2 +

𝑐2𝑎

ℎ𝑐𝑑𝑎
2 ≥ 24 ⋅ √3 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3393 If 𝑥, 𝑦, 𝑧 > 0 then: 

1936𝑥 + 88𝑦

88𝑥 + 1936𝑦 + 2024𝑧
+

1936𝑦 + 88𝑧

88𝑦 + 1936𝑧 + 2024𝑥
+

1936𝑧 + 88𝑥

88𝑧 + 1936𝑧 + 2024𝑦
≥
3

2
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3394 If 𝑥, 𝑦, 𝑧 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑥𝑎

𝑦 + 𝑧
+

𝑦𝑏

𝑧 + 𝑥
+

𝑧𝑐

𝑥 + 𝑦
≥ √27

4
⋅ √𝐹 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3395 Let 𝑥, 𝑦, 𝑧 > 0 and 𝐴𝐵𝐶 a triangle with the area 𝐹 then: 

(
𝑥𝑎

𝑦 + 𝑧
+
𝑦𝑏2

𝑧 + 𝑥
+

𝑧𝑐

𝑥 + 𝑦
) ⋅ (

𝑥𝑎3

𝑦 + 𝑧
+
𝑦𝑏2

𝑧 + 𝑥
+

𝑧𝑐3

𝑥 + 𝑦
) ≥ 12𝐹2 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3396 Prove that: 

∑
𝑘

𝑛(𝑛 + 1) − 𝑘

𝑛

𝑘=1

≥
𝑛

2(𝑛 − 1)
, ∀𝑛 ∈ ℕ∗ 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 
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U.3397 Let 𝑎𝑘 ∈ ℝ+
∗ , ∀𝑘 = 1, 𝑛̅̅ ̅̅ ̅ and 𝑠 = ∑ 𝑎𝑘

𝑛
𝑘=1 . If 𝑥, 𝑦 > 0 and 𝑥𝑠 > 𝑦 ⋅ max

1≤𝑘≤𝑛
𝑎𝑘, then: 

∑
√𝑎𝑘

3 + (𝑠 − 𝑎𝑘)
33

𝑥𝑠 − 𝑦𝑎𝑘

𝑛

𝑘=1

≥
√3
3
𝑛2

3 ⋅ (𝑛𝑥 − 𝑦)
 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3398 If 𝑚 ≥ 0, 𝑥, 𝑦, 𝑧 > 0 and 𝑥 + 𝑦 + 𝑧 = 𝑠 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the 
following inequality holds: 

(𝑎2 + 𝑎𝑏 + 𝑏2)𝑚+1

(𝑠2 − 𝑥2)𝑚
+
(𝑏2 + 𝑏𝑐 + 𝑎2)𝑚+1

(𝑠2 − 𝑦2)𝑚
+
(𝑐2 + 𝑐𝑎 + 𝑎2)𝑚+1

(𝑠2 − 𝑧2)𝑚
≥
22−𝑚 ⋅ 32𝑚+1(√3)

𝑚+1

𝑠2𝑚
⋅ 𝐹𝑚+1 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3399 In any triangle 𝐴𝐵𝐶 with the usual notations the following inequality holds: 

𝑎3

ℎ𝑎
+
𝑏3

ℎ𝑏
+
𝑐3

ℎ𝑐
≥ 8𝐹 

where 𝐹 = area 𝐴𝐵𝐶 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Mihaly Bencze -Romania 

U.3400 Let be 𝑥, 𝑦 > 0 then in any triangle 𝐴𝐵𝐶 with the area 𝐹 the following inequality holds: 

𝑥2𝑎4 + 𝑦2𝑏4

𝑚𝑐
2 +

𝑥𝑏4 + 𝑦𝑐4

𝑚𝑎
2 +

𝑥𝑐4 + 𝑦𝑎4

𝑚𝑏
2 ≥

8√3

3
(𝑥 + 𝑦)2𝐹 

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 D.M. Bătinețu – Giurgiu, Mihaly Bencze -Romania 

U.3401 Find: 

 

  
22

0

x ln x arctan(x)
dx

x 1 x 1



 
 

  

Proposed by Vasile Mircea Popa-Romania 

U.3402 𝑃𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡: 

∫
−𝐾(𝑘) +

2(𝐾(𝑘)−𝐸(𝑘))

𝑘2

𝑘
𝑑𝑘

1

0

= 1 −
𝜋

4
 

𝑤ℎ𝑒𝑟𝑒,   𝐸(𝑘) = ∫√1− 𝑘2 sin2 𝜃 𝑑𝜃

𝜋

2

0

   𝐴𝑛𝑑   𝐾(𝑘) = ∫
1

√1 − 𝑘2 sin2 𝜃
𝑑𝜃

𝜋

2

0

  

𝑷𝒓𝒐𝒑𝒐𝒔𝒆𝒅 𝒃𝒚 𝑺𝒉𝒐𝒃𝒉𝒊𝒕 𝑱𝒂𝒊𝒏 − 𝑰𝒏𝒅𝒊𝒂 
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U.3403 In any acute triangle ABC holds: 

 4a A b B c C
sin sin sin 2 8

p a 2 p b 2 p c 2
  

  
 

Proposed by Vasile Mircea Popa-Romania 

U.3404 Find:  

k

nn

n
k 1

5
lim

1
n

k




 


  

Proposed by Vasile Mircea Popa-Romania 

U.3405 Find: 

 

 

2

4
0

x ln x arctan(x)
dx

x 1



 


  

Proposed by Vasile Mircea Popa-Romania 

U.3406 In any acute triangle ABC holds: 

 a b c

9 2
r cos A r cos B r cosC R

4
    

Proposed by Vasile Mircea Popa-Romania 

 

