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3901. If in ∆𝑨𝑩𝑪 we have: 

𝒕𝒂𝒏
𝑨

𝟐
𝒕𝒂𝒏

𝑩

𝟐
=
𝟏

𝟓
 

then: 
𝟑𝒔𝒊𝒏𝑪 = 𝟐𝒔𝒊𝒏𝑨 + 𝟐𝒔𝒊𝒏𝑩 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝒕𝒂𝒏
𝑨

𝟐
𝒕𝒂𝒏

𝑩

𝟐
=
𝟏

𝟓
⟹ √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔(𝒔 − 𝒂)
∙ √
(𝒔 − 𝒂)(𝒔 − 𝒄)

𝒔(𝒔 − 𝒃)
=
𝟏

𝟓
⟹ 

 

⟹
𝒔− 𝒄

𝒔
=
𝟏

𝟓
⟹ 𝟓𝒔 − 𝟓𝒄 = 𝒔 ⟹ 𝟒𝒔 = 𝟓𝒄 ⟹ 

 
⟹ 𝟐𝒂+ 𝟐𝒃 + 𝟐𝒄 = 𝟓𝒄 ⟹ 𝟑𝒄 = 𝟐𝒂 + 𝟐𝒃 ⟹ 

 
⟹𝟑 ∙ 𝟐𝑹𝒔𝒊𝒏𝑪 = 𝟐 ∙ 𝟐𝑹𝒔𝒊𝒏𝑨 + 𝟐 ∙ 𝟐𝑹𝒔𝒊𝒏𝑩⟹ 𝟑𝒔𝒊𝒏𝑪 = 𝟐𝒔𝒊𝒏𝑨 + 𝟐𝒔𝒊𝒏𝑩 

 
3902. Prove that in ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂

𝒓𝒃
+
𝒃

𝒓𝒄
+
𝒄

𝒓𝒂
≥ 𝟐√𝟑 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝒂

𝒓𝒃
+
𝒃

𝒓𝒄
+
𝒄

𝒓𝒂
≥⏞

𝑨𝑴−𝑮𝑴

𝟑(
𝒂𝒃𝒄

𝒓𝒂𝒓𝒃𝒓𝒄
)

𝟏
𝟑

= 

= 𝟑(
𝟒𝑹𝑭

𝑭𝒑
)

𝟏
𝟑
= 𝟑(

𝟒𝑹

𝒑
)

𝟏
𝟑

≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑(
𝟒

𝒑
.
𝟐𝒑

𝟑√𝟑
)

𝟏
𝟑
=
𝟔

√𝟑
= 𝟐√𝟑 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 
 

3903. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑

(𝐬 + 𝐩𝒂√
𝐰𝒂
𝒈𝒂
) (𝐰𝒂 + 𝐰𝐛 +𝐦𝐜 − 𝐧𝒂√𝟑)

𝐡𝒂
𝐜𝐲𝐜

≤ 𝟐√𝟑(𝟒𝐑 + 𝐫) 

  Proposed by Bogdan Fuștei-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐦𝒂𝐧𝒂 ≥
?
𝐩𝒂
𝟐 +

(𝐛 − 𝐜)𝟐

𝟏𝟖
⇔

𝐅𝐮𝐬𝐭𝐞𝐢
𝒂𝐧𝐝
𝐀𝐣𝐢𝐛𝒂

 

(𝐬(𝐬 − 𝒂) +
(𝐛 − 𝐜)𝟐

𝟒
)(𝐬(𝐬 − 𝒂) +

𝐬(𝐛 − 𝐜)𝟐

𝒂
) ≥

?
(𝐬(𝐬 − 𝒂) +

𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
)

𝟐

 

+
(𝐛 − 𝐜)𝟒

𝟑𝟐𝟒
+
(𝐛 − 𝐜)𝟐

𝟗
. (𝐬(𝐬 − 𝒂) +

𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
) 

⇔ 𝐬(𝐬 − 𝒂)(𝐛 − 𝐜)𝟐 (
𝐬

𝒂
+
𝟏

𝟒
) +

𝐬(𝐛 − 𝐜)𝟒

𝟒𝒂
≥
? 𝐬𝟐(𝟑𝐬 + 𝒂)𝟐(𝐛 − 𝐜)𝟒

(𝟐𝐬 + 𝒂)𝟒
+ 

𝟐𝐬(𝐬 − 𝒂).
𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
+
(𝐛 − 𝐜)𝟒

𝟑𝟐𝟒
+ 𝐬(𝐬 − 𝒂).

(𝐛 − 𝐜)𝟐

𝟗
+
𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟒

𝟗(𝟐𝐬 + 𝒂)𝟐
 

⇔ 𝐬(𝐬 − 𝒂) (
𝐬

𝒂
+
𝟏

𝟒
−
𝟐𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
−
𝟏

𝟗
) + 

(
𝐬

𝟒𝒂
−
𝐬𝟐(𝟑𝐬 + 𝒂)𝟐

(𝟐𝐬 + 𝒂)𝟒
−

𝟏

𝟑𝟐𝟒
−
𝐬(𝟑𝐬 + 𝒂)

𝟗(𝟐𝐬 + 𝒂)𝟐
) (𝐛 − 𝐜)𝟐 ≥

?
𝟎 (∵ (𝐛 − 𝐜)𝟐 ≥ 𝟎) 

⇔
𝐬(𝐬 − 𝒂)(𝟏𝟒𝟒𝐬𝟑 − 𝟓𝟐𝐬𝟐𝒂 − 𝟏𝟔𝐬𝒂𝟐 + 𝟓𝒂𝟑)

𝟑𝟔𝒂(𝟐𝐬 + 𝒂)𝟐
+ 

𝟏𝟐𝟗𝟔𝐬𝟓 − 𝟕𝟕𝟐𝐬𝟒𝒂 − 𝟔𝟎𝟖𝐬𝟑𝒂𝟐 + 𝟒𝟖𝐬𝟐𝒂𝟑 + 𝟑𝟕𝐬𝒂𝟒 − 𝒂𝟓

𝟑𝟐𝟒𝒂(𝟐𝐬 + 𝒂)𝟒
. (𝐛 − 𝐜)𝟐 ≥

?
𝟎 

⇔
𝐬(𝐬 − 𝒂) ((𝐬 − 𝒂)(𝟏𝟒𝟒𝐬𝟐 + 𝟗𝟐𝐬𝒂+ 𝟕𝟔𝒂𝟐) + 𝟖𝟏𝒂𝟑)

𝟑𝟔𝒂(𝟐𝐬 + 𝒂)𝟐
+ 

(𝐬 − 𝒂) ((𝐬 − 𝒂)(𝟏𝟐𝟗𝟔𝐬𝟑 + 𝟏𝟖𝟐𝟎𝐬𝟐𝒂 + 𝟏𝟕𝟑𝟔𝐬𝒂𝟐 + 𝟏𝟕𝟎𝟎𝒂𝟑) + 𝟏𝟕𝟎𝟏𝒂𝟒) (𝐛 − 𝐜)𝟐

𝟑𝟐𝟒𝒂(𝟐𝐬 + 𝒂)𝟒
≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∴ 𝐦𝒂𝐧𝒂 ≥ 𝐩𝒂
𝟐 +

(𝐛 − 𝐜)𝟐

𝟏𝟖
≥ 𝐩𝒂

𝟐 ⇒ 𝐦𝒂𝐧𝒂 ≥ 𝐩𝒂
𝟐 →① 𝒂𝐧𝐝  

𝐧𝒂𝒈𝒂 ≥
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐦𝒂𝐰𝒂 →② ∴①⦁②⇒ (𝐦𝒂𝐧𝒂)(𝐧𝒂𝒈𝒂) ≥ 𝐩𝒂
𝟐 .𝐦𝒂𝐰𝒂 

⇒ 𝐧𝒂 ≥ √
𝐰𝒂
𝒈𝒂
. 𝐩𝒂 ⇒ (𝐬 + 𝐩𝒂. √

𝐰𝒂
𝒈𝒂
)(𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑) ≤

𝐋𝐞𝐬𝐬𝐞𝒍−𝐏𝐞𝒍𝒍𝐢𝐧𝐠

 

(𝐬 + 𝐩𝒂. √
𝐰𝒂
𝒈𝒂
) (𝐬. √𝟑 − 𝐧𝒂. √𝟑) ≤ (𝐬 + 𝐧𝒂)(𝐬. √𝟑 − 𝐧𝒂. √𝟑)  

(∵ 𝟐𝐡𝒂𝐫𝒂 =
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐬𝟐 − 𝐧𝒂
𝟐 ⇒ 𝐬 − 𝐧𝒂 > 0) 

⇒

(𝐬 + 𝐩𝒂. √
𝐰𝒂
𝒈𝒂
) (𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐡𝒂
≤
√𝟑. (𝐬𝟐 − 𝐧𝒂

𝟐)

𝐡𝒂
=

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢 √𝟑. 𝟐𝐡𝒂𝐫𝒂
𝐡𝒂
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∴

(𝐬 + 𝐩𝒂. √
𝐰𝒂
𝒈𝒂
) (𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐡𝒂
≤ 𝟐√𝟑. 𝐫𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒ ∑

(𝐬 + 𝐩𝒂. √
𝐰𝒂
𝒈𝒂
) (𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐡𝒂
𝐜𝐲𝐜

≤ 𝟐√𝟑.∑𝐫𝒂
𝐜𝐲𝐜

= 𝟐√𝟑. (𝟒𝐑 + 𝐫) 

∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3904. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝐡𝒂𝐡𝐛 +√𝐡𝐛𝐡𝐜 + √𝐡𝐜𝐡𝒂 ≤
𝟖

𝟗
.𝐑 +

𝟔𝟓

𝟗
. 𝐫 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑√𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

=
𝟏

𝟐𝐑
.∑√𝐜𝒂.𝒂𝐛

𝐜𝐲𝐜

 

=
𝟏

𝟐𝐑
.∑(

𝒂

√(𝐬 − 𝐛)(𝐬 − 𝐜)
. √𝐛𝐜(𝐬 − 𝐛)(𝐬 − 𝐜))

𝐜𝐲𝐜

 

≤
𝐂𝐁𝐒 𝟏

𝟐𝐑
.√∑

𝒂𝟐(𝐬 − 𝒂)

𝐫𝟐𝐬
𝐜𝐲𝐜

. √𝐫
𝟐𝐬𝟐.∑

𝐛𝐜

𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

 

=
𝟏

𝟐𝐑
.√
𝟐𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝐬
. √𝐬

𝟐.∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

 

=
𝟏

𝟐𝐑
.√𝟒𝐑𝐫 + 𝟒𝐫𝟐. √𝐬𝟐.

(𝟒𝐑 + 𝐫)𝟐 + 𝐬𝟐

𝐬𝟐
≤
? 𝟖𝐑 + 𝟔𝟓𝐫

𝟗
 

⇔ (𝟏𝟔𝐑𝟐 + 𝟏𝟑𝟎𝐑𝐫)𝟐 ≥
?
⏟
(∗)

𝟖𝟏(𝟒𝐑𝐫 + 𝟒𝐫𝟐)((𝟒𝐑 + 𝐫)𝟐 + 𝐬𝟐) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤
𝐁𝒍𝐮𝐧𝐝𝐨𝐧−𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟖𝟏(𝟒𝐑𝐫 + 𝟒𝐫𝟐) ((𝟒𝐑 + 𝐫)𝟐 +
𝐑(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑 − 𝟐𝐫
) 

≤
?
(𝟏𝟔𝐑𝟐 + 𝟏𝟑𝟎𝐑𝐫)𝟐 

⇔ 𝟐𝟓𝟔𝐭𝟓 − 𝟐𝟒𝟒𝟖𝐭𝟒 + 𝟕𝟔𝟗𝟐𝐭𝟑 − 𝟖𝟐𝟎𝟕𝐭𝟐 + 𝟏𝟎𝟓𝟑𝐭 + 𝟏𝟔𝟐 ≥
?
⏟
(∗∗)

𝟎 (𝐭 =
𝐑

𝐫
) 

𝐂𝒂𝐬𝐞 𝟏  𝐭 ≥
𝟏𝟔𝟔𝟖𝟗

𝟒𝟑𝟎𝟗
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) = 
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(𝐭 − 𝟐)((
𝟔𝟒𝐭𝟐 − 𝟒𝐭 + 𝟐𝟓

𝟒
) (𝟒𝐭 − 𝟏𝟓)𝟐 +

𝟏𝟔𝟑𝟐𝐭 − 𝟓𝟗𝟒𝟗

𝟒
) > 𝟎 

(∵ 𝐭 ≥
𝟏𝟔𝟔𝟖𝟗

𝟒𝟑𝟎𝟗
>
𝟓𝟗𝟒𝟗

𝟏𝟔𝟑𝟐
> 2) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝐭 <
𝟏𝟔𝟔𝟖𝟗

𝟒𝟑𝟎𝟗
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) = 

(𝐭 − 𝟐)((
𝟔𝟒𝟏𝐭𝟐 + 𝟖𝟖𝐭(𝐭 − 𝟐) + 𝟑𝟗(𝐭𝟐 − 𝟒)

𝟐𝟕
) (𝟑𝐭 − 𝟏𝟏)𝟐 +

𝟏𝟔𝟔𝟖𝟗− 𝟒𝟑𝟎𝟗𝐭

𝟐𝟕
) ≥ 𝟎 

(∵ 𝟐 ≤
𝐄𝐮𝒍𝐞𝐫

𝐭 <
𝟏𝟔𝟔𝟖𝟗

𝟒𝟑𝟎𝟗
) ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗) ⇒ (∗) 

𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 𝐬𝐨,√𝐡𝒂𝐡𝐛 +√𝐡𝐛𝐡𝐜 + √𝐡𝐜𝐡𝒂 ≤
𝟖

𝟗
.𝐑 +

𝟔𝟓

𝟗
. 𝐫 ∀ 𝐀𝐁𝐂, 

′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3905. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝐦𝒂𝐦𝐛 + √𝐦𝐛𝐦𝐜 + √𝐦𝐜𝐦𝒂 ≤ √
𝟕𝟒(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐) + 𝟕(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

𝟏𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)
 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑√𝐛𝐜

𝐜𝐲𝐜

=∑√
𝐛𝐜

𝐛 + 𝐜
. (𝐛 + 𝐜)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑
𝐛𝐜

𝐛 + 𝐜
𝐜𝐲𝐜

. √∑(𝐛 + 𝐜)

𝐜𝐲𝐜

 

= √
𝟒𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.∑(𝐛𝐜(𝒂𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

))

𝐜𝐲𝐜

= √
𝟐(𝟖𝐑𝐫𝐬𝟐 + (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐)

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
 

≤
?
𝟐.√

𝟕(∑ 𝒂𝟐𝐜𝐲𝐜 )
𝟐
+ 𝟔𝟎∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟑𝟔∑ 𝒂𝟐𝐜𝐲𝐜
 

= √
𝟕(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐 + 𝟏𝟓((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐)

𝟏𝟖(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
 

⇔ 𝟏𝟑𝐬𝟔 − (𝟐𝟒𝟎𝐑𝐫 − 𝟐𝟗𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟒𝟑𝟐𝐑𝟐 + 𝟏𝟕𝟔𝐑𝐫 + 𝟒𝟕𝐫𝟐)𝐬𝟐 + 

𝐫𝟑(𝟏𝟐𝟖𝟎𝐑𝟑 + 𝟏𝟏𝟑𝟔𝐑𝟐𝐫𝟐 + 𝟑𝟐𝟖𝐑𝐫𝟐 + 𝟑𝟏𝐫𝟑) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟏𝟑(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
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𝟏𝟑(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑⇔ (𝟏𝟗𝟐𝐑 − 𝟖𝟑𝐫)𝐬𝟒 − 𝐫(𝟒𝟕𝟕𝟔𝐑𝟐 − 𝟑𝟐𝟎𝟖𝐑𝐫 + 𝟒𝟔𝟒𝐫𝟐)𝐬𝟐 + 

𝐫𝟐(𝟐𝟕𝟐𝟔𝟒𝐑𝟑 − 𝟐𝟒𝟑𝟗𝟐𝐑𝟐𝐫𝟐 + 𝟕𝟗𝟔𝟒𝐑𝐫𝟐 − 𝟕𝟗𝟕𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ 

(𝟏𝟗𝟐𝐑− 𝟖𝟑𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
(𝟏𝟗𝟐𝐑 − 𝟖𝟑𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟐𝟐𝟖𝐑𝟐 − 𝟐𝟐𝟖𝐑𝐫 + 𝟔𝟏𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟑𝟔𝟒𝟖𝐑𝟑 − 𝟒𝟓𝟗𝟔𝐑𝟐𝐫𝟐 + 𝟏𝟔𝟖𝟔𝐑𝐫𝟐 − 𝟐𝟏𝟑𝐫𝟑) 

𝐍𝐨𝐰, (𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝐑 − 𝐫) (
𝟐𝐑𝟐 − 𝟔𝐑𝐫 + 𝟒𝐫𝟐 −

𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫
) 

= (𝐑 − 𝟐𝐫) ((𝐑 − 𝐫 − √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

+ 𝐫𝟐) ≥ 𝐫𝟐(𝐑 − 𝟐𝐫) (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

⇒ 𝐬𝟐 ≥ 𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 +
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 − 𝐫
∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥ 

(𝟐𝟐𝟖𝐑𝟐 − 𝟐𝟐𝟖𝐑𝐫 + 𝟔𝟏𝐫𝟐) (𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 +
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 − 𝐫
) ≥

?
𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) 

⇔ 𝟑𝟔𝐭𝟑 − 𝟔𝟐𝐭𝟐 − 𝟓𝐭 − 𝟑𝟎 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟑𝟔𝐭𝟐 + 𝟏𝟎𝐭 + 𝟏𝟓) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑√𝐛𝐜

𝐜𝐲𝐜

≤ 𝟐.√
𝟕(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
+ 𝟔𝟎∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟑𝟔∑ 𝒂𝟐𝐜𝐲𝐜
 𝒂𝐧𝐝 𝐢𝐦𝐩𝒍𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 

𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
,𝐰𝐞 𝒂𝐫𝐫𝐢𝐯𝐞 𝒂𝐭 ∶ 

𝟐

𝟑
.∑√𝐦𝐛𝐦𝐜

𝐜𝐲𝐜

≤ 𝟐.√
𝟕.
𝟏𝟔
𝟖𝟏
. (∑ 𝐦𝒂

𝟐
𝐜𝐲𝐜 )

𝟐
+ 𝟔𝟎.

𝟏𝟔
𝟖𝟏
. ∑ 𝐦𝒂

𝟐𝐦𝐛
𝟐

𝐜𝐲𝐜

𝟑𝟔.
𝟒
𝟗 .
∑ 𝐦𝒂

𝟐
𝐜𝐲𝐜

 

= 𝟐. √
𝟕.
𝟏𝟔
𝟖𝟏 . (

𝟑
𝟒 .
∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

+ 𝟔𝟎.
𝟏𝟔
𝟖𝟏 .

𝟗
𝟏𝟔 .

∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟑𝟔.
𝟒
𝟗
.
𝟑
𝟒
. ∑ 𝒂𝟐𝐜𝐲𝐜

= 𝟐.√
𝟕𝟒∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟕∑ 𝒂𝟒𝐜𝐲𝐜

𝟏𝟎𝟖∑ 𝒂𝟐𝐜𝐲𝐜
 

⇒∑√𝐦𝐛𝐦𝐜

𝐜𝐲𝐜

≤ √
𝟕𝟒∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟕∑ 𝒂𝟒𝐜𝐲𝐜

𝟏𝟎𝟖
𝟗 . ∑ 𝒂𝟐𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐬𝐨, 

√𝐦𝒂𝐦𝐛 +√𝐦𝐛𝐦𝐜 + √𝐦𝐜𝐦𝒂 ≤ √
𝟕𝟒(𝒂𝟐𝐛𝟐 + 𝐛𝟐𝐜𝟐 + 𝐜𝟐𝒂𝟐) + 𝟕(𝒂𝟒 + 𝐛𝟒 + 𝐜𝟒)

𝟏𝟐(𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐)
  

∀ 𝐀𝐁𝐂, ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3906. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐦𝒂 +𝐦𝐛)(𝐦𝐛 +𝐦𝐜)(𝐦𝐜 +𝐦𝒂) ≤ √
𝟐𝟕

𝟑𝟐
. (𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

)+ 𝟓𝒂𝟐𝐛𝟐𝐜𝟐) 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟑

𝟑𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

) +
𝟏𝟎

𝟐𝟕
.𝐦𝒂

𝟐𝐦𝐛
𝟐𝐦𝐜

𝟐 ≥
? 𝟏

𝟔𝟒
. (𝒂 + 𝐛)𝟐(𝐛 + 𝐜)𝟐(𝐜 + 𝒂)𝟐 

⇔
𝟑

𝟑𝟐
(𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)) ((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) + 

𝟏𝟎

𝟐𝟕
.
𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝟏𝟔
 

≥
? 𝟏

𝟔𝟒
. 𝟒𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐃𝒂𝐧𝐠 𝐍𝐠𝐨𝐜 𝐌𝐢𝐧𝐡 − 𝟏𝟐𝟒;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

⇔ 𝟔𝟒𝐬𝟔 − (𝟏𝟐𝟎𝟎𝐑𝐫 − 𝟑𝟓𝟕𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟑𝟏𝟖𝟎𝐑𝟐 − 𝟔𝟔𝟎𝐑𝐫 − 𝟒𝟑𝟖𝐫𝟐)𝐬𝟐 − 

𝟗𝟏𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟔𝟒(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝟔𝟒(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 

⇔ (𝟐𝟎𝟖𝐑− 𝟔𝟕𝐫)𝐬𝟒 − 𝐫(𝟓𝟏𝟎𝟖𝐑𝟐 − 𝟑𝟑𝟒𝟎𝐑𝐫 + 𝟓𝟖𝟐𝐫𝟐)𝐬𝟐 + 

𝐫𝟐(𝟐𝟖𝟒𝟖𝟎𝐑𝟑 − 𝟐𝟕𝟕𝟗𝟐𝐑𝟐𝐫 + 𝟖𝟒𝟏𝟐𝐑𝐫𝟐 − 𝟖𝟗𝟗𝐫𝟑) ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ 

(𝟐𝟎𝟖𝐑− 𝟔𝟕𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
(𝟐𝟎𝟖𝐑 − 𝟔𝟕𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟑𝟖𝟕𝐑𝟐 − 𝟐𝟐𝟏𝐑𝐫 + 𝟐𝟐𝐫𝟐)𝐬𝟐 ≥
?
⏟
(∗∗∗)

𝐫(𝟔𝟏𝟗𝟐𝐑𝟑 − 𝟓𝟔𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟖𝟕𝟕𝐑𝐫𝟐 − 𝟏𝟗𝟒𝐫𝟑) 

𝐅𝐢𝐧𝒂𝒍𝒍𝐲, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝟖𝟕𝐑𝟐 − 𝟐𝟐𝟏𝐑𝐫 + 𝟐𝟐𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) ⇔ 𝟐𝟏(𝐑 − 𝟐𝐫)(𝟗𝐑 − 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒ (∗∗∗) ⇒ (∗∗) ⇒  

(∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ √
𝟑

𝟑𝟐
. (∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

) +
𝟏𝟎

𝟐𝟕
.𝐦𝒂

𝟐𝐦𝐛
𝟐𝐦𝐜

𝟐 ≥
𝟏

𝟖
(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂) 
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𝒂𝐧𝐝 𝐢𝐦𝐩𝒍𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 
𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
 𝐰𝐡𝐨𝐬𝐞 𝐦𝐞𝐝𝐢𝒂𝐧𝐬 

𝒂𝐬 𝒂 𝐜𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞 𝐨𝐟 𝐭𝐫𝐢𝐯𝐢𝒂𝒍 𝐜𝒂𝒍𝐜𝐮𝒍𝒂𝐭𝐢𝐨𝐧𝐬 =
𝒂

𝟐
,
𝐛

𝟐
,
𝐜

𝟐
 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝒍𝐲, 𝐰𝐞 𝐠𝐞𝐭 ∶ 

√
𝟑

𝟑𝟐
. (
𝟒

𝟗
.∑𝐦𝒂

𝟐

𝐜𝐲𝐜

)(
𝟏𝟔

𝟖𝟏
.∑𝐦𝐛

𝟐𝐦𝐜
𝟐

𝐜𝐲𝐜

) +
𝟏𝟎

𝟐𝟕
.
𝟏

𝟔𝟒
. 𝒂𝟐𝐛𝟐𝐜𝟐 ≥

𝟏

𝟖
.
𝟖

𝟐𝟕
∏(𝐦𝐛 +𝐦𝐜)

𝐜𝐲𝐜

 

⇒ √
𝟑

𝟑𝟐
. (
𝟒

𝟗
.
𝟑

𝟒
.∑𝒂𝟐

𝐜𝐲𝐜

)(
𝟏𝟔

𝟖𝟏
.
𝟗

𝟏𝟔
.∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

) +
𝟏𝟎

𝟐𝟕
.
𝟏

𝟔𝟒
. 𝒂𝟐𝐛𝟐𝐜𝟐 ≥

𝟏

𝟐𝟕
∏(𝐦𝐛 +𝐦𝐜)

𝐜𝐲𝐜

 

⇒ √
𝟖𝟏

𝟑𝟐
.(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

) +
𝟏𝟑𝟓

𝟑𝟐
. 𝒂𝟐𝐛𝟐𝐜𝟐 ≥ (𝐦𝒂 +𝐦𝐛)(𝐦𝐛 +𝐦𝐜)(𝐦𝐜 +𝐦𝒂) 

∴ (𝐦𝒂 +𝐦𝐛)(𝐦𝐛 +𝐦𝐜)(𝐦𝐜 +𝐦𝒂) ≤ √
𝟐𝟕

𝟑𝟐
. (𝟑(∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝐛𝟐𝐜𝟐

𝐜𝐲𝐜

) + 𝟓𝒂𝟐𝐛𝟐𝐜𝟐) 

∀ 𝐀𝐁𝐂, ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3907. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

|𝐛 − 𝐜| ≤ 𝐦𝐢𝐧 {𝐬. √
𝐑 − 𝟐𝐫

𝐑
,√
𝟏𝟐𝟖

𝟏𝟑𝟓
(𝟐𝐬𝟐 − 𝟐𝟕𝐑𝐫)} 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐬𝟎 = 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫 (𝐟𝐨𝐫 𝐨𝐰𝐧 𝐜𝐨𝐧𝐯𝐞𝐧𝐢𝐞𝐧𝐜𝐞), 𝐬 = 𝐬𝐢𝐧
𝐀

𝟐
, 𝐜 = 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
  

𝒂𝐧𝐝 𝐰𝐞 𝐟𝐢𝐫𝐬𝐭 𝐩𝐫𝐨𝐯𝐞 ∶ |𝐛 − 𝐜| ≤
?
𝐬𝟎. √

𝐑 − 𝟐𝐫

𝐑
⇔

𝟏𝟔𝐑𝟐. 𝐬𝟐(𝟏 − 𝐜𝟐)

𝟏𝟔𝐑𝟐. (𝟏 − 𝐬𝟐)
(𝐜 + 𝐬)𝟐

𝟒

≤
?
𝟏 − 𝟒𝐬𝐜 + 𝟒𝐬𝟐 

⇔ 𝟒𝐬𝟑(𝐜𝟑 − 𝐬𝟑) + 𝟒𝐜𝐬𝟒(𝐜 − 𝐬) − (𝟒𝐜𝟑𝐬 − 𝟒𝐬𝟒) − 𝐬𝟐(𝐬𝟐 + 𝐜𝟐 − 𝟐𝐜𝐬) + 

(𝐜𝟐 + 𝟐𝐜𝐬 − 𝟑𝐬𝟐) ≥
?
𝟎 ⇔ 𝟒𝐬𝟑(𝐜𝟐 + 𝐬𝟐 + 𝐜𝐬) + 𝟒𝐜𝐬𝟒 − 𝟒𝐬(𝐜𝟐 + 𝐬𝟐 + 𝐜𝐬) − 

𝐬𝟐(𝐜 − 𝐬) + 𝐜 + 𝟑𝐬 ≥
?
𝟎 (∵ 𝐜 > 𝑠 𝑎𝐬 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
=
𝐛 + 𝐜

𝒂
. 𝐬𝐢𝐧

𝐀

𝟐
> 𝐬𝐢𝐧

𝐀

𝟐
) 
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⇔ (𝟒𝐬 − 𝟒𝐬𝟑)𝐜𝟐 − (𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏)𝐜 + 𝟑𝐬𝟑 − 𝟑𝐬 − 𝟒𝐬𝟓 ≤
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 

𝛅 = (𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏)𝟐 − 𝟒(𝟒𝐬 − 𝟒𝐬𝟑)(𝟑𝐬𝟑 − 𝟑𝐬 − 𝟒𝐬𝟓) 

= (𝟑𝟐𝐬𝟐(𝐬𝟐 − 𝟏)𝟐 + (𝟑𝐬𝟐 + 𝟏)𝟐) > 0 𝑎𝐧𝐝 𝟒𝐬 − 𝟒𝐬𝟑 > 0 (𝒂𝐬 𝟎 < 𝐬𝐢𝐧
𝐀

𝟐
< 1)  

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐(𝟒𝐬 − 𝟒𝐬𝟑)𝐜 ≤
?
⏟
(⦁)

𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏 + √𝛅  𝐀𝐍𝐃  𝟐(𝟒𝐬− 𝟒𝐬𝟑)𝐜 ≥
?
⏟
(⦁⦁)

𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏 − √𝛅 

𝐍𝐨𝐰, 𝟐(𝟒𝐬 − 𝟒𝐬𝟑)𝐜 − (𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏) ≤
𝟎 < 𝑐 ≤ 1

𝟐(𝟒𝐬 − 𝟒𝐬𝟑) − (𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏) 

𝒂𝐧𝐝 𝐢𝐟 𝐢𝐭′𝐬 ≤ 𝟎, 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 < √𝛅 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 𝐢𝐭′𝐬 > 0, 𝐭𝐡𝐞𝐧 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝛅 ≥
?
(𝟐(𝟒𝐬 − 𝟒𝐬𝟑) − (𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏))

𝟐

 

⇔ 𝟏𝟔(𝟏 − 𝐬)(𝐬 + 𝟏)𝟒(𝟐𝐬 − 𝟏)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐀𝐠𝒂𝐢𝐧, 𝐬𝐢𝐧𝐜𝐞 𝟐(𝟒𝐬 − 𝟒𝐬𝟑)𝐜 > 0 𝑎𝐧𝐝 𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏 > 0 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝛅 ≥
?
(𝟖𝐬𝟒 − 𝟓𝐬𝟐 + 𝟏)𝟐 

⇔ 𝟏𝟔𝐬𝟐(𝟏 − 𝐬𝟐)((𝟐𝐬𝟐 − 𝟏)𝟐 + 𝐬𝟐 + 𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 𝒂𝐧𝐝 𝐬𝐨, 

(⦁) 𝒂𝐧𝐝 (⦁⦁) 𝒂𝐫𝐞 𝐛𝐨𝐭𝐡 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ |𝐛 − 𝐜| ≤ 𝐬𝟎. √
𝐑 − 𝟐𝐫

𝐑
 

𝐀𝐠𝒂𝐢𝐧, |𝐛 − 𝐜| ≤
?
√
𝟏𝟐𝟖

𝟏𝟑𝟓
(𝟐𝐬𝟎

𝟐 − 𝟐𝟕𝐑𝐫) 

⇔
𝟏𝟔𝐑𝟐. 𝐬𝟐(𝟏 − 𝐜𝟐)

𝟏𝟔𝐑𝟐. (𝟏 − 𝐬𝟐)
(𝐜 + 𝐬)𝟐

𝟒

≤
? 𝟐𝟓𝟔

𝟏𝟑𝟓
−
𝟏𝟐𝟖

𝟓
.

𝟒𝐑𝟐. 𝐬.
𝐜 − 𝐬
𝟐

𝟏𝟔𝐑𝟐. (𝟏 − 𝐬𝟐)
(𝐜 + 𝐬)𝟐

𝟒

 

⇔ (𝟕𝟏𝐬𝟐 + 𝟔𝟒)𝐜𝟐 − (𝟏𝟐𝟖𝐬𝟑 + 𝟑𝟎𝟒𝐬)𝐜 + 𝟑𝟔𝟏𝐬𝟐 − 𝟔𝟒𝐬𝟒 ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ 

𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝛅𝟎 = (𝟏𝟐𝟖𝐬
𝟑 + 𝟑𝟎𝟒𝐬)𝟐 − 𝟒(𝟕𝟏𝐬𝟐 + 𝟔𝟒)(𝟑𝟔𝟏𝐬𝟐 − 𝟔𝟒𝐬𝟒) 

= 𝟏𝟎𝟖𝐬𝟒(𝟑𝟐𝟎𝐬𝟐 − 𝟕𝟕) 𝐰𝐡𝐢𝐜𝐡 𝐢𝐬 𝐜𝒍𝐞𝒂𝐫𝒍𝐲 ≤ 𝟎 𝐟𝐨𝐫 𝐬 ∈ (𝟎 ,√
𝟕𝟕

𝟑𝟐𝟎
] 

∴ 𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐬 ∈ (√
𝟕𝟕

𝟑𝟐𝟎
, 𝟏)  𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐(𝟕𝟏𝐬𝟐 + 𝟔𝟒)𝐜 ≤
?
𝟏𝟐𝟖𝐬𝟑 + 𝟑𝟎𝟒𝐬 − √𝟏𝟎𝟖𝐬𝟒(𝟑𝟐𝟎𝐬𝟐 − 𝟕𝟕) 𝒂𝐧𝐝 

∵ 𝐜 ≤ 𝟏 ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

√𝟏𝟎𝟖𝐬𝟒(𝟑𝟐𝟎𝐬𝟐 − 𝟕𝟕) ≤
?
𝟏𝟐𝟖𝐬𝟑 + 𝟑𝟎𝟒𝐬 − 𝟐(𝟕𝟏𝐬𝟐 + 𝟔𝟒) 
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⇔ 𝟒(𝟔𝟒𝐬𝟑 − 𝟕𝟏𝐬𝟐 + 𝟏𝟓𝟐𝐬 − 𝟔𝟒)𝟐 ≥
?
𝟏𝟎𝟖𝐬𝟒(𝟑𝟐𝟎𝐬𝟐 − 𝟕𝟕) 

(∵ 𝟔𝟒𝐬𝟑 − 𝟕𝟏𝐬𝟐 + 𝟏𝟓𝟐𝐬 − 𝟔𝟒 > 0 ∀ 𝑠 ∈ (√
𝟕𝟕

𝟑𝟐𝟎
, 𝟏)) 

⇔ 𝟔𝟒(𝟏 − 𝐬)(𝐬 + 𝟒)(𝟐𝐬 − 𝟏)𝟐(𝟕𝟏𝐬𝟐 + 𝟔𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐬 ∈ (√

𝟕𝟕

𝟑𝟐𝟎
, 𝟏) 

⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ |𝐛 − 𝐜| ≤ √
𝟏𝟐𝟖

𝟏𝟑𝟓
(𝟐𝐬𝟎

𝟐 − 𝟐𝟕𝐑𝐫) 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐡𝐞𝐧𝐞𝐯𝐞𝐫 ′′𝐬′′ 𝐢𝐬  

𝐭𝐡𝐞 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, |𝐛 − 𝐜| ≤ 𝐬. √
𝐑 − 𝟐𝐫

𝐑
,√
𝟏𝟐𝟖

𝟏𝟑𝟓
(𝟐𝐬𝟐 − 𝟐𝟕𝐑𝐫)  ∴ |𝐛 − 𝐜| ≤ 

𝐦𝐢𝐧 {𝐬.√
𝐑 − 𝟐𝐫

𝐑
,√
𝟏𝟐𝟖

𝟏𝟑𝟓
(𝟐𝐬𝟐 − 𝟐𝟕𝐑𝐫)} ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3908. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟖 ≤∏
𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒎𝒂
𝟐 ≤

𝟖

𝟕𝟐𝟗
(
𝟐𝑹𝟐

𝒓𝟐
+ 𝟏)

𝟑

 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∏
𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒎𝒂
𝟐

=
(𝒎𝒂

𝟐 +𝒎𝒃
𝟐)(𝒎𝒃

𝟐 +𝒎𝒄
𝟐)(𝒎𝒄

𝟐 +𝒎𝒂
𝟐)

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐

= 

 

=
(∑𝒎𝒂

𝟐 )(∑𝒎𝒂
𝟐𝒎𝒃

𝟐) −𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐

=∑𝒎𝒂
𝟐  
(∑𝒎𝒂

𝟐𝒎𝒃
𝟐)

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐
− 𝟏 =∑𝒎𝒂

𝟐∑
𝟏

𝒎𝒂
𝟐
− 𝟏 ≤ 

 

≤
𝒎𝒂≥√𝒔(𝒔−𝒂) 𝟑

𝟒
∑𝒂𝟐∑

𝟏

𝒔(𝒔 − 𝒂)
− 𝟏 ≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝟑

𝟒
. 𝟗𝑹𝟐 (

𝟒𝑹 + 𝒓

𝒔𝟐𝒓
) − 𝟏 ≤

𝒔𝟐≥𝟑𝒓(𝟒𝑹+𝒓)

 

 

≤
𝟐𝟕

𝟒
𝑹𝟐.

𝟏

𝟑𝒓𝟐
− 𝟏 =

𝟗

𝟒
(
𝑹

𝒓
)
𝟐

− 𝟏 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 
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𝟗

𝟒
(
𝑹

𝒓
)
𝟐

− 𝟏 ≤
𝟖

𝟕𝟐𝟗
(
𝟐𝑹𝟐

𝒓𝟐
+ 𝟏)

𝟑

  𝒐𝒓   
𝟗

𝟒
𝒙𝟐 − 𝟏 ≤

𝑹
𝒓
=𝒙≥𝟐 𝟖

𝟕𝟐𝟗
(𝟐𝒙𝟐 + 𝟏)𝟑 

 

𝟗

𝟒
𝒚 − 𝟏 ≤

𝒙𝟐=𝒚 𝟖

𝟕𝟐𝟗
(𝟐𝒚 + 𝟏)𝟑 𝒐𝒓  𝟔𝟓𝟔𝟏𝒚 − 𝟐𝟗𝟏𝟔 ≤ 𝟑𝟐(𝟐𝒚 + 𝟏)𝟑 

 
𝟔𝟓𝟔𝟏𝒚 − 𝟐𝟗𝟏𝟔 ≤ 𝟑𝟐(𝟖𝒚𝟑 + 𝟏𝟐𝒚𝟐 + 𝟔𝒚 + 𝟏) 

 

𝟐𝟓𝟔𝒚𝟑 + 𝟑𝟖𝟒𝒚𝟐 − 𝟔𝟑𝟔𝟗𝒚 + 𝟐𝟗𝟒𝟖 ≥ 𝟎 

 (𝒚 − 𝟒)(𝟐𝟓𝟔𝒙𝟒 + 𝟏𝟒𝟎𝟖𝒙𝟐 − 𝟕𝟑𝟕) ≥ 𝟎 𝒕𝒉𝒊𝒔 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒚 = 𝒙𝟐 = (
𝑹

𝒓
)
𝟐

≥ 𝟐𝟐 = 𝟒 

 

∏
𝒎𝒃
𝟐 +𝒎𝒄

𝟐

𝒎𝒂
𝟐

=
(𝒎𝒂

𝟐 +𝒎𝒃
𝟐)(𝒎𝒃

𝟐 +𝒎𝒄
𝟐)(𝒎𝒄

𝟐 +𝒎𝒂
𝟐)

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐

≥
𝑪𝒆𝒔𝒂𝒓𝒐 𝟖𝒎𝒂

𝟐𝒎𝒃
𝟐𝒎𝒄

𝟐

𝒎𝒂
𝟐𝒎𝒃

𝟐𝒎𝒄
𝟐
= 𝟖 

Equality holds for an equilateral triangle. 

 
3909. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
𝒎𝒂

𝒃 + 𝒄
.∑

𝒃 + 𝒄

√𝒓𝒃𝒓𝒄𝒄𝒚𝒄𝒄𝒚𝒄

≥ 𝟗 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 

∑
𝒎𝒂

𝒃 + 𝒄
.∑

𝒃 + 𝒄

√𝒓𝒃𝒓𝒄𝒄𝒚𝒄𝒄𝒚𝒄

≥⏞
𝑪𝑺𝑩

(∑√
𝒎𝒂

𝒃 + 𝒄
𝒄𝒚𝒄

. √
𝒃 + 𝒄

√𝒓𝒃𝒓𝒄
)

𝟐

= 

= (∑√
𝒎𝒂

√𝒓𝒃𝒓𝒄𝒄𝒚𝒄

)

𝟐

≥⏞
𝑨𝑴−𝑮𝑴

(𝟑((
𝒎𝒂𝒎𝒃𝒎𝒄

𝒓𝒂𝒓𝒃𝒓𝒄
)

𝟏
𝟐
)

𝟏
𝟑

)

𝟐

≥⏞

𝒎𝒂≥√𝒔(𝒔−𝒂)

 

≥ 𝟗(
𝒔√𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒔𝑭
)

𝟏
𝟑

= 𝟗(
𝒔𝑭

𝒔𝑭
)

𝟏
𝟑
= 𝟗 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

3910. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟖 ≤∏
𝒔𝒃 + 𝒔𝒄
𝒔𝒂

≤
𝟖

𝟕𝟐𝟗
(
𝟒𝑹

𝒓
+ 𝟏)

𝟑

 

 
Proposed by Marin Chirciu-Romania 
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Solution by Tapas Das-India 
𝑳𝒆𝒎𝒎𝒂: 

 
𝑹

𝒓
≥
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
  

Reference: “ New  Triangle inequalities with Brocard's Angle “ by  Bogdan Fustei, 
Mohamed Amine Ben Ajiba: www.ssmrmh.ro   
 

𝒔𝒃
𝒔𝒄
+
𝒔𝒄
𝒔𝒃

≤

𝒔𝒃≤𝒎𝒃 ,𝒔𝒄≥𝒉𝒄
𝒔𝒄≤𝒎𝒄 ,𝒔𝒃≥𝒉𝒃 

 
𝒎𝒃

𝒉𝒄
+
𝒎𝒄

𝒉𝒃
≤

𝒍𝒆𝒎𝒎𝒂 𝑹

𝒓
 (𝟏) 

 

∏
𝒔𝒃 + 𝒔𝒄
𝒔𝒂

=
(𝒔𝒃 + 𝒔𝒄)(𝒔𝒄 + 𝒔𝒂)(𝒔𝒂 + 𝒔𝒃)

𝒔𝒂𝒔𝒃𝒔𝒄
=∏

(𝒔𝒃 + 𝒔𝒄)

√𝒔𝒃𝒔𝒄
=∏(√

𝒔𝒃
𝒔𝒄
+ √

𝒔𝒄
𝒔𝒃
  ) ≤ 

≤
𝑪𝑩𝑺

 ∏√𝟐(  
𝒔𝒃
𝒔𝒄
+
𝒔𝒄
𝒔𝒃
) ≤
(𝟏)

∏√
𝟐𝑹

𝒓
= (√(

𝟐𝑹

𝒓
))

𝟑

=

𝑹
𝒓
=𝒙≥𝟐

(√𝟐𝒙)
𝟑
  

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

(√𝟐𝒙)
𝟑
≤

𝟖

𝟕𝟐𝟗
(
𝟒𝑹

𝒓
+ 𝟏)

𝟑

=

𝑹
𝒓
=𝒙 𝟖

𝟕𝟐𝟗
(𝟒𝒙 + 𝟏)𝟑  𝒐𝒓, (

𝟐

𝟗
(𝟒𝒙 + 𝟏))

𝟑

− (√𝟐𝒙)
𝟑
≥ 𝟎 

 𝒐𝒓, (
𝟐

𝟗
(𝟒𝒙 + 𝟏) − √𝟐𝒙)((

𝟐(𝟒𝒙 + 𝟏)

𝟗
)

𝟐

+
𝟐(𝟒𝒙 + 𝟏)

𝟗
√𝟐𝒙 + (√𝟐𝒙)

𝟐
) ≥

𝒂𝟑−𝒃𝟑=
(𝒂−𝒃)(𝒂𝟐+𝒂𝒃+𝒃𝟐)

𝟎 

(

 
 
 
 

 𝑻𝒓𝒖𝒆 𝒂𝒔 𝒙 =
𝑹

𝒓
≥ 𝟐 𝒕𝒉𝒆𝒏

 ((
𝟐(𝟒𝒙 + 𝟏)

𝟗
)

𝟐

+
𝟐(𝟒𝒙 + 𝟏)

𝟗
√𝟐𝒙 + (√𝟐𝒙)

𝟐
) > 0 𝑎𝑛𝑑

 (
𝟐

𝟗
(𝟒𝒙 + 𝟏) − √𝟐𝒙) ≥ (

𝟐

𝟗
(𝟒 × 𝟐 + 𝟏) − √𝟐 × 𝟐) = 𝟐 − 𝟐 = 𝟎)

 
 
 
 

 

 

∏
𝒔𝒃 + 𝒔𝒄
𝒔𝒂

=
(𝒔𝒃 + 𝒔𝒄)(𝒔𝒄 + 𝒔𝒂)(𝒔𝒂 + 𝒔𝒃)

𝒔𝒂𝒔𝒃𝒔𝒄
≥

𝑪𝒆𝒔𝒂𝒓𝒐 𝟖𝒔𝒂𝒔𝒃𝒔𝒄
𝒔𝒂𝒔𝒃𝒔𝒄

= 𝟖 

 
Equality holds for an equilateral triangle. 

