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701.  

𝑿 ∈ 𝑴𝟐(ℝ), 𝑿 = (
𝒂 𝒃
𝒄 𝒅

) , 𝑿𝟓 = (
𝟑 𝟐
𝟒 𝟓

) 

Find: 𝛀 = 𝒂 − 𝒃 + 𝒄 − 𝒅 

Proposed by Daniel Sitaru – Romania  

Solution by Hikmat Mammadov-Azerbaijan 

𝑿 = (
𝒂 𝒃
𝒄 𝒅

) ; 𝑿𝟓 = (
𝟑 𝟐
𝟒 𝟓

) ⇒
𝒔𝒂𝒚

𝑨 = 𝑿𝟓 

⇒ 𝑿𝑨 = (𝟑 − 𝒙) ⋅ (𝟓 − 𝒙) − 𝟖 = 𝒙
𝟐 − 𝟖𝒙 + 𝟕 = (𝒙 − 𝟏) ⋅ (𝒙 − 𝟕) 

⇒ (𝒙− 𝟏) ⋅ (𝒙 − 𝟕) ⇒ 𝑫 = (
𝟏 𝟎
𝟎 𝟕

) 

⇒ 𝑼𝟏 = (
𝟏
−𝟏
) → 𝑼𝟐 = (

𝟏
𝟐
) → 𝑷 = (

𝟏 𝟏
−𝟏 𝟐

) → 𝑷−𝟏 =
𝟏

𝟑
(
𝟐 −𝟏
𝟏 𝟏

) 

⇒ 𝑨 = 𝑷 ⋅ 𝑫 ⋅ 𝑷−𝟏 

⇒ 𝑿 = 𝑷 ⋅ 𝑫
𝟏
𝟓 ⋅ 𝑷−𝟏 =

𝟏

𝟑
(
𝟐 −𝟏
𝟏 𝟏

) (
𝟏 𝟎

𝟎 √𝟕
𝟓 ) (

𝟐 −𝟏
𝟏 𝟏

) =
𝟏

𝟑
(𝟒 − √𝟕

𝟓
−𝟐 − √𝟕

𝟓

𝟐 + √𝟕
𝟓

−𝟏 + √𝟕
𝟓
) 

⇒ 𝛀 = 𝟑 

702. Solve for natural numbers: 

∑∑|𝒊 − 𝒌|

𝟏𝟎𝟎

𝒌=𝟏

𝒙

𝒊=𝟏

= 𝟑𝟑𝟑𝟑𝟎𝟎 

Proposed by Daniel Sitaru – Romania  

Solution 1 by Ravi Prakash-New Delhi-India 

For 𝟏 ≤ 𝒊 ≤ 𝒙, 

∑|𝒊 − 𝒌|

𝟏𝟎𝟎

𝒌=𝟏

=∑|𝒊 − 𝒌|

𝒊

𝒌=𝟏

+ ∑ |𝒌− 𝒊|

𝟏𝟎𝟎

𝒌=𝒊+𝟏

=∑𝒌

𝒊−𝟏

𝒌=𝟏

+ ∑ 𝒌

𝟏𝟎𝟎−𝒊

𝒌=𝟏

= 

=
𝟏

𝟐
(𝒊 − 𝟏)𝒊 +

𝟏

𝟐
(𝟏𝟎𝟎 − 𝒊)(𝟏𝟎𝟏 − 𝒊) =

𝟏

𝟐
[𝒊𝟐 − 𝒊 + (𝟏𝟎𝟎)(𝟏𝟎𝟏) − 𝟐𝟎𝟏𝒊 + 𝒊𝟐] = 

= 𝒊𝟐 − 𝟏𝟎𝟏𝒊 + 𝟓𝟎𝟓𝟎 ⇒∑∑|𝒊 − 𝒌|

𝟏𝟎𝟎

𝒌=𝟏

𝒙

𝒊=𝟏
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=
𝟏

𝟔
𝒙(𝒙 + 𝟏)(𝟐𝒙 + 𝟏) −

𝟏𝟎𝟏𝒙(𝒙 + 𝟏)

𝟐
+ 𝟓𝟎𝟓𝟎𝒙 

𝟏

𝟔
𝒙(𝒙 + 𝟏)(𝟐𝒙 + 𝟏) −

𝟏

𝟐
(𝟏𝟎𝟏)𝒙(𝒙 + 𝟏) + 𝟓𝟎𝟓𝟎𝒙 = 𝟑𝟑𝟑𝟑𝟎𝟎 

⇒ 𝟐𝒙𝟑 + 𝟑𝒙𝟐 + 𝒙 − 𝟑𝟎𝟑𝒙𝟐 − 𝟑𝟎𝟑𝒙 + 𝟑𝟎𝟑𝟎𝟎𝒙 = 𝟏𝟗𝟗𝟗𝟖𝟎𝟎 

⇒ 𝟐𝒙𝟑 − 𝟑𝟎𝟎𝒙𝟐 + 𝟐𝟗𝟗𝟗𝟖𝒙 − 𝟏𝟗𝟗𝟗𝟖𝟎𝟎 = 𝟎 

⇒ 𝒙𝟐(𝒙 − 𝟏𝟎𝟎) − 𝟓𝟎𝒙(𝒙 − 𝟏𝟎𝟎) + 𝟗𝟗𝟗𝟗(𝒙 − 𝟏𝟎𝟎) = 𝟎 

⇒ (𝒙 − 𝟏𝟎𝟎)(𝒙𝟐 − 𝟓𝟎𝒙 + 𝟗𝟗𝟗𝟗) = 𝟎 ⇒ (𝒙 − 𝟏𝟎𝟎)[(𝒙 − 𝟐𝟓)𝟐 + 𝟗𝟑𝟕𝟒] = 𝟎 ⇒ 𝒙 = 𝟏𝟎𝟎 

Solution 2 by Hikmat Mammadov-Azerbaijan 

∑|𝒊 − 𝒌|

𝟏𝟎𝟎

𝒌=𝟏

=∑|𝒊 − 𝒌|

𝒊

𝒌=𝟏

+ ∑ |𝒊 − 𝒌|

𝟏𝟎𝟎

𝒌=𝒊+𝟏

=∑|𝒊 − 𝒌|

𝒊

𝒌=𝟏

+ ∑ |𝒌 − 𝒊|

𝟏𝟎𝟎

𝒌=𝒊+𝟏

 

=
(𝒊 − 𝟏) ⋅ 𝒊

𝟐
+
(𝟏𝟎𝟎 − 𝒊) ⋅ (𝟏𝟎𝟏 − 𝒊)

𝟐
=
𝟐𝒊𝟐 + 𝟏𝟎𝟏𝟎𝟎 − 𝟐𝟎𝟐𝒊

𝟐
= 𝒊𝟐 − 𝟏𝟎𝟏𝒊 + 𝟓𝟎𝟓𝟎 

∑∑ =

𝟏𝟎𝟎

𝒌=𝟏

∑(𝒊𝟐 − 𝟏𝟎𝟏𝒊 + 𝟓𝟎𝟓𝟎)

𝒙

𝒊=𝟏

𝒙

𝒊=𝟏

=
𝒙 ⋅ (𝒙 + 𝟏) ⋅ (𝟐𝒙 + 𝟏)

𝟔
−
𝟏𝟎𝟏𝒙 ⋅ (𝒙 + 𝟏)

𝟐
+ 𝟓𝟎𝟓𝟎𝒙 = 

=
𝒙 ⋅ (𝒙𝟐 − 𝟏𝟓𝟎𝒙 + 𝟏𝟒𝟗𝟗𝟗)

𝟑
= 𝟑𝟑𝟑𝟑𝟎𝟎 ⇒ 𝒙 = 𝟏𝟎𝟎 

∑∑|𝒊 − 𝒌|

𝟏𝟎𝟎

𝒌=𝟏

𝒙

𝒊=𝟏

= 𝟑𝟑𝟑𝟑𝟎𝟎 ⇒ 𝒙 = 𝟏𝟎𝟎 

703. For 𝐚, 𝐛, 𝐜, 𝐱 > 0 and 𝐥𝐨𝐠𝐚(𝐛𝐱) = 𝐦, 𝐥𝐨𝐠𝐜(𝐚𝐱) = 𝐧, 𝐥𝐨𝐠𝐛(𝐜𝐱) = 𝐩 
 

Find  𝐒 = 𝐥𝐨𝐠𝐚𝟒𝐛𝟓
𝐜𝟔𝐱𝟑

(
𝐱𝟖𝐚𝟕𝐛𝟓

𝐜𝟐𝟎
) in terms of m,n,p 

Proposed by Bui Hong Suc-Vietnam 

Solution by Mirsadix Muzefferov-Azerbaijan 

𝐥𝐨𝐠𝒂(𝒃𝒙) = 𝒎  ; 𝐥𝐨𝐠𝒄(𝒂𝒙) = 𝒏  ;  𝐥𝐨𝐠𝒄(𝒄𝒙) = 𝒑 
Let’s express 𝒂, 𝒃, 𝒄  by  𝒙 

𝐥𝐨𝐠𝒄(𝒂𝒙) = 𝒏  ⇒ 𝒂 =
 𝒄𝒏

𝒙
 ; Let’s write the expression instead of 𝐥𝐨𝐠𝒂(𝒃𝒙) = 𝒎  : 

𝒃𝒙 = (
 𝒄𝒏

𝒙
)
𝒎

⇒ 𝒃𝒙𝒎+𝟏 = 𝒄𝒎𝒏   (𝟏) 
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𝐥𝐨𝐠𝒂(𝒃𝒙) = 𝒎 ⇒ 𝒃 =
𝒂𝒎

𝒙
   (𝟐) 

From  𝐥𝐨𝐠𝒄(𝒄𝒙) = 𝒑 ⇒ 𝒃 = (𝒄𝒙)
𝟏

𝒑     (𝟑) 
Let’s write expression (𝟑) instead of (𝟏): 

𝒃𝒙𝒎+𝟏 = 𝒄𝒎𝒏 ⇒ (𝒄𝒙)
𝟏
𝒑 ∙ 𝒙𝒎+𝟏 = 𝒄𝒎+𝒏 ⇒ 𝒄 = 𝒙

𝒑𝒎+𝒑+𝟏
𝒑𝒎𝒏−𝟏  (∗) 

Let’s write expression (∗) instead of (𝟑): 

𝒃𝒑 = 𝒙
𝒑𝒎+𝒑+𝟏
𝒑𝒎𝒏−𝟏 ∙ 𝒙 = 𝒙

𝒑(𝒎𝒏+𝒎+𝟏)
𝒑𝒎𝒏−𝟏 ⇒ 𝒃 = 𝒙

𝒎𝒏+𝒎+𝟏
𝒑𝒎𝒏−𝟏  (∗∗)  

Let’s write expression (∗∗) instead of (𝟏): 

𝒙
𝒎𝒏+𝒎+𝟏
𝒑𝒎𝒏−𝟏 ∙ 𝒙 = 𝒂𝒏 ⇒ 𝒙

𝒎(𝒑𝒏+𝒏+𝟏)
𝒑𝒎𝒏−𝟏 = 𝒂𝒎 

𝒂 = 𝒙
𝒑𝒏+𝒏+𝟏
𝒑𝒎𝒏−𝟏   (∗∗∗) 

Let’s use the expressions(∗), (∗∗) 𝒂𝒏𝒅  (∗∗∗) 𝒊𝒏 (
𝒂𝟒𝒃𝟓

𝒄𝟔𝒙𝟑
) 

𝑨 =
𝒂𝟒𝒃𝟓

𝒄𝟔𝒙𝟑
=
𝒙
𝟒(𝒑𝒏+𝒏+𝟏)
𝒑𝒎𝒏−𝟏 ∙ 𝒙

𝟓(𝒎𝒏+𝒎+𝟏)
𝒑𝒎𝒏−𝟏

𝒙
𝟔(𝒑𝒎+𝒑+𝟏)
𝒑𝒎𝒏−𝟏 ∙ 𝒙𝟑

= 𝒙
𝟒(𝒑𝒏+𝒏+𝟏)+𝟓(𝒎𝒏+𝒎+𝟏)−𝟔(𝒑𝒎+𝒑+𝟏)−𝟑

𝒎𝒑𝒏−𝟏  

𝑩 =
𝒙𝟖𝒂𝟕𝒃𝟓

𝒄𝟐𝟎
=
𝒙𝟖 ∙ 𝒙

𝟕(𝒑𝒏+𝒏+𝟏)
𝒑𝒎𝒏−𝟏 ∙ 𝒙

𝟓(𝒎𝒏+𝒎+𝟏)
𝒑𝒎𝒏−𝟏

𝒙
𝟐𝟎(𝒑𝒎+𝒑+𝟏)
𝒑𝒎𝒏−𝟏

= 𝒙
𝟖(𝒎𝒑𝒏−𝟏)+𝟕(𝒑𝒏+𝒏+𝟏)+𝟓(𝒎𝒏+𝒎+𝟏)−𝟐𝟎(𝒑𝒎+𝒑+𝟏)

𝒎𝒑𝒏−𝟏  

𝑺 = 𝐥𝐨𝐠𝑨𝑩 =

𝟖(𝒎𝒑𝒏 − 𝟏) + 𝟕(𝒑𝒏 + 𝒏 + 𝟏) + 𝟓(𝒎𝒏+𝒎+ 𝟏) − 𝟐𝟎(𝒑𝒎+ 𝒑 + 𝟏)
𝒎𝒑𝒏 − 𝟏

𝟒(𝒑𝒏 + 𝒏 + 𝟏) + 𝟓(𝒎𝒏 +𝒎+ 𝟏) − 𝟔(𝒑𝒎+ 𝒑 + 𝟏) − 𝟑(𝒎𝒑𝒏 − 𝟏)
𝒎𝒑𝒏 − 𝟏

=
𝟖(𝒎𝒑𝒏 − 𝟏) + 𝟕(𝒑𝒏 + 𝒏 + 𝟏) + 𝟓(𝒎𝒏 +𝒎+ 𝟏) − 𝟐𝟎(𝒑𝒎+ 𝒑 + 𝟏)

𝟒(𝒑𝒏 + 𝒏 + 𝟏) + 𝟓(𝒎𝒏+𝒎+ 𝟏) − 𝟔(𝒑𝒎+ 𝒑 + 𝟏) − 𝟑(𝒎𝒑𝒏 − 𝟏)
 

 

𝑺 =
𝟖(𝒎𝒑𝒏 − 𝟏) + 𝟕(𝒑𝒏 + 𝒏 + 𝟏) + 𝟓(𝒎𝒏 +𝒎+ 𝟏) − 𝟐𝟎(𝒑𝒎+ 𝒑 + 𝟏)

𝟒(𝒑𝒏 + 𝒏 + 𝟏) + 𝟓(𝒎𝒏+𝒎+ 𝟏) − 𝟔(𝒑𝒎+ 𝒑 + 𝟏) − 𝟑(𝒎𝒑𝒏 − 𝟏)
 

704. 
𝑳𝒆𝒕 𝒕𝒉𝒆 𝒔𝒆𝒒𝒖𝒆𝒏𝒄𝒆 {𝒂𝒏} 𝒃𝒆 𝒈𝒊𝒗𝒆𝒏 

  𝒂𝟏 = 𝟔, 𝒂𝟐 = 𝟏𝟒,   𝒂𝒏+𝟐 = 𝟓𝒂𝒏+𝟏 − 𝟔𝒂𝒏 + 𝟐 (𝒏 ≥ 𝟏),  
𝒂𝟐𝟎𝟐𝟒 ≡ 𝒙 (𝒎𝒐𝒅 𝟏𝟎𝟎). Find 𝒙. 

 
Proposed by Elsen Kerimov-Azerbaijan 

Solution by Abbaszade Yusif-Azerbaijan 
𝑳𝒆𝒕 ∶  𝒂𝒏 = 𝒙

𝒏 ,    𝒙𝒏+𝟐 = 𝟓𝒙𝒏+𝟏 − 𝟔𝒙𝒏 
 

𝒙𝒏(𝒙𝟐 − 𝟓𝒙 + 𝟔) = 𝟎 ,     𝒙𝟏 = 𝟐    𝒙𝟐 = 𝟑  
𝒂𝒏 = 𝒄𝟏𝟐

𝒏 + 𝒄𝟐𝟑
𝒏 + 𝒄𝟑 
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𝑳𝒆𝒕 𝒂𝒏 = 𝒚 =>   𝑦 − 5𝒚 + 𝟔𝒚 = 𝟐 =>  𝑦 = 1 = 𝒄𝟏   =>   𝒂𝒏 = 𝒄𝟏𝟐

𝒏 + 𝒄𝟐𝟑
𝒏 + 𝟏 

 
𝟔 = 𝟐𝒄𝟏 + 𝟑𝒄𝟐 + 𝟏 =>   4𝒄𝟏 + 𝟔𝒄𝟐 = 𝟏𝟎  =>  𝒄𝟏 = 𝟏 
𝟏𝟒 = 𝟒𝒄𝟏 + 𝟗𝒄𝟐 + 𝟏 =>   4𝒄𝟏 + 𝟗𝒄𝟐 = 𝟏𝟑 =>  𝒄𝟐 = 𝟏 

 

𝒂𝒏 = 𝟐
𝒏 + 𝟑𝒏 + 𝟏  =>    𝒂𝟐𝟎𝟐𝟒 = 𝟐

𝟐𝟎𝟐𝟒 + 𝟑𝟐𝟎𝟐𝟒 + 𝟏 
 

𝟐𝟐𝟎𝟐𝟒 + 𝟑𝟐𝟎𝟐𝟒 + 𝟏 ≡ 𝒙 (𝒎𝒐𝒅 𝟏𝟎𝟎) => 
𝟐𝟐𝟒 × (𝟐𝟒𝟎)𝟓𝟎 + 𝟑𝟐𝟒  × (𝟑𝟒𝟎)𝟓𝟎 + 𝟏 ≡  𝒙 (𝒎𝒐𝒅 𝟏𝟎𝟎) 

𝟐𝟐𝟒 + 𝟑𝟐𝟒 + 𝟏 ≡  𝒙 (𝒎𝒐𝒅 𝟏𝟎𝟎) 

𝒙 = {
𝟓 × 𝟒 + 𝟏

𝟏𝟎
} × 𝟏𝟎 + 𝟔 + {

𝟖 − 𝟓 × 𝟐

𝟏𝟎
} × 𝟏𝟎 + 𝟏 + 𝟏 = 𝟗𝟖 

 

705. Solve for real numbers: 

𝟒𝐜𝐨𝐬
𝟐(
𝒙
𝟐
)
+ 𝐜𝐨𝐬 𝒙 = 𝟒 

Proposed by Khaled Abd Imouti-Syria 

Solution by Pham Duc Nam-Vietnam 

𝟒𝐜𝐨𝐬
𝟐(
𝒙
𝟐
) + 𝐜𝐨𝐬(𝒙) = 𝟒 ⇔ 𝟐𝟏+𝐜𝐨𝐬(𝒙) + 𝐜𝐨𝐬(𝒙) = 𝟒, 𝒕 = 𝐜𝐨𝐬(𝒙) ,−𝟏 ≤ 𝒕 ≤ 𝟏 

⇔ 𝟐𝟏+𝒕 + 𝒕 = 𝟒, 𝒇(𝒕) = 𝟐𝟏+𝒕 + 𝒕, 𝒇′(𝒕) = 𝟐𝒕+𝟏 𝐥𝐧(𝟐) + 𝟏 > 0,∀𝑡 ∈ [−𝟏, 𝟏] ⇒ 𝒇(𝒕) is 

strictly increasing on [−𝟏, 𝟏] ⇒ 𝟐𝟏+𝒕 + 𝒕 = 𝟒 has unique root, and 𝒈(𝒕) = 𝟐𝟏+𝒕 + 𝒕 −

𝟒,𝒈(𝟎) = −𝟐, 𝒈(𝟏) = 𝟏 ⇒ The root lies on (𝟎, 𝟏). 

We have: 𝟐𝟏+𝒕 + 𝒕 = 𝟒 ⇔ 𝟐𝟏+𝒕 = 𝟒 − 𝒕 ⇔ 𝐥𝐧(𝟐) 𝟐𝟏+𝒕 = 𝐥𝐧(𝟐) (𝟒 − 𝒕) ⇔ 

⇔ 𝟐𝟒−𝒕 𝐥𝐧(𝟐) (𝟒 − 𝒕) = 𝟑𝟐 𝐥𝐧(𝟐) ⇔ 

⇔ 𝐥𝐧(𝟐) (𝟒 − 𝒕)𝒆(𝐥𝐧(𝟐)(𝟒−𝒕)) = 𝟑𝟐 𝐥𝐧(𝟐)  →
𝒙𝒆𝒙=𝒛⇒𝒙=𝑾(𝒛)

𝑾(𝐥𝐧(𝟐)(𝟒 − 𝒕)𝒆(𝐥𝐧(𝟐)(𝟒−𝒕))) = 

= 𝑾(𝟑𝟐 𝐥𝐧(𝟐)) 

⇔ 𝐥𝐧(𝟐) (𝟒 − 𝒕) = 𝑾(𝟑𝟐 𝐥𝐧(𝟐)) ⇔ 𝒕 = 𝟒 −
𝑾(𝟑𝟐 𝐥𝐧(𝟐))

𝐥𝐧(𝟐)
≈ 𝟎. 𝟕𝟏𝟓𝟔𝟐𝟎𝟕𝟑𝟑𝟐𝟕𝟓𝟓𝟖𝟔𝟒 

⇒ 𝒙 = ±𝐚𝐫𝐜𝐜𝐨𝐬 (𝟒 −
𝑾(𝟑𝟐 𝐥𝐧(𝟐))

𝐥𝐧(𝟐)
) + 𝒌𝟐𝝅, 𝒌 ∈ ℤ.𝑾(𝒛) is the Lambert W function. 
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706. Solve for positive real numbers the following system: 

{
  
 

  
 

𝒙𝟑

(𝟏 + 𝒚)(𝟏 + 𝒛)
=
𝟔𝒚 − 𝒙 − 𝒛 − 𝟐

𝟖

𝒚𝟑

(𝟏 + 𝒛)(𝟏 + 𝒙)
=
𝟔𝒛 − 𝒚 − 𝒙 − 𝟐

𝟖

𝒛𝟑

(𝟏 + 𝒙)(𝟏 + 𝒚)
=
𝟔𝒙 − 𝒛 − 𝒚 − 𝟐

𝟖

 

Proposed by Neculai Stanciu – Romania  

Solution 1 by Pham Duc Nam-Vietnam 

Sum 3 equations we get: 
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)
+

𝒚𝟑

(𝟏+𝒛)(𝟏+𝒙)
+

𝒛𝟑

(𝟏+𝒙)(𝟏+𝒚)
=
𝟒(𝒙+𝒚+𝒛)−𝟔

𝟖
=
𝟐(𝒙+𝒚+𝒛)−𝟑

𝟒
  (1) 

Now, we have: 
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)
+
𝟏+𝒚

𝟖
+
𝟏+𝒛

𝟖
≥⏞

𝑨𝑴−𝑮𝑴

𝟑√
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)

𝟏+𝒚

𝟖

𝟏+𝒛

𝟖

𝟑
=
𝟑𝒙

𝟒
 

Similarly, 
𝒚𝟑

(𝟏+𝒛)(𝟏+𝒙)
+
𝟏+𝒛

𝟖
+
𝟏+𝒙

𝟖
≥
𝟑𝒚

𝟒
,

𝒛𝟑

(𝟏+𝒙)(𝟏+𝒚)
+
𝟏+𝒙

𝟖
+
𝟏+𝒚

𝟖
≥

𝟑𝒛

𝟒
 

⇒
𝒙𝟑

(𝟏 + 𝒚)(𝟏 + 𝒛)
+

𝒚𝟑

(𝟏 + 𝒛)(𝟏 + 𝒙)
+

𝒛𝟑

(𝟏 + 𝒙)(𝟏 + 𝒚)
+
𝟏 + 𝒙

𝟒
+
𝟏 + 𝒚

𝟒
+
𝟏 + 𝒛

𝟒
≥ 

≥
𝟑(𝒙 + 𝒚 + 𝒛)

𝟒
 

⇔
𝒙𝟑

(𝟏 + 𝒚)(𝟏 + 𝒛)
+

𝒚𝟑

(𝟏 + 𝒛)(𝟏 + 𝒙)
+

𝒛𝟑

(𝟏 + 𝒙)(𝟏 + 𝒚)
≥ 

≥
𝟑(𝒙+𝒚+𝒛)

𝟒
−
(𝒙+𝒚+𝒛)

𝟒
−
𝟑

𝟒
=

𝟐(𝒙+𝒚+𝒛)−𝟑

𝟒
     (2) 

From (1), (2): 
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)
+

𝒚𝟑

(𝟏+𝒛)(𝟏+𝒙)
+

𝒛𝟑

(𝟏+𝒙)(𝟏+𝒚)
=
𝟐(𝒙+𝒚+𝒛)−𝟑

𝟒
⇒ 𝒙 = 𝒚 = 𝒛 

* Replace 𝒙 = 𝒚 = 𝒛 to the first equation (or any equation) we have: 
𝒙𝟑

(𝟏+𝒙)𝟐
=
𝟐𝒙−𝟏

𝟒
 

⇔ 𝟒𝒙𝟑 − (𝟐𝒙 − 𝟏)(𝟏 + 𝒙)𝟐 = 𝟎 ⇔ 𝟐𝒙𝟑 − 𝟑𝒙𝟐 + 𝟏 = 𝟎 ⇔ (𝟐𝒙 + 𝟏)(𝒙 − 𝟏)𝟐 = 𝟎 →
𝒙∈ℝ+

 

𝒙 = 𝟏 = 𝒚 = 𝒛 = 𝟏 

⇒ (𝒙, 𝒚, 𝒛) = (𝟏, 𝟏, 𝟏) is the unique solution of the given system of equations. 
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Solution 2 by Eric-Dimitrie Cismaru-Romania 

Adding the three equations, we obtain ∑
𝒙𝟑

(𝟏+𝒚)(𝟏+𝒛)𝒄𝒚𝒄 =
𝒙+𝒚+𝒛

𝟐
−
𝟑

𝟒
. We prove that  

𝑳𝑯𝑺 ≥ 𝑹𝑯𝑺 

The triplets {𝒙𝟑, 𝒚𝟑, 𝒛𝟑} and {
𝟏

(𝟏+𝒚)(𝟏+𝒛)
,

𝟏

(𝟏+𝒛)(𝟏+𝒙)
,

𝟏

(𝟏+𝒙)(𝟏+𝒚)
} are ordered the same. By 

Chebyshev’s Inequality, 

𝑳𝑯𝑺 ≥
𝒙𝟑+𝒚𝟑+𝒛𝟑

𝟑
⋅ ∑

𝟏

(𝟏+𝒚)(𝟏+𝒛)𝒄𝒚𝒄 ≥
𝑯𝒐𝒍𝒅𝒆𝒓

(
𝒙+𝒚+𝒛

𝟑
)
𝟑

⋅
𝒙+𝒚+𝒛+𝟑

∏(𝟏+𝒙)
=

𝟑𝜶𝟑(𝜶+𝟏)

∏(𝟏+𝒙)
, 

where 𝜶 =
𝒙+𝒚+𝒛

𝟑
. Denote 𝒂 = 𝒙 + 𝟏, 𝒃 = 𝒚 + 𝟏 and 𝒄 = 𝒛 + 𝟏. Then, by AM-GM, 

(𝒂 + 𝒃 + 𝒄)𝟑 ≥ (𝟑√𝒂𝒃𝒄
𝟑

)
𝟑
= 𝟐𝟕𝒂𝒃𝒄, or, in other words, 

∏ (𝟏+ 𝒙)𝒄𝒚𝒄 ≤
(𝒂+𝒃+𝒄)𝟑

𝟐𝟕
=
(𝒙+𝒚+𝒛+𝟑)𝟑

𝟐𝟕
= (

𝒙+𝒚+𝒛

𝟑
+ 𝟏)

𝟑

= (𝜶 + 𝟏)𝟑. Therefore, we get 

𝑳𝑯𝑺 ≥
𝟑𝜶𝟑(𝜶+𝟏)

(𝜶+𝟏)𝟑
=

𝟑𝜶𝟑

(𝜶+𝟏)𝟐
≥ 𝑹𝑯𝑺 =

𝟑𝜶

𝟐
−
𝟑

𝟒
⇔

(𝜶−𝟏)𝟐(𝟐𝜶+𝟏)

(𝜶+𝟏)𝟐
≥ 𝟎 ⇔ 𝑳𝑯𝑺 ≥ 𝑹𝑯𝑺. 

Since 𝑹𝑯𝑺 = 𝑳𝑯𝑺 ≥ 𝑹𝑯𝑺, equality holds in all the previous inequalities, which is, 𝜶 = 𝟏 

and 𝒙 = 𝒚 = 𝒛, so 𝑺 = {𝟏, 𝟏, 𝟏} is the only solution for the given system of equations. 

707. If 𝟐𝒂𝟐 + 𝒃 = 𝟐𝒃𝟐 + 𝒄 = 𝟐𝒄𝟐 + 𝒂 =
𝟏

𝟐
 then find: 

𝜴 = 𝒂 + 𝒃 + 𝒄 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

{
 
 

 
 𝟐𝒂𝟐 + 𝒃 =

𝟏

𝟐

𝟐𝒃𝟐 + 𝒄 =
𝟏

𝟐

𝟐𝒄𝟐 + 𝒂 =
𝟏

𝟐

⇒ {
𝟒𝒂𝟐 + 𝟐𝒃 = 𝟏
𝟒𝒃𝟐 + 𝟐𝒄 = 𝟏
𝟒𝒄𝟐 + 𝟐𝒂 = 𝟏

⇒ {
𝟒𝒂𝟐 = 𝟏 − 𝟐𝒃
𝟒𝒃𝟐 = 𝟏 − 𝟐𝒄
𝟒𝒄𝟐 = 𝟏 − 𝟐𝒂

⇒ 

𝒂, 𝒃, 𝒄 ∈ (−∞;
𝟏

𝟐
] 

(∗) {
𝟒𝒂𝟐 + 𝟐𝒃 = 𝟏
𝟒𝒃𝟐 + 𝟐𝒄 = 𝟏
𝟒𝒄𝟐 + 𝟐𝒂 = 𝟏

⇒Summarize the system of equatons side by side: 

 
(𝟒𝒂𝟐 + 𝟐𝒂) + (𝟒𝒃𝟐 + 𝟐𝒃) + (𝟒𝒄𝟐 + 𝟐𝒄) = 𝟑 
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(𝟐𝒂 +
𝟏

𝟐
)
𝟐

+ (𝟐𝒃 +
𝟏

𝟐
)
𝟐

+ (𝟐𝒄 +
𝟏

𝟐
)
𝟐

=
𝟏𝟓

𝟒
  (𝟏) 

(∗)The system of equations is symmetric with respect to the variables 𝒂, 𝒃, 𝒄  . 
Therefore 𝒂 = 𝒃 = 𝒄 . 