U.3407 Prove the below closed form 

∫ ln(√sin𝑥 + √cos 𝑥)

𝜋

2

0

𝑑𝑥 = −
𝐺

2
+
𝜋

4
ln (2 +

3

√2
) 

Where, 𝐺 is the Catalan’s constant 

Proposed by Ankush Kumar Parcha-India  

U.3408 Prove the below closed form 

∫ ∫
ln(1 − 𝑥2𝑦2) − 𝑥𝑦 ln (

1−𝑥𝑦

1+𝑥𝑦
)

1 − 𝑥2𝑦2

1

0

1

0

𝑑𝑥 𝑑𝑦 =
𝜋2

2
ln(2) −

21

8
𝜁(3) 

Where, 𝜁(3) is an Apery’s constant 

Proposed by Ankush Kumar Parcha -India 
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U.3409 Prove the below closed form 

∫ ∫
ln2 (

𝑥

𝑦
) + ln2 (

𝑦

𝑥
)

𝑥

𝑦
+
𝑦

𝑥

1

0

𝑑𝑥
1

0

𝑑𝑦 =
3

8
𝜁(3) 

Where 𝜁(3) is an Apery’s constant  

Proposed by Ankush Kumar Parcha -India 

U.3410 Prove the below closed form 

∫∫
𝑑𝑥 𝑑𝑦

sin2(𝑥) + cos2(𝑦)[0,
𝜋

2
]
2 =

𝜋2

2√2
 

Proposed by Ankush Kumar Parcha -India 

U.3411 Prove the below closed form 

∫ sinh−1(𝑥) cosh−1(𝑥) 𝑑𝑥
1

0

=
𝜋

2
(1 −

4√2𝜋

Γ2 (
1

4
)
) 𝑖 

Proposed by Ankush Kumar Parcha -India 

U.3412 Prove the below closed form 

∫∫ ln (
sin(𝑥)

cos(𝑦)
+
cos(𝑥)

sin(𝑦)
)

[0,
𝜋

2
]
2 𝑑𝑥 𝑑𝑦 =

7𝜁(3)

8
+
𝜋2

4
ln 2 

Where, 𝜁(3) is the Apery’s constant 

Proposed by Ankush Kumar Parcha -India 

U.3413 If  Ω ≔ ∫ ∫ ∫
sin(𝑥+𝑦+𝑧)⋅cos(𝑥+𝑦+𝑧)

√𝑥√𝑦√𝑧

∞

0
𝑑𝑥

∞

0
𝑑𝑦

∞

0
𝑑𝑧 

Then, show that:   Ω = −
√15+11√2−2√116+82√2
4

4 √8
4

Γ(
1

4
)Γ(

1

8
)

𝜋
5

2 

Proposed by Ankush Kumar Parcha -India 

U.3414 Prove the below closed form 

∫ (
1 − 𝑥

1 + 𝑥
)

1

0

ln(𝑥) ln (
1 + 𝑥

1 − 𝑥
)𝑑𝑥 = (

𝑥2 + 4

2
) ln(2) −

𝜋2

12
−
7

12
𝜁(3) 

Proposed by Ankush Kumar Parcha -India 
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U.3415 Prove the below closed form 

∫∫ ln(sin2(𝑥) + cos2(𝑦))
[0,

𝜋

2
]
2 𝑑𝑥 𝑑𝑦 = 𝜋𝐺 −

𝜋2

2
ln 2 

Proposed by Ankush Kumar Parcha-India  

U.3416 Prove the below closed form 

∫ (
sin(𝑥)

𝑥
)

ℝ

(
sin(2𝑥)

𝑥
)(
sin(3𝑥)

𝑥
)𝑑𝑥 = 𝜏 

Where, 𝜏 is the ratio between the circumference and radius of a circle 

Proposed by Ankush Kumar Parcha -India 

U.3417 If Ω ≔ ∫
ln(𝑥)

𝑥

1

2
0

ln (
1+𝑥

1−𝑥
)𝑑𝑥 Then, show that: 

Ω = 𝐿𝑖3 (−
1

2
) + ln 2 𝐿𝑖2 (−

1

2
) −

7

8
𝜁(3) +

ln3(2)

3
 

Where 𝐿𝑖𝑠(𝑧) is the polylogarithm of Jonquiere’s function,  𝜁(3) is the Apery’s constant 

Proposed by Ankush Kumar Parcha-India  

U.3418 Prove the below closed form 

∫∫ √
csc(2𝑥) ⋅ csc(2𝑦)

cos2(𝑥) cos2(𝑦) − sin2(𝑥) sin2(𝑦)[0,
𝜋

4
]
2 𝑑𝑥 𝑑𝑦 =

𝜋𝔴

4
 

Where, 𝔴 is the lemniscate constant. 

Proposed by Ankush Kumar Parcha -India 

U.3419 Prove the below closed form 

∫
ln2(𝑥) sin3(𝑥)

𝑥ℝ

𝑑𝑥 =
𝜋

4
𝛾2 −

𝜋𝛾

4
ln(3) +

𝜋3

48
−
𝜋

8
ln2(3) 

Where, 𝛾 is the Euler – Mascheroni constant. 