 

3911. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝐭𝐚𝐧(𝑨) + 𝐭𝐚𝐧(𝑩)

𝒕𝒂𝒏𝟐(𝑪)
+
𝐭𝐚𝐧(𝑩) + 𝐭𝐚𝐧(𝑪)

𝒕𝒂𝒏𝟐(𝑨)
+
𝐭𝐚𝐧(𝑨) + 𝐭𝐚𝐧(𝑪)

𝒕𝒂𝒏𝟐(𝑩)
≥ 𝟐√𝟑 

Proposed by Nguyen Hung Cuong-Vietnam 

http://www.ssmrmh.ro/
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Solution by Mirsadix Muzefferov-Azerbaijan 

∑
𝐭𝐚𝐧(𝑨) + 𝐭𝐚𝐧(𝑩)

𝒕𝒂𝒏𝟐(𝑪)
𝒄𝒚𝒄

=∑

𝐬𝐢𝐧(𝑨 + 𝑩)
𝐜𝐨𝐬(𝑨) . 𝐜𝐨𝐬(𝑩)

𝒕𝒂𝒏𝟐(𝑪)
𝒄𝒚𝒄

=∑
𝒄𝒐𝒔𝟐(𝑪). 𝐬𝐢𝐧(𝑪)

𝒔𝒊𝒏𝟐(𝑪). 𝐜𝐨𝐬(𝑨) . 𝐜𝐨𝐬(𝑩)
𝒄𝒚𝒄

= 

=∑
𝒄𝒐𝒔𝟐(𝑪)

𝒔𝒊𝒏(𝑪). 𝐜𝐨𝐬(𝑨) . 𝐜𝐨𝐬(𝑩)
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑(
𝒄𝒐𝒔𝟐(𝑨). 𝒄𝒐𝒔𝟐(𝑩). 𝒄𝒐𝒔𝟐(𝑪)

𝒔𝒊𝒏(𝑨). 𝐬𝐢𝐧(𝑩) . 𝐬𝐢𝐧(𝑪). 𝒄𝒐𝒔𝟐(𝑨). 𝒄𝒐𝒔𝟐(𝑩). 𝒄𝒐𝒔𝟐(𝑪)
)

𝟏
𝟑

= 

= 𝟑(
𝟏

∏ 𝐬𝐢𝐧(𝑨)𝒄𝒚𝒄
)

𝟏
𝟑

≥ 𝟑(
𝟏

𝟑√𝟑
𝟖

)

𝟏
𝟑

= 𝟑 (
𝟖

√𝟐𝟕
)

𝟏
𝟑
= 𝟐√𝟑 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

 
3912. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂𝒃

𝒓𝒄
𝟐 +

𝒃𝒄

𝒓𝒂
𝟐 +

𝒂𝒄

𝒓𝒃
𝟐 ≥ 𝟒 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝒂𝒃

𝒓𝒄
𝟐
+
𝒃𝒄

𝒓𝒂
𝟐
+
𝒂𝒄

𝒓𝒃
𝟐 ≥⏞
𝑨𝑴−𝑮𝑴

𝟑 ((
𝒂𝒃𝒄

𝒓𝒂𝒓𝒃𝒓𝒄
)
𝟐

)

𝟏
𝟑

= 

= 𝟑((
𝟒𝑹𝑭

𝑭𝒑
)
𝟐

)

𝟏
𝟑

= 𝟑(
𝟏𝟔𝑹𝟐

𝒑𝟐
)

𝟏
𝟑

≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑(
𝟏𝟔

𝒑𝟐
.
𝟒𝒑𝟐

𝟐𝟕
)

𝟏
𝟑

= 𝟒 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

 
3913. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐡𝒂
𝟑 + 𝐡𝐛

𝟑 + 𝐡𝐜
𝟑 ≤ 𝐫𝒂

𝟑 + 𝐫𝐛
𝟑 + 𝐫𝐜

𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝐫𝒂
𝟑

𝐜𝐲𝐜

≥
?
∑𝐡𝒂

𝟑

𝐜𝐲𝐜

 

⇔ (𝟒𝐑 + 𝐫)𝟑 − 𝟏𝟐𝐑𝐬𝟐 ≥
? (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟐𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟖𝐑𝟑
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⇔ −𝐬𝟔 + (𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟒 − (𝟗𝟔𝐑𝟒 + 𝟑𝐫𝟒)𝐬𝟐 + 

𝟓𝟏𝟐𝐑𝟔 + 𝟑𝟖𝟒𝐑𝟓𝐫 + 𝟗𝟔𝐑𝟒𝐫𝟐 − 𝟓𝟔𝐑𝟑𝐫𝟑 − 𝟒𝟖𝐑𝟐𝐫𝟒 − 𝟏𝟐𝐑𝐫𝟓 − 𝐫𝟔 ≥
?
⏟
①

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 ∶ 𝐏 = −𝐬𝟒(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ①, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 ① ≥
?
𝐏 

⇔ −(𝟒𝐑𝟐 − 𝟖𝐑𝐫 + 𝟔𝐫𝟐)𝐬𝟒 − (𝟗𝟔𝐑𝟒 + 𝟑𝐫𝟒)𝐬𝟐 + 

𝟓𝟏𝟐𝐑𝟔 + 𝟑𝟖𝟒𝐑𝟓𝐫 + 𝟗𝟔𝐑𝟒𝐫𝟐 − 𝟓𝟔𝐑𝟑𝐫𝟑 − 𝟒𝟖𝐑𝟐𝐫𝟒 − 𝟏𝟐𝐑𝐫𝟓 − 𝐫𝟔 ≥
?
⏟
②

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝐬𝐢𝐧𝐜𝐞 ∶ 𝐐 = −(𝟒𝐑𝟐 − 𝟖𝐑𝐫 + 𝟔𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ②, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 ② ≥
?
𝐐 

⇔ 𝟓𝟏𝟐𝐑𝟔 + 𝟑𝟖𝟒𝐑𝟓𝐫 + 𝟗𝟔𝐑𝟒𝐫𝟐 − 𝟓𝟔𝐑𝟑𝐫𝟑 − 𝟒𝟖𝐑𝟐𝐫𝟒 − 𝟏𝟐𝐑𝐫𝟓 − 𝐫𝟔 

≥
?
⏟
③

(𝟏𝟏𝟐𝐑𝟒 − 𝟏𝟔𝐑𝟐𝐫𝟐 + 𝟒𝐑𝐫𝟑 + 𝟐𝟏𝐫𝟒)𝐬𝟐 

𝐅𝐢𝐧𝒂𝒍𝒍𝐲, (𝟏𝟏𝟐𝐑𝟒 − 𝟏𝟔𝐑𝟐𝐫𝟐 + 𝟒𝐑𝐫𝟑 + 𝟐𝟏𝐫𝟒)𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟏𝟐𝐑𝟒 − 𝟏𝟔𝐑𝟐𝐫𝟐 + 𝟒𝐑𝐫𝟑 + 𝟐𝟏𝐫𝟒)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
𝐋𝐇𝐒 𝐨𝐟 ③ 

⇔ 𝟖𝐭𝟔 − 𝟐𝟒𝐭𝟒 − 𝟑𝐭𝟑 − 𝟏𝟖𝐭𝟐 − 𝟏𝟐𝐭 − 𝟖 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟖𝐭𝟓 + 𝟏𝟔𝐭𝟒 + 𝟖𝐭𝟑 + 𝟏𝟑𝐭𝟐 + 𝟖𝐭 + 𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 

⇒③ ⇒②⇒① 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐡𝒂
𝟑 + 𝐡𝐛

𝟑 + 𝐡𝐜
𝟑 ≤ 𝐫𝒂

𝟑 + 𝐫𝐛
𝟑 + 𝐫𝐜

𝟑 ∀ ∆ 𝐀𝐁𝐂, 
′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3914. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒓𝒂
𝟐

𝒉𝒃
+
𝒓𝒃
𝟐

𝒉𝒄
+
𝒓𝒄
𝟐

𝒉𝒂
≥ 𝟗𝒓 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝒓𝒂
𝟐

𝒉𝒃
+
𝒓𝒃
𝟐

𝒉𝒄
+
𝒓𝒄
𝟐

𝒉𝒂
≥⏞

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐

𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄
=
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐

𝒂𝒄
𝟐𝑹 +

𝒂𝒃
𝟐𝑹+

𝒃𝒄
𝟐𝑹

=
𝟐𝑹(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)

𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒂𝒄
≥ 

≥
𝟑. 𝟐𝑹(𝟒𝑹+ 𝒓)𝟐

(𝒂 + 𝒃 + 𝒄)𝟐
=
𝟔𝑹(𝟒𝑹+ 𝒓)𝟐

𝟒𝒔𝟐
≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄𝒊 𝟔.
𝟐𝒔

𝟑√𝟑
(𝟒𝑹+ 𝒓)𝟐

𝟒𝒔𝟐
= 

=
(𝟒𝑹+ 𝒓)(𝟒𝑹 + 𝒓)

𝒔√𝟑
≥⏞

𝑫𝒐𝒖𝒄𝒆𝒕

𝟒𝑹 + 𝒓 ≥⏞
𝑬𝒖𝒍𝒆𝒓

𝟗𝒓 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 
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3915. 𝑰𝒇 𝒊𝒏  𝚫𝑨𝑩𝑪 𝒂 ≥ 𝒃 𝒂𝒏𝒅 𝒙 ∈ (𝟎, 𝟏) 𝒕𝒉𝒆𝒏  𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 ∶ 
 

𝟑𝒄(𝒃 + 𝒄 − 𝒂)

𝒙𝟐 + 𝒙 + 𝟏
+
𝟐(𝒂 − 𝒃)(𝒂 − 𝒃 − 𝒄)

𝒙 + 𝟏
+ (𝒂 − 𝒃)𝒄 > 0 

 
Proposed by Pavlos Trifon-Greece 

Solution by Tapas Das-India 
 

𝒙 ∈ (𝟎, 𝟏) 𝒕𝒉𝒆𝒏 𝟏 < 𝑥 + 1 < 2 𝑎𝑛𝑑  𝒙𝟐 + 𝒙 + 𝟏 < 𝟏𝟐 + 𝟏 + 𝟏 = 𝟑 𝒔𝒐 
𝟏

𝒙 + 𝟏
< 1 &

𝟏

𝒙𝟐 + 𝒙 + 𝟏
>
𝟏

𝟑
 

 
𝟑𝒄(𝒃 + 𝒄 − 𝒂) > 0 𝑎𝑠 𝑖𝑛 𝑎𝑛𝑦 𝚫𝑨𝑩𝑪 𝒃 + 𝒄 > 𝑎 

 
𝟐(𝒂 − 𝒃)(𝒂 − 𝒃 − 𝒄) = −𝟐(𝒂 − 𝒃)(𝒃 + 𝒄 − 𝒂) < 0  

 𝒂𝒔 𝒂 ≥ 𝒃 &  𝑖𝑛 𝑎𝑛𝑦 𝚫𝑨𝑩𝑪 𝒃 + 𝒄 > 𝑎 𝑎𝑛𝑑 (𝒂 − 𝒃)𝒄 > 0 𝑎𝑠 𝑎 ≥  𝑏 
 

𝟑𝒄(𝒃 + 𝒄 − 𝒂)

𝒙𝟐 + 𝒙 + 𝟏
+
𝟐(𝒂 − 𝒃)(𝒂 − 𝒃 − 𝒄)

𝒙 + 𝟏
+ (𝒂 − 𝒃)𝒄 > 0 

 

 
𝟏

𝟑
𝟑𝒄(𝒃 + 𝒄 − 𝒂) + 𝟐(𝒂 − 𝒃)(𝒂 − 𝒃 − 𝒄) + (𝒂 − 𝒃)𝒄 > 0 

 
 𝒄(𝒃 + 𝒄 − 𝒂) + 𝟐(𝒂 − 𝒃)(𝒂 − 𝒃 − 𝒄) + (𝒂 − 𝒃)𝒄 > 0 

 

 𝒄(𝒄 − (𝒂 − 𝒃)) + 𝟐(𝒂 − 𝒃)((𝒂 − 𝒃) − 𝒄) + (𝒂 − 𝒃)𝒄 > 0 

 

𝒄𝟐 − 𝒄(𝒂 − 𝒃) + 𝟐(𝒂 − 𝒃)𝟐 − 𝟐𝒄(𝒂 − 𝒃) + (𝒂 − 𝒃)𝒄 > 0 
 

𝒄𝟐 − 𝟐𝒄(𝒂 − 𝒃) + 𝟐(𝒂 − 𝒃)𝟐 > 0 
 

 ((𝒂 − 𝒃) − 𝒄)
𝟐
+ (𝒂− 𝒃)𝟐 > 0 𝑡𝑟𝑢𝑒 

 
 
3916. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏𝟔𝑹

𝒓
−
(𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪)𝟒

𝟒𝒔𝒊𝒏𝟐𝑨𝒔𝒊𝒏𝟐𝑩𝒔𝒊𝒏𝟐𝑪
≤ 𝟓 

 
Proposed by Samir Cabiyev-Azerbaijan 
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Solution by Daniel Sitaru-Romania 

𝟏𝟔𝑹

𝒓
−
(𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑩 + 𝒔𝒊𝒏𝑪)𝟒

𝟒𝒔𝒊𝒏𝟐𝑨𝒔𝒊𝒏𝟐𝑩𝒔𝒊𝒏𝟐𝑪
=
𝟏𝟔𝑹

𝒓
−
(
𝒂+ 𝒃 + 𝒄
𝟐𝑹 )

𝟒

𝟒 (
𝒂𝒃𝒄
𝟖𝑹𝟑

)
𝟐 = 

=
𝟏𝟔𝑹

𝒓
−

(
𝟐𝒔
𝟐𝑹)

𝟒

𝟒(
𝟒𝑹𝑭
𝟖𝑹𝟑

)
𝟐 =

𝟏𝟔𝑹

𝒓
− (

𝒔

𝑹
)
𝟒

∙
𝟔𝟒𝑹𝟔

𝟒 ∙ 𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐
= 

 

=
𝟏𝟔𝑹

𝒓
−
𝒔𝟒

𝑹𝟒
∙
𝑹𝟒

𝒓𝟐𝒔𝟐
=
𝟏𝟔𝑹

𝒓
−
𝒔𝟐

𝒓𝟐
≤⏞

𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵 𝟏𝟔𝑹

𝒓
−
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐

𝒓𝟐
= 

 

=
𝟏𝟔𝑹

𝒓
−
𝟏𝟔𝑹

𝒓
+ 𝟓 = 𝟓 

 
Equality holds for 𝑨 = 𝑩 = 𝑪. 

 

3917. 𝑳𝒆𝒕 ∆𝑫𝑬𝑭 𝒃𝒆 𝒕𝒉𝒆 𝒐𝒓𝒕𝒉𝒊𝒄 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 ∆𝑨𝑩𝑪.   
𝑰,  𝑰𝒂,  𝑰𝒃,  𝑰𝒄 − 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 ∆𝑨𝑩𝑪.  𝐏𝐫 𝒐 𝒗𝒆 𝒕𝒉𝒂𝒕: 

∑
𝑬𝑭

𝑨𝑰 ⋅ 𝑨𝑰𝒂

 

 

≤
𝟑𝑹

𝟖√𝟑𝒓𝟐
 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Qurban Muellim-Georgia 
 

𝑳𝒆𝒎𝒎𝒂𝒔:  𝑬𝑭 = 𝒂 ⋅ 𝐜𝐨𝐬𝑨 ,  𝑨𝑰𝒂 =
𝒓

𝐬𝐢𝐧 (
𝑨
𝟐)
 𝒂𝒏𝒅  𝑨𝑰 =

𝒓

𝐬𝐢𝐧 (
𝑨
𝟐)

 

𝑺𝒄𝒉𝒖𝒓 İ𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚:  𝒂𝒏(𝒂 − 𝒃)(𝒂 − 𝒄) + 𝒃𝒏(𝒃 − 𝒂)(𝒃 − 𝒄) + 𝒄𝒏(𝒄 − 𝒂)(𝒄 − 𝒃) ≥ 𝟎 
 

𝑭𝒐𝒓 𝒏 = 𝟑  
𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒂𝒃𝒄(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝒂𝟒𝒃 + 𝒂𝒃𝟒 + 𝒃𝟒𝒄 + 𝒄𝟒𝒃 + 𝒄𝟒𝒂 + 𝒂𝟒𝒄 

 

𝒂𝟒𝒃 + 𝒂𝒃𝟒 + 𝒃𝟒𝒄 + 𝒄𝟒𝒃 + 𝒄𝟒𝒂 + 𝒂𝟒𝒄 = 𝒂𝒃(𝒂𝟑 + 𝒃𝟑) + 𝒃𝒄(𝒃𝟑 + 𝒄𝟑) + 𝒂𝒄(𝒂𝟑 + 𝒄𝟑) ≥ 
≥ 𝒂𝟐𝒃𝟐(𝒂 + 𝒃) + 𝒃𝟐𝒄𝟐(𝒃 + 𝒄) + 𝒂𝟐𝒄𝟐(𝒂 + 𝒄) = 
= 𝒂𝟑𝒃𝟐 + 𝒂𝟐𝒃𝟑 + 𝒃𝟑𝒄𝟐 + 𝒃𝟐𝒄𝟑 + 𝒄𝟑𝒂𝟐 + 𝒄𝟐𝒂𝟑 ⇒   

 

𝒂𝟓 + 𝒃𝟓 + 𝒄𝟓 + 𝒂𝒃𝒄(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) ≥ 𝒂𝟑𝒃𝟐 + 𝒂𝟐𝒃𝟑 + 𝒃𝟑𝒄𝟐 + 𝒄𝟑𝒃𝟐 + 𝒄𝟑𝒂𝟐 + 𝒂𝟑𝒄𝟐 
 



 
www.ssmrmh.ro 

18 RMM-TRIANGLE MARATHON 3901-4000 

 

𝑳𝑯𝑺 =∑
𝑬𝑭

𝑨𝑰 ⋅ 𝑨𝑰𝒂

 

 

=∑
𝒂𝐜𝐨𝐬 𝑨
𝒓𝒓𝒂

𝐬𝐢𝐧𝟐 (
𝑨
𝟐)

 

 

=∑
𝒂𝐜𝐨𝐬 𝑨 ⋅ 𝐬𝐢𝐧𝟐 (

𝑨
𝟐)

𝒓𝒓𝒂

 

 

=∑
𝒂𝐜𝐨𝐬𝑨 ⋅ 𝐬𝐢𝐧𝟐 (

𝑨
𝟐)

𝒓𝒔 𝐭𝐚𝐧 (
𝑨
𝟐)

 

 

= 

 

=∑
𝒂𝐜𝐨𝐬 𝑨𝐬𝐢𝐧 𝑨

𝟐𝒓𝒔

 

 

=∑
𝒂𝟐 𝐜𝐨𝐬𝑨

𝟒𝑹𝒓𝒔

 

 

=
𝟏

𝟒𝑹𝒓𝒔
∑𝒂𝟐 𝐜𝐨𝐬𝑨

 

 

= 

 

=
𝟏

𝟒𝑹𝒓𝒔
∑

𝒂𝟐𝒃𝟐 + 𝒂𝟐𝒄𝟐 − 𝒂𝟒

𝟐𝒃𝒄

 

 

=
𝟏

𝟒𝑹𝒓𝒔
  ⋅
∑ (𝒂𝟑𝒃𝟐 + 𝒂𝟐𝒃𝟑) 
  − ∑ 𝒂𝟓 

 

𝟐𝒂𝒃𝒄
≤ 

 

≤
𝟏

𝟒𝑹𝒓𝒔
⋅
𝒂𝒃𝒄(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)

𝟐𝒂𝒃𝒄
=
∑ 𝒂𝟐 
 

𝟖𝑹𝒓𝒔
≤
𝟗𝑹𝟐

𝟖𝑹𝒓𝒔
=
𝟗𝑹

𝟖𝒓𝒔
≤

𝟗𝑹

𝟐𝟒√𝟑𝒓𝟐
=

𝟑𝑹

𝟖√𝟑𝒓𝟐
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   

 
3918. 𝑳𝒆𝒕 𝛀 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒓𝒐𝒄𝒂𝒓𝒅 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 ∆𝑨𝑩𝑪. 
 𝑶𝒂,  𝑶𝒃,  𝑶𝒄 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 ∆𝑩𝛀𝑪,  ∆𝑨𝛀𝑪,  ∆𝑨𝛀𝑩. 𝐏𝐫 𝒐𝒗𝒆 𝒕𝒉𝒂𝒕:   

 

∑
𝑶𝑶𝒂
𝒂 ⋅ 𝑨𝑯

 

 

≥
𝟐√𝟑𝒓

𝑹𝟐
 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Qurban Muellim-Azerbaijan 
 
𝑳𝒆𝒎𝒎𝒂:  𝑨𝑯 = 𝟐𝑹 ⋅ 𝐜𝐨𝐬𝑨 
 

𝑳𝒆𝒕 𝑶𝑶𝒂⋂𝑩𝑪 = 𝑴,  𝑩𝑴 = 𝑴𝑪.  𝑶𝑴 = 𝒙 𝒂𝒏𝒅 𝑶𝒂𝑴 = 𝒚. 
 

𝐜𝐨𝐭 𝑨 =
𝟐𝒙

𝒂
,   𝐜𝐨𝐭 𝑪 =

𝟐𝒚

𝒂
.  𝑶𝑶𝒂 = 𝒙 + 𝒚 =

𝒂(𝐜𝐨𝐭 𝑨 + 𝐜𝐨𝐭𝑪)

𝟐
= 

=
𝒂𝐬𝐢𝐧(𝑨 + 𝑪)

𝟐 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪
=

𝒂 𝐬𝐢𝐧𝑩

𝟐 𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑪
=

𝒂 ⋅
𝒃
𝟐𝑹

𝟐 ⋅
𝒂
𝟐𝑹 ⋅

𝒄
𝟐𝑹

=
𝒃

𝒄
𝑹 

 

𝑳𝑯𝑺 =∑
𝑶𝑶𝒂
𝒂 ⋅ 𝑨𝑯

 

 

=∑
𝒃

𝟐𝒂𝒄 ⋅ 𝐜𝐨𝐬𝑨

 

 

=∑
𝒃𝟐

𝟐𝒂𝒃𝒄 𝐜𝐨𝐬 𝑨

 

 

≥
∑ 𝒂𝟐 
 

𝟐𝒂𝒃𝒄∑ 𝐜𝐨𝐬𝑨 
 

≥ 
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≥
𝟒𝒔𝟐

𝟐𝒂𝒃𝒄 ⋅
𝟑
𝟐

=
𝟒𝒔𝟐

𝟑 ⋅ 𝟒𝑹𝒓𝒔
=

𝒔

𝟑𝑹𝒓
≥
𝟑√𝟑𝒓

𝟑𝑹 ⋅
𝑹
𝟐

=
𝟐√𝟑𝒓

𝑹𝟐
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   

 

3919. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐛𝐜√𝐜𝐨𝐭 𝐀 + 𝐜𝒂√𝐜𝐨𝐭 𝐁 + 𝒂𝐛√𝐜𝐨𝐭 𝐂 >
𝟖𝐑𝟐

𝟑
 

  Proposed by Vasile Mircea Popa-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 √𝐜𝐨𝐭 𝐀 = 𝒙,√𝐜𝐨𝐭 𝐁 = 𝐲, √𝐜𝐨𝐭 𝐂 = 𝐳 ∴ ∑√𝐜𝐨𝐭𝐀

𝐜𝐲𝐜

>
?
𝟐 ⇔∑𝒙

𝐜𝐲𝐜

> 2 

⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟐

> 4 = 4.√∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 (∵ ∑𝐜𝐨𝐭𝐀 𝐜𝐨𝐭𝐁

𝐜𝐲𝐜

=∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝟏) 

⇔ (∑𝒙

𝐜𝐲𝐜

)

𝟒

>
?
⏟
(∗)

𝟏𝟔∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

 

𝐀𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝐲 + 𝐳 = 𝐗, 𝐳 + 𝒙 = 𝐘, 𝒙 + 𝐲 = 𝐙 ⇒ 𝐗 + 𝐘 − 𝐙 = 𝟐𝐳 > 0, 𝑌 + 𝑍 − 𝑋 = 2𝒙 
> 𝟎 𝒂𝐧𝐝 𝐙 + 𝐗 − 𝐘 = 𝟐𝐲 > 0 ⇒ 𝑋 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑋, 𝑍 + 𝑋 > 𝑌 ⇒ 𝑋, 𝑌, 𝑍 𝑓𝑜𝑟𝑚  

𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 = 𝐬,𝐑, 𝐫 (𝐬𝒂𝐲) 

⇒ 𝟐∑𝒙

𝐜𝐲𝐜

=∑𝐗

𝐜𝐲𝐜

= 𝟐𝐬 ⇒∑𝒙

𝐜𝐲𝐜

= 𝐬 → (𝐢) ⇒ 𝒙 = 𝐬 − 𝐗, 𝐲 = 𝐬 − 𝐘, 𝐳 = 𝐬 − 𝐙 𝒂𝐧𝐝 𝐬𝐨 

∑𝒙𝐲

𝐜𝐲𝐜

=∑(𝐬 − 𝐗)(𝐬 − 𝐘)

𝐜𝐲𝐜

⇒∑𝒙𝐲

𝐜𝐲𝐜

= 𝟒𝐑𝐫 + 𝐫𝟐 → (𝐢𝐢) 𝒂𝐧𝐝 ∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 

(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

− 𝟐𝒙𝐲𝐳(∑𝒙

𝐜𝐲𝐜

) =
𝐯𝐢𝒂 (𝐢) 𝒂𝐧𝐝 (𝐢𝐢)

(𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟐(∏(𝐬 − 𝐗)

𝐜𝐲𝐜

) . 𝐬 

= (𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟐𝐫𝟐𝐬. 𝐬 ⇒∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

= 𝐫𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) → (𝐢𝐢𝐢) ∴ 𝐯𝐢𝒂 (𝐢) & (𝐢𝐢𝐢), 

(∗) ⇔ 𝐬𝟒 > 16𝐫𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) ⇔ 𝐬𝟒 + 𝟑𝟐𝐫𝟐𝐬𝟐 >
(∗∗)

𝟏𝟔𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 + 𝟐𝟕𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝐫 + 𝟐𝟕𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

>
?
𝟏𝟔𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ⇔ 𝟕𝟔𝐫(𝐑 − 𝟐𝐫) + 𝟏𝟒𝟖𝐑𝐫 + 𝐫𝟐 >

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 
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⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑√𝐜𝐨𝐭 𝐀

𝐜𝐲𝐜

>
(⦁)

𝟐  𝒂𝐧𝐝 𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 𝒂 ≥ 𝐛 ≥ 𝐜  

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐛𝐜 ≤ 𝐜𝒂 ≤ 𝒂𝐛 𝒂𝐧𝐝 √𝐜𝐨𝐭𝐀 ≤ √𝐜𝐨𝐭 𝐁 ≤ √𝐜𝐨𝐭 𝐂 

∴ 𝐛𝐜. √𝐜𝐨𝐭𝐀 + 𝐜𝒂.√𝐜𝐨𝐭 𝐁 + 𝒂𝐛. √𝐜𝐨𝐭 𝐂 ≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

𝟑
(∑𝐛𝐜

𝐜𝐲𝐜

)(∑√𝐜𝐨𝐭 𝐀

𝐜𝐲𝐜

) 

>
𝐯𝐢𝒂 (⦁) 𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
>
𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟑
  

(
∵ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞 ⇒∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

> 0 ⇒
𝐬𝟐 − (𝟐𝐑 + 𝐫)𝟐

𝟒𝐑𝟐
> 0

⇒ 𝐬 > 2𝐑 + 𝐫 > 2𝑹 ⇒ 𝐬𝟐 > 𝟒𝐑𝟐

) >
𝟖𝐑𝟐

𝟑
 𝒂𝐧𝐝 𝐬𝐨, 

𝐛𝐜. √𝐜𝐨𝐭𝐀 + 𝐜𝒂. √𝐜𝐨𝐭𝐁 + 𝒂𝐛. √𝐜𝐨𝐭 𝐂 >
𝟖𝐑𝟐

𝟑
 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

3920. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒎𝒂

𝒓𝒂
+
𝒎𝒃

𝒓𝒃
+
𝒎𝒄

𝒓𝒄
≥

𝟕𝟐𝟗𝒓𝟑

(𝒎𝒂√𝒓𝒂 +𝒎𝒃√𝒓𝒃 +𝒎𝒄√𝒓𝒄)
𝟐 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝒎𝒂

𝒓𝒂
+
𝒎𝒃

𝒓𝒃
+
𝒎𝒄

𝒓𝒄
= 

=
𝒎𝒂𝒓𝒃𝒓𝒄 +𝒎𝒃𝒓𝒂𝒓𝒄 +𝒎𝒄𝒓𝒃𝒓𝒂

𝒓𝒂𝒓𝒃𝒓𝒄
≥

𝟕𝟐𝟗𝒓𝟑

(𝒎𝒂√𝒓𝒂 +𝒎𝒃√𝒓𝒃 +𝒎𝒄√𝒓𝒄)
𝟐 

𝑳𝒆𝒕′𝒔  𝒑𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕 ∶ 

(𝒎𝒂𝒓𝒃𝒓𝒄 +𝒎𝒃𝒓𝒂𝒓𝒄 +𝒎𝒄𝒓𝒃𝒓𝒂)(𝒎𝒂√𝒓𝒂 +𝒎𝒃√𝒓𝒃 +𝒎𝒄√𝒓𝒄)
𝟐

𝒓𝒂𝒓𝒃𝒓𝒄
≥ 𝟕𝟐𝟗𝒓𝟑 

(𝒎𝒂𝒓𝒃𝒓𝒄 +𝒎𝒃𝒓𝒂𝒓𝒄 +𝒎𝒄𝒓𝒃𝒓𝒂)(𝒎𝒂√𝒓𝒂 +𝒎𝒃√𝒓𝒃 +𝒎𝒄√𝒓𝒄)
𝟐

𝒓𝒂𝒓𝒃𝒓𝒄
≥⏞

𝑨𝑴−𝑮𝑴

 

≥

𝟑((𝒎𝒂𝒓𝒃𝒓𝒄)(𝒓𝒂𝒓𝒃𝒓𝒄)
𝟐)

𝟏
𝟑
(𝟑((𝒎𝒂𝒓𝒃𝒓𝒄)(𝒓𝒂𝒓𝒃𝒓𝒄)

𝟏
𝟐)

𝟏
𝟑

)

𝟐

𝒓𝒂𝒓𝒃𝒓𝒄
= 

=
𝟐𝟕((𝒎𝒂𝒓𝒃𝒓𝒄)(𝒓𝒂𝒓𝒃𝒓𝒄))

𝒓𝒂𝒓𝒃𝒓𝒄
= 𝟐𝟕(𝒎𝒂𝒓𝒃𝒓𝒄) ≥ 𝟐𝟕𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝟕. 𝟐𝟕𝒓

𝟑 = 𝟕𝟐𝟗𝒓𝟑 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 
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3921. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏

𝒔𝒊𝒏𝟓
𝑨
𝟐

+
𝟏

𝒔𝒊𝒏𝟓
𝑩
𝟐

+
𝟏

𝒔𝒊𝒏𝟓
𝑪
𝟐

≥ 𝟗𝟔 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Daniel Sitaru-Romania 

𝟏

𝒔𝒊𝒏𝟓
𝑨
𝟐

+
𝟏

𝒔𝒊𝒏𝟓
𝑩
𝟐

+
𝟏

𝒔𝒊𝒏𝟓
𝑪
𝟐

=
𝟏𝟔

𝒔𝒊𝒏𝟓
𝑨
𝟐

+
𝟏𝟔

𝒔𝒊𝒏𝟓
𝑩
𝟐

+
𝟏𝟔

𝒔𝒊𝒏𝟓
𝑪
𝟐

≥⏞
𝑹𝑨𝑫𝑶𝑵

 

 

=
(𝟏 + 𝟏 + 𝟏)𝟔

(𝒔𝒊𝒏
𝑨
𝟐 + 𝒔𝒊𝒏

𝑩
𝟐 + 𝒔𝒊𝒏

𝑪
𝟐)

𝟓
≥⏞

𝑱𝑬𝑵𝑺𝑬𝑵
𝟑𝟔

(𝟑𝒔𝒊𝒏

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
)

𝟓 = 

 

=
𝟑𝟔

(𝟑𝒔𝒊𝒏
𝑨 + 𝑩 + 𝑪

𝟔 )
𝟓
=

𝟑

𝒔𝒊𝒏𝟓
𝝅
𝟔

=
𝟑

𝟏
𝟑𝟐

= 𝟗𝟔 

 
Equality holds for 𝑨 = 𝑩 = 𝑪. 

 

3922. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏

𝒂𝟓
+
𝟏

𝒃𝟓
+
𝟏

𝒄𝟓
≥

𝟏

𝟑√𝟑𝑹𝟓
 

 
Proposed by Zaza Mzhavanadze-Georgia 

Solution by Daniel Sitaru-Romania 
 

𝟏

𝒂𝟓
+
𝟏

𝒃𝟓
+
𝟏

𝒄𝟓
=
𝟏𝟔

𝒂𝟓
+
𝟏𝟔

𝒃𝟓
+
𝟏𝟔

𝒄𝟓
≥⏞

𝑹𝑨𝑫𝑶𝑵

 

 

≥
(𝟏 + 𝟏 + 𝟏)𝟔

(𝒂 + 𝒃 + 𝒄)𝟓
=

𝟑𝟔

(𝟐𝒔)𝟓
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪𝑰 𝟑𝟔

(𝟐 ∙
𝟑√𝟑
𝟐 𝑹)

𝟓
=

𝟑𝟔

𝟑𝟓 ∙ 𝟗√𝟑𝑹𝟓
=

𝟑

𝟗√𝟑𝑹𝟓
=

𝟏

𝟑√𝟑𝑹𝟓
 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 
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3923. 𝑭𝒊𝒏𝒅: 

𝐬𝐢𝐧𝟒 (
𝝅

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟗𝛑

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟏𝟎𝝅

𝟕
) 

Proposed by Deivy Garcia-Peru 
Solution by Amin Hajiyev-Azerbaijan 
 

𝑺 = 𝐬𝐢𝐧𝟒 (
𝝅

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟗𝛑

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟏𝟎𝝅

𝟕
) = 𝐬𝐢𝐧𝟒 (

𝝅

𝟕
) + 𝐬𝐢𝐧𝟒 (𝝅 +

𝟐𝝅

𝟕
) + 𝐬𝐢𝐧𝟒 (𝝅 +

𝟑𝝅

𝟕
)

= 𝐬𝐢𝐧𝟒 (
𝝅

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟐𝝅

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟑𝝅

𝟕
) 

𝑫𝒆 𝑴𝒐𝒊𝒗𝒓𝒆′𝒔 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝐜𝐨𝐬(𝐧𝛉) + 𝒊 𝐬𝐢𝐧(𝒏𝜽) = (𝐜𝐨𝐬(𝜽) + 𝒊 𝐬𝐢𝐧(𝜽))𝒏 
𝐜𝐨𝐬(𝟕𝛉) + 𝒊 𝐬𝐢𝐧(𝟕𝜽) = (𝐜𝐨𝐬(𝜽) + 𝒊 𝐬𝐢𝐧(𝜽))𝟕 

𝐬𝐢𝐧(𝟕𝜽) = 𝕴{(𝐜𝐨𝐬(𝜽) + 𝒊 𝐬𝐢𝐧(𝜽))𝟕} 

𝑩𝒊𝒏𝒐𝒎𝒊𝒂𝒍 𝒕𝒉𝒆𝒐𝒓𝒆𝒎   (𝒂 + 𝒃)𝒏 = ∑(
𝒏
𝒌
)

𝒏

𝒌=𝟎

𝒂𝒏−𝒌𝒃𝒌 

𝐬𝐢𝐧(𝟕𝜽) = 𝟕𝐜𝐨𝐬𝟔(𝜽) 𝐬𝐢𝐧(𝜽) −
𝟕

𝟑
𝐜𝐨𝐬𝟒(𝜽)𝐬𝐢𝐧𝟑(𝜽) +

𝟕

𝟓
𝐜𝐨𝐬𝟐(𝜽)𝐬𝐢𝐧𝟓(𝜽) − 𝐬𝐢𝐧𝟕(𝜽) = 

= 𝟕 𝐬𝐢𝐧(𝜽) − 𝟓𝟔𝐬𝐢𝐧𝟑(𝜽) + 𝟏𝟏𝟐𝐬𝐢𝐧𝟓(𝜽) − 𝟔𝟒𝐬𝐢𝐧𝟕(𝜽) 

𝜽 =
𝝅𝒌

𝟕
  𝒌 = {𝟏, 𝟐, 𝟑,… , 𝟔}   𝒌 ≠ 𝟕 

𝐬𝐢𝐧(𝟕𝜽) = 𝟎 →  𝟕 𝐬𝐢𝐧(𝜽) − 𝟓𝟔𝐬𝐢𝐧𝟑(𝜽) + 𝟏𝟏𝟐𝐬𝐢𝐧𝟓(𝜽) − 𝟔𝟒𝐬𝐢𝐧𝟕(𝜽) = 𝟎 
𝟕 − 𝟓𝟔𝐬𝐢𝐧𝟐(𝜽) + 𝟏𝟏𝟐𝐬𝐢𝐧𝟒(𝜽) − 𝟔𝟒𝐬𝐢𝐧𝟔(𝜽) = 𝟎 

𝑺𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏  𝐬𝐢𝐧𝟐(𝜽) = 𝒙   𝒙𝟏 = 𝐬𝐢𝐧
𝟐 (
𝛑

𝟕
) , 𝐱𝟐 = 𝐬𝐢𝐧

𝟐 (
𝟐𝛑

𝟕
) , 𝐱𝟑 = 𝐬𝐢𝐧

𝟐 (
𝟑𝛑

𝟕
) 

𝟔𝟒𝒙𝟑 − 𝟏𝟏𝟐𝒙𝟐 + 𝟓𝟔𝒙 − 𝟕 = 𝟎 

𝑽𝒊𝒆𝒕𝒂′𝒔  𝒇𝒐𝒓𝒎𝒖𝒍𝒂𝒔 ⇒  {
𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 =

𝟏𝟏𝟐

𝟔𝟒
=
𝟕

𝟒

𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟏𝒙𝟑 =
𝟓𝟔

𝟔𝟒
=
𝟕

𝟖

 

𝑺 = 𝒙𝟏
𝟐 + 𝒙𝟐

𝟐 + 𝒙𝟑
𝟐 = (𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑)

𝟐 − 𝟐(𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟏𝒙𝟑) = 

=
𝟒𝟗

𝟏𝟔
− 𝟐 ⋅

𝟕

𝟖
=
𝟐𝟏

𝟏𝟔
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆   𝐬𝐢𝐧𝟒 (
𝝅

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟗𝛑

𝟕
) + 𝐬𝐢𝐧𝟒 (

𝟏𝟎𝝅

𝟕
) =

𝟐𝟏

𝟏𝟔
 

 
3924. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐√𝟑.∑
𝐡𝒂

𝐰𝒂 + 𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑𝐜𝐲𝐜

≥
𝐬

𝐫
+∑

𝐧𝒂
𝐫𝒂

𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝟐√𝟑∑
𝐡𝒂

𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑𝐜𝐲𝐜

≥
𝐋𝐞𝐬𝐬𝐞𝒍−𝐏𝐞𝒍𝒍𝐢𝐧𝐠

𝟐√𝟑.∑
𝐡𝒂

𝐬. √𝟑 − 𝐧𝒂. √𝟑𝐜𝐲𝐜

 

=
𝟐√𝟑

√𝟑
.∑

𝐡𝒂(𝐧𝒂 + 𝐬)

𝐬𝟐 − 𝐧𝒂𝟐
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝟐∑
𝐡𝒂(𝐬 + 𝐧𝒂)

𝟐𝐡𝒂𝐫𝒂
𝐜𝐲𝐜

= 𝐬∑
𝟏

𝐫𝒂
𝐜𝐲𝐜

+∑
𝐧𝒂
𝐫𝒂

𝐜𝐲𝐜

 

=
𝐬

𝐫
+∑

𝐧𝒂
𝐫𝒂

𝐜𝐲𝐜

∴ 𝟐√𝟑.∑
𝐡𝒂

𝐰𝒂 + 𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑𝐜𝐲𝐜

≥
𝐬

𝐫
+∑

𝐧𝒂
𝐫𝒂

𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

 
′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3925. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
(𝐧𝒂 + 𝐬)(𝐰𝒂 + 𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐧𝒂
𝐜𝐲𝐜

≤ 𝟐𝐫√𝟑∑
𝐡𝒂

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
(𝐧𝒂 + 𝐬)(𝐰𝒂 + 𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐧𝒂
𝐜𝐲𝐜

≤
𝐋𝐞𝐬𝐬𝐞𝒍−𝐏𝐞𝒍𝒍𝐢𝐧𝐠

 

≤∑
(𝐧𝒂 + 𝐬)(𝐬. √𝟑 − 𝐧𝒂. √𝟑)

𝐧𝒂
𝐜𝐲𝐜

=∑
√𝟑. (𝐬𝟐 − 𝐧𝒂

𝟐)

𝐧𝒂
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

∑
√𝟑. (𝟐𝐡𝒂𝐫𝒂)

𝐧𝒂
𝐜𝐲𝐜

 

∴ ∑
(𝐧𝒂 + 𝐬)(𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐧𝒂
𝐜𝐲𝐜

≤ 𝟐√𝟑.∑
𝐡𝒂𝐫𝒂
𝐧𝒂

𝐜𝐲𝐜

→① 𝒂𝐧𝐝 

𝟐𝐫. √𝟑.∑
𝐡𝒂

𝐧𝒂 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝟐𝐫. √𝟑.∑
𝐡𝒂

𝐧𝒂 −
𝒂𝐧𝒂
𝐬𝐜𝐲𝐜

= 

= 𝟐√𝟑.∑((
𝐫𝐬

𝐬 − 𝒂
) (
𝐡𝒂
𝐧𝒂
))