 

Or from (∗) {

𝟒(𝒂 + 𝒃)(𝒂 − 𝒃) = 𝟐(𝒄 − 𝒃)
𝟒(𝒂 + 𝒄)(𝒂 − 𝒄) = 𝟐(𝒂 − 𝒃)
𝟒(𝒃 + 𝒄)(𝒃 − 𝒄) = 𝟐(𝒂 − 𝒄)

⇒ 

 
𝟔𝟒(𝒂 + 𝒃)(𝒂 − 𝒃)(𝒂 − 𝒄)(𝒂 + 𝒄)(𝒃 − 𝒄)(𝒃 + 𝒄) = 𝟖(𝒄 − 𝒃)(𝒂 − 𝒃)(𝒂 − 𝒄) 

 
𝟖(𝒂 − 𝒃)(𝒃 − 𝒄)(𝒂 − 𝒄)(𝟖(𝒂 + 𝒄)(𝒃 + 𝒄)(𝒂 + 𝒄) + 𝟏) = 𝟎 ⇒ 𝒂 = 𝒃 = 𝒄, 

 

Then by (𝟏)  ∶    𝟑 (𝟐𝒂 +
𝟏

𝟐
)
𝟐

=
𝟏𝟓

𝟒
 

𝒂𝟏 =
−𝟏 − √𝟓

𝟒
  ,   𝒂𝟐 =

−𝟏 + √𝟓

𝟒
 

So          𝒂𝟏 = 𝒃𝟏 = 𝒄𝟏 =
−𝟏−√𝟓

𝟒
 ; 𝒂𝟐 = 𝒃𝟐 = 𝒄𝟐 =

−𝟏+√𝟓

𝟒
  

Then    𝒂𝟏 + 𝒃𝟏 + 𝒄𝟏 =
−𝟑−𝟑√𝟓

𝟒
  ,     𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 =

−𝟑+𝟑√𝟓

𝟒
 

 

708. Solve for real numbers: 

√𝒙 − 𝒚 + 𝟑√𝒚 − 𝒛 + 𝟓√𝒛 + 𝒙 = 𝒙 +
𝟑𝟓

𝟐
 

 
Proposed by Marin Chirciu-Romania 

Solution by Miguel Velasquez Culque-Cajamarca-Peru 
 

𝑪𝒉𝒂𝒏𝒈𝒆 𝒐𝒇 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆: √𝒙 − 𝒚 = 𝒂 ;  √𝒚 − 𝒛 = 𝒃 ; √𝒛 + 𝒙 = 𝒄 

𝒙 − 𝒚 = 𝒂𝟐 ;  𝒚 − 𝒛 = 𝒃𝟐 ;  𝒛 + 𝒙 = 𝒄𝟐 ⟹𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟐𝒙 
𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆: 

𝒂 + 𝟑𝒃 + 𝟓𝒄 = 𝒙 +
𝟑𝟓

𝟐
⟹ 𝟐𝒂 + 𝟔𝒃 + 𝟏𝟎𝒄 − 𝟑𝟓 = 𝟐𝒙 

𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒔: 
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟐𝒂 + 𝟔𝒃 + 𝟏𝟎𝒄 − 𝟑𝟓 

𝒂𝟐 − 𝟐𝒂 + 𝟏 + 𝒃𝟐 − 𝟔𝒃 + 𝟗 + 𝒄𝟐 − 𝟏𝟎𝒄 + 𝟐𝟓 = 𝟎 
(𝒂 − 𝟏)𝟐 + (𝒃 − 𝟑)𝟐 + (𝒄 − 𝟓)𝟐 = 𝟎 ⟺ 

(𝒂 − 𝟏)𝟐 = 𝟎 ∧ (𝒃 − 𝟑)𝟐 = 𝟎 ∧ (𝒄 − 𝟓)𝟐 = 𝟎 ⟺ 
𝑻𝒉𝒆𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆: 

𝒂 = 𝟏 ∧ 𝒃 = 𝟑 ∧ 𝒄 = 𝟓⟹ 

√𝒙 − 𝒚 = 𝟏 ; √𝒚 − 𝒛 = 𝟑 ; √𝒛 + 𝒙 = 𝟓⟹ 



 
www.ssmrmh.ro 

10 RMM-ABSTRACT ALGEBRA MARATHON 701-800 

 

𝒙 − 𝒚 = 𝟏 ;  𝒚 − 𝒛 = 𝟗 ;  𝒛 + 𝒙 = 𝟐𝟓 ⟹ 
𝑺𝒐𝒍𝒗𝒊𝒏𝒈 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎: 

𝑨𝒏𝒔𝒘𝒆𝒓: 𝒙 =
𝟑𝟓

𝟐
 ; 𝒚 =

𝟑𝟑

𝟐
 ; 𝒛 =  

𝟏𝟓

𝟐
 

709. Solve for real numbers: 

𝒙𝟐 − 𝟐𝒙 + 𝟐𝟗 = 𝟐√𝒙𝟐 − 𝒙 + 𝟏 + 𝟒√𝒙 + 𝟑 + 𝟔√𝟏𝟏 − 𝟐𝒙 
Proposed by Nguyen Hung Viet-Vietnam 

Solution by Miguel Velasquez Culque-Peru 

𝑪𝒉𝒂𝒏𝒈𝒆 𝒐𝒇 𝒗𝒂𝒓𝒊𝒂𝒃𝒍𝒆𝒔: 

√𝒙𝟐 − 𝒙 + 𝟏 = 𝒂 ⟶ 𝒙𝟐 − 𝒙 + 𝟏 = 𝒂𝟐 

√𝒙 + 𝟑 = 𝒃 ⟶ 𝒙+ 𝟑 = 𝒃𝟐 

√𝟏𝟏 − 𝟐𝒙 = 𝒄 ⟶ 𝟏𝟏− 𝟐𝒙 = 𝒄𝟐 
𝑺𝒖𝒎 𝒐𝒇 𝒗𝒂𝒍𝒖𝒆𝒔:  𝒙𝟐 − 𝟐𝒙+ 𝟏𝟓 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 

𝒙𝟐 − 𝟐𝒙 + 𝟏𝟓 + 𝟏𝟒 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏𝟒 
𝒙𝟐 − 𝟐𝒙 + 𝟏𝟓 + 𝟐𝟗 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏𝟒 

𝑹𝒆𝒑𝒍𝒂𝒄𝒆 𝒕𝒉𝒆 𝒗𝒂𝒍𝒖𝒆𝒔: 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟏𝟒 = 𝟐𝒂 + 𝟒𝒃 + 𝟔𝒄 

𝒂𝟐 − 𝟐𝒂 + 𝟏 + 𝒃𝟐 − 𝟒𝒃 + 𝟒 + 𝒄𝟐 − 𝟔𝒄 + 𝟗 = 𝟎 
(𝒂 − 𝟏)𝟐 + (𝒃 − 𝟐)𝟐 + (𝒄 − 𝟑)𝟐 = 𝟎 ⟶ 
𝒂 − 𝟏 = 𝟎 ∨  𝒃 − 𝟐 = 𝟎 ∨ 𝒄 − 𝟑 = 𝟑  

𝒂 = 𝟏 ∨  𝒃 = 𝟐 ∨ 𝒄 = 𝟑  

𝑩𝒖𝒕 𝒘𝒆 𝒌𝒏𝒐𝒘:√𝒙𝟐 − 𝒙 + 𝟏 = 𝟏 ∨  √𝒙 + 𝟑 = 𝟐 ∨  √𝟏𝟏 − 𝟐𝒙 = 𝟑 
𝒙𝟐 − 𝒙+ 𝟏 = 𝟏 ∨  𝒙 + 𝟑 = 𝟒 ∨  𝟏𝟏 − 𝟐𝒙 = 𝟗 

𝒙(𝒙 − 𝟏) = 𝟎 ∨  𝒙 = 𝟏 ∨  𝟐 = 𝟐𝒙 
𝒙 = 𝟎 ∨  𝒙 = 𝟏 ∨  𝒙 = 𝟏  ∨  𝒙 = 𝟏. 𝑨𝒏𝒔𝒘𝒆𝒓: 𝒙 = 𝟏 

 
710. Find all continuous functions 𝒇: ℝ → ℝ  such that 

 
(𝟗𝒙) + 𝒇(𝟏𝟔𝒙) = 𝟐𝒇(𝟏𝟐𝒙)       ,    ∀ ∈ ℝ 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Khaled Abd Imouti-Syria 
 

𝑓(9𝑥) + 𝑓(𝟏𝟔𝒙) = 𝟐𝒇(𝟏𝟐𝒙)           ∀ ∈ ℝ 

 

𝒇(
  𝟓  

𝟏𝟐
) + 𝒇 (

  𝟏𝟔  

𝟏𝟐
) = 𝟐𝒇(𝒙) 
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𝟐𝒇(𝒙) = 𝒇 (
  𝟑  

𝟒
𝒙) + 𝒇(

  𝟒  

𝟑
𝒙) 

 

𝒇(𝒙) =
  𝟏  

𝟐
[𝒇 (

  𝟑  

𝟒
𝒙) + 𝒇 (

  𝟒  

𝟑
𝒙)] 

𝒇(
  𝟒  

𝟑
𝒙) =

  𝟏  

𝟐
[𝒇(𝒙) + 𝒇 (

  𝟏𝟔  

𝟗
𝒙)] 

𝒇(𝒙) = 𝟐𝒇 (
  𝟒  

𝟑
𝒙) − 𝒇(

  𝟏𝟔  

𝟗
𝒙) 

In similar way: 

𝒇(𝒙) = 𝟐𝒇 (
  𝟑  

𝟒
𝒙) − 𝒇(

  𝟗  

𝟏𝟔
𝒙) 

𝟐𝒇(𝒙) = 𝟐 [𝒇 (
  𝟒

𝟑
𝒙) + 𝒇(

  𝟑  

𝟒
𝒙)] − [𝒇 (

  𝟏𝟔 

𝟗
𝒙) + 𝒇(

  𝟗 

𝟏𝟔
𝒙)] 

𝟐𝒇(𝒙) = 𝟐(𝟐𝒇(𝒙)) − (𝒇(
  𝟏𝟔 

𝟗
𝒙) + 𝒇(

  𝟗  

𝟏𝟔
𝒙)) 

𝟐𝒇(𝒙) = 𝒇 (
  𝟏𝟔  

𝟗
𝒙) + 𝒇(

  𝟗  

𝟏𝟔
𝒙) 

So  from  (*) and  (**)  : 

, ∀ 𝒏 ≥ 𝟏       𝟐𝒇(𝒙) = 𝒇((
  𝟒  

𝟑
)
𝒏

𝒙) + 𝒇 ((
  𝟑  

𝟒
)
𝒏

𝒙) 

𝟐𝒇((
  𝟑  

𝟒
)
𝒏

𝒙) = 𝒇(𝒙) + 𝒇 ((
  𝟑  

𝟒
)
𝟐𝒏

𝒙)      (∗∗∗) 

because f is continuous by taking limits of two sides: 

𝒇𝒓𝒐𝒎 (∗∗∗): 𝟐𝒇(𝟎) = 𝒇(𝒙) + 𝒇(𝟎) 

𝒇(𝒙) = 𝒇(𝟎) = 𝒄:  so 

is constant  𝒇:  so 

711. 𝑭𝒊𝒏𝒅  𝒙, 𝒚, 𝒛 𝒂𝒏𝒅 𝒕 ∈ 𝒁+:  
𝒚 + 𝒛 + 𝒕

𝒙
+
𝒛 + 𝒕

𝒙 + 𝒚
+

𝒕

𝒙 + 𝒚 + 𝒛
= 𝒙 + 𝒚 + 𝒛 + 𝒕 − 𝟒 

Proposed by Bui Hong Suc-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

 (
𝒚 + 𝒛 + 𝒕

𝒙
+ 𝟏) + (

𝒛 + 𝒕

𝒙 + 𝒚
+ 𝟏) + (

𝒕

𝒙 + 𝒚 + 𝒛
+ 𝟏) = 𝒙 + 𝒚 + 𝒛 + 𝒕 − 𝟏 

𝒚 + 𝒙 + 𝒛 + 𝒕

𝒙
 + 

𝒚 + 𝒙 + 𝒛 + 𝒕

𝒙 + 𝒚
+ 
𝒚 + 𝒙 + 𝒛 + 𝒕

𝒙 + 𝒚 + 𝒛
= 𝒙+ 𝒚 + 𝒛 + 𝒕 − 𝟏 

𝒙 + 𝒚 + 𝒛 + 𝒕 > 𝟎 
𝟏

𝒙
 + 

𝟏

𝒙 + 𝒚
+ 

𝟏

𝒙 + 𝒚 + 𝒛
+ 

𝟏

𝒙 + 𝒚 + 𝒛 + 𝒕
= 𝟏 

𝟏) 𝒄𝒂𝒔𝒆  𝒙 = 𝟏  𝒄𝒂𝒏𝒏𝒐𝒕  𝒃𝒆  𝒔𝒐𝒍𝒗𝒆𝒅 ∶ 
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𝟏

𝒙
> 

𝟏

𝒙 + 𝒚
> 

𝟏

𝒙 + 𝒚 + 𝒛
> 

𝟏

𝒙 + 𝒚 + 𝒛 + 𝒕
 →  

𝟒

𝒙
> 1 → 𝒙 < 4   

𝟐) 𝒄𝒂𝒔𝒆  𝒊𝒇𝒇  𝒙 = 𝟐.  𝑻𝒉𝒆𝒏 ∶  
𝟏

𝟐 + 𝒚
+ 

𝟏

𝟐 + 𝒚 + 𝒛
+ 

𝟏

𝟐 + 𝒚 + 𝒛 + 𝒕
=
𝟏

𝟐
 

𝟑

𝟐 + 𝒚
>
𝟏

𝟐
 →   𝒚 + 𝟐 < 6 →  𝒚 < 4   

𝒊𝒇𝒇  𝒙 = 𝟐 ;   𝒚 = 𝟏.  𝑻𝒉𝒆𝒏 ∶   
𝟏

𝟑 + 𝒛
+ 

𝟏

𝟑 + 𝒛 + 𝒕
=  
𝟏

𝟔
→  

𝟐

𝟑 + 𝒛
>
𝟏

𝟔
→ 𝒛 < 9    

𝑻𝒉𝒆  𝒔𝒆𝒕  𝒐𝒇  𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔  𝒔𝒂𝒕𝒊𝒔𝒇𝒚𝒊𝒏𝒈  𝒕𝒉𝒆  𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 ∶  

𝒙 = 𝟐 ;   𝒚 = 𝟏 , 𝒛 < 9 →  {(𝟐; 𝟏; 𝟒; 𝟑𝟓) , (𝟐; 𝟏; 𝟓; 𝟏𝟔) , (𝟐; 𝟏; 𝟔; 𝟗) , (𝟐; 𝟏; 𝟕; 𝟓) } 
𝟑) 𝒄𝒂𝒔𝒆.  𝑭𝒐𝒓  𝒕𝒉𝒆  𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒙 = 𝟐 .  𝑳𝒆𝒕′𝒔   𝒍𝒐𝒐𝒌  𝒂𝒕  𝒕𝒉𝒆  𝒄𝒂𝒔𝒆  𝒚 = 𝟐 

𝟏

𝟐
+ 
𝟏

𝟒
+ 

𝟏

𝟒 + 𝒛
+

𝟏

𝟒 + 𝒛 + 𝒕
= 𝟏 → 

𝟏

𝟒 + 𝒛
+ 

𝟏

𝟒 + 𝒛 + 𝒕
=
𝟏

𝟒
→  

𝟐

𝟒 + 𝒛
>
𝟏

𝟒
→ 𝒛 < 4   

𝑺𝒐 , 𝒙 = 𝟐 , 𝒚 = 𝟐   𝒂𝒏𝒅  𝒛 < 4  
𝑰𝒏  𝒕𝒉𝒊𝒔  𝒄𝒂𝒔𝒆  , 𝒂  𝒔𝒆𝒕  𝒐𝒇  𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 ∶  {(𝟐; 𝟐; 𝟏; 𝟏𝟓) , (𝟐; 𝟐; 𝟐; 𝟔)} 

𝟒) 𝒄𝒂𝒔𝒆.   𝒙 = 𝟐  , 𝒚 = 𝟑  
𝟏

𝟐
+ 
𝟏

𝟓
+ 

𝟏

𝟕 + 𝒛
+ 

𝟏

𝟕 + 𝒛 + 𝒕
= 𝟏 ,

𝟏

𝟕 + 𝒛
+ 

𝟏

𝟕 + 𝒛 + 𝒕
=
𝟏𝟎

𝟑
→  

𝟐

𝟕 + 𝒛
>
𝟑

𝟏𝟎
→ 𝒛 < −

𝟏

𝟑
 

𝑺𝒐, 𝒊𝒏  𝒕𝒉𝒊𝒔  𝒄𝒂𝒔𝒆  𝒕𝒉𝒆𝒓𝒆  𝒊𝒔  𝒏𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 . 
𝟓) 𝒄𝒂𝒔𝒆.  𝒙 = 𝟑 

𝟏

𝟑
+ 

𝟏

𝟑 + 𝒚
+ 

𝟏

𝟑 + 𝒚 + 𝒛
+ 

𝟏

𝟑 + 𝒚 + 𝒛 + 𝒕
= 𝟏 → 

𝟏

𝟑 + 𝒚
+ 

𝟏

𝟑 + 𝒚 + 𝒛
+ 

𝟏

𝟑 + 𝒚 + 𝒛 + 𝒕
=
𝟐

𝟑
 

→  
𝟑

𝟑 + 𝒚
>
𝟐

𝟑
→ 𝟔 + 𝟐𝒚 < 9 → 𝒚 < 1.5  

𝒊𝒇𝒇  𝒚 = 𝟏.  𝑻𝒉𝒆𝒏 
𝟏

𝟑
+ 
𝟏

𝟒
+

𝟏

𝟒 + 𝒛
+ 

𝟏

𝟒 + 𝒛 + 𝒕
= 𝟏 → 

𝟏

𝟒 + 𝒛
+ 

𝟏

𝟒 + 𝒛 + 𝒕
=
𝟓

𝟏𝟐
  

→ 
𝟐

𝟒 + 𝒛
>
𝟓

𝟏𝟐
  → 𝟐𝟎 + 𝟓𝒛 < 24 → 5𝒛 < 4 →   𝒛 <

𝟒

𝟓
  

𝑻𝒉𝒆  𝒓𝒆𝒔𝒖𝒍𝒕𝒊𝒏𝒈  𝒂𝒏𝒔𝒘𝒆𝒓 ∶  
 {(𝟐; 𝟏; 𝟒; 𝟑𝟓) , (𝟐; 𝟏; 𝟓; 𝟏𝟔) , (𝟐; 𝟏; 𝟔; 𝟗) , (𝟐; 𝟏; 𝟕; 𝟓) , (𝟐; 𝟐; 𝟏; 𝟏𝟓) , (𝟐; 𝟐; 𝟐; 𝟔) } 

712. Solve for real numbers: 

(𝟏 + 𝒙)√𝟏 − 𝒙 + (𝟏 − 𝒙)√𝟏 + 𝒙 = 𝟐√𝟏 + 𝒙𝟐 
 

Proposed by Kostantinos Geronikolas-Greece 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

(𝟏 + 𝒙)√𝟏 − 𝒙 + (𝟏 − 𝒙)√𝟏 + 𝒙 = 𝟐√𝟏 + 𝒙𝟐 

√𝟏 − 𝒙𝟐(√𝟏 + 𝒙 + √𝟏 − 𝒙) = 𝟐√𝟏 + 𝒙𝟐  , −𝟏 ≤ 𝒙 ≤ 𝟏 
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(𝟏 − 𝒙𝟐) (𝟐 + 𝟐√𝟏 − 𝒙𝟐) = 𝟒(𝟏 + 𝒙𝟐) 

𝑳𝒆𝒕  𝒙 = 𝐬𝐢𝐧 (𝒕) 

𝟏.  (𝟏 − 𝒔𝒊𝒏𝟐(𝒕)) (𝟏 + 𝐜𝐨𝐬(𝒕)) = 𝟐(𝟐 − 𝒄𝒐𝒔𝟐(𝒕)) 

𝒄𝒂𝒔𝒆 𝐜𝐨𝐬(𝒕) ≥ 𝟎 
𝒄𝒐𝒔𝟑(𝒕) + 𝟑𝒄𝒐𝒔𝟐(𝒕) − 𝟒 = 𝟎,               (𝐜𝐨𝐬(𝒕) − 𝟏)(𝐜𝐨𝐬(𝒕) + 𝟐)𝟐 = 𝟎 

𝐜𝐨𝐬(𝒕) = 𝟏  ; 𝐜𝐨𝐬(𝒕) ≠ 𝟐 
𝐜𝐨𝐬(𝒕) = 𝟏 →   𝒙 = 𝟎 

𝟐.  (𝟏 − 𝒔𝒊𝒏𝟐(𝒕)) (𝟏 − 𝐜𝐨𝐬(𝒕)) = 𝟐(𝟐 − 𝒄𝒐𝒔𝟐(𝒕)) 

𝒄𝒂𝒔𝒆 𝐜𝐨𝐬(𝒕) < 0 
𝒄𝒐𝒔𝟑(𝒕) − 𝟑𝒄𝒐𝒔𝟐(𝒕) + 𝟒 = 𝟎, (𝐜𝐨𝐬(𝒕) + 𝟏)(𝐜𝐨𝐬(𝒕) − 𝟐)𝟐 = 𝟎 

𝐜𝐨𝐬(𝒕) = −𝟏  ; 𝐜𝐨𝐬(𝒕) ≠ 𝟐 
𝐜𝐨𝐬(𝒕) = −𝟏 →   𝒙 = 𝟎 
𝑺𝒐   𝒂𝒏𝒔𝒘𝒆𝒓  {𝟎} 

713. 𝐅𝐢𝐧𝐝 𝒂𝒍𝒍 𝐯𝒂𝒍𝐮𝐞𝐬 𝐨𝐟 𝒙, 𝐲, 𝐳 ∈ ℝ 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 

𝒙𝐲𝐳(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) = 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 − 𝒂𝐛 − 𝐛𝐜 − 𝐜𝒂 =
𝟏

𝟐
((𝒂 − 𝐛)𝟐 + (𝐛 − 𝐜)𝟐 + (𝐜 − 𝒂)𝟐) ≥ 𝟎 

⇒ 𝒂𝟐 + 𝐛𝟐 + 𝐜𝟐 ≥ 𝒂𝐛 + 𝐛𝐜 + 𝐜𝒂 ∀ 𝒂, 𝐛, 𝐜 ∈ ℝ → (𝟏) 

𝐏𝐮𝐭𝐭𝐢𝐧𝐠 𝒂 = 𝒙𝐲, 𝐛 = 𝐲𝐳, 𝐜 = 𝐳𝒙 𝐢𝐧 (𝟏),∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

∀ 𝒙, 𝐲, 𝐳 ∈ ℝ → (𝟐) (′′ = ′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳) 𝒂𝐧𝐝 

𝐩𝐮𝐭𝐭𝐢𝐧𝐠 𝒂 = 𝒙𝟐, 𝐛 = 𝐲𝟐, 𝐜 = 𝐳𝟐 𝐢𝐧 (𝟏),∑𝒙𝟒

𝐜𝐲𝐜

≥∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 (𝟐)

𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 

∀ 𝒙, 𝐲, 𝐳 ∈ ℝ → (𝟑) (′′ = ′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳) 

∴ (𝟐) + (𝟑) ⇒∑𝒙𝟒

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥ 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

⇒∑𝒙𝟒

𝐜𝐲𝐜

+ 𝟐∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥ 

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

+ 𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

⇒ (∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

≥ (∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

 

∀ 𝒙, 𝐲, 𝐳 ∈ ℝ → (𝟒) (′′ = ′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳) 

𝐍𝐨𝐰,∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎,∑𝒂

𝐜𝐲𝐜

≥ 𝟑. √𝒂𝐛𝐜
𝟑

∴ 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝒂 = 𝒙𝟐, 𝐛 = 𝐲𝟐, 𝐜 = 𝐳𝟐, 
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∑𝒙𝟐

𝐜𝐲𝐜

≥ 𝟑. √𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

⇒ (∑𝒙𝟐

𝐜𝐲𝐜

)

𝟑

≥ 𝟐𝟕𝒙𝟐𝐲𝟐𝐳𝟐 

∀ 𝒙, 𝐲, 𝐳 ∈ ℝ → (𝟓) (′′ = ′′ 𝐢𝐟𝐟 𝒙𝟐 = 𝐲𝟐 = 𝐳𝟐) 

∴ (𝟐) ⦁ (𝟑) ⇒ (∑𝒙𝟐

𝐜𝐲𝐜

)

𝟓

≥ 𝟐𝟕𝒙𝟐𝐲𝟐𝐳𝟐(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

 ∀ 𝒙, 𝐲, 𝐳 ∈ ℝ 

(′′ = ′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳) ⇒
𝒙𝟐+𝐲𝟐+𝐳𝟐  = 𝟑

𝟐𝟕(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

≥ 𝟐𝟕𝒙𝟐𝐲𝟐𝐳𝟐(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

 

⇒ (∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

≥ 𝒙𝟐𝐲𝟐𝐳𝟐(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

 ∀ 𝒙, 𝐲, 𝐳 ∈ ℝ (′′ = ′′ 𝐢𝐟𝐟 𝒙 = 𝐲 = 𝐳)  𝐛𝐮𝐭, 

(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

= 𝒙𝟐𝐲𝟐𝐳𝟐(∑𝒙𝐲

𝐜𝐲𝐜

)

𝟐

 (∵ 𝒙𝐲𝐳(𝒙𝐲 + 𝐲𝐳 + 𝐳𝒙) = 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐) 

∴ 𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

) =∑𝒙𝟐

𝐜𝐲𝐜

= 𝟑 ⇒ 𝒙 = 𝐲 = 𝐳 ∴ 𝒙𝟑. 𝟑𝒙𝟐 = 𝟑 

(𝐮𝐬𝐢𝐧𝐠 𝒙𝐲𝐳(∑𝒙𝐲

𝐜𝐲𝐜

) = 𝟑) ⇒ 𝒙 = 𝟏 

 

∴ (𝒙 = 𝐲 = 𝐳 = 𝟏) 𝐢𝐬 𝐭𝐡𝐞 𝐨𝐧𝐥𝐲 𝐝𝐞𝐬𝐢𝐫𝐞𝐝 𝐬𝐞𝐭 𝐨𝐟 𝐯𝒂𝒍𝐮𝐞𝐬 (𝒂𝒏𝒔) 

714. 𝐅𝐢𝐧𝐝 𝒂𝒍𝒍 𝐯𝒂𝒍𝐮𝐞𝐬 𝐨𝐟 𝒙, 𝐲, 𝐳 ∈ ℝ 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 ∶ 

𝒙𝟑𝐲𝟑𝐳𝟑(𝒙𝟐𝐲𝟐 + 𝐲𝟐𝐳𝟐 + 𝐳𝟐𝒙𝟐) = 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝒂, 𝐛, 𝐜 ≥ 𝟎,∑𝒂

𝐜𝐲𝐜

≥ 𝟑. √𝒂𝐛𝐜
𝟑

∴ 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝒂 = 𝒙𝟐, 𝐛 = 𝐲𝟐, 𝐜 = 𝐳𝟐, 

𝟑 =∑𝒙𝟐

𝐜𝐲𝐜

≥ 𝟑. √𝒙𝟐𝐲𝟐𝐳𝟐
𝟑

⇒ 𝒙𝟐𝐲𝟐𝐳𝟐 ≤ 𝟏 ⇒ 𝒙𝐲𝐳 ≤ 𝟏 → (𝟏) 

(∵ 𝒙𝟑𝐲𝟑𝐳𝟑 (∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) = 𝟑 ⇒ 𝒙𝟑𝐲𝟑𝐳𝟑 > 0 ⇒ 𝑥𝐲𝐳 > 0) 
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𝐍𝐨𝐰,∑𝒙𝟐

𝐜𝐲𝐜

= 𝒙𝟑𝐲𝟑𝐳𝟑(∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) ≤
𝐯𝐢𝒂 (𝟐)

∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

⇒
𝒙𝟐+𝐲𝟐+𝐳𝟐  = 𝟑

 

(∑𝒙𝟐

𝐜𝐲𝐜

)

𝟐

≤ 𝟑∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

⇒∑𝒙𝟒

𝐜𝐲𝐜

−∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≤ 𝟎 ⇒
𝟏

𝟐
∑(𝒙𝟐 − 𝐲𝟐)𝟐

𝐜𝐲𝐜

≤ 𝟎 ; 

𝐛𝐮𝐭 
𝟏

𝟐
∑(𝒙𝟐 − 𝐲𝟐)𝟐

𝐜𝐲𝐜

≥ 𝟎 ∴∑(𝒙𝟐 − 𝐲𝟐)𝟐

𝐜𝐲𝐜

= 𝟎 ⇒ 𝒙𝟐 = 𝐲𝟐 = 𝐳𝟐 

⇒ 𝟑𝒙𝟐 = 𝟑 (𝐮𝐬𝐢𝐧𝐠 ∑𝒙𝟐

𝐜𝐲𝐜

= 𝟑) ∴ 𝒙 = ±𝟏, 𝐲 = ±𝟏, 𝐳 = ±𝟏 → (𝟐) 

𝐔𝐬𝐢𝐧𝐠 𝒙𝟑𝐲𝟑𝐳𝟑 (∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

) = 𝟑,𝐰𝐞 𝐠𝐞𝐭 ∶ 𝟑𝒙𝐲𝐳 = 𝟑 (∵ 𝒙𝟐 = 𝐲𝟐 = 𝐳𝟐 = 𝟏) 

⇒ 𝒙𝐲𝐳 = 𝟏 → (𝟑) ∴ (𝟐) 𝒂𝐧𝐝 (𝟑) ⇒ 

 

(
𝒙 = 𝟏
𝐲 = 𝟏
𝐳 = 𝟏

) , (
𝒙 = 𝟏
𝐲 = −𝟏
𝐳 = −𝟏

) , (
𝒙 = −𝟏
𝐲 = 𝟏
𝐳 = −𝟏

)  𝒂𝐧𝐝 (
𝒙 = −𝟏
𝐲 = −𝟏
𝐳 = 𝟏

) 

 

𝒂𝐫𝐞 𝐭𝐡𝐞 𝐨𝐧𝐥𝐲 𝐬𝐞𝐭 𝐨𝐟 𝐯𝒂𝒍𝐮𝐞𝐬│𝒙𝟑𝐲𝟑𝐳𝟑(𝒙𝟐𝐲𝟐 + 𝐲𝟐𝐳𝟐 + 𝐳𝟐𝒙𝟐) = 𝒙𝟐 + 𝐲𝟐 + 𝐳𝟐 = 𝟑 (𝒂𝒏𝒔) 
 

715. 𝐅𝐢𝐧𝐝 𝐚𝐥𝐥 𝐯𝐚𝐥𝐮𝐞𝐬 𝐨𝐟 𝒙, 𝒚, 𝒛 ∈ ℤ 𝐬𝐮𝐜𝐡 𝐭𝐡𝐚𝐭 : 

𝒙𝟒 + 𝟗𝒚𝟐 + 𝟐𝟓𝒛𝟐 = 𝒙𝟐 + 𝟔𝒙𝒚 + 𝟐𝟎𝟐𝟐 

Proposed by Dang Ngoc Minh-Vietnam 

Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco 

𝐓𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐢𝐬 𝐞𝐪𝐮𝐢𝐯𝐚𝐥𝐞𝐧𝐭 𝐭𝐨 : 

𝟗𝒚𝟐 − 𝟔𝒙𝒚 + 𝒙𝟒 − 𝒙𝟐 − 𝟐𝟎𝟐𝟐 + 𝟐𝟓𝒛𝟐 = 𝟎. 

