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3901. If in AABC we have:
. A . B 1
an2 an 2~ 3

then:
3sinC = 2sinA + 2sinB

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

A B 1 \[(s—b)(s—c) \/(s—a)(s—c) 1
5= ' 5

tanytans = sG—a) ss—b) 5

s—c 1
=—-—=55s—-5c=s=4s=5c=

s 5

=

=2a+2b+2c=5c=3c=2a+2b=

= 3-2RsinC =2 -2RsinA+ 2 - 2RsinB = 3sinC = 2sinA + 2sinB

3902. Prove that in AABC the following relationship holds:

a b c
—+—+—2>2V3
rp e Tq

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

a b MM abc
—+—+— = 3
L) re rq YalpTc

W =

1 1,.,., . . 1
4RF\3 _(AR\3"EVC 4 2p\3 6
(7o) =2G) = Gss) —m2¢
Fp p p3v3/ 3
Equality holds for a=b =c.

3903. In any A ABC the following relationship holds :

Z <S " p“\/%) (W“: W+ e ~ 1) <2V3(4R+1)

cyc

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

Fustei

and
n, 2 p2+ 2 1‘8“)2 iy
N2 A2\ o 32\ 2
(s(s —a)+ ® 4C) )(s(s —a)+ —S(b a © > > <s(s —a)+ S(SS(;Sa_l)_(Z)Z ©) )
(b—c)* (b-1c)? s(3s+ a)(b —c)?
TT32¢ T '(S(S_a)+ 2s + a)? >
s 1\ s(b—-c)* 7 s%2(3s+a)?(-c)*
= s(s—a)b-o)? (E + Z) + 4a = (2s + a)*
s(3s+a)(b—c)> (b-—c)* (b-—c)? sBs+a)b-c)*
25— —a g T3 TS Y T T oas e
s 1 2sBs+a)b—-0c)? 1
‘:’S(S‘“)<a+r s+ a)? _§>

s s?Bs+a)? 1 s(3s+ a) , 2
4a - - - > hA J— 2 >
(40 (2s+a)* 324 9(2s+ a)? (b-0*=0(:(b-0)*=0)
- s(s — a)(144s3 — 52s%a — 16sa? + 5a3)

36a(2s + a)?
1296s° — 772s*a — 608s3a? + 48s%a?® + 37sa* — a®
324a(2s + a)*
s(s—a) ((s — a)(144s? + 92sa + 76a?) + 81a3)
S +
36a(2s + a)?
(s — a) ((s — a)(1296s3 + 1820s%a + 1736sa? + 1700a3) + 1701a4) (b —c)? ,
>0
324a(2s + a)* -
(b —©)?
18
Bogdan Fustei
NgGa = m,w, — @ @'@ = (mana) (naga) = plzl' m,w,

w, w, Lessel—Pelling
>n, = g—.pa:> S+ Pa g_ (wa+wb+mc—na.\/§) <
a a

<s + pa.\/§> (s.V3 —1ng.v3) < (s + ny)(s. V3 — n,.V3)

.b—0)?%=0

- true (strict inequality) -~ m,n, > p2 + > p2 = m,n, > p2 - (1) and

Bogdan Fustei
( 2h,r, LT 52 nZ=s-n,> 0)
fﬂ _
(S + Pa- ga> (wa +wp + m —ng. \/§) - \/§ (SZ — ng) Bogdan Fustei \/§ 2h,r,
= = T h
ha - ha ha

4 | RMM-TRIANGLE MARATHON 3901-4000
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(s+pa.\%>(wa+wb+mc—na.\/§)
. h < 2v3.r, and analogs
Wa) (w, + wp, + m; — n,.v3)
< 2\/§.Zra =2V3.(4R + 1)

+ Pa-
N Z (S Pa ga)
h,
cyc
v A ABC,"” =" iff A ABC is equilateral (QED)

65
R+—.r

8
vhghy + \/hbhc + \/hcha = 6 9

Proposed by Dang Ngoc Minh-Vietnam

3904. In any A ABC the following relationship holds :

Solution by Soumava Chakraborty-Kolkata-India

Y Vb, = o> Vea ab

cyc

./bc(s —b)(s — c)>

cyc

1 a
_ﬁlz<\/(s—b)(s—c)

cyc

cBs 1 a’(s—a) bc
= \/Z '\/rzsz'z s(s—a)

rZs
cyc

= ﬁ.
cyc
1 |2s(s? —4Rr —r?%) — 2s(s?2 — 6Rr — 3r?2) A
=—. : sZ.Zsecz—
2R S 2
cyc

> | , A4R+1)2+52 2 8R+ 65r
:ﬁ' 4Rr + 4r-. |s-. 2 < 9

?
& (16R?% + 130Rr)? 81(4Rr +4r2)((4R 4+ r)? + s2)
)
R(4R + r)2>

Blundon—Gerretsen 81(4R 4 2 AR 2
<
< (4Rr+4r%)( 4R+ r)* + AR —2r

Now, LHS of ()

?
< (16R? + 130Rr)?
?
& 256t° — 2448t* + 7692t3 — 8207t% + 1053t + 162 >0 (t =<
(**

—

16689
t=> 2309 and then : LHS of (x*) =

RMM-TRIANGLE MARATHON 3901-4000
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64t% — 4t + 25 , 1632t—5949
(t-2) (4t—15)* + >0

4 4
(__ ‘> 16689 . 5949 .
774309 T 1632

16689
t< 4309 and then : LHS of (xx) =

641t% + 88t(t—2) +39(t2 —4) 16689 — 4309t
(t-2) 27 27 =

2) = (**) is true

> (3t—11)% +

2 Euler 16689
.o <
( = t< 4309

8
is true ¥ A ABC and so, /hhy, + \/hyh. + /hch, < 5
" =""iff A ABC is equilateral (QED)

) = (*) is true .. combining both cases, (x+) = (+)

65
R+?.rVABC,

3905. In any A ABC the following relationship holds :

Jmgmy, + /mym, + /m.m, <

74(a?b? + b%c? + c2a?) + 7(a* + b* + ¢*)
12(a? + b2 + c?)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z“’_:ZJbb:c'(b“) < /be—:c. /Z(b+c)
cyc cyc cyc cyc

4s 2(8Rrs2 + (s2 + 4Rr +r2)?2
= Z bc a2+Zab :\/( ( )

2s(s?2+ 2Rr +r2)’ s2 + 2Rr + r2

cyc cyc

2
Z, 7(Zeyca?)” + 60 Xy a?b?
=" 36 Yy a2

18(sZ — 4Rr — r?)
& 13s® — (240Rr — 29r%)s* + r?2(432R? + 176Rr + 47r%)s? +

B \j7(sz —4Rr — r2)2 + 15((s? + 4Rr + r2)% — 16Rrs?2)

?
r3(1280R3 + 1136R?r? + 328Rr? + 31r3)EO and ~ 13(s? — 16Rr + 5r%)3
()

Gerretsen ?
> 0 . inorder to prove (x),it suffices to prove : LHS of (x) >

6 RMM-TRIANGLE MARATHON 3901-4000
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13(s? — 16Rr + 5r%)3 & (192R — 83r)s* — r(4776R? — 3208Rr + 464r?)s? +

?

r2(27264R3 — 24392R?*r? + 7964Rr? — 797r3)| > |0 and -

S
(+#)

Gerretsen

(192R — 83r)(s? —16Rr + 5r?)2 > 0 .. in order to prove (),
it suffices to prove : LHS of (+) > (192R — 83r)(s% — 16Rr + 5r2)2

& (228R% — 228Rr + 61r2)s?| > |r(3648R3 — 4596R%r? + 1686Rr2 — 213r3)

o]
(***)

e

Rouch 2R2 — 6Rr + 4r?% —
Now, (R —r)(s? — 16Rr + 5r2) > >

(R—r) <2(R —2r)J/R% — 2Rr
= (R—2r) ((R —r—+/R2 - 2Rr)2 + rz) >r?(R-2r) ( R—-2r Eger 0)

r’(R — 2r)

= s2 > 16Rr — 5r + =~ LHS of (xxx*) >

R-r
r2(R — 2r)\ »
(228R?% — 228Rr + 61r?) (16Rr —5r2 4 %) > RHS of (#*x)
? R ?
o 36t3 —62t2—-5t—30>0 (t =F> o (t—-2)(36t2+10t+15) >0

Euler )
Strue =t > 2= (xxx) o (xx) > () is true

2

7(Xcvca?) +60Y.,.a%*b?

.°.Z\/ch2.\/ ( i 3)62 > o and implementing it on
cyc

2m, 2my 2m,
33"’ 3

a triangle with sides ,we arrive at :

16 2 16
7.1 (Zeyem2)” + 60.57. Yy mZm?

2 81
E.Zﬂ/mbmcsz. 7

cyc 36. 6 . chc mlzl

16 (3 2 16 9
_, 7ﬁ (Z_chc aZ) 60.ﬁ-E-chc a2b2 74’2cyc aZbZ + 720}’0 a4
=2 108 Y, a?

74 Y.y a?b? + 73 at

= Z Jmpm, < 108 and so,

- 2
cyc 9 - chc a

- 12(a? + b2 + c2)
v ABC,” = ""iff A ABC is equilateral (QED)

74(a’b? + b2c? + c2a?) + 7(a* + b* + ¢*)
Jmgmy, + /mpym + ,/mem, <

7 | RMM-TRIANGLE MARATHON 3901-4000
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3906. In any A ABC the following relationship holds :

27
(m, + mp)(my + m)(m, + m,) < 37" 3 z a? Z b%c? | + 5a?b?c?

cyc cyc
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z szz +— m§m§m2>—(a+b) (b +¢)?(c+a)?

T 64
cyc cyc
3
o2z (z(s — 4Rr — rz)) ((s + 4Rr + r2)? — 16Rrs?) +
10 s® —s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r%) —r3(4R + )3
27 16

? 1
> 5.452(52 + 4Rr + r?)?
(Reference : Solution to Inequality in Triangle by Dang Ngoc Minh — 124;)

published at www. ssmrmh. ro
& 64s% — (1200Rr — 3571'2)54 +r?(3180R? — 660Rr — 438r?%)s? —

Gerretsen

91r3(4R + r)3 Oand - 64(s?—16Rr+5r?)3 > 0
™

?
- in order to prove (*), it suffices to prove : LHS of (x) > 64(s?> — 16Rr + 5r?)3
< (208R — 67r)s* — r(5108R? — 3340Rr + 582r?)s? +

?
r?(28480R3 — 27792R?r + 8412Rr? — 899r3) 2 0 and
()

Gerretsen

(208R — 67r)(s> —16Rr + 5r?)2 > 0 . in order to prove (x*), it suffices
?
to prove : LHS of (xx) > (208R — 67r)(s? — 16Rr + 5r?)2
r(6192R3 — 5660R?*r? + 1877Rr? — 194r3)

{av -~

& (387R? — 221Rr + 22r?%)s?

(%)

Gerretsen ?
Finally, LHS of (xx*x) > (387R? — 221Rr + 22r?)(16Rr — 5r?) >

Euler

?
RHS of (+*x) © 21(R—2r)(9R—2r) > 0 > true * R > 2r = (k*x) = (¥%) =

1
(%) is true . |— Zaz Z:bzc2 + mzmbm 2§(a+b)(b+c)(c+a)

cyc cyc

8 RMM-TRIANGLE MARATHON 3901-4000
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2m, 2m, 2m,

and implementing it on a triangle with sides whose medians

3’73’3
ab c
as a consequence of trivial calculations = 2'2'2 respectively, we get :
3 (4 16 10 1 1 8 [
| Z 2 | == 212 T a2h2¢2 >
32° 9'2’"“ 81'2mbmc T27 68 ¥PIC =g g7 |t mo
cyc cyc cyc
3 [43 16 9 10 1 1
> 515309 || 5116 . b2e? |+ 5 crabzez 2 | |
32092 2% |\s1 16 P | 2768 @0 227 |(mpFmo)
cyc cyc cyc
81 135
> |33 Zaz szcz +3—2.a2b2c2Z(ma+mb)(mb+mc)(mc+ma)
cyc cyc

27
o~ (mg + mp)(my, + m)(m, + m,) < 32" 3 Z a? szcz + 5a?b?c?

cyc cyc

v ABC," = ""iff A ABC is equilateral (QED)

3907. In any A ABC the following relationship holds :

R—-2r |128
R ',/135

b — c| < min<s. (2s2 — 27Rr)
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

A B-—-C
Let s, = semiperimeter (for own convenience), s = sinE, C = CcOS

] ? R -2r 16R%.s?2(1—-c%?) ~» )
and we first prove : |b — ¢| < s,. S cts)? <1-—4sc+4s
16R2. (1 — s2) B

& 4s3(c3 — s3) + 4cs*(c—s) — (4c3s — 4s*) — s%(s? + ¢ — 2¢s) +
?
(c2 +2cs —3s2) >0 © 4s3(c? +s% + cs) + 4cs* — 4s(c? + 5% + ¢s) —
, ’ B-C b+c . A_ A
s(c—s)+c+3520(':c>sascos = )

2 = a .smE>smE

9 RMM-TRIANGLE MARATHON 3901-4000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

& (4s —4s3)c? — (8s* — 552 + 1)c + 3s% — 3s — 4s5

?
é 0 and - discriminant
()

8 = (8s* — 5s% + 1)? — 4(4s — 4s%)(3s% — 35 — 4s°)
= (32s%(s?—-1)2+ (3s?2+1)?) >0and4s—4s3® >0 (as 0< sin% < 1)
. in order to prove (*), it suffices to prove :
2(4s — 4s3)c8s4 —5s2+1++/8 AND 2(4s — 4s3)c ;
() (o)
0<cs
Now, 2(4s —4s3)c— (8s* —5s2+1) <

8s*—5s2+1—+8

1
2(4s — 4s3) — (8s* —5s2 +1)
and if it's < 0,it’s trivially < V8 and when it’s > 0, then in order to prove (e),
? 2
it suffices to prove : § > (2(45 —4s3) — (8s* — 552 + 1))

& 16(1—s)(s+ 1)*(2s —1)2 > 0 - true = () is true
Again, since 2(4s — 4s3)c > 0 and 8s* — 5s?> + 1 > 0 - in order to prove (s°),

it suffices to prove : § > (8s* — 552 + 1)2

& 16s2(1 — s2)((2s% — 1)% + s2 + 2) > 0 - true (strict inequality) and so,

R—2r
(¢) and () are both true = (x) is true . |b — c| < s,. / R

Again, |b — ¢| < 128(22 27Rr)
gain, Cl = 135 So r

16R2.s2(1 — c?) ? 256 128

4R?.5. 55
<
7=
16R2. (1 — SZ)@ 135

2
- 2
5 16R2. (1 — SZ)@
& (71s%? + 64)c? — (128s3 + 304s)c + 361s% — 64s*

?
5 0 and
discriminant §, = (128s3 + 304s)? — 4(71s? + 64)(361s? — 64s%)

77
= 108s*(320s? — 77) which is clearly < 0 fors € | 0, /ﬁ]

77
-~ wenow focusons € ’m 1 | and then, in order to prove (*x),

?
it suffices to prove : 2(71s2 + 64)c < 128s3 + 304s — ,/108s4(320s2 — 77) and
¢ <1 . itsuffices to prove :

~
—

?
\/10854(32082 —77) < 128s3 + 304s — 2(71s? + 64)
10 |

RMM-TRIANGLE MARATHON 3901-4000
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& 4(64s3 — 7152 + 1525 — 64)2 > 108s4(320s2 — 77)

77
 64s3 —71s%2 + 152s — 64 VsE /—1
64s s“+152s—-64 >0Vs <320,>

2 77
© 64(1—-s)(s+4)(2s —1)*(71s* + 64) > 0 > true = s € < 320° 1>

12
= (xx)istrue =~ |b—c| < \[135 (Zs0 — 27Rr) and so,whenever "'s" is

o R-—2r |128
the semiperimeter, |b — ¢c| < s. R 135 (2s2—-27Rr) ~|b—¢| <

R-2r [128
min {Sj = ,j135 (252 — 27Rr)} v A ABC,” =" iff A ABC is equilateral (QED)

3908. In AABC the following relationship holds:

8<1—[m§+m§< 8 2R2+1
- m2 T 729\ r?

Proposed by Marin Chirciu-Romania

3

Solution by Tapas Das-India

m% + m? (ma +m2)(mZ + m2)(m? + ma)

m2 mZmzm?

(Zm )(Zmamb) mambmc :Z m2 (Zmamb)_lzzmtle%_lS

mZm2m? mZmim?

maz,/s(s a) 3 4 Leibniz 3 9R? 4R + 1 1 s223r(4R+7)
Z Z s(s—a) 4 ( ) B

< <
- 4 sr -
2T 1 1_9(R)2 X
4 3712 T 4\r

We need to show:

11 RMM-TRIANGLE MARATHON 3901-4000
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2

R
OB 12 S (B n) or 21 TS ey
4 \r =729 or 3% = 729'°%

xt=y

yide 1 < ﬁg(Zy +1)3 or 6561y — 2916 < 32(2y + 1)3

6561y — 2916 < 32(8y° + 12y% + 6y + 1)

256y3 + 384y% — 6369y + 2948 > 0

R 2
(y —4)(256x* + 1408x% — 737) > 0 this is trueasy = x* = (;) >22=4

mz + m?

