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A FEW LIMITS OF INTEGRALS

By Neculai Stanciu-Romania

Abstract: In the next paper we will prove a theorem and we will solve three problems from
the well-known math magazine Crux Mathematicorum, Vol. 52, No. 2, February, 2026.

Theorem: Let | =[a,b] = R, and the sequences (&, ),.;, (0,).:,and (C,) 1"
(i) a, <b,, c, >0,forany ne N'; (i) a,,b,,c,xel,ne N forany xel,neN’;
(iii) (a,C,) s @and (b,C, ), have finite limitsand lim a,c, =limb,c, =lel;

n—oo Nn—o0

(iv) there exists a € Rsuch that lim n“(b, —a,)=L eR.

If the function f :1 — Ris continuous on |, then:

by
lim n [ f(c,x)dx=L- f(1).
Proof: Fora ne N7, let the function g, : | — R defined by g, (x) = f(c,x), xe.Since g,

itis a continuous function on |, according to the mean theorem (MVT) of integral calculus we
have that there exists &, €[a,,b,] such that

bn
[9,(0dx = (b, —a,)9, (&), (*),
i.e. there exists a, <&, <b, such that
bI'I
[ fc0dx=(b, —a,)f(c,&), neN", (**).

Since ¢, >0, from (*) we have a,c, <c.&, <b.c,. Taking into account (iii), according to the
squeeze theorem it follows that

lim f,(c,&,) = f(I), (**%).

n—oo

Taking into account (**) and (***), we get the conclusion of the proposition.
The idea of the proof in the proposition above can be used in solving problems with limits of
definite integrals.
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Problem 1:

7[2

6
Find the limit !IITOO N !I f(X)dx,where (Sn)nZ S, = 1 and f :(0,0) — (0,) isa

continuous function on (0,).

2 2
Solution: Using lim s = %, by (MVT) there exists &, € (Sn ,%J such that
n—oo

”2

j‘ f(x)dx = (”—;—sn)f (&,),vne N7, (1).So,

i T
6 n 2 7_8
ij(x)dx:\/r?- n -n(ﬂ sn} V! 6

- ) 1
n
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Problem 2:
”n
. . im N/nl
Find the limit LILT!O\/H_.I]‘(X)CIX, where (7,)_, 7 Inn+z

f :(0,0) — (0,90) is a continuous function on (0,x).

IIm \ Vo =

and
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n

Solution: Using lim Vnt :1, (1), by (MVT) there exists &, € (y,7,) such that
(5]

n—ow n

n

[ £00dx= (7, =7) F(£) wnen®, so

\/ﬁj f (x)dx =¥nl(y, —7)1‘(5,1)=£:!-ﬂ(yn -7 1), .
From (1) and (2)
, " 1.{. .
im 91 1000 1l & Jim 1)<

]/n yCesaoro—Stolsf(y) ||m 7n+1 7/n _ f(j/) ||m _7n+1+7/n _

_—f(y)llm 1 (g] e MU m I -
n+l n n(n+1)
nn—ﬂ—i[iﬂ In(1+ x)—i

L0 e I T R 02 1+ X _

e noo 1 e X0 x?

nZ

_ f(y) i (X+2)In(1+ x)—x _ f(y) i (X+2)In(1+ x) —x _

e x>0 x2(L+x) e x20 x?

x>0

1
= L0 g A0 21D TG iy 14590 = T e 2 T
e x20 2X 2e x>0 2e 2e

x>0 x>0

Problem 3:

7n
Find the limit Inigl”\/@-i/ﬁ-ﬁ/(Zn—l 1 £ 00X where (7)., 7, =~In n+2% with
V4 k=1

lim y, = ,and f :(0,00) - (0,0) is a continuous function on (0,) .

Solution: m LY V8@ L \/\/3_' VBi-... \/(Zn -

N—oo n n—oo

- NETRICTEN n-nn-g2n+ n" _
N> (n+1)" NETR T Y

_my@n+) on " @n-pit 1. (2n+DI  n’
= lim = I|m = =Z1im =
oo N4l n+1 g nwe n" e (n+D)"™ (2n-— 1)”
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~Lim 2””(—” J =2 ).
€

“ e n+lln+l
By (MVT) 3¢, € (7,y,) such that

J 1098 = 00 =N F(E) vne w50

7
Y3381 8 (2n — 1)"j f (x)dx = {3-4-...fien -y -NfE), Q)
From (1) and (2) yields that
iianq/@-i/@-,n/(zn—l !!yj" f (x)dx =
_2f(7)| 7n+1+7n_

Cesaoro-Stols
7n 7/ 2f(7/)|lm 7n+1 7n_
1 [OJ ez nowo 1 1 e n—w 1

0
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