𝐓𝐡𝐢𝐬 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐡𝐚𝐬 𝐢𝐧𝐭𝐞𝐠𝐫𝐚𝐥 𝐬𝐨𝐥𝐮𝐭𝐢𝐨𝐧𝐬 𝐢𝐟 𝐚𝐧𝐝 𝐨𝐧𝐥𝐲 𝐢𝐟 𝐢𝐭𝐬 𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝐚𝐧𝐭 

 𝟑𝟔[𝟐𝟎𝟐𝟑 − (𝒙𝟐 − 𝟏)𝟐 − 𝟐𝟓𝒛𝟐] 

𝐢𝐬 𝐚 𝐩𝐞𝐫𝐟𝐞𝐜𝐭 𝐬𝐪𝐮𝐚𝐫𝐞. 𝐈𝐭 𝐟𝐨𝐥𝐥𝐨𝐰𝐬 𝐭𝐡𝐚𝐭 

𝟐𝟎𝟐𝟑 − (𝒙𝟐 − 𝟏)𝟐 − 𝟐𝟓𝒛𝟐 = 𝒕𝟐 𝐨𝐫 (𝒙𝟐 − 𝟏)𝟐 + 𝟐𝟓𝒛𝟐 + 𝒕𝟐 = 𝟐𝟎𝟐𝟑. 
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𝐅𝐨𝐫 𝐚𝐧𝐲 𝐢𝐧𝐭𝐞𝐠𝐞𝐫 𝒏,𝐰𝐞 𝐡𝐚𝐯𝐞 𝒏𝟐 ≡ 𝟎, 𝟏, 𝟒 (𝒎𝒐𝒅𝟖), 𝐭𝐡𝐞𝐧 

(𝒙𝟐 − 𝟏)𝟐 + 𝟐𝟓𝒛𝟐 + 𝒕𝟐 ≡ 𝟎,𝟏, 𝟐, 𝟑, 𝟒, 𝟓, 𝟔 (𝒎𝒐𝒅𝟖), 

𝐛𝐮𝐭 𝐰𝐞 𝐡𝐚𝐯𝐞 𝟐𝟎𝟐𝟑 ≡ 𝟕 (𝒎𝒐𝒅𝟖).  𝐒𝐨 𝐭𝐡𝐞 𝐞𝐪𝐮𝐚𝐭𝐢𝐨𝐧 𝐡𝐚𝐬 𝐧𝐨 𝐬𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐢𝐧 𝐢𝐧𝐭𝐞𝐠𝐞𝐫𝐬. 

716. If 𝑨, 𝑩 ∈ 𝑴𝟐(ℝ) then: 
 

𝒅𝒆𝒕((𝑨𝑩 − 𝑩𝑨)𝟏𝟎𝟎𝟎 + (𝑨𝑩 + 𝑩𝑨)𝟏𝟎𝟎𝟎) ≥ 𝟎 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
Let be: 

𝑪 = (𝑨𝑩 −𝑩𝑨)𝟓𝟎𝟎, 𝑫 = (𝑨𝑩 +𝑩𝑨)𝟓𝟎𝟎, 𝒛 = 𝒅𝒆𝒕(𝑪 + 𝒊𝑫) 
 

𝑪, 𝑫 ∈ 𝑴𝟐(ℝ) ⟹ 𝒅𝒆𝒕(𝑪 − 𝒊𝑫) = 𝒅𝒆𝒕(𝑪 + 𝒊𝑫)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ = 𝒛̅ 
 

𝒅𝒆𝒕((𝑨𝑩 − 𝑩𝑨)𝟏𝟎𝟎𝟎 + (𝑨𝑩 +𝑩𝑨)𝟏𝟎𝟎𝟎) = 𝒅𝒆𝒕(𝑪𝟐 + 𝑫𝟐) = 
 

= 𝒅𝒆𝒕(𝑪𝟐 − 𝒊𝟐𝑫𝟐) = 𝒅𝒆𝒕((𝑪 + 𝒊𝑫)(𝑪 − 𝒊𝑫)) = 

 
=  𝒅𝒆𝒕(𝑪 + 𝒊𝑫) ∙ 𝒅𝒆𝒕(𝑪 − 𝒊𝑫) = 𝒛 ∙ 𝒛̅ = |𝒛|𝟐 ≥ 𝟎 

 

717. Solve for 𝒙 ∈ (𝟎,
𝝅

𝟐
): 

𝟏 +
𝟏

𝟐
𝐜𝐨𝐬 𝒙 +

𝟏

𝟒
𝐜𝐨𝐬 𝟐𝒙 +

𝟏

𝟖
𝐜𝐨𝐬𝟑𝒙 +

𝟏

𝟏𝟔
𝐜𝐨𝐬𝟒𝒙 +⋯ =

𝟐𝟑 + 𝟑√𝟓

𝟐𝟐
 

 
Proposed by Netai Chandra Bhar-India 

Solution by Tapas Das-India 
 

 𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒆𝒊𝜽 = 𝐜𝐨𝐬𝜽 + 𝒊 𝐬𝐢𝐧𝜽𝒂𝒏𝒅 𝐜𝐨𝐬𝜽 =
( 𝒆𝒊𝜽 + 𝒆−𝒊𝜽)

𝟐
 

𝑪𝒐𝒎𝒑𝒐𝒏𝒆𝒏𝒅𝒐 𝒅𝒊𝒗𝒊𝒅𝒆𝒏𝒅𝒐 𝒊𝒇
𝒂

𝒃
=
𝒄

𝒅
 𝒕𝒉𝒆𝒏

𝒂 + 𝒃

𝒂 − 𝒃
=
𝒄 + 𝒅

𝒄 − 𝒅
 

 𝐜𝐨𝐬
𝝅

𝟓
=
√𝟓 + 𝟏

𝟒
 

𝟏 +
𝟏

𝟐
𝐜𝐨𝐬 𝒙 +

𝟏

𝟒
𝐜𝐨𝐬 𝟐𝒙 +

𝟏

𝟖
𝐜𝐨𝐬 𝟑𝒙 +

𝟏

𝟏𝟔
𝐜𝐨𝐬 𝟒𝒙 +⋯ = 
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= (
𝟏

𝟐
+
𝟏

𝟐
) +

𝟏

𝟐

𝒆𝒊𝒙 + 𝒆−𝒊𝒙

𝟐
+
𝟏

𝟒

𝒆𝒊𝟐𝒙 + 𝒆−𝒊𝟐𝒙

𝟐
+
𝟏

𝟖

𝒆𝒊𝟑𝒙 + 𝒆−𝒊𝟑𝒙

𝟐
+
𝟏

𝟏𝟔

𝒆𝒊𝟒𝒙 + 𝒆−𝒊𝟒𝒙

𝟐
 … = 

=
𝟏

𝟐
(𝟏 +

𝟏

𝟐
𝒆𝒊𝒙 +

𝟏

𝟒
𝒆𝟐𝒊𝒙 +

𝟏

𝟖
𝒆𝟑𝒊𝒙 +

𝟏

𝟏𝟔
𝒆𝟒𝒊𝒙 +⋯) + 

+
𝟏

𝟐
(𝟏 +

𝟏

𝟐
𝒆−𝒊𝒙 +

𝟏

𝟒
𝒆−𝟐𝒊𝒙 +

𝟏

𝟖
𝒆−𝟑𝒊𝒙 +

𝟏

𝟏𝟔
𝒆−𝟒𝒊𝒙 +⋯) 

=
𝟏

𝟐

𝟏

𝟏 −
𝟏
𝟐𝒆

𝒊𝒙
+
𝟏

𝟐

𝟏

𝟏 −
𝟏
𝟐𝒆

−𝒊𝒙

( 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆 𝑮.𝑷 𝒔𝒆𝒓𝒊𝒆𝒔) 

=
𝟏

𝟐 − 𝒆𝒊𝒙
+

𝟏

𝟐 − 𝒆−𝒊𝒙
=

𝟒 − (𝒆𝒊𝒙 + 𝒆−𝒊𝒙) 

(𝟐 − 𝒆𝒊𝒙)(𝟐 − 𝒆−𝒊𝒙)
= 

=
𝟒 − 𝟐𝐜𝐨𝐬 𝒙

(𝟐 − 𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧 𝒙)(𝟐 − 𝐜𝐨𝐬 𝒙 + 𝒊 𝐬𝐢𝐧 𝒙)
= 

=
𝟒 − 𝟐𝐜𝐨𝐬 𝒙

(𝟐 − 𝐜𝐨𝐬 𝒙)𝟐 + 𝐬𝐢𝐧𝟐 𝒙
=
𝟒 − 𝟐𝐜𝐨𝐬 𝒙

𝟓 − 𝟒𝐜𝐨𝐬 𝒙
 

 𝑵𝒐𝒘 𝒃𝒚 𝒕𝒉𝒆 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 ∶  
𝟒 − 𝟐 𝐜𝐨𝐬 𝒙

𝟓 − 𝟒 𝐜𝐨𝐬 𝒙
=
𝟐𝟑 + 𝟑√𝟓

𝟐𝟐
 

 
𝟖 − 𝟒 𝐜𝐨𝐬 𝒙

𝟓 − 𝟒𝐜𝐨𝐬 𝒙
=
𝟐𝟑 + 𝟑√𝟓

𝟏𝟏
   

𝟏𝟑 − 𝟖𝐜𝐨𝐬 𝒙

𝟑
=
(𝟑𝟒 + 𝟑√𝟓)

𝟏𝟐 + 𝟑√𝟓
(𝒖𝒔𝒊𝒏𝒈 𝑪𝒐𝒎𝒑𝒐𝒏𝒆𝒏𝒅𝒐 𝒅𝒊𝒗𝒊𝒅𝒆𝒏𝒅𝒐) 

𝒐𝒓 𝟏𝟑 − 𝟖𝐜𝐨𝐬 𝒙 =
(𝟑𝟒 + 𝟑√𝟓)

𝟒 + √𝟓
 𝒐𝒓 𝟖 𝐜𝐨𝐬 𝒙 = 𝟏𝟑 −

(𝟑𝟒 + 𝟑√𝟓)

𝟒 + √𝟓
 

 𝒐𝒓 𝟖 𝐜𝐨𝐬 𝒙 =
𝟏𝟖 + 𝟏𝟎√𝟓

𝟒 + √𝟓
 𝒐𝒓 𝟒 𝐜𝐨𝐬 𝒙 =

𝟗 + 𝟒√𝟓

𝟒 + √𝟓
=
(𝟒 + √𝟓)(√𝟓 + 𝟏)

𝟒 + √𝟓
 

𝒐𝒓 𝐜𝐨𝐬 𝒙 =
(√𝟓 + 𝟏)

𝟒
= 𝐜𝐨𝐬

𝝅

𝟓
 𝒐𝒓 𝒙 =

𝝅

𝟓
 

718. Prove that: 

𝐬𝐢𝐧
𝝅

𝟏𝟒
+ 𝟔𝐬𝐢𝐧𝟐

𝝅

𝟏𝟒
− 𝟖𝐬𝐢𝐧𝟒

𝝅

𝟏𝟒
=
𝟏

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 

𝐬𝐢𝐧 𝟑𝜽 = 𝟑𝐬𝐢𝐧 𝜽 − 𝟒 𝐬𝐢𝐧𝟑 𝜽  (𝟏) 
𝟐 𝐬𝐢𝐧𝑨 𝐜𝐨𝐬𝑩 = 𝐬𝐢𝐧(𝑨 + 𝑩) + 𝐬𝐢𝐧(𝑨 − 𝑩) ( 𝟐) 

𝑳𝒆𝒕
𝝅

𝟏𝟒
= 𝜽 𝒕𝒉𝒆𝒏 𝟏𝟒𝜽 = 𝝅 𝒂𝒏𝒅 𝟕𝜽 =

𝝅

𝟐
 

𝐬𝐢𝐧
𝝅

𝟏𝟒
+ 𝟔𝐬𝐢𝐧𝟐

𝝅

𝟏𝟒
− 𝟖 𝐬𝐢𝐧𝟒

𝝅

𝟏𝟒
= 𝐬𝐢𝐧 𝜽 + 𝟔 𝐬𝐢𝐧𝟐 𝜽 − 𝟖𝐬𝐢𝐧𝟒 𝜽 = 

= 𝐬𝐢𝐧𝜽 + 𝟐𝐬𝐢𝐧 𝜽(𝟑 𝒔𝒊𝒏𝜽 − 𝟒𝐬𝐢𝐧𝟑 𝜽) = 𝐬𝐢𝐧𝜽 + 𝟐𝐬𝐢𝐧 𝜽𝐬𝐢𝐧 𝟑𝜽 = 
= 𝐬𝐢𝐧𝜽 + (𝐜𝐨𝐬𝟐𝜽 − 𝐜𝐨𝐬𝟒𝜽) 
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= 𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬(𝟕𝜽 − 𝟓𝜽) − 𝐜𝐨𝐬(𝟕𝜽 − 𝟑𝜽) = 𝐬𝐢𝐧𝜽 + 𝐜𝐨𝐬 (
𝝅

𝟐
− 𝟓𝜽) − 𝐜𝐨𝐬 (

𝝅

𝟐
− 𝟑𝜽) 

= 𝐬𝐢𝐧𝜽 + 𝐬𝐢𝐧 𝟓𝜽 − 𝐬𝐢𝐧 𝟑𝜽 =
𝟏

𝟐𝐜𝐨𝐬𝜽
(𝟐 𝐜𝐨𝐬𝜽 𝐬𝐢𝐧𝜽 + 𝟐𝐜𝐨𝐬 𝜽 𝐬𝐢𝐧 𝟓𝜽 − 𝟐 𝐜𝐨𝐬𝜽𝐬𝐢𝐧 𝟑𝜽) = 

=
𝟏

𝟐𝐜𝐨𝐬𝜽
(𝐬𝐢𝐧𝟐𝜽 + 𝐬𝐢𝐧𝟔𝜽 + 𝐬𝐢𝐧𝟒𝜽 − 𝐬𝐢𝐧𝟒𝜽 − 𝐬𝐢𝐧𝟐𝜽) = 

= 
𝐬𝐢𝐧 𝟔𝜽

𝟐 𝐜𝐨𝐬 𝜽
=
𝐬𝐢𝐧(𝟕𝜽 − 𝜽)

𝟐 𝐜𝐨𝐬𝜽
=
𝐬𝐢𝐧 (

𝝅
𝟐 − 𝜽)

𝟐 𝐜𝐨𝐬𝜽
=
𝐜𝐨𝐬(𝜽)

𝟐 𝐜𝐨𝐬 𝜽
=
𝟏

𝟐
  

 

719. 

𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝑨 = 𝟐𝟎𝟐𝟒𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔

+ 𝟐𝟎𝟐𝟔𝟐𝟎𝟐𝟕
𝟐𝟎𝟐𝟖

+ 𝟐𝟎𝟐𝟖𝟐𝟎𝟐𝟗
𝟐𝟎𝟑𝟎

 
 

Proposed by Nguyen Van Canh-Vietnam 
Solution by Tapas Das-India 

𝑵𝒐𝒘 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝟐𝟎𝟐𝟒𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔

 
𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝟐𝟎𝟐𝟒 𝒊𝒔 𝟒  

𝒏𝒐𝒘,𝟒𝟏𝒆𝒏𝒅𝒔 𝒊𝒏 𝟒, 𝟒𝟐𝒆𝒏𝒅𝒔 𝒊𝒏 𝟔, 𝟒𝟑𝒆𝒏𝒅𝒔 𝒊𝒏 𝟒  
𝒕𝒉𝒆 𝒑𝒂𝒕𝒕𝒆𝒓𝒏 𝒊𝒔 𝟒, 𝟔 𝒘𝒉𝒊𝒄𝒉 𝒓𝒆𝒑𝒆𝒂𝒕𝒔 𝒆𝒗𝒆𝒓𝒚 𝟐 𝒑𝒐𝒘𝒆𝒓𝒔     (𝟏) 

 
 𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒂𝒏𝒚 𝒑𝒔𝒊𝒕𝒊𝒗𝒆 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒑𝒐𝒘𝒆𝒓 𝒐𝒇 𝒂𝒏 𝒐𝒅𝒅 𝒏𝒖𝒎𝒃𝒆𝒓 𝒐𝒅𝒅 

𝟐𝟎𝟐𝟓 𝒊𝒔 𝒂𝒏 𝒐𝒅𝒅 𝒕𝒉𝒆𝒏 𝟐𝟎𝟐𝟓𝟐𝟎𝟐𝟔𝒊𝒔 𝒂𝒏 𝒐𝒅𝒅 𝒏𝒖𝒎𝒃𝒆𝒓, 𝒊𝒇 𝒆𝒙𝒑𝒏𝒆𝒏𝒕 𝒊𝒔 𝒐𝒅𝒅, 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕  

𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝟐𝟎𝟐𝟒𝟐𝟎𝟐𝟓
𝟐𝟎𝟐𝟔
 𝒊𝒔 𝟒 (𝒖𝒔𝒊𝒏𝒈 (𝟏) )   (𝟐) 

 

𝒏𝒐𝒘 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝟐𝟎𝟐𝟔𝟐𝟎𝟐𝟕
𝟐𝟎𝟐𝟖

 
𝒄𝒍𝒆𝒂𝒓𝒍𝒚, 𝟔𝟏 = 𝟔,𝟔𝟐 = 𝟑𝟔, 𝟔𝟑 = 𝟐𝟏𝟔, …… ..  

𝒔𝒐 𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝟐𝟎𝟐𝟔𝟐𝟎𝟐𝟕
𝟐𝟎𝟐𝟖
 𝒊𝒔 𝟔 (𝟑) 

 

 𝒏𝒐𝒘 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝟐𝟎𝟐𝟖𝟐𝟎𝟐𝟗
𝟐𝟎𝟑𝟎

 
𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝒘𝒆 𝒄𝒂𝒏 𝒇𝒐𝒄𝒖𝒔 𝒐𝒏 𝒕𝒉𝒆 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒕 𝒐𝒇 𝟐𝟎𝟐𝟖,  

𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝟖 𝒂𝒏𝒅 
 𝟖𝟏 = 𝟖, 𝟖𝟐𝒆𝒏𝒅𝒔 𝒊𝒏 𝟒,   𝟖𝟑 𝒆𝒏𝒅𝒔 𝒊𝒏 𝟐, 𝟖𝟒 𝒆𝒏𝒅𝒔 𝒊𝒏 𝟔  

𝒕𝒉𝒆 𝒑𝒂𝒕𝒕𝒆𝒓𝒏 𝒓𝒆𝒑𝒆𝒂𝒕𝒔 𝒆𝒗𝒆𝒓𝒚 𝟒 𝒑𝒐𝒘𝒆𝒓 
 𝒏𝒐𝒘, 𝟐𝟎𝟐𝟗 ≡ 𝟏(𝒎𝒐𝒅 𝟒), (𝟐𝟎𝟐𝟗)𝟐𝟎𝟑𝟎 ≡ 𝟏𝟐𝟎𝟑𝟎(𝒎𝒐𝒅 𝟒), 𝟐𝟎𝟐𝟗𝟐𝟎𝟑𝟎 ≡ 𝟏(𝒎𝒐𝒅 𝟒) 

 

 𝑺𝒐, 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇 𝟐𝟎𝟐𝟖𝟐𝟎𝟐𝟗
𝟐𝟎𝟑𝟎
 𝒊𝒔 𝟖𝟏 = 𝟖      (𝟒) 

 
𝑵𝒐𝒘 𝒖𝒔𝒊𝒏𝒈 𝒓𝒆𝒔𝒖𝒍𝒕 (𝟐), (𝟑), (𝟒)𝒘𝒆 𝒈𝒆𝒕  𝟒 + 𝟔 + 𝟖 = 𝟏𝟖 

 𝒍𝒂𝒔𝒕 𝒅𝒊𝒈𝒊𝒕 𝒐𝒇𝑨 𝒊𝒔 𝟖  
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720. 

𝐈𝐟 {
𝒂 + 𝒃 + 𝒄 = 𝟎

𝒂𝒃 + 𝒂𝒄 + 𝒃𝒄 = −𝟑
𝒃𝒂𝒄 = 𝟐

 𝒕𝒉𝒆𝒏 𝒇𝒊𝒏𝒅 
∑𝒂𝟐 ∑𝒂𝟔

∑𝒂𝟑 ∑𝒂𝟓
 

 
Proposed by Marin Chirciu-Romania 

Solution by Togrul Ehmedov-Azerbaijan 
We know that:  

∑𝒂𝟐 = (∑𝒂)
𝟐

− 𝟐∑𝒂𝒃 ⇒∑𝒂𝟐 = 𝟔 

 
a,b and c are the roots of the equation: 

 

𝒙𝟑 − 𝟑𝒙− 𝟐 = 𝟎 
 

{
 
 
 

 
 
 ∑𝒂𝟑 − 𝟑∑𝒂− 𝟔 = 𝟎

∑𝒂𝟒 − 𝟑∑𝒂𝟐 − 𝟐∑𝒂 = 𝟎

∑𝒂𝟓 − 𝟑∑𝒂𝟑 − 𝟐∑𝒂𝟐 = 𝟎

∑𝒂𝟔 − 𝟑∑𝒂𝟒 − 𝟐∑𝒂𝟑 = 𝟎

⇒

{
 
 
 

 
 
 ∑𝒂𝟑 = 𝟔

∑𝒂𝟒 = 𝟏𝟖

∑𝒂𝟓 = 𝟑𝟎

∑𝒂𝟔 = 𝟔𝟔

⇒
∑𝒂𝟐 ∑𝒂𝟔

∑𝒂𝟑 ∑𝒂𝟓
= 𝟐,𝟐 

 

721. Solve for real numbers: 
 

𝒂 + 𝒃 + 𝒄 =
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 =

𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
   

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
𝑳𝒆𝒕 𝒂 + 𝒃 + 𝒄 = 𝒑, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒒, 𝒂𝒃𝒄 = 𝒓  

 

𝒕𝒉𝒆𝒏  𝒂 + 𝒃 + 𝒄 =
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
 𝒐𝒓, 𝒂 + 𝒃 + 𝒄 =

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
 𝒐𝒓, 𝒑 =

𝒒

𝒓
  𝒐𝒓, 𝒑𝒓 = 𝒒 (𝟏) 

 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 =
𝟏

𝒂𝒃
+
𝟏

𝒃𝒄
+
𝟏

𝒄𝒂
   𝒐𝒓, 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 =

𝒂 + 𝒃 + 𝒄

𝒂𝒃𝒄
 𝒐𝒓, 

 𝒒 =
𝒑

𝒓
 𝒐𝒓, 𝒒𝒓 = 𝒑 (𝟐) 

𝑭𝒓𝒐𝒎 (𝟐),𝒒𝒓 = 𝒑 𝒐𝒓, (𝒑𝒓). 𝒓 =
(𝟏)
𝒑  𝒐𝒓, 𝒑(𝒓𝟐 − 𝟏) = 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒎𝒑𝒍𝒊𝒆𝒔 𝒓 = 𝟏, −𝟏 

 𝒑 = 𝟎 𝒏𝒐𝒕 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒃𝒆𝒄𝒂𝒖𝒔𝒆  
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𝒑 =  𝒂 + 𝒃 + 𝒄 = 𝟎 𝒈𝒊𝒗𝒆𝒔  𝒇𝒓𝒐𝒎 (𝟏) 𝒒 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝟎 
 𝒂𝒔 𝒂 𝒓𝒆𝒔𝒖𝒍𝒕 (𝒂 + 𝒃 + 𝒄)𝟐 = 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 + 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)  𝒐𝒓, 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐 = 𝟎 
⇒  𝒂 = 𝒃 = 𝒄 = 𝟎, 𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝒗𝒂𝒍𝒖𝒆 𝒓𝒆𝒄𝒊𝒑𝒓𝒐𝒄𝒂𝒍  𝒂𝒓𝒆 𝒏𝒐𝒕 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 , 𝒔𝒐 𝒑 ≠ 𝟎 

 
 𝑪𝒂𝒔𝒆 − 𝟏:  𝒓 = 𝟏 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒈𝒆𝒕 𝒑 = 𝒒 
 𝒌𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕 (𝒂 − 𝟏)(𝒃 − 𝟏)(𝒄 − 𝟏) = 𝒂𝒃𝒄 − (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + (𝒂 + 𝒃 + 𝒄) − 𝟏 

= 𝒓 − 𝒒 + 𝒑 − 𝟏 = 𝟏 − 𝒑 + 𝒑 − 𝟏 = 𝟎 
 𝒐𝒓, (𝒂 − 𝟏)(𝒃 − 𝟏)(𝒄 − 𝟏)

= 𝟎 𝒘𝒉𝒊𝒄𝒉 𝒊𝒎𝒑𝒍𝒊𝒆𝒔 𝒕𝒉𝒂𝒕 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒐𝒏𝒆 𝒐𝒇  𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒂, 𝒃, 𝒄  

𝒊𝒔 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝟏 . 𝑰𝒇 𝒂 = 𝟏 𝒕𝒉𝒆𝒏 𝒓 = 𝒂𝒃𝒄 = 𝟏 ⇒ 𝒃𝒄 = 𝟏 𝒐𝒓, 𝒄 =
𝟏

𝒃
 

 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝑪𝒂𝒔𝒆 − 𝟏,𝒂𝒍𝒍 𝒕𝒉𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 (𝟏, 𝒕,
𝟏

𝒕
) , 𝒕 ∈  𝑹 − {𝟎}  

𝑪𝒂𝒔𝒆 − 𝟐: 𝒓 = −𝟏 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒈𝒆𝒕 𝒒 = −𝒑  
𝑲𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕 (𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) = 𝒂𝒃𝒄 + (𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) + (𝒂 + 𝒃 + 𝒄) + 𝟏 

= 𝒓 + 𝒒 + 𝒑 + 𝟏 = −𝟏 − 𝒑 + 𝒑 + 𝟏 = 𝟎 𝒐𝒓, (𝒂 + 𝟏)(𝒃 + 𝟏)(𝒄 + 𝟏) = 𝟎  
𝒘𝒉𝒊𝒄𝒉 𝒊𝒎𝒑𝒍𝒊𝒆𝒔 𝒕𝒉𝒂𝒕 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒐𝒏𝒆 𝒐𝒇  𝒕𝒉𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 𝒂, 𝒃, 𝒄 𝒊𝒔 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 − 𝟏  

𝑰𝒇 𝒂 = −𝟏 𝒕𝒉𝒆𝒏 𝒓 = 𝒂𝒃𝒄 ⇒ −𝟏 = −𝒃𝒄 𝒐𝒓, 𝒄 =
𝟏

𝒃
 

𝑺𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝑪𝒂𝒔𝒆 − 𝟐,𝒂𝒍𝒍 𝒕𝒉𝒆 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏 (−𝟏, 𝒕,
𝟏

𝒕
) , 𝒕 ∈  𝑹 − {𝟎}  

722. 

𝐈𝐟 𝒂, 𝐛, 𝐜 > 0, 𝐛𝟐 + 𝐜𝟐 = 𝒂𝟐 𝒂𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝒂𝐭𝐢𝐨𝐧 ∶ −𝒂𝒙𝟐 + 𝐛𝒙 + 𝐜 = 𝟎 𝐡𝒂𝐬 

𝟐 𝐫𝐞𝒂𝒍 𝐫𝐨𝐨𝐭𝐬 𝒙𝟏 < 𝒙𝟐, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶ −√𝟐 < 𝒙𝟏 < 𝒙𝟐 < √𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐄𝒂𝐬𝐲 𝐭𝐨 𝐬𝐞𝐞 𝐭𝐡𝒂𝐭 ∶ 𝒙𝟏 =
𝐛 − √𝐛𝟐 + 𝟒𝒂𝐜

𝟐𝒂
 𝒂𝐧𝐝 𝒙𝟐 =

𝐛 + √𝐛𝟐 + 𝟒𝒂𝐜

𝟐𝒂
 

∴ 𝒙𝟏 >
−√𝐛𝟐 + 𝟒𝒂𝐜

𝟐𝒂
>
?
− √𝟐 ⇔ 𝟐 >

? 𝐛𝟐 + 𝟒𝒂𝐜

𝟒𝒂𝟐
⇔

𝐛𝟐+𝐜𝟐 = 𝒂𝟐

𝟖𝒂𝟐 >
?
𝒂𝟐 − 𝐜𝟐 + 𝟒𝒂𝐜 

⇔ (𝟐𝒂 − 𝐜)𝟐 + 𝟑𝒂𝟐 >
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝒙𝟏 > −√𝟐 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝒙𝟐 =

𝐛 + √𝐛𝟐 + 𝟒𝒂𝐜

𝟐𝒂
<
?
√𝟐 

⇔
𝐛𝟐+𝐜𝟐 = 𝒂𝟐

√
𝒂𝟐 − 𝐜𝟐

𝒂𝟐
+ √

𝒂𝟐 − 𝐜𝟐 + 𝟒𝒂𝐜

𝒂𝟐
<
?
𝟐√𝟐 

⇔ (√𝟏 − 𝐭𝟐 +√𝟏 − 𝐭𝟐 + 𝟒𝐭)
𝟐

<
?
(𝟐√𝟐)

𝟐
 (𝐭 =

𝐜

𝒂
) 

⇔ 𝟐 − 𝟐𝐭𝟐 + 𝟒𝐭 + 𝟐. √(𝟏 − 𝐭𝟐)(𝟏 − 𝐭𝟐 + 𝟒𝐭) <
?
𝟖 
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⇔ 𝐭𝟐 − 𝟐𝐭 + 𝟑 >
?
√(𝟏 − 𝐭𝟐)(𝟏 − 𝐭𝟐 + 𝟒𝐭) ⇔ (𝐭𝟐 − 𝟐𝐭 + 𝟑)𝟐 >

?
(𝟏 − 𝐭𝟐)(𝟏 − 𝐭𝟐 + 𝟒𝐭) 

(∵ 𝐭𝟐 − 𝟐𝐭 + 𝟑 = (𝐭 − 𝟏)𝟐 + 𝟐 > 0) ⇔ 𝟑𝐭𝟐 − 𝟒𝐭 + 𝟐 >
?
𝟎 ⇔ 𝟐(𝐭 − 𝟏)𝟐 + 𝐭𝟐 >

?
𝟎 

∴ 𝒙𝟐 < √𝟐 ∴ −√𝟐 < 𝒙𝟏 < 𝒙𝟐 < √𝟐 ∀ 𝒂, 𝐛, 𝐜 > 0, 𝐛
𝟐 + 𝐜𝟐 = 𝒂𝟐 𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭  

𝐭𝐡𝐞 𝐞𝐪𝐮𝒂𝐭𝐢𝐨𝐧 ∶ −𝒂𝒙𝟐 + 𝐛𝒙 + 𝐜 = 𝟎 𝐡𝒂𝐬 𝟐 𝐫𝐞𝒂𝒍 𝐫𝐨𝐨𝐭𝐬 𝒙𝟏 < 𝒙𝟐 (𝐐𝐄𝐃) 

723. 