(ma +m?)(m? + m?)(m? + m2) Ces>aro 8m2ZmZm?
m2 -

mZmim?
Equality holds for an equilateral triangle.

mZmim? -
3909. In AABC the following relationship holds:

Zb+c
b+c TpT

cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

yote £ F btc
cycb+c < \[Tpre b+c
AM GM mymym, % mg= :(s a)
(3 [) 5oy ) ™
cyc rbrc Tal'pTc

1 1
<s\/s(s —a)(s—b)(s— c)>3 sF\3
-5 o) -
sF sF
Equality holds for a=b =rc.
3910. In AABC the following relationship holds:

8<1—[sb+sc< 8 (4R+1)3
a Sq 729\ r

Proposed by Marin Chirciu-Romania
12 RMM-TRIANGLE MARATHON 3901-4000
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Solution by Tapas Das-India
Lemma:
R_m, m,
ro hc hb
Reference: “ New Triangle inequalities with Brocard's Angle “ by Bogdan Fustei,
Mohamed Amine Ben Ajiba: www.ssmrmh.ro

Sspsmp,Sc2h,

Sp  S. se<me,sp=hy m, m, lemma R
—+—= < —4+—= < —(
S Sp hc hb r

Spt+ S _ (sp +5)(sc + 55)(5q + 5p) _ (Sb + Sc) Sb Sc

1_[ Sa B SaSphSc B Sbsc Sc Sh
CBs (1) 2R B=x22 3
() ﬂf(/)wm

We need to show:

3R_, 3
(\/ﬁ < 729 (4R + 1) = %(4x+ 1)3 or, < (4x + 1)> — (\/ﬂ)3 >0
a3—b3=
2 (a—b)(a*+ab+b?)
or, (2 (ax + 1) - V%) ((2(“"9* 1)) LD s (@)2> ="

R

Trueas x =— = 2 then \
r

2

((2(4x9+ 1)> + 2(4x al 1)\/§+ (\/_) ) > 0 and

I
| |
\ —(4x+1) — \/ﬂ)z(a(4xz+1) \/27 =2 2_0/

nsb + S _ (Sb + Sc)(sc + Sa)(sa + Sb) Ces>aro 8Sasbsc _

Sa SaSpSc B SaSpSc
Equality holds for an equilateral triangle.

3911. In AABC the following relationship holds:
tan(4) + tan(B) tan(B) + tan(C) tan(A4) + tan(C)
+ + > 23
tan?(C) tan?(A4) tan?(B)
Proposed by Nguyen Hung Cuong-Vietnam

13 | RMM-TRIANGLE MARATHON 3901-4000
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Solution by Mirsadix Muzefferov-Azerbaijan
sin(4 + B)
Z tan(4) + tan(B) Z cos(4).cos(B) Z cos?(C).sin(C) 3
tan2(C) a tan2(C)  Zusin?(C).cos(4).cos(B)

cyc cyc cyc
Z cos?(C) AM_GM
=) — >
sin(C).cos(4).cos(B)

cyc

[

( cos*(A).cos*(B).cos?*(C) >§ _

=3 sin(A).sin(B).sin(C). cos?(A).cos?*(B).cos?(C)
1 % 1
1 3 1 8 \3
3 <TT:;:§EBZ;15> >3 Ei;ﬁi =3 (;ﬁ?;) = 2\ﬁ§
8

Equality holds for a=b =c.

3912. In AABC the following relationship holds:

ab N bc N ac -
r: r3 ri-
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

W =

ab bc ac™MtM abc \?
r2 i r ToTpT,
1 1 1

3 (4RF>2 3 3 16R? §M""£>L“"’“3 16 4p> §_4
B Fp B p? - p2 27 )

Equality holds for a=b =rc.

3913. In any A ABC the following relationship holds :
h3+hd+hd<rd+rd+1d
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

?
Zr}fzzhg

cyc cyc

? (s2 + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + r?
< (4R +71)% — 12Rs? 2> ( ) T ( )

14 RMM-TRIANGLE MARATHON 3901-4000
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4 _ (96R* + 3r*)s? +

& —s% + (12Rr — 3r?)s
512R® + 384R°r + 96R*r?2 — 56R3r3 — 48R%r* — 12Rr5 — r® 5 0
®
Gerretsen

Now,since : P = —s*(s? —4R? —4Rr-3r2) > 0
?
in order to prove (1), it suffices to prove : LHS of (1) > P
2
?

& —(4R? — 8Rr + 61r?)s* — (96R* + 3r*)s? +
r2 — 56R3r3 12Rr5 — ré 5 0

512R® + 384R°r + 96R*r? — 48R?%*r* —
@

Gerretsen

-3r¥)s? > 0

Again, since : Q = —(4R? — 8Rr + 6r%)(s? — 4R? — 4Rr
- in order to prove (2), it suffices to prove : LHS of 2) > Q
© 512R® + 384R°r + 96R*r? — 56R3*r3 — 48R?*r* — 12Rr® — r®
; (112R* — 16R2r? 4 4Rr3 + 21r*)s?
®
Gerretsen
Finally, (112R* — 16R?r? + 4Rr3 + 21r%)s <
16R2r? + 4Rr3 + 21r*)(4R? + 4Rr + 3r2) < LHS of (3

(112R* —
R
o 8t0 —24t* — 313 —18t2 - 12t—-8=>0 (tzF)
Euler

<:>(t—2)(8t5+16t4+8t3+13t2+8t+4)>0—>true t > 2
.h3+hd +h3<rd+rd+r2vAABC,

>3 =>2=Qistrue -
= ""iff A ABC is equilateral (QED)

3914. In AABC the following relationship holds
2 2 2
ry T, Te
—+—=4+-—=>09r
h, h. h,
Proposed by Nguyen Hung Cuong-Vietnam

2R(rq + 1 +1.)?

Solution by Mirsadix Muzefferov-Azerbaijan
2 2 Bergstrom 2
E_I_rb_l__ > (a+rb+rc) _(ra+rb+rc) _
h, h. h, h,+ hy, + h, £+a_b+£ ab + bc + ac
2R 2R ZR
2
a+b+c S S
( b + ¢)? 452 - 4 2
(4R + 1) (4R + r) Pocet Fuler
= = 4R+r = 9r

sV3
Equality holds for a=b =c.
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3915. If in AABCa = band x € (0,1) then prove that :

3ccb+c—a) 2(a—b)(a—b-c)
x2+x+1 x+1

+(a—b)c>0

Proposed by Pavlos Trifon-Greece
Solution by Tapas Das-India

x€(0,1)thenl<x+1<2and x*+x+1<124+41+1=3so0
1
—<1&——> =
x+1 x2+x+1" 3

3c(b+c—a)>0asinany AABCb+c>a

2(a—b)(a—b—c)=-2(a—b)(b+c—a)<0
asa>b& inany AABCb+c>aand (a—b)c>0asa=> b

3ccb+c—a) 2(a—b)(a—b—c)
2 +
x“+x+1 x+1

+(a—b)c>0
%30(b+c—a)+2(a—b)(a—b—c)+(a—b)c>0
ccb+c—a)+2(a—b)(a—b—-c)+(a—b)c>0
c(c—(a—b))+2(a—b)((a—b)—c)+(a—b)c>0
c?—cla—b)+2(a—b)?>—-2c(a—b)+(a—b)c>0

c?—2c(a—b)+2(a—b)*>>0

((@=b) —c)” + (a—b)? > 0 true

3916. In AABC the following relationship holds:

16R (sinA + sinB + sinC)*
r 4sin’Asin?Bsin?C

Proposed by Samir Cabiyev-Azerbaijan
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Solution by Daniel Sitaru-Romania

. . . a+b+c\*
16R (sinA + sinB + sinC)* 16R (T)
r 4sin?Asin?Bsin’C  r abc\?:
(5#°)

2s\*
16R (ﬁ) 16R  ,s\*  64RS
r _/ARF\? T _(E) "4 -16R2r2s2
+(grs)

16R s* R* 16R s?2“"FRIEN16R  16Rr — 512

T R* ris2 r r2 - r r?

16R 16R
= ————45=5
r r

Equality holds for A = B = C.

3917. Let ADEF be the orthic triangle of AABC.

I, 1,, I, I. — incenter and excenters of AABC. Pr o ve that:

EF 3R
<

Al - Al, ~ 8312
Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Georgia

r
Lemmas: EF =a-cosA, Al, =——— and Al =

. (A . (A
sin (7) sin (7)
Schur inequality: a*(a—b)(a—c)+b*(b—a)(b—c) +c"(c—a)(c—b) =0

Forn=3
a® + b> + ¢ + abc(a? + b? + ¢?) = a*b + ab* + b*c + ¢*b + c*a + a*c
a*b + ab* + b*c + c*b + c*a + a*c = ab(a® + b3) + bc(b3 + ¢3) + ac(a® + ¢3) >
> a’b*(a+ b) + b*c?(b+¢) + a*c*(a+c) =

= a3b? + a’b3 + b3¢? + b*c® + c3a? + c¢*a® >

a® + b> + c5 + abc(a? + b? + ¢?) = a®b? + a?b® + b3c? + c2b? + c2a? + a®c?
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s =y EE_ 1 acosd ZacosA-sinZ () =2acosA-sin2 %

: = ™"
I-Al, 7 Tq rstan (g)
sin’ (2)
_ZacosAsinA_ azcosA_ 1 z 5 Ao
- 2rs N 4Rrs  ARrs acosaA=

1 Z a’b? + a*c* — a* 1 Y (a®b? + a?b3) - Y, a®

= = <

4Rrs 2bc 4Rrs 2abc -

- 1  abc(a? + b?* + ¢?) > a? - 9R? _9R - 9R 3R
~ 4Rrs 2abc " 8Rrs ~ 8Rrs 8rs” 24312 8312

Equality holds fora = b = c.

3918. Let Q be the Brocard point of AABC.
0, 0y, O, circumcenters of ABQC, AAQC, AAQB.Prove that:

Z 00, 2V/3r
>
a-AH R?

Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

Lemma: AH = 2R - cos A

Let 00,npc =M, BM = MC. OM = xand O,M =Y.

2x 2y a(cotA + cot ()
cotdA=—, cotC=—.00,=x+y= =
a a b 2
_asin(A+C)_ asinB  a'3p _bR
" 2sinAdsinC  2sindsin€C 2.2 € ¢
2R 2R

00, b b? Y a?
R
a-AH 2ac-cosA 2abccos A — 2abc) cosA
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452 45?2 s 3V3r 2V3r

= = > =
3 3-4Rrs 3Rr 3p.
2

>
2abc -

R R?
2
Equality holds fora =b = c.

3919. In any acute triangle ABC the following relationship holds :

8R?
bcvcot A + cavcotB + abvcotC > 3

Proposed by Vasile Mircea Popa-Romania

Solution by Soumava Chakraborty-Kolkata-India

?
LetvcotA = x,vV/cotB =y,VcotC =2z .'-z\/cotA >2 (:)Zx> 2

cyc cyc

2
N Zx >4 =4, ’Z:xzy2 '-'ZcotAcotB=Zx2y2=1
cyc

cyc cyc cyc
4

?
& Z x 16 Z x%y?
cyc () cyc

Assigningy+z=Xz+x=Y,x+y=Z>X+Y-Z=2z>0,Y+Z-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius and inradius = s,R, r (say)

:22x=ZX=2s:>Zx=s—>(i):>x=s—X,y=s—Y,z=s—Zandso

cyc cyc cyc
ny = Z(S—X)(S—Y) = nyz 4Rr + r? - (ii) and szyz =
cyc cyc cyc cyc
2
ia (1) and (iD
Z xy | —2xyz Zx eIt (4Rr +r?)2 -2 H(s -X) |.s
cyc cyc cyc

= (4Rr +r?)? — 2r?s.s = Z x?y? = r2((4R +r)? — 2s?) - (iii) - via (i) & (iii),

cyc

(**)
(*) © s* > 16r2((4R + r)? — 2s%) & s* + 32r?s?| > |16r?(4R +r)?
Gerretsen Gerretsen
Now,LHSof (*¥) > (16Rr+27r%®)s® > (16Rr+ 27r%?)(16Rr — 5r?)
? ?

Euler

> 16r2(4R+1r)?2 © 76r(R—2r) + 148Rr+r2 > 0 > true R > 2r
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Q)
= (xx) = () is true . Z VcotA > 2/and WLOG we may assumea >b > ¢

cyc

and then : bc < ca < ab and VcotA < vcotB < VcotC

Chebyshev 1
~ bc.v/cotA + ca.vVcotB + ab.+vcotC > 3 Zbc z\/cotA

cyc cyc
via() 2(s? + 4Rr + r?) 2(4R? + 4Rr +r?)
> >
3 3
] s2 — (2R +r)?
+ ABC is acute = | | cosA> 0= > >0 8R?
ye 4R > =3 and so,

=s>2R+r > 2R = s? > 4R?
8R?
bc.vVcotA + ca./cotB + ab.vcotC > 5 Vv acute A ABC (QED)

3920. In AABC the following relationship holds:

m, m, m 72973
a_l_ b_l_ c

>
= 2
Ta Tb  To  (mg/r, +myry + my /1)
Proposed by Zaza Mzhavanadze-Georgia

Solution by Mirsadix Muzefferov-Azerbaijan
m, m, m,

Tq Tp re
MaTpTe + MyTal'e + MTpTa 72913

" (mafTa + a7y + )’

Let's prove that :
2
(myrpr, + myr,r. + mcrbra)(ma,/ra +my, /1 + mc,/rc)

> 729713
raTpTc
2
(m rpr, + myr,r. + m.ryr,) (ma,/ra + my, /1, + mc\/r—c) AMéGM
YaTpTc B
1 2
1 —_
2\3 1)3
3 ((marbrc)(rarbrc) ) 3 <(marbrc) (rarbrc)2>
> =
raTp?c
27((myryr,)(r rpr
= (« “r"r‘)r( ) = 27(m,ryr.) = 27h hyh, > 27.27r3 = 72913
a’ b’ c

Equality holds for a=b =c.
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3921. In AABC the following relationship holds:

1 1 1 - 96
.5 A i s B e sC
sinv 5 sin° 5 sin®5
Proposed by Zaza Mzhavanadze-Georgia

Solution by Daniel Sitaru-Romania
1 1 1 16 16 16 RADON
+ + = + + >
A B A B c ~
in>— in> — in> — ind = in> — ind> =
sin 2 sin 2 sin 2 sin 2 sin 2 sin 2

(1+1+1)° JEREN 36
> j—

5 = 5~
(siné+sin§+sin£) é+£+£
2 2 2 3sin2—2 2
3

36 3 3

(BSinA—+ lg + C)s ) sin5%

Equality holds for A = B = C.

3922. In AABC the following relationship holds:

1 N 1 N 1 - 1
a> b5 ¢5 " 33RS
Proposed by Zaza Mzhavanadze-Georgia
Solution by Daniel Sitaru-Romania
16 RAgON

1 1 1 16 16
S tesTE Tt 2

(1+1+1)% 36 MITRINOVICI 36 36 3 1
Z = 2 = = =
(@a+b+c)>  (25)° ( 33 >5 35-9V3R5 93RS 3V3RS
2'-——R
2

Equality holds fora = b = c.
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T o1t 10
Sill4 (7) + sin4 (7) + SiIl4 (7)
Proposed by Deivy Garcia-Peru

3923. Find:

Solution by Amin Hajiyev-Azerbaijan

Vi3 on 10w yi4 21 3T
S = sin* (7) + sin* <7> + sin? <?) = sin* (7) + sin* (11' + 7) + sin* (n + —)

7
v 21 3
= sin* (7) + sin* (7) + sin* (7)
De Moivre's formula cos(n®) + i sin(n@) = (cos(0) + i sin(0))"
cos(70) + isin(70) = (cos(0) + isin(8))”
sin(70) = 3{(cos(0) + isin(0))”}

Binomial theorem (a+ b)" = z (Z) a™ kpk
- k';O
sin(70) = 7cos®(0) sin(0) — 3 cos*(0)sin3(0) + gcosz(e)sin5 (@) —sin’(0) =
= 7 sin(@) — 56sin3(0) + 112sin°(0) — 64sin’ ()
k
(] =7 k={1,2,3,..,6} k+7

sin(70) = 0 —» 7sin(@) — 56sin3(0) + 112sin®(0) — 64sin’(0) = 0
7 — 56sin%(0) + 112sin*(0) — 64sin®(0) = 0

T YL 3n
Substitution sin®(6) = x x; = sin” (7):XZ = sin? (7),X3 = sin? (7)
64x3 —112x24+56x—7=0
+ + 112 7
x1 xz x3 —_— = —
Vieta's formulas = 64 564 :

X1X3 + X2X3 + X1X3 =

64 8

49 7 21

16 8 16
Therefore sin* (E) + sin* (9_11) + sin* (—10n) _4
7 7 7 ) 16

3924. In any A ABC the following relationship holds :

h S n
2\/5.2 a >24) @
oye W, + W + m; — na.\/§ r Iy

cyc

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

ha Lessel—Pelling ha
23 ) > 2\/5.2
Cycwa+wb+mc—na.\/§ s.V/3 —n,.V3

_ 23 ha(na +s) Bogdan Fustei 9 Z a(s + na) z + Z
V3 s2 —n2 B 2h,r,

cyc cyc cyc cyc
S h,
=—+Z 2\/_2 Z—VAABC
r w, + w, + m, — n, \/_
cyc cyc

" =""iff A ABC is equilateral (QED)

3925. In any A ABC the following relationship holds :

E(na+s)(wa+wb+mc—na.\/§)Szrﬁz h,
n, —\/4-1'2 + (b — C)Z

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

z (na + S) (Wa + wb + mc — na. \/5) Lessel—<Pelling
n, B
cyc

- Z (ng +5)(s.V3 — n,.V3) _ Z V3.(s% — n2) Bogdan Fustei z V3.(2h,r,)

n, n,
cyc cyc cyc
—n,v3 h
2y Qe et me e 3) Ly g5 ST ) g
cyc Na cyc
21 \/5 z ha Bogda;Fustel ar \/_ Z an
n, —/4r2 + (b — c)2 n, ———4%

cyc S

- 2\/5.2 ((Sr_s

cyc

J(39)-

via (D) .
:2@_2% . z(na+8)(wa+wb+mc n,.v3)

and so
a Ng
cyc cyc
n, +s)(w, + w, + m; — n,.\V3 h
Z(a )(Wa + wp + m — 1, )SZr_@_z a v A ABC,
cyc n, cyc na_\/4r2+(b_c)2

" =" iff A ABC is equilateral (QED)
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3926. In any A ABC holds :

b — | | Vs2 —-27r%? [2(2s% - 27Rr)
< min ,
a S 27r2

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A B-C
Let sy = semiperimeter (for own convenience), s = sinE, C = cos

27r?2

b—c|l? |2(2s5 —27R
cZZsandnow,| acls\[ (26 r)
c+s)?