𝐜𝐲𝐜

= 

= 𝟐√𝟑.∑
𝐡𝒂𝐫𝒂
𝐧𝒂

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 ①

∑
(𝐧𝒂 + 𝐬)(𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐧𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐬𝐨 

∑
(𝐧𝒂 + 𝐬)(𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐧𝒂
𝐜𝐲𝐜

≤ 𝟐𝐫.√𝟑.∑
𝐡𝒂

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3926. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐡𝐨𝒍𝐝𝐬 ∶ 

|𝐛 − 𝐜|

𝒂
≤ 𝐦𝐢𝐧 {

√𝐬𝟐 − 𝟐𝟕𝐫𝟐

𝐬
, √
𝟐(𝟐𝐬𝟐 − 𝟐𝟕𝐑𝐫)

𝟐𝟕𝐫𝟐
} 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐬𝟎 = 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫 (𝐟𝐨𝐫 𝐨𝐰𝐧 𝐜𝐨𝐧𝐯𝐞𝐧𝐢𝐞𝐧𝐜𝐞), 𝐬 = 𝐬𝐢𝐧
𝐀

𝟐
, 𝐜 = 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
  

𝐂𝒂𝐬𝐞 𝟏  𝐜 ≥ 𝟐𝐬 𝒂𝐧𝐝 𝐧𝐨𝐰,
|𝐛 − 𝐜|

𝒂
≤
?
√
𝟐(𝟐𝐬𝟎

𝟐 − 𝟐𝟕𝐑𝐫)

𝟐𝟕𝐫𝟐
 

⇔
𝟏 − 𝐜𝟐

𝟏 − 𝐬𝟐
≤
? 𝟒

𝟐𝟕
.
(𝟏 − 𝐬𝟐)

(𝐜 + 𝐬)𝟐

𝟒

𝐬𝟐
(𝐜 − 𝐬)𝟐

𝟒

−
𝟐𝐑

𝟒𝐑𝐬 (
𝐜 − 𝐬
𝟐 )

 

⇔ (𝟐𝟕𝐜𝟒𝐬𝟐 − 𝟓𝟒𝐜𝟑𝐬𝟑 + 𝟑𝟏𝐜𝟐𝐬𝟒 + 𝟖𝐜𝐬𝟓 + 𝟒𝐬𝟔) − (𝟑𝟓𝐜𝟐𝐬𝟐 − 𝟔𝟓𝐜𝐬𝟑 + 𝟔𝟐𝐬𝟒) + 

(𝟒𝐜𝟐 − 𝟏𝟗𝐜𝐬 + 𝟑𝟏𝐬𝟐) ≥
?
⏟
(∗)

𝟎 ⇔ 𝐬𝟔(𝟐𝟕𝐭𝟒 − 𝟓𝟒𝐭𝟑 + 𝟑𝟏𝐭𝟐 + 𝟖𝐭 + 𝟒) − 

𝐬𝟒(𝟑𝟓𝐭𝟐 − 𝟔𝟓𝐭 + 𝟔𝟐) + 𝐬𝟐(𝟒𝐭𝟐 − 𝟏𝟗𝐭 + 𝟑𝟏) ≥
?
𝟎 (𝐭 =

𝐜

𝐬
) 

⇔ 𝐬𝟒(𝟐𝟕𝐭𝟐(𝐭 − 𝟏)𝟐 + 𝟒(𝐭 + 𝟏)𝟐) − 𝐬𝟐(𝟑𝟓𝐭𝟐 − 𝟔𝟓𝐭 + 𝟔𝟐) + 𝟒𝐭𝟐 − 𝟏𝟗𝐭 + 𝟑𝟏 ≥
?
⏟
(∗∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐩𝐨𝒍𝐲𝐧𝐨𝐦𝐢𝒂𝒍 𝐢𝐧 ′′𝐬𝟐′′ 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝛅 = 
(𝟑𝟓𝐭𝟐 − 𝟔𝟓𝐭 + 𝟔𝟐)𝟐 − 𝟒(𝟐𝟕𝐭𝟒 − 𝟓𝟒𝐭𝟑 + 𝟑𝟏𝐭𝟐 + 𝟖𝐭 + 𝟒)(𝟒𝐭𝟐 − 𝟏𝟗𝐭 + 𝟑𝟏) 

= −𝟐𝟕(𝐭 − 𝟏)𝟐(𝐭 − 𝟐)𝟐((𝐭 − 𝟐)(𝟏𝟔𝐭 + 𝟐𝟎) + 𝟗) ≤ 𝟎 (∵ 𝐭 ≥ 𝟐) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐(𝒂)  𝐜 ≤ 𝟐𝐬 𝒂𝐧𝐝 𝐬 ≤
𝟏

𝟐
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐𝐬𝟐(𝟐𝟕𝐭𝟒 − 𝟓𝟒𝐭𝟑 + 𝟑𝟏𝐭𝟐 + 𝟖𝐭 + 𝟒) ≤
?
𝟑𝟓𝐭𝟐 − 𝟔𝟓𝐭 + 𝟔𝟐 − √𝛅 & ∵ 𝐬𝟐 ≤

𝟏

𝟒
, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐(𝟑𝟓𝐭𝟐 − 𝟔𝟓𝐭 + 𝟔𝟐) − (𝟐𝟕𝐭𝟒 − 𝟓𝟒𝐭𝟑 + 𝟑𝟏𝐭𝟐 + 𝟖𝐭 + 𝟒) ≥
?
𝟐√𝛅 

⇔ 𝟑(𝟐 − 𝐭)(𝟗𝐭𝟑 − 𝟏𝟑𝐭 + 𝟐𝟎) ≥
?
⏟
①

𝟐√𝛅 𝒂𝐧𝐝 𝐧𝐨𝐰,𝟗𝐭𝟑 − 𝟏𝟑𝐭 + 𝟐𝟎 = 

(𝟒𝟓𝐭 + 𝟔𝟑)(𝟏𝟎𝐭 − 𝟕)𝟐 + 𝟏𝟏𝟓𝐭 + 𝟔𝟗𝟏𝟑

𝟓𝟎𝟎
> 0 𝑎𝐧𝐝 𝐜 ≤ 𝟐𝐬 ⇒ 𝟐 − 𝐭 ≥ 𝟎 𝒂𝐧𝐝 𝐬𝐨,① ⇔ 

𝟗(𝟐 − 𝐭)𝟐(𝟗𝐭𝟑 − 𝟏𝟑𝐭 + 𝟐𝟎)𝟐 ≥
?
− 𝟏𝟎𝟖(𝐭 − 𝟏)𝟐(𝟐 − 𝐭)𝟐(𝟏𝟔𝐭𝟐 − 𝟏𝟐𝐭 − 𝟑𝟏) 

(𝛅 𝐞𝐯𝒂𝒍𝐮𝒂𝐭𝐞𝐝 𝐞𝒂𝐫𝒍𝐢𝐞𝐫) ⇔ (𝟗𝐭𝟑 − 𝟏𝟑𝐭 + 𝟐𝟎)𝟐 + 𝟏𝟐(𝐭 − 𝟏)𝟐(𝟏𝟔𝐭𝟐 − 𝟏𝟐𝐭 − 𝟑𝟏) ≥
?
𝟎 
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⇔
((𝐭 − 𝟏)𝟐(𝟏𝟐𝟗𝟔𝐭𝟐 + 𝟑𝟖𝟖𝟖𝐭 + 𝟔𝟕𝟖𝟎) + 𝟔𝟗𝟔𝟎𝐭 − 𝟓𝟏𝟑𝟓)(𝟐𝐭 − 𝟏)𝟐 + 𝟏𝟒𝟒𝟏𝟐𝐭 + 𝟏𝟒𝟕

𝟔𝟒
≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 =
𝐜

𝐬
=

𝐛 + 𝐜
𝒂 𝐬𝐢𝐧

𝐀
𝟐

𝐬𝐢𝐧
𝐀
𝟐

> 1 ⇒① ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐(𝐛)  𝐜 ≤ 𝟐𝐬 ∧  𝐬 ≥
𝟏

𝟐
; 𝐋𝐞𝐭 ∶ 𝐜 − 𝐬 = 𝐮 ⇒ 𝐜 = 𝐬 + 𝐮 & 𝐭𝐡𝐞𝐧 ∶ (∗) ⇔ 𝟐𝟕𝐬𝟐𝐮𝟒 + 

𝟓𝟒𝐬𝟑𝐮𝟑 + (𝟑𝟏𝐬𝟒 − 𝟑𝟓𝐬𝟐 + 𝟒)𝐮𝟐 + (𝟏𝟔𝐬𝟓 − 𝟓𝐬𝟑 − 𝟏𝟏𝐬)𝐮 + 𝟏𝟔𝐬𝟔 − 𝟑𝟐𝐬𝟒 + 𝟏𝟔𝐬𝟐 ≥
?
⏟
(⦁)

𝟎 

∵ 𝟐𝟕𝐬𝟐(𝐮 − 𝟏 + 𝐬)𝟒 ≥ 𝟎 ∴ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
?

 
𝟐𝟕𝐬𝟐(𝐮 − 𝟏 + 𝐬)𝟒 ⇔ 𝟓𝟒𝐬𝟐(𝟐 − 𝐬)𝐮𝟑 − (𝟏𝟑𝟏𝐬𝟒 − 𝟑𝟐𝟒𝐬𝟑 + 𝟏𝟗𝟕𝐬𝟐 − 𝟒)𝐮𝟐 − 

(𝟗𝟐𝐬𝟓 − 𝟑𝟐𝟒𝐬𝟒 + 𝟑𝟐𝟗𝐬𝟑 − 𝟏𝟎𝟖𝐬𝟐 + 𝟏𝟏𝐬)𝐮 + 𝟏𝟎𝟖𝐬𝟓 − 𝟏𝟏𝐬𝟔 − 𝟏𝟗𝟒𝐬𝟒 + 𝟏𝟎𝟖𝐬𝟑 

−𝟏𝟏𝐬𝟐 ≥
?
⏟
(⦁⦁)

𝟎; ∵ 𝟓𝟒𝐬𝟐(𝟐 − 𝐬)𝐮(𝐮 − 𝟏 + 𝐬)𝟐 ≥ 𝟎 ∴ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁), 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
?
𝟓𝟒𝐬𝟐(𝟐 − 𝐬)𝐮(𝐮− 𝟏 + 𝐬)𝟐 ⇔

𝐟𝒂𝐜𝐭𝐨𝐫𝐢𝐧𝐠 𝐨𝐮𝐭 (𝟏−𝐬)

(𝟏 + 𝐬)(𝟐𝟑𝐬𝟐 + 𝟒)𝐮𝟐 + 

(𝟑𝟖𝐬𝟒 − 𝟕𝟎𝐬𝟑 − 𝟏𝟏𝐬𝟐 − 𝟏𝟏𝐬)𝐮 + 𝟏𝟏𝐬𝟓 − 𝟗𝟕𝐬𝟒 + 𝟗𝟕𝐬𝟑 − 𝟏𝟏𝐬𝟐 ≥
?
⏟
(⦁⦁⦁)

𝟎 

𝐃𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝛅𝟎  𝐨𝐟 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁⦁) = (𝟑𝟖𝐬
𝟒 − 𝟕𝟎𝐬𝟑 − 𝟏𝟏𝐬𝟐 − 𝟏𝟏𝐬)𝟐 − 

𝟒(𝟏 + 𝐬)(𝟐𝟑𝐬𝟐 + 𝟒)(𝟏𝟏𝐬𝟓 − 𝟗𝟕𝐬𝟒 + 𝟗𝟕𝐬𝟑 − 𝟏𝟏𝐬𝟐) 

= 𝟐𝟕(𝟒𝐬𝟒 + 𝟐𝟖𝐬𝟑 + 𝟔𝟑𝐬𝟐 + 𝟐𝐬 + 𝟏𝟏)(𝟐𝐬 − 𝟏)𝟐 ≥ 𝟎 & ∵ 𝐮 > 0 ∴ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁⦁⦁), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐(𝟏 + 𝐬)(𝟐𝟑𝐬𝟐 + 𝟒)𝐮 ≤
?
− (𝟑𝟖𝐬𝟒 − 𝟕𝟎𝐬𝟑 − 𝟏𝟏𝐬𝟐 − 𝟏𝟏𝐬) − √𝛅𝟎 

& ∵ 𝐮 = 𝐜 − 𝐬 ≤ 𝟏 − 𝐬 ∴ 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ √𝛅𝟎 ≤
?
− (𝟑𝟖𝐬𝟒 − 𝟕𝟎𝐬𝟑 − 𝟏𝟏𝐬𝟐 − 𝟏𝟏𝐬) 

−𝟐(𝟏 + 𝐬)(𝟐𝟑𝐬𝟐 + 𝟒)(𝟏 − 𝐬) = (𝟐𝐬 − 𝟏)(𝟒𝐬𝟑 + 𝟑𝟕𝐬𝟐 + 𝟓𝐬 + 𝟖) ⇔ 

𝟐𝟕(𝟒𝐬𝟒 + 𝟐𝟖𝐬𝟑 + 𝟔𝟑𝐬𝟐 + 𝟐𝐬 + 𝟏𝟏)(𝟐𝐬 − 𝟏)𝟐 ≤
?
(𝟐𝐬 − 𝟏)𝟐(𝟒𝐬𝟑 + 𝟑𝟕𝐬𝟐 + 𝟓𝐬 + 𝟖)𝟐  

(∵ 𝐬 ≥
𝟏

𝟐
) ⇔ 𝟒(𝟏 − 𝐬)(𝐬 + 𝟒)(𝟐𝟑𝐬𝟐 + 𝟒)(𝐬 + 𝟏)𝟐(𝟐𝐬 − 𝟏)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (⦁⦁⦁)𝐭𝐫𝐮𝐞 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝒂𝒍𝒍 𝐜𝒂𝐬𝐞𝐬,
|𝐛 − 𝐜|

𝒂
≤ √

𝟐(𝟐𝐬𝟎
𝟐 − 𝟐𝟕𝐑𝐫)

𝟐𝟕𝐫𝟐
 & 𝐟𝐢𝐧𝒂𝒍𝒍𝐲,

|𝐛 − 𝐜|

𝒂
≤
?
√𝐬𝟎

𝟐 − 𝟐𝟕𝐫𝟐

𝐬𝟎
 

⇔
𝟐𝟕𝐬𝟐(𝐜 − 𝐬)𝟐

(𝟏 − 𝐬𝟐)(𝐜 + 𝐬)𝟐
≤
?
𝟏 −

𝟏 − 𝐜𝟐

𝟏 − 𝐬𝟐
⇔

𝐟𝒂𝐜𝐭𝐨𝐫𝐢𝐧𝐠 𝐨𝐮𝐭 (𝐜−𝐬)

(𝐜 + 𝐬)𝟑 ≥
?
𝟐𝟕𝐬𝟐(𝐜 − 𝐬) 

⇔ (𝐜 + 𝟕𝐬)(𝐜 − 𝟐𝐬)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞; 𝐬𝐨,

|𝐛 − 𝐜|

𝒂
≤ 𝐦𝐢𝐧 {

√𝐬𝟐 − 𝟐𝟕𝐫𝟐

𝐬
, √
𝟐(𝟐𝐬𝟐 − 𝟐𝟕𝐑𝐫)

𝟐𝟕𝐫𝟐
} 

∀ ∆ 𝐀𝐁𝐂,𝐰𝐡𝐞𝐫𝐞 𝐬 ≡ 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, ′′ =′′ 𝐢𝐟𝐟 𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
= 𝟐𝐬𝐢𝐧

𝐀

𝟐
 (𝐐𝐄𝐃) 
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3927. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐰𝒂 ≤
𝟑√𝟑(𝐛𝟐 + 𝐜𝟐 + 𝟔𝐛𝐜)

𝟑𝟐𝐬
 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟑√𝟑. (𝐛𝟐 + 𝐜𝟐 + 𝟔𝐛𝐜)

𝟑𝟐𝐬
=
𝟑√𝟑. ((𝐛 + 𝐜)𝟐 + 𝟒𝐛𝐜)

𝟑𝟐𝐬
≥

𝐀𝐌−𝐆𝐌 𝟏𝟐√𝟑. (𝐛 + 𝐜). √𝐛𝐜

𝟑𝟐𝐬
 

≥
? 𝟐√𝐛𝐜

𝐛 + 𝐜
.√𝐬(𝐬 − 𝒂) ⇔ 𝟐𝟕(𝐛 + 𝐜)𝟒 ≥

?
𝟐𝟓𝟔𝐬𝟑(𝐬 − 𝒂) ⇔ 𝟐𝟕(𝟐𝐬 − 𝒂)𝟒 ≥

?
𝟐𝟓𝟔𝐬𝟑(𝐬 − 𝒂) 

⇔ 𝟏𝟕𝟔𝐭𝟒 − 𝟔𝟎𝟖𝐭𝟑 + 𝟔𝟒𝟖𝐭𝟐 − 𝟐𝟏𝟔𝐭 + 𝟐𝟕 ≥
?
𝟎 (𝐭 =

𝐬

𝒂
) 

⇔ (𝟐𝐭 − 𝟑)𝟐((𝟒𝟒𝐭 + 𝟐𝟒)(𝐭 − 𝟏) + 𝟐𝟕) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 > 1 

∴
𝟑√𝟑. (𝐛𝟐 + 𝐜𝟐 + 𝟔𝐛𝐜)

𝟑𝟐𝐬
≥
𝟐√𝐛𝐜

𝐛 + 𝐜
. √𝐬(𝐬 − 𝒂) = 𝐰𝒂 ⇒ 𝐰𝒂 ≤

𝟑√𝟑. (𝐛𝟐 + 𝐜𝟐 + 𝟔𝐛𝐜)

𝟑𝟐𝐬
  

∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 𝐛 = 𝐜 𝒂𝐧𝐝 𝐛 + 𝐜 = 𝟐𝒂 ⇒ ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3928. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟗 ≤∑𝐜𝐨𝐭𝟐
𝑨

𝟐
≤ (

𝟐𝑹

𝒓
− 𝟏)

𝟐

 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=∑

𝒔𝟐

𝒓𝒂𝟐
= 𝒔𝟐 ((∑

𝟏

𝒓𝒂
)
𝟐

− 𝟐∑
𝟏

𝒓𝒂𝒓𝒃
) = 

 

= 𝒔𝟐 (
𝟏

𝒓𝟐
−
𝟐(𝟒𝑹+ 𝒓)

𝒔𝟐𝒓
) =

𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
 

 

∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 
(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐) − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
= 

=
(𝟐𝑹 − 𝟏)𝟐

𝒓𝟐
= (

𝟐𝑹

𝒓
− 𝟏)

𝟐
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∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
= 

=
𝟖𝑹𝒓 − 𝟕𝒓𝟐

𝒓𝟐
=
𝟖𝑹

𝒓
− 𝟕 ≥

𝑬𝒖𝒍𝒆𝒓
 𝟖 × 𝟐 − 𝟕 = 𝟗 

Equality holds for an equilateral triangle. 
 

3929. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑(
𝐜𝐨𝐬𝐀

𝟏 + 𝐬𝐢𝐧 𝐀
)
𝐧

𝐜𝐲𝐜

≥ 𝟑(𝟐 − √𝟑)
𝐧
, 𝐧 ∈ ℕ 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐜𝐨𝐬𝐀

𝟏 + 𝐬𝐢𝐧𝐀
𝐜𝐲𝐜

=∑
𝐜𝐨𝐬𝟐

𝐀
𝟐 − 𝐬𝐢𝐧

𝟐𝐀
𝟐

𝐜𝐨𝐬𝟐
𝐀
𝟐 + 𝐬𝐢𝐧

𝟐𝐀
𝟐 + 𝟐𝐜𝐨𝐬

𝐀
𝟐 . 𝐬𝐢𝐧

𝐀
𝟐𝐜𝐲𝐜

 

= ∑
(𝐜𝐨𝐬

𝐀
𝟐 + 𝐬𝐢𝐧

𝐀
𝟐) (𝐜𝐨𝐬

𝐀
𝟐 − 𝐬𝐢𝐧

𝐀
𝟐)

(𝐜𝐨𝐬
𝐀
𝟐 + 𝐬𝐢𝐧

𝐀
𝟐)

𝟐

𝐜𝐲𝐜

=∑
𝐜𝐨𝐬

𝐀
𝟐 − 𝐬𝐢𝐧

𝐀
𝟐

𝐜𝐨𝐬
𝐀
𝟐 + 𝐬𝐢𝐧

𝐀
𝟐𝐜𝐲𝐜

=∑
𝟏− 𝐭𝒂𝐧

𝐀
𝟐

𝟏 + 𝐭𝒂𝐧
𝐀
𝟐𝐜𝐲𝐜

 

= ∑
𝐬− 𝐫𝒂
𝐬 + 𝐫𝒂

𝐜𝐲𝐜

=∑
−𝐬 − 𝐫𝒂 + 𝟐𝐬

𝐬 + 𝐫𝒂
𝐜𝐲𝐜

= −𝟑 +∑
𝟐𝐬(𝐬 + 𝐫𝐛)(𝐬 + 𝐫𝐜)

(𝐬 + 𝐫𝒂)(𝐬 + 𝐫𝐛)(𝐬 + 𝐫𝐜)
𝐜𝐲𝐜

 

= −𝟑 +∑
𝟐𝐬(𝐬𝟐 + 𝐬(𝐫𝐛 + 𝐫𝐜) + 𝐫𝐛𝐫𝐜)

𝐬𝟑 + 𝐬𝟐(𝟒𝐑+ 𝐫) + 𝐬. 𝐬𝟐 + 𝐫𝐬𝟐
𝐜𝐲𝐜

= −𝟑 +
𝟐𝐬(𝟑𝐬𝟐 + 𝟐𝐬(𝟒𝐑 + 𝐫) + 𝐬𝟐)

𝟐𝐬𝟑 + 𝐬𝟐(𝟒𝐑+ 𝐫) + 𝐫𝐬𝟐
 

= −𝟑 +
𝟒𝐬(𝟐𝐬𝟐 + 𝐬(𝟒𝐑+ 𝐫) + 𝐫𝐬 − 𝐫𝐬)

𝐬(𝟐𝐬𝟐 + 𝐬(𝟒𝐑 + 𝐫) + 𝐫𝐬)
= 𝟏 −

𝟒𝐫

𝟐𝐬 + 𝟒𝐑 + 𝟐𝐫
= 𝟏 −

𝟐𝐫

𝐬 + 𝟐𝐑 + 𝐫
 

≥
?
𝟑(𝟐 − √𝟑) ⇒ 𝟑√𝟑 − 𝟓 ≥

? 𝟐𝐫

𝐬 + 𝟐𝐑 + 𝐫
⇔ (𝟑√𝟑 − 𝟓)(𝐬 + 𝟐𝐑 + 𝐫) ≥

?
⏟
(∗)

𝟐𝐫 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝐬 ≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟑√𝟑𝐫 𝒂𝐧𝐝 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 𝒂𝐧𝐝 ∵ 𝟑√𝟑 − 𝟓 > 0 

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ (𝟑√𝟑 − 𝟓)(𝟑√𝟑 + 𝟓)𝐫 = (𝟐𝟕 − 𝟐𝟓)𝐫 = 𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑
𝐜𝐨𝐬𝐀

𝟏 + 𝐬𝐢𝐧𝐀
𝐜𝐲𝐜

≥ 𝟑(𝟐 − √𝟑) 𝒂𝐧𝐝 𝐬𝐨,∑(
𝐜𝐨𝐬𝐀

𝟏 + 𝐬𝐢𝐧𝐀
)
𝐧

𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫 𝟏

𝟑𝐧−𝟏
. (∑

𝐜𝐨𝐬 𝐀

𝟏 + 𝐬𝐢𝐧𝐀
𝐜𝐲𝐜

)

𝐧

 

≥
𝟏

𝟑𝐧−𝟏
. (𝟑(𝟐 − √𝟑))

𝐧

= 𝟑(𝟐 − √𝟑)
𝐧
∴ ∑(

𝐜𝐨𝐬𝐀

𝟏 + 𝐬𝐢𝐧𝐀
)
𝐧

𝐜𝐲𝐜

≥ 𝟑(𝟐 − √𝟑)
𝐧

 

∀ 𝐧 ∈ ℕ 𝒂𝐧𝐝 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3930. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟗∑𝐭𝐚𝐧𝟐
𝑨

𝟐
≤  
𝑹

𝟐𝒓
∑𝐜𝐨𝐭𝟐

𝑨

𝟐
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=∑

𝒔𝟐

𝒓𝒂𝟐
= 𝒔𝟐 ((∑

𝟏

𝒓𝒂
)
𝟐

− 𝟐∑
𝟏

𝒓𝒂𝒓𝒃
) = 

 

= 𝒔𝟐 (
𝟏

𝒓𝟐
−
𝟐(𝟒𝑹+ 𝒓)

𝒔𝟐𝒓
) =

𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
 

 

∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
= 

=
𝟖𝑹𝒓 − 𝟕𝒓𝟐

𝒓𝟐
=
𝟖𝑹

𝒓
− 𝟕 

∑𝐭𝐚𝐧𝟐
𝑨

𝟐
=
(𝟒𝑹 + 𝒓)𝟐

𝒔𝟐
− 𝟐 ≤

𝑫𝒐𝒖𝒄𝒆𝒕 (𝟒𝑹 + 𝒓)𝟐

𝟑𝒓(𝟒𝑹 + 𝒓)
− 𝟐 =

𝟒𝑹 − 𝟓𝒓

𝟑𝒓
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 

 

𝟗∑𝐭𝐚𝐧𝟐
𝑨

𝟐
≤
𝑹

𝟐𝒓
∑𝒄𝒐𝒕𝟐

𝑨

𝟐
 𝒐𝒓, 𝟗 ×

𝟒𝑹 − 𝟓𝒓

𝟑𝒓
≤ (

𝟖𝑹

𝒓
− 𝟕)

𝑹

𝟐𝒓
 

𝟏𝟐𝒙 − 𝟏𝟓 ≤

𝑹
𝒓
=𝒙≥𝟐

𝑬𝒖𝒍𝒆𝒓

 (𝟖𝒙 − 𝟕) ×
𝒙

𝟐
 𝒐𝒓  𝟖𝒙𝟐 − 𝟕𝒙 ≥ 𝟐𝟒𝒙 − 𝟑𝟎 

 

 𝟖𝒙𝟐 − 𝟑𝟏𝒙 + 𝟑𝟎 ≥ 𝟎 𝒐𝒓 (𝒙 − 𝟐)(𝟖𝒙 − 𝟏𝟓) ≥ 𝟎 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟐 
 

Equality holds for an equilateral triangle. 
 

3931. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐡𝐛. √𝐡𝐜
𝐡𝒂
𝟐

𝐜𝐲𝐜

≥ √
𝟑

𝐫
 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐡𝐛. √𝐡𝐜
𝐡𝒂𝟐

𝐜𝐲𝐜

=∑
(
𝟏
𝐡𝒂
)
𝟐

𝟏
𝐡𝐛
. √
𝟏
𝐡𝐜

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑

𝟏
𝐡𝒂𝐜𝐲𝐜 )

𝟐

∑ (
𝟏
𝐡𝐛
. √
𝟏
𝐡𝐜
)𝐜𝐲𝐜

≥
𝐂𝐁𝐒

𝟏
𝐫𝟐

√∑
𝟏

𝐡𝐛𝐡𝐜𝐜𝐲𝐜 . √∑
𝟏
𝐡𝐛𝐜𝐲𝐜

 

=
√𝐫

𝐫𝟐. √∑ 𝐡𝒂𝐜𝐲𝐜

. √
𝟐𝐫𝟐𝐬𝟐

𝐑
=

√𝐫

𝐫𝟐. √
∑ 𝒂𝐛𝐜𝐲𝐜

𝟐𝐑

.√
𝟐𝐫𝟐𝐬𝟐

𝐑
≥

√𝟑𝐫

𝐫𝟐. √
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

𝟐𝐑

.√
𝟐𝐫𝟐𝐬𝟐

𝐑
 

=
√𝟑𝐫

𝐫𝟐. √
𝟒𝐬𝟐

𝟐𝐑

.√
𝟐𝐫𝟐𝐬𝟐

𝐑
= √

𝟑

𝐫
∴∑

𝐡𝐛. √𝐡𝐜
𝐡𝒂𝟐

𝐜𝐲𝐜

≥ √
𝟑

𝐫
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3932. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐫𝐛. √𝐫𝐜

𝐫𝒂
𝟐

𝐜𝐲𝐜

≥ √
𝟑

𝐫
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐫𝐛. √𝐫𝐜

𝐫𝒂𝟐
𝐜𝐲𝐜

=∑
(
𝟏
𝐫𝒂
)
𝟐

𝟏
𝐫𝐛
. √
𝟏
𝐫𝐜

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑

𝟏
𝐫𝒂𝐜𝐲𝐜 )

𝟐

∑ (
𝟏
𝐫𝐛
. √
𝟏
𝐫𝐜
)𝐜𝐲𝐜

≥
𝐂𝐁𝐒

𝟏
𝐫𝟐

√∑
𝟏
𝐫𝐛𝐫𝐜𝐜𝐲𝐜 . √∑

𝟏
𝐫𝐛𝐜𝐲𝐜

 

=
√𝐫

𝐫𝟐. √∑ 𝐫𝒂𝐜𝐲𝐜

. √𝐫𝐬𝟐 =
𝐬

𝐫. √𝟒𝐑 + 𝐫
≥
√𝟑𝐫(𝟒𝐑+ 𝐫)

𝐫. √𝟒𝐑 + 𝐫
 

(∵ 𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐 + 𝟒𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝒍𝐞𝐫

𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐) = √
𝟑

𝐫
 

∴ ∑
𝐫𝐛. √𝐫𝐜

𝐫𝒂𝟐
𝐜𝐲𝐜

≥ √
𝟑

𝐫
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3933. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏 ≤∑𝐭𝐚𝐧𝟐
𝑨

𝟐
≤
𝑹

𝒓
− 𝟏 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

∑𝐭𝐚𝐧𝟐
𝑨

𝟐
= (

𝟒𝑹 + 𝒓

𝒔
)
𝟐

− 𝟐  

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘:  

(
𝟒𝑹 + 𝒓

𝒔
)
𝟐

− 𝟐 ≤
𝑹

𝒓
− 𝟏 𝒐𝒓 (

𝟒𝑹 + 𝒓

𝒔
)
𝟐

≤
𝑹

𝒓
+ 𝟏 

  (𝟒𝑹 + 𝒓)𝟐 ≤ 𝒔𝟐 (
𝑹

𝒓
+ 𝟏)  𝒐𝒓 (𝟒𝑹 + 𝒓)𝟐 ≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) (

𝑹 + 𝒓

𝒓
) 

 

 𝟏𝟔𝑹𝟐 + 𝟖𝑹𝒓 + 𝒓𝟐 ≤ 𝟏𝟔𝑹𝟐 + 𝟏𝟏𝑹𝒓 − 𝟓𝒓𝟐 𝒐𝒓 𝟑𝑹𝒓 ≥ 𝟔𝒓𝟐 𝒐𝒓 𝑹 ≥ 𝟐𝒓 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓 
 

∑𝐭𝐚𝐧𝟐
𝑨

𝟐
= (

𝟒𝑹 + 𝒓

𝒔
)
𝟐

− 𝟐 ≥
𝑫𝒐𝒖𝒄è𝒕

 𝟑 − 𝟐 = 𝟏 

 
Equality holds for an equilateral triangle. 

3934. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟑

𝐡𝒂
𝟑
+
𝐛𝟑

𝐡𝐛
𝟑 +

𝐜𝟑

𝐡𝐜
𝟑
≤
𝒂𝟑

𝐫𝒂
𝟑
+
𝐛𝟑

𝐫𝐛
𝟑 +

𝐜𝟑

𝐫𝐜
𝟑

 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟑

𝐡𝒂𝟑
𝐜𝐲𝐜

≥
?
∑

𝒂𝟑

𝐫𝒂𝟑
𝐜𝐲𝐜

⇔∑
𝒂𝟔

𝟖𝐫𝟑𝐬𝟑
𝐜𝐲𝐜

≥
?
∑

𝒂𝟑(𝐬 − 𝒂)𝟑

𝐫𝟑𝐬𝟑
𝐜𝐲𝐜

 

⇔∑𝒂𝟔

𝐜𝐲𝐜

≥
?
𝟖∑(𝒂𝟑(𝐬𝟑 − 𝟑𝐬𝟐𝒂 + 𝟑𝐬𝒂𝟐 − 𝒂𝟑))

𝐜𝐲𝐜

 

⇔ 𝟗((∑𝒂𝟑

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

) ≥
?
𝟖𝐬𝟑(∑𝒂𝟑

𝐜𝐲𝐜

) − 𝟐𝟒𝐬𝟐(𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐) + 



 
www.ssmrmh.ro 

31 RMM-TRIANGLE MARATHON 3901-4000 

 

𝟐𝟒𝐬((∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟑

𝐜𝐲𝐜

) − 𝟐𝐬∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

) 

⇔ 𝟗(𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)𝟐 − 𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟐𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐))) ≥
?

 

𝟏𝟔𝐬𝟒(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟒𝟖𝐬𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐫𝟐𝐬𝟐) + 

𝟐𝟒𝐬 (
𝟒𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟐𝐬((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐)

+𝟖𝐑𝐫𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
) 

⇔ 𝐬𝟔 − (𝟏𝟐𝐑𝐫 + 𝟏𝟓𝐫𝟐)𝐬𝟒 − 𝐫𝟐(𝟕𝟐𝐑𝟐 + 𝟏𝟐𝟎𝐑𝐫 + 𝟑𝟗𝐫𝟐)𝐬𝟐 − 𝟗𝐫𝟑(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
①

𝟎 𝒂𝐧𝐝 

∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ①, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 ① ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 ⇔ (𝟏𝟖𝐑 − 𝟏𝟓𝐫)𝐬𝟒 − 

𝐫(𝟑𝟒𝟖𝐑𝟐 − 𝟑𝟎𝟎𝐑𝐫 + 𝟏𝟖𝐫𝟐)𝐬𝟐 − 𝐫𝟑(𝟐𝟏𝟑𝟔𝐑𝟐 − 𝟓𝟒𝟔𝐑𝐫 + 𝟔𝟕𝐫𝟐) ≥
?
⏟
②

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝐬𝐢𝐧𝐜𝐞 (𝟏𝟖𝐑 − 𝟏𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ②, 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 ② ≥
?
(𝟏𝟖𝐑− 𝟏𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟓𝟕𝐑𝟐 − 𝟗𝟎𝐑𝐫 + 𝟑𝟑𝐫𝟐)𝐬𝟐 ≥
?
⏟
③

𝐫(𝟕𝟏𝟐𝐑𝟑 − 𝟏𝟏𝟒𝟔𝐑𝟐𝐫 + 𝟓𝟕𝟔𝐑𝐫𝟐 − 𝟕𝟕𝐫𝟑) 

𝐅𝐢𝐧𝒂𝒍𝒍𝐲, (𝟓𝟕𝐑𝟐 − 𝟗𝟎𝐑𝐫 + 𝟑𝟑𝐫𝟐)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟓𝟕𝐑𝟐 − 𝟗𝟎𝐑𝐫 + 𝟑𝟑𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

≥
?
𝐫(𝟕𝟏𝟐𝐑𝟑 − 𝟏𝟏𝟒𝟔𝐑𝟐𝐫 + 𝟓𝟕𝟔𝐑𝐫𝟐 − 𝟕𝟕𝐫𝟑) ⇔ 𝟐𝟎𝟎𝐭𝟑 − 𝟓𝟕𝟗𝐭𝟐 + 𝟒𝟎𝟐𝐭 − 𝟖𝟖 ≥

?
𝟎  

(𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟐𝟎𝟎𝐭𝟐 − 𝟏𝟕𝟗𝐭 + 𝟒𝟒) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 

⇒③ ⇒②⇒① 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 ∴
𝒂𝟑

𝐡𝒂𝟑
+
𝐛𝟑

𝐡𝐛
𝟑 +

𝐜𝟑

𝐡𝐜𝟑
≤
𝒂𝟑

𝐫𝒂𝟑
+
𝐛𝟑

𝐫𝐛
𝟑 +

𝐜𝟑

𝐫𝐜𝟑
 ∀ ∆ 𝐀𝐁𝐂, 

′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3935. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟐

𝐡𝒂
𝟑 +

𝐛𝟐

𝐡𝐛
𝟑 +

𝐜𝟐

𝐡𝐜
𝟑 ≤

𝒂𝟐

𝐫𝒂
𝟑 +

𝐛𝟐

𝐫𝐛
𝟑 +

𝐜𝟐

𝐫𝐜
𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟐

𝐡𝒂𝟑
𝐜𝐲𝐜

≥
?
∑

𝒂𝟐

𝐫𝒂𝟑
𝐜𝐲𝐜

⇔∑
𝒂𝟓

𝟖𝐫𝟑𝐬𝟑
𝐜𝐲𝐜

≥
?
∑

𝒂𝟐(𝐬 − 𝒂)𝟑

𝐫𝟑𝐬𝟑
𝐜𝐲𝐜
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⇔∑𝒂𝟓

𝐜𝐲𝐜

≥
?
𝟖∑(𝒂𝟐(𝐬𝟑 − 𝟑𝐬𝟐𝒂 + 𝟑𝐬𝒂𝟐 − 𝒂𝟑))

𝐜𝐲𝐜

 

⇔ 𝟗((∑𝒂𝟐

𝐜𝐲𝐜

)(∑𝒂𝟑

𝐜𝐲𝐜

) − 𝟐𝐬∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

) ≥
?

 

𝟖𝐬𝟑(∑𝒂𝟐

𝐜𝐲𝐜

) − 𝟐𝟒𝐬𝟐(∑𝒂𝟑

𝐜𝐲𝐜

) + 𝟐𝟒𝐬(𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐) 

⇔ 𝟗(
𝟒𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟐𝐬((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐)

+𝟖𝐑𝐫𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)
) ≥
?

 

𝟏𝟔𝐬𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟒𝟖𝐬𝟑(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 
𝟒𝟖𝐬((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐫𝟐𝐬𝟐) 

⇔ 𝐬𝟒 − (𝟏𝟎𝐑𝐫 + 𝟏𝟎𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟐𝟒𝐑𝟐 − 𝟕𝟖𝐑𝐫 − 𝟐𝟏𝐫𝟐) ≥
?
⏟
①

𝟎 𝒂𝐧𝐝 ∵ 

(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ①, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 ① ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ⇔ (𝟏𝟏𝐑 − 𝟏𝟎𝐫)𝐬𝟐 ≥

?
⏟
②

𝐫(𝟏𝟒𝟎𝐑𝟐 − 𝟏𝟏𝟗𝐑𝐫 + 𝟐𝐫𝟐) 

𝐀𝐠𝒂𝐢𝐧, (𝟏𝟏𝐑− 𝟏𝟎𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟏𝐑− 𝟏𝟎𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?

 

𝐫(𝟏𝟒𝟎𝐑𝟐 − 𝟏𝟏𝟗𝐑𝐫 + 𝟐𝐫𝟐) ⇔ 𝟏𝟐𝐫(𝐑− 𝟐𝐫)(𝟑𝐑− 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝐫 

⇒ ② ⇒① 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 ∴
𝒂𝟐

𝐡𝒂𝟑
+
𝐛𝟐

𝐡𝐛
𝟑 +

𝐜𝟐

𝐡𝐜𝟑
≤
𝒂𝟐

𝐫𝒂𝟑
+
𝐛𝟐

𝐫𝐛
𝟑 +

𝐜𝟐

𝐫𝐜𝟑
 ∀ ∆ 𝐀𝐁𝐂, 

′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3936. 𝑰𝒇 𝒊𝒏 𝚫𝑨𝑩𝑪 , 𝑨 =
𝝅

𝟕
, 𝑩 =

𝟐𝝅

𝟕
, 𝑪 =

𝟒𝝅

𝟕
 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

 

𝑹𝟒 (
𝟏

𝒂𝟒
+
𝟏

𝒃𝟒
+
𝟏

𝒄𝟒
) >

𝟐𝟕

𝟒𝟗
 

 
Proposed by Tapas Das-India 

Solution by Daniel Sitaru-Romania 

𝑹𝟒 (
𝟏

𝒂𝟒
+
𝟏

𝒃𝟒
+
𝟏

𝒄𝟒
) = 𝑹𝟒(

(
𝟏
𝒂𝟐
)
𝟐

𝟏
+
(
𝟏
𝒃𝟐
)
𝟐

𝟏
+
(
𝟏
𝒄𝟐
)
𝟐

𝟏
) >⏞
𝑹𝑨𝑫𝑶𝑵

 

> 𝑹𝟒 ∙
(
𝟏
𝒂𝟐
+
𝟏
𝒃𝟐
+
𝟏
𝒄𝟐
)
𝟐

𝟏 + 𝟏 + 𝟏
= 𝑹𝟒 ∙

(
𝟐
𝑹𝟐
)
𝟐

𝟑
=
𝟒

𝟑
>
𝟐𝟕

𝟒𝟗
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......................................................................................................................... 

 
 

3937. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐑

𝐫
∑

𝟏 + 𝐭𝒂𝐧𝟐
𝐀
𝟐
𝐭𝒂𝐧𝟐

𝐁
𝟐

(𝐭𝒂𝐧
𝐀
𝟐
+ 𝐭𝒂𝐧

𝐁
𝟐
)
𝟐

𝐜𝐲𝐜

≥ 𝟓 

  Proposed by Tapas Das-India 
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Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏+ 𝐭𝒂𝐧𝟐

𝐁
𝟐 𝐭𝒂𝐧

𝟐 𝐂
𝟐

(𝐭𝒂𝐧
𝐁
𝟐 + 𝐭𝒂𝐧

𝐂
𝟐)

𝟐

𝐜𝐲𝐜

=∑
𝐬𝟒 + 𝐬𝟐(𝐬 − 𝒂)𝟐

𝐬𝟐 (𝟒𝐑𝐜𝐨𝐬𝟐
𝐀
𝟐)

𝟐

𝐜𝐲𝐜

=∑
𝐬𝟐 + (𝐬 − 𝒂)𝟐

𝟏𝟔𝐑𝟐.
𝒂𝟐𝐬𝟐(𝐬 − 𝒂)𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

 

= 𝐫𝟐∑
𝐬𝟐 + (𝐬 − 𝒂)𝟐

𝒂𝟐(𝐬 − 𝒂)𝟐
𝐜𝐲𝐜

= 𝐫𝟐 (∑
(𝐬 − 𝒂)𝟐 + 𝒂𝟐 + 𝟐𝒂(𝐬 − 𝒂)

𝒂𝟐(𝐬 − 𝒂)𝟐
𝐜𝐲𝐜

+∑
𝟏

𝒂𝟐
𝐜𝐲𝐜

) 

= 𝐫𝟐(
𝟐

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

+
𝟏

𝐫𝟐𝐬𝟐
∑𝐫𝒂

𝟐

𝐜𝐲𝐜

+
𝟐

𝟒𝐑𝐫
∑

𝐛𝐜

𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

) 

= 𝐫𝟐 (
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐

𝟖𝐑𝟐𝐫𝟐𝐬𝟐
+
(𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐

𝐫𝟐𝐬𝟐
+

𝟐

𝟒𝐑𝐫
.
𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐

𝐬𝟐
) 

(∵ ∑
𝐛𝐜

𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

=∑𝐬𝐞𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

) ∴
𝐑

𝐫
∑

𝟏+ 𝐭𝒂𝐧𝟐
𝐀
𝟐 𝐭𝒂𝐧

𝟐 𝐁
𝟐

(𝐭𝒂𝐧
𝐀
𝟐 + 𝐭𝒂𝐧

𝐁
𝟐)

𝟐

𝐜𝐲𝐜

 

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 + 𝟖𝐑𝟐((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟒𝐑𝐫(𝐬𝟐 + (𝟒𝐑 + 𝐫)𝟐)

𝟖𝐑𝐫𝐬𝟐
≥
?
𝟓 

⇔ 𝐬𝟒 − (𝟏𝟔𝐑𝟐 + 𝟒𝟒𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝟏𝟐𝟖𝐑𝟒 + 𝟏𝟐𝟖𝐑𝟑𝐫 + 𝟓𝟔𝐑𝟐𝐫𝟐 + 𝟏𝟐𝐑𝐫𝟑 + 𝐫𝟒 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝐏 = 𝐬𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 

⇔ 𝟏𝟐𝟖𝐑𝟒 + 𝟏𝟐𝟖𝐑𝟑𝐫 + 𝟓𝟔𝐑𝟐𝐫𝟐 + 𝟏𝟐𝐑𝐫𝟑 + 𝐫𝟒 ≥
?
⏟
(∗∗)

(𝟏𝟔𝐑𝟐 + 𝟐𝟖𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐  

𝐅𝐢𝐧𝒂𝒍𝒍𝐲, (𝟏𝟔𝐑𝟐 + 𝟐𝟖𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝟐 + 𝟐𝟖𝐑𝐫 + 𝟑𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) 

≤
?
𝐋𝐇𝐒 𝐨𝐟 (∗∗) ⇔ 𝟏𝟔𝐭𝟒 − 𝟏𝟐𝐭𝟑 − 𝟐𝟗𝐭𝟐 − 𝟐𝟏𝐭 − 𝟐 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟔𝐭𝟑 + 𝟐𝟎𝐭𝟐 + 𝟏𝟏𝐭 + 𝟏) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝐑

𝐫
∑

𝟏+ 𝐭𝒂𝐧𝟐
𝐀
𝟐 𝐭𝒂𝐧

𝟐 𝐁
𝟐

(𝐭𝒂𝐧
𝐀
𝟐 + 𝐭𝒂𝐧

𝐁
𝟐)

𝟐

𝐜𝐲𝐜

≥ 𝟓 ∀ ∆ 𝐀𝐁𝐂,′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3938. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐬𝟐 ≥ 𝟐𝟕𝐫𝟐 ∙
𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐

𝐛𝐜
 

  Proposed by Dang Ngoc Minh-Vietnam 
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𝐬𝟐 ≥
?
𝟐𝟕𝐫𝟐.