𝐈𝐟 𝒂, 𝐛 > 0, 𝑛 ≥ 0 𝑎𝐧𝐝 𝐭𝐡𝐞 𝐞𝐪𝐮𝒂𝐭𝐢𝐨𝐧 ∶ 𝒙𝟑 − 𝒂𝒙𝟐 + 𝐛𝒙 − 𝒂 = 𝟎 𝐡𝒂𝐬 𝟑 𝐫𝐨𝐨𝐭𝐬  

𝒙𝟏, 𝒙𝟐, 𝒙𝟑 > 1, 𝐭𝐡𝐞𝐧 𝐩𝐫𝐨𝐯𝐞 𝐭𝐡𝒂𝐭 ∶
𝐛𝐧 − 𝟑𝐧

𝒂𝐧
≥ 𝟑

𝐧
𝟐 − (

𝟏

√𝟑
)
𝐧

 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐕𝐢𝐞𝐭𝐞, 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 = 𝒂, 𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏 = 𝐛 𝒂𝐧𝐝 𝒙𝟏𝒙𝟐𝒙𝟑 = 𝒂 
𝒂𝐧𝐝 ∵ (𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑)

𝟐 ≥ 𝟑(𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏) 𝒂𝐧𝐝 

(𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏)
𝟐 ≥ 𝟑𝒙𝟏𝒙𝟐𝒙𝟑(𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑) ∴ 𝒂

𝟐 ≥ 𝟑𝐛 𝒂𝐧𝐝 𝐛𝟐 ≥
①

𝟑𝒂𝟐 

⇒ 𝐛𝟐 ≥ 𝟑𝒂𝟐 ≥ 𝟗𝐛 ⇒ 𝐛 ≥
②

𝟗 ∴
𝐛𝐧 − 𝟑𝐧

𝒂𝐧
≥

𝐯𝐢𝒂 ① 𝐛𝐧 − 𝟑𝐧

(
𝐛

√𝟑
)
𝐧  (∵ 𝐧 ≥ 𝟎) = 𝟑

𝐧
𝟐 −

𝟑𝐧. 𝟑
𝐧
𝟐

𝐛𝐧
≥

𝐯𝐢𝒂 ②

 

𝟑
𝐧
𝟐 −

𝟑𝐧. 𝟑
𝐧
𝟐

𝟗𝐧
 (∵ 𝐧 ≥ 𝟎) = 𝟑

𝐧
𝟐 −

𝟏

𝟑
𝐧
𝟐

∴
𝐛𝐧 − 𝟑𝐧

𝒂𝐧
≥ 𝟑

𝐧
𝟐 − (

𝟏

√𝟑
)
𝐧

 ∀ 𝒂, 𝐛 > 0, 𝑛 ≥ 0  

𝐬𝐮𝐜𝐡 𝐭𝐡𝒂𝐭 𝐭𝐡𝐞 𝐞𝐪𝐮𝒂𝐭𝐢𝐨𝐧 ∶ 𝒙𝟑 − 𝒂𝒙𝟐 + 𝐛𝒙 − 𝒂 = 𝟎 𝐡𝒂𝐬 𝟑 𝐫𝐨𝐨𝐭𝐬 𝒙𝟏, 𝒙𝟐, 𝒙𝟑 > 1, 
 

′′ =′′ 𝐢𝐟𝐟 (𝒂 = 𝟑√𝟑, 𝐛 = 𝟗) (𝐐𝐄𝐃) 

 

724. 𝑰𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒂𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅 = 𝟎, (𝒂 ≠ 𝟎)𝒉𝒂𝒔 𝟑 𝒓𝒐𝒐𝒕𝒔 
 𝒙𝟏, 𝒙𝟐, 𝒙𝟑 > 0 𝑡ℎ𝑒𝑛 𝑝𝑟𝑜𝑣𝑒  𝑡ℎ𝑎𝑡: 

 𝒙𝟏
𝟕 + 𝒙𝟐

𝟕 + 𝒙𝟑
𝟕 ≥  −

𝒃𝟑𝒄𝟐 

𝟖𝟏𝒂𝟓
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

 𝒂𝒙𝟑 + 𝒃𝒙𝟐 + 𝒄𝒙 + 𝒅 = 𝟎 (𝟏) 
 

𝑹𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑  𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒓𝒐𝒐𝒕𝒔 𝒂𝒏𝒅 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒘𝒆 𝒈𝒆𝒕  

 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 = −
𝒃

𝒂
  

 𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏 =
𝒄

𝒂
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 𝒙𝟏𝒙𝟐𝒙𝟑 = −
𝒅

𝒂
   

𝒙𝟏
𝟕 + 𝒙𝟐

𝟕 + 𝒙𝟑
𝟕 ≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(𝒙𝟏
𝟑 + 𝒙𝟐

𝟑 + 𝒙𝟑
𝟑)(𝒙𝟏

𝟒 + 𝒙𝟐
𝟒 + 𝒙𝟑

𝟒) ≥
𝑪𝑩𝑺

 

≥
𝟏

𝟑
 .
( 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑)

𝟑

𝟗
.
(𝒙𝟏
𝟐 + 𝒙𝟐

𝟐 + 𝒙𝟑
𝟐)
𝟐

𝟑
≥ 

≥
𝟏

𝟖𝟏
( 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑)

𝟑( 𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏)
𝟐 =

𝟏

𝟖𝟏
(−
𝒃

𝒂
 )
𝟑

(
𝒄

𝒂
 )
𝟐

= −
𝒃𝟑𝒄𝟐 

𝟖𝟏𝒂𝟓
  

 

725.  𝑰𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏  𝒙𝟓 + 𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙 + 𝟏 = 𝟎  
𝒉𝒂𝒔 𝟓 𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆 𝒅𝒊𝒇𝒇𝒆𝒓𝒆𝒏𝒕 𝒊𝒏 𝒑𝒂𝒊𝒓𝒔 
 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕 𝟐(𝒂𝟐 + 𝒅𝟐) > 5(𝒃 + 𝒄)  

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

  𝒙𝟓 + 𝒂𝒙𝟒 + 𝒃𝒙𝟑 + 𝒄𝒙𝟐 + 𝒅𝒙 + 𝟏 = 𝟎   (𝟏) 
𝑳𝒆𝒕 𝒓𝟏, 𝒓𝟐, 𝒓𝟑, 𝒓𝟒, 𝒓𝟓 𝒃𝒆 𝒕𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟏) 

 
 𝑹𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑𝒔 𝒃𝒆𝒕𝒘𝒆𝒆𝒏 𝒓𝒐𝒐𝒕𝒔 𝒂𝒏𝒅 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒘𝒆 𝒈𝒆𝒕: 

 𝒑𝟏 =∑𝒓𝒊

𝟓

𝒊=𝟏 

= −𝒂  

𝒑𝟐 = ∑ 𝒓𝒊𝒓𝒋
𝟏≤𝒊<𝑗≤5  

= 𝒃  

 𝒑𝟑 = ∑ 𝒓𝒊𝒓𝒋𝒓𝒌
𝟏≤𝒊<𝑗<𝑘≤5  

= −𝒄 

  𝒑𝟒 = ∑ 𝒓𝒊𝒓𝒋𝒓𝒌𝒓𝒍
𝟏≤𝒊<𝑗<𝑘<𝑙≤5  

= 𝒅  

𝒑𝟓 =∏𝒓𝒊

𝟓

𝒊=𝟏 

= −𝟏 

  ∑
𝟏

𝒓𝒊

𝟓

𝒊=𝟏 

= ( ∑ 𝒓𝒊𝒓𝒋𝒓𝒌𝒓𝒍
𝟏≤𝒊<𝑗<𝑘<𝑙≤5  

) ×
𝟏

∏ 𝒓𝒊
𝟓
𝒊=𝟏 

=
𝒑𝟒
𝒑𝟓
= −𝒅  (𝟏) 

(∑
𝟏

𝒓𝒊
𝟐

𝟓

𝒊=𝟏

) = (∑
𝟏

𝒓𝒊

𝟓

𝒊=𝟏 

)

𝟐

− 𝟐 ∑
𝟏

𝒓𝒊𝒓𝒋
𝟏≤𝒊<𝑗≤5  

= 
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= (∑
𝟏

𝒓𝒊

𝟓

𝒊=𝟏 

)

𝟐

− 𝟐( ∑ 𝒓𝒊𝒓𝒋𝒓𝒌
𝟏≤𝒊<𝑗<𝑘≤5  

) × 
𝟏

∏ 𝒓𝒊
𝟓
𝒊=𝟏 

=
(𝟏)
 𝒅𝟐 − 𝟐 (

𝒑𝟑
𝒑𝟓
) = 𝒅𝟐 − 𝟐𝒄  (𝟐) 

 

(∑𝒓𝒊
𝟐

𝟓

𝒊=𝟏

)(∑𝟏𝟐
𝟓

𝒊=𝟏

) >
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

 (∑𝒓𝒊

𝟓

𝒊=𝟏

)

𝟐

  

𝒐𝒓𝟓(∑𝒓𝒊
𝟐

𝟓

𝒊=𝟏

) > (𝒑𝟏)
𝟐 𝒐𝒓 𝟓((∑𝒓𝒊

𝟓

𝒊=𝟏

)

𝟐

− 𝟐 ∑ 𝒓𝒊𝒓𝒋
𝟏≤𝒊<𝑗≤5

) > (𝒑𝟏)
𝟐 

𝒐𝒓 𝟓(𝒑𝟏
𝟐 − 𝟐𝒑𝟐) > (𝒑𝟏)

𝟐  𝒐𝒓 𝟓(𝒂𝟐 − 𝟐𝒃) > 𝒂𝟐  𝒐𝒓 𝟒𝒂𝟐 > 10𝒃 𝒐𝒓 𝟐𝒂𝟐 > 5𝒃 (𝟑) 

 

(∑
𝟏

𝒓𝒊
𝟐

𝟓

𝒊=𝟏

)(∑𝟏𝟐
𝟓

𝒊=𝟏

) >
𝑪𝒂𝒖𝒄𝒉𝒚−𝑺𝒄𝒉𝒘𝒂𝒓𝒛

 (∑
𝟏

𝒓𝒊

𝟓

𝒊=𝟏

)

𝟐

 𝒐𝒓, 𝟓(∑
𝟏

𝒓𝒊
𝟐

𝟓

𝒊=𝟏

) > (∑
𝟏

𝒓𝒊

𝟓

𝒊=𝟏

)

𝟐

 

𝒐𝒓 𝟓(𝒅𝟐 − 𝟐𝒄) >
(𝟏)&(𝟐)

 𝒅𝟐 𝒐𝒓, 𝟒𝒅𝟐 > 10𝒄  𝒐𝒓, 𝟐𝒅𝟐 > 5𝒄  (𝟒) 
 

𝑨𝒅𝒅𝒊𝒏𝒈 (𝟑) & (𝟒)𝒘𝒆 𝒈𝒆𝒕 ∶ 
 

 𝟐𝒂𝟐 + 𝟐𝒅𝟐 > 5𝒃 + 𝟓𝒄  𝒐𝒓, 𝟐(𝒂𝟐 + 𝒅𝟐) > 5(𝒃 + 𝒄)  
 

726. Solve for naturals: 
 

𝟒(𝒙 + 𝒚 + 𝒛) + 𝒙𝒚𝒛 = 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + 𝟗 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕: 
  (𝒙 − 𝟐)(𝒚 − 𝟐)(𝒛 − 𝟐) = 𝒙𝒚𝒛 − 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + 𝟒(𝒙 + 𝒚 + 𝒛) − 𝟖 

 
⇒ 𝟒(𝒙 + 𝒚 + 𝒛) + 𝒙𝒚𝒛 − 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = (𝒙 − 𝟐)(𝒚 − 𝟐)(𝒛 − 𝟐) + 𝟖   (𝟏) 

 
𝒇𝒓𝒐𝒎 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏, 𝟒(𝒙 + 𝒚 + 𝒛) + 𝒙𝒚𝒛 = 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + 𝟗 

⇒ 𝟒(𝒙 + 𝒚 + 𝒛) + 𝒙𝒚𝒛 − 𝟐(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟗  

⇒ (𝒙 − 𝟐)(𝒚 − 𝟐)(𝒛 − 𝟐) + 𝟖 =
(𝟏)
𝟗 ⇒ (𝒙 − 𝟐)(𝒚 − 𝟐)(𝒛 − 𝟐) = 𝟏  

 
𝑻𝒉𝒖𝒔 𝒘𝒆 𝒏𝒆𝒆𝒅 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒕𝒓𝒊𝒑𝒍𝒆𝒕𝒆𝒔 𝒘𝒉𝒐𝒔𝒆 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒊𝒔 𝟏 

𝑪𝒂𝒔𝒆 − 𝟏  
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𝟏. 𝟏. 𝟏 = 𝟏, 𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝒙 − 𝟐 = 𝒚 − 𝟐 = 𝒛 − 𝟐 = 𝟏 𝒐𝒓, 𝒙 = 𝒚 = 𝒛 = 𝟑  
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: (𝒙, 𝒚, 𝒛) = (𝟑, 𝟑, 𝟑) 

 
𝑪𝒂𝒔𝒆 − 𝟐 

 (−𝟏). (−𝟏). (𝟏) = 𝟏 (𝒂𝒏𝒅 𝒑𝒆𝒓𝒎𝒖𝒕𝒂𝒕𝒊𝒐𝒏)  
𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝒙 − 𝟐 = −𝟏, 𝒚 − 𝟐 = −𝟏, 𝒛 − 𝟐 = 𝟏 𝒘𝒉𝒊𝒄𝒉 𝒈𝒊𝒗𝒆𝒔 𝒙 = 𝟏, 𝒚 = 𝟏, 𝒛 = 𝟑 

 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔: (𝒙, 𝒚, 𝒛) = (𝟏, 𝟏, 𝟑), (𝟏, 𝟑, 𝟏), (𝟑, 𝟏, 𝟏) 
 

727. Solve for natural numbers: 
 

𝒙𝟑 − 𝒚𝟑 = 𝟐(𝒙𝟐 + 𝒚𝟐) + 𝟑𝒙𝒚 + 𝟏𝟕 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

 𝒙𝟑 − 𝒚𝟑 = 𝟐(𝒙𝟐 + 𝒚𝟐) + 𝟑𝒙𝒚 + 𝟏𝟕  (𝟏) 
𝑪𝒍𝒆𝒂𝒓𝒍𝒚, 𝒙, 𝒚 ∈ 𝑵 𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝑹.𝑯. 𝑺 𝒑𝒂𝒓𝒕 > 0 , 𝑐𝑜𝑛𝑠𝑒𝑞𝑢𝑒𝑛𝑡𝑙𝑦 𝐿. 𝐻. 𝑆 > 0 , 𝑥 > 𝑦 

 

 𝒍𝒆𝒕 𝒅 = 𝒙 − 𝒚 >
(𝟐)

𝟎 𝒕𝒉𝒆𝒏 𝒙 = 𝒅 + 𝒚  𝒘𝒉𝒕𝒉 𝒕𝒉𝒊𝒔 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒈𝒆𝒕 
 (𝒅 + 𝒚)𝟑 − 𝒚𝟑 = 𝟐((𝒅 + 𝒚)𝟐 + 𝒚𝟐) + 𝟑(𝒅 + 𝒚)𝒚 + 𝟏𝟕  

 

 𝒅(𝒅𝟐 + 𝟐𝒅𝒚 + 𝒚𝟐 + 𝒅𝒚 + 𝒚𝟐 + 𝒚𝟐) = 𝟐(𝒅𝟐 + 𝟐𝒅𝒚 + 𝟐𝒚𝟐) + 𝟑𝒚(𝒅 + 𝒚) + 𝟏𝟕 
 

 𝒐𝒓, 𝒚𝟐(𝟑𝒅 − 𝟕) + 𝒚(𝟑𝒅𝟐 − 𝟕𝒅) + (𝒅𝟑 − 𝟐𝒅𝟐 − 𝟏𝟕) = 𝟎  (𝟐) 
 

𝒘𝒆 𝒏𝒐𝒕𝒆 𝒕𝒉𝒂𝒕 𝒙, 𝒚 ∈ 𝑵 
𝑪𝒂𝒔𝒆 − 𝟏:  
𝒅 = 𝟏 𝒕𝒉𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟐)𝒃𝒆𝒄𝒐𝒎𝒆𝒔,−𝟒𝒚𝟐 − 𝟒𝒚 − 𝟏𝟖 = 𝟎 𝒐𝒓, 𝟐𝒚𝟐 + 𝟐𝒚 + 𝟗 =
𝟎,𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒆𝒙𝒊𝒔𝒕 𝒂𝒔 𝒅𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = 𝟐𝟐 − 𝟒.𝟐. 𝟗 = −𝟔𝟖 < 0 
 
𝑪𝒂𝒔𝒆 − 𝟐:  

𝒅 = 𝟐 𝒕𝒉𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟐)𝒃𝒆𝒄𝒐𝒎𝒆𝒔,−𝒚𝟐 − 𝟐𝒚− 𝟏𝟕 = 𝟎 𝒐𝒓 
 𝒚𝟐 + 𝟐𝒚 + 𝟏𝟕 = 𝟎,𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒆𝒙𝒊𝒔𝒕 𝒂𝒔 𝒅𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = 𝟐𝟐 − 𝟒. 𝟏. 𝟏𝟕 =
−𝟔𝟒 < 0 
 
𝑪𝒂𝒔𝒆 − 𝟑:  

𝒅 = 𝟑 𝒕𝒉𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟐)𝒃𝒆𝒄𝒐𝒎𝒆𝒔, 𝟐𝒚𝟐 + 𝟔𝒚− 𝟖 = 𝟎 𝒐𝒓, (𝒚 + 𝟒)(𝒚 − 𝟏) = 𝟎  
𝒐𝒓, 𝒚 = 𝟏 (𝒂𝒔 𝒚 ∈ 𝑵, 𝒔𝒐 𝒚 ≠ −𝟒), 𝒙 = 𝒚 + 𝒅 = 𝟏 + 𝟑 = 𝟒  

𝒏𝒐𝒘 𝒇𝒓𝒐𝒎(𝟐) 𝒇𝒐𝒓 𝒅 ≥ 𝟒 𝒄𝒐𝒆𝒇𝒇𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒚𝟐 ≥ 𝟑 × 𝟒 − 𝟕 = 𝟓 > 0 
 𝒄𝒐𝒆𝒇𝒇𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒚 ≥ 𝟑 × 𝟒𝟐 − 𝟕 × 𝟒 = 𝟐𝟎 > 0  

 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒕𝒆𝒓𝒎 ≥ 𝟒𝟑 − 𝟑𝟐 − 𝟏𝟕 = 𝟔𝟒 − 𝟒𝟗 = 𝟏𝟓 > 0  
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𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝒇𝒐𝒓 𝒅 ≥ 𝟒 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟐) 𝒏𝒆𝒗𝒆𝒓 𝒃𝒆  𝒛𝒆𝒓𝒐. 
 

𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒏 𝑵 𝒊𝒔 𝒙 = 𝟒, 𝒚 = 𝟏  
 

728. Solve for natural numbers: 
 

√𝒙𝟑 + 𝟒𝒙𝟐 + 𝟑
𝟑

+ √𝒙𝟐 + 𝒙 + 𝟑 = 𝒙 + 𝟒 
 

Proposed by Sakthi Vel-India 
Solution by Tapas Das-India 
 

 𝑳𝒆𝒕 𝒇(𝒙) = √𝒙𝟑 + 𝟒𝒙𝟐 + 𝟑
𝟑

+ √𝒙𝟐 + 𝒙 + 𝟑 − (𝒙 + 𝟒) 
 

 𝑾𝒆 𝒂𝒓𝒆 𝒈𝒐𝒊𝒏𝒈 𝒕𝒐  𝒇𝒊𝒏𝒅 𝒙 ∈ 𝑵  𝒇𝒐𝒓 𝒘𝒉𝒊𝒄𝒉 𝒇(𝒙) = 𝟎 
 

 𝒇𝒐𝒓 𝒙 = 𝟏: 𝒇(𝟏) = √𝟖
𝟑

+ √𝟓 − (𝟏 + 𝟒) = √𝟓 − 𝟑 ≠ 𝟎  

𝒇𝒐𝒓 𝒙 = 𝟐: 𝒇(𝟐) = √𝟐𝟕
𝟑

+ √𝟗 − (𝟐 + 𝟒) = 𝟑 + 𝟑 − 𝟔 = 𝟎  
 

𝒔𝒐 𝒙 = 𝟐 𝒊𝒔 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒇(𝒙) = 𝟎 , 
 𝑵𝒐𝒘 𝒘𝒆 𝒘𝒊𝒍𝒍 𝒔𝒉𝒐𝒘 𝒕𝒉𝒆𝒊𝒓 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒆𝒙𝒊𝒔𝒕 𝒂𝒏𝒚 𝒙 ∈ 𝑵 𝒘𝒉𝒊𝒄𝒉 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒇(𝒙) = 𝟎 

𝒇𝒐𝒓 𝒙 ≥ 𝟑 ∈ 𝑵 
𝑾𝒆 𝒉𝒂𝒗𝒆 (𝒙 + 𝟏)𝟑 = 𝒙𝟑 + 𝟑𝒙𝟐 + 𝟑𝒙 + 𝟏  

𝒙𝟑 + 𝟒𝒙𝟐 + 𝟑 − (𝒙 + 𝟏)𝟑 = 𝒙𝟐 − 𝟑𝒙 + 𝟐 = (𝒙 − 𝟏)(𝒙 − 𝟐) > 0 𝑎𝑠 𝑥 ≥ 3 

  𝒙𝟑 + 𝟒𝒙𝟐 + 𝟑 > (𝒙 + 𝟏)𝟑 ⇒ √𝒙𝟑 + 𝟒𝒙𝟐 + 𝟑
𝟑

> 𝑥 + 1  

𝑨𝒈𝒂𝒊𝒏  𝒇𝒐𝒓 𝒙 ≥ 𝟑 , 𝒙𝟐 + 𝒙 + 𝟑 ≥ 𝟑𝟐 + 𝟑 + 𝟑 = 𝟏𝟓 > 9 ⇒ √𝒙𝟐 + 𝒙 + 𝟑 > √𝟗 = 𝟑 
 

𝑨𝒅𝒅𝒊𝒏𝒈 𝒂𝒃𝒐𝒗𝒆 𝒕𝒘𝒐 𝒓𝒆𝒔𝒖𝒍𝒕 𝒘𝒆 𝒈𝒆𝒕: 

√𝒙𝟑 + 𝟒𝒙𝟐 + 𝟑
𝟑

+√𝒙𝟐 + 𝒙 + 𝟑 > 𝑥 + 1 + 3 = 𝑥 + 4 
 𝑪𝒍𝒆𝒂𝒓𝒍𝒚  𝒇𝒐𝒓  𝒙 ≥ 𝟑(∈ 𝑵), 𝒇(𝒙) ≠ 𝟎 

 
𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏  𝒙 = 𝟐.  

729. 
𝑰𝒇 𝒂, 𝒃 > 0 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 𝒙𝟑 − 𝒂𝒙𝟐 + 𝒃𝒙 − 𝒂 = 𝟎 𝒉𝒂𝒔 𝟑 𝒓𝒐𝒐𝒕𝒔 𝒙𝟏, 𝒙𝟐, 𝒙𝟑 ≥ 𝟏 
 𝒕𝒉𝒆𝒏 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 ∶ 

𝒂 ≥ (
𝟏

𝟒
+
√𝟐

𝟖
) (𝒃 + 𝟑) 

 
Proposed by Nguyen Hung Cuong-Vietnam 



 
www.ssmrmh.ro 

26 RMM-ABSTRACT ALGEBRA MARATHON 701-800 

 

Solution by Tapas Das-India 
 

𝒙𝟑 − 𝒂𝒙𝟐 + 𝒃𝒙 − 𝒂 = 𝟎 𝒉𝒂𝒔 𝟑 𝒓𝒐𝒐𝒕𝒔 𝒙𝟏, 𝒙𝟐, 𝒙𝟑 ≥ 𝟏 
 

 𝒕𝒉𝒆𝒏  𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 = 𝒂, 𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏 = 𝒃, 𝒙𝟏𝒙𝟐𝒙𝟑 = 𝒂  
 

𝑨𝒄𝒄𝒐𝒓𝒅𝒊𝒏𝒈 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏   𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 = 𝒙𝟏𝒙𝟐𝒙𝟑 (𝟏) 
 

𝒂

𝒃 + 𝟑
=

  𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑
 𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏 + 𝟑

 𝒏𝒐𝒘 𝒘𝒆 𝒂𝒓𝒆 𝒈𝒐𝒊𝒏𝒈  𝒕𝒐  𝒇𝒊𝒏𝒅 𝐌𝐢𝐧 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇
𝒂

𝒃 + 𝟑
 

 
𝑺𝒊𝒏𝒄𝒆 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒕𝒐 𝒈𝒆𝒕 𝑴𝒊𝒏 𝒗𝒂𝒍𝒖𝒆 𝒘𝒆 𝒕𝒂𝒌𝒆: 

 𝒙𝟐 = 𝒙𝟑 = 𝒕 ≥ 𝟏 𝒂𝒏𝒅 𝒙𝟏 = 𝒙 

𝑭𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 𝒙 + 𝟐𝒕 = 𝒙𝒕𝟐𝒐𝒓 𝒙 =
𝟐𝒕

𝒕𝟐 − 𝟏
 (𝟐) 

 𝒂 = 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 = 𝟐𝒕 + 𝒙 = 𝟐𝒕 +
𝟐𝒕

𝒕𝟐 − 𝟏
=

𝟐𝒕𝟑

𝒕𝟐 − 𝟏
 

𝒃 = 𝒙𝟏𝒙𝟐 + 𝒙𝟐𝒙𝟑 + 𝒙𝟑𝒙𝟏 = 𝒕
𝟐 + 𝟐𝒙𝒕 = 𝒕𝟐 + 𝟐𝒕.

𝟐𝒕

𝒕𝟐 − 𝟏
= 𝒕𝟐 +

𝟒𝒕𝟐

𝒕𝟐 − 𝟏
=
𝒕𝟐(𝒕𝟐 + 𝟑)

𝒕𝟐 − 𝟏
 

𝒂

𝒃 + 𝟑
=

𝟐𝒕𝟑

𝒕𝟐 − 𝟏
𝒕𝟐(𝒕𝟐 + 𝟑)
𝒕𝟐 − 𝟏

+ 𝟑
=

𝟐𝒕𝟑

𝒕𝟒 + 𝟔𝒕𝟐 − 𝟑
 

 

𝑳𝒆𝒕 𝒇(𝒕) =
𝟐𝒕𝟑

𝒕𝟒 + 𝟔𝒕𝟐 − 𝟑
, 𝒇′(𝒕) =

−𝟐𝒕𝟐(𝒕𝟐 − 𝟑)𝟐

(𝒕𝟒 + 𝟔𝒕𝟐 − 𝟑)𝟐
< 0 𝑎𝑠 𝑡 ≥ 1 𝑠𝑜 𝑓(𝒕)𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 

𝑾𝒆 𝒅𝒆𝒄𝒍𝒂𝒓𝒆𝒅 𝒙 =  
𝟐𝒕

𝒕𝟐 − 𝟏
 𝒔𝒐 𝒕 ≠ 𝟏 , 𝒕 > 1 𝑛𝑜𝑤 𝑥 ≥ 1 (𝒈𝒊𝒗𝒆𝒏) 

𝑭𝒐𝒓 𝒕𝒉𝒊𝒔  
𝟐𝒕

𝒕𝟐 − 𝟏
≥ 𝟏 𝒐𝒓 𝒕𝟐 − 𝟐𝒕 − 𝟏 ≤ 𝟎 𝒐𝒓 (𝒕 − (√𝟐 + 𝟏)) (𝒕 − (𝟏 − √𝟐) ≤ 𝟎  

𝒐𝒓 (𝟏 − √𝟐) ≤ 𝒕 ≤ (√𝟐 + 𝟏) 𝒂𝒔 𝒕 > 1𝒕𝒉𝒆𝒏  𝟏 < 𝑡 < (√𝟐 + 𝟏) 

 

 𝑺𝒊𝒏𝒄𝒆, 𝒇(𝒕) 𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈  𝒔𝒐 𝒇(𝒕)𝐦𝐢𝐧𝒂𝒕  𝒕 = √𝟐 + 𝟏  

𝒇(√𝟐 + 𝟏 ) =
𝟐(√𝟐 + 𝟏 )

𝟑
 

(√𝟐 + 𝟏 )
𝟒
+ 𝟔(√𝟐 + 𝟏 )

𝟐
− 𝟑

=
𝟐(𝟐√𝟐 + 𝟕 + 𝟑√𝟐)

(𝟑 + 𝟐√𝟐)
𝟐
+ 𝟔(𝟑 + 𝟐√𝟐) − 𝟑

 

=
𝟐(𝟓√𝟐 + 𝟕)

𝟑𝟐 + 𝟐𝟒√𝟐
=
𝟏

𝟒

(𝟓√𝟐 + 𝟕)

(𝟑√𝟐 + 𝟒)
=
𝟏

𝟒

(𝟑√𝟐− 𝟒)(𝟓√𝟐+ 𝟕)

(𝟑√𝟐− 𝟒)(𝟑√𝟐+ 𝟒)
=
𝟏

𝟒

𝟐 + √𝟐

𝟐
= (

𝟏

𝟒
+
√𝟐

𝟖
) 

 
𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆: 
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𝒂

𝒃 + 𝟑
≥ (

𝟏

𝟒
+
√𝟐

𝟖
)  𝒐𝒓 𝒂 ≥ (

𝟏

𝟒
+
√𝟐

𝟖
) (𝒃 + 𝟑) 

𝒘𝒉𝒆𝒏 𝒙𝟏 = 𝟏, 𝒙𝟐 = 𝒙𝟑 = √𝟐 + 𝟏 
 

730. 𝑰𝒇 𝒙𝟑 − 𝟔𝒙𝟐 + 𝒂𝒙 − 𝒃 = 𝟎 𝒉𝒂𝒔 𝟑 𝒓𝒐𝒐𝒕𝒔 𝒙𝟏, 𝒙𝟐, 𝒙𝟑 ≥ 𝟎 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
 

 𝟖𝒂 − 𝟑𝒃 ≤ 𝟕𝟐  
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

 𝒙𝟑 − 𝟔𝒙𝟐 + 𝒂𝒙 − 𝒃 = 𝟎 𝒕𝒉𝒆𝒏 ∑𝒙𝟏 = 𝟔,∑𝒙𝟏𝒙𝟐 = 𝒂, 𝒙𝟏𝒙𝟐𝒙𝟑 = 𝒃  

𝟖𝒂 − 𝟑𝒃 = 𝟖 (∑𝒙𝟏𝒙𝟐) − 𝟑𝒙𝟏𝒙𝟐𝒙𝟑 

 

 𝑳𝒆𝒕 𝑭(𝒙𝟏, 𝒙𝟐, 𝒙𝟑) = 𝟖 (∑𝒙𝟏𝒙𝟐) − 𝟑𝒙𝟏𝒙𝟐𝒙𝟑   

𝑭 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄, 𝒕𝒐 𝒇𝒊𝒏𝒅  𝒊𝒕𝒔 𝑴𝒂𝒙 𝒗𝒂𝒍𝒖𝒆 𝒖𝒏𝒅𝒆𝒓 
 𝒕𝒉𝒆 𝒄𝒐𝒏𝒔𝒕𝒓𝒂𝒊𝒏𝒕 𝒙𝟏 + 𝒙𝟐 + 𝒙𝟑 = 𝟔 ,𝒘𝒆 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓  
𝒙𝟏 = 𝒙𝟐 = 𝒕, 𝒙𝟑 = 𝟔 − 𝟐𝒕  𝒂𝒏𝒅 𝒕 ∈ [𝟎, 𝟑]𝒂𝒔 , 𝒙𝒊 ≥ 𝟎 

 

  𝒂 =∑𝒙𝟏𝒙𝟐 = 𝒕
𝟐 + 𝟐(𝟔 − 𝟐𝒕), 𝒃 = 𝒙𝟏𝒙𝟐𝒙𝟑 = 𝒕

𝟐(𝟔 − 𝟐𝒕)   

𝑭(𝒕) = 𝟖(𝒕𝟐 + 𝟐(𝟔 − 𝟐𝒕)) − 𝟑𝒕𝟐(𝟔 − 𝟐𝒕)  = 𝟔𝒕𝟑 − 𝟒𝟐𝒕𝟐 + 𝟗𝟔𝒕 

 𝑭′(𝒕) = 𝟏𝟖𝒕𝟐 − 𝟖𝟒𝒕 + 𝟗𝟔 𝒕𝒐 𝒈𝒆𝒕 𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍 𝒑𝒐𝒊𝒏𝒕 𝑭′(𝒕) = 𝟎 𝒈𝒊𝒗𝒆𝒔  

𝟏𝟖𝒕𝟐 − 𝟖𝟒𝒕 + 𝟗𝟔 = 𝟎 𝒐𝒓 (𝟑𝒕 − 𝟖)(𝒕 − 𝟐) = 𝟎 𝒐𝒓 𝒕 =
𝟖

𝟑
, 𝟐  

 
𝑾𝒆 𝒇𝒊𝒏𝒅 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑭(𝒕)𝒂 𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍 𝒑𝒐𝒊𝒏𝒕 𝒂𝒏𝒅 𝒃𝒐𝒖𝒏𝒅𝒂𝒓𝒚 [𝟎, 𝟑]  