1-c? 2 4 (1-sn)EESS 4) 2R

&——<— -
1-s2727 (c—s)? c—s
s2 71— 1Rs (<)

& (27c*s? — 54¢3s® + 31c%s* + 8cs® + 4s°) — (35¢%s? — 65¢s® + 62s%) +

)
? C
s*(35t2 — 65t + 62) + s2(4t2 — 19t +31) = 0 (t = g)

(4c? —19cs + 31s2)EO o s%(27t* — 543 + 31t2 + 8t +4) —

& s*(27t2(t— 1)% + 4(t + 1)%) — s2(35t%2 — 65t + 62) + 4t2 — 19t + 31| > |0

)

Now, LHS of (xx) is a quadratic polynomial in "'s?” with discriminant § =
(35t%2 — 65t + 62)% — 4(27t* — 54¢3 + 31t% + 8t + 4)(4t> — 19t + 31)
= —27(t - 12t —2)2((t— 2)(16t +20) +9) < 0 (~ t = 2) = (*+) > () is true

1
Case2(a)|{lc<2sands < 2 and then, to prove (*x), it suffices to prove :

? 1
2s2(27t* — 5413 + 31t2 + 8t + 4) < 35t2 — 65t + 62 — V8 & ~ s < Z,it suffices
?
to prove : 2(35t% — 65t + 62) — (27t* — 54t3 + 31t2 + 8t + 4) > 2V
?
302 -t)(9t3 —13t+ 20)2\/5 and now, 9t3 — 13t + 20 =
©)

(45t + 63)(10t— 7)% + 115t + 6913
500

?
9(2 — 1)%(9t3 — 13t + 20)2 >— 108(t — 1)%(2 — t)?(16t% — 12t — 31)
?
(8 evaluated earlier) & (9t3 — 13t + 20)% + 12(t — 1)?(16t2 — 12t —31) > 0

>0andc<2s=>2—-t>0andso,() &
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o ((t—1)%(1296t2 + 3888t + 6780) + 6960t — 5135)(2t — 1)2 + 14412t + 147 ; 0

64 =
b+c . A

C a smi .
—>true'.'t=—=—A>1:@:(**):(*)1strue

ins
Sy

1
Case 2(b) cSZs/\SZE;Let:c—s:u:c=s+u&then:(*)(:27szu4+

54s3u® + (31s* — 3552 + 4)u? + (16s° — 55 — 11s)u + 16s® — 32s* + 16SZHO
©

 27s2(u— 1+ s)* > 0 - to prove (s), it suffices to prove : LHS of (s) >
27s?(u—1+s)* © 54s%2(2 —s)u® — (131s* — 324s3 + 197s? — 4)u? —
(9255 — 324s* + 32953 — 108s% + 11s)u + 108s> — 11s° — 194s* + 108s3

—11s? % 0; 54s%(2 —s)u(u—1+5s)? > 0 .. to prove (++),suffices to prove :
(e0)
? factoring out (1-s)
LHS of (¢¢) > 54s%(2 —s)u(u—1 +5s)? = (1+s)(23s%2 +4)u? +

v -

(38s* — 70s3 — 11s% — 11s)u + 11s° — 97s* + 97s3 — 1152 0

(oe0)
Discriminant of LHS of (ee¢) = (38s* — 70s3 — 11s% — 11s5)% —
4(1 +s)(23s? + 4)(11s5 — 97s* + 97s% — 11s?)

[=]27(4s*+ 2853+ 6352 + 25+ 11)(2s —1)2 > 0& - u > 0 - to prove (ee¢),
it suffices to prove : 2(1 +s)(23s2 + 4)u <— (38s* — 70s3 — 11s2 — 11s) — ./§,
&= u=c—s<1-s - suffices to prove : ./§, <— (38s* — 70s3 — 1152 — 115s)
—2(1+5s)(23s2+4)(1—s)=(2s—1)(4s®*+37s2+5s5+8) &

?
27(4s* +28s3 + 63s2 + 2s + 11)(2s — 1)? < (2s — 1)?(4s3 + 37s% + 5s + 8)?
?

( s> 1) & 4(1-5)(s+4)(23s2+4)(s + 1)2(2s — 1)2 = 0 - true = (eee)true

2
|b _ Cl ? /S(Z) — 27r2
l <

2(2s2 — 27Rr) & fi
27r2 nacy, a So

27SZ(C — S)Z ? 1 — ¢2 factoring out (c-s) ?
S <1—-—— S 3>27s2%(¢c—
(1—s2)(c+s)?2 " 1—s2 (c+s)° =27s%(c—s)

b —c| Vs2 — 27r? \/2(252 — 27Rr)

< min 2712

b —cl
~ combining all cases, p <

?
& (c+ 7s)(c —2s)? > 0 - true; so,

S

A
Vv A ABC, where s = semiperimeter,” =" iff cos =2 sinE (QED)
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3927. In any A ABC the following relationship holds :

3v3(b? + ¢% + 6bc)
w, <
32s
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3v/3.(b?% + ¢% + 6bc) 3 3v3.((b + ¢)% + 4bc) AM;GM 12+/3.(b + ¢).vbc
32s B 32s = 32s

? 2vbc ? )
= b\i—c' Vs(s —a) © 27(b + )* 2 256s%(s — @) © 27(2s — a)* 2 2565°(s — a)

? S
o 176t* — 608t3 + 648t% — 216t + 27 > 0 (t - E)

& (2t-3)2((44t+24)(t—1) +27) 20 > true = t > 1
_3V3.(b? + ¢® +6bc) _ 2vbe 3v3.(b% + c? + 6bc)

[s(s — a) = <
32s Zprc Vs @ = We= W, < 325
VAABC" =" iff b=candb + c = 2a = " =" iff A ABC is equilateral (QED)

3928. In AABC the following relationship holds:

,A 2R \?
9S2cot —S(——l)
2 r
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
2

Yeorg=Y 5= (Vn) -2 ) -

2(1 2(4R+r)> s? —2r? — 8Rr
=S —2— 2 =
T s2r

rz

, A s? — 2r? — 8Rr Gerretsen (4R% + 4Rr + 3r?) — 2% — 8Rr
Z cot 2 r? = r2 -
_(2R-1)% (ZR 1>2

2 \r
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,A s? — 2r? — 8Rr Gerretsen (16Rr — 51%) — 2r? — 8Rr
Z cot E = > —

r2 r2
8Rr —7r? 8R Euler
r r

Equality holds for an equilateral triangle.
3929.

In any A ABC the following relationship holds :

n

COS A n
N > —
Z(1+sinA> >3(2-V3) ,neN

cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

2A_ i 2A
Z COS A _ Cos 2 sin 2
1+sinA

. , A A . A
cyc oyc €os? 5+ sin? 5 +2cos5.sin5

_ Z (cos%+ sin%) (cos%— sin%) _ Zcos%— sin% B Z 1-— tan%
cyc (cos% + sin %)2 cyc cosé—‘+ sin% e 1+ tan%
:ZS—ra:Z—S—l‘a+ZS:_3+ 2s(s+rp)(s+r.)
o s+r, o s+r,

(s+ry)(s+r,)(s+r)
cyc
_ 34 Z 2s(s® +s(m, + 1) +1r) 34 2s(3s? + 2s(4R +r) + s%)
B s3+s2(4R+r) +s.s2+rs?2
cyc

2s3 + s2(4R+r) + rs?

_ 34 4s(2s* +s(4R+r1)+r5s—71s)

4r 2r
S —
s(2s2+s(4R+r) +rs) 2s+ 4R + 2r s+2R+r
? ?
>3(2-v3)=>3V3-52>

r ?
_— — >
s+2R+r®(3\/§ 5)(s+2R+r);2r

Mitrinovic

)
Eul
Now, since s > 3vV3rand R uzer 2rand ~ 3V3-5>0
= LHS of (x) > (3\/§ — 5)(3\/§ + 5)1‘ = (27 — 25)r = 2r = (x) is true

n
cos A cosA \" Holder 1 cos A
92 - 3(2-+v3)and Z(— ) > . :
1+sinA ( \/_) andso 1+ sinA 3n-1 1+ sinA
cyc cyc
1

cyc
=

= (32-V3)) =3(2-v3)" = ) (%)n >3(2-V3)"
cyc

vn e NandVAABC" =" iff AABCis equilateral (QED)
27 |
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3930. In AABC the following relationship holds:

92t < Z tZA
anZ_Zr oty

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

Yerd-Ti-+ (T -2 2%)-

,(1 2(4R+7) s2 —2r? — 8Rr
=S _ =
T2 sr r2

s2 — 212 — 8Rr Gerretsen (16RT — 51%) — 212 — 8RT B

A
cot?— = >
Z 2 r2 12
8Rr — 71? 8R
, A (4R +1)? Doucet (4R +1)? 4R — 5r
Ztan LR gt S s AL -
2 s2 3r(4R + 1) 3r

We need to show :

9 ¢ A<R tZA 9X4R—5T<(8R 7)R
an® o <o ) cotty o, 3r —\r 2r
R
F=x22
Euler X
12x —15 < (8x—7)xzor 8x% — 7x > 24x—30

8x*—-31x+30=>00r (x—2)(8x—15) >0trueasx > 2

Equality holds for an equilateral triangle.

3931. In any A ABC the following relationship holds :

hb\/—

hz_r

cyc
Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

1 1 1 1 1 1
cyc cyc h_b h_c chc (h_b h_c> \[chc hbh \/chc h
VJr 2r2s? Jr 2r2s? - V3r 2r2s?
M Yecab R 2
cyc c§cR 2 (chc a)
) 2R

V3r 2r2s? h
= . = Z by —<> 3 v aABC,
4s2 R h r
> 2R e

=" iff A ABC is equilateral (QED)

3932. In any A ABC the following relationship holds :

r2 r

>
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2 2

z Ip. \/r_c _ z (E) Bergs>trom (chc I, ) CBS
rf 1 1
cyc cyc r_b r_c chc <rb \/l:> Jchc Iyl Jchc '

Jr s J3r(4R+ 1)

= ————.Jrs? =

=
r2./XeycTa r.v4AR+r r.v4R+r

Gerretsen Euler 3
( s2 > 12Rr+3r’+4r(R-2r) > 12Rr+ 3r2) = |z

1
r2

I
- Z b \/_ — V A ABC," =" iff A ABC is equilateral (QED)

cyc
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3933. In AABC the following relationship holds:

A R
1S2tan2—g——1
2 r

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

,A AR + 1r\?
Y- (1)
2 S

We need to show:
4R +1\2 R AR+7m\%* R
( )—ZS——lor( ) <—-+1

S r S r

Gerretsen

R
(4R +1)? < 52 (; + 1) or(4R+1)? < (16Rr —51?%) (

R+r)

16R? + 8Rr + % < 16R? + 11Rr — 572 or 3Rr = 612 or R = 2r true by Euler

2A 4R + 1r\? Doucét
Ztan E=( p )—2 > 3-2=1

Equality holds for an equilateral triangle.

3934.

In any A ABC the following relationship holds :
a? bd 3 a® b 3
3 + W + h3 < 7 + ] + 3
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

R YA S
— = —_— @ =
h3 r3 8r3s3 r3s3

cyc cyc cyc cyc

?
2N Z ab® > 82 (a3(s3 —3s%a + 3sa? — a3))

cyc cyc

2
?
9 <Z a3> -2 Z a’b3 | > 8s3 (2 a3> — 2452 (2 Z a’b? — 16r252> +

cyc cyc cyc cyc
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24s Zaz Za?’ —ZsZa2b2+abc2ab

cyc cyc cyc cyc

=9 (4s2(s2 — 6Rr — 3r2)2 — 2 ((s2 + 4Rr + r2)3 — 24Rrs2(s? + 2Rr + rz))) >

16s*(s? — 6Rr — 3r?) — 48s%((s?> + 4Rr + r?)? — 16Rrs? — 8r?s?) +
245 (45(52 — 4Rr — r?)(s? — 6Rr — 3r2) — 2s((s%? + 4Rr + r?)? — 16Rrsz))
+8Rrs(s? + 4Rr + r?)

< s® — (12Rr + 15r?)s* — r2(72R? + 120Rr + 39r?)s? — 9r3(4R + r)30 and
@

Gerretsen

v (s?2—16Rr+5r2)2 > 0 . inorder to prove (1), it suffices to prove :
LHS of (1) > (s — 16Rr + 5r2)3 & (18R — 15r)s* —

r(348R? — 300Rr + 18r?)s? — r3(2136R? — 546Rr + 67r2)0
@

Gerretsen

Again, since (18R — 15r)(s? — 16Rr + 5r2)2 > 0 - in order to prove (2),
it suffices to prove : LHS of (2) > (18R — 15r)(s% — 16Rr + 5r2)2

& (57R? — 90Rr + 33r?)s? r(712R3 — 1146R?r + 576Rr? — 77r3)
®

Gerretsen

Finally, (57R?> — 90Rr + 33r?)s?> > (57R? —90Rr + 33r?)(16Rr — 5r?)
? ?
> r(712R3 — 1146R?*r + 576Rr? — 77r?) 200t3 579t% + 402t—-88>0
R Euler
(t = ;> & (t—2)(200t% — 179t + 44) > 0-true~t > 2

3 b3 C3 a3 b3 C3
= 3)=> 2 = Distrue Vv AABC - h3+ﬁ+h$_—+E+EVAABc,

" =""iff A ABC is equilateral (QED)

3935. In any A ABC the following relationship holds :
a’? b? ¢ a* b? c?
3 + W + h3 < 7 + ] + 3
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-KoIkata-India

Yy iy Loy
h3 — r3 8r3s3 — r3s3

cyc cyc cyc cyc
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= Z as > 82 (az(s?’ —3s?a + 3sa? — a3))

cyc cyc
?
9 Zaz Za3 —ZsZa2b2+abCZab >
cyc cyc cyc cyc
8s3 Z a’ | — 24s? Z a® |+ 24s| 2 z a’b? — 16r2s?
cyc cyc cyc

4s(s? — 4Rr — r?)(s? — 6Rr — 3r?) — 2s((s? + 4Rr + r?)% — 16Rrsz)) 2
+8Rrs(s? + 4Rr + r?) -
16s3(s? — 4Rr — r?) — 48s3(s? — 6Rr — 3r?) +
48s((s? + 4Rr + r?)? — 16Rrs? — 8r?s?)

& s* — (10Rr + 10r?)s? — r2(24R? — 78Rr — 21r2)0 and -

@®
Gerretsen
(s2 —16Rr +5r?)2 > 0 . inorder to prove (1), it suffices to prove :

LHS of (1) > (s — 16Rr + 5r?)? & (11R — 10r)szr(140R2 — 119Rr + 2r?)

@
Gerretsen ?
Again, (11R - 10r)s? > (11R—10r)(16Rr — 5r%) >
? Euler

r(140R%? — 119Rr + 2r?) © 12r(R-2r)(3R—2r) > 0 -> true * R > 2r

oo

a? b*? ¢ a* b? c?
= = ist VAABC . w4+ —=+—<—=+—5+— VAABC,
@ = Wistrue ORI R I

" =" iff A ABC is equilateral (QED)

3936. If in AABC A =

N]

2 4
,B = 7” C = 7” then prove that:

R4(1 N 1 +1)>27
a* b* 49

Proposed by Tapas Das-India
Solution by Daniel Sitaru-Romania

1\ 1y 1
R4(%+%+C_{1>2R4 (ai) +(bi) +(C2) RA%ON
@) . @)
> R*- a21+bi+;2 _ pt. R; :§>i_;
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THE HEPTAGONAL TRIANGLE REVISITED

DANIEL SITARU, CLAUDIA NANUTI - ROMANIA

ABSTRACT. In this paper are proved the characteristic metric relationships in
the heptagonal triangle.

We call heptagonal triangle the obtuse scalene triangle whose vertices coincide
with the first, second and fourth vertices of a regular heptagon (from an arbitrary
starting vertex).

Thus its sides coincide with one side and the adjacent shorter and longer diagonals
of the regular heptagon.