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐

𝐛𝐜
⇔ 𝐛𝐜. 𝐬𝟑 ≥

?
𝟐𝟕(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)(𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐) 

⇔ (𝐳 + 𝒙)(𝒙 + 𝐲)(𝒙 + 𝐲 + 𝐳)𝟑 ≥
?
𝟐𝟕𝒙𝐲𝐳((𝐳 + 𝒙)𝟐 − (𝐳 + 𝒙)(𝒙 + 𝐲) + (𝒙 + 𝐲)𝟐) 

(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲

𝒂𝐧𝐝 𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝒙𝟓 + 𝟒(𝐲 + 𝐳)𝒙𝟒 + 𝟔𝒙𝟑(𝐲 + 𝐳)𝟐 − 𝟐𝟔𝒙𝟑𝐲𝐳 + 𝟒𝒙𝟐 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) − 

𝟏𝟐𝒙𝟐𝐲𝐳(𝐲 + 𝐳) + 𝒙((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 + 𝟕𝟕𝒙𝐲𝟐𝐳𝟐 − 𝟐𝟎𝒙𝐲𝐳(𝐲 + 𝐳)𝟐 + 𝐲𝐳(𝐲 + 𝐳)𝟑 ≥
?
𝟎 

⇔ 𝒙𝟓 + 𝟒𝐦𝒙. 𝒙𝟒 + 𝟔𝒙𝟑. 𝐦𝟐𝒙𝟐 − 𝟐𝟔𝒙𝟑. 𝐧𝒙𝟐 + 𝟒𝒙𝟐(𝐦𝟑𝒙𝟑 − 𝟑𝐧𝒙𝟐. 𝐦𝒙) − 
𝟏𝟐𝒙𝟐. 𝐧𝒙𝟐.𝐦𝒙 + 𝒙(𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)𝟐 + 𝟕𝟕𝒙. 𝐧𝟐𝒙𝟒 − 𝟐𝟎𝒙. 𝐧𝒙𝟐.𝐦𝟐𝒙𝟐 + 𝐧𝒙𝟐. 𝐦𝟑𝒙𝟑 

(𝐦 =
𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) ⇔ 𝟖𝟏𝐧𝟐 + (𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔)𝐧 + (𝐦+ 𝟏)𝟒 ≥

?
⏟
(∗)

𝟎  

𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦 − 𝟐𝟔 > 0 𝒂𝐧𝐝 𝐬𝐨, 
𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 ∶ 𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔 ≤ 𝟎, 𝐭𝐡𝒂𝐭 𝐢𝐬, 

𝐰𝐡𝐞𝐧 ∶ 𝐦 ≤ 𝐦𝟎│𝐦𝟎
𝟑 − 𝟐𝟒𝐦𝟎

𝟐 − 𝟐𝟒𝐦𝟎 − 𝟐𝟔 = 𝟎 
(∵ 𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔 𝐡𝒂𝐬 𝐨𝐧𝒍𝐲 𝐨𝐧𝐞 𝐳𝐞𝐫𝐨 ∶  𝐦𝟎 ≈ 𝟐𝟓) 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐞𝒙𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧 𝐢𝐧 ′′𝐧′′ 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝛅 = 
(𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔)𝟐 − 𝟑𝟐𝟒(𝐦+ 𝟏)𝟒 =  

(𝐦 − 𝟐)𝟐(𝐦 − 𝟐)(𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦 − 𝟐𝟔 − 𝟏𝟖(𝐦+ 𝟏)𝟐) 𝒂𝐧𝐝 ∵ 
𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦 − 𝟐𝟔 ≤ 𝟎 ∴ 𝛅 ≤ 𝟎 𝐢𝐟 𝐦 ≥ 𝟐 (𝒂𝐧𝐝 𝐦 ≤ 𝐦𝟎)  

𝒂𝐧𝐝 𝐢𝐧 𝐭𝐡𝒂𝐭 𝐜𝒂𝐬𝐞, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐢𝐟 𝐦 < 2, 𝑡ℎ𝑒𝑛 ∶ 𝛅 > 0 
𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟏𝟔𝟐𝐧 ≤
?
− (𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔) − √𝛅 𝒂𝐧𝐝 ∵

(𝐲 + 𝐳)𝟐

𝒙𝟐
≥

𝐀𝐌−𝐆𝐌 𝟒𝐲𝐳

𝒙𝟐
 

∴ 𝐦𝟐 ≥ 𝟒𝐧 𝒂𝐧𝐝 𝐬𝐨, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟏𝟔𝟐.
𝐦𝟐

𝟒
≤
?
− (𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔) − √𝛅 

⇔ 𝟐√(𝐦− 𝟐)𝟐(𝐦 − 𝟐)(𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔 − 𝟏𝟖(𝐦+ 𝟏)𝟐) ≤
?

 
(𝟐 − 𝐦)(𝟐𝐦𝟐 + 𝟑𝟕𝐦+ 𝟐𝟔) 

⇔ (𝐦− 𝟐)𝟐(𝟐𝐦𝟐 + 𝟑𝟕𝐦 + 𝟐𝟔)𝟐 ≥
?

 
𝟒(𝐦 − 𝟐)𝟐(𝐦 − 𝟐)(𝐦𝟑 − 𝟐𝟒𝐦𝟐 − 𝟐𝟒𝐦− 𝟐𝟔 − 𝟏𝟖(𝐦+ 𝟏)𝟐) (∵ 𝟐 −𝐦 > 0) 

⇔ 𝟖𝟏(𝟒𝐦+ 𝟏)(𝐦𝟐 − 𝟒)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐬𝟐 ≥ 𝟐𝟕𝐫𝟐.

𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐

𝐛𝐜
  

∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 𝐲 = 𝐳 𝒂𝐧𝐝 𝐲 + 𝐳 = 𝟐𝒙 ⇒ ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3939. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂 ≤
√𝐬𝟐 − 𝟏𝟏𝐫𝟐

𝟒𝐫
∙ 𝐡𝒂 

  Proposed by Dang Ngoc Minh-Vietnam 
Solution by Soumava Chakraborty-Kolkata-India 

𝐦𝒂 ≤
? √𝐬𝟐 − 𝟏𝟏𝐫𝟐

𝟒𝐫
. 𝐡𝒂⇔

𝒂(𝟐𝐦𝒂)

𝟒𝐫𝐬
≤
? √𝐬𝟐 − 𝟏𝟏𝐫𝟐

𝟒𝐫
 

⇔ 𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) ≤
?
𝐬𝟐(𝐬𝟐 − 𝟏𝟏𝐫𝟐) 

⇔ 𝟏𝟔𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) ≤
?
(𝒂 + 𝐛 + 𝐜)𝟒 − 𝟏𝟏(𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

) 

⇔ 𝟕𝒂𝟒 + 𝟑𝐛𝟒 + 𝟑𝐜𝟒 +∑𝒂𝟑𝐛

𝐜𝐲𝐜

+∑𝒂𝐛𝟑

𝐜𝐲𝐜

− 𝟏𝟐𝒂𝟐(𝐛𝟐 + 𝐜𝟐) − 𝟒𝐛𝟐𝐜𝟐 + 

𝟑𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

≥
?
𝟎 ⇔ 𝟕(𝐲 + 𝐳)𝟒 + 𝟑(𝐳 + 𝒙)𝟒 + 𝟑(𝒙 + 𝐲)𝟒 +∑(𝐲 + 𝐳)𝟑(𝐳 + 𝒙)

𝐜𝐲𝐜

+ 

∑(𝐲 + 𝐳)(𝐳 + 𝒙)𝟑

𝐜𝐲𝐜

− 𝟏𝟐(𝐲 + 𝐳)𝟐((𝐳 + 𝒙)𝟐 + (𝒙 + 𝐲)𝟐) − 𝟒(𝐳 + 𝒙)𝟐(𝒙 + 𝐲)𝟐 + 

𝟔(𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲)(𝒙 + 𝐲 + 𝐳) ≥
?
𝟎 (

𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐧𝐠 ∶
𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲

) 

⇔ 𝒙𝟒 + 𝟒𝒙𝟑(𝐲 + 𝐳) + 𝟐𝒙𝟐(𝐲 + 𝐳)𝟐 − 𝟏𝟏𝒙𝟐𝐲𝐳 − 𝟏𝟏𝒙𝐲𝐳(𝐲 + 𝐳) + 𝟒𝐲𝐳(𝐲 + 𝐳)𝟐 ≥
?
𝟎 

⇔ 𝒙𝟒 + 𝟒𝒙𝟑.𝐦𝒙 + 𝟐𝒙𝟐.𝐦𝟐𝒙𝟐 − 𝟏𝟏𝒙𝟐. 𝐧𝒙𝟐 − 𝟏𝟏𝒙. 𝐧𝒙𝟐. 𝐦𝒙 + 𝟒𝐧𝒙𝟐. 𝐦𝟐𝒙𝟐 ≥
?
𝟎  

(𝐦 =
𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) ⇔ (𝟒𝐧 + 𝟐)𝐦𝟐 − (𝟏𝟏𝐧− 𝟒)𝐦+ 𝟏 − 𝟏𝟏𝐧 ≥

?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐞𝒙𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧 𝐢𝐧 ′′𝐦′′ 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝛅 = 
(𝟏𝟏𝐧 − 𝟒)𝟐 − 𝟒(𝟒𝐧 + 𝟐)(𝟏 − 𝟏𝟏𝐧) = 𝟐𝟗𝟕𝐧𝟐 − 𝟏𝟔𝐧 + 𝟖 > 0  

(∵ 𝛅𝟎 = 𝟐𝟓𝟔𝐧
𝟐 − 𝟑𝟐(𝟐𝟗𝟕𝐧𝟐) < 0) & 𝐬𝐨, 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐(𝟒𝐧 + 𝟐)𝐦 ≥
?
𝟏𝟏𝐧 − 𝟒 + √𝛅 𝒂𝐧𝐝 ∵

(𝐲 + 𝐳)𝟐

𝒙𝟐
≥

𝐀𝐌−𝐆𝐌 𝟒𝐲𝐳

𝒙𝟐
∴ 𝐦𝟐 ≥ 𝟒𝐧 

⇒ 𝐦 ≥ 𝟐√𝐧 𝒂𝐧𝐝 𝐬𝐨, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐(𝟒𝐧 + 𝟐)(𝟐√𝐧) ≥
?
𝟏𝟏𝐧 − 𝟒 + √𝛅 

⇔ 𝟒𝐭(𝟒𝐭𝟐 + 𝟐) + 𝟒 − 𝟏𝟏𝐭𝟐 ≥
?
√𝟐𝟗𝟕𝐭𝟒 − 𝟏𝟔𝐭𝟐 + 𝟖 (√𝐧 = 𝐭) 

⇔ 𝟏𝟔𝐭𝟑 − 𝟏𝟏𝐭𝟐 + 𝟖𝐭 + 𝟒 ≥
?
√𝟐𝟗𝟕𝐭𝟒 − 𝟏𝟔𝐭𝟐 + 𝟖 

⇔ (𝟏𝟔𝐭𝟑 − 𝟏𝟏𝐭𝟐 + 𝟖𝐭 + 𝟒)𝟐 ≥
?
𝟐𝟗𝟕𝐭𝟒 − 𝟏𝟔𝐭𝟐 + 𝟖 

(∵ 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝐨𝐟 𝟏𝟔𝐭
𝟐 − 𝟏𝟏𝐭 + 𝟖 = 𝟏𝟐𝟏− 𝟓𝟏𝟐 < 0 ⇒ 𝟏𝟔𝐭𝟑 − 𝟏𝟏𝐭𝟐 + 𝟖𝐭 > 0
⇒ 𝟏𝟔𝐭𝟑 − 𝟏𝟏𝐭𝟐 + 𝟖𝐭 + 𝟒 > 0

) 

⇔ 𝟖(𝟐𝐭 + 𝟏)(𝟖𝐭 + 𝟏)(𝟐𝐭𝟐 + 𝟏)(𝐭 − 𝟏)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴ 𝐦𝒂 ≤
√𝐬𝟐 − 𝟏𝟏𝐫𝟐

𝟒𝐫
. 𝐡𝒂 ∀ ∆ 𝐀𝐁𝐂, ′′ =

′′  𝐢𝐟𝐟 𝐲 = 𝐳 𝒂𝐧𝐝 𝐲𝐳 = 𝒙𝟐 

⇒ ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3940. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑

𝐫
𝐡𝒂
𝟐 +

𝟏
𝐡𝐛

𝟏
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

≥ 𝟐 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 
𝟑𝐫

𝐡𝒂
= 𝒙,

𝟑𝐫

𝐡𝐛
= 𝐲,

𝟑𝐫

𝐡𝐜
= 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙

𝐜𝐲𝐜

= 𝟑 → (𝐢) 

𝐍𝐨𝐰,∑

𝐫
𝐡𝒂𝟐
+
𝟏
𝐡𝐛

𝟏
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

=∑

𝐫𝟐

𝐡𝒂𝟐
+
𝐫
𝐡𝐛

𝐫
𝐡𝐛
+
𝐫
𝐡𝐜𝐜𝐲𝐜

=∑

𝒙𝟐

𝟗 +
𝐲
𝟑

𝐲
𝟑 +

𝐳
𝟑𝐜𝐲𝐜

≥
?
𝟐 ⇔∑

𝒙𝟐

𝐲 + 𝐳
𝐜𝐲𝐜

+ 𝟑∑
𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟔 

⇔∑
𝒙𝟐

𝐲 + 𝐳
𝐜𝐲𝐜

+∑
𝐲(𝒙 + 𝐲 + 𝐳)

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟔 (∵ 𝟑 =∑𝒙

𝐜𝐲𝐜

 𝐯𝐢𝒂 (𝐢)) 

⇔∑
𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

+∑𝐲

𝐜𝐲𝐜

≥
?
𝟔 ⇔∑

𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟑 (∵ ∑𝒙

𝐜𝐲𝐜

= 𝟑) 

⇔∑
𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
∑𝒙

𝐜𝐲𝐜

⇔∑(
𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
− 𝒙)

𝐜𝐲𝐜

≥
?
𝟎 ⇔∑

𝒙𝟐 − 𝒙𝐳

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟎 

⇔
𝟏

(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙)
.∑((𝒙𝟐 − 𝒙𝐳)(𝒙𝟐 +∑𝒙𝐲

𝐜𝐲𝐜

))

𝐜𝐲𝐜

≥
?
𝟎 

⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

) +∑𝒙𝟒

𝐜𝐲𝐜

−∑𝒙𝐲𝟑

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟎 
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𝐍𝐨𝐰, 𝒙𝟒 + 𝐲𝟒 + 𝐲𝟒 + 𝐲𝟒 ≥
𝐀𝐌−𝐆𝐌
⏟  
①

𝟒𝒙𝐲𝟑, 𝐲𝟒 + 𝐳𝟒 + 𝐳𝟒 + 𝐳𝟒 ≥
𝐀𝐌−𝐆𝐌
⏟  
②

𝟒𝐲𝐳𝟑 𝒂𝐧𝐝 

𝐳𝟒 + 𝒙𝟒 + 𝒙𝟒 + 𝒙𝟒 ≥
𝐀𝐌−𝐆𝐌
⏟  
③

𝟒𝐳𝒙𝟑 𝒂𝐧𝐝 ①+②+③⇒∑𝒙𝟒

𝐜𝐲𝐜

≥∑𝒙𝐲𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐭𝐡𝐢𝐬 

𝐜𝐨𝐦𝐛𝐢𝐧𝐞𝐝 𝐰𝐢𝐭𝐡 ∑𝒙𝟐

𝐜𝐲𝐜

≥∑𝒙𝐲

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑

𝐫
𝐡𝒂𝟐
+
𝟏
𝐡𝐛

𝟏
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

≥ 𝟐 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3941. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑

𝐫
𝐫𝒂
𝟐 +

𝟏
𝐫𝐛

𝟏
𝐫𝐛
+
𝟏
𝐫𝐜

𝐜𝐲𝐜

≥ 𝟐 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 
𝟑𝐫

𝐫𝒂
= 𝒙,

𝟑𝐫

𝐫𝐛
= 𝐲,

𝟑𝐫

𝐫𝐜
= 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙

𝐜𝐲𝐜

= 𝟑 → (𝐢) 

𝐍𝐨𝐰,∑

𝐫
𝐫𝒂𝟐
+
𝟏
𝐫𝐛

𝟏
𝐫𝐛
+
𝟏
𝐫𝐜

𝐜𝐲𝐜

=∑

𝐫𝟐

𝐫𝒂𝟐
+
𝐫
𝐫𝐛

𝐫
𝐫𝐛
+
𝐫
𝐫𝐜𝐜𝐲𝐜

=∑

𝒙𝟐

𝟗 +
𝐲
𝟑

𝐲
𝟑
+
𝐳
𝟑𝐜𝐲𝐜

≥
?
𝟐 ⇔∑

𝒙𝟐

𝐲 + 𝐳
𝐜𝐲𝐜

+ 𝟑∑
𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟔 

⇔∑
𝒙𝟐

𝐲 + 𝐳
𝐜𝐲𝐜

+∑
𝐲(𝒙 + 𝐲 + 𝐳)

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟔 (∵ 𝟑 =∑𝒙

𝐜𝐲𝐜

𝐯𝐢𝒂 (𝐢)) 

⇔∑
𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

+∑𝐲

𝐜𝐲𝐜

≥
?
𝟔 ⇔∑

𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟑 (∵ ∑𝒙

𝐜𝐲𝐜

= 𝟑) 

⇔∑
𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
∑𝒙

𝐜𝐲𝐜

⇔∑(
𝒙𝟐 + 𝒙𝐲

𝐲 + 𝐳
− 𝒙)

𝐜𝐲𝐜

≥
?
𝟎 ⇔∑

𝒙𝟐 − 𝒙𝐳

𝐲 + 𝐳
𝐜𝐲𝐜

≥
?
𝟎 

⇔
𝟏

(𝒙 + 𝐲)(𝐲 + 𝐳)(𝐳 + 𝒙)
.∑((𝒙𝟐 − 𝒙𝐳)(𝒙𝟐 +∑𝒙𝐲

𝐜𝐲𝐜

))

𝐜𝐲𝐜

≥
?
𝟎 
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⇔ (∑𝒙𝐲

𝐜𝐲𝐜

)(∑𝒙𝟐

𝐜𝐲𝐜

−∑𝒙𝐲

𝐜𝐲𝐜

) +∑𝒙𝟒

𝐜𝐲𝐜

−∑𝒙𝐲𝟑

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝒙𝟒 + 𝐲𝟒 + 𝐲𝟒 + 𝐲𝟒 ≥
𝐀𝐌−𝐆𝐌
⏟  
①

𝟒𝒙𝐲𝟑, 𝐲𝟒 + 𝐳𝟒 + 𝐳𝟒 + 𝐳𝟒 ≥
𝐀𝐌−𝐆𝐌
⏟  
②

𝟒𝐲𝐳𝟑 𝒂𝐧𝐝 

𝐳𝟒 + 𝒙𝟒 + 𝒙𝟒 + 𝒙𝟒 ≥
𝐀𝐌−𝐆𝐌
⏟  
③

𝟒𝐳𝒙𝟑 𝒂𝐧𝐝 ①+②+③⇒∑𝒙𝟒

𝐜𝐲𝐜

≥∑𝒙𝐲𝟑

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐭𝐡𝐢𝐬 

𝐜𝐨𝐦𝐛𝐢𝐧𝐞𝐝 𝐰𝐢𝐭𝐡 ∑𝒙𝟐

𝐜𝐲𝐜

≥∑𝒙𝐲

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑

𝐫
𝐫𝒂𝟐
+
𝟏
𝐫𝐛

𝟏
𝐫𝐛
+
𝟏
𝐫𝐜

𝐜𝐲𝐜

≥ 𝟐 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3942. 𝑰,  𝑰𝒂,  𝑰𝒃,  𝑰𝒄 − 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 ∆𝑨𝑩𝑪. 𝐏𝐫 𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

∑
𝑭𝑰𝒂𝑩𝑪

𝑨𝑰 ⋅ 𝑨𝑰𝒂

 

 

≥
𝟑√𝟑

𝟒
 

Proposed by Sarkhan Adgozalov-Azerbaijan 
Solution by Qurban Muellim-Azerbaijan 
 

𝑳𝒆𝒎𝒎𝒂:  ∑𝐬𝐢𝐧(𝟐𝑨)

 

 

= 𝟒∏𝐬𝐢𝐧𝑨

 

 

 

𝑳𝑯𝑺 =∑
𝑭𝑰𝒂𝑩𝑪

𝑨𝑰 ⋅ 𝑨𝑰𝒂

 

 

=∑
𝒂𝐬𝐢𝐧𝟐 (

𝑨
𝟐
)

𝟐𝒓

 

 

=
𝒂 + 𝒃 + 𝒄 − (𝒂 𝐜𝐨𝐬𝑨 + 𝒃𝐜𝐨𝐬𝑩 + 𝒄 𝐜𝐨𝐬𝑪)

𝟒𝒓
= 

=
𝟐𝒔 − 𝑹∑ 𝐬𝐢𝐧(𝟐𝑨) 

 

𝟒𝒓
=
𝟐𝒔 − 𝟒𝑹 ⋅ ∏ 𝐬𝐢𝐧 𝑨 

 

𝟒𝒓
=
𝟐𝒔 − 𝟒𝑹 ⋅

𝒂𝒃𝒄
𝟖𝑹𝟑

𝟒𝒓
= 

=
𝟐𝒔 − 𝟒𝑹 ⋅

𝟒𝒓𝒔𝑹
𝟖𝑹𝟑

𝟒𝒓
=
𝒔

𝟐𝒓
−
𝒔

𝟐𝑹
≥
𝟑√𝟑𝒓

𝟐𝒓
−
𝟑√𝟑𝑹

𝟒𝑹
=
𝟑√𝟑

𝟒
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   

3943. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐑∏(𝐬 + 𝐧𝒂)(𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐜𝐲𝐜

≤ 𝟒𝟖√𝟑𝐫(𝐫𝒂𝐫𝐛𝐫𝐜)
𝟐 

  Proposed by Bogdan Fuștei-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐑∏(𝐬 + 𝐧𝒂)(𝐰𝒂 + 𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐜𝐲𝐜

≤
𝐋𝐞𝐬𝐬𝐞𝒍−𝐏𝐞𝒍𝒍𝐢𝐧𝐠

 

𝐑∏(𝐬 + 𝐧𝒂)(𝐬. √𝟑 − 𝐧𝒂. √𝟑)

𝐜𝐲𝐜

= 𝐑. 𝟑√𝟑.∏(𝐬𝟐 − 𝐧𝒂
𝟐)

𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

𝟖𝐑. 𝟑√𝟑.∏(𝐡𝒂𝐫𝒂)

𝐜𝐲𝐜

= 𝟐𝟒√𝟑.
𝟐𝐫𝟐𝐬𝟐

𝐑
. (𝐫𝒂𝐫𝐛𝐫𝐜) = 𝟒𝟖√𝟑𝐫. (𝐫𝒂𝐫𝐛𝐫𝐜)

𝟐 (∵ 𝐫𝐬𝟐 = 𝐫𝒂𝐫𝐛𝐫𝐜)  

𝒂𝐧𝐝 𝐬𝐨,𝐑∏(𝐬 + 𝐧𝒂)(𝐰𝒂 +𝐰𝐛 +𝐦𝐜 − 𝐧𝒂. √𝟑)

𝐜𝐲𝐜

≤ 𝟒𝟖√𝟑𝐫(𝐫𝒂𝐫𝐛𝐫𝐜)
𝟐 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3944. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐧𝒂 ≤
𝟑√𝟑(𝟓𝐛𝟐 − 𝟔𝐛𝐜 + 𝟓𝐜𝟐)

𝟏𝟔𝐬
 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧𝒂
𝟐 ≤
? 𝟐𝟕(𝟓𝐛𝟐 − 𝟔𝐛𝐜 + 𝟓𝐜𝟐)𝟐

𝟐𝟓𝟔𝐬𝟐
⇔

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

𝒂𝐬(𝐬 − 𝒂) + 𝐬(𝐛 − 𝐜)𝟐

𝒂
≤
? 𝟐𝟕(𝟓𝐛𝟐 − 𝟔𝐛𝐜 + 𝟓𝐜𝟐)𝟐

𝟐𝟓𝟔𝐬𝟐
 

⇔ 𝟐𝟕(𝐲 + 𝐳) (𝟓(𝐳 + 𝒙)𝟐 + 𝟓(𝒙 + 𝐲)𝟐 − 𝟔(𝐳 + 𝒙)(𝒙 + 𝐲))
𝟐

≥
?

 

𝟐𝟓𝟔(𝒙 + 𝐲 + 𝐳)𝟑(𝒙(𝐲 + 𝐳) + (𝐲 − 𝐳)𝟐) 

(
𝐝𝐞𝐧𝐨𝐭𝐢𝐧𝐠 𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲

𝒂𝐧𝐝 𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝟏𝟕𝟔𝒙𝟒(𝐲 + 𝐳) − 𝟏𝟔𝟎𝒙𝟑(𝐲 + 𝐳)𝟐 + 𝟏𝟎𝟐𝟒𝒙𝟑𝐲𝐳 − 𝟐𝟒((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) − 

𝟒𝟓𝟔𝒙𝟐𝐲𝐳(𝐲 + 𝐳) + 𝟒𝟓𝟔𝒙𝟐𝐲𝐳(𝐲 + 𝐳) + 𝟓𝟔𝒙((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 − 𝟏𝟔𝟎𝒙𝐲𝐳(𝐲 + 𝐳)𝟐 − 
𝟐𝟐𝟒𝒙𝐲𝟐𝐳𝟐 + 𝟒𝟏𝟗(𝐲 + 𝐳)(((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 + 𝐲𝟐𝐳𝟐 − 𝐲𝐳(𝐲 + 𝐳)𝟐) − 

𝟏𝟐𝟎𝟏𝐲𝐳 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) + 𝟏𝟐𝟏𝟒𝐲𝟐𝐳𝟐(𝐲 + 𝐳) ≥
?
𝟎 ⇔ 𝟏𝟕𝟔𝒙𝟒.𝐦𝒙 − 

𝟏𝟔𝟎𝒙𝟑.𝐦𝟐𝒙𝟐 + 𝟏𝟎𝟐𝟒𝒙𝟑. 𝐧𝒙𝟐 − 𝟐𝟒𝒙𝟐(𝐦𝟑𝒙𝟑 − 𝟑𝐧𝒙𝟐. 𝐦𝒙) − 𝟒𝟓𝟔𝒙𝟐. 𝐧𝒙𝟐.𝐦𝒙 + 
𝟓𝟔𝒙(𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)𝟐 − 𝟏𝟔𝟎𝒙. 𝐧𝒙𝟐. 𝐦𝟐𝒙𝟐 − 𝟐𝟐𝟒𝒙. 𝐧𝟐𝒙𝟒 + 

𝟒𝟏𝟗𝐦𝒙((𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)𝟐 + 𝐧𝟐𝒙𝟒 − 𝐧𝒙𝟐. 𝐦𝟐𝒙𝟐) − 𝟏𝟐𝟎𝟏. 𝐧𝒙𝟐. (𝐦𝟑𝒙𝟑 − 𝟑𝐧𝒙𝟐. 𝐦𝒙) + 

𝟏𝟐𝟏𝟒. 𝐧𝟐𝒙𝟒. 𝐦𝒙 ≥
?
𝟎 (𝐦 =

𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) 

⇔ 𝟔𝟗𝟏𝟐𝐦𝐧𝟐 − (𝟑𝟐𝟗𝟔𝐦𝟑 + 𝟑𝟖𝟒𝐦𝟐 + 𝟑𝟖𝟒𝐦 − 𝟏𝟎𝟐𝟒)𝐧 + 
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𝟒𝟏𝟗𝐦𝟓 + 𝟓𝟔𝐦𝟒 − 𝟐𝟒𝐦𝟑 − 𝟏𝟔𝟎𝐦𝟐 + 𝟏𝟕𝟔𝐦 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝟓𝟔𝐦𝟒 − 𝟐𝟒𝐦𝟑 − 𝟏𝟔𝟎𝐦𝟐 + 𝟏𝟕𝟔𝐦 = 

𝐦

𝟒
((𝟒𝟏𝟗𝐦𝟐 + 𝟒𝟕𝟓𝐦+

𝟏𝟑𝟖𝟓

𝟒
) (𝟐𝐦− 𝟏)𝟐 + 𝟐𝟕𝟎𝐦+

𝟏𝟒𝟑𝟏

𝟒
) > 0 

∴ (∗) 𝐢𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 𝟑𝟐𝟗𝟔𝐦𝟑 + 𝟑𝟖𝟒𝐦𝟐 + 𝟑𝟖𝟒𝐦− 𝟏𝟎𝟐𝟒 ≤ 𝟎 𝒂𝐧𝐝 𝐬𝐨 𝐰𝐞 
𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 ∶ 𝟑𝟐𝟗𝟔𝐦𝟑 + 𝟑𝟖𝟒𝐦𝟐 + 𝟑𝟖𝟒𝐦− 𝟏𝟎𝟐𝟒 > 0 𝒂𝐧𝐝 𝐧𝐨𝐰, 
𝒍𝐞𝐭 𝐮𝐬 𝒂𝐬𝐬𝐮𝐦𝐞 ∶ 𝟏𝟏𝐦− 𝟒 ≤ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟑𝟐𝟗𝟔𝐦𝟑 + 𝟑𝟖𝟒𝐦𝟐 + 𝟑𝟖𝟒𝐦− 𝟏𝟎𝟐𝟒 

=
𝟑𝟐

𝟏𝟐𝟏
((𝟏𝟏𝟑𝟑𝐦𝟐 + 𝟓𝟒𝟒𝐦+

𝟑𝟔𝟐𝟖

𝟏𝟏
) (𝟏𝟏𝐦− 𝟒) −

𝟐𝟖𝟎𝟖𝟎

𝟏𝟏
) < 0, 𝐛𝐮𝐭 ∶ 

𝟑𝟐𝟗𝟔𝐦𝟑 + 𝟑𝟖𝟒𝐦𝟐 + 𝟑𝟖𝟒𝐦− 𝟏𝟎𝟐𝟒 > 0 𝑎𝐧𝐝 𝐬𝐨,𝐨𝐮𝐫 𝒂𝐬𝐬𝐮𝐦𝐩𝐭𝐢𝐨𝐧 𝐢𝐬 𝐢𝐧𝐜𝐨𝐫𝐫𝐞𝐜𝐭 𝒂𝐧𝐝 

𝐡𝐞𝐧𝐜𝐞 ∶ 𝟏𝟏𝐦 − 𝟒 > 0 →① 
𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐞𝒙𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧 𝐢𝐧 ′′𝐧′′ 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝛅 = 

(𝟑𝟐𝟗𝟔𝐦𝟑 + 𝟑𝟖𝟒𝐦𝟐 + 𝟑𝟖𝟒𝐦− 𝟏𝟎𝟐𝟒)𝟐 − 

𝟐𝟕𝟔𝟒𝟖𝐦(𝟒𝟏𝟗𝐦𝟓 + 𝟓𝟔𝐦𝟒 − 𝟐𝟒𝐦𝟑 − 𝟏𝟔𝟎𝐦𝟐 + 𝟏𝟕𝟔𝐦)  

= (𝐦+ 𝟏)𝟑(𝐦 − 𝟐)𝟐(𝟒 − 𝟏𝟏𝐦) ≤ 𝟎 (∵ 𝟒 − 𝟏𝟏𝐦 < 0 𝑣𝑖𝑎 ①) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞  

𝒂𝐧𝐝 𝐬𝐨, 𝐧𝒂 ≤
𝟑√𝟑. (𝟓𝐛𝟐 − 𝟔𝐛𝐜 + 𝟓𝐜𝟐)

𝟏𝟔𝐬
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 𝐦 = 𝟐 ⇒ ′′ =′′ 𝐢𝐟𝐟 𝐛 + 𝐜 = 𝟐𝒂 (𝐐𝐄𝐃) 
 

3945. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

𝟑(𝐛 + 𝐜)
𝐜𝐨𝐬

𝐀

𝟐
≤ 𝐩𝒂 ≤

𝟑√𝟑. (𝟑𝐛𝟐 − 𝐛𝐜 + 𝟑𝐜𝟐)

𝟐𝟎𝐬
 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐩𝒂
𝟐 ≤
? 𝟐𝟕(𝟑𝐛𝟐 − 𝐛𝐜 + 𝟑𝐜𝟐)𝟐

𝟒𝟎𝟎𝐬𝟐
⇔

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝒂𝐧𝐝
𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂

 

𝐬(𝐬 − 𝒂)(𝟐𝐬 + 𝒂)𝟐 + 𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
≤
? 𝟐𝟕(𝟑𝐛𝟐 − 𝐛𝐜 + 𝟑𝐜𝟐)𝟐

𝟒𝟎𝟎𝐬𝟐
 

⇔ 𝟐𝟕(𝐲 + 𝐳 + 𝟐(𝒙 + 𝐲 + 𝐳))
𝟐
(𝟑(𝐳 + 𝒙)𝟐 + 𝟑(𝒙 + 𝐲)𝟐 − (𝐳 + 𝒙)(𝒙 + 𝐲))

𝟐

≥
?

 

𝟒𝟎𝟎(𝒙 + 𝐲 + 𝐳)𝟑 (𝒙(𝐲 + 𝐳 + 𝟐(𝒙 + 𝐲 + 𝐳))
𝟐
+ (𝐲 + 𝐳 + 𝟑(𝒙 + 𝐲 + 𝐳))(𝐲 − 𝐳)𝟐) 

(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒

𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝 𝐬 = 𝒙 + 𝐲 + 𝐳
) ⇔ 𝟏𝟏𝟎𝟎𝒙𝟔 + 𝟑𝟗𝟎𝟎𝒙𝟓.𝐦𝒙 + 

𝟒𝟐𝟏𝟓𝒙𝟒.𝐦𝟐𝒙𝟐 −−𝟐𝟕𝟔𝟎𝒙𝟒. 𝐧𝒙𝟐 + 𝟏𝟐𝟏𝟎𝒙𝟑(𝐦𝟑𝒙𝟑 − 𝟑𝐧𝒙𝟐. 𝐦𝒙) − 𝟓𝟖𝟏𝟎𝒙𝟑. 𝐧𝒙𝟐. 𝐦𝒙 
+𝟓𝟕𝒙𝟐((𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)𝟐 − 𝟐𝐧𝟐𝒙𝟒) − 𝟏𝟎𝟑𝟗𝟖𝒙𝟐. 𝐧𝒙𝟐. (𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐) − 
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𝟏𝟓𝟔𝟏𝟖𝒙𝟐. 𝐧𝟐𝒙𝟒 + 𝟔𝟎𝟔𝒙.𝐦𝒙((𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)𝟐 + 𝐧𝟐𝒙𝟒 − 𝐧𝒙𝟐. 𝐦𝟐𝒙𝟐) − 
𝟑𝟓𝟖𝟖𝒙. 𝐧𝒙𝟐(𝐦𝟑𝒙𝟑 − 𝟑𝐧𝒙𝟐.𝐦𝒙) + 𝟐𝟎𝟖𝟐𝒙. 𝐧𝟐𝒙𝟒.𝐦𝒙 + 
𝟓𝟖𝟕(𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)((𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)𝟐 − 𝟑𝐧𝟐𝒙𝟒) − 

𝟐𝟖𝟒𝐧𝒙𝟐((𝐦𝟐𝒙𝟐 − 𝟐𝐧𝒙𝟐)𝟐 − 𝟐𝐧𝟐𝒙𝟒) + 𝟓𝟒𝟖𝟖𝐧𝟐𝒙𝟒. 𝐦𝟐𝒙𝟐 + 𝟏𝟕𝟒𝟐𝐧𝟑𝒙𝟔 ≥
?
𝟎 

(𝐦 =
𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) ⇔ (𝟏𝟏𝟗𝟎𝟕𝐦𝟐 + 𝟏𝟓𝟖𝟕𝟔𝐦+ 𝟓𝟐𝟗𝟐)𝐧𝟐 − 

(𝟑𝟖𝟎𝟔𝐦𝟒 + 𝟔𝟔𝟏𝟖𝐦𝟑 + 𝟏𝟎𝟔𝟐𝟔𝐦𝟐 + 𝟗𝟒𝟒𝟎𝐦+ 𝟐𝟕𝟔𝟎)𝐧 + 

𝟓𝟖𝟕𝐦𝟔 + 𝟔𝟎𝟔𝐦𝟓 + 𝟓𝟕𝐦𝟒 + 𝟏𝟐𝟏𝟎𝐦𝟑 + 𝟒𝟐𝟏𝟓𝐦𝟐 + 𝟑𝟗𝟎𝟎𝐦+ 𝟏𝟏𝟎𝟎 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐞𝒙𝐩𝐫𝐞𝐬𝐬𝐢𝐨𝐧 𝐢𝐧 ′′𝐧′′ 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝛅 = 
(𝟑𝟖𝟎𝟔𝐦𝟒 + 𝟔𝟔𝟏𝟖𝐦𝟑 + 𝟏𝟎𝟔𝟐𝟔𝐦𝟐 + 𝟗𝟒𝟒𝟎𝐦+ 𝟐𝟕𝟔𝟎)𝟐 − 

𝟒(𝟏𝟏𝟗𝟎𝟕𝐦𝟐 + 𝟏𝟓𝟖𝟕𝟔𝐦+ 𝟓𝟐𝟗𝟐)(𝟓𝟖𝟕𝐦
𝟔 + 𝟔𝟎𝟔𝐦𝟓 + 𝟓𝟕𝐦𝟒 + 𝟏𝟐𝟏𝟎𝐦𝟑 +
𝟒𝟐𝟏𝟓𝐦𝟐 + 𝟑𝟗𝟎𝟎𝐦+ 𝟏𝟏𝟎𝟎

) 

= − 𝟔𝟒𝟎𝟎(𝐦+ 𝟏)𝟑(𝟐𝟏𝟎𝟓𝐦𝟓 − 𝟑𝟖𝟓𝟐𝐦𝟒 − 𝟓𝟖𝟔𝟐𝐦𝟑 + 𝟓𝟒𝟎𝟖𝐦𝟐 + 𝟖𝟑𝟐𝟖𝐦+ 𝟐𝟒𝟒𝟖) 

𝒂𝐧𝐝 𝐢𝐟 ∶ 𝐏 = 𝟐𝟏𝟎𝟓𝐦𝟓 − 𝟑𝟖𝟓𝟐𝐦𝟒 − 𝟓𝟖𝟔𝟐𝐦𝟑 + 𝟓𝟒𝟎𝟖𝐦𝟐 + 𝟖𝟑𝟐𝟖𝐦+ 𝟐𝟒𝟒𝟖 ≥ 𝟎, 
𝐭𝐡𝐞𝐧 ∶ 𝛅 ≤ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐬𝐨,𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 ∶ 𝐏 < 0 

(⇒ 𝛅 > 0) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐(𝟏𝟏𝟗𝟎𝟕𝐦𝟐 + 𝟏𝟓𝟖𝟕𝟔𝐦+ 𝟓𝟐𝟗𝟐)𝐧 ≤
?
𝟑𝟖𝟎𝟔𝐦𝟒 + 𝟔𝟔𝟏𝟖𝐦𝟑 + 𝟏𝟎𝟔𝟐𝟔𝐦𝟐 + 

𝟗𝟒𝟒𝟎𝐦+ 𝟐𝟕𝟔𝟎 − √𝛅 𝒂𝐧𝐝 ∵ 𝐧 ≤
𝐀𝐌−𝐆𝐌 𝐦𝟐

𝟒
∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐(𝟏𝟏𝟗𝟎𝟕𝐦𝟐 + 𝟏𝟓𝟖𝟕𝟔𝐦+ 𝟓𝟐𝟗𝟐).
𝐦𝟐

𝟒
≤
?
𝟑𝟖𝟎𝟔𝐦𝟒 + 𝟔𝟔𝟏𝟖𝐦𝟑 + 𝟏𝟎𝟔𝟐𝟔𝐦𝟐 + 𝟗𝟒𝟒𝟎𝐦 

+𝟐𝟕𝟔𝟎 − √𝛅 ⇔ 𝟐√𝛅 ≤
?
⏟
(∗∗)

𝟓(−𝟖𝟓𝟗𝐦𝟒 − 𝟓𝟐𝟖𝐦𝟑 + 𝟑𝟏𝟗𝟐𝐦𝟐 + 𝟑𝟕𝟕𝟔𝐦+ 𝟏𝟏𝟎𝟒)  

𝒂𝐧𝐝 𝒍𝐞𝐭 𝐮𝐬 𝒂𝐬𝐬𝐮𝐦𝐞 𝐐 = 𝟖𝟓𝟗𝐦𝟒 + 𝟓𝟐𝟖𝐦𝟑 − 𝟑𝟏𝟗𝟐𝐦𝟐 − 𝟑𝟕𝟕𝟔𝐦− 𝟏𝟏𝟎𝟒 ≥ 𝟎 

𝐰𝐡𝐞𝐧𝐞𝐯𝐞𝐫 ∶ 𝐏 < 0 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐏 < 0 ≤
𝐦

𝟓
.𝐐 ⇒ 𝐦𝐐 > 5𝑷 ⇒ 𝑻 

= 𝟏𝟔𝟏𝟏𝐦𝟓 − 𝟑𝟐𝟗𝟖𝐦𝟒 − 𝟒𝟑𝟓𝟑𝐦𝟑 + 𝟓𝟏𝟑𝟔𝐦𝟐 + 𝟕𝟏𝟐𝟒𝐦+ 𝟐𝟎𝟒𝟎 <
①

𝟎 

𝐂𝒂𝐬𝐞 𝟏  𝐦 ≥ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐓 = (𝐦 − 𝟏)(𝐦− 𝟐)𝟐(𝟏𝟔𝟏𝟏𝐦𝟐 + 𝟒𝟕𝟓𝟕𝐦+ 𝟔𝟓𝟒𝟒) + 