 

𝑭(𝟎) = 𝟎,𝑭(𝟐) = 𝟔 × 𝟐𝟑 − 𝟒𝟐 × 𝟐𝟐 + 𝟗𝟔 × 𝟐 = 𝟕𝟐, 𝑭 (
𝟖

𝟑
) = 𝟕𝟏. 𝟏𝟏, 𝑭(𝟑) = 𝟕𝟐  

 
𝒔𝒐,𝑴𝒂𝒙 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝑭(𝒕)𝒊𝒔 𝟕𝟐 𝒂𝒏𝒅 𝟖𝒂 − 𝟑𝒃 ≤ 𝟕𝟐 𝒂𝒕 𝒙𝟏 = 𝒙𝟐 = 𝟐, 𝒙𝟑 = 𝟐 

 

731. Solve for real numbers: 
 

√𝒙 + 𝟔
𝟑

+ √𝒙 − 𝟏 = 𝒙𝟐 − 𝟏 
 

Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Tapas Das-India 
 𝑺𝒊𝒏𝒄𝒆 √𝒙 − 𝟏 𝒊𝒔 𝒅𝒆𝒇𝒊𝒏𝒆 𝒐𝒏 𝒙 ≥ 𝟏 ,  

𝒔𝒐 𝒘𝒆 𝒂𝒓𝒆 𝒈𝒐𝒊𝒏𝒈 𝒕𝒐 𝒔𝒐𝒍𝒗𝒆 𝒂𝒃𝒐𝒗𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 ∈ [𝟏,∞) 
 

𝑳𝒆𝒕 𝒇(𝒙) = √𝒙 + 𝟔
𝟑

+ √𝒙 − 𝟏 − (𝒙𝟐 − 𝟏) , 𝒙 ≥ 𝟏 

 𝒇(𝟏) = √𝟕
𝟑

+ 𝟎 − 𝟎 = √𝟕
𝟑

> 0 , 𝑓(𝟐) = √𝟖
𝟑

+ 𝟏 − 𝟑 = 𝟎  
𝒔𝒐 𝒙 = 𝟐 𝒊𝒔 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏  

 
𝑵𝒐𝒘 𝒘𝒆 𝒄𝒉𝒆𝒄𝒌 𝒏𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒊𝒏 𝒙 ∈ [𝟏, 𝟐) 

𝒇′(𝒙) =
𝟏

𝟑
(𝒙 + 𝟔)−

𝟐
𝟑 +

𝟏

𝟐√𝒙− 𝟏
− 𝟐𝒙  

𝒇′′(𝒙) = −
𝟐

𝟗
(𝒙 + 𝟔)−

𝟓
𝟑 −

𝟏

𝟒
(𝒙 − 𝟏)−

𝟑
𝟐 − 𝟐 = −(

𝟐

𝟗
(𝒙 + 𝟔)−

𝟓
𝟑 +

𝟏

𝟒
(𝒙 − 𝟏)−

𝟑
𝟐 + 𝟐) < 0 

 𝒔𝒐 𝒇 𝒊𝒔 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒊𝒏 [𝟏, 𝟐], 𝒇𝒐𝒓 𝒂 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒔𝒕𝒂𝒏𝒅𝒂𝒓𝒅 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 
𝒇𝒐𝒓 𝒙 ∈ [𝟏, 𝟐) ⇒ 𝒙 = (𝟐 − 𝒙). 𝟏 + (𝒙 − 𝟏). 𝟐  

𝒕𝒉𝒆𝒏 𝒇((𝟐 − 𝒙). 𝟏 + (𝒙 − 𝟏). 𝟐 ) ≥ (𝟐 − 𝒙)𝒇(𝟏) + (𝒙 − 𝟏)𝒇(𝟐) 

𝒐𝒓 𝒇(𝒙) ≥ (𝟐 − 𝒙)𝒇(𝟏) > 0 𝑎𝑠 𝑥 ∈ [𝟏, 𝟐) & 𝑓(𝟏) = √𝟕
𝟑

> 0 
  𝒔𝒐 𝒇(𝒙) > 0 𝑖𝑛 [𝟏, 𝟐) 𝒂𝒏𝒅 𝒙 = 𝟐 𝒇(𝟐) = 𝟎  

 
𝑵𝒐𝒘 𝒘𝒆 𝒄𝒉𝒆𝒄𝒌 𝒏𝒂𝒕𝒖𝒓𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒊𝒏 𝒙 > 2  

𝒇′(𝒙) =
𝟏

𝟑
(𝒙 + 𝟔)−

𝟐
𝟑 +

𝟏

𝟐√𝒙− 𝟏
− 𝟐𝒙  

 𝒂𝒔 𝒙 > 2 𝑡ℎ𝑒𝑛
𝟏

𝟑
(𝒙 + 𝟔)−

𝟐
𝟑 <

𝟏

𝟑
. 𝟖−

𝟐
𝟑 =

𝟏

𝟏𝟐
 ,

𝟏

𝟐√𝒙 − 𝟏
<

𝟏

𝟐. 𝟏
=
𝟏

𝟐
, −𝟐𝒙 < −4  

𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝒇′(𝒙) <
𝟏

𝟏𝟐
+
𝟏

𝟐
− 𝟒 = −

𝟒𝟏

𝟏𝟐
< 0  

𝒘𝒉𝒊𝒄𝒉 𝒊𝒏𝒅𝒊𝒄𝒂𝒕𝒆 𝒕𝒉𝒂𝒕 𝒇(𝒙)  𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 ∀𝒙 > 2 
 𝒕𝒉𝒂𝒕′𝒔 𝒘𝒉𝒚 𝒂𝒇𝒕𝒆𝒓 𝒉𝒊𝒕𝒕𝒊𝒏𝒈 𝟎 𝒂𝒕 𝒙 = 𝟐  

𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒈𝒐𝒆𝒔 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆 𝒂𝒏𝒅 𝒏𝒆𝒗𝒆𝒓 𝒄𝒐𝒎𝒆 𝒃𝒂𝒄𝒌 𝒖𝒑 
 𝒔𝒐 𝒓𝒆𝒒𝒖𝒆𝒔𝒕𝒆𝒅 𝒔𝒐𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟐 

732. Solve for reals: 
 

𝒙√𝒙 + 𝟕 + √𝟗 − 𝒙 = 𝟒√𝒙𝟐 + 𝟏 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

𝑺𝒆𝒕 𝒑 = √𝒙 + 𝟕, 𝒒 = √𝟗 − 𝒙, 𝒓 = √𝒙𝟐 + 𝟏  
 𝑪𝒍𝒆𝒂𝒓𝒍𝒚, 𝒑𝟐 + 𝒒𝟐 = 𝒙 + 𝟕 + 𝟗 − 𝒙 = 𝟏𝟔 = 𝟒𝟐 

 𝑳𝒆𝒕  𝒑 = 𝟒𝐜𝐨𝐬 𝒕 , 𝒒 = 𝟒 𝐬𝐢𝐧 𝒕 , 𝒕 ∈ [𝟎,
𝝅

𝟐
]  𝒂𝒏𝒅  𝒑 = √𝒙 + 𝟕 𝒐𝒓 
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 𝒙 = 𝒑𝟐 − 𝟕 = 𝟏𝟔𝐜𝐨𝐬𝟐 𝒕 − 𝟕 (𝟏) 
 

𝑼𝒔𝒊𝒏𝒈 𝒂𝒃𝒐𝒗𝒆 𝒔𝒖𝒃𝒔𝒕𝒊𝒕𝒖𝒕𝒊𝒐𝒏 𝒘𝒆 𝒈𝒆𝒕: 

 𝒙√𝒙 + 𝟕 + √𝟗 − 𝒙 = 𝟒√𝒙𝟐 + 𝟏  𝒐𝒓 

 (𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕 ) 𝐜𝐨𝐬 𝒕 + 𝐬𝐢𝐧 𝒕 = √(𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕 )𝟐 + 𝟏 

𝒐𝒓 𝑨 𝐜𝐨𝐬 𝒕 + 𝐬𝐢𝐧 𝒕 =
𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕−𝟕=𝑨

 √𝑨𝟐 + 𝟏  

 𝑨 𝐜𝐨𝐬 𝒕 + 𝐬𝐢𝐧 𝒕 ≤
𝑪𝒂𝒖𝒄𝒉𝒚 𝑺𝒄𝒉𝒘𝒂𝒓𝒛

 √(𝑨𝟐 + 𝟏)(𝐜𝐨𝐬𝟐 𝒕 + 𝐬𝐢𝐧𝟐 𝒕) = √𝑨𝟐 + 𝟏  

𝒇𝒐𝒓 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒕𝒂𝒌𝒆 𝐜𝐨𝐬 𝒕 = 𝝀𝑨, 𝐬𝐢𝐧 𝒕 = 𝝀 𝒕𝒉𝒆𝒏𝐜𝐨𝐬𝟐 𝒕 + 𝐬𝐢𝐧𝟐 𝒕 = 𝟏 ⇒ 𝝀𝟐 =
𝟏

𝑨𝟐 + 𝟏
 

𝐜𝐨𝐬𝟐 𝒕 = 𝝀𝟐𝑨𝟐 =
𝑨𝟐

𝑨𝟐 + 𝟏
 , 𝒇𝒓𝒐𝒎 (𝟏) 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒙 = 𝒑𝟐 − 𝟕 = 𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕  𝒐𝒓 𝐜𝐨𝐬𝟐 𝒕 =
𝑨 + 𝟕

𝟏𝟔
 

𝑨𝟐

𝑨𝟐 + 𝟏
=
𝑨 + 𝟕

𝟏𝟔
 𝒐𝒓, 𝑨𝟑 − 𝟗𝑨𝟐 + 𝑨 + 𝟕 = 𝟎 𝒐𝒓(𝑨 − 𝟏)(𝑨𝟐 − 𝟖𝑨 − 𝟕) = 𝟎  

𝒐𝒓 𝑨 = 𝟏 𝒂𝒏𝒅 (𝑨𝟐 − 𝟖𝑨 − 𝟕) = 𝟎 ⇒ 𝑨 =
𝟖 ± √𝟔𝟒 + 𝟐𝟖

𝟐
𝒐𝒓,𝑨 = 𝟒 ± √𝟐𝟑  

 𝒏𝒐𝒕𝒆 𝒕𝒉𝒂𝒕 𝑨 = (𝟏𝟔 𝐜𝐨𝐬𝟐 𝒕 − 𝟕 ) = 𝒙 𝒃𝒚 (𝟏) 
 

𝒃𝒖𝒕 𝑨 = 𝒙 =  𝟒 − √𝟐𝟑 𝒏𝒐𝒕 𝒂 𝒗𝒂𝒍𝒊𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒂𝒔√𝒙 + 𝟕 𝒏𝒐𝒕 𝒗𝒂𝒍𝒊𝒅 𝒂𝒕 𝒙 =  𝟒 − √𝟐𝟑  

𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟒, 𝟒 + √𝟐𝟑  𝒊𝒏 𝒓𝒆𝒂𝒍 

733. Solve for integers: 

√𝒙 + 𝒚 + 𝟐 = √𝒙 + √𝒚 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 𝑳𝒆𝒕 𝒂 = √𝒙, 𝒃 = √𝒚 𝒕𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆  𝒙 = 𝒂𝟐, 𝒚 = 𝒃𝟐 (𝒂𝒔 𝒙, 𝒚 ∈ 𝒁+, 𝒙, 𝒚 > 0)  

√𝒙 + 𝒚 + 𝟐 = √𝒙 + √𝒚 𝒐𝒓 √𝒂𝟐 + 𝒃𝟐 + 𝟐 = 𝒂 + 𝒃 𝒐𝒓 √𝒂𝟐 + 𝒃𝟐 = 𝒂 + 𝒃 − 𝟐 

 𝒐𝒓 (√𝒂𝟐 + 𝒃𝟐)
𝟐

= (𝒂 + 𝒃 − 𝟐)𝟐  (𝒂𝒔 √𝒂𝟐 + 𝒃𝟐 > 0 𝑡ℎ𝑒𝑛 𝑅.𝐻. 𝑆 𝑝𝑎𝑟𝑡 𝑎 + 𝑏 − 2 > 0 ) 

𝒂𝟐 + 𝒃𝟐 = 𝒂𝟐 + 𝒃𝟐 + 𝟒 + 𝟐𝒂𝒃 − 𝟒𝒂 − 𝟒𝒃 𝒐𝒓 𝟐(𝒂𝒃− 𝟐𝒂 − 𝟐𝒃 + 𝟐) = 𝟎  
𝒂𝒃 − 𝟐𝒂 − 𝟐𝒃 = −𝟐 𝒐𝒓, 𝒂𝒃 − 𝟐𝒂 − 𝟐𝒃 + 𝟒 = −𝟐 + 𝟒 𝒐𝒓, (𝒂 − 𝟐)(𝒃 − 𝟐) = 𝟐 (𝟏) 

 
𝑰𝒏𝒕𝒆𝒈𝒆𝒓 𝒇𝒂𝒄𝒕𝒐𝒓𝒊𝒛𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝟐 𝒂𝒓𝒆 (𝟏, 𝟐), (𝟐, 𝟏), (−𝟏, −𝟐), (−𝟐, −𝟏)  

 
 𝑭𝒓𝒐𝒎 (𝟏) 𝒊𝒇 𝒂 − 𝟐 = 𝟏, 𝒃 − 𝟐 = 𝟐 𝒕𝒉𝒆𝒏 𝒂 = 𝟑, 𝒃 = 𝟒 

𝒊𝒇 𝒂 − 𝟐 = 𝟐, 𝒃 − 𝟐 = 𝟏 𝒕𝒉𝒆𝒏 𝒂 = 𝟒, 𝒃 = 𝟑 
𝒊𝒇 𝒂 − 𝟐 = −𝟏, 𝒃 − 𝟐 = −𝟐 𝒕𝒉𝒆𝒏 𝒂 = 𝟏, 𝒃 = 𝟎 
𝒊𝒇 𝒂 − 𝟐 = −𝟐, 𝒃 − 𝟐 = −𝟏 𝒕𝒉𝒆𝒏 𝒂 = 𝟎, 𝒃 = 𝟏 

 𝑵𝒐𝒘, 𝒂 = 𝟑, 𝒃 = 𝟒 ⇒  𝒙 = 𝟗, 𝒚 = 𝟏𝟔 (𝒂𝒔  𝒙 = 𝒂𝟐, 𝒚 = 𝒃𝟐 ) 
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 𝒂 = 𝟒, 𝒃 = 𝟑 ⇒  𝒙 = 𝟏𝟔, 𝒚 = 𝟏𝟗,    
𝒂 = 𝟏, 𝒃 = 𝟎 ⇒  𝒙 = 𝟏, 𝒚 = 𝟎 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 
𝒂 = 𝟎, 𝒃 = 𝟏 ⇒  𝒙 = 𝟎, 𝒚 = 𝟏,𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏   

𝒔𝒐 𝒕𝒉𝒆 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟗, 𝒚 = 𝟏𝟔 𝒐𝒓, 𝒙 = 𝟏𝟔, 𝒚 = 𝟗 

734. Solve for integers: 

(√𝒙 − √𝒚)
𝟒
= 𝟑𝟑𝟔𝟏 − √𝟏𝟏𝟐𝟗𝟔𝟑𝟐𝟎 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

 (√𝒙 − √𝒚)
𝟒
= (𝒙 + 𝒚 − 𝟐√𝒙𝒚)

𝟐
= (𝒙 + 𝒚)𝟐 + 𝟒𝒙𝒚 − 𝟒√𝒙𝒚(𝒙 + 𝒚)  

𝒏𝒐𝒘, (𝒙 + 𝒚)𝟐 + 𝟒𝒙𝒚 − 𝟒√𝒙𝒚(𝒙 + 𝒚) = 𝟑𝟑𝟔𝟏 − √𝟏𝟏𝟐𝟗𝟔𝟑𝟐𝟎   

𝒄𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕 , (𝒙 + 𝒚)𝟐 + 𝟒𝒙𝒚 = 𝟑𝟑𝟔𝟏   (𝟏) 

𝟒√𝒙𝒚(𝒙 + 𝒚) = √𝟏𝟏𝟐𝟗𝟔𝟑𝟐𝟎    (𝟐)  

𝑳𝒆𝒕 𝒙 + 𝒚 = 𝒔 𝒂𝒏𝒅 𝒙𝒚 = 𝒑 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎(𝟏)&(𝟐)𝒘𝒆 𝒉𝒂𝒗𝒆 
𝒔𝟐 + 𝟒𝒑 = 𝟑𝟑𝟔𝟏 (𝟑)  

 𝟒𝒔√𝒑 = √𝟏𝟏𝟐𝟗𝟔𝟑𝟐𝟎 𝒐𝒓, 𝒔𝟐𝒑 =
𝟏𝟏𝟐𝟗𝟔𝟑𝟐𝟎

𝟏𝟔
= 𝟕𝟎𝟔𝟎𝟐𝟎  (𝟒) 

 

𝑭𝒓𝒐𝒎 (𝟑)& (𝟒)𝒘𝒆 𝒉𝒂𝒗𝒆 𝒔𝟐𝒑 = 𝟕𝟎𝟔𝟎𝟐𝟎 𝒐𝒓 𝒔𝟐 (
𝟑𝟑𝟔𝟏 − 𝒔𝟐

𝟒
) =
(𝟑)
𝟕𝟎𝟔𝟎𝟐𝟎  

 𝒔𝟐(𝟑𝟑𝟔𝟏 − 𝒔𝟐) = 𝟐𝟖𝟐𝟒𝟎𝟖𝟎 𝒐𝒓 𝒔𝟒 − 𝟑𝟑𝟔𝟏𝒔𝟐 + 𝟐𝟖𝟐𝟒𝟎𝟖𝟎 = 𝟎  

𝒔𝟐 =
𝟑𝟑𝟔𝟏± √(𝟑𝟑𝟔𝟏)𝟐 − 𝟒.𝟏. 𝟐𝟖𝟐𝟒𝟎𝟖𝟎

𝟐
=
𝟑𝟑𝟔𝟏 ± 𝟏

𝟐
= 𝟏𝟔𝟖𝟏, 𝟏𝟔𝟖𝟎  

𝒂𝒔  𝒘𝒆 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒁+ 
𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝒘𝒆 𝒕𝒂𝒌𝒆 𝒔𝟐 = (𝒙 + 𝒚)𝟐 = 𝟏𝟔𝟖𝟏 = 𝟒𝟏𝟐  

 𝒔 = 𝒙 + 𝒚 = 𝟒𝟏 𝒂𝒏𝒅 𝒑 = 𝒙𝒚 =
𝒇𝒓𝒐𝒎 (𝟑) 𝟑𝟑𝟔𝟏 − 𝒔𝟐

𝟒
=
𝟑𝟑𝟔𝟏 − 𝟏𝟔𝟖𝟏

𝟒
= 𝟒𝟐𝟎 

  𝑾𝒆 𝒉𝒂𝒗𝒆 𝒙 + 𝒚 = 𝟒𝟏 𝒂𝒏𝒅 𝒙𝒚 = 𝟒𝟐𝟎  
𝑻𝒐 𝒇𝒊𝒏𝒅 (𝒙, 𝒚) 𝒘𝒆 𝒄𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕 𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒓𝒐𝒐𝒕𝒔 𝒙 & 𝑦, 

 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒍𝒍 𝒃𝒆 𝒕𝟐 − (𝒙 + 𝒚)𝒕 + 𝒙𝒚 = 𝟎 𝒐𝒓 
 

 𝒕𝟐 − 𝟒𝟏𝒕 + 𝟒𝟐𝟎 = 𝟎 𝒐𝒓(𝒕 − 𝟐𝟏)(𝒕 − 𝟐𝟎) = 𝟎  𝒐𝒓  𝒕 = 𝟐𝟏, 𝟐𝟎  
 

 𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟐𝟏, 𝒚 = 𝟐𝟎 𝒐𝒓 𝒙 = 𝟐𝟎, 𝒚 = 𝟐𝟏. 

735. 𝝀 ∈ 𝑹 𝒇𝒊𝒙𝒆𝒅. 𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒓𝒆𝒂𝒍𝒔 ∶ 
 

𝟑𝒙+𝝀 + 𝟑𝒙 + 𝟑𝝀 = 𝟏 
 

Proposed by Marin Chirciu-Romania 
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Solution by Tapas Das-India 
𝑳𝒆𝒕 𝒚 = 𝒙 + 𝝀 

 𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 𝟑𝒚 + 𝟑(𝒚 − 𝝀) + 𝟑𝝀 = 𝟏 𝒐𝒓, 𝟑𝒚 + 𝟑𝒚 = 𝟏 (𝟏) 
 

𝑳𝒆𝒕 𝒇(𝒚) = 𝟑𝒚 + 𝟑𝒚  𝒕𝒉𝒆𝒏 𝒇′(𝒚) = 𝟑𝒚 𝐥𝐧 𝟑 + 𝟑 > 0 ∀ 𝑦 ∈ 𝑅  
𝒇(𝒙) 𝒊𝒔  𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 

 
𝑭𝒐𝒓 𝒕𝒉𝒊𝒔 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟏)𝒉𝒂𝒔 𝒂𝒕 𝒎𝒐𝒔𝒕 𝒐𝒏𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 , 𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝒇(𝟎) = 𝟏 

 
 𝒚 = 𝟎  𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟏) 

 
𝒚 = 𝟎 𝒊𝒔 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒓 𝒙 + 𝝀 = 𝟎 𝒐𝒓 𝒙 = −𝝀 

 

736. Let be 𝝀 ∈ 𝑹+ fixed. Solve for reals: 
 

{
𝒙𝟔 − 𝒚𝟔 = 𝝀𝟔 − 𝟏

𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒 = 𝝀𝟒 + 𝝀𝟐 + 𝟏
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

 𝑳𝒆𝒕 𝒂 = 𝒙𝟐, 𝒃 = 𝒚𝟐(𝒂, 𝒃 ≥ 𝟎) 
 𝒙𝟔 − 𝒚𝟔 = 𝝀𝟔 − 𝟏 𝒐𝒓, (𝒙𝟐 − 𝒚𝟐)( 𝒙𝟒 + 𝒙𝟐𝒚𝟐 + 𝒚𝟒) = (𝝀𝟐)𝟑 − (𝟏)𝟑 

 
 (𝒂 − 𝒃)(𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐) = (𝝀𝟐 − 𝟏 )(𝝀𝟒 + 𝝀𝟐 + 𝟏 ) 

 
𝑪𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕 ∶ 

𝒂 − 𝒃 = 𝝀𝟐 − 𝟏 (𝟏) , 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 = 𝝀𝟒 + 𝝀𝟐 + 𝟏  (𝟐) 
 

𝑳𝒆𝒕 𝒂 + 𝒃 = 𝒔, 𝒅 = 𝒂 − 𝒃 = 𝝀𝟐 − 𝟏  𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎 (𝟐) 𝒘𝒆 𝒈𝒆𝒕: 
 𝒂𝟐 + 𝒂𝒃 + 𝒃𝟐 = 𝝀𝟒 + 𝝀𝟐 + 𝟏   

 

 (𝒂 + 𝒃)𝟐 − 𝟐𝒂𝒃 + 𝒂𝒃 = 𝝀𝟒 + 𝝀𝟐 + 𝟏   𝒐𝒓 (𝒂 + 𝒃)𝟐 − 𝒂𝒃 = 𝝀𝟒 + 𝝀𝟐 + 𝟏   

(𝒂 + 𝒃)𝟐 −
𝟏

𝟒
((𝒂 + 𝒃)𝟐 − (𝒂 − 𝒃)𝟐) = 𝝀𝟒 + 𝝀𝟐 + 𝟏   

𝒔𝟐 −
𝟏

𝟒
(𝒔𝟐 − 𝒅𝟐) = 𝝀𝟒 + 𝝀𝟐 + 𝟏  

 
𝟑𝒔𝟐

𝟒
= 𝝀𝟒 + 𝝀𝟐 + 𝟏 −

𝒅𝟐

𝟒
 𝒐𝒓 𝟑𝒔𝟐 =

𝒅=𝒂−𝒃=𝝀𝟐−𝟏 
𝟒(𝝀𝟒 + 𝝀𝟐 + 𝟏  ) − (𝝀𝟐 − 𝟏 )𝟐 

 

 𝒔𝟐 = (𝝀𝟐 + 𝟏 )𝟐 𝒐𝒓 𝒔 = 𝒂 + 𝒃 = 𝝀𝟐 + 𝟏  (𝒂𝒔 𝒂, 𝒃 ≥ 𝟎 )   (𝟑)  
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𝒂𝒃 =
𝟏

𝟒
((𝒂 + 𝒃)𝟐 − (𝒂 − 𝒃)𝟐) =

𝟏

𝟒
((𝝀𝟐 + 𝟏 )𝟐 − (𝝀𝟐 − 𝟏 )𝟐)  = 𝟒

𝝀𝟐

𝟒
= 𝝀𝟐 (𝟒) 

 
𝑾𝒆 𝒄𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕 𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒓𝒐𝒐𝒕𝒔 𝒂 & 𝑏  

𝒕𝟐 − (𝒂 + 𝒃)𝒕 + 𝒂𝒃 = 𝟎 𝒐𝒓 𝒕𝟐 − ( 𝝀𝟐 + 𝟏)𝒕 + 𝝀𝟐 = 𝟎 𝒐𝒓 𝒕 =
(𝝀𝟐 + 𝟏) ± (𝝀𝟐 − 𝟏)

𝟐
 

𝒐𝒓 𝒕 = 𝝀𝟐, 𝟏 ⇒  𝒙𝟐 = 𝒂 = 𝝀𝟐 𝒐𝒓 𝒙 = ± 𝝀 & 𝒚𝟐 = 𝒃 = 𝟏 𝒐𝒓 𝒚 = ±𝟏 
 

 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔: (𝒙, 𝒚) ∈ {( 𝝀, 𝟏), (− 𝝀, 𝟏), (− 𝝀,−𝟏), ( 𝝀,−𝟏)} 
 

737. Let be 𝝀 ≥ 𝟏 fixed. Solve for reals: 
 

{
(𝒙 + 𝒚)(𝒙𝟐 + 𝒚𝟐) = 𝝀(𝟒𝝀𝟐 + 𝟏)

(𝒙 − 𝒚)(𝒙𝟐 − 𝒚𝟐) = 𝟐𝝀
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒖 = 𝒙 + 𝒚, 𝒗 = 𝒙 − 𝒚 𝒕𝒉𝒆𝒏 𝒙 =
𝒖 + 𝒗

𝟐
, 𝒚 =

𝒖 − 𝒗

𝟐
, 𝒙𝒚 =

𝒖𝟐 − 𝒗𝟐

𝟒
 

 

 (𝒙 + 𝒚)(𝒙𝟐 + 𝒚𝟐) = 𝝀(𝟒𝝀𝟐 + 𝟏) 𝒐𝒓  (𝒙 + 𝒚)((𝒙 + 𝒚)𝟐 − 𝟐𝒙𝒚) = 𝝀(𝟒𝝀𝟐 + 𝟏) 
 

 𝒖 (𝒖𝟐 −
𝒖𝟐 − 𝒗𝟐

𝟐
) = 𝝀(𝟒𝝀𝟐 + 𝟏) 𝒐𝒓 , 𝒖(𝒖𝟐 + 𝒗𝟐) = 𝟐𝝀(𝟒𝝀𝟐 + 𝟏) (𝟏) 

(𝒙 − 𝒚)(𝒙𝟐 − 𝒚𝟐) = 𝟐𝝀  𝒐𝒓 (𝒙 − 𝒚)𝟐(𝒙 + 𝒚) = 𝟐𝝀 𝒐𝒓 𝒖𝒗𝟐 = 𝟐𝝀 𝒐𝒓 𝒗𝟐 =
𝟐𝝀

𝒖
 (𝟐) 

 
𝑬𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒊𝒏𝒈 𝒗𝟐𝒃𝒆𝒕𝒘𝒆𝒆𝒏 (𝟏)& (𝟐)𝒘𝒆 𝒈𝒆𝒕:  

𝒖(𝒖𝟐 +
𝟐𝝀

𝒖
) = 𝟐𝝀(𝟒𝝀𝟐 + 𝟏) 𝒐𝒓, 𝒖𝟑 + 𝟐𝝀 = 𝟖𝝀𝟑 + 𝟐𝝀 𝒐𝒓, 𝒖𝟑 = 𝟖𝝀𝟑 𝒐𝒓 

 𝒖 = 𝟐𝝀 (𝒂𝒔 𝝀 ≥ 𝟏) & 𝒗𝟐 =
𝟐𝝀

𝒖
=
𝟐𝝀

𝟐𝝀
= 𝟏 𝒐𝒓  𝒗 = ±𝟏  

 

𝒙 =
𝒖 + 𝒗

𝟐
=
𝟐𝝀 ± 𝟏

𝟐
= 𝝀 ±

𝟏

𝟐
, 𝒚 =

𝒖 − 𝒗

𝟐
=
𝟐𝝀 ∓ 𝟏

𝟐
= 𝝀 ∓

𝟏

𝟐
 

 

 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔: (𝒙, 𝒚) = (𝝀 +
𝟏

𝟐
, 𝝀 −

𝟏

𝟐
) , (𝝀 −

𝟏

𝟐
, 𝝀 +

𝟏

𝟐
) 
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738. Solve for reals: 

{
 
 

 
 
√𝒙 +

𝟏

𝟓
+ √𝒚 +

𝟏

𝟓
= √𝟏𝟓

 𝒙 + 𝒚 = 𝟑 + 𝟖√𝒙𝒚 

 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

 𝑳𝒆𝒕 𝒂 =  √𝒙 +
𝟏

𝟓
, 𝒃 = √𝒙 +

𝟏

𝟓
 𝒕𝒉𝒆𝒏 𝒙 = 𝒂𝟐 −

𝟏

𝟓
, 𝒚 = 𝒃𝟐 −

𝟏

𝟓
 

𝑨𝒄𝒄𝒐𝒓𝒅𝒊𝒏𝒈 𝒕𝒐 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏, 𝒂 + 𝒃 = √𝟏𝟓 (𝟏) 

𝒙 + 𝒚 = (𝒂𝟐 + 𝒃𝟐) −
𝟐

𝟓
= (𝒂 + 𝒃)𝟐 − 𝟐𝒂𝒃 −

𝟐

𝟓
=
(𝟏)
 𝟏𝟓 − 𝟐𝒂𝒃 −

𝟐

𝟓
=
𝟕𝟑

𝟓
− 𝟐𝒂𝒃 (𝟐) 

𝒂𝒈𝒂𝒊𝒏, 𝒙 + 𝒚 = 𝟑 + 𝟖√𝒙𝒚 (𝟑)𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒆 (𝒙 + 𝒚) 𝒇𝒓𝒐𝒎 (𝟐) & (𝟑)𝒘𝒆 𝒈𝒆𝒕,  

𝟑 + 𝟖√𝒙𝒚 =
𝟕𝟑

𝟓
− 𝟐𝒂𝒃 𝒐𝒓 √𝒙𝒚 =

𝟐𝟗
𝟓 − 𝒂𝒃

𝟒
 

 𝒐𝒓 𝒙𝒚 =
𝟏

𝟏𝟔
(
𝟐𝟗

𝟓
− 𝒂𝒃)

𝟐

=
𝟏

𝟏𝟔
(
𝟖𝟒𝟏

𝟐𝟓
−
𝟓𝟖

𝟓
𝒂𝒃 + 𝒂𝟐𝒃𝟐) (𝟒) 