In conclusion, in a heptagonal triangle with sides a < b < ¢; pu(A) = Z:

uw(B) = 27": w(C) = 47” the following relationship holds:
a2 =c® —be;b?2 =a? 4+ ac;c? =b% +-ba
i i i
a b ¢

T N R
9

&

hy—=hy+h;; hz + h% + hg —

7
F=£R2:
4
, 1 1 1 2
-2 2 n 2. £
a® b+ &= TR .a—2+b—2+c—2—ﬁ

REFERENCES

[1] Romanian Mathematical Magazine - Interactive Journal, www.ssmrmh.ro

3937. In any A ABC the following relationship holds :

Rv—1+ tan? 2 tan? 2
r A B\2
cyc (tan 7 + tan 7)

Proposed by Tapas Das-India
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Solution by Soumava Chakraborty-Kolkata-India

B C
Zl"‘tanzftanzf_zs4+sz(s—a)2 _z s’ + (s—a)?
o2 z =

a’s2(s — a)?
cyc (tang + tan 7) cyc s2 (4R cos? %) cye 16R2, W

s +(s—a)2 (s—a)?+a?+2a(s—a) 1
=T Z a’(s —a)? Z a%(s — a)? +ZE

cyc
2 1 2 bc
e 212 2
16R2r2szz a’b” + rzszz o+ 4er

cyc

=r2

s(s—a)
cyc cyc cyc
_,((s* +4Rr +r?)? — 16Rrs? N (4R+1)>—-2s2 2 s2+4+(4R+r1)?
=T 8R2r2s2 risz 4Rr’ s2
be LA\ Ry 1+ tan? %tanzg
'.'Z—:Zsec — —Z 3
s(s—a) 2 r A B
cye cyc cyc (tan 7+ tan 7)
3 (s + 4Rr + r?)? — 16Rrs? + 8R%((4R +r)? — 2s%) + 4Rr(s? + (4R +1r)?) ;

8Rrs?
o st — (16R2 + 44Rr — ZI'Z)S2 + 128R* + 128R3r + 56R?r% + 12Rr3 + F4HO

*

~
—

Gerretsen

Now,since P = s?(s2 —16Rr+5r2) > 0

= in order to prove (x),
?
it suffices to prove : LHS of (x) > P

2

& 128R* + 128R3r + 56R2r? + 12Rr3 + r*| > [(16R? + 28Rr + 3r?%)s?

)

Gerretsen

Finally, (16R? + 28Rr + 3r?)s? <  (16R? + 28Rr + 3r?)(4R? + 4Rr + 3r?)
?

: ? R
< LHS of (%) & 16t* — 12t3 —29t2 - 21t—-2>0 (t = ;)

? Euler
e (t—-2)16t3+20t2+11t+1)>0—>true~t > 2= (xx) = () is true
R 1 + tan? %tan2 g
— > =5V AABC," =" iff A ABC is equilateral (QED)
r

oye (tan% + tan g)

3938. In any A ABC the following relationship holds :
b% — bc + ¢?
bc

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

b? — bc + ¢?
bc

o Z+x)x+yY)x+y+2)3=>27xyz(z+ 22— Z+20)(x+y) + (x +y)2)
(x=s—a,y=s—b,z=s—c:»a=y+z,b=z+x,c=x+y)
ands=x+y+z

e x° +4(y+z)x* + 6x3(y + 2)? — 26x3yz + 4x? ((y +z)3 — 3yz(y + z)) —

s2 > 27r2. & be.s3 > 27(s—a)(s —b)(s — ¢)(b% — bc + ¢2)

?
12x2%yz(y + z) + x((y + 2)? — 2yz)? + 77xy?z? — 20xyz(y + z)?> + yz(y + 2)3 > 0
o x° 4+ 4mx. x* + 6x3. m%x? — 26x3. nx? + 4x2(m3x3 — 3nx%. mx) —
12x%. nx%. mx + x(m?x?% — 2nx?)% + 77x.n*x* — 20x. nx?. m?x? + nx%. m3x3

+z Z ?
(mzyx ,n=%>@81n2+(m3—24m2—24m—26)n+(m+1)40
()

and it’s trivially true when : m3 — 24m? — 24m — 26 > 0 and so,
we now focus on the case when : m? — 24m? — 24m — 26 < 0, that is,
when : m < m, | m3 — 24m2 — 24m, — 26 = 0
(~ m3 —24m? — 24m — 26 has only one zero : m, ~ 25)
Now, LHS of (*) is a quadratic expression in 'n” with discriminant § =
(m3 — 24m? — 24m — 26)% — 324(m + 1)* [5]
(m—2)2(m —2)(m3® — 24m? — 24m — 26 — 18(m + 1)?) and *
m3—24m? —-24m—-26<0:-.8<0ifm > 2 (and m < m,)
and in that case, LHS of (*) > 0 = (x) istrueand if m < 2,then : § > 0
and then, in order to prove (), it suffices to prove :
(v + 2)2 Ao 4yz

?
162n <— (m3 — 24m? — 24m — 26) — V8 and *

x2 - xZ
~ m? > 4n and so, it suffices to prove :
m? ?
162.— - <— (m3 — 24m? — 24m — 26) — 8

& 2,/(m —2)2(m — 2)(m3 — 24m? — 24m — 26 — 18(m + 1)2) <
(2-m)(2m? + 37m + 26)

?
& (m—2)2(2m? +37m + 26)% >
4(m - 2)?(m — 2)(m?® — 24m? — 24m - 26 —18(m + 1)?) (~ 2 —m > 0)

? b% — bc + c?
& 81(4m + 1)(m? — 4)2 > 0 > true = () is true . s2 > 27r2.T
VAABC'" =" iffy=zandy+z=2x="=" iff AABCis equilateral (QED)
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3939. In any A ABC the following relationship holds :
VsZ — 11r? .
4r @
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
? VsZ — 11r2 a(2m,) ? Vs? — 11r?
m,<——h,o <
4r {l)-rs 4r
& a%(2b? + 2¢2 — a?) < s2(s? — 11r?)

m, <

& 16a2(2b%2 +2c2 —a?) < (a+b+)*-11 ZZazbZ —Za“

cyc cyc

< 7a* + 3b* + 3¢t + Z a’b + Z ab3 — 12a?(b? + c?) — 4b%c? +
cyc cyc
3abcz a>0o7(y+2)*+3z+x)*+3(x+y)? +Z(y+ 2)3(z + x) +
cyc cyc

Z(y +2)(Zz+x)3-12(y+2)?(z+x)?*+ (x+y)?) -4z + x)*(x + y)? +

cyc

6(y+2)Z+x)(x+y)(x+y+2)=>0 ( substituting : )

a=y+zb=z+xc=x+y
?
o xt+4x3(y+2) +2x%(y +2)? — 11x%yz — 11xyz(y + z) + 4yz(y + 2)2 = 0
?
e x* + 4x3. mx + 2x2. m?x? — 11x%. nx? — 11x.nx?. mx + 4nx?>. m?x2 > 0

+z Z ?
(m =yx ) :%> ©(4n+2)m* - (11ln—-4)m+1— 11nHO
()
Now, LHS of (%) is a quadratic expression in 'm" with discriminant § =
(11n-4)2-4(4n+2)(1 —-11n) =] 297n?2 —16n+8 >0
(+ 8¢ = 256n% — 32(297n?%) < 0) & so,in order to prove (x), it suffices to prove :

? + 2)2 AM-GM 4vy7zZ
2(4n+2)m211n—4+\/§and's(yxz) > Lz

~m? > 4n

X
?
= m > 2v/n and so, it suffices to prove : 2(4n + 2)(2v/n) |[>|11n — 4 + NG
?
& 4t(4t% +2) + 4 — 11t% > /297t* — 16t2 + 8 (Vn = t)
?
& 16t3 — 11t2 + 8t + 4 > /297t* — 16t2 + 8

?
o (163 —11t2 + 8t +4)% > 297t* — 16t%2 + 8
( discriminant of 16t — 11t + 8 = 121 -512 < 0 = 16t3 — 11t% + 8t > 0)
=16t3 —11t2+8t+4>0

?
& 8(2t+1)(8t+1)(2t2 + 1)(t—1)%2 |>| 0 - true = (*) is true
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VsZ —11r2

S mg < T.haVAABC,” =" lffy =7 andyz = x2
= """ =" iff A ABCis equilateral (QED)
3940.

In any A ABC the following relationship holds :
r, 1
hi by,
1,17

CcycC hb hC

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3r 3r 3r .
Let—=x,—=y,h—=zandthen:2x=3 - (i)
C

ha hb
cyc
2
r 1 r r 2
e o+ Xy
2'hy hZ'h, g t3 ? y
Now, = = =2 —=>6
1 1 r T y Z T
Lo r,r Y2z y+z y
e h hc cyc hb hc cyc 3 ' 3 cyc cyc

x? xX+y+z)?
@Z + w26 '-'3=vaia(i)
y+z o y+z

x +x x + xy ?
T O
y+1z

cyc cyc cyc cyc

x*+xy? x% + xy ? x* —xz ?
@Z > x@Z -x]=20s =0
y+z y+z y+z
cyc cyc

cyc cyc

1
AP Y Y & Z (x _xz)<x +ny> >0

cyc

?
& ny sz—ny +Zx4—2xy30
cyc cyc cyc cyc ()

cyc

cyc
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AM-GM AM-GM
Now,x* +y*+y*+y* > 4xydy*+zt+2z2*+z* > 4yz3and
O @

AM-GM
b+ xt+xt+at > 4zx3and®+@+@:»2x422xy3 and this
® cyc cyc

combined with Z 2> Z xy = (*) is true - z 1 b>2vAABC
cyc cyc h + h

cyc

" =" iff A ABC is equilateral (QED)

3941. In any A ABC the following relationship holds :

r 1
r_2 I,
>
1 122
cyc _b+1'_

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3r 3r 3r .
Let—=x,—=y,—=zandthen:2x= 3- (i)

Lo Iy Ie
cyc
2
r’ | r X2y
ra+rb 9 T3 x? y ?
Now, T r = y zZZ@ y+Z+3 YT>6
cye o + cye T r_c cyc 3 + 3 cyc cyc

x? xX+y+z)?
@z + y(—Y)>6 '-'B—vam(l)

y+z y+z
cyc cyc cyc
x2+x x4+ xy ?
YISy len Y S s (S
y+z y+1z
cyc

cyc cyc cyc
I xz ?

x2+xy? x% + xy
@Z > x@z - X >0(:>Z
y+z y+z

y+z
cyc cyc

1
z (x?—xz)| x +ny 2

u+w@+nu+m £

cyc
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& ny sz —ny +Z:x4 —z:xy3
cyc cyc cyc cyc cyc

4 4 4 L4 4 MM 3 g4 o4 4 4 AM_GM
Now, x* +y*+y* +y* > 4dxy3 y*+2z*+2*+2* 2 4yz3 and

@
AM-GM

zb+xt+xt+xt > 4zxd and@+@+@:2x422xy3 and this
® cyc cyc

combined with Z 2> Z xy = () is true - z 1 b > 2VvAABC,

cyc cyc cye T

=" iff A ABC is equilateral (QED)

3942.1, 1,, I, I, — incenter and excenters of AABC.Pr ove that:
Fipe 3V3
Al -Al, — 4
Proposed by Sarkhan Adgozalov-Azerbaijan
Solution by Qurban Muellim-Azerbaijan

Lemma: Z sin(24) = 4 1_[ sinA

. A
I BC a51n2(—) a+b+c—(acosA+ bcosB + ccosC)
a 2
LHS = ZAI ‘Z - -

2r 4r
abc
2s —RY sin(24) _2s—4R-[IsinA _25—4R-gps
- 4r = 4r - 4r
2s —4R- 4;,:.5 s s _3V3r 3V3R 33
N 4r ~2r 2R- 2r 4R 4

Equality holds fora =b = c.
3943.

In any A ABC the following relationship holds :
Rl_[(s +ng)(Wg + wy, + mg — ng.V3) < 48V3r(r,r,r)?
cyc

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

Lessel—Pelling
Rl_[(s+na)(wa+wb +m, — n,.v3) <

cyc
Bogdan Fustei

R 1_[(5 + na)(s- \/§ — Ng. \/§) =R 3\/5 1_[(52 - ntzl) =
il 2r2s? >
R

8R. 3x/§.n(hara) = 2443,

cyc

and so, Rl_[(s +1n,)(w, + wy + m, — ng.v3) < 48V3r(r,r,r.)? V A ABC,

cyc

 (rarpre) = 48V3r. (rrpr.)? (- rs? = rn,re)

" =""iff A ABC is equilateral (QED)

3944. In any A ABC the following relationship holds :

_ 3v3(5b% — 6bc + 5¢?)
- 16s
Proposed by Dang Ngoc Minh-Vietnam

ng

Solution by Soumava Chakraborty-Kolkata-India

? 27(5b2 — 6bc + 5(:2)2 Bogdan Fustei
z (=4

ng <
256s2
as(s — a) + s(b —c)? ; 27(5b% — 6bc + 5¢?)?

a - 256s2 -
e 27(y+1z) (5(z +x)?2+5(x+y)?2—-6(z+x)(x+ y)) >

256(x +y+2z2)3(x(y+2)+ (y—2)?)
(denotingxzs—a,y=s—b,z=s—c:>a=y+z,b =z+x,c=x+y)
ands=x+y+z
© 176x*(y +z) — 160x3(y +z)? + 1024x3yz — 24 ((y+ z)3 — 3yz(y + z)) -

456x%yz(y + z) + 456x%yz(y + z) + 56x((y + z)? — 2yz)? — 160xyz(y + z)? —
224xy?z? + 419(y + z)(((y + 2)? — 2yz)? + y?2z%? —yz(y + 2)?) —
?
1201yz ((y + 2)° — 3yz(y + 2)) + 1214y?2%(y + 2) 2 0 © 176x*. mx —
160x3. m%x?% + 1024x3. nx? — 24x?(m3x3 — 3nx%. mx) — 456x%. nx%. mx +
56x(m%x? — 2nx?)? — 160x. nx?. m?x? — 224x.n*x* +
419mx((m?x? — 2nx?)? + n?x* — nx?. m?x?) — 1201.nx%. (m3x3 — 3nx%. mx) +

? +z Z
1214.n%x*. mx > 0 (m:y ,HZY_Z)
X X

& 6912mn? — (3296m3 + 384m? + 384m — 1024)n +
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419m° + 56m* — 24m3 — 160m?2 + 176mHO
)

Now, since 56m* — 24m3® — 160m? + 176m =

4

= (%) is trivially true when : 3296m3 + 384m? + 384m — 1024 < 0 and so we
now focus on the case when : 3296m? + 384m? + 384m — 1024 > 0 and now,
let us assume : 11m — 4 < 0 and then : 3296m3 + 384m? + 384m — 1024
= 2((1133mZ + 544m + @) (11m — 4) — 28080> < 0,but :

121 11 11 ’
3296m3 + 384m? + 384m — 1024 > 0 and so, our assumption is incorrect and
hence: 11m —4 >0 - (1)

Now, LHS of (*) is a quadratic expression in 'n” with discriminant § =
(3296m3 + 384m? + 384m — 1024)? —
27648m(419m°® + 56m* — 24m?® — 160m? + 176m)
=] (m+ 1)3(m —2)2(4 —11m) < 0 (~ 4 — 11m < 0 via (1)) = (x) is true

3v3.(5b% — 6bc + 5¢2)

<
and so,n, < T6s Vv A ABC,

"="iffm=2="="iff b+ c=2a(QED)

m 1385 1431
— (419m2 +475m + T) (2m —1)2 +270m + 1 >0

3945. In any A ABC the following relationship holds :

2(b2 +bc+c?) A 3v/3.(3b% — bc + 3¢?)
COS— < Pg =
3(b +¢) 2 20s

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Bogdan Fustei

and
5 ? 27(3b% — bc + 3¢?)? Mohamed Amine Ben Ajiba

Pa = 40052 <
s(s—a)(2s+a)?> +s(Bs+a)(b—c)? 2 27(3b? — bc + 3c?%)?
(2s + a)? - 400s?

e27(y+z+2(x+y+ z))2 (S(z +x)?+3(x+y)? - Z+x)(x+ y))2 é

400(x+y+z)3(x(y+z+2(x+y+z))2+(y+z+3(x+y+z))(y—z)2)

x=s—ay=s—bz=s—-c=> ) 6 5
(a:Y+Z.b=z+x,c:x+yands:x+y+z < 1100x° + 3900x°. mx +
4215x*. m?*x? — —2760x*. nx* + 1210x*(m3x® — 3nx*. mx) — 5810x>. nx?. mx

+57x2((m?x? — 2nx?)? — 2n2%x*) — 10398x%. nx%. (m%x? — 2nx?) —

41 | RMM-TRIANGLE MARATHON 3901-4000



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
15618x2.n%x* + 606x. mx((Mm?x? — 2nx?)? + n?x* — nx%. m?x?) —
3588x.nx?(m3x3 — 3nx%. mx) + 2082x.n%x* mx +
587(m?x? — 2nx?)((m?x? — 2nx?)? — 3n2x*%) —
284nx%((m2x? — 2nx2)% — 2n%x*) + 5488n2x*. m2x? + 1742n3x® > 0
+z Z
(m =Y L= %) < (11907m? + 15876m + 5292)n? —

(3806m* + 6618m3 + 10626m? + 9440m + 2760)n +

587m® + 606m°> + 57m* + 1210m3 + 4215m? + 3900m + 110050
)

Now, LHS of (*) is a quadratic expression in 'n” with discriminant § =
(3806m* + 6618m3 + 10626m? + 9440m + 2760)? —

6 5 4 3
4215m“ 4+ 3900m + 1100

[=]- 6400(m + 1)3(2105m® — 3852m* — 5862m? + 5408 m? + 8328m + 2448)
and if : P = 2105m°® — 3852m* — 5862m? + 5408m? + 8328m + 2448 > 0,
then : 8§ < 0 = (%) is true and so,we now focus on the case when : P < 0
(= 8 > 0) and then, in order to prove (*), it suffices to prove :

2(11907m? + 15876m + 5292)n < 3806m* + 6618m3 + 10626m? +
AM-GM m?
9440m + 2760 —V8and v n < e -~ it suffices to prove :

m? ?
2(11907m? + 15876m + 5292).T < 3806m* + 6618m3 + 10626m? + 9440m

A

+2760 — V8 © 2V8 5(—859m* — 528m3 + 3192m? + 3776m + 1104)

)
and let us assume Q = 859m* + 528m3 — 3192m? — 3776m — 1104 > 0
m
whenever : P < 0and then: P <0 SE.Q:>mQ>5P:>T

®
=1611m° — 3298m* — 4353m?3 + 5136m?2 + 7124m + 2040 0
m>1andthen: T=(m-1)(m—-2)?(1611m? + 4757m + 6544) +
6244m? — 26200m + 28216 > 0 - A of (6244m? — 26200m + 28216)
= (26200)%2 — 4(6244)(28216) <0~ T>0

3222m + 4681
O<m<1;then:T=(m—1)(m—2)(4m—1)2< )

32
13024m + 3801m(1 — m?) + 2578m(1 — m) N 15m + 2m3 + m? + 55918

2 32
> 0 - combining both cases, T > 0V m > 0 and this is a contradiction to (1) and

hence our assumption is incorrect - ||Q < 0| and so, (xx) &

?
~25600(m + 1)3(2105m® — 3852m* — 5862m3 + 5408m? + 8328m + 2448) <
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25(—859m* — 528m3 + 3192m? + 3776m + 1104)?