𝟔𝟐𝟒𝟒𝐦𝟐 − 𝟐𝟔𝟐𝟎𝟎𝐦+ 𝟐𝟖𝟐𝟏𝟔 > 0 ∵ ∆  𝐨𝐟 (𝟔𝟐𝟒𝟒𝐦𝟐 − 𝟐𝟔𝟐𝟎𝟎𝐦+ 𝟐𝟖𝟐𝟏𝟔) 
= (𝟐𝟔𝟐𝟎𝟎)𝟐 − 𝟒(𝟔𝟐𝟒𝟒)(𝟐𝟖𝟐𝟏𝟔) ≪ 𝟎 ∴ 𝐓 > 0 

𝐂𝒂𝐬𝐞 𝟐  𝟎 < 𝐦 < 1; 𝐭𝐡𝐞𝐧 ∶ 𝐓 = (𝐦− 𝟏)(𝐦− 𝟐)(𝟒𝐦− 𝟏)𝟐 (
𝟑𝟐𝟐𝟐𝐦+ 𝟒𝟔𝟖𝟏

𝟑𝟐
) + 

𝟏𝟑𝟎𝟐𝟒𝐦+ 𝟑𝟖𝟎𝟏𝐦(𝟏 −𝐦𝟐) + 𝟐𝟓𝟕𝟖𝐦(𝟏 −𝐦)

𝟐
+
𝟏𝟓𝐦+ 𝟐𝐦𝟑 +𝐦𝟐 + 𝟓𝟓𝟗𝟏𝟖

𝟑𝟐
 

> 0 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, 𝐓 > 0 ∀ 𝐦 > 0 𝒂𝐧𝐝 𝐭𝐡𝐢𝐬 𝐢𝐬 𝒂 𝐜𝐨𝐧𝐭𝐫𝒂𝐝𝐢𝐜𝐭𝐢𝐨𝐧 𝐭𝐨 ① 𝒂𝐧𝐝  

𝐡𝐞𝐧𝐜𝐞 𝐨𝐮𝐫 𝒂𝐬𝐬𝐮𝐦𝐩𝐭𝐢𝐨𝐧 𝐢𝐬 𝐢𝐧𝐜𝐨𝐫𝐫𝐞𝐜𝐭 ∴ 𝐐 < 0  𝒂𝐧𝐝 𝐬𝐨, (∗∗) ⇔ 

−𝟐𝟓𝟔𝟎𝟎(𝐦+ 𝟏)𝟑(𝟐𝟏𝟎𝟓𝐦𝟓 − 𝟑𝟖𝟓𝟐𝐦𝟒 − 𝟓𝟖𝟔𝟐𝐦𝟑 + 𝟓𝟒𝟎𝟖𝐦𝟐 + 𝟖𝟑𝟐𝟖𝐦+ 𝟐𝟒𝟒𝟖) ≤
?
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𝟐𝟓(−𝟖𝟓𝟗𝐦𝟒 − 𝟓𝟐𝟖𝐦𝟑 + 𝟑𝟏𝟗𝟐𝐦𝟐 + 𝟑𝟕𝟕𝟔𝐦+ 𝟏𝟏𝟎𝟒)𝟐⇔ 

𝟑𝟑𝟎𝟕𝟓(𝟑𝐦+ 𝟐)𝟒(𝐦 − 𝟐)𝟐(𝟐𝟕𝐦𝟐 + 𝟔𝟖𝐦 + 𝟒𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐩𝒂 ≤
𝟑√𝟑. (𝟑𝐛𝟐 − 𝐛𝐜 + 𝟑𝐜𝟐)

𝟐𝟎𝐬
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,

𝟐(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

𝟑(𝐛 + 𝐜)
𝐜𝐨𝐬

𝐀

𝟐
≤
?
𝐩𝒂 ⇔ 

𝐬(𝐬 − 𝒂)(𝟐𝐬 + 𝒂)𝟐 + 𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
≥
? 𝟒(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)𝟐

𝟗(𝐛 + 𝐜)𝟐
.
𝐬(𝐬 − 𝒂)

𝐛𝐜
 

⇔

𝐯𝐢𝒂 𝐞𝒂𝐫𝒍𝐢𝐞𝐫 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧
𝒂𝐧𝐝 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐬𝐢𝐦𝐩𝒍𝐢𝐟𝐢𝐜𝒂𝐭𝐢𝐨𝐧

 

(𝐲 − 𝐳)𝟐(

𝟒𝟖𝒙𝟓 + 𝟏𝟐𝟎𝒙𝟒(𝐲 + 𝐳) + 𝟗𝟐𝒙𝟑(𝐲 + 𝐳)𝟐 + 𝟏𝟏𝟐𝒙𝟑𝐲𝐳 +

𝟐𝟒𝒙𝟐(𝐲 + 𝐳)(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐) + 𝟐𝟖𝟖𝒙𝟐𝐲𝐳(𝐲 + 𝐳) + 𝟏𝟖𝟎𝒙𝐲𝐳(𝐲 + 𝐳)𝟐 +

𝟑𝟔𝐲𝐳(𝐲 + 𝐳)(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐) + 𝟑𝟔𝐲𝟐𝐳𝟐(𝐲 + 𝐳)

) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∴ 𝐩𝒂 ≥
𝟐(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

𝟑(𝐛 + 𝐜)
𝐜𝐨𝐬

𝐀

𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

𝟐(𝐛𝟐 + 𝐛𝐜 + 𝐜𝟐)

𝟑(𝐛 + 𝐜)
𝐜𝐨𝐬

𝐀

𝟐
≤ 𝐩𝒂 ≤

𝟑√𝟑. (𝟑𝐛𝟐 − 𝐛𝐜 + 𝟑𝐜𝟐)

𝟐𝟎𝐬
, 

′′ =′′ 𝐟𝐨𝐫 𝒍𝐨𝐰𝐞𝐫 𝐛𝐨𝐮𝐧𝐝 𝐢𝐟𝐟 𝐛 = 𝐜 𝒂𝐧𝐝  
′′ =′′ 𝐟𝐨𝐫 𝐮𝐩𝐩𝐞𝐫 𝐛𝐨𝐮𝐧𝐝 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3946. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√
𝐛

𝐜
+ √

𝐜

𝐛
≤
𝐰𝐛
𝐰𝐜
+
𝐰𝐜
𝐰𝐛

≤
𝐫𝐛 + 𝐫𝐜
𝐰𝒂

 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

√
𝐛

𝐜
+ √

𝐜

𝐛
≤
? 𝐰𝐛
𝐰𝐜
+
𝐰𝐜
𝐰𝐛

⇔
𝐛

𝐜
+
𝐜

𝐛
+ 𝟐 ≤

? 𝐰𝐛
𝟐

𝐰𝐜𝟐
+
𝐰𝐜
𝟐

𝐰𝐛
𝟐 + 𝟐 

⇔
(𝐛 + 𝐜)𝟐

𝐛𝐜
≤
? (𝐬𝒂 −

𝐬(𝐬 − 𝐛)(𝐜 − 𝒂)𝟐

(𝐜 + 𝒂)𝟐
−
𝐬(𝐬 − 𝐜)(𝒂 − 𝐛)𝟐

(𝒂 + 𝐛)𝟐
)
𝟐

𝟒𝐜𝒂
(𝐜 + 𝒂)𝟐

. 𝐬(𝐬 − 𝐛).
𝟒𝒂𝐛

(𝒂 + 𝐛)𝟐
. 𝐬(𝐬 − 𝐜)

 

⇔ (
(𝐲 + 𝐳)(𝟐𝐲 + 𝐳 + 𝒙)𝟐(𝟐𝐳 + 𝒙 + 𝐲)𝟐 − 𝐲(𝐳 − 𝒙)𝟐(𝟐𝐳 + 𝒙 + 𝐲)𝟐 −

𝐳(𝒙 − 𝐲)𝟐(𝟐𝐲 + 𝐳 + 𝒙)𝟐
) ≥

?
 

𝟏𝟔(𝐲 + 𝐳)𝟐𝐲𝐳(𝟐𝒙 + 𝐲 + 𝐳)𝟐(𝟐𝐲 + 𝐳 + 𝒙)𝟐(𝟐𝐳 + 𝒙 + 𝐲)𝟐 

 (
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒

𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝 𝐬 = 𝒙 + 𝐲 + 𝐳
) ⇔
𝐅𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐬𝐢𝐦𝐩𝒍𝐢𝐟𝐢𝐜𝒂𝐭𝐢𝐨𝐧

 

𝒙𝟔(𝐲 − 𝐳)𝟐(𝐲 + 𝐳)𝟐 + 𝟔𝒙𝟓(𝐲 − 𝐳)𝟐(𝐲 + 𝐳) ((𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐) + 𝐲𝐳) + 
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𝒙𝟒(𝐲 − 𝐳)𝟐(𝟏𝟓(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)𝟐 + 𝟑𝟏𝐲𝐳(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐) + 𝟏𝟔𝐲𝟐𝐳𝟐) + 

𝒙𝟑(𝐲 − 𝐳)𝟐(𝐲 + 𝐳) (𝟐𝟎(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)(𝐲𝟐 + 𝐳𝟐) + 𝟐𝟒𝐲𝟐𝐳𝟐 + 𝟔𝟒𝐲𝐳(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)) + 

𝒙𝟐(𝐲 − 𝐳)𝟐(𝐲 + 𝐳)𝟐(𝟏𝟓(𝐲𝟐 + 𝐳𝟐)𝟐 + 𝟔𝟓𝐲𝐳(𝐲𝟐 + 𝐳𝟐) + 𝟔𝟗𝐲𝟐𝐳𝟐) + 

𝒙(𝐲 − 𝐳)𝟐(𝐲 + 𝐳) (
𝟔(𝐲𝟐 + 𝐳𝟐)(𝐲𝟒 + 𝐲𝟑𝐳 + 𝐲𝟐𝐳𝟐 + 𝐲𝐳𝟑 + 𝐳𝟒) +

𝟑𝟐𝐲𝐳(𝐲𝟐 + 𝐳𝟐)(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐) + 𝟓𝟐𝐲𝟐𝐳𝟐(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)
) + 

(𝐲 − 𝐳)𝟐(

𝟔𝐲𝐳(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)(𝐲𝟒 + 𝐲𝟑𝐳 + 𝐲𝟐𝐳𝟐 + 𝐲𝐳𝟑 + 𝐳𝟒) +

𝟏𝟑𝐲𝟐𝐳𝟐(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)𝟐 +

(𝐲 + 𝐳)(𝐲𝟐 + 𝐳𝟐)(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)(𝐲𝟑 + 𝐳𝟑) + 𝐲𝟑𝐳𝟑(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)

) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∴
𝐰𝐛
𝐰𝐜
+
𝐰𝐜
𝐰𝐛

≥ √
𝐛

𝐜
+ √

𝐜

𝐛
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,

𝐰𝐛
𝐰𝐜
+
𝐰𝐜
𝐰𝐛

≤
? 𝐫𝐛 + 𝐫𝐜

𝐰𝒂
 

⇔
(𝐬𝒂 −

𝐬(𝐬 − 𝐛)(𝐜 − 𝒂)𝟐

(𝐜 + 𝒂)𝟐
−
𝐬(𝐬 − 𝐜)(𝒂 − 𝐛)𝟐

(𝒂 + 𝐛)𝟐
)
𝟐

𝟒𝐜𝒂
(𝐜 + 𝒂)𝟐

. 𝐬(𝐬 − 𝐛).
𝟒𝒂𝐛

(𝒂 + 𝐛)𝟐
. 𝐬(𝐬 − 𝐜)

≤
? 𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)𝒂𝟐

(𝐬 − 𝐛)𝟐(𝐬 − 𝐜)𝟐.
𝟒𝐛𝐜

(𝐛 + 𝐜)𝟐
. 𝐬(𝐬 − 𝒂)

 

⇔

𝐯𝐢𝒂 𝐞𝒂𝐫𝒍𝐢𝐞𝐫 𝐬𝐮𝐛𝐬𝐭𝐢𝐭𝐮𝐭𝐢𝐨𝐧
𝒂𝐧𝐝 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐬𝐢𝐦𝐩𝒍𝐢𝐟𝐢𝐜𝒂𝐭𝐢𝐨𝐧

 

𝟏𝟔𝒙𝟓(𝐲 − 𝐳)𝟐(𝐲 + 𝐳)𝟑 + 𝒙𝟒(𝐲 − 𝐳)𝟐(𝐲 + 𝐳)𝟐 (𝟏𝟓𝟐𝐲𝐳 + 𝟔𝟖(𝐲𝟐 + 𝐳𝟐)) + 

𝒙𝟑(𝐲 − 𝐳)𝟐 (
𝟑𝟕𝟔𝐲𝐳(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)(𝐲 + 𝐳) +

𝟏𝟎𝟒(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)(𝐲𝟐 + 𝐳𝟐)(𝐲 + 𝐳) + 𝟏𝟔𝟖𝐲𝟐𝐳𝟐(𝐲 + 𝐳)
) + 

𝒙𝟐(𝐲 − 𝐳)𝟐(𝐲 + 𝐳)𝟐 (𝟒𝟖𝟎𝐲𝟐𝐳𝟐 + 𝟔𝟖(𝐲𝟐 + 𝐳𝟐)𝟐 + 𝟑𝟔𝟎𝐲𝐳(𝐲𝟐 + 𝐳𝟐)) + 

𝒙(𝐲 − 𝐳)𝟐(𝐲 + 𝐳)(

𝟏𝟔(𝐲𝟒 + 𝐲𝟑𝐳 + 𝐲𝟐𝐳𝟐 + 𝐲𝐳𝟑 + 𝐳𝟒)(𝐲𝟐 + 𝐳𝟐) +

𝟏𝟑𝟔𝐲𝐳(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐)(𝐲𝟐 + 𝐳𝟐) +

𝟑𝟒𝟒𝐲𝟐𝐳𝟐(𝐲 + 𝐳)(𝐲𝟐 + 𝐲𝐳 + 𝐳𝟐) + 𝐲𝟑𝐳𝟑
) + 

(𝐲 − 𝐳)𝟐(𝐲 + 𝐳)𝟐 (𝟏𝟔𝐲𝐳(𝐲𝟐 + 𝐳𝟐)𝟐 + 𝟖𝟖𝐲𝟑𝐳𝟑 + 𝟔𝟖𝐲𝟐𝐳𝟐(𝐲𝟐 + 𝐳𝟐)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∴
𝐰𝐛
𝐰𝐜
+
𝐰𝐜
𝐰𝐛

≤
𝐫𝐛 + 𝐫𝐜
𝐰𝒂

 𝒂𝐧𝐝 𝐬𝐨, √
𝐛

𝐜
+ √

𝐜

𝐛
≤
𝐰𝐛
𝐰𝐜
+
𝐰𝐜
𝐰𝐛

≤
𝐫𝐛 + 𝐫𝐜
𝐰𝒂

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

3947. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟓∑
𝐫𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

≤ 𝟏 + 𝟔∑
𝐫𝟑

𝐡𝒂
𝟑

𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 
𝟑𝐫

𝐡𝒂
= 𝒙,

𝟑𝐫

𝐡𝐛
= 𝐲,

𝟑𝐫

𝐡𝐜
= 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙

𝐜𝐲𝐜

= 𝟑 → (𝐢) 

𝐍𝐨𝐰, 𝟓∑
𝐫𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

≤ 𝟏 + 𝟔∑
𝐫𝟑

𝐡𝒂𝟑
𝐜𝐲𝐜

⇔ 𝟓∑
𝒙𝟐

𝟗
𝐜𝐲𝐜

≤
?
𝟏 + 𝟔∑

𝒙𝟑

𝟐𝟕
𝐜𝐲𝐜

⇔ 𝟐∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟗 ≥
?
𝟓∑𝒙𝟐

𝐜𝐲𝐜

 

⇔ 𝟐∑𝒙𝟑

𝐜𝐲𝐜

+
𝟗

𝟐𝟕
(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥
? 𝟓

𝟑
(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) (∵ ∑𝒙

𝐜𝐲𝐜

= 𝟑 𝐯𝐢𝒂 (𝐢)) 

⇔ 𝟔∑𝒙𝟑

𝐜𝐲𝐜

+ (∑𝒙

𝐜𝐲𝐜

)

𝟑

≥
?
𝟓(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥
?
∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 

∴ 𝟓∑
𝐫𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

≤ 𝟏 + 𝟔∑
𝐫𝟑

𝐡𝒂𝟑
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3948. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟓∑
𝐫𝟐

𝐫𝒂
𝟐

𝐜𝐲𝐜

≤ 𝟏 + 𝟔∑
𝐫𝟑

𝐫𝒂
𝟑

𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 
𝟑𝐫

𝐫𝒂
= 𝒙,

𝟑𝐫

𝐫𝐛
= 𝐲,

𝟑𝐫

𝐫𝐜
= 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙

𝐜𝐲𝐜

= 𝟑 → (𝐢) 

𝐍𝐨𝐰, 𝟓∑
𝐫𝟐

𝐫𝒂𝟐
𝐜𝐲𝐜

≤
?
𝟏 + 𝟔∑

𝐫𝟑

𝐫𝒂𝟑
𝐜𝐲𝐜

⇔ 𝟓∑
𝒙𝟐

𝟗
𝐜𝐲𝐜

≤
?
𝟏 + 𝟔∑

𝒙𝟑

𝟐𝟕
𝐜𝐲𝐜

⇔ 𝟐∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟗 ≥
?
𝟓∑𝒙𝟐

𝐜𝐲𝐜

 

⇔ 𝟐∑𝒙𝟑

𝐜𝐲𝐜

+
𝟗

𝟐𝟕
(∑𝒙

𝐜𝐲𝐜

)

𝟑

≥
? 𝟓

𝟑
(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) (∵ ∑𝒙

𝐜𝐲𝐜

= 𝟑 𝐯𝐢𝒂 (𝐢)) 
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⇔ 𝟔∑𝒙𝟑

𝐜𝐲𝐜

+ (∑𝒙

𝐜𝐲𝐜

)

𝟑

≥
?
𝟓(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) 

⇔∑𝒙𝟑

𝐜𝐲𝐜

+ 𝟑𝒙𝐲𝐳 ≥
?
∑𝒙𝟐𝐲

𝐜𝐲𝐜

+∑𝒙𝐲𝟐

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐒𝐜𝐡𝐮𝐫 

∴ 𝟓∑
𝐫𝟐

𝐫𝒂𝟐
𝐜𝐲𝐜

≤ 𝟏 + 𝟔∑
𝐫𝟑

𝐫𝒂𝟑
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3949. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝐡𝒂√
𝟏
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

≥ √
𝟑

𝟐𝐫
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 
𝟑𝐫

𝐡𝒂
= 𝒙,

𝟑𝐫

𝐡𝐛
= 𝐲,

𝟑𝐫

𝐡𝐜
= 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙

𝐜𝐲𝐜

= 𝟑 → (𝐢) 

𝐍𝐨𝐰,∑
𝟏

𝐡𝒂. √
𝟏
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

=
𝟏

√𝐫
.∑

𝐫
𝐡𝒂

√
𝐫
𝐡𝐛
+
𝐫
𝐡𝐜

𝐜𝐲𝐜

=
𝟏

√𝐫
.∑

𝒙
𝟑

√
𝐲 + 𝐳
𝟑

𝐜𝐲𝐜

=
𝟏

√𝟑𝐫
.∑

𝒙𝟐

𝒙. √𝐲 + 𝐳
𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

∑ (𝒙.√𝐲 + 𝐳)𝐜𝐲𝐜

=
𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

∑ (√𝒙.√𝒙𝐲 + 𝐳𝒙)𝐜𝐲𝐜

≥
𝐂𝐁𝐒

 

𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

√𝟐(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 )

≥
𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

√𝟐(∑ 𝒙𝐜𝐲𝐜 ).
𝟏
𝟑
(∑ 𝒙𝐜𝐲𝐜 )

𝟐
=
√∑ 𝒙𝐜𝐲𝐜

√𝟐𝐫
=

𝐯𝐢𝒂 (𝐢) √𝟑

√𝟐𝐫
  

𝒂𝐧𝐝 𝐬𝐨,∑
𝟏

𝐡𝒂. √
𝟏
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

≥ √
𝟑

𝟐𝐫
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3950. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 



 
www.ssmrmh.ro 

47 RMM-TRIANGLE MARATHON 3901-4000 

 

∑
𝟏

𝐫𝒂. √
𝟏
𝐫𝐛
+
𝟏
𝐫𝐜

𝐜𝐲𝐜

≥ √
𝟑

𝟐𝐫
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 
𝟑𝐫

𝐫𝒂
= 𝒙,

𝟑𝐫

𝐫𝐛
= 𝐲,

𝟑𝐫

𝐫𝐜
= 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑𝒙

𝐜𝐲𝐜

= 𝟑 → (𝐢) 

𝐍𝐨𝐰,∑
𝟏

𝐫𝒂. √
𝟏
𝐫𝐛
+
𝟏
𝐫𝐜

𝐜𝐲𝐜

=
𝟏

√𝐫
.∑

𝐫
𝐫𝒂

√
𝐫
𝐫𝐛
+
𝐫
𝐫𝐜

𝐜𝐲𝐜

=
𝟏

√𝐫
.∑

𝒙
𝟑

√
𝐲 + 𝐳
𝟑

𝐜𝐲𝐜

=
𝟏

√𝟑𝐫
.∑

𝒙𝟐

𝒙. √𝐲 + 𝐳
𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

∑ (𝒙.√𝐲 + 𝐳)𝐜𝐲𝐜

=
𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

∑ (√𝒙.√𝒙𝐲 + 𝐳𝒙)𝐜𝐲𝐜

≥
𝐂𝐁𝐒

 

𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

√𝟐(∑ 𝒙𝐜𝐲𝐜 )(∑ 𝒙𝐲𝐜𝐲𝐜 )

≥
𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

√𝟐(∑ 𝒙𝐜𝐲𝐜 ).
𝟏
𝟑
(∑ 𝒙𝐜𝐲𝐜 )

𝟐
=
√∑ 𝒙𝐜𝐲𝐜

√𝟐𝐫
=

𝐯𝐢𝒂 (𝐢) √𝟑

√𝟐𝐫
  

𝒂𝐧𝐝 𝐬𝐨,∑
𝟏

𝐫𝒂. √
𝟏
𝐫𝐛
+
𝟏
𝐫𝐜

𝐜𝐲𝐜

≥ √
𝟑

𝟐𝐫
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍  

 
3951. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏

𝟏 + 𝐭𝒂𝐧𝟒
𝐀
𝟐

+
𝟏

𝟏 + 𝐭𝒂𝐧𝟒
𝐁
𝟐

+
𝟏

𝟏 + 𝐭𝒂𝐧𝟒
𝐂
𝟐

≤
𝟐𝟕

𝟏𝟎
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟏+ 𝐭𝒂𝐧𝟒
𝐀
𝟐𝐜𝐲𝐜

=∑
𝟏+ 𝐭𝒂𝐧𝟒

𝐀
𝟐 − 𝐭𝒂𝐧

𝟒𝐀
𝟐

𝟏 + 𝐭𝒂𝐧𝟒
𝐀
𝟐𝐜𝐲𝐜

= 𝟑 −∑
𝐫𝒂
𝟒

𝐬𝟒 + 𝐫𝒂𝟒
𝐜𝐲𝐜

≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟑 −
(∑ 𝐫𝒂

𝟐
𝐜𝐲𝐜 )

𝟐

𝟑𝐬𝟒 +∑ 𝐫𝒂𝟒𝐜𝐲𝐜
= 𝟑 −

((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)𝟐

𝟑𝐬𝟒 + ((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐)𝟐 − 𝟐(𝐬𝟒 − 𝟐𝐫(𝟒𝐑 + 𝐫)𝐬𝟐)
 



 
www.ssmrmh.ro 

48 RMM-TRIANGLE MARATHON 3901-4000 

 

⇔ 𝟐𝟓𝐬𝟒 − (𝟒𝟒𝟖𝐑𝟐 + 𝟐𝟕𝟐𝐑𝐫 + 𝟒𝟎𝐫𝟐)𝐬𝟐 + 𝟕(𝟒𝐑+ 𝐫)𝟒 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝟐𝟓𝐬𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝟐𝟓𝐬𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) 

⇔ 𝟕(𝟒𝐑 + 𝐫)𝟒 ≥
?
⏟
(∗∗)

(𝟒𝟒𝟖𝐑𝟐 − 𝟏𝟐𝟖𝐑𝐫 + 𝟏𝟔𝟓𝐫𝟐)𝐬𝟐 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 

(𝟒𝟒𝟖𝐑𝟐 − 𝟏𝟐𝟖𝐑𝐫 + 𝟏𝟔𝟓𝐫𝟐)𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟒𝟒𝟖𝐑𝟐 − 𝟏𝟐𝟖𝐑𝐫 + 𝟏𝟔𝟓𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
𝟕(𝟒𝐑 + 𝐫)𝟒 

⇔ 𝟏𝟐𝟖𝐭𝟑 − 𝟐𝟎𝟓𝐭𝟐 − 𝟒𝟏𝐭 − 𝟏𝟐𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟏𝟐𝟖𝐭𝟐 + 𝟓𝟏𝐭 + 𝟔𝟏) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝟏

𝟏 + 𝐭𝒂𝐧𝟒
𝐀
𝟐

+
𝟏

𝟏 + 𝐭𝒂𝐧𝟒
𝐁
𝟐

+
𝟏

𝟏 + 𝐭𝒂𝐧𝟒
𝐂
𝟐

 

≤
𝟐𝟕

𝟏𝟎
 ∀ ∆ 𝐀𝐁𝐂, ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍  

 

3952. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝒂+𝐛

(𝐜𝐨𝐬𝐀 + 𝐜𝐨𝐬 𝐁)𝟑
𝐜𝐲𝐜

≥ 𝟔𝐑√𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐛+ 𝐜

(𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬𝐂)𝟑
𝐜𝐲𝐜

=∑
𝟒𝐑𝐜𝐨𝐬

𝐀
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝟖 𝐬𝐢𝐧𝟑
𝐀
𝟐 . 𝐜𝐨𝐬

𝟑 𝐁 − 𝐂
𝟐𝐜𝐲𝐜

=
𝐑

𝟐
.∑

𝐜𝐨𝐬
𝐀
𝟐

𝐬𝐢𝐧𝟑
𝐀
𝟐 . 𝐜𝐨𝐬

𝟐 𝐁 − 𝐂
𝟐𝐜𝐲𝐜

≥ 

𝐑

𝟐
.∑

𝐜𝐨𝐬
𝐀
𝟐

𝐬𝐢𝐧𝟑
𝐀
𝟐𝐜𝐲𝐜

 (∵ 𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
≤ 𝟏) =

𝐑𝐬

𝟐𝐫𝟐
.∑(

𝟏

𝐫𝒂
.
𝐫𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐

)

𝐜𝐲𝐜

 

=
𝐑𝐬

𝟐𝐫𝟐. 𝐫𝐬𝟐
.∑(𝐬(𝐬 − 𝒂). 𝐀𝐈𝟐)

𝐜𝐲𝐜

=
𝐑

𝟐𝐫𝟑
.∑((𝐬 − 𝒂). (𝐛𝐜 − 𝟒𝐑𝐫))

𝐜𝐲𝐜

 

=
𝐑

𝟐𝐫𝟑
. (𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟏𝟐𝐑𝐫𝐬 − 𝟒𝐑𝐫𝐬) =

𝐑𝐬(𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝐫𝟐)

𝟐𝐫𝟑
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

 

𝐑. 𝟑√𝟑𝐫. (𝟒𝐑𝐫 − 𝟒𝐫𝟐)

𝟐𝐫𝟑
=
𝐑. 𝟑√𝟑. (𝟐𝐑 − 𝟐𝐫)

𝐫
≥

𝐄𝐮𝒍𝐞𝐫 𝐑. 𝟑√𝟑. (𝟐𝐫)

𝐫
= 𝟔𝐑. √𝟑 𝒂𝐧𝐝 𝐬𝐨, 
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∑
𝒂+ 𝐛

(𝐜𝐨𝐬𝐀 + 𝐜𝐨𝐬 𝐁)𝟑
𝐜𝐲𝐜

≥ 𝟔𝐑. √𝟑 ∀ ∆ 𝐀𝐁𝐂, ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3953. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} , 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂

𝐛 + 𝐜
≥ 𝟏 −

𝐫

𝐑
 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂

𝐛 + 𝐜
≥
?
𝟏 −

𝐫

𝐑
⇔
𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂𝐛𝐜
≥
? 𝟐(𝐬 − 𝒂)

𝐛 + 𝐜
 

⇔ 𝟐𝐲𝐳(𝟐𝒙 + 𝐲 + 𝐳) ≥
?
(𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲) 

(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝

𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝐲𝟐(𝐳 − 𝒙) + 𝐳𝟐(𝐲 − 𝒙) + 𝒙𝐲(𝐳 − 𝒙) + 𝐳𝒙(𝐲 − 𝒙) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝒂 ≥ 𝐛, 𝐜 ⇒ 𝐲, 𝐳 ≥ 𝒙 ∴
𝒂

𝐛 + 𝐜
≥ 𝟏 −

𝐫

𝐑
 ∀ ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝒂 = 𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} , 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3954. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒈𝒂 ≤ √
𝐑+ 𝟐𝐫

𝟒𝐫
∙ 𝐡𝒂 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒈𝒂
𝟐 ≤
?
(
𝐑

𝟒𝐫
+
𝟏

𝟐
) . 𝐡𝒂

𝟐 ⇔
𝐯𝐢𝒂 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐬(𝐬 − 𝒂) −
𝐬 − 𝒂

𝒂
. (𝐛 − 𝐜)𝟐 ≤

?
 

(
𝒂𝐛𝐜

𝟏𝟔(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
+
𝟏

𝟐
)(𝐬(𝐬 − 𝒂) −

𝐬(𝐬 − 𝒂)

𝒂𝟐
. (𝐛 − 𝐜)𝟐) 

⇔
𝐬𝒂 − (𝐛 − 𝐜)𝟐

𝒂
≤
?
𝐬.
𝒂𝐛𝐜 + 𝟖(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟏𝟔(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
.
𝟒(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂𝟐
 

⇔ ((𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲) + 𝟖𝒙𝐲𝐳)(𝒙 + 𝐲 + 𝐳) ≥
?
𝟒(𝐲 + 𝐳)𝒙 (

(𝐲 + 𝐳)(𝒙 + 𝐲 + 𝐳) −

(𝐲 − 𝐳)𝟐
) 
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(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝

𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝒙𝟑(𝐲 + 𝐳) − 𝟐𝒙𝟐(𝐲 + 𝐳)𝟐 + 𝟖𝒙𝟐. 𝐲𝐳 + 𝒙 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) − 

𝟒𝒙. 𝐲𝐳(𝐲 + 𝐳) + 𝐲𝐳(𝐲 + 𝐳)𝟐 ≥
?
𝟎 

⇔ 𝒙𝟑(𝐦𝒙) − 𝟐𝒙𝟐(𝐦𝒙)𝟐 + 𝟖𝒙𝟐. 𝐧𝒙𝟐 + 𝒙((𝐦𝒙)𝟑 − 𝟑𝐧𝒙𝟐(𝐦𝒙)) − 

𝟒𝒙. 𝐧𝒙𝟐(𝐦𝒙) + 𝐧𝒙𝟐(𝐦𝒙)𝟐 ≥
?
𝟎 (𝐦 =

𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) 

⇔ 𝐧(𝐦𝟐 − 𝟕𝐦+ 𝟖) + 𝐦(𝐦− 𝟏)𝟐 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 ∶ 

𝐦𝟐 − 𝟕𝐦+ 𝟖 ≥ 𝟎  𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝐦𝟐 − 𝟕𝐦 + 𝟖 < 0, 𝑡ℎ𝑒𝑛 ∶ 𝐬𝐢𝐧𝐜𝐞 𝐧 ≤
𝐀𝐌−𝐆𝐌 𝐦𝟐

𝟒
 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝐦𝟐

𝟒
. (𝐦𝟐 − 𝟕𝐦+ 𝟖) +𝐦(𝐦− 𝟏)𝟐 ≥

?
𝟎 

⇔ (𝐦 + 𝟏)(𝐦− 𝟐)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐦 > 0 𝑎𝐬 𝒙, 𝐲, 𝐳 > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝒈𝒂 ≤ √
𝐑 + 𝟐𝐫

𝟒𝐫
. 𝐡𝒂, ′′ =

′′  𝐢𝐟𝐟 𝐲 = 𝐳 𝒂𝐧𝐝 𝐲 + 𝐳 = 𝟐𝒙 ⇒ 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3955. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬  

𝐦𝒂 ≤
√𝟗𝐬𝟐 − 𝟏𝟎𝟔𝐑𝐫 + 𝟏𝟏𝟑𝐫𝟐

𝟏𝟐𝐫
.𝐰𝒂 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

 

𝐦𝒂
𝟐 ≤
? 𝟗𝐬𝟐 − 𝟏𝟎𝟔𝐑𝐫 + 𝟏𝟏𝟑𝐫𝟐

𝟏𝟒𝟒𝐫𝟐
. 𝐰𝒂

𝟐 ⇔ 𝐬(𝐬 − 𝒂) +
(𝐛 − 𝐜)𝟐

𝟒
≤
?

 

(
𝟗𝐬𝟑

𝟏𝟒𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
−

𝟏𝟎𝟔𝒂𝐛𝐜

𝟏𝟒𝟒. 𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
+
𝟏𝟏𝟑

𝟏𝟒𝟒
) .
𝟒𝐛𝐜. 𝐬(𝐬 − 𝒂)

(𝐛 + 𝐜)𝟐
 

⇔
𝟒𝒙(𝒙 + 𝐲 + 𝐳) + (𝐲 − 𝐳)𝟐

𝟒
≤
?

 

𝟏𝟖(𝒙 + 𝐲 + 𝐳)𝟑 − 𝟓𝟑(𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲) + 𝟐𝟐𝟔𝒙𝐲𝐳

𝟐𝟖𝟖𝒙𝐲𝐳
.
𝟒(𝐳 + 𝒙)(𝒙 + 𝐲)𝒙(𝒙 + 𝐲 + 𝐳)

(𝟐𝒙 + 𝐲 + 𝐳)𝟐
 

(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝

𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝟏𝟗𝒙𝟔 + 𝟑𝟕𝒙𝟓(𝐲 + 𝐳) + 𝟐𝟏𝒙𝟒(𝐲 + 𝐳)𝟐 − 𝟒𝟒𝒙𝟒𝐲𝐳 + 𝟐𝟏𝒙𝟑 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) 
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−𝟗𝟓𝒙𝟑𝐲𝐳(𝐲 + 𝐳) + 𝟑𝟕𝒙𝟐(𝐲𝟐 + 𝐳𝟐)𝟐 + 𝟒𝟐𝒙𝟐𝐲𝟐𝐳𝟐 − 𝟏𝟔𝟐𝒙𝟐𝐲𝐳(𝐲𝟐 + 𝐳𝟐) + 

𝟏𝟖(𝐲 + 𝐳)(𝐲𝟓 + 𝐳𝟓) − 𝟖𝟖𝒙𝐲𝐳 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) + 𝟏𝟎𝟕𝒙𝐲𝟐𝐳𝟐(𝐲 + 𝐳) + 

𝟏𝟗𝐲𝟐𝐳𝟐(𝐲 + 𝐳)𝟐 ≥
?
𝟎 ⇔ 𝟏𝟖 + 𝟑𝟕𝐦+ 𝟐𝟏𝐦𝟐 − 𝟒𝟒𝐧+ 𝟐𝟏(𝐦𝟑 − 𝟑𝐦𝐧) − 

𝟗𝟓𝐦𝐧 + 𝟑𝟕(𝐦𝟐 − 𝟐𝐧)𝟐 + 𝟒𝟐𝐧𝟐 − 𝟏𝟔𝟐𝐧(𝐦𝟐 − 𝟐𝐧) + 𝟏𝟖𝐦((𝐦𝟐 − 𝟐𝐧)𝟐 + 𝐧𝟐 − 𝐧𝐦𝟐) 

−𝟖𝟖𝐧(𝐦𝟑 − 𝟑𝐦𝐧) + 𝟏𝟎𝟕𝐧𝟐𝐦+ 𝟏𝟗𝐧𝟐𝐦𝟐 ≥
?
𝟎 (𝐦 =

𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) 

⇔ (𝟏𝟗𝐦𝟐 + 𝟒𝟔𝟏𝐦+ 𝟓𝟏𝟒)𝐧𝟐 − (𝟏𝟕𝟖𝐦𝟑 + 𝟑𝟏𝟎𝐦𝟐 + 𝟏𝟓𝟖𝐦+ 𝟓𝟏𝟒 + 𝟒𝟒)𝐧 + 

𝟏𝟖𝐦𝟓 + 𝟑𝟕𝐦𝟒 + 𝟐𝟏𝐦𝟑 + 𝟐𝟏𝐦𝟐 + 𝟑𝟕𝐦+ 𝟏𝟖 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) 𝐢𝐬 𝒂 𝐪𝐮𝒂𝐝𝐫𝒂𝐭𝐢𝐜 𝐩𝐨𝒍𝐲𝐧𝐨𝐦𝐢𝒂𝒍 𝐢𝐧 ′′𝐧′′ 𝐰𝐢𝐭𝐡 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 = 
(𝟏𝟕𝟖𝐦𝟑 + 𝟑𝟏𝟎𝐦𝟐 + 𝟏𝟓𝟖𝐦 + 𝟓𝟏𝟒 + 𝟒𝟒)𝟐 − 

𝟒(𝟏𝟗𝐦𝟐 + 𝟒𝟔𝟏𝐦+ 𝟓𝟏𝟒)(𝟏𝟖𝐦𝟓 + 𝟑𝟕𝐦𝟒 + 𝟐𝟏𝐦𝟑 + 𝟐𝟏𝐦𝟐 + 𝟑𝟕𝐦+ 𝟏𝟖) 

= −𝟒(𝐦− 𝟐)𝟐(𝟑𝟒𝟐𝐦𝟓 + 𝟐𝟒𝟒𝟖𝐦𝟒 + 𝟕𝟓𝟒𝟐𝐦𝟑 + 𝟏𝟏𝟑𝟖𝟕𝐦𝟐 + 𝟖𝟏𝟓𝟐𝐦+ 𝟐𝟏𝟗𝟐) ≤ 𝟎 

∵ 𝐦 > 0 𝑎𝐬 𝒙, 𝐲, 𝐳 > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐦𝒂 ≤
√𝟗𝐬𝟐 − 𝟏𝟎𝟔𝐑𝐫 + 𝟏𝟏𝟑𝐫𝟐

𝟏𝟐𝐫
.𝐰𝒂 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 𝐛 + 𝐜 = 𝟐𝒂 (𝐐𝐄𝐃) 
 

3956. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐩𝒂 ≤
√𝟗𝐬𝟐 − 𝟒𝟖𝐑𝐫 − 𝟔𝟔𝐫𝟐

𝟗𝐫
. 𝐡𝒂 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐩𝒂
𝟐 ≤
? 𝟗𝐬𝟐 − 𝟒𝟖𝐑𝐫 − 𝟔𝟔𝐫𝟐

𝟖𝟏𝐫𝟐
. 𝐡𝒂
𝟐 ⇔

𝐯𝐢𝒂 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝒂𝐧𝐝
𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂

 

𝐬(𝐬 − 𝒂) +
𝐬(𝟑𝐬 + 𝒂)

(𝟐𝐬 + 𝒂)𝟐
. (𝐛 − 𝐜)𝟐 ≤

?
 

(

 
 

𝟗𝐬𝟑

𝟖𝟏(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
−

𝟒𝟖𝒂𝐛𝐜

𝟖𝟏. 𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
−
𝟔𝟔

𝟖𝟏)

 
 
(
𝟒𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝒂𝟐
) 

⇔
𝒙(𝐲 + 𝐳 + 𝟐(𝒙 + 𝐲 + 𝐳))

𝟐
+ (𝐲 + 𝐳 + 𝟑(𝒙 + 𝐲 + 𝐳))(𝐲 − 𝐳)𝟐

(𝐲 + 𝐳 + 𝟐(𝒙 + 𝐲 + 𝐳))
𝟐  

≤
? 𝟏𝟐(𝒙 + 𝐲 + 𝐳)𝟑 − 𝟏𝟔(𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲) − 𝟖𝟖𝒙𝐲𝐳

𝟐𝟕(𝐲 + 𝐳)𝟐
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(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝

𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝟏𝟐𝒙𝟓 + 𝟓𝟔𝒙𝟒(𝐲 + 𝐳) + 𝟖𝟎𝒙𝟑(𝐲 + 𝐳)𝟐 − 𝟖𝟖𝒙𝟑. 𝐧𝒙𝟐 + 

𝟑𝟔𝒙𝟐 ((𝐦𝒙)𝟑 − 𝟑𝐧𝒙𝟐(𝐦𝒙)) − 𝟏𝟕𝟐𝒙𝟐. 𝐧𝒙𝟐. 𝐦𝒙 − 𝟏𝟔𝟓𝒙. 𝐧𝒙𝟐. (𝐦𝒙)𝟐 +  

𝟕𝟐. 𝐧𝒙𝟐. ((𝐦𝒙)𝟑 − 𝟑𝐧𝒙𝟐(𝐦𝒙)) + 𝟐𝟏𝟔𝐧𝟐𝒙𝟒. 𝐦𝒙 ≥
?
𝟎 (𝐦 =

𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) 

⇔ 𝐧(𝟕𝟐𝐦𝟑 − 𝟏𝟔𝟓𝐦𝟐 − 𝟐𝟖𝟎𝐦− 𝟖𝟖) + 𝟑𝟔𝐦𝟑 + 𝟖𝟎𝐦𝟐 + 𝟓𝟔𝐦+ 𝟏𝟐 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬  

𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 ∶ 𝟕𝟐𝐦𝟑 − 𝟏𝟔𝟓𝐦𝟐 − 𝟐𝟖𝟎𝐦− 𝟖𝟖 ≥ 𝟎  𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 

𝟕𝟐𝐦𝟑 − 𝟏𝟔𝟓𝐦𝟐 − 𝟐𝟖𝟎𝐦 − 𝟖𝟖 < 0, 𝑡ℎ𝑒𝑛 ∶ 𝐬𝐢𝐧𝐜𝐞 𝐧 ≤
𝐀𝐌−𝐆𝐌 𝐦𝟐

𝟒
 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 
𝐦𝟐

𝟒
. (𝟕𝟐𝐦𝟑 − 𝟏𝟔𝟓𝐦𝟐 − 𝟐𝟖𝟎𝐦− 𝟖𝟖) + 𝟑𝟔𝐦𝟑 + 𝟖𝟎𝐦𝟐 + 𝟓𝟔𝐦+ 𝟏𝟐 ≥

?
𝟎 

⇔ (𝟖𝐦+ 𝟑)(𝟑𝐦+ 𝟐)𝟐(𝐦 − 𝟐)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐦 > 0 𝑎𝐬 𝒙, 𝐲, 𝐳 > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐩𝒂 ≤
√𝟗𝐬𝟐 − 𝟒𝟖𝐑𝐫 − 𝟔𝟔𝐫𝟐

𝟗𝐫
. 𝐡𝒂′′ =

′′  𝐢𝐟𝐟 𝐲 = 𝐳 𝒂𝐧𝐝 𝐲 + 𝐳 = 𝟐𝒙 ⇒ 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3957. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖 ≤∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≤ (
𝐑

𝐫
)
𝟑

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

√∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

𝟑
≤

𝐀𝐌−𝐆𝐌 𝟐

𝟑
(∑𝐦𝒂

𝐜𝐲𝐜

) .
𝟏

√𝐦𝒂𝐦𝐛𝐦𝐜
𝟑

≤
𝐁𝒂𝐠𝐞𝐫 𝟐

𝟑
.
𝟒𝐑 + 𝐫

√𝐡𝒂𝐡𝐛𝐡𝐜
𝟑

≤
𝐄𝐮𝒍𝐞𝐫

 

𝟐

𝟑
.