Proposed by Ankush Kumar Parcha-India  

U.3420 Prove the below closed form 

∑
(−1)

𝑛(𝑛+1)

2

Γ (
𝑛

2
+
1

2
) Γ (

𝑛

2
+ 1)𝑛∈ℕ0

=
cos(2) − sin(2)

√𝜋
 

Proposed by Ankush Kumar Parcha-India  
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U.3421 Prove the below closed form 

∫
(1 + 𝜋 sin(𝑥)) ⋅ (1 + 𝜋 cos(𝑥))

(1 + 𝑒 sin(𝑥)) ⋅ (1 + 𝑒 cos(𝑥))

2𝜋

0

𝑑𝑥 = 2𝜋 (
𝜋

𝑒
)
2

 

Proposed by Ankush Kumar Parcha-India  

U.3422 Prove the below closed form 

∫∫∫ ∑ ln(

𝑥

𝑥+𝑦
𝑦+𝑧

𝑧

)

𝑥,𝑦,𝑧
[0,1]3

𝑑𝑥 𝑑𝑦𝑑𝑧 = ln (
𝑒3

4096
) 

Proposed by Ankush Kumar Parcha -India 

U.3423 Prove the below closed form 

∑
2−2𝑛

(𝑛 +
1

2
) (𝑛 +

3

2
) (𝑛 +

5

2
)

𝑛∈ℤ0
+

(
2𝑛
𝑛
) =

3𝜋

6
 

Proposed by Ankush Kumar Parcha -India 

U.3424 Prove the below closed form 

∫
(1 − 𝑥)(2 − 𝑥)(3 − 𝑥)

(1 + 𝑥2) ln 𝑥

1

0

𝑑𝑥 = ln(
𝜋5

2048
) 

Proposed by Ankush Kumar Parcha-India  

U.3425 If Ω ≔ ∫ ln (
1+𝑥(√2−1)

1−𝑥(√2−1)
)

1

0
(
1+𝑥

𝑥
) 𝑑𝑥 

Then, show that:  Ω =
𝜋2

8
−
ln2(1+√2)

2
−√2 ln(1 + √2) + (1 + √2) ln(2) 

Proposed by Ankush Kumar Parcha-India  

U.3426 Prove the below closed form 

∫
𝑑𝑥

sin4(𝑥) + sin2(𝑥) + 1

2𝜋

0

= 2(
2
1

2

3
3

4

)𝜋 

Proposed by Ankush Kumar Parcha -India 

U.3427 Prove the below closed form 

∫ 𝑥 ln (1 +
1

csc(𝑥)
+

1

sec(𝑥)
)

𝜋

2

0

𝑑𝑥 =
𝜋

2
𝐺 −

𝜋2

16
ln(2) 

Where, 𝐺 is the Catalan’s constant. 

Proposed by Ankush Kumar Parcha -India 
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U.3428 Prove the below closed form 

∫ (
1

𝑥
−
sin(𝑥)

𝑥2
)

ℝ

2

𝑑𝑥 =
𝜋

3
 

Proposed by Ankush Kumar Parcha-India  

U.3429 Prove the below closed form 

∫∫ (cos−1 (
1 − 𝑥2

1 + 𝑥2
))

ℝ+
2

+ cos−1 (
1 − 𝑦2

1 + 𝑦2
)

𝑑𝑥 𝑑𝑦

(1 + 𝑥2)(𝑥2 + 𝑦2)(1 + 𝑦2)
= 𝜋𝐺 −

𝜋3

8
+
3𝜋2

4
ln(2) 

Where, 𝐺 is the Catalan’s constant 

Proposed by Ankush Kumar Parcha-India  

U.3430 Prove the below closed form 

∑
𝑛2 + 1

𝑛4 + 1
𝑛∈ℤ

=
𝜋√2 sinh(𝜋√2)

cosh(𝜋√2) − cos(𝜋√2)
 

Proposed by Ankush Kumar Parcha -India 

U.3431 Prove the below closed form 

∑
1

Γ(𝑛 − 1) + Γ(𝑛) + Γ(𝑛 + 1)
𝑛∈ℤ

=
𝛿

𝑒
+ 𝛾 + 𝑒 − 1 

Where Γ(𝑧),ℜ{𝑧} > 0 is the gamma function,  𝛿 is the Gompertz constant or Euler-Gompertz 
constant,  𝛾 is Euler’s constant or Euler – Mascheroni constant 

Proposed by Ankush Kumar Parcha-India  

U.3432 Prove the below closed form 

∫ ln (1 +
1

𝑥2
+
1

𝑥4
)

ℝ+
𝑑𝑥 = 𝜋√3 

Proposed by Ankush Kumar Parcha -India 

U.3433 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 = 𝑛! and (𝑏𝑛)𝑛≥1, 𝑏𝑛 > 0, ∀𝑛 ∈ ℕ
∗ with lim

𝑛→∞

𝑛⋅𝑏𝑛+1

𝑏𝑛
= 𝑏 > 0. Find: 

lim
𝑛→∞

( √𝑎𝑛+1
2𝑛+1

− √𝑎𝑛
2𝑛
) ⋅ √𝑏𝑛

𝑛  

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze-Romania 
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U.3434 Let 𝑠, 𝑡 ≥ 0 and (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1, 𝑎𝑛, 𝑏𝑛 > 0, ∀𝑛 ∈ ℕ
∗ and lim

𝑛→∞

𝑎𝑛+1

𝑎𝑛⋅𝑛
𝑠 = 𝑎 > 0, 

lim
𝑛→∞

𝑏𝑛+1

𝑏𝑛 𝑛
𝑡 = 𝑏 > 0. Find: lim

𝑛→∞

√𝑎𝑛⋅𝑏𝑛
𝑛

𝑛𝑠+𝑡
 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze -Romania 

U.3435 Let (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1 sequences of real strictly positive numbers such that  