33075(3m + 2)*(m — 2)2(27m? + 68m + 44) > 0 - true = (x*) = (*) is true

3v3.(3b% — bc + 3¢2) ~ 2(b? +bc+c?) A ?
5 Pa < 205 and again, 30 1 O co 2 <p, e
s(s—a)(2s+a)? +s(3s+ a)(b — c)? ; 4(b%? +bc+c?)? s(s—a)
(2s + a)? - 9(b + ¢)? " bc

via earlier substitution
and following simplification

PN
48x° + 120x*(y +z) + 92x3(y + z)? + 112x3yz +
(v —2)%| 24x%(y + z)(y? + yz + z2) + 288x2yz(y + z) + 180xyz(y + z)? + > 0
36yz(y +z)(y? + yz + z%) + 36y2%z2%(y + z)
2(b?% + bc + c?) A

Lp, > =
- true . p, = 3+ 0 cos and so,
2(b?+bc+c%?) A 3v3.(3b% — bc + 3¢?)
COS= <P, =< )
3(b+c¢) 2 20s

" =" for lower bound iff b = c and
=" for upper bound iff A ABC is equilateral (QED)

3946. In any A ABC the following relationship holds :

\/:+f wC rb+rc
b C Wa

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

? IWo b ¢ T wi wl
—+ o+ +2<—2+—+2
b wc c b wZ W
(sa B s(s —b)(c—a)* s(s—c)(a-— b)2>2
GRS (c+ a)? (a + b)?
bc 4ca 4ab

Ct+a? .s(s —b). @+ .s(s—o¢)
((y+z)(2y+z+x)2(2z+x+y)2—y(z—x) (2z + x + y)? >;
z(x — y)?(2y + z + x)? -

16(y +z)?yz(2x +y + z)?(2Qy + z + x)?(2z + x + y)?
xX=s—ay= S—b,Z= Ss—C> Following simplification

(a=y+z,b=z+x,c=x+yands=x+y+z> <

x6(y—2)%(y+2)? +6x°(y —2)%(y + z) ((y2 +yz+22%)+ yz) +
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x*(y —2)?(15(y?% + yz + 22)? + 31yz(y? + yz + z?) + 16y?z?) +

x3(y—2)*(y+1z) (ZO(y2 +yz +z%)(y? + z%) + 24y?z? + 64yz(y? + yz + zz)) +
x*(y — z)*(y + z)?(15(y? + z2)% + 65yz(y? + z?) + 69y?z?) +
Xy — 2)2(y +2) ( 6(Zy2 +Zz2)(2y4 +y3z -: y2z? +2yz23 +2z4) + i )
32yz(y? + z2)(y? + yz + z2) + 52y2z%(y? + yz + z2)
6yz(y? +yz +z2)(y* + y3z + y?z% + yz3 + z*) + ,
(y —2)? < 13y%z2(y? + yz + z2)% + > >0
(y +2)(y? +22)(y* + yz + 23)(y> + 2°) + y323(y? + yz + 2°)
We 2 I + I

W, W, b C . W
- true . —+—2> [—+4+ |- and again,—+—<
W, W, C b W, W, w,

(sa _s(s=b)(c—a)® s(s—c)(a-— b)z)2

o (c+ a)? (a + b)? s(s —a)(s —b)(s — ©)a?
%.s(s—b).%.s(s—c) (s—b)z(s—c)z.%.s(s—a)

via earlier substitution
and following simplification

PN
16x5(y — 2)?(y + z)3 + x*(y — 2)%(y + z)? (152yz + 68(y? + zz)) +
3 ) 376yz(y* +yz +z*)(y+z) +
x*(y —z) 2 2Y(w2 1 o2 2.2 +
104(y* +yz+z*)(y*+ z°)(y+ z) + 168y°z*(y + z)

x*(y — z)%(y + z)? (480y2z2 + 68(y? +z2)% + 360yz(y? + zz)) +
16(y* + y3z + y?z% + yz3 + zY)(y? + z%) +
x(y—2)>%*(y+2z) 136yz(y? + yz + z2)(y? + z2) + +
344y22%(y + z)(y? + yz + z?) + y3z3
?
(v —z)*(y +z)? (16yz(y2 + z2)% + 88y3z3 + 68y?z2(y? + zz)) > 0 - true

w w, Iy, + T, b C W w, I, + T,
PRRL BFRRALAP g candso,\/:+\/:s—b+—cs b "¢ v AABC,
W, Wy W, c b~ w, w, Wa

" =" iff b = ¢ (QED)
3947. In any A ABC the following relationship holds :
r? rs
Yoy
hZ='"°%Ln3
cyc cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

3r 3r 3r
Let —=x,—=

h, hy y,h—c=zandthen:2x=3—>(l)

cyc

N 5 r <1+6 l 5 - é 1+6 - 2 3-I-91?> 5 2
E— E—(:) E— E—(:) E E
ows hZ — h3 9 27 x o x

cyc cyc cyc cyc cyc cyc

wrys *‘(Zyc )g(z)(z) Sx-sviao
() (a3

& Z x3 + 3xyz > Z x%y + Z xy? - true via Schur

cyc cyc cyc

~ 5 Z hz < <1+6 Z — VAABC,"” =" iff A ABC is equilateral (QED)

cyc cyc

3948. In any A ABC the following relationship holds :
5 Z ZS1+ 62
cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3r 3r 3r .
Let—=x,—=y,——zandthen:2x= 3- (i)

cyc

Nowsz—<1+6z ‘:’52 1+6Zﬁ@22x +9>sz

cyc cyc cyc cyc cyc cyc

w2y +_<Zyc )g(z)(z) Sa-svao

cyc
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-ogee(3) o272

& Z x3 + 3xyz > Z xty + Z xy? - true via Schur

cyc cyc cyc

~ 5 Z 2 S <1+6 Z — VAABC,"” =" iff A ABCis equilateral (QED)

cyc cyc

3949. In any A ABC the following relationship holds :

Z 1 - ’ 3
{ VA §
cyc h,, hlb + hl
C
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Leti—:=x,z—:=y,i—:= zandthen:czyc:x= 3 - (i)
1 x?
Now, Z Z Z Z
/ ! TV [ T ,y Tz V3rlix Jy+tz
cyc h T h hb cyc
Bergs>trom 1 (chc x) _ 1 (chc x) CBS
B \/_ chc(x Vi y + Z) \/_ chc(\/_ 1/ Xy + Z.X') B
1 (Zeye x) 1 (Zeye x) \ / Yeye X via (i) V3

var Jz(zcycx)(zcycxy) B R e

and so =" iff A ABC is equilateral (QED)

1 f
oz VAABC”

3950. In any A ABC the following relationship holds :

46 RMM-TRIANGLE MARATHON 3901-4000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

z 1 - 3
1 1 1’21‘
cyc I,. E + -
C
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3r 3r 3r .
Let—=x,—=y,—=zandthen:2x= 3- (i)

Iy Iy Ic cye

N 1 1 I, 1 z 3 1 z X
ow, —_— = —_— =, = .
1 rl Vr r.r Vr & ,y-3|—z V3r Lix. [y +z

cye I, E + cyc I r. (4 C
c
Bergstrom (Zeye x)" 1 (Zeye x)’ cBs
~ VBr Tydxfy+z) VBr Ly (Vx/xy+zx)
1 (chc x)Z S 1 (chc .X')Z _ \/ chc b via=(i) \/§

B o) o) P [aGen) e TV

1 3
and SO’Z T > /ﬂ v AABC,” =" iff A ABC is equilateral
cye I, ’r_b + r_c

3951. In any A ABC the following relationship holds :

1 N 1 N 1 <27
C~10

A B
4 A 4 D 4 >
1+tan2 1+tan2 1+tan2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1+ tan‘*% - tan‘*% r“ll Bergstrom
A=), A o=3) wra S
cyc 1+ tan“f cyc 1+ tan47 cyc STt
2
g Ceoerd)” _ (4R +1)? — 25%)?
35t + Yy Td 3s* 4+ ((4R +1)2 —2s52)2 — 2(s* — 2r(4R + r)s?2)
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& 25s* — (448R? + 272Rr + 40r2)s? + 7(4R + r)* 5 0

. ()
erretsen
Now, since 25s%(s? —16Rr + 5r?) > 0 . in order to prove (x),

it suffices to prove : LHS of () = 25s2(s2 — 16Rr + 5r2)
& 7(4R + 1)t 5 (448R% — 128Rr + 165r%)s? and again,

(%)
Gerretsen

(448R%* — 128Rr + 165r?)s? <
— r + 165r +4Rr + 3r?) < +r
(448R? — 128Rr + 165r?)(4R? + 4Rr + 3r?) < 7(4R + r)*
? R ?
& 128t3 —205t2 — 41t — 122> 0 (t = ;) e (t—2)(128t2 +51t+61) >0

Euler 1 1 1
Struet > 2= (%) > (%) is true - y + B + C
1+tan*s 1+4+tan*s 1+ tants
27 2 2 2
E v AABC,"” =" iff A ABC is equilateral

3952. In any A ABC the following relationship holds :

a+b
> 6RV3
(cosA + cosB)3 — V3

cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A A
b+c Z 4RcosicosT _R coso

3= -C ™ 2 -
o (cosB + cos C) 28 sin3%. cos3 B > cC 2 £ sin? % cos?2 B - C
2

A
R COSE( 2B—C<1> Rs Z 1 r
—. “* COS < - —.
2 cyc sin3% 2 2r p— Ta sinZ%

D (s(s- ). A1) = 5 .Z((s — a).(bc — 4Rr))

cyc cyc

=

21'2 rs2

Gerretsen
and

R RS(S — 12Rr + 1“2) Mitrinovic
=53 (s(s? 4+ 4Rr + r?) — 12Rrs — 4Rrs) = o3 >

R.3V3r.(4Rr — 4r2) R.3v3.(2R — 2r) Euler R.3V3.(2r
;r3 ) — (r ) > % = 6R.V/3 and so,
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a+b n n = = =
(cosA + cos B)? > 6R.V/3 V AABC," =" iff A ABC is equilateral (QED)

cyc

3953.

In any A ABC with a = max{a,b, c}, the following relationship holds :
a r

=
b+c R
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

a ? r 4(s—a)(s—b)(s—c) ? 2(s—a)
>21-=-© =
b+c R , abc b+c
o2yz2x+y+2) > (y+2)(Z+x)(x+y)
(x=s—a,y=s—b,z=s—c=>a=y+z,b=z+x,c:x+yand)
S=x+y+t+z

o y%(z—x) +z%(y —ax) + xy(z — x) + zx(y — x) = 0 - true

r
> _— i =
b1 1 R v A ABC with a = max{a,b, c},

" =" iff A ABC is equilateral (QED)

va=bc=>yz>x -

3954. In any A ABC the following relationship holds :

R+ 2r
9a = Ar 'ha

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

? /R 1 via Bogdan Fustei s—a ?
2 < | — —]. 2 _ _ _ 2 <
ga < (41' + 2) h; s s(s—a) a (b-—0)* <

abc 1 s(s—a)
(16(5 —a)(s—b)(s—c¢) + E) <S(S —a)- a? (b - C)Z)
@sa—(b—c)z és abc+8(s—a)(s—b)(s—c) 4(s—b)(s—c¢)
a -7 16(s—a)(s—b)(s—¢c) a?
y+z)(x+y+z)—
(y —2)? )

o (Y +DE+DE+y) +8xyz)(x+y+2) > 4(y + z)x(
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(x=s—a,y=s—b,z=s—c=»a=y+z,b=z+x,c=x+yand)
Ss=x+y+z

o x3(y+2z) —2x*(y +2)? + 8x%.yz + x((y+ z)3 — 3yz(y + z)) —

4x.yz(y +z) + yz(y +2)2 > 0
o x3(mx) — 2x2(mx)? 4+ 8x%.nx% + x ((mx)3 - 3nx2(mx)) -

? + z y4
4x.nx?(mx) + nx?(mx)2 > 0 (m = yx n= %)

o n(m?—-7m+ 8) + m(m — 1)2 O and it's trivially true if :
()

AM-GM m?
m? —7m+8>0 and when: m? — 7m + 8 < 0,then : sincen < e
2

m ?
- in order to prove (*), it suffices to prove : o m?-7m+8)+m(m-1)2>0

& m+1)(m-2)2>0- true ~ m > O0asx,y,z> 0= (x)is true

R + 2r " .
“ga = ar hy," =" iffy=zandy+z=2x>

" =" iff A ABC is equilateral (QED)

3955. In any A AB, the following relationship holds

V9s2 — 106Rr + 113r2
12r

Proposed by Dang Ngoc Minh-Vietnam

m, < . Wg

Solution by Soumava Chakraborty-Kolkata-India

, 2 9s?—106Rr +113r? (b—c)? >
m? < Ta4r2 W;es(s—a)+ 2 <

9s3 106abc 113\ 4bc.s(s—a)
(144(5 —a)(s—b)(s—¢) 144.4(s—a)(s—b)(s—c¢) + 144)' (b + ¢)?
o 4x(x+y+z)+ (y—2z)? 2

2 <
18(x +y+2)3—-53(y+2)(z+x)(x+y) +226xyz 4(z+ x)(x +y)x(x+y + z)
288xyz ' (2x +y +2z)?
(x=s—a,y=s—b,z=s—c:>a=y+z,b=z+x,c=x+yand)
s=x+y+z

© 19x° + 37x%(y + z) + 21x*(y + 2)? — 44x*yz + 21x3 ((y +z)3 —3yz(y + z))
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—95x3yz(y + z) + 37x%(y? + 22)? + 42x%y%z% — 162x%yz(y?* + z%) +

18(y + z)(y® + z5) — 88xyz ((y +z)3 —3yz(y + z)) +107xy%z%(y +z) +

19y2z%(y +2)? > 0 © 18 + 37m + 21m? — 44n + 21(m3 — 3mn) —
95mn + 37(m? — 2n)? + 42n? — 162n(m? — 2n) + 18m((m? — 2n)? + n? — nm?)

? + z Z
—88n(m3 — 3mn) + 107n’m + 19n’m? > 0 (m _Y _Y )

x = x?
< (19m? + 461m + 514)n? — (178m3 + 310m? + 158m + 514 + 44)n +

?
18m°> + 37m* + 21m3 + 21m? + 37m + 1850
)

Now, LHS of (%) is a quadratic polynomial in 'n" with discriminant =
(178m3 + 310m? + 158m + 514 + 44)% —
4(19m? + 461m + 514)(18m°® + 37m* + 21m® + 21m? + 37m + 18)
—4(m — 2)%(342m° + 2448m* + 7542m3 + 11387m? + 8152m + 2192) < 0

. V9s2 — 106Rr + 113r2
“m>0asx,yz>0= (x)istrue . m, < 12r .w, V A ABC,
=" iff b+ c = 2a (QED)

n

3956. In any A ABC the following relationship holds :

S — r— r
V9s2 — 48Rr — 6612
9r a

Pa =

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

via Bogdan Fustei

and
) ? 9s2 — 48Rr — 6612 Mohamed Amine Ben Ajiba
< 2 =3
Pa = 2 -llg
81r
s(3s+ a) ?