  𝒙𝒚 = (𝒂𝟐 −
𝟏

𝟓
) (𝒃𝟐 −

𝟏

𝟓
) = 𝒂𝟐𝒃𝟐 −

𝒂𝟐 + 𝒃𝟐

𝟓
+
𝟏

𝟐𝟓
= 𝒂𝟐𝒃𝟐 −

(𝒂 + 𝒃)𝟐 − 𝟐𝒂𝒃

𝟓
+
𝟏

𝟐𝟓
=
(𝟏)

 

= 𝒂𝟐𝒃𝟐 +
𝟐

𝟓
𝒂𝒃 −

𝟕𝟒

𝟐𝟓
 (𝟓) 𝒇𝒓𝒐𝒎 (𝟒)𝒂𝒏𝒅 (𝟓)𝒆𝒍𝒊𝒎𝒊𝒏𝒂𝒕𝒆 𝒙𝒚 𝒘𝒆 𝒈𝒆𝒕: 

 
𝟏

𝟏𝟔
(
𝟖𝟒𝟏

𝟐𝟓
−
𝟓𝟖

𝟓
𝒂𝒃 + 𝒂𝟐𝒃𝟐) = 𝒂𝟐𝒃𝟐 +

𝟐

𝟓
𝒂𝒃 −

𝟕𝟒

𝟐𝟓
  

𝒐𝒓 (
𝟖𝟒𝟏

𝟐𝟓
−
𝟓𝟖

𝟓
𝒂𝒃 + 𝒂𝟐𝒃𝟐) = 𝟏𝟔𝒂𝟐𝒃𝟐 +

𝟑𝟐

𝟓
𝒂𝒃 −

𝟕𝟒

𝟐𝟓
𝒐𝒓 

𝟖𝟒𝟏 − 𝟐𝟗𝟎𝒂𝒃 + 𝟐𝟓𝒂𝟐𝒃𝟐 = 𝟒𝟎𝟎𝒂𝟐𝒃𝟐 + 𝟏𝟔𝒂𝒃 − 𝟏𝟏𝟖𝟒   

𝒐𝒓 𝟓𝒂𝟐𝒃𝟐 + 𝟔𝒂𝒃 − 𝟐𝟕 = 𝟎 𝒐𝒓 𝒂𝒃 =
−𝟔 ± √𝟑𝟔 + 𝟓𝟒𝟎

𝟏𝟎
=
𝟗

𝟓
,−𝟑 

 𝒂𝒔 𝒂𝒃 ≥ 𝟎 𝒔𝒐 𝒂𝒃 ≠ −𝟑,𝒂𝒃 =
𝟗

𝟓
  

𝑵𝒐𝒘 𝒙𝒚 =
(𝟒) 𝟏

𝟏𝟔
(
𝟐𝟗

𝟓
− 𝒂𝒃)

𝟐

=
 𝒂𝒃=

𝟗
𝟓
𝟏 𝒂𝒏𝒅 𝒙 + 𝒚 =

(𝟑)
  𝟑 + 𝟖√𝒙𝒚 =

𝒙𝒚=𝟏
𝟏𝟏  

𝑾𝒆 𝒄𝒐𝒏𝒔𝒕𝒓𝒖𝒄𝒕 𝒂𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒊𝒕𝒉 𝒓𝒐𝒐𝒕𝒔 𝒙, 𝒚: 

𝒎𝟐 − (𝒙 + 𝒚)𝒎+ 𝒙𝒚 = 𝟎 𝒐𝒓,𝒎𝟐 − 𝟏𝟏𝒎+ 𝟏 = 𝟎 𝒐𝒓,𝒎 =
𝟏𝟏 ± √𝟏𝟏𝟕

𝟐
=
𝟏𝟏 ± 𝟑√𝟏𝟑

𝟐
 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝒚) = (
𝟏𝟏 + 𝟑√𝟏𝟑

𝟐
,
𝟏𝟏 − 𝟑√𝟏𝟑

𝟐
)  𝒐𝒓(

𝟏𝟏 − 𝟑√𝟏𝟑

𝟐
,
𝟏𝟏 + 𝟑√𝟏𝟑

𝟐
) 
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739. 𝒏 ∈ 𝑵, 𝒇𝒊𝒙𝒆𝒅. Solve for real numbers: 
 

𝟓𝒙. 𝟐
(𝒏+𝟏)(𝒙−𝟏)

𝒙 = 𝟓. 𝟏𝟎𝒏 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝟓𝒙. 𝟐
(𝒏+𝟏)(𝒙−𝟏)

𝒙 = 𝟓. 𝟏𝟎𝒏  
 

𝒐𝒓 𝟓𝒙. 𝟐
(𝒏+𝟏)(𝒙−𝟏)

𝒙 = 𝟓. (𝟐𝒏. 𝟓𝒏) = 𝟓𝒏+𝟏. 𝟐𝒏  
 

𝑪𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕: 

 𝒙 = 𝒏 + 𝟏 &
(𝒏 + 𝟏)(𝒙 − 𝟏)

𝒙
= 𝒏 

(𝒏 + 𝟏)(𝒙‐𝟏)

𝒙
= 𝒏 𝒐𝒓 𝒏𝒙 = 𝒏𝒙 − 𝒏 + 𝒙 − 𝟏 𝒐𝒓 𝒙 = 𝒏 + 𝟏 

 
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏:  𝒙 = 𝒏 + 𝟏 

740. Solve for reals: 

(𝒙𝟔)𝒙
𝟔
= 𝟔𝒙 − 𝟓 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝑨𝒔 𝑳.𝑯. 𝑺 > 0 𝑠𝑜 𝑅.𝐻. 𝑆 > 0 𝑜𝑟 𝟔𝒙 − 𝟓 > 0 𝑜𝑟 𝑥 >
𝟓

𝟔
 

 𝑳𝒆𝒕 𝒇(𝒙) = (𝒙𝟔)𝒙
𝟔
− (𝟔𝒙 − 𝟓 ) = 𝒙𝟔𝒙

𝟔
− (𝟔𝒙 − 𝟓) 

 

 𝒇′(𝒙) = 𝟔𝒙𝟓𝒙𝟔𝒙
𝟔
(𝟔 𝐥𝐧𝒙 + 𝟏) − 𝟔 = 𝟔(𝒙𝟓𝒙𝟔𝒙

𝟔
(𝟔 𝐥𝐧𝒙 + 𝟏) − 𝟏) 

 

𝑪𝒂𝒔𝒆𝟏: 𝒙 ∈ (
𝟓

𝟔
, 𝟏)  𝒕𝒉𝒆𝒏 𝒙𝟓𝒙𝟔𝒙

𝟔
< 1,6 𝐥𝐧 𝒙 < 1 𝑓𝑜𝑟 𝑡ℎ𝑖𝑠 𝒇′(𝒙) < 0 

 𝒔𝒐 𝒇(𝒙)𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (
𝟓

𝟔
, 𝟏) 

 
 𝑪𝒂𝒔𝒆𝟐: 𝒙 = 𝟏 𝒕𝒉𝒆𝒏 𝒇(𝟏) = 𝟏 − (𝟔 − 𝟓) = 𝟎 𝒔𝒐 𝒙 = 𝟏 𝒊𝒔 𝒓𝒐𝒐𝒕   𝒐𝒇𝒇(𝒙) = 𝟎 

 

𝑪𝒂𝒔𝒆 𝟑: 𝒙 > 1 𝑡ℎ𝑒𝑛 𝐥𝐧𝒙 > 0, 𝒙𝟓𝒙𝟔𝒙
𝟔
> 1 𝑓𝑜𝑟 𝑡ℎ𝑖𝑠 𝒇′(𝒙) > 0   

 𝒔𝒐 𝒇(𝒙)𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒇𝒐𝒓 𝒙 > 1  
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𝑪𝒐𝒏𝒄𝒍𝒖𝒔𝒊𝒐𝒏: 𝒇(𝒙) 𝒊𝒔 𝒅𝒆𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒐𝒏 (
𝟓

𝟔
, 𝟏)  &  𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑜𝑟 𝑥 > 1 𝑎𝑛𝑑 

 𝒂𝒕 𝒙 = 𝟏 𝒇(𝒙) = 𝟎 
 

 𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟏. 

741. Solve for reals: 

𝒙(𝒙 + 𝟒) = 𝟏𝟔 + 𝟐𝒙√𝒙(𝒙 − 𝟒) 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝒙(𝒙 + 𝟒) = 𝟏𝟔 + 𝟐𝒙√𝒙(𝒙 − 𝟒)  𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝒙(𝒙 − 𝟒) ≥ 𝟎 𝒐𝒓 𝒙 ≤ 𝟎 𝒐𝒓, 𝒙 ≥ 𝟒  
 

 𝑳𝒆𝒕 𝒙 = 𝟐𝒕 𝒕𝒉𝒆𝒏 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 ∶ 
 

𝟐𝒕(𝟐𝒕 + 𝟒) = 𝟏𝟔 + 𝟐. 𝟐𝒕√𝟐𝒕(𝟐𝒕 − 𝟒) 𝒐𝒓 𝟒𝒕𝟐 + 𝟖𝒕 = 𝟏𝟔 + 𝟖𝒕√𝒕(𝒕 − 𝟐)  

𝒕𝟐 + 𝟐𝒕 = 𝟒 + 𝟐𝒕√𝒕(𝒕 − 𝟐) 𝒐𝒓 
𝒕𝟐 + 𝟐𝒕 − 𝟒

𝟐𝒕
= √𝒕(𝒕 − 𝟐)  

 𝒐𝒓 (
𝒕𝟐 + 𝟐𝒕 − 𝟒

𝟐𝒕
)

𝟐

= (√𝒕(𝒕 − 𝟐) )
𝟐

 

(𝑳. 𝑯. 𝑺 > 0 𝑎𝑠 𝑡 ≤ 0 𝑜𝑟 𝑡 ≥ 2 𝑠𝑖𝑛𝑐𝑒 𝑥 = 2𝒕 &  𝑥 ≤ 0 𝑜𝑟 𝑥 ≥ 4) 
 

(𝒕𝟐 + 𝟐𝒕 − 𝟒)𝟐 ≥ 𝟒𝒕𝟐(𝒕𝟐 − 𝟐𝒕) 
 

𝒕𝟒 + 𝟒𝒕𝟑 − 𝟒𝒕𝟐 − 𝟏𝟔𝒕 + 𝟏𝟔 = 𝟒𝒕𝟒 − 𝟖𝒕𝟑  
 

 𝟑𝒕𝟒 − 𝟏𝟐𝒕𝟑 + 𝟒𝒕𝟐 + 𝟏𝟔𝒕 − 𝟏𝟔 = 𝟎 
 

  𝒕𝟒 − 𝟒𝒕𝟑 +
𝟒

𝟑
𝒕𝟐 +

𝟏𝟔

𝟑
𝒕 −

𝟏𝟔

𝟑
= 𝟎  

 

𝑺𝒕𝒂𝒏𝒅𝒂𝒓𝒅  𝒇𝒐𝒓𝒎 𝒕𝟒 + 𝒑𝒕𝟑 + 𝒒𝒕𝟐 + 𝒓𝒕 + 𝒔 = 𝟎 

𝑳𝒆𝒕 𝒕 = 𝒚 = 𝒚 −
𝒑

𝟒
= 𝒚 −

−𝟒

𝟒
= 𝒚 + 𝟏 𝒕𝒉𝒆𝒏:  

(𝒚 + 𝟏)𝟒 − 𝟒(𝒚 + 𝟏)𝟑 +
𝟒

𝟑
(𝒚 + 𝟏)𝟐 +

𝟏𝟔

𝟑
(𝒚 + 𝟏) −

𝟏𝟔

𝟑
= 𝟎  

 

(𝒚𝟒 + 𝟒𝒚𝟑 + 𝟔𝒚𝟐 + 𝟒𝒚 + 𝟏) − 𝟒(𝒚𝟑 + 𝟑𝒚𝟐 + 𝟑𝒚 + 𝟏) +
𝟒

𝟑
(𝒚𝟐 + 𝟐𝒚 + 𝟏) +

𝟏𝟔

𝟑
(𝒚 + 𝟏) −

𝟏𝟔

𝟑
= 𝟎 

𝒚𝟒 −
𝟏𝟒

𝟑
𝒚𝟐 −

𝟓

𝟑
= 𝟎 𝒐𝒓 𝟑𝒚𝟒 − 𝟏𝟒𝒚𝟐 − 𝟓 ≥ 𝟎 𝒐𝒓 (𝒚𝟐 − 𝟓)(𝟑𝒚𝟐 + 𝟏) = 𝟎  

𝒐𝒓 𝒚𝟐 = 𝟓 (𝒂𝒔 𝒚𝟐 ≠ −
𝟏

𝟑
)  𝒐𝒓 𝒚 = ±√𝟓  
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𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔  𝒙 = 𝟐𝒕 = 𝟐(𝒚 + 𝟏) = 𝟐(𝟏 ± √𝟓 ) 
 

742. Solve for reals: 

√𝒙 − 𝟐𝟎𝟐𝟒
𝟑

+ √𝒙 − 𝟐𝟎𝟐𝟓
𝟑

+ √𝒙 − 𝟐𝟎𝟐𝟔
𝟑

= 𝟎 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒚 = 𝒙 − 𝟐𝟎𝟐𝟓   
𝑻𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔: 

 √𝒚 + 𝟏
𝟑 + √𝒚

𝟑 + √𝒚 − 𝟏
𝟑 = 𝟎  

 

𝑳𝒆𝒕 𝒇(𝒚) =  √𝒚 + 𝟏
𝟑 + √𝒚

𝟑 + √𝒚 − 𝟏
𝟑  𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝒇(𝟎) = 𝟎 𝒔𝒐 𝒚 = 𝟎 𝒊𝒔 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇  

𝒇(𝒚) = 𝟎 

𝒇′(𝒚) =
𝟏

𝟑
(

𝟏

(𝒚 + 𝟏)
𝟐
𝟑

+
𝟏

𝒚
𝟐
𝟑

+
𝟏

(𝒚 − 𝟏)
𝟐
𝟑

) > 0 ∀ 𝑦 ∈ 𝑅 − {𝟎, 𝟏, −𝟏} 

 𝑺𝒐 𝒇(𝒚)𝒊𝒔  𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 𝒄𝒐𝒏𝒕𝒊𝒏𝒖𝒐𝒖𝒔 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒉𝒂𝒗𝒆 𝒂𝒕 𝒎𝒐𝒔𝒕 𝒐𝒏𝒆 𝒛𝒆𝒓𝒐 , 
 𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒚 = 𝟎 𝒐𝒓  𝒙 − 𝟐𝟎𝟐𝟓 = 𝟎 𝒐𝒓 𝒙 = 𝟐𝟎𝟐𝟓 

 
743. Solve for real numbers and 𝒎 ∈ 𝑹 fixed: 
 

{

𝒙 + 𝒚 − 𝒛 = 𝒎− 𝟐

𝒙𝟐 + 𝒚𝟐 − 𝒛𝟐 = 𝒎𝟐 − 𝟒𝒎− 𝟖 

𝒙𝟑 + 𝒚𝟑 − 𝒛𝟑 = 𝒎𝟑 − 𝟔𝒎𝟐 − 𝟐𝟒𝒎 − 𝟐𝟔

 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
𝑳𝒆𝒕 𝒂 = 𝒙 + 𝒚,𝒑 = 𝒙𝒚 

 𝑭𝒓𝒐𝒎 𝟏𝒔𝒕 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒙 + 𝒚 − 𝒛 = 𝒎− 𝟐 𝒐𝒓, 𝒛 = 𝒂 − (𝒎 − 𝟐) (𝟏) 
𝒙𝟐 + 𝒚𝟐 = (𝒙 + 𝒚)𝟐 − 𝟐𝒙𝒚 = 𝒂𝟐 − 𝟐𝒑  

 

 𝑭𝒓𝒐𝒎 𝟐𝒏𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒙𝟐 + 𝒚𝟐 − 𝒛𝟐 = 𝒎𝟐 − 𝟒𝒎 − 𝟖 
 𝒂𝟐 − 𝟐𝒑 − (𝒂 − (𝒎− 𝟐))𝟐 = 𝒎𝟐 − 𝟒𝒎 − 𝟖  

−𝟐𝒑 + 𝟐𝒂(𝒎− 𝟐) − (𝒎 − 𝟐)𝟐 = 𝒎𝟐 − 𝟒𝒎 − 𝟖  
 −𝟐𝒑 = 𝒎𝟐 − 𝟒𝒎 − 𝟖 + (𝒎− 𝟐)𝟐 − 𝟐𝒂(𝒎− 𝟐) 

 −𝟐𝒑 = 𝟐𝒎𝟐 − 𝟖𝒎 − 𝟒 − 𝟐𝒂(𝒎− 𝟐)𝒐𝒓, 𝒑 = 𝒂(𝒎− 𝟐) −𝒎𝟐 + 𝟒𝒎+ 𝟐 (𝟐) 
𝒙𝟑 + 𝒚𝟑 = (𝒙 + 𝒚)𝟑 − 𝟑𝒙𝒚(𝒙 + 𝒚) = 𝒂𝟑 − 𝟑𝒂𝒑 

 
 𝑭𝒓𝒐𝒎 𝟑𝒓𝒅 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 𝒙𝟑 + 𝒚𝟑 − 𝒛𝟑 = 𝒎𝟑 − 𝟔𝒎𝟐 − 𝟐𝟒𝒎− 𝟐𝟔  
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 𝒂𝟑 − 𝟑𝒂𝒑 − (𝒂 − (𝒎− 𝟐))
𝟑
=
(𝟏)
𝒎𝟑 − 𝟔𝒎𝟐 − 𝟐𝟒𝒎− 𝟐𝟔  

𝒂𝟑 − 𝟑𝒂𝒑 − 𝒂𝟑 + (𝒎− 𝟐)𝟑 + 𝟑𝒂𝟐(𝒎 − 𝟐) − 𝟑𝒂(𝒎− 𝟐)𝟐 = 𝒎𝟑 − 𝟔𝒎𝟐 − 𝟐𝟒𝒎− 𝟐𝟔  
𝟑𝒂(−𝒑 + 𝒂(𝒎− 𝟐) − (𝒎− 𝟐)𝟐) = 𝒎𝟑 − 𝟔𝒎𝟐 − 𝟐𝟒𝒎− 𝟐𝟔 − (𝒎− 𝟐)𝟑 

𝟑𝒂(−𝒂(𝒎− 𝟐) +𝒎𝟐 − 𝟒𝒎− 𝟐 + 𝒂(𝒎 − 𝟐) − (𝒎− 𝟐)𝟐) =
(𝟐)
− 𝟑𝟔𝒎− 𝟏𝟖 

 𝟑𝒂 × (−𝟔) = −𝟑𝟔𝒎− 𝟏𝟖 𝒐𝒓 𝒂 = 𝟐𝒎 + 𝟏  
 

𝑭𝒓𝒐𝒎 (𝟏): 
 𝒛 = 𝒂 − (𝒎 − 𝟐) = 𝟐𝒎+ 𝟏 − (𝒎− 𝟐) = 𝒎+ 𝟑 (𝟑) 

𝑭𝒓𝒐𝒎 (𝟐): 
 𝒑 = 𝒂(𝒎− 𝟐) −𝒎𝟐 + 𝟒𝒎+ 𝟐 = (𝟐𝒎+ 𝟏)(𝒎− 𝟐) −𝒎𝟐 + 𝟒𝒎+ 𝟐 = 𝒎𝟐 +𝒎  
 𝒏𝒐𝒘 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒂 = 𝒙 + 𝒚 = 𝟐𝒎 + 𝟏, 𝒂𝒏𝒅 𝒑 = 𝒙𝒚 = 𝒎𝟐 +𝒎 , 𝒔𝒐 𝒙, 𝒚 𝒂𝒓𝒆  𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 

𝒕𝟐 − (𝟐𝒎+ 𝟏)𝒕 + (𝒎𝟐 +𝒎) = 𝟎 𝒐𝒓 

𝒕 =
𝟐𝒎 + 𝟏 ± √(𝟐𝒎+ 𝟏)𝟐 − 𝟒. 𝟏. (𝒎𝟐 +𝒎)

𝟐
=
𝟐𝒎 + 𝟏 ± 𝟏

𝟐
= 𝒎,𝒎+ 𝟏  

𝒔𝒐 (𝒙, 𝒚) = (𝒎,𝒎+ 𝟏)𝒐𝒓, (𝒎 + 𝟏,𝒎)  
 
𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒖𝒔𝒊𝒏𝒈 (𝟑): (𝒙, 𝒚, 𝒛) = (𝒎,𝒎+ 𝟏,𝒎 + 𝟑), (𝒎 + 𝟏,𝒎,𝒎+ 𝟑) 

 
 

744. Solve for real numbers: 
 

𝟐𝒙𝟐 − 𝟏𝟒𝒙 + 𝟑𝟎 − 𝟓(𝒙 − 𝟒)√𝒙 − 𝟏 = 𝟎 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝟐𝒙𝟐 − 𝟏𝟒𝒙 + 𝟑𝟎 − 𝟓(𝒙 − 𝟒)√𝒙 − 𝟏 = 𝟎   
 

 𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒙 − 𝟏 ≥ 𝟎 𝒐𝒓 𝒙 ≥ 𝟏  
 

𝑳𝒆𝒕 𝒚 = √𝒙 − 𝟏 ⇒ 𝒙 = 𝒚𝟐 + 𝟏     (𝟏) 
 

𝑼𝒔𝒊𝒏𝒈 (𝟏)𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔:  
 

𝟐(𝒚𝟐 + 𝟏)𝟐 − 𝟏𝟒(𝒚𝟐 + 𝟏) + 𝟑𝟎 − 𝟓𝒚(𝒚𝟐 − 𝟑) = 𝟎 
 

𝟐(𝒚𝟒 + 𝟐𝒚𝟐 + 𝟏) − (𝟏𝟒𝒚𝟐 + 𝟏𝟒) + 𝟑𝟎 − (𝟓𝒚𝟑 − 𝟏𝟓𝒚) = 𝟎 
 

𝟐𝒚𝟒 − 𝟓𝒚𝟑 − 𝟏𝟎𝒚𝟐 + 𝟏𝟓𝒚 + 𝟏𝟖 = 𝟎  
 

(𝒚 − 𝟐)(𝒚 + 𝟏)(𝒚 − 𝟑)(𝟐𝒚 + 𝟑) = 𝟎  
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𝒚 − 𝟐 = 𝟎 ⇒ 𝒚 = 𝟐 𝒕𝒉𝒆𝒏 𝒙 = 𝒚𝟐 + 𝟏 = 𝟐𝟐 + 𝟏 = 𝟓 
 

𝒚 + 𝟏 = 𝟎 ⇒ 𝒚 = −𝟏 𝒕𝒉𝒆𝒏: 
 𝒙 = 𝒚𝟐 + 𝟏 = (−𝟏)𝟐 + 𝟏 = 𝟐 , 𝒏𝒐𝒕 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 

 

𝒚 − 𝟑 = 𝟎 ⇒ 𝒚 = 𝟑 𝒕𝒉𝒆𝒏 𝒙 = 𝒚𝟐 + 𝟏 = 𝟗𝟐 + 𝟏 = 𝟏𝟎 

𝟐𝒚 + 𝟑 = 𝟎 ⇒ 𝒚 = −
𝟑

𝟐
 𝒕𝒉𝒆𝒏  

𝒙 = (−
𝟑

𝟐
)
𝟐

+ 𝟏 =
𝟏𝟑

𝟒
= 𝟓,𝒏𝒐𝒕 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 

 
𝑺𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟓, 𝟏𝟎 

 

745. Solve for real numbers: 

𝒙𝟓 − √𝒙 + 𝟑𝟎
𝟓

= 𝟑𝟎 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒇(𝒙) = 𝒙𝟓 − √𝒙 + 𝟑𝟎
𝟓

− 𝟑𝟎  
 

𝒂𝒕 𝒙 = 𝟐, 𝒇(𝟐) = 𝟑𝟐 − 𝟐 − 𝟑𝟐 = 𝟎 𝒔𝒐 𝒙 = 𝟐 𝒊𝒔 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒇 𝒇(𝒙) = 𝟎 

 𝒏𝒐𝒘 𝒇′(𝒙) = 𝟓𝒙𝟒 −
𝟏

𝟓
(𝒙 + 𝟑𝟎)−

𝟒
𝟓 > 0 , ∀ 𝑥 ∈ 𝑅  

 𝒔𝒐 𝒇(𝒙) 𝒊𝒔 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈  
 

𝑭𝒐𝒓 𝒕𝒉𝒊𝒔 𝒇(𝒙) = 𝟎 𝒉𝒂𝒔 𝒂𝒕 𝒎𝒐𝒔𝒕 𝒐𝒏𝒆 𝒛𝒆𝒓𝒐 𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟐. 
 

746. Solve for real numbers: 
 

√𝒙 + 𝟐𝟎𝟐𝟒
𝟑

+ √𝒙 + 𝟐𝟎𝟐𝟖
𝟑

= √𝒙 + 𝟐𝟎𝟐𝟓
𝟑

+ √𝒙 + 𝟐𝟎𝟐𝟕
𝟑  

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒂 = √𝒙 + 𝟐𝟎𝟐𝟒
𝟑

, 𝒃 = √𝒙 + 𝟐𝟎𝟐𝟓
𝟑

, 𝒄 = √𝒙 + 𝟐𝟎𝟐𝟕
𝟑

, 𝒅 = √𝒙 + 𝟐𝟎𝟐𝟖
𝟑

 
 

𝒕𝒉𝒆𝒏 √𝒙 + 𝟐𝟎𝟐𝟒
𝟑

+ √𝒙 + 𝟐𝟎𝟐𝟖
𝟑

= √𝒙 + 𝟐𝟎𝟐𝟓
𝟑

+ √𝒙 + 𝟐𝟎𝟐𝟕
𝟑

⇒ 𝒂+ 𝒅 = 𝒃 + 𝒄  
 

(𝒂 + 𝒅)𝟑 = 𝒂𝟑 + 𝒅𝟑 + 𝟑𝒂𝒅(𝒂 + 𝒅) = 𝒙+ 𝟐𝟎𝟐𝟒 + 𝒙 + 𝟐𝟎𝟐𝟖 + 𝟑𝒂𝒅(𝒂 + 𝒅) =
= 𝟐𝒙+ 𝟒𝟎𝟓𝟐 + 𝟑𝒂𝒅(𝒂 + 𝒅) 
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(𝒃 + 𝒄)𝟑 = 𝒃𝟑 + 𝒄𝟑 + 𝟑𝒃𝒄(𝒃 + 𝒄) = 𝒙 + 𝟐𝟎𝟐𝟓 + 𝒙 + 𝟐𝟎𝟐𝟕 + 𝟑𝒃𝒄(𝒃 + 𝒄) = 

= 𝟐𝒙 + 𝟒𝟎𝟓𝟐 + 𝟑𝒃𝒄(𝒃 + 𝒄) 
 

𝑺𝒊𝒏𝒄𝒆 𝒂 + 𝒅 = 𝒃 + 𝒄 𝒕𝒉𝒆𝒏 (𝒂 + 𝒅)𝟑 = (𝒃 + 𝒄)𝟑  
𝒐𝒓 𝟐𝒙 + 𝟒𝟎𝟓𝟐 + 𝟑𝒂𝒅(𝒂 + 𝒅) = 𝟐𝒙 + 𝟒𝟎𝟓𝟐+ 𝟑𝒃𝒄(𝒃 + 𝒄)  

𝒐𝒓 𝒂𝒅(𝒂 + 𝒅) = 𝒃𝒄(𝒃 + 𝒄) 𝒐𝒓, 𝒂𝒅(𝒂 + 𝒅) =
𝒂+𝒅=𝒃+𝒄

𝒃𝒄(𝒂 + 𝒅) 
𝒐𝒓 (𝒂 + 𝒅)(𝒂𝒅 − 𝒃𝒄) = 𝟎  

 

𝑰𝒇𝒂 + 𝒅 = 𝟎 ⇒ 𝒂𝟑 = −𝒅𝟑 𝒐𝒓 𝒙 + 𝟐𝟎𝟐𝟒 = −(𝒙 + 𝟐𝟎𝟐𝟖) 𝒐𝒓 
 𝟐𝒙 = −𝟒𝟎𝟓𝟐 𝒐𝒓 𝒙 = −𝟐𝟎𝟐𝟔 

 
𝑵𝒐𝒘 𝒂𝒅 − 𝒃𝒄 ≠ 𝟎  

𝒃𝒆𝒄𝒂𝒖𝒔𝒆 𝒂𝟑𝒅𝟑 = (𝒙 + 𝟐𝟎𝟐𝟒)(𝒙 + 𝟐𝟎𝟐𝟖) = 𝒙𝟐 + 𝒙(𝟒𝟎𝟓𝟐) + 𝟐𝟎𝟐𝟖 × 𝟐𝟎𝟐𝟒 
𝒃𝟑𝒄𝟑 = (𝒙 + 𝟐𝟎𝟐𝟓)(𝒙 + 𝟐𝟎𝟐𝟕) = 𝒙𝟐 + 𝒙(𝟒𝟎𝟓𝟐) + 𝟐𝟎𝟐𝟓 × 𝟐𝟎𝟐𝟕 

 

𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒂𝟑𝒅𝟑 ≠ 𝒃𝟑𝒄𝟑 𝒂𝒔 𝟐𝟎𝟐𝟖 × 𝟐𝟎𝟐𝟒 ≠ 𝟐𝟎𝟐𝟓 × 𝟐𝟎𝟐𝟕 𝒔𝒐 𝒂𝒅 ≠ 𝒃𝒄 𝒐𝒓 𝒂𝒅 − 𝒃𝒄 ≠ 𝟎 
𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = −𝟐𝟎𝟐𝟔 

 

747. Solve for real numbers: 
 

𝒙𝟒 − 𝒙𝟐 − 𝟏𝟔𝒙 + 𝟐 = 𝟐√𝒙𝟐 + 𝟒𝒙 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

 𝒙𝟒 − 𝒙𝟐 − 𝟏𝟔𝒙 + 𝟐 = 𝟐√𝒙𝟐 + 𝟒𝒙  
𝑫𝒐𝒎𝒂𝒊𝒏 𝒏𝒆𝒆𝒅 𝒙𝟐 + 𝟒𝒙 ≥ 𝟎 𝒔𝒐 𝒙 ∈ (−∞,−𝟒] ∪ [𝟎,∞)  

(𝒙𝟒 − 𝒙𝟐 − 𝟏𝟔𝒙 + 𝟐)𝟐 = (𝟐√𝒙𝟐 + 𝟒𝒙)
𝟐

 

𝒙𝟖 + (𝒙𝟐 + 𝟏𝟔𝒙 − 𝟐)𝟐 − 𝟐𝒙𝟒(𝒙𝟐 + 𝟏𝟔𝒙 − 𝟐) = 𝟒𝒙𝟐 + 𝟏𝟔𝒙 
  𝒙𝟖 − 𝟐𝒙𝟔 − 𝟑𝟐𝒙𝟓 + 𝟓𝒙𝟒 + 𝟑𝟐𝒙𝟑 + 𝟐𝟒𝟖𝒙𝟐 − 𝟖𝟎𝒙 + 𝟒 = 𝟎 (𝟏) 
 𝑳𝒆𝒕 𝒙𝟖 − 𝟐𝒙𝟔 − 𝟑𝟐𝒙𝟓 + 𝟓𝒙𝟒 + 𝟑𝟐𝒙𝟑 + 𝟐𝟒𝟖𝒙𝟐 − 𝟖𝟎𝒙 + 𝟒 = 

= (𝒙𝟒 − 𝟏𝟔𝒙 + 𝒑)(𝒙𝟒 − 𝟐𝒙𝟐 − 𝟏𝟔𝒙 + 𝒒) 
= 𝒙𝟖 − 𝟐𝒙𝟔 − 𝟑𝒙𝟓 + 𝒙𝟒(𝒑 + 𝒒) + 𝒙𝟐(𝟐𝟓𝟔 − 𝟐𝒑) − 𝒙(𝟏𝟔𝒒 + 𝟏𝟔𝒑) + 𝒑𝒒 