lim
𝑛→∞

𝑎𝑛+1
𝑛 ⋅ 𝑎𝑛

= 𝑎 > 0, lim
𝑛→∞

𝑛 ⋅ 𝑏𝑛+1
𝑏𝑛

= 𝑏 > 0 

Find: lim
𝑛→∞

√𝑎𝑛 ⋅ 𝑏𝑛
𝑛  

Proposed by D.M. Bătinețu – Giurgiu -Romania 

U.3436 Let (𝑎𝑛)𝑛≥1 a sequence of real strictly positive numbers such that 

lim
𝑛→∞

𝑛⋅𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0. Find: lim

𝑛→∞
√𝑛! ⋅ 𝑎𝑛
𝑛  

Proposed by D.M. Bătinețu – Giurgiu-Romania  

U.3437 Let be (𝑎𝑛)𝑛≥1 a sequence of real strictly positive numbers such that 

lim
𝑛→∞

𝑛⋅𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0. Find: lim

𝑛→∞
√(2𝑛 − 1)‼ ⋅ 𝑎𝑛
𝑛  

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu -Romania 

U.3438 If 𝑡 ≥ 0 find: 

lim
𝑛→∞

(
( √(2𝑛 + 1)‼
𝑛+1

)
𝑡+1

(𝑛 + 1)𝑡
−
(√(2𝑛 − 1)‼
𝑛

)
𝑡+1

𝑛𝑡
) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3439 Let be 𝛾𝑛 = − ln 𝑛 + ∑
1

𝑘
𝑛
𝑘=1 , lim

𝑛→∞
𝛾𝑛 = 𝛾 = Euler – Mascheroni constant. Find: 

lim
𝑛→∞

(𝛾𝑛 − 𝛾) ⋅ √(2𝑛 − 1)‼
𝑛

 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3440 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 = 𝑛! and (𝑏𝑛)𝑛≥1, 𝑏𝑛 > 0, ∀𝑛 ∈ ℕ
∗ such that 

lim
𝑛→∞

𝑛⋅𝑏𝑛+1

𝑏𝑛
= 𝑏 > 0. Find: lim

𝑛→∞
( √𝑎𝑛+1

2𝑛+1
− √𝑎𝑛

2𝑛
) √𝑏𝑛
𝑛  

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu-Romania  
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U.3441 Find: 

lim
𝑛→∞

( √(2𝑛 + 1)‼ (𝑛 + 1)
𝑛+1

) − √(2𝑛 − 1)‼ 𝑛
𝑛

 

Proposed by D.M. Bătinețu – Giurgiu Daniel Sitaru-Romania  

U.3442 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ with lim

𝑛→∞

𝑛⋅𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0 and (𝑏𝑛)𝑛≥1, 𝑏𝑛 = 𝑛!. Find: 

lim
𝑛→∞

√𝑎𝑛
𝑛 ⋅ (

(𝑛 + 1)3

√𝑏𝑛+1
𝑛+1

−
𝑛3

√𝑏𝑛
𝑛

) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3443 If (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ such that lim

𝑛→∞

𝑛⋅𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0. Find: 

lim
𝑛→∞

( √((𝑛 + 1)!)
2
⋅ 𝑎𝑛+1

𝑛+1

− √(𝑛!)2 ⋅ 𝑎𝑛
𝑛

) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3444 If (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ with lim

𝑛→∞

𝑛⋅𝑎𝑛+1

𝑎𝑛
= 𝑎 > 0 and (𝑏𝑛)𝑛≥1, 𝑏𝑛 = (2𝑛 − 1)‼. Find: 

lim
𝑛→∞

( √𝑎𝑛+1 ⋅ 𝑏𝑛+1
2𝑛+1

− √𝑎𝑛 ⋅ 𝑏𝑛
2𝑛
) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania  

U.3445 If 𝑠, 𝑡 > 0, 𝑠 + 𝑡 = 1 and (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1, 𝑎𝑛, 𝑏𝑛 > 0, ∀𝑛 ≥ 1 with 

lim
𝑛→∞

𝑎𝑛+1

𝑎𝑛⋅𝑛
𝑠 = 𝑎 > 0, lim𝑛→∞

𝑏𝑛+1

𝑏𝑛⋅𝑛
𝑡 = 𝑏 > 0. Find:    lim

𝑛→∞
( √𝑎𝑛+1𝑏𝑛+1
𝑛+1 − √𝑎𝑛 ⋅ 𝑏𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți-Romania  

U.3446 Let (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ with lim

𝑛→∞

√𝑎𝑛
𝑛

√(2𝑛−1)‼
𝑛 = 𝑎 > 0. Find: 

lim
𝑛→∞

( √𝑎𝑛+1
𝑛+1 − √𝑎𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu, Claudia Nănuți -Romania 

U.3447 If 𝑡 ≥ 0, find: 

lim
𝑛→∞

(
( √(𝑛 + 1)!
𝑛+1 )

𝑡+1

(𝑛 + 1)𝑡
−
(√𝑛!
𝑛 )

𝑡+1

𝑛𝑡
) 

Proposed by D.M. Bătinețu – Giurgiu, Daniel Sitaru-Romania 
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U.3448 Let be (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1 sequences of real strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1
𝑎𝑛 ⋅ 𝑛

= 𝑎 > 0, lim
𝑛→∞

𝑏𝑛+1 ⋅ 𝑛

𝑏𝑛
= 𝑏 > 0 

Find: lim
𝑛→∞

(
(𝑛+1)3

√𝑎𝑛+1
𝑛+1 ⋅ √𝑏𝑛+1

𝑛+1 −
𝑛3

√𝑎𝑛
𝑛 ⋅ √𝑏𝑛

𝑛 ) 