S(S—a)+m.( —C)Zé

81(s—a)(s—b)(s—c¢)
48abc 66
k81.4(s —a)(s—b)(s — ) _ﬁ/

@x(y+z+2(x+y+z))2+(y+z+3(x+y+z))(y—z)2

az

<4s(s —a)(s—b)(s — c)>

(y+z+2(x+y+z))2
2 12(x+y+z)—16(y+2z)(z+ x)(x +y) — 88xyz
- 27(y + z)?
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(x=s—a,y=s—b,z=s—c=»a=y+z,b=z+x,c=x+yand)
Ss=x+y+z
© 12x5 + 56x*(y + z) + 80x3(y + z)? — 88x3.nx? +
36x? ((mx)3 - 3nx2(mx)) —172x%. nx%. mx — 165x.nx?. (mx)? +

. y+z _ YZ)

72.nx2. ((mx)3 — 3nx2(mx)) +216n%2x*. mx >0 (m =z

& n(72m3 — 165m? — 280m — 88) + 36m3 + 80m? + 56m + IZEO and it’s
(+)

trivially true if : 72m3 — 165m? — 280m — 88 > 0 and when :
AM-GM m?

72m3 — 165m? — 280m — 88 < 0, then : sincen < e

. in order to prove (*), it suffices to prove :
m? ?
o (72m3 — 165m? — 280m — 88) + 36m3 + 80m? + 56m + 12 > 0

o Bm+3)3m+2)2(m—-2)2>0-true~m>0asx,y,z>0= () is true

V9s? —48Rr — 6612 =
5 Pa = or h) =" iffy=zandy+z=2x>

" =" iff A ABC is equilateral (QED)

3957. In any A ABC the following relationship holds :

my +m R\3
s<[ [=o = (5)
m, r
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3 my, + m; AM-GM 2 1 Bager 2 4R +r Euler
Mot e MM 2 (N | S 2R L
cye m, 3 e m,m,m, 3 hahbhc

G Euler 2 R R + R\3
o erretsen + Euler “

Y < =
3/21'252 33,1'2.27Rr r e Me
R R

. m,, + m my, + m,
via Cesaro, ————>8andso,8 < B

a
cyc cyc

" =" iff A ABC is equilateral (QED)

3

R
< (—) vV A ABC,
m, r

3958. In any A ABC the following relationship holds :
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a® + b3 <za3+b3
hz ~ r2
cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

WLOG we may assume : a > b > c and then :

b3 3 < 3 + 3 < + b3 > — d=<—=<-—= d
+c C a a = = an = an
hZ hz hz raz rIZE) IZE)

] b3 + c3 b3 + ¢3
hence via Chebyshev, h2 - z w2 <
cyc

g (S5 (B (23

=%.<Z(b3+c3)> " 2(2“ —4Z(s—a)>

cyc cyc cyc

1
= W.(Z(W + c3)> (s2 —4Rr—-r?-2 (352 —4s%? + 2(s> —4Rr — rz)))

cyc

-1
~ 6rZs?’ <Z(b3 ' C3)> (s* —12Rr—3r*) < 0 - s* — 12Rr — 3r*

cyc
Gerretsen
and

Euler a3 + b3 a
=s2—16Rr+5r2+4r(R—2r) > 0 - < Z
cyc ¢ cyc

" =""iff A ABC is equilateral (QED)

v A ABC,
rC

3959. In any A ABC the following relationship holds :

a+b
> 6RV3
(cosA + cosB)Z — V3

cyc

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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A B-—-C A
b+c 4RcosicosT cos
= =R >
cos B + cos ()2 Z ., A B-—-C ., A B-C~™
A
R cos > ( B-C - 1) AM;GM 3R 3 R s 16R2
cos < > . =3R. |[—.———
sin? 5 A 2 sin? A 4R
cyc 2 cyc 2
Euler
3(4Rs M1tr1nov1c 3/8r. 3\/_ r
= 3R / 2 ’ = 6R.+/3 and so,
ath > 6R.V3VAABC'" =" iff AABCi ilateral (QED)
(cosA + cosB)Z = ="1 is equilateral (Q

cyc

3960. In any A ABC the following relationship holds :
& + n, _ 4‘(ha - l‘)

r Ta g,—ng++4r2+ (b—c)?

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Bogdan Fustei an r.n (S - a)
Ga—Ng ++/4r2 + (b — ¢)? = ga—Ng+ sa:ga_—ars

_ g gy —TNg (g, > —) _

=ga I = T ..(r +l'a>(ga na+\/4r + (b C))—

(gara +T. na) (.gara r. na) — gtzll'f B rzntzz
I.T, Iy r.r2
Bogdan Fustei ((s — @)? + 2r.h,)rZ — r?(s? — 2h,r,)
B r.r2
s2
_ _ 2 rs rs
(s a)?. (s )2+2rh oF2 —r?s? + 2r 'hara_Zhara+2r.ha_2ha(s_a+?)

r.r2 B r, B r,
rs(2s—a
2h,(s— q)S2S— @) ars

_ s(s—a) _ 2s—a _ B _ B
_ — —Zha( _ )—4ha = =4, - 1)
n 4h, —r
2Ga Ta_ (h, — 1) v A ABC (QED)
I Ta g,—ng+/4r2+ (b —c)?

3961. In any acute A ABC the following relationship holds :
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(R + 4r)s?
6

Proposed by Dang Ngoc Minh-Vietnam

PaPbPc =

Solution by Soumava Chakraborty-Kolkata-India

2s
2s+a’

<Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 68;)
relation (e+¢); published at www. ssmrmh. ro

A
Pa = — 3r2 — 16Rr sin? >

Walker 28 A
SP. = st a 2R? + 8Rr — 16Rr sin? > and analogs
> 8s° 1_[ (ZRZ + 8Rr — 16Rr sin? A) ©
= . — el
PaPbPc = 25(9s2 + 6Rr +r2) r remty
cyc

A
Now, 1_[ (2R2 + 8Rr — 16Rr sin? E) =

cyc

2R—-r
(2R? + 8Rr)? — 16Rr(2R? + 8Rr)2.

2R

(2ZR—-1)? 2
256R2r2(2R? + 8R — ZAI2 —
r*(2R" + 8Rr) | — 05 16R?

cyc

on (SER) e

r
(16)(256)R3r3.16RZ i Zsm —=| sm2 cosec’ |

\ / 16R2
cyc cyc

— (2R + 8Rr)3 — 8r(2R — r)(2R? + 8Rr)? +
Gerretsen
32r2(2R? + 8Rr) (2(2R — )2 — (s — 8Rr + rz)) _256Rr® >
(2R? + 8Rr)3 — 8r(2R — r)(2R? + 8Rr)? +
32r2(2R? + 8Rr) (2(2R — )2 — (4R% — 4Rr + 4r2)) — 256Rr’

via (D) and Gerretsen

= PaPbPc =
(2R% + 8Rr)3 — 8r(2R —r)(2R? + 8Rr)2 +

4s?
2 2 —_r)2 _ 2 _ 2)) —
9(ARE T 4Rr 1 317 7 6Rr 112" |32r7(2R + 8Rr)(2(2R — r)2 — (4R? — 4Rr + 4r2))
256Rr>
? (R + 4.1')52 squaring and simplifying
> o

B 6
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828t5 + 1260t° + 10863t* + 5348413 — 112180t — 121568t — 3136 > 0
R ?
(t = ;) & (t—2)(828t5 + 2916t* + 16695t> + 86874t% + 61568t + 1568) > 0

Euler (R + 4r)s?
- truet = 2. p,ppPc = e V acute ABC,

" =" iff A ABC is equilateral (QED)

3962. In any A ABC the following relationship holds :

1
b — ¢|] < min {\/sz — 8Rr — 11r2,Z.\/3252 — 437Rr + IOrZ}

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

b—c| < \/s2 — 8Rr — 11r?2

o (-2 (xtytzp_¥TDEIDry)  1lxyz

4(x+y+1z) Cx+y+z
(xzs—myzs—hz=s—cza=y+zb=z+mc=x+ymﬂ)
s=x+y+z

?
o x3+(y+z)x? —Txyz+2yz(y+2z) =0

? + z y4
© x3 4+ (mx)x? — 7x.nx? + 2nx*(mx) > 0 (m = yx n= %)

?
S1+m+n2m-7) > 0 and it’'s trivially true if : 2Zm — 7 > 0 and when :
()
AM-GM m?
2m —7 < 0,then :sincen < T . in order to prove (x),

m?2 ? ?
it suffices to prove : 1 + m + 2m-7)>20 2m+1)(m-2)2>0

—>truem>0asx,y,z>0= (x)istrue . |b—¢| < \/52—8Rr— 11r2 -» (1)
71
and again, |b — ¢c| < Z.\/SZSZ — 437Rr + 10r?
437(y+z)(z+ x)(x+y) 10xyz

4(x+y+2z) x+y+z
© 128x3 — 53(y + z)x? — 117x((y + z)? — 2yz) + 62xyz +
?

64 ((y +2)3 - 3yz(y + z)) +11yz(y+2z) =0

?
©16(y—2)?<32(x+y+2z)?—
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 128x3% — 53(mx)x? — 117x((mx)? — 2nx?) + 62x.nx? +

64 ((mx)3 — 3nx? (mx)) + 11nx?(mx) é 0

AV

& 64m3 — 117m? — 53m + 128 + n(296 — 181m) 0

)
We shall now prove that : 64m3 —117m? —53m + 128 >0V m > 0 - (i)

761

m < —— and then : 64m® — 117m? — 53m + 128

(320m + 311)(5m — 7)% + 761 — 535m) >0

1
=125 (
761

(inequality is strict because "'m’’ cannot be simultaneously equal to < and ﬁ)

761
m > =< and then : 64m* — 117m? — 53m + 128

1
- _ 2 _
=729 ((576m +611)(9m — 13)* + 6993m 9947) >0

(-- S 761 94T s (761)(6993) — (535)(9947) = 28 > o) d
"M~ 35~ 6993 1° = andso,

combining both cases, (i) is true and hence, (x*) it’s trivially true if :

AM-GM m?
296 —181m > 0 and when : 296 — 181m < 0,then : sincen < v

. in order to prove (xx), it suffices to prove :
2

m ?
64m3 —117m? — 53m + 128 + 1 (296 —181m) > 0

?
© (75m+128)(m—2)2>0->true~m > 0asx,y,z > 0 = (xx) is true
1
“lb—¢l < Z.\/32s2 —437Rr+10r2 > 2) - Mand @) =

1
Ib—c| <+/s2—8Rr — 11r2,1.\/3252 — 437Rr + 10r2

1
= |b — ¢| < min {Jsz — 8Rr — 11r2,Z.J32s2 — 437Rr + 10r2}
VAABC'" =" iffy=zandy+z =2x>="=" iff AABC is equilateral (QED)

3963. In any AABC ,a = max{ a, b, c} prove that:

2
™, T, S
—+t—=<-=5-1
r. T, 9r

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India
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Lets—a=x,s—b=y,s—c=zthenx+y+z=sand

F=Area=,(x+y+2)xyz
a=y+zb=x+zc=x+Yy

s? s* _(x+y+z)3&rb T,

B N _s—c s—b y
9r2  9F2  9xyz r. r, s—-b s—c z

z y?+ 272
y yz

We need to show :
y? + z2 - (x+y+2)3

-1 3> 2 2 1

vz = Sxyz or,(x+y+2)°=>9x(y*+yz+2z*) (1)

asa=max{a,b,c} then y+z>x+y&y+z=>z+xor,x<y,z
lety=x+a &z=x+bwherea,b >0

From (1) we need to show:
Bx+a+b)2>9%x((x+a)?+ (x+a)(x+ b) + (x + b)?)
L.HS=3x)2+33x)%(a+b)+3.(3x)(a+ b)? + (a+b)3
R.H.S = 9x(3x* + 3x(a + b) + (a® + ab + b?)
LHS—RHS=9xab+ (a+b)®>0asab=>0
Bx+a+b)2>9%x((x+a)?+ (x+a)(x+ b) + (x + b)?)

Equality occurs whena=b=0o0orx=y=zora=b=c

3964. In AABC the following relationship holds:

e B

Proposed by Dang Ngoc Minh-Vietnam
Solution by Tapas Das-India

letx=s—ay=s—bz=s—cthena=y+zb=x+zc=x+y&s=x+y+z
h, r, 2(s—a)

4 Ta _ 4 a _2x +y+z
r, h, a 2(s—a) y+z 2x
abc
R _3F _ sabc _ (x+y)(y+Z)(Z+x) 2R (x+ )y +2)(z+x)
r F — 4F2 4xyz hen == 2xyz
s

We need to show :
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Ty squarlng 2 R
h—“ < + = <

2x y+z (x+y)(y+z)(z+x)
y+z 2x o 2xyz
2x yt+z
A <
nyz(y_l_ + 7 +2> x+y)(y+2)(z+x)

RHS=(x+y)(y+2)(z+x)=x%y+xy? +y*z+ yz? + z2°x + zx* + 2xyz

LHS=2 (Zx MR 2)—4x2yz+ 2z+yz* + 4
.H.S = 2xyz Szt 2 =Stz y*z + yz xXyz
Ax’yz
L.H.S—R.H.S=x2y+xy2+zzx+zx2—y_l_yZ—nyz
Ax’yz 4x’yz
= x%(y + z) + x(y* + z2) — 2xyz — y+yz =x*(y+2) + x(y + 2)* — 4xyz — y+yz
x+y+z 4yz
=x(y+z)(x+y+z)—4xyz(y—iz>=x(x+y+z)<(y+z)—}%z>
_x(x+y+z)((y+z)2—4yz)_x(x+y+z)(y—z)2>0
B y+z B y+z -

Equality holds for b=c.

3965. In any A ABC the following relationship holds :

Vs2 — 27r2
2
Proposed by Dang Ngoc Minh-Vietnam

max{a,b,c} — min{a,b,c} >

Solution by Soumava Chakraborty-Kolkata-India

2
(max{a,b,c} — min{a, b, c})? = ( |b ; c|>

cyc
(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 45;)
published at www. ssmrmh.ro

1 2 Triangle Inequality
=3 b=0?+5> (b-cllc-al) >

cyc cyc

;(zaz_zab>+;.

cyc cyc

Z((b —O)(c—a))

cyc
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=;<za2_zab>+;.zbc_zab_zc2+zca

cyc cyc cyc cyc cyc cyc

1 1
=3 Zaz—Zab +E ZaZ—Zab '-'ZaZZZab
cyc cyc cyc cyc cyc cyc

? §2 — 27r?
=2(s?—4Rr—-r?) - (s’ +4Rr+r?) =s?—12Rr - 3r? > —

?
& s2 > 16Rr — 5r% - true via Gerretsen

. Vs2 — 27r?
~ max{a,b,c} —min{a,b, c} > — Vv A ABC,

" =" iff A ABC is equilateral (QED)

3966. In any A ABC the following relationship holds :

max{r,, 1y, r.} — min{r,, ry, r.} > 2+/R% — Rr — 2r2
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2
Iry, — r¢l
(max{r,, ry, r.} — min{r,, r,, r.})? = ( b . c

cyc

(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 45;)
published at www. ssmrmh.ro

1 2 Triangle Inequality
=3 @ -t (-l - 2

cyc cyc

1 , 1
E Zra —Zrarb +z.

cyc cyc

1 , 1
:E Zra—Zrarb +E.

cyc cyc

SDOXBYNIE D w6 XS

cyc cyc cyc cyc cyc cyc

Z((rb - rc)(rc - ra))

cyc

D, ) Ko ) e+ )

cyc cyc cyc cyc
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Gerretsen

=(4R+r)>—-3s? > (4R+r1r)?—-3(4R? +4Rr + 3r?) = 4(R?> — Rr — 2r?)

- max{r,, 1y, r.} — min{r,, 1, r.} > 24/R% — Rr — 2r2 v A ABC,
" =""iff A ABC is equilateral (QED)
3967. In any A ABC the following relationship holds :

3
8 <

mb+mc< 8 (4R )

—+1
m, 729 r+

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

my, + m, _ (chc ma) (chc mamb) — mmpme

mg, m,my,m,
cyc

B Z Z 1 1 < Z Zl 1Ba§er4R+r 1
B Ma m,| Ma h,] = ~ r
cyc cyc cyc cyc

my +m. _ 4R 4R 3 Euler 8 (4R 2 7 4R

8
_—%@andagain,—(—+1) > —(—+1) =>—

m, r 729\ r — 81\r r

cyc

? ? ?
< 2(4R+1)2 > 81Rr © 32R? —65Rr+2r’>0< (32R-r)(R-2r) >0

_ 4R 3 4R Vie® r1my + m, _
- truevia Euler . —— (— + 1) >— = | | —— and since
729\ r r m,
cyc
my + m, Cesaro my, + m, 8 (4R 3
———— > 8andso,8 < < <—+1) v A ABC,
m, m, 729\ r

cyc cyc

" =" iff A ABC is equilateral (QED)

3968. In any A ABC the following relationship holds :
Z bc 8r
R 2 P
m2 R
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

61 RMM-TRIANGLE MARATHON 3901-4000



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

bc Pana;topol z bc B abc Z _ (4Rrs)(2s) _ 8r v A ABC
mZ - (stz) “Rs2° YT R%sZ R ’
cyc cyc 7 cyc

" =" iff A ABC is equilateral (QED)

3969.
In any A ABC the following relationship holds :

212 _ 1—tan?A “a 18r?
RZ — 1+ tan?A — R2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 — tan? A cos? A — sin? A
1+ tanZA A cos? A + sin? A
cyc cyc cyc
s2 —4R%? — 4Rr — r?
=—1—-—4cosAcosBcosC=-1-— RZ

1—tan’A 3R% +4Rr +r? —s? _, Gerretsen )
1+ tanZA RZ and s =  16Rr —5r° and
cyc
, Gerretsen ) 1—tan’?A 3R? +4Rr + r? — 16Rr + 5r?
S < 4R“ 4+ 4Rr + 3r- - <
1+ tan2 A R2
cyc

12Rr — 612 Euler 24r? — 6r? 18r?
:3—T < S—TZB— Rz and
1—tan’ A _ 3R? +4Rr +r? — (4R? + 4Rr + 3r?) _ 2r?