 

𝑪𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕  𝒘𝒆 𝒈𝒆𝒕 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒐𝒇 𝒙𝟐 → 𝟐𝟓𝟔 − 𝟐𝒑 = 𝟐𝟒𝟖 𝒐𝒓, 𝒑 = 𝟒 
 𝑪𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒕𝒆𝒓𝒎 →  𝒑𝒒 = 𝟒 𝒐𝒓 𝒒 = 𝟏 𝒂𝒔 𝒑 = 𝟒 

  𝒙𝟖 − 𝟐𝒙𝟔 − 𝟑𝟐𝒙𝟓 + 𝟓𝒙𝟒 + 𝟑𝟐𝒙𝟑 + 𝟐𝟒𝟖𝒙𝟐 − 𝟖𝟎𝒙 + 𝟒 = 
= (𝒙𝟒 − 𝟏𝟔𝒙 + 𝟒)(𝒙𝟒 − 𝟐𝒙𝟐 − 𝟏𝟔𝒙 + 𝟏)  
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𝑭𝒓𝒐𝒎 (𝟏) (𝒙𝟒 − 𝟏𝟔𝒙 + 𝟒)(𝒙𝟒 − 𝟐𝒙𝟐 − 𝟏𝟔𝒙 + 𝟏) = 𝟎  
 

𝒙𝟒 − 𝟐𝒙𝟐 − 𝟏𝟔𝒙 + 𝟏 = 𝟎  

𝒐𝒓 (𝒙𝟐 + 𝟑)𝟐 − 𝟖(𝒙 + 𝟏)𝟐 = 𝟎 𝒐𝒓 𝒙𝟐 + 𝟑 = ±𝟐√𝟐(𝒙 + 𝟏) 
 

 𝑵𝒐𝒘 𝒙𝟐 + 𝟑 = 𝟐√𝟐(𝒙 + 𝟏)( 𝒂𝒔 𝒙𝟐 + 𝟑 = −𝟐√𝟐(𝒙 + 𝟏) 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒉𝒂𝒔 𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕𝒔)  

𝒐𝒓 𝒙𝟐 − 𝟐√𝟐𝒙 + (𝟑 − 𝟐√𝟐) = 𝟎 𝒐𝒓 𝒙 =
𝟐√𝟐 ± √𝟖− 𝟒(𝟑 − 𝟐√𝟐)  

𝟐
= √𝟐± √𝟐√𝟐− 𝟏 

𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒓𝒐𝒐𝒕𝒔 𝒇𝒓𝒐𝒎 𝒙𝟒 − 𝟏𝟔𝒙 + 𝟒 = 𝟎 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒔𝒂𝒕𝒊𝒇𝒚 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏  
𝒔𝒊𝒏𝒄𝒆 𝒙𝟒 − 𝟏𝟔𝒙 + 𝟒 = 𝟎 ⇒ 𝒙𝟒 = 𝟏𝟔𝒙 − 𝟒  

 
𝑰𝒇 𝒘𝒆 𝒑𝒖𝒕 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇  𝒙𝟒𝒊𝒏 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝑳𝑯𝑺 𝒑𝒂𝒓𝒕 𝒕𝒉𝒆𝒏 

 𝑳𝑯𝑺 = 𝒙𝟒 − 𝒙𝟐 − 𝟏𝟔𝒙 + 𝟐 = (𝟏𝟔𝒙 − 𝟒) − 𝒙𝟐 − 𝟏𝟔𝒙 + 𝟐 = −𝟐 − 𝒙𝟐 < 0 𝑏𝑢𝑡  

𝑹𝑯𝑺 = 𝟐√𝒙𝟐 + 𝟒𝒙 > 0  

𝑭𝒐𝒓 𝒕𝒉𝒊𝒔 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = √𝟐 ±√𝟐√𝟐 − 𝟏 

748.Solve for integers: 
 

𝒙𝟑 + 𝟐𝒚𝟑 + 𝟑𝒙 + 𝟒𝒚 = 𝟒𝒙𝟐 + 𝟒𝒚𝟐 
 

Proposed by Sakthi Vel-India 
Solution by Tapas Das-India 

𝒙𝟑 + 𝟐𝒚𝟑 + 𝟑𝒙+ 𝟒𝒚 = 𝟒𝒙𝟐 + 𝟒𝒚𝟐 
⇒ 𝒙(𝒙𝟐 − 𝟒𝒙 + 𝟑) + 𝟐𝒚(𝒚𝟐 − 𝟐𝒚 + 𝟐) = 𝟎 

 ⇒ 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) + 𝟐𝒚((𝒚 − 𝟏)𝟐 + 𝟏)  = 𝟎 (𝟏) 
𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒔𝒊𝒈𝒏 𝒐𝒇 𝒆𝒏𝒕𝒊𝒓𝒆 𝒚 𝒕𝒆𝒓𝒎 𝟐𝒚((𝒚 − 𝟏)𝟐 + 𝟏)   

𝒊𝒔 𝒅𝒆𝒑𝒆𝒏𝒅 𝒐𝒏 𝒚 𝒂𝒔 (𝒚 − 𝟏)𝟐 + 𝟏 ≥ 𝟏 
 
𝑪𝒂𝒔𝒆 𝟏: 𝒚 = 𝟎 𝒕𝒉𝒆𝒏 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) = 𝟎  ⇒ 𝒙 = 𝟎, 𝟏, 𝟐 

 𝒔𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 (𝒙, 𝒚) = (𝟎, 𝟎), (𝟏, 𝟎), (𝟑, 𝟎) 
 
𝑪𝒂𝒔𝒆 𝟐: 𝒚 > 0 𝑡ℎ𝑒𝑛  2𝒚((𝒚 − 𝟏)𝟐 + 𝟏) > 0 𝑎𝑛𝑑 𝑓𝑟𝑜𝑚 (𝟏)  

𝒙(𝒙 − 𝟏)(𝒙 − 𝟑)𝒎𝒖𝒔𝒕 𝒃𝒆 < 0 𝑠𝑜 𝑥 < 0 𝑜𝑟, 1 < 𝑥 < 3  
 
𝑺𝒖𝒃 𝒄𝒂𝒔𝒆 𝑨: 𝟏 < 𝑥 < 3 𝑡ℎ𝑒𝑛 𝑜𝑛𝑙𝑦 𝑖𝑛𝑡𝑒𝑔𝑒𝑟 𝑥 = 2 𝑡ℎ𝑒𝑛 𝑓𝑟𝑜𝑚(𝟏)𝒘𝒆 𝒈𝒆𝒕 

𝟐(𝟐 − 𝟏)(𝟐 − 𝟑) + 𝟐𝒚((𝒚 − 𝟏)𝟐 + 𝟏) = 𝟎 𝒐𝒓, 𝟐𝒚𝟑 − 𝟒𝒚𝟐 + 𝟒𝒚− 𝟐 = 𝟎  
 𝒚𝟑 − 𝟐𝒚𝟐 + 𝟐𝒚 − 𝟏 = 𝟎 𝒐𝒓, (𝒚 − 𝟏)(𝒚𝟐 − 𝒚 + 𝟏) = 𝟎 𝒐𝒓, 𝒚 = 𝟏 

 𝒂𝒔  𝒚𝟐 − 𝒚 + 𝟏 = 𝟎 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒉𝒂𝒗𝒆 𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕 𝒔𝒊𝒏𝒄𝒆 
 𝑫 = 𝟏 − 𝟒 = −𝟑 < 0 , 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 (𝒙, 𝒚) = (𝟐, 𝟏) 

𝑰𝒇 𝒚 > 1 𝑠𝑜 𝑦 ≥ 2(𝑰𝒏𝒕𝒆𝒈𝒆𝒓), 𝒇𝒐𝒓 𝒚 = 𝟐 𝒂𝒏𝒅 𝒙 = 𝟐   𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒈𝒆𝒕 
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−𝟐 + 𝟐. 𝟐(𝟏𝟐 + 𝟏) = −𝟐 + 𝟖 ≠ 𝟎 , 𝒏𝒐𝒕 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅 , 
𝒔𝒐 𝒕𝒉𝒆𝒊𝒓 𝒂𝒓𝒆 𝒏𝒐𝒕 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒇𝒐𝒓 𝒚 > 1 

 
𝑺𝒖𝒃 𝒄𝒂𝒔𝒆 𝑩: 𝒙 < 0 , 𝑖𝑓 𝑦 = 2  𝑓𝑟𝑜𝑚(𝟏)𝒘𝒆 𝒈𝒆𝒕 

𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) + 𝟐. 𝟐((𝟐 − 𝟏)𝟐 + 𝟏) = 𝟎 𝒐𝒓, 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) + 𝟖 = 𝟎 
𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒙 = −𝟏 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒂𝒃𝒐𝒗𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 ,  

𝒂𝒃𝒔𝒐𝒍𝒖𝒕𝒆 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑)𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆𝒔 𝒂𝒔 𝒙 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒎𝒐𝒓𝒆 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆  
𝒔𝒐 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝒚) = (−𝟏, 𝟐) 

 
𝑰𝒇 𝒚 = 𝟑 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒈𝒆𝒕 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) + 𝟐. 𝟑((𝟑 − 𝟏)𝟐 + 𝟏) = 𝟎  

𝒐𝒓 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) + 𝟑𝟎 = 𝟎  
 

𝑪𝒍𝒆𝒂𝒓𝒍𝒚  𝒙 = −𝟐 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒂𝒃𝒐𝒗𝒆 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 , 𝒔𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝒚) = (−𝟐, 𝟑) 
 

𝑰𝒇 𝒚 = 𝟒    𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒈𝒆𝒕 ∶ 
𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) + 𝟐. 𝟒((𝟒 − 𝟏)𝟐 + 𝟏) = 𝟎  𝒐𝒓, 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) + 𝟖𝟎 = 𝟎 

𝑰𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 𝒙 = −𝟑 𝒕𝒉𝒆𝒏 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) = −𝟕𝟐 ≠ −𝟖𝟎 
𝑰𝒇 𝒘𝒆 𝒕𝒂𝒌𝒆 𝒙 = −𝟒 𝒕𝒉𝒆𝒏 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) = −𝟏𝟒𝟎 ≠ −𝟖𝟎 

 𝒔𝒐 𝒏𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒆𝒙𝒊𝒔𝒕 𝒔𝒊𝒏𝒄𝒆 
 |𝒙(𝒙 − 𝟏)(𝒙 − 𝟑)| 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆𝒔 𝒂𝒔 𝒙 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 𝒎𝒐𝒓𝒆 𝒏𝒆𝒈𝒂𝒕𝒊𝒗𝒆 

 

𝑪𝒂𝒔𝒆 𝟑 ∶  𝒚 < 0 , 𝑠𝑜 2𝒚((𝒚 − 𝟏)𝟐 + 𝟏) > 0 , 𝑓𝑟𝑜𝑚 (𝟏)𝒘𝒆 𝒉𝒂𝒗𝒆  
𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) > 0 𝑜𝑟, 0 < 𝑥 < 1 𝑜𝑟, 𝑥 > 3  

 
𝑾𝒆 𝒎𝒖𝒔𝒕 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓 𝒙 ≥ 𝟒 𝒂𝒔 𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒊𝒏 (𝟎, 𝟏) 

𝒔𝒖𝒃 𝒄𝒂𝒔𝒆 𝑨 , 𝒙 ≥ 𝟒 𝒂𝒏𝒅 𝒚 = −𝟏 
 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒉𝒂𝒗𝒆 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) − 𝟏𝟎 = 𝟎  

𝒇𝒐𝒓  𝒙 = 𝟒 , 𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) = 𝟏𝟐 ≠ 𝟏𝟎 𝒂𝒏𝒅 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆𝒔 𝒇𝒐𝒓 
𝒙 ≥ 𝟒 , 𝒔𝒐 𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒆𝒙𝒊𝒔𝒕 

 
𝑰𝒇 𝒚 = −𝟐  𝒕𝒉𝒆𝒏  𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒉𝒂𝒗𝒆  

𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) − 𝟒𝟎 = 𝟎  
 𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒙 = 𝟓 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒂𝒃𝒐𝒗𝒆 𝒆𝒙𝒑𝒓𝒆𝒔𝒔𝒊𝒐𝒏  𝒂𝒏𝒅  𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 

𝒙(𝒙 − 𝟏)(𝒙 − 𝟑) 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆𝒔 𝒇𝒐𝒓 𝒙 ≥ 𝟒  
𝒔𝒐  𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝒚) = (𝟓,−𝟐)  

𝑪𝒐𝒎𝒃𝒊𝒏𝒆 𝒂𝒍𝒍 𝒂𝒃𝒐𝒗𝒆 𝒓𝒆𝒔𝒖𝒍𝒕 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 
(𝒙, 𝒚) = (𝟎, 𝟎), (𝟏, 𝟎), (𝟑, 𝟎), (−𝟏, 𝟐), (−𝟐, 𝟑), (𝟓,−𝟐), (𝟐, 𝟏) 

749. Solve for real numbers: 
 

√𝟐𝟎𝟑𝟒 − 𝒙
𝟑

− √𝒙 − 𝟐𝟎𝟐𝟓 = 𝒙𝟐 − 𝟐𝟎𝟐𝟓𝒙 − 𝟐𝟎𝟐𝟓 
 

Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Tapas Das-India 
 

𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒙 − 𝟐𝟎𝟐𝟓 ≥ 𝟎 𝒐𝒓 𝒙 ≥ 𝟐𝟎𝟐𝟓 
 

𝑳𝒆𝒕  𝒈(𝒙) = (𝒙𝟐 − 𝟐𝟎𝟐𝟓𝒙 − 𝟐𝟎𝟐𝟓) − (√𝟐𝟎𝟑𝟒 − 𝒙
𝟑

− √𝒙 − 𝟐𝟎𝟐𝟓) 

 𝒈′(𝒙) = 𝟐𝒙 − 𝟐𝟎𝟐𝟓+
𝟏

𝟑
(𝟐𝟎𝟐𝟒 − 𝒙)−

𝟐
𝟑 +

𝟏

𝟐
(𝒙 − 𝟐𝟎𝟐𝟓)

𝟏
𝟐   

𝒈′(𝒙) > 0 𝑓𝑜𝑟 𝑥 > 2025 ⇒ 𝑔(𝒙) 𝒊𝒔 𝒔𝒕𝒓𝒊𝒄𝒕𝒍𝒚 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈 , 𝒕𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 𝒈(𝒙) = 𝟎  
𝒉𝒂𝒔 𝒂𝒕 𝒎𝒐𝒔𝒕 𝒐𝒏𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 . 

 
𝑪𝒍𝒆𝒂𝒓𝒍𝒚  𝒈(𝟐𝟎𝟐𝟔) = 𝟐𝟎𝟐𝟔(𝟐𝟎𝟐𝟔 − 𝟐𝟎𝟐𝟓) − 𝟐𝟎𝟐𝟓 − (𝟐 − 𝟏) = 𝟎  

𝒔𝒐 𝒙 = 𝟐𝟎𝟐𝟔 𝒊𝒔 𝒕𝒉𝒆 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 

750. Solve for integers: 

𝒙𝟑 + 𝒚𝟑 + 𝟓(𝒙 + 𝒚) = 𝟑𝒙𝟐 + 𝟐𝒚𝟐 + 𝟓𝒙𝒚 
 

Proposed by Sakthi Vel-India 
Solution by Tapas Das-India 
 

 𝒙𝟑 + 𝒚𝟑 + 𝟓(𝒙 + 𝒚) = 𝟑𝒙𝟐 + 𝟐𝒚𝟐 + 𝟓𝒙𝒚  
 (𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐) + 𝟓(𝒙 + 𝒚) = (𝒙 + 𝒚)(𝟑𝒙 + 𝟐𝒚) 

 (𝒙 + 𝒚)(𝒙𝟐 − 𝒙𝒚 + 𝒚𝟐 + 𝟓 − 𝟑𝒙 − 𝟐𝒚) = 𝟎 
 
𝑪𝒂𝒔𝒆 𝟏: 𝒙 + 𝒚 = 𝟎 𝒕𝒉𝒆𝒏 𝒙 = −𝒚,  

 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙,𝒚) = (𝒕, −𝒕) 𝒇𝒐𝒓 𝒂𝒏𝒚 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒕 
𝑪𝒂𝒔𝒆 𝟐: (𝒙𝟐 − 𝒙𝒚+ 𝒚𝟐 + 𝟓 − 𝟑𝒙 − 𝟐𝒚) = 𝟎 

𝒙𝟐 − 𝒙(𝒚 + 𝟑) + (𝒚𝟐 − 𝟐𝒚+ 𝟓) = 𝟎  

 𝒙 =
𝒚 + 𝟑 ± √(𝒚 + 𝟑)𝟐 − 𝟒(𝒚𝟐 − 𝟐𝒚 + 𝟓)

𝟐
 (𝟏) 

The 𝒅𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕: 
 𝑫 = (𝒚 + 𝟑)𝟐 − 𝟒(𝒚𝟐 − 𝟐𝒚+ 𝟓) = 𝒚𝟐 + 𝟔𝒚 + 𝟗 − 𝟒(𝒚𝟐 − 𝟐𝒚 + 𝟓) = −𝟑𝒚𝟐 + 𝟏𝟒𝒚 − 𝟏𝟏 

 
𝑻𝒐 𝒈𝒆𝒕 𝒓𝒆𝒂𝒍 𝒓𝒐𝒐𝒕𝒔 𝑫 ≥ 𝟎 𝒂𝒔 𝒘𝒆𝒍𝒍 𝒂𝒔 𝑫 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆  

𝒂𝒔 𝒘𝒆 𝒂𝒓𝒆 𝒇𝒊𝒏𝒅 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔. 
𝑭𝒐𝒓 𝒕𝒉𝒊𝒔  − 𝟑𝒚𝟐 + 𝟏𝟒𝒚 − 𝟏𝟏 ≥ 𝟎 𝒐𝒓, 𝟑𝒚𝟐 − 𝟏𝟒𝒚 + 𝟏𝟏 ≤ 𝟎 

𝒐𝒓 (𝒚 − 𝟏)(𝟑𝒚 − 𝟏𝟏) ≤ 𝟎 𝒐𝒓 𝟏 ≤ 𝒚 ≤
𝟏𝟏

𝟑
= 𝟑. 𝟔𝟔… 

𝑺𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒗𝒂𝒍𝒖𝒆𝒔 𝒐𝒇 𝒚 = 𝟏, 𝟐, 𝟑  

𝒚 = 𝟏 𝒈𝒊𝒗𝒆𝒔 𝒇𝒓𝒐𝒎 (𝟏):  𝒙 =
𝟏 + 𝟑

𝟐
= 𝟐 , 𝒔𝒐 (𝒙, 𝒚) = (𝟐, 𝟏) 

𝒚 = 𝟑  𝒈𝒊𝒗𝒆𝒔 𝒇𝒓𝒐𝒎 (𝟏):  𝒙 =
(𝟑 + 𝟑) ± 𝟐

𝟐
= 𝟒, 𝟐  

 𝒔𝒐 (𝒙, 𝒚) = (𝟐, 𝟑), (𝟒, 𝟑) 
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𝑭𝒐𝒓 𝒚 = 𝟐 , 𝒕𝒉𝒆 𝒅𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 𝑫 = 𝟓 𝒏𝒐𝒕 𝒂 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 , 𝒔𝒐 𝒚 ≠ 𝟐 

 
𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 (𝒙, 𝒚) = (𝟐, 𝟏), (𝟐, 𝟑), (𝟒, 𝟑), (𝒕,−𝒕), 𝒕 𝒊𝒔 𝒂𝒏 𝒊𝒏𝒕𝒆𝒈𝒆𝒓. 

 

751. If 𝝀 ∈ 𝑹 then solve for reals: 
 

√𝒙 − 𝝀 + 𝟏
𝟑

+ √𝒙 − 𝝀
𝟑

+ √𝒙 − 𝝀 − 𝟏
𝟑

= 𝟎 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒚 = 𝒙 − 𝝀 𝒕𝒉𝒆𝒏√𝒙 − 𝝀 + 𝟏
𝟑

+ √𝒙 − 𝝀
𝟑

+ √𝒙 − 𝝀 − 𝟏
𝟑

= 𝟎  

𝒐𝒓 √𝒚 + 𝟏
𝟑 + √𝒚

𝟑 + √𝒚 − 𝟏
𝟑 = 𝟎  

(√𝒚 + 𝟏
𝟑 + √𝒚 − 𝟏

𝟑 ) = −√𝒚
𝟑    (𝟏) 

 

(√𝒚 + 𝟏
𝟑 + √𝒚 − 𝟏

𝟑 )
𝟑
= (−√𝒚

𝟑  )
𝟑

 

 

  𝒚 + 𝟏 + 𝒚 − 𝟏 + 𝟑√𝒚 + 𝟏
𝟑 . √𝒚 − 𝟏

𝟑 (√𝒚 + 𝟏
𝟑 + √𝒚 − 𝟏

𝟑 ) = −𝒚 

 

  𝟐𝒚 − 𝟑𝒚
𝟏
𝟑√𝒚 + 𝟏
𝟑 . √𝒚 − 𝟏

𝟑 =
(𝟏)
− 𝒚  

𝒚 = 𝒚
𝟏
𝟑√𝒚 + 𝟏
𝟑 . √𝒚 − 𝟏

𝟑   

 
𝒚𝟑 = 𝒚(𝒚 + 𝟏)(𝒚 − 𝟏) 

 

 𝒚(𝒚𝟐 − 𝒚𝟐 + 𝟏) = 𝟎 𝒐𝒓 𝒚 = 𝟎   
 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒚 = 𝒙 − 𝝀  𝒐𝒓 𝒙 = 𝝀 (𝒂𝒔 𝒚 = 𝟎) 
 

752. Find all functions 𝒇:ℝ → ℝ such that: 
 

𝒇(𝒇(𝒙) + 𝒚𝟐 + 𝟒) + 𝟒𝒚 = 𝒙 + 𝒇𝟐(𝒚 + 𝟐) ∀ 𝒙, 𝒚 ∈ ℝ 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

𝒇(𝒇(𝒙) + 𝒚𝟐 + 𝟒) + 𝟒𝒚 = 𝒙 + 𝒇𝟐(𝒚 + 𝟐) ∀ 𝒙, 𝒚 ∈ 𝑹 (𝟏) 
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 𝑾𝒆 𝒑𝒖𝒕 𝒚 = −𝟐 

 𝒕𝒉𝒆𝒏 𝒇(𝒇(𝒙) + 𝟖) − 𝟖 = 𝒙 + 𝒇𝟐(𝟎)   (𝟐) 
 

𝑭𝒓𝒐𝒎 (𝟐): 𝒇(𝒖) = 𝒇(𝒗) ⇒  𝒇(𝒇(𝒖) + 𝟖) − 𝟖 = 𝒇(𝒇(𝒗) + 𝟖) − 𝟖 

 𝒐𝒓  𝒖 + 𝒇𝟐(𝟎) =
(𝟐)
𝒗 + 𝒇𝟐(𝟎) 𝒐𝒓, 𝒖 = 𝒗, 𝒔𝒐 𝒇 𝒊𝒔 𝒊𝒏𝒋𝒆𝒄𝒕𝒊𝒗𝒆 

 
 𝒇(𝒇(𝒙) + 𝟖) = 𝒙 + 𝟖 + 𝒇𝟐(𝟎) , 𝒔𝒐 𝒆𝒗𝒆𝒓𝒚 𝒓𝒆𝒂𝒍 𝒏𝒖𝒎𝒃𝒆𝒓 𝒊𝒔 𝒊𝒏 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 𝒐𝒇 𝒇 ,   

𝒔𝒐 𝒇 𝒊𝒔 𝒔𝒖𝒓𝒋𝒆𝒄𝒕𝒊𝒗𝒆 
 

𝑨𝒈𝒂𝒊𝒏 𝒇(𝒇(𝒙) + 𝟖) 𝒊𝒔 𝒂 𝒍𝒊𝒏𝒆𝒂𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒇 𝒙 , 𝒔𝒊𝒏𝒄𝒆 𝒇𝒓𝒐𝒎(𝟐) 𝒗𝒂𝒍𝒖𝒆 𝒐𝒇 
𝒇(𝒇(𝒙) + 𝟖) = 𝒙 + 𝟖 + 𝒇𝟐(𝟎) . 𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒇 𝒊𝒔  𝒍𝒊𝒏𝒆𝒂𝒓. 

 
 𝑳𝒆𝒕 𝒇(𝒙) = 𝒂𝒙 + 𝒃 𝒕𝒉𝒆𝒏  𝒇𝒓𝒐𝒎 (𝟏) 𝒘𝒆 𝒉𝒂𝒗𝒆:  

𝒂(𝒇(𝒙) + 𝒚𝟐 + 𝟒) + 𝒃 + 𝟒𝒚 = 𝒙 + (𝒂(𝒚 + 𝟐) + 𝒃)𝟐 
 𝒐𝒓 𝒂(𝒂𝒙 + 𝒃 + 𝒚𝟐 + 𝟒) + 𝒃 + 𝟒𝒚 = 𝒙 + 𝒂𝟐𝒚𝟐 + 𝟒𝒂𝟐 + 𝒃𝟐 + 𝟒𝒂𝟐𝒚 + 𝟒𝒂𝒃 + 𝟐𝒂𝒃𝒚  
 𝒂𝟐𝒙 + 𝒂𝒃 + 𝒂𝒚𝟐 + 𝟒𝒂 + 𝒃 + 𝟒𝒚 = 𝒙 + 𝒂𝟐𝒚𝟐 + 𝟒𝒂𝟐 + 𝒃𝟐 + 𝟒𝒂𝟐𝒚 + 𝟒𝒂𝒃 + 𝟐𝒂𝒃𝒚  (𝟑)  

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒛𝒊𝒏𝒈 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔 𝒐𝒇 𝒙 & 𝒚𝟐  𝒘𝒆 𝒈𝒆𝒕  

𝒂𝟐 = 𝟏 𝒐𝒓, 𝒂 = ±𝟏 & 𝒂𝟐 = 𝒂 𝒐𝒓, 𝒂 = 𝟎, 𝟏 𝒔𝒐 𝒄𝒐𝒎𝒃𝒊𝒏𝒆 𝒓𝒆𝒔𝒖𝒍𝒕𝒔 𝒊𝒔 𝒂 = 𝟏 
 

𝑷𝒖𝒕𝒕𝒊𝒏𝒈 𝒂 = 𝟏 𝒊𝒏 (𝟑 ) 𝒘𝒆 𝒈𝒆𝒕 
𝒙 + 𝒃 + 𝒚𝟐 + 𝟒 + 𝒃 + 𝟒𝒚 = 𝒙+ 𝒚𝟐 + 𝟒 + 𝒃𝟐 + 𝟒𝒚 + 𝟒𝒃 + 𝟐𝒃𝒚 

𝒐𝒓 𝟐𝒃 = 𝟐𝒃𝒚 + 𝟒𝒃 + 𝒃𝟐 
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒛𝒊𝒏𝒈 𝒄𝒐𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕𝒔 𝒐𝒇 𝒚 𝒘𝒆 𝒉𝒂𝒗𝒆 𝟐𝒃 = 𝟎 𝒐𝒓 𝒃 = 𝟎 
𝒔𝒐 𝒇(𝒙) = 𝒂𝒙 + 𝒃 = 𝒙 

753. Find all functions 𝒇:ℝ → ℝ such that: 
 

𝒇𝟐(𝒙) + 𝟐𝒚𝒇(𝒙) + 𝒇(𝒚) = 𝒇(𝒚 + 𝒇(𝒙)) ∀ 𝒙, 𝒚 ∈ ℝ 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝒇𝟐(𝒙) + 𝟐𝒚𝒇(𝒙) + 𝒇(𝒚) = 𝒇(𝒚 + 𝒇(𝒙)) ∀ 𝒙, 𝒚 ∈ 𝑹 (𝟏) 

𝑺𝒖𝒑𝒑𝒐𝒔𝒆 𝒇(𝒙) = 𝒄 𝒊𝒔 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒃𝒆𝒄𝒐𝒎𝒆𝒔  
𝒄𝟐 + 𝟐𝒚𝒄 + 𝒄 = 𝒄 ∀ 𝒚 , 𝒕𝒉𝒊𝒔 𝒄𝒂𝒏 𝒐𝒏𝒍𝒚 𝒃𝒆 𝒕𝒓𝒖𝒆 𝒊𝒇 𝒄 = 𝟎  

𝑯𝒆𝒏𝒄𝒆 𝒐𝒏𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒇(𝒙) ≡ 𝟎 
 

𝑭𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒉𝒂𝒗𝒆  
𝒇(𝒚 + 𝒇(𝒙)) − 𝒇(𝒚) = 𝒇𝟐(𝒙) + 𝟐𝒚𝒇(𝒙) + 𝒇(𝒚) 
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𝑹.𝑯. 𝑺 𝒑𝒂𝒓𝒕 𝒉𝒂𝒔 𝒕𝒉𝒆 𝒔𝒂𝒎𝒆 𝒇𝒐𝒓𝒎 𝒂𝒔 𝒕𝒉𝒆 𝒂𝒍𝒈𝒆𝒃𝒓𝒂𝒊𝒄 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚  
(𝒚 + 𝒂)𝟐 − 𝒚𝟐 = 𝟐𝒂𝒚 + 𝒂𝟐 

𝒕𝒉𝒊𝒔 𝒔𝒖𝒈𝒈𝒆𝒔𝒕 𝒕𝒉𝒂𝒕 𝒇(𝒚) 𝒃𝒆𝒉𝒂𝒗𝒆 𝒍𝒊𝒌𝒆 𝒚𝟐 + 𝒔𝒐𝒎𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕. 
 

𝑳𝒆𝒕 𝒈(𝒚) =  𝒇(𝒚) − 𝒚𝟐 𝒐𝒓 𝒇(𝒚) = 𝒈(𝒚) + 𝒚𝟐 (𝟐) 
𝒘𝒉𝒆𝒓𝒆 𝒈(𝒚) 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 𝒕𝒉𝒆 𝒏𝒐𝒏 𝒒𝒖𝒂𝒅𝒓𝒂𝒕𝒊𝒄 𝒑𝒂𝒓𝒕 𝒐𝒇 𝒇(𝒚). 