Proposed by D.M. Bătinețu – Giurgiu-Romania  

U.3449 Let be (𝑎𝑛)𝑛≥1, 𝑎𝑛 > 0, ∀𝑛 ∈ ℕ
∗ such that lim

𝑛→∞

𝑎𝑛+1

𝑛⋅𝑎𝑛
= 𝑎 > 0. Find: 

lim
𝑛→∞

𝑛 ⋅ √𝑎𝑛
𝑛 ⋅ ∫ 𝑥3 ⋅ (1 − 𝑥2)𝑛

1

0

𝑑𝑥 

Proposed by D.M. Bătinețu – Giurgiu-Romania  

U.3450 Let (𝑎𝑛)𝑛≥1, (𝑏𝑛)𝑛≥1 sequences of real strictly positive numbers such that 

lim
𝑛→∞

𝑎𝑛+1

𝑛⋅𝑎𝑛
= 𝑎 > 0, lim

𝑛→∞

𝑏𝑛+1

𝑛⋅𝑏𝑛
= 𝑏 > 0. Find: 

lim
𝑛→∞

1

√𝑎𝑛
𝑛

⋅ ∑
𝑘

√𝑏𝑘
𝑘

𝑛

𝑘=2

 

Proposed by D.M. Bătinețu – Giurgiu, Mihaly Bencze-Romania  

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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PROBLEMS FOR JUNIORS 
 

JP.601 If 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟎 then: 

(𝝀 + 𝟏)∑
𝒂𝟐

𝒃 + 𝝀𝒄
+ 𝟐√𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥ 𝟑(𝒂 + 𝒃 + 𝒄) 

Proposed by Marin Chirciu – Romania  

JP.602 If 𝒂, 𝒃, 𝒄 > 0 and 𝝀 ≥ 𝟎 then: 

𝟐∑
𝒂𝟑

𝒃 + 𝝀𝒄
+
𝝀 + 𝟏

𝟐
∑𝒃𝒄 ≥ 𝟐∑𝒂𝟐 

Proposed by Marin Chirciu – Romania  

JP.603 If 𝒂, 𝒃, 𝒄 > 0 then: 

𝟐(𝒂𝒂 + 𝒃𝒃 + 𝒄𝒄) ≥ 𝒂𝒃 + 𝒂𝒄 + 𝒃𝒂 + 𝒃𝒄 + 𝒄𝒂 + 𝒄𝒃 

Proposed by Daniel Sitaru – Romania  

JP.604 If 𝒂, 𝒃 > 0; 𝑛 ∈ ℕ∗ then: 

𝒂𝟐𝒏

𝒃𝟐𝒏
+ 𝒂𝟐𝒏𝒃𝟒𝒏 +

𝟏

𝒂𝟒𝒏𝒃𝟐𝒏
≥
𝒃

𝒂
+ 𝒂𝟐𝒃 +

𝟏

𝒂𝒃𝟐
 

Proposed by Daniel Sitaru – Romania  
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JP.605 Find if it exists 𝒙, 𝒚 ∈ ℝ∗ such that: 

𝟒𝒙+𝒚 + √𝟐𝟎𝟐𝟔𝒙 + 𝟐𝟎𝟐𝟔𝒚 − 𝟐 = 𝟐𝒙+𝒚+𝟏 − 𝟏 

Proposed by Adrian Gobej – Romania  

JP.606 Solve the following equation: 

𝟐𝟎𝟏𝟔𝟐−𝒙
𝟐
+ 𝟐𝟎𝟏𝟔𝟐𝟎𝟏𝟕𝒙

𝟐−𝟒√𝒙−𝟐𝟎𝟏𝟑 = 𝟐𝟎𝟏𝟕 

Proposed by Adrian Gobej – Romania  

JP.607 Solve for reals: 

√𝟖𝒙 − 𝟕
𝟒

+ √𝟑 − 𝟐𝒙𝟒
𝟒

= 𝟐 

Proposed by Marin Chirciu – Romania  

JP.608 Let be the triangle 𝑨𝑩𝑪,𝑨𝑨𝟏, 𝑩𝑩𝟏, 𝑪𝑪𝟏 internal bisectors and 𝑨𝟐, 𝑩𝟐 , 𝑪𝟐 contact 

points to the bisectors with the circumcircle of the triangle. Prove that: 

𝑨𝟏𝑨𝟐 ⋅ 𝑩𝟐𝑪𝟐 +𝑩𝟏𝑩𝟐 ⋅ 𝑨𝟐𝑪𝟐 + 𝑪𝟏𝑪𝟐 ⋅ 𝑨𝟐𝑩𝟐 ≥ 𝑹𝒔 

where 𝒑 represent the semiperimeter and 𝑹 the circumradii of triangle 𝑨𝑩𝑪. 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

 

JP.609 In acute triangle 𝑨𝑩𝑪,𝑨′, 𝑩′, 𝑪′ are symmetric points of the points 𝑨,𝑩, 𝑪 to the 

sides 𝑩𝑪, 𝑨𝑪, and 𝑨𝑩 respectively. Prove that: 

𝝈[𝑨′𝑩′𝑪′]

𝝈[𝑨𝑩𝑪]
= 𝟒 (

𝒓

𝑹
)
𝟐

+ 𝟖 ⋅
𝒓

𝑹
− 𝟏 

where 𝝈[𝑨𝑩𝑪] represent area of 𝚫𝑨𝑩𝑪. 

Proposed by Marian Ursărescu, Florică Anastase – Romania  
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JP.610 Solve for real numbers: 

𝐥𝐨𝐠
𝟐√𝟖+𝟐√𝟏𝟓

(𝒙𝟐 + 𝒙 + 𝟐) = 𝐥𝐨𝐠√𝟒+√𝟏𝟓
(𝒙𝟐 + 𝒙 + 𝟏) 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

JP.611 Find the angle between the real plans: 

𝑷𝟏: 𝟐𝒙 + 𝒚 + 𝟑𝒛 − 𝟏 = 𝟎 

𝑷𝟐: 𝟑𝒙 − 𝟐𝒚 + 𝒛 + 𝟏 = 𝟎 

Proposed by Daniel Sitaru – Romania  

JP.612 Find the angle between the line 𝒅 and the real plan 𝑷. 