> = —1->"_ andso,
1+ tanZA -~ RZ gz anaso

cyc
2r? 1 —tan? A 18r?

— < — <

R2 1+ tan2 A

cyc

" =" iff A ABC is equilateral (QED)

cos 2A

-1 —

v A ABC,

3970. In any A ABC the following relationship holds :

2 —12Rr — 3r?
2R
Proposed by Dang Ngoc Minh-Vietnam

max{h,, hy,h.} — min{h,, hy,h.} >
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Solution by Soumava Chakraborty-Kolkata-India

2
h, —h
(max{h,, hy, h.,} — min{h,, hy, hc})z = (Z IbZ—CI>

cyc
(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 45;)

published at www. ssmrmh. ro
Triangle Inequality

1 2
=2 (=12 + 3> (hy—hellhe—h) =

cyc cyc

1 , 1
5 Zha—Zhahb +3

cyc cyc

1 2 1 2
=2 Zha—Zhahb 3 Zhbhc—Zhahb—th+thha

cyc cyc cyc cyc cyc cyc

_ %(Z Wy hahb> + %(Z b2 - hahb> ( dwiz) hahb>

Z((hb - hc)(hc - ha))

cyc

cyc cyc cyc cyc cyc cyc
B (s® + 4Rr + r?)? — 16Rrs? — 8Rrs? ; (s? — 12Rr — 3r?)?
B 4R2 - 4R2

?
& (R+71)s? > r(4R +r)?

()
Gerretsen

? ?
Now,(R+1r)s? > (R+r)(16Rr—5r?)>r(4R+r)? < 3r2(R-2r)=>0

Eule:
- true “ R > 2r = (%) istrue - max{h, hy,h.} — min{h,, hy,h.} >

s2 — 12Rr — 3r?
2R

v AABC," =" iff A ABC is equilateral (QED)

3971. In any A ABC holds :

I, — 1| < 4\/R2 — (V2 + 1)Rr + 2(V2 — 1)r2
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
s(s—a) abc

(s—b)(s— C)'R B 4.,\/s(s —a)(s —b)(s — ¢) “

L Js(s — a)(SS— b)(s — C)' (ry — r.)? é R? - (V2 +1)Rr + 2(vV2 — 1)r?

nd

Via (r, —r)?% =
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16(sabc —8s(s—a)(s—b)(s— c))(sabc +4s(s—a)(s—b)(s— c))
N _
4s.4s.s(s—a)(s—b)(s—¢)
s’(s—a)’(b—-c)? ~» F sabc—8s(s—a)(s—b)(s—c¢)
s(s—a)(s—b)(s—0¢) = 16\/2'; 4s.F
& 16x8 + 32x7(y +z) — 256x°.yz — 32x5 ((y +z)3 — 3yz(y + z)) +
+128x°yz(y + z) — 12x*(((y + 2)? — 2yz)? — 2y?z?) + 248x*.yz((y + z)? — 2yz)
—504x*. y?z% + 8x3(y + z)(((y + 2)? — 2yz)? — yz(y + z)? + y?2?) —
160x3.yz ((y +z)3 — 3yz(y + z)) +248x3.y%z%2(y + z) +
4x*((y + 2)* — 2yz) (((y + 2)* — 2yz)* — 3y?z?) +
12x2. yz(((y + 2)? — 2yz)? — 2y?z?) — 68x%.y?z%(y + z)? — 16x2.y3z3 +
4x.yz(y + 2)(((y + 2)* — 2yz)? — yz(y + 2)* + y?z?) +
12x.y?z?2 ((y +2)3 - 3yz(y + z)) +16x.y3z3(y + z) +

v222(((y + 2)% — 2yz)? — 2y2z2) + 4y323((y + 2)% — 2yz) + 6y*z* > 0
( x=s—ay=s—bz=s—-c> )
a=y+zb=z+xc=x+yands=x+y+z

o1
o (m‘* — 8m3 — 80m? + 768m — 1024) n? +

o2
<4m5 —12m* — 200m3 + 296m? + 224m — 256) n+

03

? +z y/
4m® + 8m® — 12m* — 32m® + 32m + 16EO (m:yx ,n:%)
®

and - LHS of (*) = (m — 8)?(m? + 8(m — 8) + 48)n? +
(m—8) ((m — 8)(4m3 +52m? 4+ 376m + 2984) + 23904—) n-+

4 ((m —8)(m° + 10m* + 77m® + 608m? + 4864m + 38920) + 311364) >0
whenever m > 8 . we now focus on the case when : m < 8
m* — 8m3 — 80m? + 768m — 1024 > 0 (and m < 8) and then,

© 8 = 65 — 40,03 = 128(m + 1)?(m — 2)*(m — 8)% > 0 - in order to prove (*),
? AM-GM m?
it suffices to prove : 26;.n <— o0, — V8and +n < v -~ it suffices to prove :

>0
? PO
2V8 <— 20, —m?0; = (m—2)? (8 —m) (m3 + 12m? + 4m + 16)
?

& (m—2)*(m — 8)2(m3 + 12m? + 4m + 16) > 512(m + 1)2(m — 2)*(m — 8)2

& (m —2)*(m — 8)%(m® + 24m°® + 152m* + 128m> — 112m? — 896m — 256)
(m" — 8m?3 — 80m? +> ( m* + 16m3 + )

768m — 1024 40m? + 64m + 16/ .

(m — 8)2 B

é 0 © (m—2)*(m — 8)2. 0
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- true * m* — 8m3 — 80m? + 768m — 1024 > 0and m < 8

6; = m* — 8m3 — 80m? + 768m — 1024 < 0 (and m < 8) and then :

?
(*) © (—064)n?% — 6,n — 03 > |0 and then - discriminiant = 65 —40,063=8>0
**)

7 7
. to prove (xx), suffices to prove : —20;. naz + V8 AND —264.0n|>|0, — V6
® @

~

m? ?
v —07>0andn < 2 to prove (1), it suffices to prove : —26, — m?0, < 2V8
>0 7
© (m-2)2(8—m)(m3+12m? + 4m + 16) < 2V§ &

(m — 2)*(m — 8)2(m3 + 12m? + 4m + 16)? < 512(m + 1)%(m — 2)*(m — 8)?
<m4 — 8m3 — 80m? +) ( m* + 16m3 + )
768m — 1024 40m? + 64m + 16
(m — 8)2
v m* —8m> — 80m? + 768m — 1024 < 0 and m < 8 = (1) is true
and again, since : —20,.n > 0 - in order to prove (2), it suffices to prove :

& (m —2)*(m — 8)2. < 0 - true

V8 > 6, and it’s trivially true if ¢, < 0 and when : 02 > 0, it suffices to prove :
- _ 3 2
224m — 256
& —16(m + 1)?(m — 8)?(m® + 8m® — 20m* — 32m? + 68m? + 32m — 64) >0
(m* — 8m3 — 80m? + 768m — 1024)(m? — 2)?
< —16 1)?(m — 8)2. =0
- true * m* — 8m> — 80m? + 768m — 1024 < 0 and m < 8 = (2) is true
- combining cases (1) and (2), (+) is true V m,n > 0 | m? > 4n and so,

Ir, — 1| < 4.JR2 —(V2+1)Rr+2(¥2 — 1)r2 v A ABC,
"="iffy=zandy+z=2x>"="iff AABCis equilateral (QED)

3972. In any A ABC the following relationship holds :
+
() s
cyc Wb T We cyc ol

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
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z Wh + W, Reverse CBS AM- GM
W, + w, Z / o
cyc b ¢ cyc cyc Thle

2
( Jm,mym, ) Lascu + AM-GM 0 (‘{/s(s —a).s(s —b).s(s — c))§
Vs(s— a).s(s—b).s(s—c) B ' Vs(s— a).s(s—b).s(s—c)

Wwh + W,
—9andso< )( >>9VAABC
wb+wc
cyc cyc

=" iff A ABC is equllateral (QED)

wIN

3973. In AABC the following relationship holds:

12 a 4 2R
T (5--1)
a+b+c r2 " a+b+c

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

a 1 1
Zr_zzﬁz a(s — a)? =ﬁ2a(52 —2sa+a?) =
a

1
= 2g (233 —4s(s®> —r?> —4Rr) + 2s(s* - 3r% — 6Rr)) =

_2s(2Rr—7r?) 4 (2Rr —r?\ 4 <2R 1)

B r2s2 25 r2 “a+b+c

a 4 (ZR )EULER 4 a2
r2 a+b+c ~ a+b+c " a+b+c

Equality holds for an equilateral triangle.

3974. In AABC the following relationship holds:

a b ¢ R3 m, m, m,
ot ot 28—
b ¢ r m, m, m,
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Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

my e () (Tay) "E 3 (Cita)
| ow) () "2 j( o) o)~

b
c

AM-GM
3

a c
b a

We need to show:

R3 3R by Euler
or,3 +r—32 8+Z or,2x3—-3x—-10 > Oor,(x—2)(2x*+4x+5) >0 true

Equality holds for an equilateral triangle.
3975. In AABC the following relationship holds:
sin 4 sin B sin ¢
2 2

2 _
B_C ' C A" A B °
COS2 COS2 COSZCOS2 COSZCOS2

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
sin 4 sin = sin
2 2 2 _
B C o CiosA coshcosE
CcoSs 2 CcoSs 2 CcoSs 2 COoSs 2 COoSs 2 COoSs 2

B sing B (s—b)(s—0¢) ac-ab B
_Z B C_Z bc " Is(s—b) -s(s—c)
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a2 a+b+c 25
s Za—

2 s s
cyc cyc

3976. In AABC the following relationship holds:
sin? A sin 2B + sin? Bsin 24 = 2 sin A sin B sin C
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
sin? Asin 2B + sin? Bsin 24 =
=sin?A-2sinBcosB +sin?B -2sinAcosA =
=2sinAsinB (sinAcosB + sinBcosA) =
=2sinAsinB -sin(A+ B) = 2sinAsinB - sin(mr — C) =2sinAsinBsinC
3977. In AABC the following relationship holds:
2(sin? A + sin? B + sin? C)
sin 24 + sin 2B + sin 2C

cotA + cotB + cotC =

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

2A + 2B 2A — 2B
sin24 + sin2B + sin2C = 2 sin cos + sin 2C =

2 2
=2sin(A+ B)cos(A—B) +2sinCcosC =
=2sin(m — C)cos(A—B) +2sinCcosC = 2sinC (cos(A— B) + cos(C) =
A—B+C A—-B—-C
=2sinC - 2 cos cos =
2 2
— 4sinC w—2B 2A—n’_4_ c T B T a) =
= 4sinCcos— —cos—— = 4sin cos(E— )cos(i— )—

=4sinCsinBsinA

sin2A4 4+ sin2B + sin2C = 4sinAsinBsinC (1)

tA+ cotB + tC—Z tA—ZCOSA b® +c* —a?
co co cott=/ ot 4=/ Sina 2bcsinA

cyc cyc cyc
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1 1 1
= ﬁz(bz + CZ - aZ) = Ez az = EZ4R2 sinzA =

cyc cyc cyc
4R?*(sin? A + sin? B +sin? C) 2(sin? A + sin? B + sin? C) (1)
"~ 4.2R%’sinAsinBsinC 4 sin Asin Bsin C B

2(sin? A + sin? B + sin? C)
"~ sin2A4 + sin 2B + sin 2C

3978.

In any A ABC the following relationship holds :
1
© =G [
r/ " \gagvg/ L1 3 1
* pa (%) - @r2+ (b - 022
Ya
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Fustei

m,n, > p + ® 1_8c)2 Atga
(s(s —ay+ P ;c)z) <s(s —a)+ @) > <s(s —a)+ 5(35(;“}:); °)2>2
R RCAR
ost-ab-0t(S+7)+ sb 4_ac)4 > s2(3s(;rsai2$4— 2
s@s+a)(b—c)? (b—o)* (b—)? s(3s+a)(b—c)*

25— Gsrar T 322 "D T T T oGs a2

s 1 2sBs+a)(b—0c)? 1
©sis—a) E+Z_ (2s + a)? _§>
( s s’Bs+a)? 1 s(3s+a)

,
—_ — — b_ 250.'. b_ 2>0
4a” (2s+a)* 324 9(2s+ a)2>( 7200 (-7 20)
s(s — a)(144s3 — 52s%a — 16sa? + 5a?)
& +
36a(2s + a)?
1296s° — 772s*a — 608s3a? + 48s2a?® + 37sa* — a®
324a(2s + a)*

(b-0)2=>0
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s(s—a) ((s —a)(144s? + 92sa + 76a?) + 81a3)

o
36a(2s + a)? +

(s—a) ((S — a)(1296s* + 1820s%a + 1736sa” + 1700a3) +)
1701a*
324a(2s + a)*

(b=0)?2>0

(b —c)?

18
Bogdan Fustei
and n,g, = myl, - @ @'@ = (mana)(naga) = pg- m,l,

1
2

2 2
> pZ = mgn, >pZ > D

- true (strict inequality) -~ m,n, > p? +

>p la N (l_a> Pa — 1
v da da l, % \/4r2+(b—c)2
pa ()’ - (4r2 + (b - oz 1- ,
Ya Pa- —
. “NYa
n i 2
BogdazFuste 1an > 1an _ ) ( l_a ) . . Pa >
(59 (B 7@ iy :
1- 1- pa () - (417 + (b — 0232
la n, Ya
Pa g_
a

2

3
s Pa s s s
| | 1 2 | | = ——- = —; and so,
s — : s—a r2s r

e (; ) - (41‘2 + (b — c)2)2 e
L.l

S l.
O < (e P vame
r Ja9nYIc 1

e b (;_a>2 —(4r?2 + (b —c)?)2
a
" =" iff A ABC is equilateral (QED)

3980. In any A ABC the following relationship holds :

—\/4r2+(b—c)2+2mb—gb—\/4r2+(c—a)2+
Ng ny,

1>

2m, — g, — /4r2 + (a — b)2
nC

_|_

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India
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z 2m, — g, — \/4_1.2 + (b — c)?2 Bogdan Fustei
<

na
cyc
an,
Zna+ga—ga—\/4l‘2+(b—c)zBogda:Fusteizna_T_Z(l a)
n, B n, s
cyc cyc cyc
2s 2m, — g, —+/4r?2 + (b — ¢)?
=3——=1andso,1> a” fa \/ ( ) +
S Ng
2my — gy, — J4r2+ (c—a)? 2m,—g.—+/4r%2+ (a—b)?
b — 9b \{l ( )+ c Y \/n ( )VAABC,
b c

" =" iff A ABC is equilateral (QED)

3981.
In any triangle ABC with the area F the following inequality holds :

a*+b* b*+ct ct*+a* 32V3
bt —— > F
m; m;, 3

mg
Proposed by D.M.Batinetu-Giurgiu, Daniel Sitaru-Romania

Solution by Soumava Chakraborty-Kolkata-India

b + ct (b2 + c2)? Bergstrom (Y. (b? + ¢2))"
LHS = z > =
2mZ 2 Y cyc M3
cyc cyc
2
2 Z a? 8 Ionescu—Weitzenbock 8 32 \/_
:M:__Zaz > \/_F_—Fandso
2y a? 3 3 3
4 ~cyc cyc

at+b* b*+ct ct*+ar 32V3
7 T z T 7 =
m?2 m2 m?

FVv A ABC,

" =" iff A ABC is equilateral (QED)

3982. In any A ABC, the following relationship holds :
Vs? 4+ 37r? _ Ma h w, h, m, wa}

>—+ a>max{—+——+—
4r h, m, a Wg W, mg,

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

Vs2+37r2 2 m, h s? +37r? ? m2 h2
> + a 4 > a + a 2
— >t o ————— 4>t ——
4r h, m, 16r2 “ hZ m2
2
_ M) _ ( Y ey (= c)Z)
sZ —27r? 2 <(S(S a) +-—4 s(s—a) —s(s—a). i
16r2 htzlmgl
s2—27r2 2 (b— 0)*((b+ )2 — a® + a?)? 7| -9+ o
? = 2 <s 27 2m2g2
tor 160+ 255" m2 (:;) 4a’mZs
a

and now, 4a’m? — (b? — ¢?)? = a?(2b? + 2¢? — a?) — b* — c* + 2b%c? =
ZZ a’b? — Z a* = 16r%s? > 0 = 4a’m? > (b — ¢)?(b + ¢)? and so,

cyc cyc
?
in order to prove (), it suffices to prove : s?(s? — 27r%) > (b% — ¢?)?

o (x+y+2)*—27xyz(x +y+2z) = (z+ x)% — (x + y)?)?
( x=s—ay=s—bz=s—-c> )
a=y+zb=z+x,c=x+yands=x+y+z

o x* + 4x3(y + z) + 2x2%(y + 2)? — 11x%yz — 11xyz(y + z) + 4yz(y + 2)2 > 0

& xt + 4x3. mx + 2x%2(mx)? — 11x%2. nx? — 11x. nx2(mx) + 4nx?(mx)? > 0

y+z yZ ?
(mz il x><:>2m +4m+1+n(4m? — 11m - 11) =
(**)
and it's trivially true if : 4m2 —11m — 11 > 0 and when : 4m? —11m — 11 < 0,
AM-GM m?
then,asn < e . in order to prove (*x), it suffices to prove :

m? ? m+1)(4m + 1)(m — 22?
2m2+4m+1+T(4m2—11m—11)20 ( it it ) >0

4
. m, h, Vs?+37r?
—>true'-'m>0:>(**):>(*)13true.'.h—+m—2T
a a
m, h, ?w, h m2+h2?w?+h?2 m2+h? 7 m
Now—+—“>—“+—“<:> e e e |
h, h, mh w,h, w2 + h2 \
(m a)(m +Wa) a— Wq ?
e W2 1 hZ > " © wa(m, +wy) = w2 + h?