𝟗𝐑
𝟐

√𝟐𝐫
𝟐𝐬𝟐

𝐑

𝟑

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝒍𝐞𝐫 𝟐

𝟑
.

𝟗𝐑
𝟐

√𝐫
𝟐. 𝟐𝟕𝐑𝐫
𝐑

𝟑

=
𝐑

𝐫
∴∏

𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≤ (
𝐑

𝐫
)
𝟑

 𝒂𝐧𝐝 

𝐯𝐢𝒂 𝐂𝐞𝐬𝒂𝐫𝐨,∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≥ 𝟖 𝒂𝐧𝐝 𝐬𝐨, 𝟖 ≤∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≤ (
𝐑

𝐫
)
𝟑

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3958. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 
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∑
𝒂𝟑 + 𝐛𝟑

𝐡𝐜
𝟐

𝐜𝐲𝐜

≤∑
𝒂𝟑 + 𝐛𝟑

𝐫𝐜
𝟐

𝐜𝐲𝐜

 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐋𝐎𝐆 𝐰𝐞 𝐦𝒂𝐲 𝒂𝐬𝐬𝐮𝐦𝐞 ∶ 𝒂 ≥ 𝐛 ≥ 𝐜 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐛𝟑 + 𝐜𝟑 ≤ 𝐜𝟑 + 𝒂𝟑 ≤ 𝒂𝟑 + 𝐛𝟑,
𝟏

𝐡𝒂
𝟐
≥
𝟏

𝐡𝐛
𝟐 ≥

𝟏

𝐡𝐛
𝟐  𝒂𝐧𝐝 

𝟏

𝐫𝒂
𝟐
≤
𝟏

𝐫𝐛
𝟐 ≤

𝟏

𝐫𝐛
𝟐  𝒂𝐧𝐝  

𝐡𝐞𝐧𝐜𝐞 𝐯𝐢𝒂 𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯,∑
𝐛𝟑 + 𝐜𝟑

𝐡𝒂𝟐
𝐜𝐲𝐜

−∑
𝐛𝟑 + 𝐜𝟑

𝐫𝒂𝟐
𝐜𝐲𝐜

≤ 

𝟏

𝟑
.(∑(𝐛𝟑 + 𝐜𝟑)

𝐜𝐲𝐜

)(∑
𝟏

𝐡𝒂𝟐
𝐜𝐲𝐜

) −
𝟏

𝟑
. (∑(𝐛𝟑 + 𝐜𝟑)

𝐜𝐲𝐜

)(∑
𝟏

𝐫𝒂𝟐
𝐜𝐲𝐜

) 

=
𝟏

𝟑
.(∑(𝐛𝟑 + 𝐜𝟑)

𝐜𝐲𝐜

)(
𝟏

𝟒𝐫𝟐𝐬𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

− 𝟒∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

)) 

=
𝟏

𝟔𝐫𝟐𝐬𝟐
. (∑(𝐛𝟑 + 𝐜𝟑)

𝐜𝐲𝐜

)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 − 𝟐(𝟑𝐬𝟐 − 𝟒𝐬𝟐 + 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐))) 

=
−𝟏

𝟔𝐫𝟐𝐬𝟐
. (∑(𝐛𝟑 + 𝐜𝟑)

𝐜𝐲𝐜

)(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) ≤ 𝟎 ∵ 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 

= 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟒𝐫(𝐑− 𝟐𝐫) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝
𝐄𝐮𝒍𝐞𝐫

𝟎 ∴∑
𝒂𝟑 + 𝐛𝟑

𝐡𝐜𝟐
𝐜𝐲𝐜

≤∑
𝒂𝟑 + 𝐛𝟑

𝐫𝐜𝟐
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

 ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3959. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝒂+𝐛

(𝐜𝐨𝐬𝐀 + 𝐜𝐨𝐬 𝐁)𝟐
𝐜𝐲𝐜

≥ 𝟔𝐑√𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 
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∑
𝐛+ 𝐜

(𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂)𝟐
𝐜𝐲𝐜

=∑
𝟒𝐑𝐜𝐨𝐬

𝐀
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐

𝟒 𝐬𝐢𝐧𝟐
𝐀
𝟐 . 𝐜𝐨𝐬

𝟐 𝐁 − 𝐂
𝟐𝐜𝐲𝐜

= 𝐑.∑
𝐜𝐨𝐬

𝐀
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐 . 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐𝐜𝐲𝐜

≥ 

𝐑.∑
𝐜𝐨𝐬

𝐀
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

 (∵ 𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
≤ 𝟏) ≥

𝐀𝐌−𝐆𝐌
𝟑𝐑. √∏

𝐜𝐨𝐬
𝐀
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

𝟑

= 𝟑𝐑. √
𝐬

𝟒𝐑
.
𝟏𝟔𝐑𝟐

𝐫𝟐

𝟑

 

= 𝟑𝐑. √
𝟒𝐑𝐬

𝐫𝟐

𝟑

≥

𝐄𝐮𝒍𝐞𝐫
𝒂𝐧𝐝

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟑𝐑. √
𝟖𝐫. 𝟑√𝟑. 𝐫

𝐫𝟐

𝟑

= 𝟔𝐑.√𝟑 𝒂𝐧𝐝 𝐬𝐨, 

∑
𝒂 + 𝐛

(𝐜𝐨𝐬𝐀 + 𝐜𝐨𝐬 𝐁)𝟐
𝐜𝐲𝐜

≥ 𝟔𝐑. √𝟑 ∀ ∆ 𝐀𝐁𝐂, ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3960. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒈𝒂
𝐫
+
𝐧𝒂
𝐫𝒂
=

𝟒(𝐡𝒂 − 𝐫)

𝒈𝒂 − 𝐧𝒂 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝒈𝒂 − 𝐧𝒂 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 =
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝒈𝒂 − 𝐧𝒂 +
𝒂𝐧𝒂
𝐬
= 𝒈𝒂 −

𝐫. 𝐧𝒂(𝐬 − 𝒂)

𝐫𝐬
 

= 𝒈𝒂 −
𝐫. 𝐧𝒂
𝐫𝒂

=
𝒈𝒂𝐫𝒂 − 𝐫. 𝐧𝒂

𝐫𝒂
∴ (
𝒈𝒂
𝐫
+
𝐧𝒂
𝐫𝒂
) (𝒈𝒂 − 𝐧𝒂 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐) = 

(
𝒈𝒂𝐫𝒂 + 𝐫. 𝐧𝒂

𝐫. 𝐫𝒂
) (
𝒈𝒂𝐫𝒂 − 𝐫. 𝐧𝒂

𝐫𝒂
) =

𝒈𝒂
𝟐𝐫𝒂
𝟐 − 𝐫𝟐𝐧𝒂

𝟐

𝐫. 𝐫𝒂𝟐
 

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢 ((𝐬 − 𝒂)𝟐 + 𝟐𝐫. 𝐡𝒂)𝐫𝒂

𝟐 − 𝐫𝟐(𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂)

𝐫. 𝐫𝒂𝟐
 

=

(𝐬 − 𝒂)𝟐.
𝐫𝟐𝐬𝟐

(𝐬 − 𝒂)𝟐
+ 𝟐𝐫. 𝐡𝒂𝐫𝒂

𝟐 − 𝐫𝟐𝐬𝟐 + 𝟐𝐫𝟐. 𝐡𝒂𝐫𝒂

𝐫. 𝐫𝒂𝟐
=
𝟐𝐡𝒂𝐫𝒂 + 𝟐𝐫. 𝐡𝒂

𝐫𝒂
=
𝟐𝐡𝒂 (

𝐫𝐬
𝐬 − 𝒂 +

𝐫𝐬
𝐬 )

𝐫𝒂
 

=
𝟐𝐡𝒂(𝐬 − 𝒂)

𝐫𝐬(𝟐𝐬 − 𝒂)
𝐬(𝐬 − 𝒂)

𝐫𝐬
= 𝟐𝐡𝒂 (

𝟐𝐬 − 𝒂

𝐬
) = 𝟒𝐡𝒂 −

𝟒𝐫𝐬

𝐬
= 𝟒(𝐡𝒂 − 𝐫) 

∴
𝒈𝒂
𝐫
+
𝐧𝒂
𝐫𝒂
=

𝟒(𝐡𝒂 − 𝐫)

𝒈𝒂 − 𝐧𝒂 + √𝟒𝐫
𝟐 + (𝐛 − 𝐜)𝟐

 ∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

3961. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 
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𝐩𝒂𝐩𝐛𝐩𝐜 ≥
(𝐑 + 𝟒𝐫)𝐬𝟐

𝟔
 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐩𝒂 =
𝟐𝐬

𝟐𝐬 + 𝒂
.√𝐬𝟐 − 𝟑𝐫𝟐 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐

𝐀

𝟐
 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟔𝟖;

𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧 (⦁⦁⦁); 𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨
) 

⇒ 𝐩𝒂 ≥
𝐖𝒂𝒍𝐤𝐞𝐫 𝟐𝐬

𝟐𝐬 + 𝒂
.√𝟐𝐑𝟐 + 𝟖𝐑𝐫 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐

𝐀

𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒ 𝐩𝒂𝐩𝐛𝐩𝐜 ≥
𝟖𝐬𝟑

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.√∏(𝟐𝐑𝟐 + 𝟖𝐑𝐫 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐

𝐀

𝟐
)

𝐜𝐲𝐜

→① 

𝐍𝐨𝐰,∏(𝟐𝐑𝟐 + 𝟖𝐑𝐫 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐
𝐀

𝟐
)

𝐜𝐲𝐜

= 

(𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟑 − 𝟏𝟔𝐑𝐫(𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟐.
𝟐𝐑 − 𝐫

𝟐𝐑
+ 

𝟐𝟓𝟔𝐑𝟐𝐫𝟐(𝟐𝐑𝟐 + 𝟖𝐑𝐫)(
(𝟐𝐑 − 𝐫)𝟐

𝟒𝐑𝟐
−

𝟐

𝟏𝟔𝐑𝟐
∑𝐀𝐈𝟐

𝐜𝐲𝐜

) − 

(𝟏𝟔)(𝟐𝟓𝟔)𝐑𝟑𝐫𝟑.
𝐫𝟐

𝟏𝟔𝐑𝟐
 

(

  
 
∵∑𝐬𝐢𝐧𝟒

𝐀

𝟐
𝐜𝐲𝐜

=

(

 
 
∑𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

⏞      

𝟐𝐑 − 𝐫
𝟐𝐑

)

 
 

𝟐

−
𝟐𝐫𝟐

𝟏𝟔𝐑𝟐
𝐜𝐨𝐬𝐞𝐜𝟐

𝐀

𝟐

)

  
 

 

= (𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟑 − 𝟖𝐫(𝟐𝐑 − 𝐫)(𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟐 + 

𝟑𝟐𝐫𝟐(𝟐𝐑𝟐 + 𝟖𝐑𝐫) (𝟐(𝟐𝐑− 𝐫)𝟐 − (𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐)) − 𝟐𝟓𝟔𝐑𝐫𝟓 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟑 − 𝟖𝐫(𝟐𝐑− 𝐫)(𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟐 + 

𝟑𝟐𝐫𝟐(𝟐𝐑𝟐 + 𝟖𝐑𝐫) (𝟐(𝟐𝐑− 𝐫)𝟐 − (𝟒𝐑𝟐 − 𝟒𝐑𝐫 + 𝟒𝐫𝟐)) − 𝟐𝟓𝟔𝐑𝐫𝟓 

⇒
𝐯𝐢𝒂 ① 𝒂𝐧𝐝 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐩𝒂𝐩𝐛𝐩𝐜 ≥ 

𝟒𝐬𝟐

𝟗(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟔𝐑𝐫 + 𝐫𝟐
. √

(𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟑 − 𝟖𝐫(𝟐𝐑 − 𝐫)(𝟐𝐑𝟐 + 𝟖𝐑𝐫)𝟐 +

𝟑𝟐𝐫𝟐(𝟐𝐑𝟐 + 𝟖𝐑𝐫)(𝟐(𝟐𝐑 − 𝐫)𝟐 − (𝟒𝐑𝟐 − 𝟒𝐑𝐫 + 𝟒𝐫𝟐)) −

𝟐𝟓𝟔𝐑𝐫𝟓
 

≥
? (𝐑 + 𝟒𝐫)𝐬𝟐

𝟔
⇔

𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝐠 𝒂𝐧𝐝 𝐬𝐢𝐦𝐩𝐥𝐢𝐟𝐲𝐢𝐧𝐠
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𝟖𝟐𝟖𝐭𝟔 + 𝟏𝟐𝟔𝟎𝐭𝟓 + 𝟏𝟎𝟖𝟔𝟑𝐭𝟒 + 𝟓𝟑𝟒𝟖𝟒𝐭𝟑 − 𝟏𝟏𝟐𝟏𝟖𝟎𝐭𝟐 − 𝟏𝟐𝟏𝟓𝟔𝟖𝐭 − 𝟑𝟏𝟑𝟔 ≥
?
𝟎  

(𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟖𝟐𝟖𝐭𝟓 + 𝟐𝟗𝟏𝟔𝐭𝟒 + 𝟏𝟔𝟔𝟗𝟓𝐭𝟑 + 𝟖𝟔𝟖𝟕𝟒𝐭𝟐 + 𝟔𝟏𝟓𝟔𝟖𝐭 + 𝟏𝟓𝟔𝟖) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ∴ 𝐩𝒂𝐩𝐛𝐩𝐜 ≥
(𝐑 + 𝟒𝐫)𝐬𝟐

𝟔
 ∀ 𝒂𝐜𝐮𝐭𝐞 𝐀𝐁𝐂, 

′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
 

 

3962. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

|𝐛 − 𝐜| ≤ 𝐦𝐢𝐧 {√𝐬𝟐 − 𝟖𝐑𝐫 − 𝟏𝟏𝐫𝟐,
𝟏

𝟒
.√𝟑𝟐𝐬𝟐 − 𝟒𝟑𝟕𝐑𝐫 + 𝟏𝟎𝐫𝟐} 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

|𝐛 − 𝐜| ≤
?
√𝐬𝟐 − 𝟖𝐑𝐫 − 𝟏𝟏𝐫𝟐 

⇔ (𝐲 − 𝐳)𝟐 ≤
?
(𝒙 + 𝐲 + 𝐳)𝟐 −

𝟖(𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲)

𝟒(𝒙 + 𝐲 + 𝐳)
−

𝟏𝟏𝒙𝐲𝐳

𝒙 + 𝐲 + 𝐳
 

(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒ 𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝

𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝒙𝟑 + (𝐲 + 𝐳)𝒙𝟐 − 𝟕𝒙𝐲𝐳 + 𝟐𝐲𝐳(𝐲 + 𝐳) ≥
?
𝟎 

⇔ 𝒙𝟑 + (𝐦𝒙)𝒙𝟐 − 𝟕𝒙. 𝐧𝒙𝟐 + 𝟐𝐧𝒙𝟐(𝐦𝒙) ≥
?
𝟎 (𝐦 =

𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) 

⇔ 𝟏 +𝐦+ 𝐧(𝟐𝐦− 𝟕) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 ∶ 𝟐𝐦 − 𝟕 ≥ 𝟎  𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 

𝟐𝐦 − 𝟕 < 0, 𝑡ℎ𝑒𝑛 ∶ 𝐬𝐢𝐧𝐜𝐞 𝐧 ≤
𝐀𝐌−𝐆𝐌 𝐦𝟐

𝟒
∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟏 + 𝐦+
𝐦𝟐

𝟒
. (𝟐𝐦− 𝟕) ≥

?
𝟎 ⇔ (𝟐𝐦+ 𝟏)(𝐦 − 𝟐)𝟐 ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐦 > 0 𝑎𝐬 𝒙, 𝐲, 𝐳 > 0 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ |𝐛 − 𝐜| ≤ √𝐬𝟐 − 𝟖𝐑𝐫 − 𝟏𝟏𝐫𝟐 →①  

𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, |𝐛 − 𝐜| ≤
? 𝟏

𝟒
. √𝟑𝟐𝐬𝟐 − 𝟒𝟑𝟕𝐑𝐫 + 𝟏𝟎𝐫𝟐 

⇔ 𝟏𝟔(𝐲 − 𝐳)𝟐 ≤
?
𝟑𝟐(𝒙 + 𝐲 + 𝐳)𝟐 −

𝟒𝟑𝟕(𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲)

𝟒(𝒙 + 𝐲 + 𝐳)
+

𝟏𝟎𝒙𝐲𝐳

𝒙 + 𝐲 + 𝐳
 

⇔ 𝟏𝟐𝟖𝒙𝟑 − 𝟓𝟑(𝐲 + 𝐳)𝒙𝟐 − 𝟏𝟏𝟕𝒙((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳) + 𝟔𝟐𝒙𝐲𝐳 + 

𝟔𝟒 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) + 𝟏𝟏𝐲𝐳(𝐲 + 𝐳) ≥
?
𝟎 
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⇔ 𝟏𝟐𝟖𝒙𝟑 − 𝟓𝟑(𝐦𝒙)𝒙𝟐 − 𝟏𝟏𝟕𝒙((𝐦𝒙)𝟐 − 𝟐𝐧𝒙𝟐) + 𝟔𝟐𝒙. 𝐧𝒙𝟐 + 

𝟔𝟒 ((𝐦𝒙)𝟑 − 𝟑𝐧𝒙𝟐(𝐦𝒙)) + 𝟏𝟏𝐧𝒙𝟐(𝐦𝒙) ≥
?
𝟎 

⇔ 𝟔𝟒𝐦𝟑 − 𝟏𝟏𝟕𝐦𝟐 − 𝟓𝟑𝐦+ 𝟏𝟐𝟖+ 𝐧(𝟐𝟗𝟔 − 𝟏𝟖𝟏𝐦) ≥
?
⏟
(∗∗)

𝟎 

𝐖𝐞 𝐬𝐡𝒂𝒍𝒍 𝐧𝐨𝐰 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ 𝟔𝟒𝐦𝟑 − 𝟏𝟏𝟕𝐦𝟐 − 𝟓𝟑𝐦+ 𝟏𝟐𝟖 > 0 ∀ 𝑚 > 0 → (𝐢) 

𝐂𝒂𝐬𝐞 𝟏  𝐦 ≤
𝟕𝟔𝟏

𝟓𝟑𝟓
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟔𝟒𝐦𝟑 − 𝟏𝟏𝟕𝐦𝟐 − 𝟓𝟑𝐦+ 𝟏𝟐𝟖 

=
𝟏

𝟏𝟐𝟓
((𝟑𝟐𝟎𝐦+ 𝟑𝟏𝟏)(𝟓𝐦− 𝟕)𝟐 + 𝟕𝟔𝟏 − 𝟓𝟑𝟓𝐦) > 0 

(𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐬 𝐬𝐭𝐫𝐢𝐜𝐭 𝐛𝐞𝐜𝒂𝐮𝐬𝐞 ′′𝐦′′ 𝐜𝒂𝐧𝐧𝐨𝐭 𝐛𝐞 𝐬𝐢𝐦𝐮𝒍𝐭𝒂𝐧𝐞𝐨𝐮𝐬𝒍𝐲 𝐞𝐪𝐮𝒂𝒍 𝐭𝐨 
𝟕

𝟓
 𝒂𝐧𝐝 

𝟕𝟔𝟏

𝟓𝟑𝟓
) 

𝐂𝒂𝐬𝐞 𝟐  𝐦 >
𝟕𝟔𝟏

𝟓𝟑𝟓
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟔𝟒𝐦𝟑 − 𝟏𝟏𝟕𝐦𝟐 − 𝟓𝟑𝐦+ 𝟏𝟐𝟖 

=
𝟏

𝟕𝟐𝟗
((𝟓𝟕𝟔𝐦+ 𝟔𝟏𝟏)(𝟗𝐦− 𝟏𝟑)𝟐 + 𝟔𝟗𝟗𝟑𝐦− 𝟗𝟗𝟒𝟕) > 0 

(∵ 𝐦 >
𝟕𝟔𝟏

𝟓𝟑𝟓
>
𝟗𝟗𝟒𝟕

𝟔𝟗𝟗𝟑
 𝒂𝐬 (𝟕𝟔𝟏)(𝟔𝟗𝟗𝟑) − (𝟓𝟑𝟓)(𝟗𝟗𝟒𝟕) = 𝟐𝟖 > 0)  𝒂𝐧𝐝 𝐬𝐨, 

𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (𝐢) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, (∗∗) 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 ∶ 

𝟐𝟗𝟔 − 𝟏𝟖𝟏𝐦 ≥ 𝟎  𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟐𝟗𝟔 − 𝟏𝟖𝟏𝐦 < 0, 𝑡ℎ𝑒𝑛 ∶ 𝐬𝐢𝐧𝐜𝐞 𝐧 ≤
𝐀𝐌−𝐆𝐌 𝐦𝟐

𝟒
 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟔𝟒𝐦𝟑 − 𝟏𝟏𝟕𝐦𝟐 − 𝟓𝟑𝐦+ 𝟏𝟐𝟖 +
𝐦𝟐

𝟒
. (𝟐𝟗𝟔 − 𝟏𝟖𝟏𝐦) ≥

?
𝟎 

⇔ (𝟕𝟓𝐦+ 𝟏𝟐𝟖)(𝐦 − 𝟐)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐦 > 0 𝑎𝐬 𝒙, 𝐲, 𝐳 > 0 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ |𝐛 − 𝐜| ≤
𝟏

𝟒
. √𝟑𝟐𝐬𝟐 − 𝟒𝟑𝟕𝐑𝐫 + 𝟏𝟎𝐫𝟐 →② ∴① 𝒂𝐧𝐝 ② ⇒ 

|𝐛 − 𝐜| ≤ √𝐬𝟐 − 𝟖𝐑𝐫 − 𝟏𝟏𝐫𝟐,
𝟏

𝟒
. √𝟑𝟐𝐬𝟐 − 𝟒𝟑𝟕𝐑𝐫 + 𝟏𝟎𝐫𝟐 

⇒ |𝐛 − 𝐜| ≤ 𝐦𝐢𝐧 {√𝐬𝟐 − 𝟖𝐑𝐫 − 𝟏𝟏𝐫𝟐,
𝟏

𝟒
. √𝟑𝟐𝐬𝟐 − 𝟒𝟑𝟕𝐑𝐫 + 𝟏𝟎𝐫𝟐} 

∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 𝐲 = 𝐳 𝒂𝐧𝐝 𝐲 + 𝐳 = 𝟐𝒙 ⇒ ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3963. 𝑰𝒏 𝒂𝒏𝒚 𝚫𝑨𝑩𝑪 , 𝒂 = 𝐦𝐚𝐱{ 𝒂, 𝒃, 𝒄}  𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
 

𝒓𝒃
𝒓𝒄
+
𝒓𝒄
𝒓𝒃
≤
𝒔𝟐

𝟗𝒓𝟐
− 𝟏 

 
Proposed by Dang Ngoc Minh-Vietnam 

Solution by Tapas Das-India 
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𝑳𝒆𝒕 𝒔 − 𝒂 = 𝒙, 𝒔 − 𝒃 = 𝒚, 𝒔 − 𝒄 = 𝒛 𝒕𝒉𝒆𝒏 𝒙 + 𝒚 + 𝒛 = 𝒔 𝒂𝒏𝒅 

 𝑭 = 𝑨𝒓𝒆𝒂 = √(𝒙 + 𝒚 + 𝒛)𝒙𝒚𝒛 
𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒙 + 𝒛, 𝒄 = 𝒙 + 𝒚 

 
𝒔𝟐

𝟗𝒓𝟐
=
𝒔𝟒

𝟗𝑭𝟐
=
(𝒙 + 𝒚 + 𝒛)𝟑

𝟗𝒙𝒚𝒛
 &  

𝒓𝒃
𝒓𝒄
+
𝒓𝒄
𝒓𝒃
=
𝒔 − 𝒄

𝒔 − 𝒃
+
𝒔 − 𝒃

𝒔 − 𝒄
=
𝒚

𝒛
+
𝒛

𝒚
=
𝒚𝟐 + 𝒛𝟐

𝒚𝒛
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 

𝒚𝟐 + 𝒛𝟐

𝒚𝒛
≤
(𝒙 + 𝒚 + 𝒛)𝟑

𝟗𝒙𝒚𝒛
− 𝟏 𝒐𝒓, (𝒙 + 𝒚 + 𝒛)𝟑 ≥ 𝟗𝒙(𝒚𝟐 + 𝒚𝒛 + 𝒛𝟐) (𝟏) 

 𝒂𝒔 𝒂 = 𝐦𝐚𝐱{ 𝒂, 𝒃, 𝒄}  𝒕𝒉𝒆𝒏  𝒚 + 𝒛 ≥ 𝒙 + 𝒚 & 𝑦 + 𝑧 ≥  𝑧 + 𝑥 𝑜𝑟, 𝑥 ≤ 𝑦 , 𝑧  
𝒍𝒆𝒕 𝒚 = 𝒙 + 𝒂  & 𝑧 = 𝑥 + 𝑏 𝑤ℎ𝑒𝑟𝑒 𝑎, 𝑏 ≥ 0 

 
𝑭𝒓𝒐𝒎 (𝟏) 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

  
(𝟑𝒙 + 𝒂 + 𝒃)𝟑 ≥ 𝟗𝒙((𝒙 + 𝒂)𝟐 + (𝒙 + 𝒂)(𝒙 + 𝒃) + (𝒙 + 𝒃)𝟐)  
𝑳. 𝑯. 𝑺 = (𝟑𝒙)𝟑 + 𝟑(𝟑𝒙)𝟐(𝒂 + 𝒃) + 𝟑. (𝟑𝒙)(𝒂 + 𝒃)𝟐 + (𝒂 + 𝒃)𝟑 

𝑹.𝑯. 𝑺 = 𝟗𝒙(𝟑𝒙𝟐 + 𝟑𝒙(𝒂 + 𝒃) + (𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) 
𝑳.𝑯. 𝑺 − 𝑹.𝑯. 𝑺 = 𝟗𝒙𝒂𝒃 + (𝒂 + 𝒃)𝟑 ≥ 𝟎 𝒂𝒔 𝒂, 𝒃 ≥ 𝟎 

 
(𝟑𝒙 + 𝒂 + 𝒃)𝟑 ≥ 𝟗𝒙((𝒙 + 𝒂)𝟐 + (𝒙 + 𝒂)(𝒙 + 𝒃) + (𝒙 + 𝒃)𝟐)  

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒐𝒄𝒄𝒖𝒓𝒔 𝒘𝒉𝒆𝒏 𝒂 = 𝒃 = 𝟎 𝒐𝒓 𝒙 = 𝒚 = 𝒛 𝒐𝒓 𝒂 = 𝒃 = 𝒄. 

 
3964. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

√
𝒉𝒂
𝒓𝒂
+ √

𝒓𝒂
𝒉𝒂
≤ √

𝟐𝑹

𝒓
 

 
Proposed by Dang Ngoc Minh-Vietnam 

Solution by Tapas Das-India 
 
𝒍𝒆𝒕 𝒙 = 𝒔 − 𝒂, 𝒚 = 𝒔 − 𝒃, 𝒛 = 𝒔 − 𝒄 𝒕𝒉𝒆𝒏 𝒂 = 𝒚 + 𝒛, 𝒃 = 𝒙 + 𝒛, 𝒄 = 𝒙 + 𝒚 & 𝑠 = 𝑥 + 𝑦 + 𝑧 

𝒉𝒂
𝒓𝒂
+
𝒓𝒂
𝒉𝒂
=
𝟐(𝒔 − 𝒂)

𝒂
+

𝒂

𝟐(𝒔 − 𝒂)
=

𝟐𝒙

𝒚 + 𝒛
+
𝒚 + 𝒛

𝟐𝒙
 

𝑹

𝒓
=

𝒂𝒃𝒄
𝟒𝑭
𝑭
𝒔

=
𝒔𝒂𝒃𝒄

𝟒𝑭𝟐
=
(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)

𝟒𝒙𝒚𝒛
 𝒕𝒉𝒆𝒏

𝟐𝑹

𝒓
=
(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)

𝟐𝒙𝒚𝒛
 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 
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√
𝒉𝒂
𝒓𝒂
+ √

𝒓𝒂
𝒉𝒂
≤ √

𝟐𝑹

𝒓
𝒐𝒓,

𝒉𝒂
𝒓𝒂
+
𝒓𝒂
𝒉𝒂
+ 𝟐 ≤

𝒔𝒒𝒖𝒂𝒓𝒊𝒏𝒈 𝟐𝑹

𝒓
 

 
𝟐𝒙

𝒚 + 𝒛
+
𝒚 + 𝒛

𝟐𝒙
+ 𝟐 ≤

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)

𝟐𝒙𝒚𝒛
 

 𝟐𝒙𝒚𝒛 (
𝟐𝒙

𝒚 + 𝒛
+
𝒚 + 𝒛

𝟐𝒙
+ 𝟐) ≤ (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) 

𝑹.𝑯. 𝑺 = (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) = 𝒙𝟐𝒚 + 𝒙𝒚𝟐 + 𝒚𝟐𝒛 + 𝒚𝒛𝟐 + 𝒛𝟐𝒙 + 𝒛𝒙𝟐 + 𝟐𝒙𝒚𝒛 

𝑳.𝑯. 𝑺 = 𝟐𝒙𝒚𝒛(
𝟐𝒙

𝒚 + 𝒛
+
𝒚 + 𝒛

𝟐𝒙
+ 𝟐) =

𝟒𝒙𝟐𝒚𝒛

𝒚 + 𝒛
+ 𝒚𝟐𝒛 + 𝒚𝒛𝟐 + 𝟒𝒙𝒚𝒛 

𝑳.𝑯. 𝑺 − 𝑹.𝑯. 𝑺 = 𝒙𝟐𝒚 + 𝒙𝒚𝟐 + 𝒛𝟐𝒙 + 𝒛𝒙𝟐 −
𝟒𝒙𝟐𝒚𝒛

𝒚 + 𝒛
− 𝟐𝒙𝒚𝒛 

= 𝒙𝟐(𝒚 + 𝒛) + 𝒙(𝒚𝟐 + 𝒛𝟐) − 𝟐𝒙𝒚𝒛 −
𝟒𝒙𝟐𝒚𝒛

𝒚 + 𝒛
= 𝒙𝟐(𝒚 + 𝒛) + 𝒙(𝒚 + 𝒛)𝟐 − 𝟒𝒙𝒚𝒛 −

𝟒𝒙𝟐𝒚𝒛

𝒚 + 𝒛
 

= 𝒙(𝒚 + 𝒛)(𝒙 + 𝒚 + 𝒛) − 𝟒𝒙𝒚𝒛 (
𝒙 + 𝒚 + 𝒛

𝒚 + 𝒛
) = 𝒙(𝒙 + 𝒚 + 𝒛)((𝒚 + 𝒛) −

𝟒𝒚𝒛

𝒚 + 𝒛
) 

=
𝒙(𝒙 + 𝒚 + 𝒛)((𝒚 + 𝒛)𝟐 − 𝟒𝒚𝒛)

𝒚 + 𝒛
=
𝒙(𝒙 + 𝒚 + 𝒛)(𝒚 − 𝒛)𝟐

𝒚 + 𝒛
≥ 𝟎 

Equality holds for  b=c. 
 

3965. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} −𝐦𝐢𝐧{𝒂, 𝐛, 𝐜} ≥
√𝐬𝟐 − 𝟐𝟕𝐫𝟐

𝟐
 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

(𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} −𝐦𝐢𝐧{𝒂, 𝐛, 𝐜})𝟐 = (∑
|𝐛 − 𝐜|

𝟐
𝐜𝐲𝐜

)

𝟐

 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝒍𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟒𝟓;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

=
𝟏

𝟒
∑(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+
𝟐

𝟒
∑(|𝐛 − 𝐜||𝐜 − 𝒂|)

𝐜𝐲𝐜

≥
𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

 

𝟏

𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) +
𝟏

𝟐
. |∑((𝐛 − 𝐜)(𝐜 − 𝒂))

𝐜𝐲𝐜

| 
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=
𝟏

𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) +
𝟏

𝟐
. |∑𝐛𝐜

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

−∑𝐜𝟐

𝐜𝐲𝐜

+∑𝐜𝒂

𝐜𝐲𝐜

| 

=
𝟏

𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) +
𝟏

𝟐
(∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) (∵ ∑𝒂𝟐

𝐜𝐲𝐜

≥∑𝒂𝐛

𝐜𝐲𝐜

) 

= 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) = 𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐 ≥
? 𝐬𝟐 − 𝟐𝟕𝐫𝟐

𝟒
 

⇔ 𝐬𝟐 ≥
?
𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 

∴ 𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} −𝐦𝐢𝐧{𝒂, 𝐛, 𝐜} ≥
√𝐬𝟐 − 𝟐𝟕𝐫𝟐

𝟐
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3966. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂𝒙{𝐫𝒂, 𝐫𝐛, 𝐫𝐜} −𝐦𝐢𝐧{𝐫𝒂, 𝐫𝐛, 𝐫𝐜} ≥ 𝟐√𝐑
𝟐 − 𝐑𝐫 − 𝟐𝐫𝟐 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

(𝐦𝒂𝒙{𝐫𝒂, 𝐫𝐛, 𝐫𝐜} −𝐦𝐢𝐧{𝐫𝒂, 𝐫𝐛, 𝐫𝐜})
𝟐 = (∑

|𝐫𝐛 − 𝐫𝐜|

𝟐
𝐜𝐲𝐜

)

𝟐

 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝒍𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟒𝟓;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

=
𝟏

𝟒
∑(𝐫𝐛 − 𝐫𝐜)

𝟐

𝐜𝐲𝐜

+
𝟐

𝟒
∑(|𝐫𝐛 − 𝐫𝐜||𝐫𝐜 − 𝐫𝒂|)

𝐜𝐲𝐜

≥
𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

 

𝟏

𝟐
(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

−∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) +
𝟏

𝟐
. |∑((𝐫𝐛 − 𝐫𝐜)(𝐫𝐜 − 𝐫𝒂))

𝐜𝐲𝐜

| 

=
𝟏

𝟐
(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

−∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) +
𝟏

𝟐
. |∑𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

−∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

−∑𝐫𝐜
𝟐

𝐜𝐲𝐜

+∑𝐫𝐜𝐫𝒂
𝐜𝐲𝐜

| 

=
𝟏

𝟐
(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

−∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) +
𝟏

𝟐
(∑𝐫𝒂

𝟐

𝐜𝐲𝐜

−∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) (∵ ∑𝐫𝒂
𝟐

𝐜𝐲𝐜

≥∑𝐫𝒂𝐫𝐛
𝐜𝐲𝐜

) 
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= (𝟒𝐑+ 𝐫)𝟐 − 𝟑𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑+ 𝐫)𝟐 − 𝟑(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) = 𝟒(𝐑𝟐 −𝐑𝐫 − 𝟐𝐫𝟐) 

∴ 𝐦𝒂𝒙{𝐫𝒂, 𝐫𝐛, 𝐫𝐜} −𝐦𝐢𝐧{𝐫𝒂, 𝐫𝐛, 𝐫𝐜} ≥ 𝟐√𝐑𝟐 −𝐑𝐫 − 𝟐𝐫𝟐 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3967. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖 ≤∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≤
𝟖

𝟕𝟐𝟗
(
𝟒𝐑

𝐫
+ 𝟏)

𝟑

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

=
(∑ 𝐦𝒂𝐜𝐲𝐜 )(∑ 𝐦𝒂𝐦𝐛𝐜𝐲𝐜 ) − 𝐦𝒂𝐦𝐛𝐦𝐜

𝐦𝒂𝐦𝐛𝐦𝐜
 

= (∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐦𝒂
𝐜𝐲𝐜

) − 𝟏 ≤ (∑𝐦𝒂

𝐜𝐲𝐜

)(∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

) − 𝟏 ≤
𝐁𝒂𝐠𝐞𝐫 𝟒𝐑 + 𝐫

𝐫
− 𝟏 

∴∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≤
𝟒𝐑

𝐫
→① 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,

𝟖

𝟕𝟐𝟗
(
𝟒𝐑

𝐫
+ 𝟏)

𝟑

≥
𝐄𝐮𝒍𝐞𝐫 𝟖

𝟖𝟏
(
𝟒𝐑

𝐫
+ 𝟏)

𝟐

≥
? 𝟒𝐑

𝐫
 

⇔ 𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟖𝟏𝐑𝐫 ⇔ 𝟑𝟐𝐑𝟐 − 𝟔𝟓𝐑𝐫 + 𝟐𝐫𝟐 ≥

?
𝟎 ⇔ (𝟑𝟐𝐑 − 𝐫)(𝐑 − 𝟐𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝒍𝐞𝐫 ∴
𝟖

𝟕𝟐𝟗
(
𝟒𝐑

𝐫
+ 𝟏)

𝟑

≥
𝟒𝐑

𝐫
≥

𝐯𝐢𝒂 ①

∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 

∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≥
𝐂𝐞𝐬𝒂𝐫𝐨

𝟖 𝒂𝐧𝐝 𝐬𝐨,𝟖 ≤∏
𝐦𝐛 +𝐦𝐜

𝐦𝒂
𝐜𝐲𝐜

≤
𝟖

𝟕𝟐𝟗
(
𝟒𝐑

𝐫
+ 𝟏)

𝟑

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3968. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐛𝐜

𝐦𝒂
𝟐

𝐜𝐲𝐜

≥
𝟖𝐫

𝐑
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
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∑
𝐛𝐜

𝐦𝒂
𝟐

𝐜𝐲𝐜

≥
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝒍

∑
𝐛𝐜

(
𝐑𝟐𝐬𝟐

𝒂𝟐
)𝐜𝐲𝐜

=
𝒂𝐛𝐜

𝐑𝟐𝐬𝟐
.∑𝒂

𝐜𝐲𝐜

=
(𝟒𝐑𝐫𝐬)(𝟐𝐬)

𝐑𝟐𝐬𝟐
=
𝟖𝐫

𝐑
 ∀ ∆ 𝐀𝐁𝐂, 

 
′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3969. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

−𝟏 −
𝟐𝐫𝟐

𝐑𝟐
≤∑

𝟏− 𝐭𝒂𝐧𝟐 𝐀

𝟏 + 𝐭𝒂𝐧𝟐 𝐀
𝐜𝐲𝐜

≤ 𝟑 −
𝟏𝟖𝐫𝟐

𝐑𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏− 𝐭𝒂𝐧𝟐𝐀

𝟏 + 𝐭𝒂𝐧𝟐𝐀
𝐜𝐲𝐜

=∑
𝐜𝐨𝐬𝟐𝐀 − 𝐬𝐢𝐧𝟐𝐀

𝐜𝐨𝐬𝟐𝐀 + 𝐬𝐢𝐧𝟐𝐀
𝐜𝐲𝐜

=∑𝐜𝐨𝐬𝟐𝐀

𝐜𝐲𝐜

 

= −𝟏 − 𝟒𝐜𝐨𝐬 𝐀𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 = −𝟏 −
𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝐑𝟐
 

∴ ∑
𝟏 − 𝐭𝒂𝐧𝟐 𝐀

𝟏 + 𝐭𝒂𝐧𝟐 𝐀
𝐜𝐲𝐜

=
𝟑𝐑𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − 𝐬𝟐

𝐑𝟐
 𝒂𝐧𝐝 ∵ 𝐬𝟐 ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 𝒂𝐧𝐝  

𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 ∴ ∑
𝟏− 𝐭𝒂𝐧𝟐𝐀

𝟏 + 𝐭𝒂𝐧𝟐𝐀
𝐜𝐲𝐜

≤
𝟑𝐑𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐

𝐑𝟐
 

= 𝟑 −
𝟏𝟐𝐑𝐫 − 𝟔𝐫𝟐

𝐑𝟐
≤

𝐄𝐮𝒍𝐞𝐫
𝟑 −

𝟐𝟒𝐫𝟐 − 𝟔𝐫𝟐

𝐑𝟐
= 𝟑 −

𝟏𝟖𝐫𝟐

𝐑𝟐
 𝒂𝐧𝐝 

∑
𝟏 − 𝐭𝒂𝐧𝟐 𝐀

𝟏 + 𝐭𝒂𝐧𝟐 𝐀
𝐜𝐲𝐜

≥
𝟑𝐑𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐 − (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

𝐑𝟐
= −𝟏 −

𝟐𝐫𝟐

𝐑𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

−𝟏 −
𝟐𝐫𝟐

𝐑𝟐
≤∑

𝟏− 𝐭𝒂𝐧𝟐 𝐀

𝟏 + 𝐭𝒂𝐧𝟐 𝐀
𝐜𝐲𝐜

≤ 𝟑 −
𝟏𝟖𝐫𝟐

𝐑𝟐
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3970. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂𝒙{𝐡𝒂, 𝐡𝐛 , 𝐡𝐜} − 𝐦𝐢𝐧{𝐡𝒂, 𝐡𝐛, 𝐡𝐜} ≥
𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐑
 

  Proposed by Dang Ngoc Minh-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 

(𝐦𝒂𝒙{𝐡𝒂, 𝐡𝐛, 𝐡𝐜} − 𝐦𝐢𝐧{𝐡𝒂, 𝐡𝐛, 𝐡𝐜})
𝟐 = (∑

|𝐡𝐛 − 𝐡𝐜|

𝟐
𝐜𝐲𝐜

)

𝟐

 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝒍𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟒𝟓;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

=
𝟏

𝟒
∑(𝐡𝐛 − 𝐡𝐜)

𝟐

𝐜𝐲𝐜

+
𝟐

𝟒
∑(|𝐡𝐛 − 𝐡𝐜||𝐡𝐜 − 𝐡𝒂|)

𝐜𝐲𝐜

≥
𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

 

𝟏

𝟐
(∑𝐡𝒂

𝟐

𝐜𝐲𝐜

−∑𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

) +
𝟏

𝟐
. |∑((𝐡𝐛 − 𝐡𝐜)(𝐡𝐜 − 𝐡𝒂))

𝐜𝐲𝐜

|  

=
𝟏

𝟐
(∑𝐡𝒂

𝟐

𝐜𝐲𝐜

−∑𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

) +
𝟏

𝟐
. |∑𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

−∑𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

−∑𝐡𝐜
𝟐

𝐜𝐲𝐜

+∑𝐡𝐜𝐡𝒂
𝐜𝐲𝐜

| 

=
𝟏

𝟐
(∑𝐡𝒂

𝟐

𝐜𝐲𝐜

−∑𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

) +
𝟏

𝟐
(∑𝐡𝒂

𝟐

𝐜𝐲𝐜

−∑𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

) (∵∑𝐡𝒂
𝟐

𝐜𝐲𝐜

≥∑𝐡𝒂𝐡𝐛
𝐜𝐲𝐜

) 

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐑𝐫𝐬𝟐

𝟒𝐑𝟐
≥
? (𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)𝟐

𝟒𝐑𝟐
 

⇔ (𝐑 + 𝐫)𝐬𝟐 ≥
?
⏟
(∗)

𝐫(𝟒𝐑+ 𝐫)𝟐 

𝐍𝐨𝐰, (𝐑 + 𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑 + 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝐑+ 𝐫)𝟐 ⇔ 𝟑𝐫𝟐(𝐑 − 𝟐𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐦𝒂𝒙{𝐡𝒂, 𝐡𝐛, 𝐡𝐜} − 𝐦𝐢𝐧{𝐡𝒂, 𝐡𝐛, 𝐡𝐜} ≥ 
𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐑
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3971. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐡𝐨𝒍𝐝𝐬 ∶ 

|𝐫𝐛 − 𝐫𝐜| ≤ 𝟒√𝐑
𝟐 − (√𝟐 + 𝟏)𝐑𝐫 + 𝟐(√𝟐 − 𝟏)𝐫𝟐 

  Proposed by Dang Ngoc Minh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 (𝐫𝐛 − 𝐫𝐜)
𝟐 =

𝐬(𝐬 − 𝒂)

(𝐬 − 𝐛)(𝐬 − 𝐜)
, 𝐑 =

𝒂𝐛𝐜

𝟒.√𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
 𝒂𝐧𝐝  

𝐫 =
√𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐬
, (𝐫𝐛 − 𝐫𝐜)

𝟐 ≤
?
𝐑𝟐 − (√𝟐 + 𝟏)𝐑𝐫 + 𝟐(√𝟐 − 𝟏)𝐫𝟐 
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⇔
𝟏𝟔(𝐬𝒂𝐛𝐜 − 𝟖𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜))(𝐬𝒂𝐛𝐜 + 𝟒𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜))

𝟒𝐬. 𝟒𝐬. 𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
− 

𝐬𝟐(𝐬 − 𝒂)𝟐(𝐛 − 𝐜)𝟐

𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
≥
?
𝟏𝟔√𝟐.