𝒅: {
𝒙 = 𝟐 + 𝟑𝒕
𝒚 = 𝟑 − 𝟐𝒕
𝒛 = 𝟏 + 𝟓𝒕

; 𝒕 ∈ ℝ; 𝑷: 𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎 

Proposed by Daniel Sitaru – Romania  

JP.613 Find the angle between the lines: 

𝒅𝟏: {
𝒙 = 𝟑 − 𝟐𝒕
𝒚 = 𝟏 + 𝒕
𝒛 = −𝟏 + 𝟑𝒕

;𝒅𝟐: {
𝒙 = 𝟐 + 𝟒𝒕
𝒚 = −𝟏 + 𝟐𝒕
𝒛 = 𝟒 − 𝒕

; 𝒕 ∈ ℝ 

Proposed by Daniel Sitaru – Romania  

JP.614 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟒 + 𝒃𝟒

𝒉𝒄
+
𝒃𝟒 + 𝒄𝟒

𝒉𝒂
+
𝒄𝟒 + 𝒂𝟒

𝒉𝒃
≥ 𝟐𝟖𝟖𝒓𝟑 

Proposed by Nguyen Hung Cuong – Vietnam  

JP.615 In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟒 + 𝒃𝟒

𝒉𝒄𝟐
+
𝒃𝟒 + 𝒄𝟒

𝒉𝒂𝟐
+
𝒄𝟒 + 𝒂𝟒

𝒉𝒃
𝟐 ≥ 𝟗𝟔𝒓𝟐 

Proposed by Nguyen Hung Cuong – Vietnam  
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PROBLEMS FOR SENIORS 

 

SP.601 What is the largest positive value of the power 𝒌 such that 

𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌 ≤ 𝟑 

for all nonnegative real numbers 𝒂, 𝒃, 𝒄, 𝒅 with 𝒂 ≤ 𝒃 ≤ 𝒄 ≤ 𝒅 and  

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒅 + 𝒅𝒂 = 𝟒? 

Proposed by Vasile Cîrtoaje – Romania  

SP.602 Let 𝒂𝟏, 𝒂𝟐, … , 𝒂𝒏 be nonnegative real numbers such that 𝒂𝟏 + 𝒂𝟐 +⋯+ 𝒂𝒏 = 𝒏. 

Prove that: 

∑√
𝒏− 𝒂𝒊

𝒏 − 𝟏 + 𝒂𝒊

𝒏

𝒊=𝟏

≥ √𝒏(𝒏 − 𝟏) 

Proposed by Vasile Cîrtoaje – Romania  

SP.603 Prove that 
𝟓

𝟑
 is the largest positive value of the power 𝒌 such that 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
+
𝟏

𝒅
≥ 𝒂𝒌 + 𝒃𝒌 + 𝒄𝒌 + 𝒅𝒌 

for all positive real numbers 𝒂, 𝒃, 𝒄, 𝒅 with at most one of them smaller than 𝟏 and  

𝒂𝒃 + 𝒂𝒄 + 𝒂𝒅 + 𝒃𝒄 + 𝒃𝒅 + 𝒄𝒅 = 𝟔. 

Proposed by Vasile Cîrtoaje – Romania  

SP.604 Let be 𝑨(𝟐, 𝟏, 𝟎);𝑩(𝟏, 𝟐, 𝟏); 𝑪(𝟑, 𝟑, 𝟑); 𝑫(𝟎,𝟎, 𝟒). Find the distance from the point 

𝑫 to the real plan (𝑨𝑩𝑪). 

Proposed by Daniel Sitaru – Romania  
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SP.605 Let be 𝑨(𝟏, 𝟐, 𝟏);𝑩(𝟐, 𝟏, 𝟑); 𝑪(𝟒, 𝟒, 𝟒).Find the distance from the point 𝑨 to the line 

𝑩𝑪. 

Proposed by Daniel Sitaru – Romania  

SP.606 Let be 𝑨(𝟐, 𝟏, 𝟎);𝑩(𝟎, 𝟏, 𝟐); 𝑪(𝟑, 𝟎, 𝟏); 𝑫(𝟒,𝟒, 𝟒). Find the volume of the 

tetrahedron 𝑨𝑩𝑪𝑫. 

Proposed by Daniel Sitaru – Romania  

SP.607 Let be the function 𝒇: [𝟎, 𝟏] → ℝ integrable such that 𝒇(𝟏) = 𝟏 and 

∫ 𝒇(𝒕)
𝒚

𝒙

𝒅𝒕 =
𝟏

𝟐
(𝒚𝒇(𝒚) − 𝒙𝒇(𝒙)), ∀𝒙, 𝒚 ∈ [𝟎, 𝟏] 

Find: 

𝑰 = ∫ 𝒇(𝒙)

𝝅

𝟒

𝟎

⋅ 𝐭𝐚𝐧𝟐 𝒙𝒅𝒙 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

SP.608 If 𝒂, 𝒃, 𝒄 ∈ (𝟎, 𝟏) and 𝒙, 𝒚, 𝒛 > 0 such that 𝒂 = (𝒃𝒄)𝒙, 𝒃 = (𝒄𝒂)𝒚, 𝒄 = (𝒂𝒃)𝒛 and 

𝒙𝒚𝒛 = 𝟏 then holds: 

√∑𝒂𝒏(𝒚 + 𝒛 + 𝟐)𝟐𝒏−𝟏

𝒄𝒚𝒄

𝒏 ≥ 𝟔 ⋅ √𝒂𝒃𝒄
𝟑

, 𝒏 ∈ ℕ∗, 𝒏 ≥ 𝟐 

Proposed by Marian Ursărescu, Florică Anastase – Romania  

SP.609 If 𝒂, 𝒃, 𝒄 > 0 then: 