[ ma h w h,
(*m, —w, =0) ©m,w, > h; - true “ my,,w, >h, - w_
a
m, h, 'm, w m2+hZ > m2+w?2 w, ?m + w?
Again,—+—2> S+ Lo 22>~ “@——1 2z 1
h, m, w, m, myh, w,m, h, m; + h3
@Wa_ha?(wa_ha)(wa-l'ha)

?
h. > mZ + hZ & m2 + h2 > h,(w, +h,) (~w, —h, >0)
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g 2 m, h, @ m, w,
< m; = h,w, - true - m, > h,,w, .-h—+m— w—+m— and so,
a a a a

m, h, {wa h, m, wa}

and 2) > |—+—">max]—+—,—+—
@ @ hll m(l ha wa wa ma

s2+37r? m, h, w, h, m;, w,
_2_+_>max{—+——+—}VAABC
4r h h, wa w, m,
" =" for uppper bound iffy=zAy+z =2x =" =" iff A ABC is equilateral
and " =" for lower bound iff b = ¢ (QED)

3983. In AABC the following relationship holds:
9r2<z 1 —cos(4) <1+r
2 = AN = 2
ZR oye 1+ tan? (7) ZR

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

1-cos(4)  2sin’ (é) A A\ 1
= 2) _ 3| sin? (—) .cos? (—) = —(sin(4))? =
A 1 2 2 2
e () L
2 cos? (é)
2
Gerretsen

s2 —1r%2 —4ARr
S
Z 2R?

cyc

4R2+4Rr+3r — 12 —4Rr 4R2+2r

2

< 2R2 2R —2+—(1)
ZsinZ(A) :s —r? —4Rr> 16Rr — 512 — r? —4Rr:
T 2R? - 2R?
_12Rr—2r2 182 9r? @
2R? ~ 2R? R?

From (x),(1) and (2) we get that:
9r2<z 1 — cos(A4) 14 r?
2 = = 2
ZR e 1+ tan? (%) ZR

Equality holds for a=b =rc.

3984. In any acute A ABC the following relationship holds :

Z cot? A cot’B - 1
cotC(cotA + cotB) — 2

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

C
2

tan? gtan2 =
Z A B

tan? —tan (2:
S ) : 522~ @
cye an tan > +tanz
Let us consider a A A’'B’C’ with angles A'=(m—2A),B' = (- 2B) and
C' = (m—2C) &then: cosA’ cosB’ cosC' = cos(mt— 2A) cos(mt — 2B) cos(mt — 2C)
= —Cc0s2Acos2Bcos2C=1+4cosAcosBcosC>0
( A ABC being acute = cos AcosBcosC > 0) = A A'B'C’ is acute and hence,
implementing (1) on A A’'B'C’, we get :
2 m— ZB 2 m— ZC
Z tan > tan >
=
e tan Xt —22A . (tan1T —22B +tan ™ _ZZC)

Z cot? B cot? C 1 v te A ABC,
=
cot A (cotB + cot C) =2 acute

cyc
" =" iff A ABC is equilateral (QED)
3985. In AABC the following relationship holds:

3 < Z 3R
m
@ Zr
cyc cyc

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

2R

2

1 Z Iy Bergs>trom 1 (chc rarb)
E) B s2’ ra(rb + rc) N sz’ 2 chc Ialp
2 cye

N =

cyc cyc cyc cyc
9R
Z m, < > (Gotman)
cyc
> h 1 < 1 Z 1 1 1
m,>h, =»>—<——= ) — < ) —=—
“ “ a ha m ha
cyc cyc

Yim.y e PRI IR R OK 2 <R (Bu
S — S &

Ma m, 2r  2r "~ 4r? 7 <R (Euler)

cyc cyc

3<\/2'" Zm =2r

cyc cyc

Equality holds for a=b =c.
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3986. In AABC the following relationship holds:
r, T, T, r
—+=+—=>3V3-—
b ¢ a R
Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

f c Z Zb(s—a)

cyc cyc
AM—-GM 3F
=F Z bs—a) = 3 =
aY: s—a \/abc(s—a)(s—b)(s—c)
B 3F B 3F _
i/4Rrs(s —a)(s—b)(s—c) V4RTF?
3F 3F 3rs MITRINOVIC 3s MITRI>NOVIC

= = = >
VaRrr2s?  r-3V4Rs? r-V4Rs? 5 2
AR (3\/§R>
2

3-3V3r 9/3r

3 2 3R
4R - 274_R

=

Equality holds fora = b = c.

3987. In AABC the following relationship holds:
] A+ ] B+ ] C> 3r
sm2 sm2 sz_ R

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

+

N
N

B C JENSEN +

A
sin—+sin—+sin— > 3sin
2 2 2

=3sin—=3":

w (N &
N| =
\Y
w
x| =

Equality holds for A = B = C.

3988. In AABC the following relationship holds:
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r
sinA+sinB+sin623\/§.E

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania

a
o sinsing = Y sina = Y
sin4 + sin B + sin sin 2R

cyc cyc
1 b 2s s MITRINOVIC 3+/31

= — = = — >
grl@tb+ro=sp=5 = R

Equality holds fora = b = c.

3989. In AABC the following relationship holds:
hohph, > 2773
Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

2F 2F 2F_8F3 8F3 2F2_2rzs2

hahohe = T abc #RF- R~ R
We must prove that:
2r2s? 252

>27r & 3 >27r © 27r © 2s*2 > 27Rr

GERRETSEN
252 > 2(16Rr — 51%) > 27Rr

32Rr — 10r* > 27Rr
5Rr > 1072
R = 2r (Euler)
Equality holds fora = b = c.
3990. In AABC the following relationship holds:
ha—cll—hb+hb—lb—hc+hc+ha

r
> 6V3 - —
_\/—R
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Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

Lemma: In AABC holds:

h,hyh,. > 2713
Proof:

T 8F® 8F3 2F* 2r2s?
a®b™c " abc 4RF~ R R
2ris? 252
>27r = >27r © 2s* > 27Rr

GERRETSEN
2s? > 2(16Rr — 51r%) > 27Rr

32Rr — 107r% > 27Rr & R > 2r (Euler)
Back to the problem:

Z ha -+ hy Ao j (h, + h,,)(h,, + hc)(h +ha) _

cyc

CESARO 3 8h hbh Lemma 3 8 271"3 3 2 3 181‘ EULER
T 4RF = " | ars T

V2R?s
18r MITRINOVIC

>

- 2

i/4R-§-s \/ZR

18r 18r 18r 18\/_ 3r r

= ~ V3R 3R 6\/§'E
JZRZ \/(R\/— 3)

Equality holds fora = b = c.
3991. In AABC the following relationship holds:

A B C
st (@) et (B) s (§) s
+ + >
a b c R
Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan
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csc® (é) csc® (g) cscd (%) Holder (csc%4 +eseB + esc g)s AM—GM

2 2 2
> >
a + b T c - 352(a+ b+ c) -
5
1\ 3 1 3
A\3 9 5
(s(oeesc)’) Mz ) g e,
= = r >
o 27.2s . 2s 2s o
_9-(8)3™M2v9.32 323
~ 2s -~ 3/3R R

Equality holds for a=b =c.
3992. Prove that:

—2sin— + sin—
9 9

1 1 83 4 n
. L,4m 2T 3 ( )
2 =1 —_—
sin” g Sin* g
Proposed by Vasile Mircea Popa-Romania
Solution by Tapas Das-India
w
Let; = Athen 94 = m,sin5A4 = sin(94 — 4A) = sin(mw — 4A4) = sin4A (1)
LHS = 1 11 1 sin?A-sin’44  sin5A.sin34
T in2 %,, Sinzg ~ sin244 sin2A  .sin244sin?A .sin24A4sin?24
V3
_ 7 V3

Si':f—A sinZ A  sin4A sinzjl_: 2sin4Asin? A
8v3 4int (A 8v3
R. H.S = —(—2 sin— + sin—) =——(—2sin4A + sin 4)
3 9 9 3
We need to show:
V3 83
= —2sin4A inAd
ZsindAsinZa 3\ 2sin4ddsind) or
—3 = 16 sin3 Asin4A — 32 sin? Asin? 44 (1)

) .sin34 -4

E:A \/§
16 sin3 A sin4A = 4(3sinA — sin3A4)sin4A - 4 (33inA — 7) sin4A =

= 12sinAsin4A — 2V3 sin4A
s
—=A
— 6(cos3A — cos5A) — 2v3 sindA = 3 + 6cos4A — 23 sindA

m_ 2
9—A

1
32 sin? Asin? 44 = 8(2sindAsin4A4)? = 8(cos3A — cos54)? = 8 (E - cosSA) =

11'=A

— 2 —8c0os54 + 8¢0s254 = 2+ 8cos4A +8cos?4A = 6 + 8cos5A4 + 4cos8A
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16 sin3 A sin4A4 — 32 sin? Asin? 44
= (3 + 6cos4A — 2V/3 sin4A ) — (6 + 8cos4A + 4cos8A)
= —3 — 2cos4A4 — 2+/3sin4A — 4cos84

1 V3 |
=-3—-4 Ecos4-A + 7sm4A —4co0s84

g:f‘_g —4cos<4§—g> — 4 cos (%T) =-3 —4cos(g)—4cos(n—g)
=-3 —4cos(g)+4cos(g) =-3

sorelation (1) is true

3993. In any A ABC the following relationship holds :

ZZ ha_r _I_z ha :ga+gb+gc+s
Ga —Ng ++/4r2 + (b —c)2 ng +5 2r

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

2(ha—r) h, . g,+ s — aBogdanFustei
= s
ga—Ng++/4r2+(b—c)2 Nats 2r
2rs
2(7-1‘) ha(s—na) 7 gq + S — a Bogdan Fustei
an, " "s2_nz  2r It
goa—Ng+ S a
b+c
21'5( a ) h,(s—ng) ; g, +s—a
sga—gs—a)na 2h,r, 2r
+c
zrs (25 29ats—a (s—a)s—n,)
Sg. — (s —a)n, 2r 2rs
b+c
- 2rs( a ) 28gat+s(s—a)—s(s—a)+(s—a)n,
sgo— (s—a)n, 2rs

b + ?
o arzs2 (2 c)(sga + (s — @)ng)(sga — (s — @)ny)
(%)

Bogdan Fustei
Now, (sg, + (s — @)ny)(sg, — (s —@n,) =s?’gi — (s —a)?n} =~ =

(sz((s —a)? +2rh,) — (s —a)?(s? — Zhara)) = 2rs%h, + 2h,(s — a)?. rs

s—a
2rs b+c
=2rsh,(s+s—a) = er.T. (b + ¢) = 4r?s? (T) = (%) is true
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2(h, —r) N h, gots—a

- n, +\/4-r2+(b—c)2 n,+s 2

ﬁzzga_n +\/4_rzr+(b C)2 +Zn +s 2r Zg“ 2(s—a)

cyc cyc cyc cyc
ha —-r a
Z ga+ and so, 2 Z + z =
T 2r T i ga— Mgt \/4r2 + (b —¢)? e n,+s
Ya +'£7b +'£7c'+
2r

and analogs

> v A ABC (QED)

3994. In AABC the following relationship holds:

1 b?% + c2 R
Z— <\V2—
a. b?+ bc + c? 412

cyc

Proposed by Kostantinos Geronikolas-Greece

Solution by Mirsadix Muzefferov-Azerbaijan

It is known that:
Z 1 < 1
a?~ 4r?

cyc

b2 + ¢ 6p? 4 2 1(b C)

< = —

bz +bc+c%2 ~ 3bc 3
Analogous

b% + a? A:;l(a_l_b 2+a? Gl(a+ )

a2+ba+b2 ~— 3\b a " a% +ca + c? c a
1

b 3R
c

LEIBNIZ
S e
4r2 2r
cyc cyc

Analogous:

c’p

Q

T 24
b

+

zl bz +c2 ¢
a. b+ bc + c?
cyc
1
3

b +c<3 9
a b 2r 2)

- 1 Z b? + c2 (31)
—_ —S
a b?% + bc + c2

cyc

cyc

I/\}Uo a8

a b+c>+1(b+a+C)(§
(b c a 3\a ¢ b/~
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1 [13R 13R _ 4Rr Euler R
j 42\/ Rr < 2\/2R2=\/Em

S— |z.0—+=-.—
2r |3 2r " 3'2r 2rr 2r|4r?
Equality holds for a=b =c.

3995. In any A ABC the following relationship holds :

A
tan
Z = >3V3

2B

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1

Z tan Z I, Bergstrom (chcr ) S.F s
- 1 = -1 ¢

cyc tan? cyc cyc chc r, T r
M tan A

itrinovic 5

> 3v3and so, 4 >33 VAABC,

cyc tanz 7

" =" iff A ABC is equilateral (QED

3996. In AABC the following relationship holds:

A
nE = Lar}

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1 1 , S?—1*—4Rr
Z hz ~ ﬁz @ = 25212
1 1,2 1 1 2(4R+71r) s2-2r(4R+r)
Z r2 - (Z r_a> —2 Tal'p 2T s&r s2r2
We need to show:
s2—2r(4R+1r) s*—r?—4Rr
s2r2 = 25212
252 —4r(4R +71) > s> —r? — 4Rr
s> 4r(4R+71) — 1% — 4Rr
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s2 > 16Rr + 4r* —r%2 — 4Rr

s2 > 12Rr + 3r?
GERRETSEN

s2 S 16Rr—5r?> 12Rr + 312

4Rr > 81?
EULER

R = 2r
Equality holds for an equilateral triangle.
3997. In AABC the following relationship holds:
Al - BI - CI - 1
abc T 33

Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
r r r

. A . B . C 3
AI-BI-CI:SIHZ sin sinz r

abc abc A . B . C
abcsmism?sm?

T3

i ach(S “hG-06-0G-0G-aG-b)

bc-ac-ab

r3 r3s

B G-aG-bs—0 ss—a(s—b(s—c)
abc- S a Sabc S C S\S a)ls S C

r3s r3s r MITRINOVIC 71 1

- = = < =
F2 risz g - 3V3r 33

Equality holds fora = b = c.
3998. In AABC the following relationship holds:

a+b b+c c+a

> 4V3
ha+hb+hc_\/—
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Proposed by Nguyen Hung Cuong — Vietnam

Solution by Daniel Sitaru — Romania
a+b b+c c+a a+bAM;GM

he ' h, | h ha

cyc

8abc _
2F 2F 2F

33

N 33\/(a +b)(b +0)(c +a) crsano
hohoh,

3|(abc)? 3|16 R%F? 3|16R? MITRINOVIC 316 - —s2
= —_— = > J— A
3 F3 3 F3 3 F = /

MITRINOVIC 3|3+/3r 3 3
> 4 =4 ((V3) =4V3

Equality holds fora = b = c.

3999. In AABC the following relationship holds:

A B
COS— + cos— + cos— 3\/— —
2 2
Proposed by Nguyen Hung Cuong — Vietnam
Solution by Daniel Sitaru — Romania

A B C AM-GM 33\/ A B C

cos— +cos+cos; = COS -~ COS - COS =
2 2 2 2 2 2

bc-ac-ab

B 36 s3(s—a)(s—b)(s—0¢) B 36 s2F?2 B 33 sF 33 sF 33 s
B (abc)? =2 |tabe)2 = 7 |abc ~ ° |aRF ~ 4R

Remains to prove:

_33 \/s(s—a)-s(s—b)-s(s—c)_
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SR3 > 12v/3Rr3® & sR? > 12v/3r3 (to prove)

EULER MITRINOVIC
sR? > s-(2r)? > 3V3r - 4r? = 12V/313

Equality holds for A = B = C.

4000. If in any A ABC the following relationship holds :
A B C r
sinE+ sinE+ sinE >1 +E
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

C)_ZR—r 2r A

2
Srond) = Yo 23 (mbon) =
sin 2 = sin 2 sin 2 sin 2 2R 4R . CSC 2
cyc

cyc cyc cyc

AR T Sesel (v ) = escl v e (0,m) )= +
.9 CSC . X —CSCZ X ,Tt) 1S convex | = 2R 2R

>
- 2R 2R 6
2R+ 5r ? (R +r)? ? ? _
= > & 5Rr > 4Rr + 2r2 & R > 2r - true via Euler

2R R?

2
: Z'A >(1+r)2:>'A+'B+'C>1+rVAABC
o Sln2 = R Sln2 Sln2 Slnz_ R )

cyc

" =" iff A ABC is equilateral (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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