𝐅

𝐬
.
𝐬𝒂𝐛𝐜 − 𝟖𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟒𝐬. 𝐅
 

⇔ 𝟏𝟔𝒙𝟖 + 𝟑𝟐𝒙𝟕(𝐲 + 𝐳) − 𝟐𝟓𝟔𝒙𝟔. 𝐲𝐳 − 𝟑𝟐𝒙𝟓 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) + 

+𝟏𝟐𝟖𝒙𝟓𝐲𝐳(𝐲 + 𝐳) − 𝟏𝟐𝒙𝟒(((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 − 𝟐𝐲𝟐𝐳𝟐) + 𝟐𝟒𝟖𝒙𝟒. 𝐲𝐳((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳) 
−𝟓𝟎𝟒𝒙𝟒. 𝐲𝟐𝐳𝟐 + 𝟖𝒙𝟑(𝐲 + 𝐳)(((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 − 𝐲𝐳(𝐲 + 𝐳)𝟐 + 𝐲𝟐𝐳𝟐) − 

𝟏𝟔𝟎𝒙𝟑. 𝐲𝐳 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) + 𝟐𝟒𝟖𝒙𝟑. 𝐲𝟐𝐳𝟐(𝐲 + 𝐳) + 

𝟒𝒙𝟐((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)(((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 − 𝟑𝐲𝟐𝐳𝟐) + 
𝟏𝟐𝒙𝟐. 𝐲𝐳(((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 − 𝟐𝐲𝟐𝐳𝟐) − 𝟔𝟖𝒙𝟐. 𝐲𝟐𝐳𝟐(𝐲 + 𝐳)𝟐 − 𝟏𝟔𝒙𝟐. 𝐲𝟑𝐳𝟑 + 

𝟒𝒙. 𝐲𝐳(𝐲 + 𝐳)(((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 − 𝐲𝐳(𝐲 + 𝐳)𝟐 + 𝐲𝟐𝐳𝟐) + 

𝟏𝟐𝒙. 𝐲𝟐𝐳𝟐 ((𝐲 + 𝐳)𝟑 − 𝟑𝐲𝐳(𝐲 + 𝐳)) + 𝟏𝟔𝒙. 𝐲𝟑𝐳𝟑(𝐲 + 𝐳) + 

𝐲𝟐𝐳𝟐(((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳)𝟐 − 𝟐𝐲𝟐𝐳𝟐) + 𝟒𝐲𝟑𝐳𝟑((𝐲 + 𝐳)𝟐 − 𝟐𝐲𝐳) + 𝟔𝐲𝟒𝐳𝟒 ≥
?
𝟎  

(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒

𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝 𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ (𝐦𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 + 𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒⏞                        
𝛔𝟏

)𝐧𝟐 + 

(𝟒𝐦𝟓 − 𝟏𝟐𝐦𝟒 − 𝟐𝟎𝟎𝐦𝟑 + 𝟐𝟗𝟔𝐦𝟐 + 𝟐𝟐𝟒𝐦− 𝟐𝟓𝟔⏞                                
𝛔𝟐

)𝐧 + 

𝟒𝐦𝟔 + 𝟖𝐦𝟓 − 𝟏𝟐𝐦𝟒 − 𝟑𝟐𝐦𝟑 + 𝟑𝟐𝐦+ 𝟏𝟔⏞                            
𝛔𝟑

≥
?
⏟
(∗)

𝟎 (𝐦 =
𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) 

𝒂𝐧𝐝 ∵ 𝐋𝐇𝐒 𝐨𝐟 (∗) = (𝐦 − 𝟖)𝟐(𝐦𝟐 + 𝟖(𝐦− 𝟖) + 𝟒𝟖)𝐧𝟐 + 

(𝐦 − 𝟖) ((𝐦− 𝟖)(𝟒𝐦𝟑 + 𝟓𝟐𝐦𝟐 + 𝟑𝟕𝟔𝐦+ 𝟐𝟗𝟖𝟒) + 𝟐𝟑𝟗𝟎𝟒)𝐧 + 

𝟒 ((𝐦 − 𝟖)(𝐦𝟓 + 𝟏𝟎𝐦𝟒 + 𝟕𝟕𝐦𝟑 + 𝟔𝟎𝟖𝐦𝟐 + 𝟒𝟖𝟔𝟒𝐦+ 𝟑𝟖𝟗𝟐𝟎) + 𝟑𝟏𝟏𝟑𝟔𝟒) > 0  

𝐰𝐡𝐞𝐧𝐞𝐯𝐞𝐫 𝐦 ≥ 𝟖 ∴ 𝐰𝐞 𝐧𝐨𝐰 𝐟𝐨𝐜𝐮𝐬 𝐨𝐧 𝐭𝐡𝐞 𝐜𝒂𝐬𝐞 𝐰𝐡𝐞𝐧 ∶ 𝐦 < 8 

𝐂𝒂𝐬𝐞 𝟏  𝐦𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 + 𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒 > 𝟎 (𝒂𝐧𝐝 𝐦 < 8) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 

∵ 𝛅 = 𝛔𝟐
𝟐 − 𝟒𝛔𝟏𝛔𝟑 = 𝟏𝟐𝟖(𝐦+ 𝟏)𝟐(𝐦 − 𝟐)𝟒(𝐦 − 𝟖)𝟐 ≥ 𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟐𝛔𝟏. 𝐧 ≤
?
− 𝛔𝟐 − √𝛅 𝒂𝐧𝐝 ∵ 𝐧 ≤

𝐀𝐌−𝐆𝐌 𝐦𝟐

𝟒
∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐√𝛅 ≤
?
− 𝟐𝛔𝟐 −𝐦

𝟐𝛔𝟏 = (𝐦− 𝟐)𝟐 (𝟖 − 𝐦)⏞    
> 0

(𝐦𝟑 + 𝟏𝟐𝐦𝟐 + 𝟒𝐦+ 𝟏𝟔) 

⇔ (𝐦 − 𝟐)𝟒(𝐦 − 𝟖)𝟐(𝐦𝟑 + 𝟏𝟐𝐦𝟐 + 𝟒𝐦+ 𝟏𝟔) ≥
?
𝟓𝟏𝟐(𝐦+ 𝟏)𝟐(𝐦 − 𝟐)𝟒(𝐦 − 𝟖)𝟐  

⇔ (𝐦 − 𝟐)𝟒(𝐦 − 𝟖)𝟐(𝐦𝟔 + 𝟐𝟒𝐦𝟓 + 𝟏𝟓𝟐𝐦𝟒 + 𝟏𝟐𝟖𝐦𝟑 − 𝟏𝟏𝟐𝐦𝟐 − 𝟖𝟗𝟔𝐦− 𝟐𝟓𝟔) 

≥
?
𝟎 ⇔ (𝐦− 𝟐)𝟒(𝐦 − 𝟖)𝟐.

(𝐦
𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 +
𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒

) ( 𝐦𝟒 + 𝟏𝟔𝐦𝟑 +
𝟒𝟎𝐦𝟐 + 𝟔𝟒𝐦+ 𝟏𝟔

)

(𝐦− 𝟖)𝟐
≥
?
𝟎 
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→ 𝐭𝐫𝐮𝐞 ∵ 𝐦𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 + 𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒 > 𝟎 𝒂𝐧𝐝 𝐦 < 8 

𝐂𝒂𝐬𝐞 𝟐  𝛔𝟏 = 𝐦
𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 + 𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒 < 𝟎 (𝒂𝐧𝐝 𝐦 < 8) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

(∗) ⇔ (−𝛔𝟏)𝐧
𝟐 − 𝛔𝟐𝐧 − 𝛔𝟑 ≥

?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∵ 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝐢𝒂𝐧𝐭 = 𝛔𝟐
𝟐 − 𝟒𝛔𝟏𝛔𝟑 = 𝛅 ≥ 𝟎 

∴ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ −𝟐𝛔𝟏. 𝐧 ≤
?
⏟
①

𝛔𝟐 + √𝛅 𝐀𝐍𝐃 − 𝟐𝛔𝟏. 𝐧 ≥
?
⏟
②

𝛔𝟐 − √𝛅 

∵  −𝛔𝟏 > 0 𝑎𝐧𝐝 𝐧 ≤
𝐦𝟐

𝟒
∴ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ①, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ −𝟐𝛔𝟐 −𝐦

𝟐𝛔𝟏 ≤
?
𝟐√𝛅 

⇔ (𝐦− 𝟐)𝟐 (𝟖 − 𝐦)⏞    
> 0

(𝐦𝟑 + 𝟏𝟐𝐦𝟐 + 𝟒𝐦+ 𝟏𝟔) ≤
?
𝟐√𝛅 ⇔ 

(𝐦 − 𝟐)𝟒(𝐦 − 𝟖)𝟐(𝐦𝟑 + 𝟏𝟐𝐦𝟐 + 𝟒𝐦+ 𝟏𝟔)𝟐 ≤
?
𝟓𝟏𝟐(𝐦+ 𝟏)𝟐(𝐦 − 𝟐)𝟒(𝐦 − 𝟖)𝟐 

⇔ (𝐦− 𝟐)𝟒(𝐦 − 𝟖)𝟐.
(𝐦

𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 +
𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒

) ( 𝐦𝟒 + 𝟏𝟔𝐦𝟑 +
𝟒𝟎𝐦𝟐 + 𝟔𝟒𝐦+ 𝟏𝟔

)

(𝐦− 𝟖)𝟐
≤
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐦𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 + 𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒 < 0 𝒂𝐧𝐝 𝐦 < 8 ⇒ ① 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐬𝐢𝐧𝐜𝐞 ∶ −𝟐𝛔𝟏. 𝐧 > 0 ∴ 𝑖𝑛 𝑜𝑟𝑑𝑒𝑟 𝑡𝑜 𝑝𝑟𝑜𝑣𝑒 ②, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

√𝛅 ≥
?
𝛔𝟐 𝒂𝐧𝐝 𝐢𝐭

′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 𝛔𝟐 < 0 𝑎𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝛔𝟐 ≥ 𝟎, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟏𝟐𝟖(𝐦 + 𝟏)𝟐(𝐦 − 𝟐)𝟒(𝐦 − 𝟖)𝟐 ≥
?
(𝟒𝐦

𝟓 − 𝟏𝟐𝐦𝟒 − 𝟐𝟎𝟎𝐦𝟑 + 𝟐𝟗𝟔𝐦𝟐 +
𝟐𝟐𝟒𝐦− 𝟐𝟓𝟔

)
𝟐

 

⇔ −𝟏𝟔(𝐦+ 𝟏)𝟐(𝐦 − 𝟖)𝟐(𝐦𝟔 + 𝟖𝐦𝟓 − 𝟐𝟎𝐦𝟒 − 𝟑𝟐𝐦𝟑 + 𝟔𝟖𝐦𝟐 + 𝟑𝟐𝐦 − 𝟔𝟒) ≥
?
𝟎 

⇔ −𝟏𝟔(𝐦+ 𝟏)𝟐(𝐦 − 𝟖)𝟐.
(𝐦𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 + 𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒)(𝐦𝟐 − 𝟐)𝟐

(𝐦 − 𝟖)𝟐
≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐦𝟒 − 𝟖𝐦𝟑 − 𝟖𝟎𝐦𝟐 + 𝟕𝟔𝟖𝐦− 𝟏𝟎𝟐𝟒 < 𝟎 𝒂𝐧𝐝 𝐦 < 8 ⇒② 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐜𝒂𝐬𝐞𝐬 ① 𝒂𝐧𝐝 ②, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ 𝐦, 𝐧 > 0│𝐦𝟐 ≥ 𝟒𝐧 𝒂𝐧𝐝 𝐬𝐨, 

|𝐫𝐛 − 𝐫𝐜| ≤ 𝟒. √𝐑𝟐 − (√𝟐 + 𝟏)𝐑𝐫 + 𝟐(√𝟐 − 𝟏)𝐫𝟐 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 𝐲 = 𝐳 𝒂𝐧𝐝 𝐲 + 𝐳 = 𝟐𝒙 ⇒ ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3972. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(∑
𝐦𝒂

𝐰𝐛 + 𝐰𝐜
𝐜𝐲𝐜

)(∑
𝐰𝐛 + 𝐰𝐜

√𝐫𝐛𝐫𝐜𝐜𝐲𝐜

) ≥ 𝟗 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 



 
www.ssmrmh.ro 

66 RMM-TRIANGLE MARATHON 3901-4000 

 

(∑
𝐦𝒂

𝐰𝐛 +𝐰𝐜
𝐜𝐲𝐜

)(∑
𝐰𝐛 + 𝐰𝐜

√𝐫𝐛𝐫𝐜𝐜𝐲𝐜

) ≥
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒

(∑
√𝐦𝒂

√𝐫𝐛𝐫𝐜
𝟒

𝐜𝐲𝐜

)

𝟐

≥
𝐀𝐌−𝐆𝐌

 

𝟗. (
√𝐦𝒂𝐦𝐛𝐦𝐜

√𝐬(𝐬 − 𝒂). 𝐬(𝐬 − 𝐛). 𝐬(𝐬 − 𝐜)
𝟒

)

𝟐
𝟑

≥
𝐋𝒂𝐬𝐜𝐮 + 𝐀𝐌−𝐆𝐌

𝟗. (
√𝐬(𝐬 − 𝒂). 𝐬(𝐬 − 𝐛). 𝐬(𝐬 − 𝐜)
𝟒

√𝐬(𝐬 − 𝒂). 𝐬(𝐬 − 𝐛). 𝐬(𝐬 − 𝐜)
𝟒

)

𝟐
𝟑

 

= 𝟗 𝒂𝐧𝐝 𝐬𝐨,(∑
𝐦𝒂

𝐰𝐛 + 𝐰𝐜
𝐜𝐲𝐜

)(∑
𝐰𝐛 +𝐰𝐜

√𝐫𝐛𝐫𝐜𝐜𝐲𝐜

) ≥ 𝟗 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

 
 
3973. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏𝟐

𝒂 + 𝒃 + 𝒄
≤∑

𝒂

𝒓𝒂
𝟐 ≤

𝟒

𝒂 + 𝒃 + 𝒄
(
𝟐𝑹

𝒓
− 𝟏) 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∑
𝒂

𝒓𝒂
𝟐
=
𝟏

𝑭𝟐
∑𝒂(𝒔 − 𝒂)𝟐 =

𝟏

𝑭𝟐
∑𝒂(𝒔𝟐 − 𝟐𝒔𝒂 + 𝒂𝟐) = 

 

=
𝟏

𝒓𝟐𝒔𝟐
(𝟐𝒔𝟑 − 𝟒𝒔(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) + 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓)) = 

 

=
𝟐𝒔(𝟐𝑹𝒓 − 𝒓𝟐)

𝒓𝟐𝒔𝟐
=
𝟒

𝟐𝒔
(
𝟐𝑹𝒓 − 𝒓𝟐

𝒓𝟐
) =

𝟒

𝒂 + 𝒃 + 𝒄
(
𝟐𝑹

𝒓
− 𝟏) 

 

∑
𝒂

𝒓𝒂𝟐
=

𝟒

𝒂 + 𝒃 + 𝒄
(
𝟐𝑹

𝒓
− 𝟏) ≥

𝑬𝑼𝑳𝑬𝑹 𝟒

𝒂 + 𝒃 + 𝒄
(𝟐 × 𝟐 − 𝟏) =

𝟏𝟐

𝒂 + 𝒃 + 𝒄
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂𝒏 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

 

3974. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹𝟑

𝒓𝟑
≥ 𝟖+

𝒎𝒂

𝒎𝒃
+
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒂
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Proposed by Nguyen Van Canh-Vietnam 

Solution by Tapas Das-India 
 

𝒎𝒂

𝒎𝒃
+
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒂
≤
𝑪𝑩𝑺

 √(∑𝒎𝒂
𝟐) (∑

𝟏

𝒎𝒂
𝟐
 )   ≤

𝒎𝒂≥√𝒔(𝒔−𝒂)

 √(
𝟑

𝟒
∑𝒂𝟐) (∑

𝟏

𝒔(𝒔 − 𝒂)
 )   ≤ 

≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 √(
𝟑

𝟒
× 𝟗𝑹𝟐) (

𝟒𝑹+ 𝒓

𝒔𝟐𝒓
 )   ≤

𝑫𝒐𝒖𝒄𝒆𝒕
 √(

𝟑

𝟒
× 𝟗𝑹𝟐) (

𝟒𝑹 + 𝒓

𝟑𝒓(𝟒𝑹+ 𝒓)𝒓
 )   =

𝟑𝑹

𝟐𝒓
 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≥

𝑨𝑴−𝑮𝑴
 𝟑 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝑹𝟑

𝒓𝟑
. ≥ 𝟖 +

𝒎𝒂

𝒎𝒃
+
𝒎𝒃

𝒎𝒄
+
𝒎𝒄

𝒎𝒂
 

𝒐𝒓, 𝟑 +
𝑹𝟑

𝒓𝟑
≥ 𝟖 +

𝟑𝑹

𝟐𝒓
 𝒐𝒓, 𝟐 𝒙𝟑 − 𝟑𝒙 − 𝟏𝟎 ≥

𝑹
𝒓
=𝒙≥𝟐

𝒃𝒚 𝑬𝒖𝒍𝒆𝒓 

 𝟎 𝒐𝒓, (𝒙 − 𝟐)(𝟐𝒙𝟐 + 𝟒𝒙 + 𝟓) ≥ 𝟎 𝒕𝒓𝒖𝒆 

 
Equality holds for an equilateral triangle. 

 

3975. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐬𝐢𝐧
𝑨
𝟐

𝐜𝐨𝐬
𝑩
𝟐
𝐜𝐨𝐬

𝑪
𝟐

+
𝐬𝐢𝐧

𝑩
𝟐

𝐜𝐨𝐬
𝑪
𝟐
𝐜𝐨𝐬

𝑨
𝟐

+
𝐬𝐢𝐧

𝑪
𝟐

𝐜𝐨𝐬
𝑨
𝟐
𝐜𝐨𝐬

𝑩
𝟐

= 𝟐 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

𝐬𝐢𝐧
𝑨
𝟐

𝐜𝐨𝐬
𝑩
𝟐 𝐜𝐨𝐬

𝑪
𝟐

+
𝐬𝐢𝐧

𝑩
𝟐

𝐜𝐨𝐬
𝑪
𝟐 𝐜𝐨𝐬

𝑨
𝟐

+
𝐬𝐢𝐧

𝑪
𝟐

𝐜𝐨𝐬
𝑨
𝟐 𝐜𝐨𝐬

𝑩
𝟐

= 

=∑
𝐬𝐢𝐧

𝑨
𝟐

𝐜𝐨𝐬
𝑩
𝟐 𝐜𝐨𝐬

𝑪
𝟐𝒄𝒚

=∑√
(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
𝒄𝒚𝒄

⋅ √
𝒂𝒄 ⋅ 𝒂𝒃

𝒔(𝒔 − 𝒃) ⋅ 𝒔(𝒔 − 𝒄)
= 
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=∑√
𝒂𝟐

𝒔𝟐
=

𝒄𝒚𝒄

𝟏

𝒔
∑𝒂

𝒄𝒚𝒄

=
𝒂 + 𝒃 + 𝒄

𝒔
=
𝟐𝒔

𝒔
= 𝟐 

3976. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐬𝐢𝐧𝟐 𝑨𝐬𝐢𝐧 𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑩𝐬𝐢𝐧 𝟐𝑨 = 𝟐 𝐬𝐢𝐧 𝑨 𝐬𝐢𝐧 𝑩𝐬𝐢𝐧 𝑪 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

𝐬𝐢𝐧𝟐 𝑨 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑩𝐬𝐢𝐧𝟐𝑨 = 

= 𝐬𝐢𝐧𝟐 𝑨 ⋅ 𝟐 𝐬𝐢𝐧𝑩 𝐜𝐨𝐬𝑩 + 𝐬𝐢𝐧𝟐𝑩 ⋅ 𝟐 𝐬𝐢𝐧𝑨 𝐜𝐨𝐬𝑨 = 

= 𝟐𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩 (𝐬𝐢𝐧𝑨𝐜𝐨𝐬 𝑩 + 𝐬𝐢𝐧𝑩𝐜𝐨𝐬 𝑨) = 

= 𝟐 𝐬𝐢𝐧𝑨𝐬𝐢𝐧𝑩 ⋅ 𝐬𝐢𝐧(𝑨 + 𝑩) = 𝟐𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 ⋅ 𝐬𝐢𝐧(𝝅 − 𝑪) =𝟐𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪 

3977. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐜𝐨𝐭 𝑨 + 𝐜𝐨𝐭 𝑩 + 𝐜𝐨𝐭 𝑪 =
𝟐(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩 + 𝐬𝐢𝐧𝟐 𝑪)

𝐬𝐢𝐧 𝟐𝑨 + 𝐬𝐢𝐧 𝟐𝑩 + 𝐬𝐢𝐧 𝟐𝑪
 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

𝐬𝐢𝐧𝟐𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑪 = 𝟐𝐬𝐢𝐧
𝟐𝑨 + 𝟐𝑩

𝟐
𝐜𝐨𝐬

𝟐𝑨 − 𝟐𝑩

𝟐
+ 𝐬𝐢𝐧𝟐𝑪 = 

= 𝟐𝐬𝐢𝐧(𝑨 + 𝑩) 𝐜𝐨𝐬(𝑨 − 𝑩) + 𝟐𝐬𝐢𝐧𝑪 𝐜𝐨𝐬𝑪 = 

= 𝟐𝐬𝐢𝐧(𝝅 − 𝑪) 𝐜𝐨𝐬(𝑨 − 𝑩) + 𝟐𝐬𝐢𝐧 𝑪𝐜𝐨𝐬 𝑪 = 𝟐 𝐬𝐢𝐧𝑪 (𝐜𝐨𝐬(𝑨 − 𝑩) + 𝐜𝐨𝐬 𝑪) = 

= 𝟐 𝐬𝐢𝐧𝑪 ⋅ 𝟐 𝐜𝐨𝐬
𝑨 − 𝑩 + 𝑪

𝟐
𝐜𝐨𝐬

𝑨 − 𝑩 − 𝑪

𝟐
= 

= 𝟒𝐬𝐢𝐧𝑪 𝐜𝐨𝐬
𝝅 − 𝟐𝑩

𝟐
𝐜𝐨𝐬

𝟐𝑨 − 𝝅

𝟐
= 𝟒𝐬𝐢𝐧𝑪 𝐜𝐨𝐬 (

𝝅

𝟐
− 𝑩) 𝐜𝐨𝐬 (

𝝅

𝟐
− 𝑨) = 

= 𝟒𝐬𝐢𝐧 𝑪𝐬𝐢𝐧𝑩𝐬𝐢𝐧 𝑨 

𝐬𝐢𝐧𝟐𝑨 + 𝐬𝐢𝐧𝟐𝑩 + 𝐬𝐢𝐧𝟐𝑪 = 𝟒𝐬𝐢𝐧𝑨 𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪    (1) 

𝐜𝐨𝐭 𝑨 + 𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪 =∑𝐜𝐨𝐭 𝑨

𝒄𝒚𝒄

=∑
𝐜𝐨𝐬 𝑨

𝐬𝐢𝐧 𝑨
𝒄𝒚𝒄

=∑
𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐

𝟐𝒃𝒄 𝐬𝐢𝐧𝑨
𝒄𝒚𝒄

= 
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=
𝟏

𝟒𝑭
∑(𝒃𝟐 + 𝒄𝟐 − 𝒂𝟐)

𝒄𝒚𝒄

=
𝟏

𝟒𝑭
∑𝒂𝟐

𝒄𝒚𝒄

=
𝟏

𝟒𝑭
∑𝟒𝑹𝟐 𝐬𝐢𝐧𝟐 𝑨 =

𝒄𝒚𝒄

 

=
𝟒𝑹𝟐(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪)

𝟒 ⋅ 𝟐𝑹𝟐 𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩 𝐬𝐢𝐧𝑪
=
𝟐(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪)

𝟒 𝐬𝐢𝐧 𝑨𝐬𝐢𝐧𝑩𝐬𝐢𝐧𝑪
=
(𝟏)

 

=
𝟐(𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪)

𝐬𝐢𝐧 𝟐𝑨 + 𝐬𝐢𝐧 𝟐𝑩 + 𝐬𝐢𝐧 𝟐𝑪
 

3978. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(
𝐬

𝐫
)
𝟐

≤ (
𝒍𝒂𝒍𝐛𝒍𝐜
𝒈𝒂𝒈𝐛𝒈𝐜

)

𝟏
𝟐
∏

𝐩𝒂

𝐩𝒂 (
𝒍𝒂
𝒈𝒂
)

𝟏
𝟐
− (𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟏
𝟐

𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐦𝒂𝐧𝒂 ≥
?
𝐩𝒂
𝟐 +

(𝐛 − 𝐜)𝟐

𝟏𝟖
⇔

𝐅𝐮𝐬𝐭𝐞𝐢
𝒂𝐧𝐝
𝐀𝐣𝐢𝐛𝒂

 

(𝐬(𝐬 − 𝒂) +
(𝐛 − 𝐜)𝟐

𝟒
)(𝐬(𝐬 − 𝒂) +

𝐬(𝐛 − 𝐜)𝟐

𝒂
) ≥

?
(𝐬(𝐬 − 𝒂) +

𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
)

𝟐

 

+
(𝐛 − 𝐜)𝟒

𝟑𝟐𝟒
+
(𝐛 − 𝐜)𝟐

𝟗
. (𝐬(𝐬 − 𝒂) +

𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
) 

⇔ 𝐬(𝐬 − 𝒂)(𝐛 − 𝐜)𝟐 (
𝐬

𝒂
+
𝟏

𝟒
) +

𝐬(𝐛 − 𝐜)𝟒

𝟒𝒂
≥
? 𝐬𝟐(𝟑𝐬 + 𝒂)𝟐(𝐛 − 𝐜)𝟒

(𝟐𝐬 + 𝒂)𝟒
+ 

𝟐𝐬(𝐬 − 𝒂).
𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
+
(𝐛 − 𝐜)𝟒

𝟑𝟐𝟒
+ 𝐬(𝐬 − 𝒂).

(𝐛 − 𝐜)𝟐

𝟗
+
𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟒

𝟗(𝟐𝐬 + 𝒂)𝟐
 

⇔ 𝐬(𝐬 − 𝒂) (
𝐬

𝒂
+
𝟏

𝟒
−
𝟐𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
−
𝟏

𝟗
) + 

(
𝐬

𝟒𝒂
−
𝐬𝟐(𝟑𝐬 + 𝒂)𝟐

(𝟐𝐬 + 𝒂)𝟒
−

𝟏

𝟑𝟐𝟒
−
𝐬(𝟑𝐬 + 𝒂)

𝟗(𝟐𝐬 + 𝒂)𝟐
) (𝐛 − 𝐜)𝟐 ≥

?
𝟎 (∵ (𝐛 − 𝐜)𝟐 ≥ 𝟎) 

⇔
𝐬(𝐬 − 𝒂)(𝟏𝟒𝟒𝐬𝟑 − 𝟓𝟐𝐬𝟐𝒂 − 𝟏𝟔𝐬𝒂𝟐 + 𝟓𝒂𝟑)

𝟑𝟔𝒂(𝟐𝐬 + 𝒂)𝟐
+ 

𝟏𝟐𝟗𝟔𝐬𝟓 − 𝟕𝟕𝟐𝐬𝟒𝒂 − 𝟔𝟎𝟖𝐬𝟑𝒂𝟐 + 𝟒𝟖𝐬𝟐𝒂𝟑 + 𝟑𝟕𝐬𝒂𝟒 − 𝒂𝟓

𝟑𝟐𝟒𝒂(𝟐𝐬 + 𝒂)𝟒
. (𝐛 − 𝐜)𝟐 ≥

?
𝟎 
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⇔
𝐬(𝐬 − 𝒂) ((𝐬 − 𝒂)(𝟏𝟒𝟒𝐬𝟐 + 𝟗𝟐𝐬𝒂+ 𝟕𝟔𝒂𝟐) + 𝟖𝟏𝒂𝟑)

𝟑𝟔𝒂(𝟐𝐬 + 𝒂)𝟐
+ 

(𝐬 − 𝒂) (
(𝐬 − 𝒂)(𝟏𝟐𝟗𝟔𝐬𝟑 + 𝟏𝟖𝟐𝟎𝐬𝟐𝒂 + 𝟏𝟕𝟑𝟔𝐬𝒂𝟐 + 𝟏𝟕𝟎𝟎𝒂𝟑) +

𝟏𝟕𝟎𝟏𝒂𝟒
)

𝟑𝟐𝟒𝒂(𝟐𝐬 + 𝒂)𝟒
. (𝐛 − 𝐜)𝟐 ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∴ 𝐦𝒂𝐧𝒂 ≥ 𝐩𝒂
𝟐 +

(𝐛 − 𝐜)𝟐

𝟏𝟖
≥ 𝐩𝒂

𝟐 ⇒ 𝐦𝒂𝐧𝒂 ≥ 𝐩𝒂
𝟐 →①  

𝒂𝐧𝐝 𝐧𝒂𝒈𝒂 ≥
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐦𝒂𝒍𝒂 →② ∴①⦁②⇒ (𝐦𝒂𝐧𝒂)(𝐧𝒂𝒈𝒂) ≥ 𝐩𝒂
𝟐.𝐦𝒂𝒍𝒂 

⇒ 𝐧𝒂 ≥ 𝐩𝒂. √
𝒍𝒂
𝒈𝒂
⇒ (

𝒍𝒂
𝒈𝒂
)

𝟏
𝟐

.
𝐩𝒂

𝐩𝒂 (
𝒍𝒂
𝒈𝒂
)

𝟏
𝟐
− (𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟏
𝟐

=
𝟏

𝟏 −
√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐

𝐩𝒂. √
𝒍𝒂
𝒈𝒂

 

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢 𝟏

𝟏 −
(
𝒂𝐧𝒂
𝐬 )

𝐩𝒂. √
𝒍𝒂
𝒈𝒂

≥
𝟏

𝟏 −
(
𝒂𝐧𝒂
𝐬 )

𝐧𝒂

=
𝐬

𝐬 − 𝒂
∴ (

𝒍𝒂
𝒈𝒂
)

𝟏
𝟐

.
𝐩𝒂

𝐩𝒂 (
𝒍𝒂
𝒈𝒂
)

𝟏
𝟐
− (𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟏
𝟐

≥ 

𝐬

𝐬 − 𝒂
∏

𝐩𝒂

𝐩𝒂 (
𝒍𝒂
𝒈𝒂
)

𝟏
𝟐
− (𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟏
𝟐

𝐜𝐲𝐜

≥∏
𝐬

𝐬− 𝒂
𝐜𝐲𝐜

=
𝐬𝟑

𝐫𝟐𝐬
=
𝐬𝟐

𝐫𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

(
𝐬

𝐫
)
𝟐

≤ (
𝒍𝒂𝒍𝐛𝒍𝐜
𝒈𝒂𝒈𝐛𝒈𝐜

)

𝟏
𝟐

∏
𝐩𝒂

𝐩𝒂 (
𝒍𝒂
𝒈𝒂
)

𝟏
𝟐
− (𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟏
𝟐

𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3980. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏 ≥
𝟐𝐦𝒂 − 𝒈𝒂 −√𝟒𝐫

𝟐 + (𝐛 − 𝐜)𝟐

𝐧𝒂
+
𝟐𝐦𝐛 − 𝒈𝐛 − √𝟒𝐫

𝟐 + (𝐜 − 𝒂)𝟐

𝐧𝐛
+ 

+
𝟐𝐦𝐜 − 𝒈𝐜 − √𝟒𝐫

𝟐 + (𝒂 − 𝐛)𝟐

𝐧𝐜
 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
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∑
𝟐𝐦𝒂 −𝒈𝒂 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐

𝐧𝒂
𝐜𝐲𝐜

≤
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

∑
𝐧𝒂 + 𝒈𝒂 − 𝒈𝒂 −√𝟒𝐫

𝟐 + (𝐛 − 𝐜)𝟐

𝐧𝒂
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

∑
𝐧𝒂 −

𝒂𝐧𝒂
𝐬

𝐧𝒂
𝐜𝐲𝐜

=∑(𝟏 −
𝒂

𝐬
)

𝐜𝐲𝐜

 

= 𝟑 −
𝟐𝐬

𝐬
= 𝟏 𝒂𝐧𝐝 𝐬𝐨, 𝟏 ≥

𝟐𝐦𝒂 − 𝒈𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐

𝐧𝒂
+ 

𝟐𝐦𝐛 − 𝒈𝐛 − √𝟒𝐫𝟐 + (𝐜 − 𝒂)𝟐

𝐧𝐛
+
𝟐𝐦𝐜 − 𝒈𝐜 −√𝟒𝐫𝟐 + (𝒂 − 𝐛)𝟐

𝐧𝐜
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3981. 

𝐈𝐧 𝒂𝐧𝐲 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐭𝐡𝐞 𝒂𝐫𝐞𝒂 𝐅 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂𝟒 + 𝐛𝟒

𝐦𝐜
𝟐 +

𝐛𝟒 + 𝐜𝟒

𝐦𝒂
𝟐 +

𝐜𝟒 + 𝒂𝟒

𝐦𝐛
𝟐 ≥

𝟑𝟐√𝟑

𝟑
𝐅 

  Proposed by D.M.Bătinețu-Giurgiu, Daniel Sitaru-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐇𝐒 =∑
𝐛𝟒 + 𝐜𝟒

𝐦𝒂
𝟐

𝐜𝐲𝐜

≥∑
(𝐛𝟐 + 𝐜𝟐)𝟐

𝟐𝐦𝒂
𝟐

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ (𝐛𝟐 + 𝐜𝟐)𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝐦𝒂
𝟐

𝐜𝐲𝐜
= 

 

=
𝟐(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐

𝟑
𝟒
∑ 𝒂𝟐𝐜𝐲𝐜

=
𝟖

𝟑
.∑𝒂𝟐

𝐜𝐲𝐜

≥
𝐈𝐨𝐧𝐞𝐬𝐜𝐮−𝐖𝐞𝐢𝐭𝐳𝐞𝐧𝐛𝐨𝐜𝐤 𝟖

𝟑
. 𝟒√𝟑. 𝐅 =

𝟑𝟐√𝟑

𝟑
𝐅 𝒂𝐧𝐝 𝐬𝐨, 

 

𝒂𝟒 + 𝐛𝟒

𝐦𝐜
𝟐

+
𝐛𝟒 + 𝐜𝟒

𝐦𝒂
𝟐

+
𝐜𝟒 + 𝒂𝟒

𝐦𝐛
𝟐 ≥

𝟑𝟐√𝟑

𝟑
𝐅 ∀ ∆ 𝐀𝐁𝐂, 

 
′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3982. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂, 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝐬𝟐 + 𝟑𝟕𝐫𝟐

𝟒𝐫
≥
𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥ 𝐦𝒂𝒙 {
𝐰𝒂
𝐡𝒂
+
𝐡𝒂
𝐰𝒂
,
𝐦𝒂

𝐰𝒂
+
𝐰𝒂
𝐦𝒂
} 

  Proposed by Dang Ngoc Minh-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 

√𝐬𝟐 + 𝟑𝟕𝐫𝟐

𝟒𝐫
≥
? 𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

⇔
𝐬𝟐 + 𝟑𝟕𝐫𝟐

𝟏𝟔𝐫𝟐
− 𝟒 ≥

? 𝐦𝒂
𝟐

𝐡𝒂𝟐
+
𝐡𝒂
𝟐

𝐦𝒂
𝟐
− 𝟐 

⇔
𝐬𝟐 − 𝟐𝟕𝐫𝟐

𝟏𝟔𝐫𝟐
≥
?
((𝐬(𝐬 − 𝒂) +

(𝐛 − 𝐜)𝟐

𝟒 ) − (𝐬(𝐬 − 𝒂) − 𝐬(𝐬 − 𝒂).
(𝐛 − 𝐜)𝟐

𝒂𝟐
))

𝟐

𝐡𝒂𝟐𝐦𝒂
𝟐

 

⇔
𝐬𝟐 − 𝟐𝟕𝐫𝟐

𝟏𝟔𝐫𝟐
≥
? (𝐛 − 𝐜)𝟒((𝐛 + 𝐜)𝟐 − 𝒂𝟐 + 𝒂𝟐)𝟐

𝟏𝟔𝒂𝟒.
𝟒𝐫𝟐𝐬𝟐

𝒂𝟐
. 𝐦𝒂

𝟐

⇔ 𝐬𝟐 − 𝟐𝟕𝐫𝟐 ≥
?
⏟
(∗)

(𝐛 − 𝐜)𝟒(𝐛 + 𝐜)𝟒

𝟒𝒂𝟐𝐦𝒂
𝟐𝐬𝟐

 

𝒂𝐧𝐝 𝐧𝐨𝐰, 𝟒𝒂𝟐𝐦𝒂
𝟐 − (𝐛𝟐 − 𝐜𝟐)𝟐 = 𝒂𝟐(𝟐𝐛𝟐 + 𝟐𝐜𝟐 − 𝒂𝟐) − 𝐛𝟒 − 𝐜𝟒 + 𝟐𝐛𝟐𝐜𝟐 = 

𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

= 𝟏𝟔𝐫𝟐𝐬𝟐 > 0 ⇒ 4𝒂𝟐𝐦𝒂
𝟐 > (𝐛 − 𝐜)𝟐(𝐛 + 𝐜)𝟐 𝒂𝐧𝐝 𝐬𝐨, 

𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐬𝟐(𝐬𝟐 − 𝟐𝟕𝐫𝟐) ≥
?
(𝐛𝟐 − 𝐜𝟐)𝟐 

⇔ (𝒙 + 𝐲 + 𝐳)𝟒 − 𝟐𝟕𝒙𝐲𝐳(𝒙 + 𝐲 + 𝐳) ≥
?
((𝐳 + 𝒙)𝟐 − (𝒙 + 𝐲)𝟐)𝟐  

(
𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜 ⇒

𝒂 = 𝐲 + 𝐳, 𝐛 = 𝐳 + 𝒙, 𝐜 = 𝒙 + 𝐲 𝒂𝐧𝐝 𝐬 = 𝒙 + 𝐲 + 𝐳
) 

⇔ 𝒙𝟒 + 𝟒𝒙𝟑(𝐲 + 𝐳) + 𝟐𝒙𝟐(𝐲 + 𝐳)𝟐 − 𝟏𝟏𝒙𝟐𝐲𝐳 − 𝟏𝟏𝒙𝐲𝐳(𝐲 + 𝐳) + 𝟒𝐲𝐳(𝐲 + 𝐳)𝟐 ≥
?
𝟎 

⇔ 𝒙𝟒 + 𝟒𝒙𝟑. 𝐦𝒙 + 𝟐𝒙𝟐(𝐦𝒙)𝟐 − 𝟏𝟏𝒙𝟐. 𝐧𝒙𝟐 − 𝟏𝟏𝒙. 𝐧𝒙𝟐(𝐦𝒙) + 𝟒𝐧𝒙𝟐(𝐦𝒙)𝟐 ≥
?
𝟎 

(𝐦 =
𝐲 + 𝐳

𝒙
, 𝐧 =

𝐲𝐳

𝒙𝟐
) ⇔ 𝟐𝐦𝟐 + 𝟒𝐦+ 𝟏 + 𝐧(𝟒𝐦𝟐 − 𝟏𝟏𝐦− 𝟏𝟏) ≥

?
⏟
(∗∗)

𝟎 

𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 ∶ 𝟒𝐦𝟐 − 𝟏𝟏𝐦− 𝟏𝟏 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟒𝐦𝟐 − 𝟏𝟏𝐦− 𝟏𝟏 < 0, 

𝐭𝐡𝐞𝐧, 𝒂𝐬 𝐧 ≤
𝐀𝐌−𝐆𝐌 𝐦𝟐

𝟒
∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐𝐦𝟐 + 𝟒𝐦+ 𝟏 +
𝐦𝟐

𝟒
(𝟒𝐦𝟐 − 𝟏𝟏𝐦− 𝟏𝟏) ≥

?
𝟎 ⇔

(𝐦+ 𝟏)(𝟒𝐦+ 𝟏)(𝐦 − 𝟐)𝟐

𝟒
≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐦 > 0 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥
√𝐬𝟐 + 𝟑𝟕𝐫𝟐

𝟒𝐫
 

𝐍𝐨𝐰,
𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥
? 𝐰𝒂
𝐡𝒂
+
𝐡𝒂
𝐰𝒂

⇔
𝐦𝒂
𝟐 + 𝐡𝒂

𝟐

𝐦𝒂𝐡𝒂
≥
? 𝐰𝒂

𝟐 + 𝐡𝒂
𝟐

𝐰𝒂𝐡𝒂
⇔
𝐦𝒂
𝟐 + 𝐡𝒂

𝟐

𝐰𝒂𝟐 + 𝐡𝒂𝟐
− 𝟏 ≥

? 𝐦𝒂

𝐰𝒂
− 𝟏 

⇔
(𝐦𝒂 −𝐰𝒂)(𝐦𝒂 +𝐰𝒂)

𝐰𝒂𝟐 + 𝐡𝒂𝟐
≥
? 𝐦𝒂 −𝐰𝒂

𝐰𝒂
⇔ 𝐰𝒂(𝐦𝒂 +𝐰𝒂) ≥

?
𝐰𝒂
𝟐 + 𝐡𝒂

𝟐 

 (∵ 𝐦𝒂 −𝐰𝒂 ≥ 𝟎) ⇔ 𝐦𝒂𝐰𝒂 ≥
?
𝐡𝒂
𝟐 → 𝐭𝐫𝐮𝐞 ∵ 𝐦𝒂 , 𝐰𝒂 ≥ 𝐡𝒂 ∴

𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥
① 𝐰𝒂
𝐡𝒂
+
𝐡𝒂
𝐰𝒂

 

𝐀𝐠𝒂𝐢𝐧,
𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥
? 𝐦𝒂

𝐰𝒂
+
𝐰𝒂
𝐦𝒂

⇔
𝐦𝒂
𝟐 + 𝐡𝒂

𝟐

𝐦𝒂𝐡𝒂
≥
? 𝐦𝒂

𝟐 +𝐰𝒂
𝟐

𝐰𝒂𝐦𝒂
⇔
𝐰𝒂
𝐡𝒂
− 𝟏 ≥

? 𝐦𝒂
𝟐 +𝐰𝒂

𝟐

𝐦𝒂
𝟐 + 𝐡𝒂𝟐

− 𝟏 

⇔
𝐰𝒂 − 𝐡𝒂
𝐡𝒂

≥
? (𝐰𝒂 − 𝐡𝒂)(𝐰𝒂 + 𝐡𝒂)