√𝒂𝟐𝒃𝟐 + 𝒄𝟐 +√𝒄𝟐𝒃𝟐 + 𝒂𝟐 +√𝒄𝟐𝒂𝟐 + 𝒃𝟐 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 

Proposed by Daniel Sitaru – Romania  
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SP.610 If 𝒂, 𝒃, 𝒄 > 0 then: 

√𝒂𝟐 + 𝟏 +√𝒃𝟐 + 𝟏 +√𝒄𝟐 + 𝟏 ≥ √(𝒂 + 𝒃 + 𝒄)𝟐 + 𝟗 

Proposed by Daniel Sitaru – Romania 

SP.611 If 𝒙, 𝒚, 𝒛 > 0 then: 

(𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓)(𝒙𝟔 + 𝒚𝟔 + 𝒛𝟔)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟓 ≥ (𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)𝟕 

Proposed by Daniel Sitaru – Romania 

SP.612 Let be 𝑨(𝟏, 𝟐, 𝟑);𝑩(𝟒, 𝟏, 𝟏); 𝑪(𝟎, 𝟑, 𝟐); 𝑫(𝟐,𝟏, 𝟑). Find the volume of the 

parallelepiped builded on the vectors 𝑨𝑩⃗⃗⃗⃗⃗⃗ , 𝑨𝑪⃗⃗⃗⃗  ⃗, 𝑨𝑫⃗⃗⃗⃗⃗⃗ . 

Proposed by Daniel Sitaru – Romania  

SP.613 Let be 𝑨(𝟐, 𝟒, 𝟏);𝑩(𝟒, 𝟐, 𝟓). Find the mediator plan of the segment [𝑨𝑩]. 

Proposed by Daniel Sitaru – Romania  

SP.614 Let be 𝑨(𝟏, 𝟑, 𝟐);𝑩(𝟑, 𝟏, 𝟏); 𝑪(𝟒, 𝟐, 𝟎). Find the area of the parallelogram builded 

on 𝑨𝑩⃗⃗⃗⃗⃗⃗  and 𝑨𝑪⃗⃗⃗⃗  ⃗. 

Proposed by Daniel Sitaru – Romania  

SP.615 Let be 𝑨(𝟏, 𝟐, 𝟑) and the real plan: 𝑷:𝟐𝒙 + 𝒚 + 𝒛 − 𝟓 = 𝟎 

Find the parametrical equations of the perpendicular line from 𝑨 to the real plan 𝑷. 

Proposed by Daniel Sitaru – Romania  
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UNDERGRADUATE PROBLEMS 

 

UP.601 Let {𝑳𝒏}𝒏≥𝟎 be the Lucas’ sequence defined by 𝑳𝟎 = 𝟐, 𝑳𝟏 = 𝟏 and for all 𝒏 ≥

𝟐, 𝑳𝒏 = 𝑳𝒏−𝟏 + 𝑳𝒏−𝟐. Determine the sum of the lengths of the intervals, disjoint two by 

two, formed by all 𝒇(𝒙) = 𝟏, where 

𝒇(𝒙) =
𝑳𝟏
𝟐

𝒙 + 𝑳𝟏
𝟐 +

𝑳𝟐
𝟐

𝒙 + 𝑳𝟐
𝟐 +⋯+

𝑳𝒏
𝟐

𝒙 + 𝑳𝒏𝟐
 

Proposed by Jose Luiz Diaz Barrero-Spain 

UP.602 Find all non-negative integers for which 

∑
𝒌

𝒌+ 𝟏

𝒏

𝒌=𝟎

(
𝒏
𝒌
)
𝟐

 

is and integer number. 

Proposed by Jose Luiz Diaz Barrero-Spain 

UP.603 Find all positive real values of the constant 𝒌 such that 

𝟗(𝒂𝟐 + 𝒌)(𝒃𝟐 + 𝒌)(𝒄𝟐 + 𝒌) ≤ (𝟏 + 𝒌)𝟑(𝒂 + 𝒃 + 𝒄)𝟐 

for any nonnegative real numbers 𝒂, 𝒃, 𝒄 with 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

Proposed by Vasile Cîrtoaje – Romania  

UP.604 Prove that 
𝟑

𝟐
 is the smallest positive value of the power 𝒌 such that  

𝟏

𝒂𝒌
+
𝟏

𝒃𝒌
+
𝟏

𝒄𝒌
≥ 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

for all positive real numbers 𝒂, 𝒃, 𝒄 with at most one of them smaller than 𝟏 and 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

Proposed by Vasile Cîrtoaje – Romania  
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UP.605 We consider the function 𝒖:ℝ → ℝ, periodic with period 𝟐𝝅. For the period 

[𝟎, 𝟐𝝅] we have: 

𝒖(𝒙) = 𝐜𝐨𝐬(𝒙) if 𝒙 ∈ [𝟎,
𝝅

𝟐
) ; 𝒖(𝒙) = 𝟎 if ∈ [

𝝅

𝟐
,
𝟑𝝅

𝟐
) ; 𝒖(𝒙) = 𝐜𝐨𝐬(𝒙) if 𝒙 ∈ [

𝟑𝝅

𝟐
, 𝟐𝝅). 

Prove the equality: 

∫
𝒖(𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 =
𝝅

𝟒𝒆
+
𝒆𝟐 + 𝟏

𝟐𝒆
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

𝒆
) 

Proposed by Vasile Mircea Popa – Romania 

UP.606 If 𝒇:ℝ → (𝟏,∞) and 𝒈:ℝ → ℝ are continuous functions, and 𝒚𝒏 = √𝒏!𝑭𝒏
𝒏 , 

𝒏 ∈ ℕ∗ − {𝟏}, where (𝑭𝒏)𝒏≥𝟎 is Fibonacci sequence, find: 

𝐥𝐢𝐦
𝒏→∞

∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

UP.607 Calculate the integral: 

∫
𝒙 𝐥𝐧𝒙

(𝒙 + 𝟏)(𝒙𝟐 + 𝟏)

𝟏

𝟎

𝒅𝒙 

Proposed by Vasile Mircea Popa – Romania  

UP.608 If 𝒇:ℝ → (𝟏,∞) and 𝒈:ℝ → ℝ are continuous functions, and (𝑳𝒏)𝒏≥𝟎 is Lucas 

sequence, and 𝒚𝒏 = √(𝟐𝒏 − 𝟏)‼ 𝑳𝒏
𝒏 , 𝒏 ∈ ℕ∗ − {𝟏}, find: 

𝐥𝐢𝐦
𝒏→∞

∫
(𝒇(𝒙 − 𝒚𝒏))

𝒈(𝒚𝒏+𝟏−𝒙)

(𝒇(𝒚𝒏+𝟏 − 𝒙))
𝒈(𝒙−𝒚𝒏)

+ (𝒇(𝒙 − 𝒚𝒏))
𝒈(𝒚𝒏+𝟏−𝒙)

𝒚𝒏+𝟏

𝒚𝒏

𝒅𝒙. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  
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UP.609 If 𝒇: [𝒂, 𝒃] → (𝟎,∞) is continuous functions such that 𝒇(𝒂 + 𝒃 − 𝒙) + 𝒇(𝒙) = 𝒄, 

∀𝒙 ∈ [𝒂, 𝒃] and 𝒂 + 𝒃 =
𝝅

𝟐
, find:  

∫
𝐬𝐢𝐧𝒏 𝒙 + 𝒇(𝒙) + 𝒅

𝐬𝐢𝐧𝒏 𝒙 + 𝐜𝐨𝐬𝒏 𝒙 + 𝒄 + 𝟐𝒅

𝒃

𝒂

𝒅𝒙,  

where 𝒏 ∈ ℕ∗ and 𝒅 ≥ 𝟎. 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

UP.610 If 𝒇:ℝ+
∗ → ℝ+

∗  is a continuous function and 𝜸𝒏 = −𝐥𝐧𝒏 + ∑
𝟏

𝒌

𝒏
𝒌=𝟏 , find 

𝐥𝐢𝐦
𝒏→∞

𝒏∫
𝒇(𝒙 − 𝜸)

𝒇(𝜸𝒏 − 𝒙) + 𝒇(𝒙 − 𝜸)

𝜸𝒏

𝜸

𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

UP.611 If 𝒇:ℝ+
∗ → ℝ+

∗  is a continuous function and (𝒙𝒏)𝒏≥𝟏, 𝒙𝒏 = ∑
𝟏

𝒌

𝒏
𝒌=𝟏 , find 

𝐥𝐢𝐦
𝒏→∞

∫
𝒇(𝒙 − 𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏 − 𝒙) + 𝒇(𝒙 − 𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

UP.612 If 𝒇:ℝ+
∗ → ℝ+

∗  is a continuous function and (𝒂𝒏)𝒏≥𝟏 is defined by 𝒂𝟏 = 𝒂𝟐 = 𝟏, 

𝒂𝒏+𝟏 = ∑
𝒂𝒌

𝒌

𝒏
𝒌=𝟏 , ∀𝒏 ≥ 𝟐 and (𝒙𝒏)𝒏≥𝟏, 𝒙𝒏 = ∑

𝟏

𝒂𝒌

𝒏
𝒌=𝟏 , find 𝐥𝐢𝐦

𝒏→∞

𝟏

𝒏
∫

𝒇(𝒙−𝒆𝒙𝒏)

𝒇(𝒆𝒙𝒏+𝟏−𝒙)+𝒇(𝒙−𝒆𝒙𝒏)

𝒆𝒙𝒏+𝟏

𝒆𝒙𝒏
𝒅𝒙 

Proposed by D.M. Bătinețu – Giurgiu, Neculai Stanciu – Romania  

UP.613 Let be 𝑨(𝟏, 𝟐, 𝟎);𝑩(𝟐, 𝟎, 𝟏); 𝑪(𝟑, 𝟑, 𝟑). Find the area of 𝚫𝑨𝑩𝑪. 

Proposed by Daniel Sitaru – Romania  
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UP.614 If 𝟎 < 𝑎 ≤ 𝑏 then: 

∫ ∫
𝒅𝒙𝒅𝒚

𝒙𝟐 − 𝒙𝒚+ 𝒚𝟐

𝒃

𝒂

𝒃

𝒂

+ 𝟑(𝐥𝐧 (
𝒃

𝒂
))

𝟐

≥ 𝟏𝟔∫ ∫
𝒅𝒙𝒅𝒚

(𝒙 + 𝒚)𝟐

𝒃

𝒂

𝒃

𝒂

 

Proposed by Daniel Sitaru – Romania  

UP.615 Prove that 
𝟖

𝟓
 is the smallest positive value of the constant 𝒌 such that 

𝟏

(𝒂 + 𝒃)𝟐 + 𝒌
+

𝟏

(𝒃 + 𝒄)𝟐 + 𝒌
+

𝟏

(𝒄 + 𝒂)𝟐 + 𝒌
≤

𝟑

𝟒 + 𝒌
 

for all side lengths 𝒂, 𝒃, 𝒄 of a triangle with 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟑. 

Proposed by Vasile Cîrtoaje – Romania  

All solutions for proposed problems can be finded on the 
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical 

Magazine-Interactive Journal. 
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