𝐦𝒂
𝟐 + 𝐡𝒂𝟐

⇔𝐦𝒂
𝟐 + 𝐡𝒂

𝟐 ≥
?
𝐡𝒂(𝐰𝒂 + 𝐡𝒂) (∵ 𝐰𝒂 − 𝐡𝒂 ≥ 𝟎) 
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⇔𝐦𝒂
𝟐 ≥
?
𝐡𝒂𝐰𝒂 → 𝐭𝐫𝐮𝐞 ∵ 𝐦𝒂 ≥ 𝐡𝒂, 𝐰𝒂 ∴

𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥
② 𝐦𝒂

𝐰𝒂
+
𝐰𝒂
𝐦𝒂

 𝒂𝐧𝐝 𝐬𝐨, 

① 𝒂𝐧𝐝 ② ⇒
𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥ 𝐦𝒂𝒙 {
𝐰𝒂
𝐡𝒂
+
𝐡𝒂
𝐰𝒂
,
𝐦𝒂

𝐰𝒂
+
𝐰𝒂
𝐦𝒂

}  

∴
√𝐬𝟐 + 𝟑𝟕𝐫𝟐

𝟒𝐫
≥
𝐦𝒂

𝐡𝒂
+
𝐡𝒂
𝐦𝒂

≥ 𝐦𝒂𝒙 {
𝐰𝒂
𝐡𝒂
+
𝐡𝒂
𝐰𝒂
,
𝐦𝒂

𝐰𝒂
+
𝐰𝒂
𝐦𝒂

}  ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐟𝐨𝐫 𝐮𝐩𝐩𝐩𝐞𝐫 𝐛𝐨𝐮𝐧𝐝 𝐢𝐟𝐟 𝐲 = 𝐳 ∧ 𝐲 + 𝐳 = 𝟐𝒙 ⇒ ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 
𝒂𝐧𝐝 ′′ =′′ 𝐟𝐨𝐫 𝒍𝐨𝐰𝐞𝐫 𝐛𝐨𝐮𝐧𝐝 𝐢𝐟𝐟 𝐛 = 𝐜 (𝐐𝐄𝐃) 

3983. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝟗𝒓𝟐

𝟐𝑹𝟐
≤∑

𝟏− 𝐜𝐨𝐬(𝑨)

𝟏 + 𝒕𝒂𝒏𝟐 (
𝑨
𝟐
)𝒄𝒚𝒄

≤ 𝟏 +
𝒓𝟐

𝟐𝑹𝟐
 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝟏 − 𝐜𝐨𝐬(𝑨)

𝟏 + 𝒕𝒂𝒏𝟐 (
𝑨
𝟐)
=
𝟐𝒔𝒊𝒏𝟐 (

𝑨
𝟐)

𝟏

𝒄𝒐𝒔𝟐 (
𝑨
𝟐)

= 𝟐(𝒔𝒊𝒏𝟐 (
𝑨

𝟐
) . 𝒄𝒐𝒔𝟐 (

𝑨

𝟐
)) =

𝟏

𝟐
(𝐬𝐢𝐧(𝑨))𝟐  ∗ 

∑
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
𝒄𝒚𝒄

≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

≤
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
=
𝟒𝑹𝟐 + 𝟐𝒓𝟐

𝟐𝑹𝟐
= 𝟐 +

𝒓𝟐

𝑹𝟐
 (𝟏) 

∑𝒔𝒊𝒏𝟐(𝑨)

𝒄𝒚𝒄

=
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
≥
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
= 

=
𝟏𝟐𝑹𝒓 − 𝟐𝒓𝟐

𝟐𝑹𝟐
≥⏞

𝑬𝒖𝒍𝒆𝒓 𝟏𝟖𝒓𝟐

𝟐𝑹𝟐
=
𝟗𝒓𝟐

𝑹𝟐
   (𝟐) 

𝑭𝒓𝒐𝒎  (∗) , (𝟏)   𝒂𝒏𝒅 (𝟐)  𝒘𝒆  𝒈𝒆𝒕  𝒕𝒉𝒂𝒕 ∶   
𝟗𝒓𝟐

𝟐𝑹𝟐
≤∑

𝟏− 𝐜𝐨𝐬(𝑨)

𝟏 + 𝒕𝒂𝒏𝟐 (
𝑨
𝟐
)𝒄𝒚𝒄

≤ 𝟏 +
𝒓𝟐

𝟐𝑹𝟐
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 
 

3984. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐜𝐨𝐭𝟐 𝐀 𝐜𝐨𝐭𝟐 𝐁

𝐜𝐨𝐭 𝐂 (𝐜𝐨𝐭 𝐀 + 𝐜𝐨𝐭 𝐁)
𝐜𝐲𝐜

≥
𝟏

𝟐
 

  Proposed by Marin Chirciu-Romania 
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∑
𝐭𝒂𝐧𝟐

𝐁
𝟐 𝐭𝒂𝐧

𝟐 𝐂
𝟐

𝐭𝒂𝐧
𝐀
𝟐 . (𝐭𝒂𝐧

𝐁
𝟐 + 𝐭𝒂𝐧

𝐂
𝟐)𝐜𝐲𝐜

=
𝟏

𝐬𝟐
.∑

𝐫𝐛
𝟐𝐫𝐜
𝟐

𝐫𝒂(𝐫𝐛 + 𝐫𝐜)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

𝐬𝟐
.
(∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜
 

=
𝐬𝟐

𝟐𝐬𝟐
=
𝟏

𝟐
∴∑

𝐭𝒂𝐧𝟐
𝐁
𝟐 𝐭𝒂𝐧

𝟐 𝐂
𝟐

𝐭𝒂𝐧
𝐀
𝟐 . (𝐭𝒂𝐧

𝐁
𝟐 + 𝐭𝒂𝐧

𝐂
𝟐)𝐜𝐲𝐜

≥
𝟏

𝟐
→① 

𝐋𝐞𝐭 𝐮𝐬 𝐜𝐨𝐧𝐬𝐢𝐝𝐞𝐫 𝒂 ∆ 𝐀′𝐁′𝐂′ 𝐰𝐢𝐭𝐡 𝒂𝐧𝐠𝒍𝐞𝐬 𝐀′ ≡ (𝛑 − 𝟐𝐀),𝐁′ ≡ (𝛑 − 𝟐𝐁) 𝒂𝐧𝐝 
𝐂′ ≡ (𝛑− 𝟐𝐂) & 𝐭𝐡𝐞𝐧 ∶ 𝐜𝐨𝐬𝐀′ 𝐜𝐨𝐬𝐁′ 𝐜𝐨𝐬 𝐂′ = 𝐜𝐨𝐬(𝛑 − 𝟐𝐀) 𝐜𝐨𝐬(𝛑 − 𝟐𝐁) 𝐜𝐨𝐬(𝛑 − 𝟐𝐂) 

= − 𝐜𝐨𝐬𝟐𝐀𝐜𝐨𝐬 𝟐𝐁𝐜𝐨𝐬 𝟐𝐂 = 𝟏 + 𝟒 𝐜𝐨𝐬𝐀𝐜𝐨𝐬 𝐁𝐜𝐨𝐬 𝐂 > 0 
(∵ ∆ 𝐀𝐁𝐂 𝐛𝐞𝐢𝐧𝐠 𝒂𝐜𝐮𝐭𝐞 ⇒ 𝐜𝐨𝐬 𝐀𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 > 0) ⇒ ∆ 𝐀′𝐁′𝐂′ 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞 𝒂𝐧𝐝 𝐡𝐞𝐧𝐜𝐞, 

𝐢𝐦𝐩𝒍𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 ① 𝐨𝐧 ∆ 𝐀′𝐁′𝐂′, 𝐰𝐞 𝐠𝐞𝐭 ∶ 

∑
𝐭𝒂𝐧𝟐

𝛑 − 𝟐𝐁
𝟐 𝐭𝒂𝐧𝟐

𝛑 − 𝟐𝐂
𝟐

𝐭𝒂𝐧
𝛑 − 𝟐𝐀
𝟐 . (𝐭𝒂𝐧

𝛑 − 𝟐𝐁
𝟐 + 𝐭𝒂𝐧

𝛑 − 𝟐𝐂
𝟐 )𝐜𝐲𝐜

≥
𝟏

𝟐
 

⇒∑
𝐜𝐨𝐭𝟐 𝐁 𝐜𝐨𝐭𝟐 𝐂

𝐜𝐨𝐭 𝐀 (𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭 𝐂)
𝐜𝐲𝐜

≥
𝟏

𝟐
 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3985. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝟑 ≤ √∑𝒎𝒂

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒂
𝒄𝒚𝒄

≤
𝟑𝑹

𝟐𝒓
 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 

∑𝒎𝒂

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒂
𝒄𝒚𝒄

≥ 𝟗 ⟹ √∑𝒎𝒂

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒂
𝒄𝒚𝒄

≥ 𝟑    

∑𝒎𝒂

𝒄𝒚𝒄

≤
𝟗𝑹

𝟐
    (𝑮𝒐𝒕𝒎𝒂𝒏)  

𝒎𝒂 ≥ 𝒉𝒂 ⟹
𝟏

𝒎𝒂
≤
𝟏

𝒉𝒂
⟹∑

𝟏

𝒎𝒂
𝒄𝒚𝒄

≤∑
𝟏

𝒉𝒂
𝒄𝒚𝒄

=
𝟏

𝒓
 

√∑𝒎𝒂

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒂
𝒄𝒚𝒄

≤ √
𝟗𝑹

𝟐
∙
𝟏

𝒓
≤
𝟑𝑹

𝟐𝒓
⟺
𝟗𝑹

𝟐𝒓
≤
𝟗𝑹𝟐

𝟒𝒓𝟐
⟺𝟐𝒓 ≤ 𝑹 (𝑬𝒖𝒍𝒆𝒓) 

𝟑 ≤ √∑𝒎𝒂

𝒄𝒚𝒄

.∑
𝟏

𝒎𝒂
𝒄𝒚𝒄

≤
𝟑𝑹

𝟐𝒓
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 
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3986. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒓𝒂
𝒃
+
𝒓𝒃
𝒄
+
𝒓𝒄
𝒂
≥ 𝟑√𝟑 ⋅

𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam 

Solution by Daniel Sitaru – Romania  

𝒓𝒂
𝒃
+
𝒓𝒃
𝒄
+
𝒓𝒄
𝒂
=∑

𝒓𝒂
𝒃

𝒄𝒚𝒄

=∑
𝑭

𝒃(𝒔 − 𝒂)
𝒄𝒚𝒄

= 

= 𝑭∑
𝟏

𝒃(𝒔 − 𝒂)
𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴 𝟑𝑭

√𝒂𝒃𝒄(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝟑

= 

=
𝟑𝑭

√𝟒𝑹𝒓𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝟑

=
𝟑𝑭

√𝟒𝑹𝒓𝑭𝟐
𝟑 = 

=
𝟑𝑭

√𝟒𝑹𝒓𝒓𝟐𝒔𝟐
𝟑 =

𝟑𝑭

𝒓 ⋅ √𝟒𝑹𝒔𝟐
𝟑 =

𝟑𝒓𝒔

𝒓 ⋅ √𝟒𝑹𝒔𝟐
𝟑 ≥

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟑𝒔

√𝟒𝑹 (
𝟑√𝟑𝑹
𝟐 )

𝟐
𝟑

≥
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

 

≥
𝟑 ⋅ 𝟑√𝟑𝒓

√𝟒𝑹 ⋅
𝟐𝟕𝑹𝟐

𝟒

𝟑

=
𝟗√𝟑𝒓

𝟑𝑹
= 𝟑√𝟑 ⋅

𝒓

𝑹
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

3987. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
≥
𝟑𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝐬𝐢𝐧
𝑨

𝟐
+ 𝐬𝐢𝐧

𝑩

𝟐
+ 𝐬𝐢𝐧

𝑪

𝟐
≥

𝑱𝑬𝑵𝑺𝑬𝑵

𝟑 𝐬𝐢𝐧

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
= 𝟑 𝐬𝐢𝐧

𝝅

𝟔
= 𝟑 ⋅

𝟏

𝟐
≥ 𝟑 ⋅

𝒓

𝑹
 

 

Equality holds for 𝑨 = 𝑩 = 𝑪. 

3988. In 𝚫𝑨𝑩𝑪 the following relationship holds: 
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𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧 𝑩 + 𝐬𝐢𝐧𝑪 ≥ 𝟑√𝟑 ⋅
𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝐬𝐢𝐧 𝑨 + 𝐬𝐢𝐧𝑩 + 𝐬𝐢𝐧𝑪 =∑𝐬𝐢𝐧𝑨

𝒄𝒚𝒄

=∑
𝒂

𝟐𝑹
𝒄𝒚𝒄

= 

=
𝟏

𝟐𝑹
(𝒂 + 𝒃 + 𝒄) =

𝟐𝒔

𝟐𝑹
=
𝒔

𝑹
≥

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪 𝟑√𝟑𝒓

𝑹
 

 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
 
3989. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝟕𝒓
𝟑 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟐𝑭

𝒂
⋅
𝟐𝑭

𝒃
⋅
𝟐𝑭

𝒄
=
𝟖𝑭𝟑

𝒂𝒃𝒄
=
𝟖𝑭𝟑

𝟒𝑹𝑭
=
𝟐𝑭𝟐

𝑹
=
𝟐𝒓𝟐𝒔𝟐

𝑹
 

We must prove that: 

𝟐𝒓𝟐𝒔𝟐

𝑹
≥ 𝟐𝟕𝒓𝟑 ⇔

𝟐𝒔𝟐

𝑹
≥ 𝟐𝟕𝒓 ⇔ 𝟐𝟕𝒓 ⇔ 𝟐𝒔𝟐 ≥ 𝟐𝟕𝑹𝒓 

𝟐𝒔𝟐 ≥
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) ≥ 𝟐𝟕𝑹𝒓 

𝟑𝟐𝑹𝒓 − 𝟏𝟎𝒓𝟐 ≥ 𝟐𝟕𝑹𝒓 

𝟓𝑹𝒓 ≥ 𝟏𝟎𝒓𝟐 

𝑹 ≥ 𝟐𝒓   (Euler) 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

3990. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒉𝒂 + 𝒉𝒃
𝒂

+
𝒉𝒃 + 𝒉𝒄
𝒃

+
𝒉𝒄 + 𝒉𝒂
𝒄

≥ 𝟔√𝟑 ⋅
𝒓

𝑹
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Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

Lemma: In 𝚫𝑨𝑩𝑪 holds: 

𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝟕𝒓
𝟑 

Proof: 

𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟖𝑭𝟑

𝒂𝒃𝒄
=
𝟖𝑭𝟑

𝟒𝑹𝑭
=
𝟐𝑭𝟐

𝑹
=
𝟐𝒓𝟐𝒔𝟐

𝑹
 

𝟐𝒓𝟐𝒔𝟐

𝑹
≥ 𝟐𝟕𝒓𝟑 ⇔

𝟐𝒔𝟐

𝑹
≥ 𝟐𝟕𝒓 ⇔ 𝟐𝒔𝟐 ≥ 𝟐𝟕𝑹𝒓 

𝟐𝒔𝟐 ≥
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) ≥ 𝟐𝟕𝑹𝒓 

𝟑𝟐𝑹𝒓 − 𝟏𝟎𝒓𝟐 ≥ 𝟐𝟕𝑹𝒓 ⇔ 𝑹 ≥ 𝟐𝒓   (Euler) 

Back to the problem: 

∑
𝒉𝒂 + 𝒉𝒃
𝒂

𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴

𝟑√
(𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒄 + 𝒉𝒂)

𝒂𝒃𝒄

𝟑

≥ 

≥
𝑪𝑬𝑺𝑨𝑹𝑶

𝟑√
𝟖𝒉𝒂𝒉𝒃𝒉𝒄
𝟒𝑹𝑭

𝟑

≥
𝑳𝒆𝒎𝒎𝒂

𝟑√
𝟖 ⋅ 𝟐𝟕𝒓𝟑

𝟒𝑹𝒓𝒔

𝟑

= 𝟑 ⋅ 𝟐 ⋅ 𝟑𝒓 ⋅ √
𝟏

𝟒𝒓𝒔

𝟑

=
𝟏𝟖𝒓

√𝟐𝑹𝟐𝒔
𝟑 ≥

𝑬𝑼𝑳𝑬𝑹
 

≥
𝟏𝟖𝒓

√𝟒𝑹 ⋅
𝑹
𝟐 ⋅ 𝒔

𝟑
=

𝟏𝟖𝒓

√𝟐𝑹𝟐𝒔
𝟑 ≥

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪
 

≥
𝟏𝟖𝒓

√𝟐𝑹𝟐 ⋅
𝟑√𝟑
𝟐 ⋅ 𝑹

𝟑
=

𝟏𝟖𝒓

√(𝑹√𝟑)
𝟑𝟑
=
𝟏𝟖𝒓

√𝟑𝑹
=
𝟏𝟖√𝟑𝒓

𝟑𝑹
= 𝟔√𝟑 ⋅

𝒓

𝑹
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

3991. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒄𝒔𝒄𝟓 (
𝑨
𝟐
)

𝒂
+
𝒄𝒔𝒄𝟓 (

𝑩
𝟐
)

𝒃
+
𝒄𝒔𝒄𝟓 (

𝑪
𝟐
)

𝒄
≥
𝟑𝟐√𝟑

𝑹
 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Mirsadix Muzefferov-Azerbaijan 
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𝒄𝒔𝒄𝟓 (
𝑨
𝟐)

𝒂
+
𝒄𝒔𝒄𝟓 (

𝑩
𝟐)

𝒃
+
𝒄𝒔𝒄𝟓 (

𝑪
𝟐)

𝒄
≥⏞

𝑯𝒐𝒍𝒅𝒆𝒓 (𝒄𝒔𝒄
𝑨
𝟐 + 𝒄𝒔𝒄

𝑩
𝟐 + 𝒄𝒔𝒄

𝑪
𝟐)

𝟓

𝟑𝟓−𝟐(𝒂 + 𝒃 + 𝒄)
≥⏞

𝑨𝑴−𝑮𝑴

 

≥

(𝟑 (∏ 𝒄𝒔𝒄
𝑨
𝟐𝒄𝒚𝒄 )

𝟏
𝟑
)

𝟓

𝟐𝟕. 𝟐𝒔
=

𝟗(∏
𝟏

𝒔𝒊𝒏
𝑨
𝟐

)

𝟓
𝟑

𝟐𝒔
=
𝟗 (
𝟒𝑹
𝒓 )

𝟓
𝟑

𝟐𝒔
≥⏞

𝑬𝒖𝒍𝒆𝒓

 

≥
𝟗. (𝟖)

𝟓
𝟑

𝟐𝒔
≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟗 ∙ 𝟑𝟐

𝟑√𝟑𝑹
=
𝟑𝟐√𝟑

𝑹
   

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

3992. Prove that: 

𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

−
𝟏

𝐬𝐢𝐧𝟐
𝝅
𝟗

=
𝟖√𝟑

𝟑
(−𝟐 𝐬𝐢𝐧

𝟒𝝅

𝟗
+ 𝐬𝐢𝐧

𝝅

𝟗
) 

Proposed by Vasile Mircea Popa-Romania 
Solution by Tapas Das-India 

𝑳𝒆𝒕
𝝅

𝟗
= 𝑨 𝒕𝒉𝒆𝒏  𝟗𝑨 = 𝝅, 𝒔𝒊𝒏𝟓𝑨 = 𝒔𝒊𝒏(𝟗𝑨 − 𝟒𝑨) = 𝒔𝒊𝒏(𝝅 − 𝟒𝑨) = 𝒔𝒊𝒏𝟒𝑨 (𝟏) 

 𝑳.𝑯. 𝑺 =
𝟏

𝐬𝐢𝐧𝟐
𝟒𝝅
𝟗

−
𝟏

𝐬𝐢𝐧𝟐
𝝅
𝟗

=
𝟏

𝐬𝐢𝐧𝟐 𝟒𝑨
−

𝟏

𝐬𝐢𝐧𝟐 𝑨
=
𝐬𝐢𝐧𝟐 𝑨 − 𝐬𝐢𝐧𝟐 𝟒𝑨

. 𝐬𝐢𝐧𝟐 𝟒𝑨𝐬𝐢𝐧𝟐 𝑨
= −

𝒔𝒊𝒏𝟓𝑨. 𝒔𝒊𝒏𝟑𝑨

. 𝐬𝐢𝐧𝟐 𝟒𝑨 𝐬𝐢𝐧𝟐 𝑨
 

=
(𝟏)
−

. 𝒔𝒊𝒏𝟑𝑨

𝒔𝒊𝒏𝟒𝑨 𝐬𝐢𝐧𝟐 𝑨
=
 
𝝅
𝟗
=𝑨

−
.
√𝟑
𝟐

𝒔𝒊𝒏𝟒𝑨𝐬𝐢𝐧𝟐 𝑨
=

√𝟑

𝟐𝒔𝒊𝒏𝟒𝑨 𝐬𝐢𝐧𝟐 𝑨
  

𝑹.𝑯. 𝑺 =
𝟖√𝟑

𝟑
(−𝟐𝐬𝐢𝐧

𝟒𝝅

𝟗
+ 𝐬𝐢𝐧

𝝅

𝟗
) =

𝟖√𝟑

𝟑
(−𝟐𝐬𝐢𝐧 𝟒𝑨 + 𝐬𝐢𝐧 𝑨)  

 𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 
√𝟑

𝟐𝒔𝒊𝒏𝟒𝑨𝐬𝐢𝐧𝟐 𝑨
=
𝟖√𝟑

𝟑
(−𝟐𝐬𝐢𝐧 𝟒𝑨 + 𝐬𝐢𝐧𝑨)  𝒐𝒓 

−𝟑 = 𝟏𝟔𝐬𝐢𝐧𝟑 𝑨𝒔𝒊𝒏𝟒𝑨 − 𝟑𝟐𝐬𝐢𝐧𝟐 𝑨 𝐬𝐢𝐧𝟐 𝟒𝑨 (𝟏) 

 𝟏𝟔 𝐬𝐢𝐧𝟑 𝑨 𝒔𝒊𝒏𝟒𝑨 = 𝟒(𝟑𝒔𝒊𝒏𝑨 − 𝒔𝒊𝒏𝟑𝑨)𝒔𝒊𝒏𝟒𝑨 =
 
𝝅
𝟗
=𝑨

𝟒(𝟑𝒔𝒊𝒏𝑨 −
√𝟑

𝟐
) 𝒔𝒊𝒏𝟒𝑨 = 

= 𝟏𝟐𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝟒𝑨 − 𝟐√𝟑 𝒔𝒊𝒏𝟒𝑨

= 𝟔(𝒄𝒐𝒔𝟑𝑨 − 𝒄𝒐𝒔𝟓𝑨) − 𝟐√𝟑 𝒔𝒊𝒏𝟒𝑨 =
 
𝝅
𝟗
=𝑨

𝟑 + 𝟔𝒄𝒐𝒔𝟒𝑨 − 𝟐√𝟑 𝒔𝒊𝒏𝟒𝑨  

𝟑𝟐 𝐬𝐢𝐧𝟐 𝑨𝐬𝐢𝐧𝟐 𝟒𝑨 = 𝟖(𝟐𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝟒𝑨)𝟐 = 𝟖(𝒄𝒐𝒔𝟑𝑨 − 𝒄𝒐𝒔𝟓𝑨)𝟐 =
 
𝝅
𝟗
=𝑨

𝟖(
𝟏

𝟐
− 𝒄𝒐𝒔𝟓𝑨)

𝟐

= 

= 𝟐 − 𝟖𝒄𝒐𝒔𝟓𝑨 + 𝟖 𝐜𝐨𝐬𝟐 𝟓𝑨 =
 
𝝅
𝟗
=𝑨

𝟐 + 𝟖𝒄𝒐𝒔𝟒𝑨 + 𝟖𝐜𝐨𝐬𝟐 𝟒𝑨  = 𝟔 + 𝟖𝒄𝒐𝒔𝟓𝑨 + 𝟒𝒄𝒐𝒔𝟖𝑨 
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𝟏𝟔 𝐬𝐢𝐧𝟑 𝑨𝒔𝒊𝒏𝟒𝑨 − 𝟑𝟐𝐬𝐢𝐧𝟐 𝑨 𝐬𝐢𝐧𝟐 𝟒𝑨

= (𝟑 + 𝟔𝒄𝒐𝒔𝟒𝑨 − 𝟐√𝟑 𝒔𝒊𝒏𝟒𝑨 ) − (𝟔 + 𝟖𝒄𝒐𝒔𝟒𝑨 + 𝟒𝒄𝒐𝒔𝟖𝑨)

= −𝟑 − 𝟐𝒄𝒐𝒔𝟒𝑨 − 𝟐√𝟑𝒔𝒊𝒏𝟒𝑨 − 𝟒𝒄𝒐𝒔𝟖𝑨

= −𝟑 − 𝟒(
𝟏

𝟐
𝒄𝒐𝒔𝟒𝑨 +

√𝟑

𝟐
𝒔𝒊𝒏𝟒𝑨) − 𝟒𝒄𝒐𝒔𝟖𝑨 

=
 
𝝅
𝟗
=𝑨

− 𝟑 − 𝟒 𝐜𝐨𝐬 (
𝟒𝝅

𝟗
−
𝝅

𝟑
) − 𝟒𝐜𝐨𝐬 (

𝟖𝝅

𝟗
) = −𝟑 − 𝟒 𝐜𝐨𝐬 (

𝝅

𝟗
) − 𝟒𝐜𝐨𝐬 (𝝅 −

𝝅

𝟗
)

= −𝟑 − 𝟒 𝐜𝐨𝐬 (
𝝅

𝟗
) + 𝟒𝐜𝐨𝐬 (

𝝅

𝟗
) = −𝟑  

𝒔𝒐 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 (𝟏)  𝒊𝒔  𝒕𝒓𝒖𝒆 
 

3993. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐∑
𝐡𝒂 − 𝐫

𝒈𝒂 − 𝐧𝒂 +√𝟒𝐫
𝟐 + (𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+∑
𝐡𝒂

𝐧𝒂 + 𝐬
𝐜𝐲𝐜

=
𝒈𝒂 + 𝒈𝐛 + 𝒈𝐜 + 𝐬

𝟐𝐫
 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟐(𝐡𝒂 − 𝐫)

𝒈𝒂 − 𝐧𝒂 +√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
+

𝐡𝒂
𝐧𝒂 + 𝐬

=
? 𝒈𝒂 + 𝐬 − 𝒂

𝟐𝐫
⇔

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

𝟐 (
𝟐𝐫𝐬
𝒂 − 𝐫)

𝒈𝒂 − 𝐧𝒂 +
𝒂𝐧𝒂
𝐬

+
𝐡𝒂(𝐬 − 𝐧𝒂)

𝐬𝟐 − 𝐧𝒂𝟐
=
? 𝒈𝒂 + 𝐬 − 𝒂

𝟐𝐫
⇔

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

𝟐𝐫𝐬 (
𝐛 + 𝐜
𝒂
)

𝐬𝒈𝒂 − (𝐬 − 𝒂)𝐧𝒂
+
𝐡𝒂(𝐬 − 𝐧𝒂)

𝟐𝐡𝒂𝐫𝒂
=
? 𝒈𝒂 + 𝐬 − 𝒂

𝟐𝐫
 

⇔
𝟐𝐫𝐬 (

𝐛 + 𝐜
𝒂 )

𝐬𝒈𝒂 − (𝐬 − 𝒂)𝐧𝒂
=
? 𝒈𝒂 + 𝐬 − 𝒂

𝟐𝐫
−
(𝐬 − 𝒂)(𝐬 − 𝐧𝒂)

𝟐𝐫𝐬
 

⇔
𝟐𝐫𝐬 (

𝐛 + 𝐜
𝒂 )

𝐬𝒈𝒂 − (𝐬 − 𝒂)𝐧𝒂
=
? 𝐬𝒈𝒂 + 𝐬(𝐬 − 𝒂) − 𝐬(𝐬 − 𝒂) + (𝐬 − 𝒂)𝐧𝒂

𝟐𝐫𝐬
 

⇔ 𝟒𝐫𝟐𝐬𝟐 (
𝐛 + 𝐜

𝒂
) =

?
⏟
(∗)

(𝐬𝒈𝒂 + (𝐬 − 𝒂)𝐧𝒂)(𝐬𝒈𝒂 − (𝐬 − 𝒂)𝐧𝒂) 

𝐍𝐨𝐰, (𝐬𝒈𝒂 + (𝐬 − 𝒂)𝐧𝒂)(𝐬𝒈𝒂 − (𝐬 − 𝒂)𝐧𝒂) = 𝐬
𝟐𝒈𝒂

𝟐 − (𝐬 − 𝒂)𝟐𝐧𝒂
𝟐 =
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

(𝐬𝟐((𝐬 − 𝒂)𝟐 + 𝟐𝐫𝐡𝒂) − (𝐬 − 𝒂)
𝟐(𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂)) = 𝟐𝐫𝐬

𝟐𝐡𝒂 + 𝟐𝐡𝒂(𝐬 − 𝒂)
𝟐.

𝐫𝐬

𝐬 − 𝒂
 

= 𝟐𝐫𝐬𝐡𝒂(𝐬 + 𝐬 − 𝒂) = 𝟐𝐫𝐬.
𝟐𝐫𝐬

𝒂
. (𝐛 + 𝐜) = 𝟒𝐫𝟐𝐬𝟐 (

𝐛 + 𝐜

𝒂
) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴
𝟐(𝐡𝒂 − 𝐫)

𝒈𝒂 − 𝐧𝒂 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
+

𝐡𝒂
𝐧𝒂 + 𝐬

=
𝒈𝒂 + 𝐬 − 𝒂

𝟐𝐫
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒ 𝟐∑
𝐡𝒂 − 𝐫

𝒈𝒂 − 𝐧𝒂 +√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐𝐜𝐲𝐜

+∑
𝐡𝒂

𝐧𝒂 + 𝐬
𝐜𝐲𝐜

=
𝟏

𝟐𝐫
.∑𝒈𝒂
𝐜𝐲𝐜

+
𝟏

𝟐𝐫
∑(𝐬 − 𝒂)

𝐜𝐲𝐜

 

=
𝟏

𝟐𝐫
.∑𝒈𝒂
𝐜𝐲𝐜

+
𝐬

𝟐𝐫
 𝒂𝐧𝐝 𝐬𝐨, 𝟐∑

𝐡𝒂 − 𝐫

𝒈𝒂 − 𝐧𝒂 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐𝐜𝐲𝐜

+∑
𝐡𝒂

𝐧𝒂 + 𝐬
𝐜𝐲𝐜

= 

𝒈𝒂 + 𝒈𝐛 + 𝒈𝐜 + 𝐬

𝟐𝐫
  ∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

3994. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
𝟏

𝒂
√

𝒃𝟐 + 𝒄𝟐

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
𝒄𝒚𝒄

≤ √𝟐
𝑹

𝟒𝒓𝟐
 

Proposed by Kostantinos Geronikolas-Greece 
 
 
 
Solution by Mirsadix Muzefferov-Azerbaijan 
It is known that: 

∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

≤
𝟏

𝟒𝒓𝟐
 

𝒃𝟐 + 𝒄𝟐

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
≤⏞
𝑨−𝑮𝒃𝟐 + 𝒄𝟐

𝟑𝒃𝒄
=
𝟏

𝟑
(
𝒃

𝒄
+
𝒄

𝒃
) 

𝑨𝒏𝒂𝒍𝒐𝒈𝒐𝒖𝒔:  

𝒃𝟐 + 𝒂𝟐

𝒂𝟐 + 𝒃𝒂 + 𝒃𝟐
≤⏞
𝑨−𝑮𝟏

𝟑
(
𝒂

𝒃
+
𝒃

𝒂
) ;  

𝒄𝟐 + 𝒂𝟐

𝒂𝟐 + 𝒄𝒂 + 𝒄𝟐
≤⏞
𝑨−𝑮𝟏

𝟑
(
𝒂

𝒄
+
𝒄

𝒂
) (𝟏) 

𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
≤⏞
𝑪𝑩𝑺

√∑𝒂𝟐

𝒄𝒚𝒄

∙ √∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

≤⏞
𝑳𝑬𝑰𝑩𝑵𝑰𝒁

√𝟗𝑹𝟐 ∙ √
𝟏

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

𝑨𝒏𝒂𝒍𝒐𝒈𝒐𝒖𝒔:  
𝒃

𝒂
+
𝒂

𝒄
+
𝒄

𝒃
≤
𝟑𝑹

𝟐𝒓
 (𝟐) 

∑
𝟏

𝒂
√

𝒃𝟐 + 𝒄𝟐

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
𝒄𝒚𝒄

≤⏞
𝑪−𝑩−𝑺

√∑
𝟏

𝒂𝟐
𝒄𝒚𝒄

. √∑
𝒃𝟐 + 𝒄𝟐

𝒃𝟐 + 𝒃𝒄 + 𝒄𝟐
𝒄𝒚𝒄

≤⏞
(𝟏)

 

≤ √
𝟏

𝟒𝒓𝟐
. √
𝟏

𝟑
(
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
) +

𝟏

𝟑
(
𝒃

𝒂
+
𝒂

𝒄
+
𝒄

𝒃
) ≤⏞
(𝟐)
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≤
𝟏

𝟐𝒓
√
𝟏

𝟑
.
𝟑𝑹

𝟐𝒓
+
𝟏

𝟑
.
𝟑𝑹

𝟐𝒓
=
𝟏

𝟐𝒓
√
𝑹

𝒓
=
𝟏

𝟐𝒓
√
𝟒𝑹𝒓

𝟒𝒓𝟐
=

𝟏

𝟒𝒓𝟐
√𝟒𝑹𝒓 ≤⏞

𝑬𝒖𝒍𝒆𝒓 𝟏

𝟒𝒓𝟐
√𝟐𝑹𝟐 = √𝟐

𝑹

𝟒𝒓𝟐
  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

 
3995. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐭𝒂𝐧

𝐀
𝟐

𝐭𝒂𝐧𝟐
𝐁
𝟐𝐜𝐲𝐜

≥ 𝟑√𝟑 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐭𝒂𝐧

𝐀
𝟐

𝐭𝒂𝐧𝟐
𝐁
𝟐𝐜𝐲𝐜

= 𝐬∑
𝐫𝒂

𝐫𝐛
𝟐

𝐜𝐲𝐜

= 𝐬.∑
(
𝟏
𝐫𝐛
)
𝟐

𝟏
𝐫𝒂

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝐬.
(∑

𝟏
𝐫𝒂𝐜𝐲𝐜 )

𝟐

∑
𝟏
𝐫𝒂𝐜𝐲𝐜

=
𝐬.
𝟏
𝐫𝟐

𝟏
𝐫

=
𝐬

𝐫
 

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟑√𝟑 𝒂𝐧𝐝 𝐬𝐨,∑
𝐭𝒂𝐧

𝐀
𝟐

𝐭𝒂𝐧𝟐
𝐁
𝟐𝐜𝐲𝐜

≥ 𝟑√𝟑  ∀ ∆ 𝐀𝐁𝐂, 

 
′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃 

 

3996. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝟏

𝒉𝒂
𝟐 ≤∑

𝟏

𝒓𝒂
𝟐 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

∑
𝟏

𝒉𝒂𝟐
=

𝟏

𝟒𝑭𝟐
∑𝒂𝟐 =

𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝒔𝟐𝒓𝟐
 

∑
𝟏

𝒓𝒂𝟐
= (∑

𝟏

𝒓𝒂
)
𝟐

− 𝟐∑
𝟏

𝒓𝒂𝒓𝒃
=
𝟏

𝒓𝟐
−
𝟐(𝟒𝑹+ 𝒓)

𝒔𝟐𝒓
=
𝒔𝟐 − 𝟐𝒓(𝟒𝑹 + 𝒓)

𝒔𝟐𝒓𝟐
 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘:  
𝒔𝟐 − 𝟐𝒓(𝟒𝑹 + 𝒓)

𝒔𝟐𝒓𝟐
≥
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝒔𝟐𝒓𝟐
 

𝟐𝒔𝟐 − 𝟒𝒓(𝟒𝑹 + 𝒓) ≥ 𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓 
𝒔𝟐 ≥  𝟒𝒓(𝟒𝑹+ 𝒓) − 𝒓𝟐 − 𝟒𝑹𝒓 
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𝒔𝟐 ≥  𝟏𝟔𝑹𝒓 + 𝟒𝒓𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓 
 

𝒔𝟐 ≥  𝟏𝟐𝑹𝒓 + 𝟑𝒓𝟐 

𝒔𝟐 ≥⏞
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥  𝟏𝟐𝑹𝒓 + 𝟑𝒓𝟐 
𝟒𝑹𝒓 ≥ 𝟖𝒓𝟐 

𝑹 ≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟐𝒓 
Equality holds for an equilateral triangle. 

 

3997. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝑨𝑰 ⋅ 𝑩𝑰 ⋅ 𝑪𝑰

𝒂𝒃𝒄
≤

𝟏

𝟑√𝟑
 

Proposed by Nguyen Hung Cuong – Vietnam  

 

Solution by Daniel Sitaru – Romania  

𝑨𝑰 ⋅ 𝑩𝑰 ⋅ 𝑪𝑰

𝒂𝒃𝒄
=

𝒓

𝐬𝐢𝐧
𝑨
𝟐

⋅
𝒓

𝐬𝐢𝐧
𝑩
𝟐

⋅
𝒓

𝐬𝐢𝐧
𝑪
𝟐

𝒂𝒃𝒄
=

𝒓𝟑

𝒂𝒃𝒄 𝐬𝐢𝐧
𝑨
𝟐 𝐬𝐢𝐧

𝑩
𝟐 𝐬𝐢𝐧

𝑪
𝟐

= 

=
𝒓𝟑

𝒂𝒃𝒄√
(𝒔 − 𝒃)(𝒔 − 𝒄)(𝒔 − 𝒂)(𝒔 − 𝒄)(𝒔 − 𝒂)(𝒔 − 𝒃)

𝒃𝒄 ⋅ 𝒂𝒄 ⋅ 𝒂𝒃

= 

=
𝒓𝟑

𝒂𝒃𝒄 ⋅
(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂𝒃𝒄

=
𝒓𝟑𝒔

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
= 

=
𝒓𝟑𝒔

𝑭𝟐
=
𝒓𝟑𝒔

𝒓𝟐𝒔𝟐
=
𝒓

𝒔
≤

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪
 
𝒓

𝟑√𝟑𝒓
=

𝟏

𝟑√𝟑
 

 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

3998. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒂 + 𝒃

𝒉𝒂
+
𝒃 + 𝒄

𝒉𝒃
+
𝒄 + 𝒂

𝒉𝒄
≥ 𝟒√𝟑 
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Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝒂 + 𝒃

𝒉𝒂
+
𝒃 + 𝒄

𝒉𝒃
+
𝒄 + 𝒂

𝒉𝒄
=∑

𝒂+ 𝒃

𝒉𝒂
𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴

 

≥ 𝟑√
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝒉𝒂𝒉𝒃𝒉𝒄

𝟑

≥
𝑪𝑬𝑺𝑨𝑹𝑶

𝟑√
𝟖𝒂𝒃𝒄

𝟐𝑭
𝒂 ⋅

𝟐𝑭
𝒃 ⋅

𝟐𝑭
𝒄

𝟑
= 

= 𝟑√
(𝒂𝒃𝒄)𝟐

𝑭𝟑

𝟑

= 𝟑√
𝟏𝟔𝑹𝟐𝑭𝟐

𝑭𝟑

𝟑

= 𝟑√
𝟏𝟔𝑹𝟐

𝑭

𝟑

≥
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟑√
𝟏𝟔 ⋅

𝟒
𝟐𝟕𝒔

𝟐

𝒓𝒔

𝟑

= 𝟑 ⋅
𝟒

𝟑
√
𝒔

𝒓

𝟑
≥ 

≥
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟒√
𝟑√𝟑𝒓

𝒓

𝟑

= 𝟒√(√𝟑)
𝟑𝟑

= 𝟒√𝟑 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

3999. In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝐜𝐨𝐬
𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
≥ 𝟑√𝟑 ⋅

𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

𝐜𝐨𝐬
𝑨

𝟐
+ 𝐜𝐨𝐬

𝑩

𝟐
+ 𝐜𝐨𝐬

𝑪

𝟐
≥

𝑨𝑴−𝑮𝑴
𝟑√𝐜𝐨𝐬

𝑨

𝟐
𝐜𝐨𝐬

𝑩

𝟐
𝐜𝐨𝐬

𝑪

𝟐

𝟑

= 

= 𝟑√√
𝒔(𝒔 − 𝒂) ⋅ 𝒔(𝒔 − 𝒃) ⋅ 𝒔(𝒔 − 𝒄)

𝒃𝒄 ⋅ 𝒂𝒄 ⋅ 𝒂𝒃

𝟑

= 

= 𝟑√
𝒔𝟑(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

(𝒂𝒃𝒄)𝟐

𝟔

= 𝟑√
𝒔𝟐𝑭𝟐

(𝒂𝒃𝒄)𝟐

𝟔

= 𝟑√
𝒔𝑭

𝒂𝒃𝒄

𝟑

= 𝟑√
𝒔𝑭

𝟒𝑹𝑭

𝟑

= 𝟑√
𝒔

𝟒𝑹

𝟑
 

Remains to prove: 

𝟑√
𝒔

𝟒𝑹

𝟑
≥ 𝟑√𝟑 ⋅

𝒓

𝑹
⇔

𝒔

𝟒𝑹
≥ 𝟑√𝟑 ⋅

𝒓𝟑

𝑹𝟑
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𝒔𝑹𝟑 ≥ 𝟏𝟐√𝟑𝑹𝒓𝟑 ⇔ 𝒔𝑹𝟐 ≥ 𝟏𝟐√𝟑𝒓𝟑    (to prove) 

𝒔𝑹𝟐 ≥
𝑬𝑼𝑳𝑬𝑹

𝒔 ⋅ (𝟐𝒓)𝟐 ≥
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

𝟑√𝟑𝒓 ⋅ 𝟒𝒓𝟐 = 𝟏𝟐√𝟑𝒓𝟑 

 

Equality holds for 𝑨 = 𝑩 = 𝑪. 

 
4000. 𝐈𝐟 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝒉𝒐𝒍𝐝𝐬 ∶ 

𝐬𝐢𝐧
𝐀

𝟐
+ 𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
≥ 𝟏 +

𝐫

𝐑
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

(∑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

=∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐜𝐲𝐜

+ 𝟐∑(𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
)

𝐜𝐲𝐜

=
𝟐𝐑 − 𝐫

𝟐𝐑
+
𝟐𝐫

𝟒𝐑
.∑𝐜𝐬𝐜

𝐀

𝟐
𝐜𝐲𝐜

 

≥
𝐉𝐞𝐧𝐬𝐞𝐧 𝟐𝐑 − 𝐫

𝟐𝐑
+
𝐫

𝟐𝐑
. 𝟑 𝐜𝐬𝐜

𝛑

𝟔
 (∵ 𝐟(𝒙) = 𝐜𝐬𝐜

𝒙

𝟐
 ∀ 𝒙 ∈ (𝟎, 𝛑) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙) =

𝟐𝐑 − 𝐫

𝟐𝐑
+
𝟔𝐫

𝟐𝐑
 

=
𝟐𝐑 + 𝟓𝐫

𝟐𝐑
≥
? (𝐑 + 𝐫)𝟐

𝐑𝟐
⇔ 𝟓𝐑𝐫 ≥

?
𝟒𝐑𝐫 + 𝟐𝐫𝟐 ⇔ 𝐑 ≥

?
𝟐𝐫 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝒍𝐞𝐫 

∴ (∑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

)

𝟐

≥ (𝟏 +
𝐫

𝐑
)
𝟐

⇒ 𝐬𝐢𝐧
𝐀

𝟐
+ 𝐬𝐢𝐧

𝐁

𝟐
+ 𝐬𝐢𝐧

𝐂

𝟐
≥ 𝟏 +

𝐫

𝐑
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 
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