 

𝑭𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒉𝒂𝒗𝒆 𝒇(𝒚 + 𝒇(𝒙)) = 𝒇(𝒚) + 𝒇𝟐(𝒙) + 𝟐𝒚𝒇(𝒙) + 𝒇(𝒚)  

 
𝑼𝒔𝒊𝒏𝒈 (𝟐)𝒘𝒆  𝒉𝒂𝒗𝒆: 

𝒈(𝒚 + 𝒇(𝒙)) + (𝒚 + 𝒇(𝒙))
𝟐
= 𝒈(𝒚) + 𝒚𝟐 + (𝒈(𝒙) + 𝒙𝟐)𝟐 + 𝟐𝒚(𝒈(𝒙) + 𝒙𝟐) 

𝒈(𝒚 + 𝒇(𝒙)) + 𝒚𝟐 + 𝒇𝟐(𝒙) + 𝟐𝒚𝒇(𝒙) = 𝒈(𝒚) + 𝒚𝟐 + (𝒈(𝒙) + 𝒙𝟐)𝟐 + 𝟐𝒚(𝒈(𝒙) + 𝒙𝟐) 

𝒈(𝒚 + 𝒇(𝒙)) + (𝒈(𝒙) + 𝒙𝟐)𝟐 + 𝟐𝒚(𝒈(𝒙) + 𝒙𝟐) + 𝟐𝒚𝒇(𝒙) =
𝒇(𝒙)=𝒈(𝒙)+𝒙𝟐 𝒇𝒓𝒐𝒎 (𝟐)

 

= 𝒈(𝒚) + (𝒈(𝒙) + 𝒙𝟐)𝟐 + 𝟐𝒚(𝒈(𝒙) + 𝒙𝟐) 

𝒈(𝒚 + 𝒇(𝒙)) = 𝒈(𝒚) 

 
𝑻𝒉𝒊𝒔 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒔𝒂𝒚𝒔 𝒕𝒉𝒂𝒕 𝒈(𝒚) 𝒅𝒐𝒆𝒔 𝒏𝒐𝒕 𝒄𝒉𝒂𝒏𝒈𝒆 𝒘𝒉𝒆𝒏 𝒊𝒕𝒔 𝒂𝒓𝒈𝒖𝒎𝒆𝒏𝒕 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒆 𝒃𝒚 𝒇(𝒙) 

𝒔𝒊𝒏𝒄𝒆 𝒇 𝒊𝒔 𝒏𝒐𝒏 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒊𝒕 𝒄𝒂𝒏 𝒕𝒂𝒌𝒆 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆𝒍𝒚 𝒎𝒂𝒏𝒚 𝒗𝒂𝒍𝒖𝒆𝒔 𝒔𝒐 𝒈(𝒚) 𝒎𝒖𝒔𝒕 
𝒃𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕 𝒈(𝒚) = 𝒄 𝒉𝒆𝒏𝒄𝒆 𝒇(𝒚) = 𝒈(𝒚) + 𝒚𝟐 = 𝒄 + 𝒚𝟐 

 

𝑺𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒂𝒓𝒆 𝒇(𝒙) ≡ 𝟎 𝒐𝒓 𝒇(𝒙) =  𝒙𝟐 + 𝒄. 

754. If 𝝀 > 0 then solve for reals: 
 

(
𝒙 + 𝝀

𝟐
)

𝟗

+ (
𝒙 − 𝝀

𝟐
)

𝟗

= (
𝒙𝟑 + 𝟑𝝀𝟐𝒙

𝟒
)

𝟑

 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝑨 =
𝒙 + 𝝀  

𝟐
,𝑩 =

𝒙 − 𝝀  

𝟐
 

 𝑨𝟑 +𝑩𝟑 =
𝟏

𝟖
((𝒙 + 𝝀)𝟑 + (𝒙 − 𝝀)𝟑) =

𝟏

𝟖
𝟐𝒙((𝒙 + 𝝀)𝟐 − (𝒙 + 𝝀)(𝒙 − 𝝀) + (𝒙 − 𝝀)𝟐) = 

=
𝒙

𝟒
(𝒙𝟐 + 𝟑𝝀𝟐) =

(𝒙𝟑 + 𝟑𝝀𝟐𝒙 )

𝟒
 (𝟏) 

 𝑵𝒐𝒘: (
𝒙 + 𝝀

𝟐
)
𝟗

+ (
𝒙 − 𝝀

𝟐
)
𝟗

= (
𝒙𝟑 + 𝟑𝝀𝟐𝒙

𝟒
)

𝟑

⇒ 

𝑨𝟗 + 𝑩𝟗 = (𝑨𝟑 +𝑩𝟑)𝟑 𝒐𝒓 𝑨𝟗 +𝑩𝟗 − (𝑨𝟑 + 𝑩𝟑)𝟑 = 𝟎 (𝟐) 
 

𝑾𝒆 𝒑𝒖𝒕 𝒖 = 𝑨𝟑, 𝒗 = 𝑩𝟑 𝒕𝒉𝒆𝒏 𝑨𝟗 +𝑩𝟗 − (𝑨𝟑 +𝑩𝟑)𝟑 = 𝒖𝟑 + 𝒗𝟑 − (𝒖 + 𝒗)𝟑 = 
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= 𝒖𝟑 + 𝒗𝟑 − (𝒖𝟑 + 𝒗𝟑 + 𝟑𝒖𝒗(𝒖 + 𝒗)) = −𝟑𝒖𝒗(𝒖 + 𝒗) = −𝟑𝑨𝟑𝑩𝟑(𝑨𝟑 +𝑩𝟑) (𝟑) 

𝑨𝑩 =
𝒙 + 𝝀  

𝟐
×
𝒙 − 𝝀  

𝟐
=
𝒙𝟐 − 𝝀𝟐

𝟒
⇒ 𝑨𝟑𝑩𝟑 =

𝟏

𝟔𝟒
(𝒙𝟐 − 𝝀𝟐)𝟑 (𝟒) 

 

 𝑭𝒓𝒐𝒎 (𝟐)𝒘𝒆 𝒉𝒂𝒗𝒆 𝑨𝟗 + 𝑩𝟗 − (𝑨𝟑 + 𝑩𝟑)𝟑 = 𝟎  

  −𝑨𝟑𝑩𝟑(𝑨𝟑 +𝑩𝟑) =
(𝟑)
𝟎 𝒐𝒓 −

𝟑

𝟔𝟒
 (𝒙𝟐 − 𝝀𝟐)𝟑

(𝒙𝟑 + 𝟑𝝀𝟐𝒙 )

𝟒
=

(𝟏)&(𝟒)
 𝟎 

  𝒙𝟐 − 𝝀𝟐 = 𝟎 ⇒  𝒙 = ±𝝀 𝒂𝒏𝒅 
(𝒙𝟑 + 𝟑𝝀𝟐𝒙 )

𝟒
= 𝟎 𝒈𝒊𝒗𝒆𝒔 𝒙(𝒙𝟐 + 𝟑𝝀𝟐) = 𝟎 𝒐𝒓 𝒙 = 𝟎 

 
𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = ±𝝀, 𝟎. 

755. If 𝛌 ≥ 𝟎 then solve for reals: 
 

𝒙𝟐 + 𝟐(𝒙 − 𝝀)√𝒙 − 𝝀 + (𝟏 − 𝟐𝝀)𝒙 + 𝝀(𝝀 − 𝟏) = 𝝀𝟐(𝝀 + 𝟏)𝟐 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝑫𝒐𝒎𝒂𝒊𝒏: 𝒙 − 𝝀 ≥ 𝟎 𝒐𝒓, 𝒙 ≥ 𝝀 

 𝑳𝒆𝒕 𝒕 = √𝒙 − 𝝀 (𝒕 ≥ 𝟎) ⇒  𝒙 = 𝒕𝟐 + 𝝀 (𝟏) 

𝒙𝟐 + 𝟐(𝒙 − 𝝀)√𝒙 − 𝝀 + (𝟏 − 𝟐𝝀)𝒙 + 𝝀(𝝀 − 𝟏) =
(𝟏)
  

= (𝒕𝟐 + 𝝀)𝟐 + 𝟐𝒕𝟑 + (𝟏 − 𝟐𝝀)(𝒕𝟐 + 𝝀) + 𝝀(𝝀 − 𝟏) = 
= (𝒕𝟒 + 𝟐𝒕𝟐𝝀 + 𝝀𝟐) + 𝟐𝒕𝟑 + (𝒕𝟐 + 𝝀 − 𝟐𝝀𝒕𝟐 − 𝟐𝝀𝟐) + 𝝀𝟐 − 𝝀 = 

= 𝒕𝟒 + 𝟐𝒕𝟑 + 𝒕𝟐   = 𝒕𝟐(𝒕 + 𝟏)𝟐 
 

 𝒙𝟐 + 𝟐(𝒙 − 𝝀)√𝒙 − 𝝀 + (𝟏 − 𝟐𝝀)𝒙 + 𝝀(𝝀 − 𝟏) = 𝝀𝟐(𝝀 + 𝟏)𝟐 
  𝒕𝟐(𝒕 + 𝟏)𝟐 = 𝝀𝟐(𝝀 + 𝟏)𝟐 𝒐𝒓, 𝒕(𝒕 + 𝟏) = 𝝀(𝝀 + 𝟏), (𝒕, 𝝀 ≥ 𝟎) 

  𝒕𝟐 + 𝒕 − (𝝀𝟐 + 𝝀) = 𝟎 𝒐𝒓 (𝒕 − 𝝀)(𝒕 + 𝝀 + 𝟏) = 𝟎 ⇒  𝒕 − 𝝀 = 𝟎 𝒐𝒓 𝒕 = 𝝀 
 𝑺𝒊𝒏𝒄𝒆: 𝒕 + 𝝀 + 𝟏 = 𝟎 ⇒ 𝒕 = −𝟏 − 𝝀 𝒏𝒐𝒕 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆  𝒂𝒔 𝒕 > 0 𝑎𝑛𝑑 𝜆 > 0 

 𝑹𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 =
(𝟏)
𝝀 + 𝒕𝟐 = 𝝀 + 𝝀𝟐. 

 
756. If  𝝀 ≥ 𝟎  fixed, then solve for reals: 

𝒙𝟐 − 𝟑𝒙 + 𝟏 = −
𝟏

√𝝀 + 𝟐
√𝒙𝟒 + 𝝀𝒙𝟐 + 𝟏 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

 
𝟏

√𝝀 + 𝟐
√𝒙𝟒 + 𝝀𝒙𝟐 + 𝟏 > 0 ∀ 𝑥 ∈ 𝑅 𝑡ℎ𝑒𝑛 𝑅. 𝐻. 𝑆 

−𝟏

√𝝀 + 𝟐
√𝒙𝟒 + 𝝀𝒙𝟐 + 𝟏 < 0 
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 𝒔𝒐 𝑳. 𝑯. 𝑺 𝒎𝒖𝒔𝒕 𝒃𝒆 < 0 𝑜𝑟 𝒙𝟐 − 𝟑𝒙+ 𝟏 < 0 (1) 

 𝒙𝟐 − 𝟑𝒙 + 𝟏 = −
𝟏

√𝝀 + 𝟐
√𝒙𝟒 + 𝝀𝒙𝟐 + 𝟏  

( 𝒙𝟐 − 𝟑𝒙 + 𝟏)𝟐 =
𝟏

𝝀 + 𝟐
(𝒙𝟒 + 𝝀𝒙𝟐 + 𝟏) 

 (𝝀 + 𝟐)(𝒙𝟐 − 𝟑𝒙 + 𝟏)𝟐 − (𝒙𝟒 + 𝝀𝒙𝟐 + 𝟏) = 𝟎 
 (𝝀 + 𝟐)(𝒙𝟒 + 𝟗𝒙𝟐 + 𝟏 − 𝟔𝒙𝟑 − 𝟔𝒙 + 𝟐𝒙𝟐) − (𝒙𝟒 + 𝝀𝒙𝟐 + 𝟏) = 𝟎 

 (𝝀 + 𝟏)𝒙𝟒 − 𝟔(𝝀 + 𝟐)𝒙𝟑 + (𝟏𝟎𝝀 + 𝟐𝟐)𝒙𝟐 − 𝟔(𝝀 + 𝟐)𝒙 + (𝝀 + 𝟏) = 𝟎  

 (𝒙 − 𝟏)𝟐 ((𝝀 + 𝟏)𝒙𝟐 − (𝟒𝝀 + 𝟏𝟎)𝒙 + (𝝀 + 𝟏)) = 𝟎  

𝒏𝒐𝒘, 𝒙 − 𝟏 = 𝟎 ⇒ 𝒙 = 𝟏  

𝒂𝒏𝒅 ((𝝀 + 𝟏)𝒙𝟐 − (𝟒𝝀 + 𝟏𝟎)𝒙 + (𝝀 + 𝟏)) = 𝟎 

⇒ 𝒙𝟐 −
𝟒𝝀 + 𝟏𝟎

𝝀 + 𝟏
𝒙 + 𝟏 = 𝟎  (𝟐) 

 𝑪𝒍𝒆𝒂𝒓𝒍𝒚 𝒑𝒓𝒐𝒅𝒖𝒄𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒓𝒐𝒐𝒕𝒔 = 𝟏 , 

 𝒘𝒉𝒊𝒄𝒉 𝒊𝒏𝒅𝒊𝒄𝒂𝒕𝒆 𝒕𝒉𝒂𝒕 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆 𝒓𝒆𝒊𝒑𝒓𝒐𝒄𝒂𝒍 𝒕𝒐  𝒆𝒂𝒄𝒉 𝒐𝒕𝒉𝒆𝒓 𝒍𝒆𝒕 𝒓𝒐𝒐𝒕𝒔  𝒂𝒓𝒆 𝒓,
𝟏

𝒓
  

𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎 (𝟐), 𝒓 +
𝟏

𝒓
=
𝟒𝝀 + 𝟏𝟎

𝝀 + 𝟏
= 𝟒 +

𝟔

𝝀 + 𝟏
> 4 𝑎𝑠  𝜆 ≥ 0  

𝒃𝒖𝒕 𝒘𝒆 𝒔𝒉𝒐𝒖𝒍𝒅 𝒂𝒍𝒔𝒐 𝒓𝒆𝒎𝒆𝒎𝒃𝒆𝒓 𝒕𝒉𝒂𝒕 𝒇𝒓𝒐𝒎(𝟏) 𝒕𝒉𝒂𝒕 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒆𝒒𝒖𝒕𝒊𝒐𝒏 (𝟐)𝒎𝒖𝒔𝒕 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 
  𝒙𝟐 − 𝟑𝒙 + 𝟏 < 0 

𝒙𝟐 − 𝟑𝒙− 𝟏 < 0 𝑜𝑟 (𝒙 −
𝟑 + √𝟓

𝟐
)(𝒙 −

𝟑 − √𝟓

𝟐
) < 0 𝑠𝑜: 

𝟑 − √𝟓

𝟐
< 𝑥 <

𝟑 + √𝟓

𝟐
 𝒘𝒉𝒊𝒄𝒉 𝒊𝒏𝒅𝒊𝒄𝒂𝒕𝒆 𝒙 > 0  

𝒙 +
𝟏

𝒙
− 𝟑 =

𝒙𝟐 − 𝟑𝒙+ 𝟏

𝒙
< 0 𝑎𝑠   𝒙𝟐 − 𝟑𝒙 + 𝟏 < 0 𝑎𝑛𝑑 𝑥 > 0 

 𝒐𝒓, 𝒙 +
𝟏

𝒙
< 3 𝑏𝑢𝑡 𝑓𝑟𝑜𝑚(𝟐)𝒘𝒆 𝒈𝒆𝒕 

 𝒓 +
𝟏

𝒓
> 4 , 𝑡ℎ𝑒𝑖𝑟 𝑑𝑜𝑒𝑠 𝑛𝑜𝑡 𝑒𝑥𝑖𝑠𝑡 𝑎𝑛𝑦 𝑥 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛(𝟐) 

𝒔𝒐 𝒕𝒉𝒆 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝒙 = 𝟏 

757. For 𝒂 > 1fixed then solve for real numbers: 
 

(
𝟏

𝒂
)
𝒙+𝟏

+ (
𝟏

𝒂(𝒂 + 𝟏)
)
𝒙

− √𝒂 (
√𝒂

𝒂(𝒂 + 𝟏)
)

𝒙

= 𝟏 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

L𝒆𝒕 𝒔 = 𝒂
𝒙+𝟏

𝟐 > 0 , 𝑦 = (𝒂(𝒂 + 𝟏))
−𝒙
> 0 
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(
𝟏

𝒂
)
𝒙+𝟏

= 𝒂−(𝒙+𝟏) = 𝒔−𝟐 , (
𝟏

𝒂(𝒂 + 𝟏)
)
𝒙

= 𝒚, 

√𝒂(
√𝒂

𝒂(𝒂 + 𝟏)
)

𝒙

= 𝒂
𝟏
𝟐. 𝒂

𝒙
𝟐. (𝒂(𝒂 + 𝟏))

−𝒙
= 𝒂

𝒙+𝟏
𝟐 . (𝒂(𝒂 + 𝟏))

−𝒙
= 𝒔𝒚 

(
𝟏

𝒂
)
𝒙+𝟏

+ (
𝟏

𝒂(𝒂 + 𝟏)
)
𝒙

− √𝒂(
√𝒂

𝒂(𝒂 + 𝟏)
)

𝒙

= 𝟏 

𝒔−𝟐 + 𝒚 − 𝒔𝒚 = 𝟏 𝒐𝒓 𝟏 + 𝒚𝒔𝟐 − 𝒔𝟑𝒚 = 𝒔𝟐 
 𝟏 − 𝒔𝟐 + 𝒚𝒔𝟐(𝟏 − 𝒔) = 𝟎  𝒐𝒓(𝟏 − 𝒔)(𝟏 + 𝒔 + 𝒔𝟐𝒚) = 𝟎 

 

𝒂𝒔 𝒔 = 𝒂
𝒙+𝟏
𝟐 > 0 𝑠𝑖𝑛𝑐𝑒 𝑎 > 1, 𝑦 = (𝒂(𝒂 + 𝟏))

−𝒙
> 0 𝑠𝑜 (𝟏 + 𝒔 + 𝒔𝟐𝒚) 𝒄𝒂𝒏 𝒏𝒐𝒕 𝒃𝒆 𝟎 

 

𝒔𝒐 𝟏 − 𝒔 = 𝟎 𝒐𝒓 𝒔 = 𝟏 ⇒ 𝒂
𝒙+𝟏
𝟐 = 𝟏 ⇒

𝒙 + 𝟏

𝟐
= 𝟎 𝒐𝒓 𝒙 = −𝟏. 

758. Solve for reals: 

𝒙𝟑 − 𝒙 + 𝟏 = √ 𝟐𝒙 − 𝟏
𝟑

 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒚 = √𝟐𝒙 − 𝟏
𝟑

  𝒕𝒉𝒆𝒏 𝒚𝟑 = 𝟐𝒙 − 𝟏 (𝟏) 
 

𝑭𝒓𝒐𝒎 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒘𝒆 𝒉𝒂𝒗𝒆 𝒙𝟑 − 𝒙 + 𝟏 = 𝒚 (𝟐) 
 

𝑳𝒆𝒕 𝒘𝒆 𝒑𝒖𝒕 𝒚 = 𝒙 𝒊𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟏) 𝒕𝒉𝒆𝒏 𝒘𝒆 𝒈𝒆𝒕 𝒙𝟑 − 𝒙 + 𝟏 = 𝒙 𝒐𝒓 
𝒙𝟑 − 𝟐𝒙 + 𝟏 = 𝟎 𝒐𝒓 (𝒙 − 𝟏)(𝒙𝟐 + 𝒙 − 𝟏) = 𝟎 ⇒ 

𝒙 = 𝟏 𝒂𝒏𝒅 𝒙𝟐 + 𝒙 − 𝟏 = 𝟎 ⇒ 𝒙 =
−𝟏 ± √𝟓

𝟐
 

𝑵𝒐𝒘 𝒊𝒇 𝒘𝒆 𝒑𝒖𝒕 𝒚 = 𝒙 𝒊𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟐)𝒘𝒆 𝒈𝒆𝒕 𝒙𝟑 = 𝟐𝒙 − 𝟏 𝒐𝒓 𝒙𝟑 − 𝟐𝒙 + 𝟏 = 𝟎 
 𝒘𝒉𝒊𝒄𝒉 𝒊𝒔 𝒔𝒂𝒎𝒆 𝒂𝒔 𝒑𝒓𝒆𝒗𝒊𝒐𝒖𝒔 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 , 𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 

 

 𝒙 = 𝟏,
−𝟏 ± √𝟓

𝟐
 

759. Solve for reals: 

𝒙𝟐 − 𝒙 − 𝟏 = √𝟐𝒙 + 𝟏 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝑫𝒐𝒎𝒂𝒊𝒏 𝟐𝒙 + 𝟏 ≥ 𝟎 𝒐𝒓 𝒙 ≥ −
𝟏

𝟐
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𝒙𝟐 − 𝒙 − 𝟏 = √𝟐𝒙 + 𝟏 𝒐𝒓 (𝒙𝟐 − 𝒙 − 𝟏)𝟐 = 𝟐𝒙+ 𝟏  
𝒐𝒓 𝒙𝟒 + 𝒙𝟐 + 𝟏 − 𝟐𝒙𝟑 − 𝟐𝒙𝟐 + 𝟐𝒙 = 𝟐𝒙 + 𝟏  

𝒐𝒓 𝒙𝟐(𝒙𝟐 − 𝟐𝒙 − 𝟏) = 𝟎 ⇒  𝒙 = 𝟎 𝒐𝒓 𝒙𝟐 − 𝟐𝒙 − 𝟏 = 𝟎 ⇒ 𝒙 = 𝟏 ± √𝟐. 
 

 𝑵𝒐𝒘 𝒇𝒐𝒓 𝒙 = 𝟎 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒏𝒐𝒕 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅 

𝒇𝒐𝒓 𝒙 = 𝟏 − √𝟐 , 𝑳. 𝑯. 𝑺 = (𝟏 − √𝟐)
𝟐
− (𝟏 − √𝟐) − 𝟏 = 𝟏 − √𝟐 < 0 

𝑹.𝑯. 𝑺 = √𝟐(𝟏 − √𝟐) + 𝟏 > 0 𝑠𝑜 𝑛𝑜𝑡 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑  

𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟏 + √𝟐. 

760. Solve for real numbers: 

𝒙𝟐 − 𝒙 + 𝟏 = √𝟑𝒙 − 𝟐
𝟑

 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒕 = √𝟑𝒙 − 𝟐
𝟑

  𝒐𝒓, 𝒕𝟑 = 𝟑𝒙 − 𝟐 𝒐𝒓, 𝒙 =
𝒕𝟑 + 𝟐

𝟑
 (𝟏) 

 

𝒙𝟐 − 𝒙 + 𝟏 = √𝟑𝒙 − 𝟐
𝟑

 

 (
𝒕𝟑 + 𝟐

𝟑
)

𝟐

−
𝒕𝟑 + 𝟐

𝟑
+ 𝟏 = 𝒕 

 (𝒕𝟑 + 𝟐)𝟐 − 𝟑(𝒕𝟑 + 𝟐) + 𝟗 = 𝟗𝒕 
 𝒕𝟔 + 𝟒𝒕𝟑 + 𝟒 − 𝟑𝒕𝟑 − 𝟔 + 𝟗 = 𝟗𝒕 

  𝒕𝟔 + 𝒕𝟑 − 𝟗𝒕 + 𝟕 = 𝟎 
 (𝒕 − 𝟏)𝟐(𝒕𝟒 + 𝟐𝒕𝟑 + 𝟑𝒕𝟐 + 𝟓𝒕 + 𝟕) = 𝟎 (𝟐) 

 
 (𝒕𝟒 + 𝟐𝒕𝟑 + 𝟑𝒕𝟐 + 𝟓𝒕 + 𝟕) = 𝒕𝟐(𝟏 + 𝒕)𝟐 + (𝟐𝒕𝟐 + 𝟓𝒕 + 𝟕) 

𝟐𝒕𝟐 + 𝟓𝒕 + 𝟕 > 0 𝑎𝑠 𝑎 = 2 > 0 𝑎𝑛𝑑 𝐷 = 𝟓𝟐 − 𝟒. 𝟐. 𝟕 = 𝟓𝟓 − 𝟓𝟔 < 0  
𝒂𝒏𝒅  𝒕𝟐(𝟏 + 𝒕)𝟐 ≥ 𝟎 ∀𝒕 ∈ 𝑹, 𝒔𝒐 𝒕𝟐(𝟏 + 𝒕)𝟐 + (𝟐𝒕𝟐 + 𝟓𝒕 + 𝟕) > 0  

𝑭𝒐𝒓 𝒕𝒉𝒊𝒔 𝒇𝒓𝒐𝒎(𝟐)𝒘𝒆 𝒈𝒆𝒕 (𝒕 − 𝟏)𝟐 = 𝟎 𝒐𝒓 𝒕 = 𝟏 

 𝒔𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 =
𝒕𝟑 + 𝟐

𝟑
=
𝟏𝟑 + 𝟐

𝟑
= 𝟏 

761. If 𝝀 > 1 then solve for real numbers: 
 

(𝝀𝟐𝒙 + 𝝀𝟐𝒚 + 𝝀𝟐𝒛) (
𝟏

𝝀𝒙
+
𝟏

𝝀𝒚
+
𝟏

𝝀𝒛
) = 𝟑 

 
 𝟑(𝝀𝒙+𝒚 + 𝝀𝒚+𝒛 + 𝝀𝒛+𝒙) = 𝝀𝒙 + 𝝀𝒚 + 𝝀𝒛  

 
Proposed by Marin Chirciu-Romania 



 
www.ssmrmh.ro 

50 RMM-ABSTRACT ALGEBRA MARATHON 701-800 

 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝝀𝒙 = 𝒂, 𝝀𝒚 = 𝒃, 𝝀𝒛 = 𝒄 𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝒂, 𝒃, 𝒄 > 0 𝑎𝑠 𝜆 > 1 
 𝒕𝒉𝒆𝒏 𝒈𝒊𝒗𝒆𝒏 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔: 

 (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) = 𝟑  (𝟏) 

 
 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ) = 𝒂 + 𝒃 + 𝒄 (𝟐)  

 
𝑳𝒆𝒕  𝑺 = 𝒂 + 𝒃 + 𝒄, 𝑷 = 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂,𝑹 = 𝒂𝒃𝒄  𝒇𝒓𝒐𝒎 (𝟐)𝒘𝒆 𝒈𝒆𝒕 𝟑𝑷 = 𝑺  

 

𝑭𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕   (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) = 𝟑 

 

((𝒂 + 𝒃 + 𝒄)𝟐 − 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)) (
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
) = 𝟑 

 

 (𝑺𝟐 − 𝟐𝑷)
𝑷

𝑹
= 𝟑 𝒐𝒓,𝑹 =

𝑷

𝟑
(𝑺𝟐 − 𝟐𝑷) =

𝑺=𝟑𝑷 𝑷(𝟗𝑷𝟐 − 𝟐𝑷)

𝟑
  (𝟑) 

 
 𝑼𝒔𝒊𝒏𝒈 𝑨.𝑴 − 𝑮.𝑴 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒘𝒆 𝒈𝒆𝒕 ∶ 

 

 (
𝒂 + 𝒃 + 𝒄

𝟑
)
𝟑

≥ 𝒂𝒃𝒄 𝒐𝒓 𝑺𝟑 ≥ 𝟐𝟕𝑹 𝒐𝒓,𝑹 ≤
𝑺=𝟑𝑷

𝑷𝟑 

 

  
𝑷(𝟗𝑷𝟐 − 𝟐𝑷)

𝟑
≤
(𝟑)

𝑷𝟑 𝒐𝒓  𝟔𝑷𝟐 ≤
𝑷=𝒂𝒃𝒄>0

𝟐𝑷 𝒐𝒓 𝑷 ≤
𝟏

𝟑
  𝒔𝒐 𝑺 = 𝟑𝑷 ≤ 𝟑 ×

𝟏

𝟑
≤ 𝟏 (𝟒) 

 
𝑾𝒆𝒍𝒍 𝒌𝒏𝒐𝒘𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 (𝒂 + 𝒃 + 𝒄)𝟐 ≥ 𝟑(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

 

𝒐𝒓, 𝑺𝟐 ≥ 𝟑𝑷𝒐𝒓, 𝑺𝟐 ≥
𝑺=𝟑𝑷 

𝟑.
𝑺

𝟑
 𝒐𝒓, 𝑺 ≥

𝑺=𝒂+𝒃+𝒄>0

𝟏 (𝟓) 𝒏𝒐𝒘 𝒇𝒓𝒐𝒎(𝟒) & (𝟓) 

 
𝑾𝒆 𝒈𝒆𝒕 𝑺 ≥ 𝟏 & 𝑆 ≤ 1 , 

 𝒔𝒐 𝑺 = 𝟏 𝒐𝒓 𝒂 + 𝒃 + 𝒄 = 𝟏 𝒂𝒏𝒅 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝑷 =
𝑺

𝟑
=
𝟏

𝟑
  

 
(𝒂 − 𝒃)𝟐 + (𝒃 − 𝒄)𝟐 + (𝒄 − 𝒂)𝟐 = 𝟐(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − 𝟐(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) 

= 𝟐(𝑺𝟐 − 𝟐𝑷) − 𝟐𝑷 = 𝟐(𝒔𝟐 − 𝟑𝑷) =
𝑺=𝟏,𝑷=

𝟏
𝟑
𝟐(𝟏 − 𝟏) = 𝟎 

 
 𝒂 − 𝒃 = 𝟎 ⇒ 𝒂 = 𝒃, (𝒃 − 𝒄) = 𝟎 ⇒ 𝒃 = 𝒄, (𝒄 − 𝒂) = 𝟎 ⇒ 𝒄 = 𝒂  
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𝒂 = 𝒃 = 𝒄 =
𝟏

𝟑
(𝒂𝒔 𝑺 = 𝒂 + 𝒃 + 𝒄 = 𝟏) 

 

𝝀𝒙 = 𝒂 =
𝟏

𝟑
 𝒐𝒓, 𝒙 = 𝐥𝐨𝐠𝝀 (

𝟏

𝟑
) , 𝝀𝒚 = 𝒃 =

𝟏

𝟑
 𝒐𝒓 𝒚 = 𝐥𝐨𝐠𝝀 (

𝟏

𝟑
) ,   

𝝀𝒛 = 𝒄 =
𝟏

𝟑
 𝒐𝒓 𝒛 = 𝐥𝐨𝐠𝝀 (

𝟏

𝟑
)  

 𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝒙 = 𝒚 = 𝒛 = 𝐥𝐨𝐠𝝀 (
𝟏

𝟑
)  

 

762. If 𝒏, 𝒌 ∈ 𝑵 , 𝒏 ≥ 𝒌 fixed then solve for natural numbers: 
 

𝟑𝒂 + 𝟑𝒌 = 𝟑𝒃 + 𝟑𝒏+𝒌 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

𝟑𝒂 + 𝟑𝒌 = 𝟑𝒃 + 𝟑𝒏+𝒌  
 𝟑𝒂 = 𝟑𝒃 + 𝟑𝒏+𝒌 − 𝟑𝒌 
 𝟑𝒂 = 𝟑𝒃 + 𝟑𝒌(𝟑𝒏 − 𝟏) 
𝟑𝒂−𝒌 = 𝟑𝒃−𝒌 + (𝟑𝒏 − 𝟏)  

 
𝟑𝑨 = 𝟑𝑩 + (𝟑𝒏 − 𝟏)  (𝒍𝒆𝒕  𝑨 = 𝒂 − 𝒌,𝑩 = 𝒃 − 𝒌) 

𝟑𝑨 − 𝟑𝑩 = (𝟑𝒏 − 𝟏) 
 

  𝟑𝑩(𝟑𝑨−𝑩 − 𝟏) = 𝟑𝒏 − 𝟏 (𝟏) 
 
 𝑹.𝑯. 𝑺 𝒑𝒂𝒓𝒕 𝒊𝒔 𝒏𝒐𝒕 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟑 𝒔𝒐, 𝑳.𝑯. 𝑺 𝒑𝒂𝒓𝒕 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟑 𝒖𝒏𝒍𝒆𝒔𝒔 𝑩 = 𝟎 

𝒔𝒐 𝑩 = 𝟎 ⇒ 𝒃 − 𝒌 = 𝟎 𝒐𝒓  𝒃 = 𝒌  
 

𝑭𝒓𝒐𝒎(𝟏):  𝟑𝑨 − 𝟏 = 𝟑𝒏 − 𝟏 𝒐𝒓  𝟑𝑨 = 𝟑𝒏 𝒐𝒓, 𝑨 = 𝒏 𝒐𝒓, 𝒂 − 𝒌 = 𝒏 𝒐𝒓 𝒂 = 𝒌 + 𝒏  
𝑺𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒂 = 𝒌 + 𝒏, 𝒃 = 𝒌 

 

763. If 𝝀 ∈ 𝑹 , 𝒏 ≥ 𝟎 fixed then solve for reals: 
 

𝒙𝟐 + 𝟐(𝒙 − 𝝀)√𝒙 − 𝝀 + (𝟏 − 𝟐𝝀)𝒙 + 𝝀(𝝀 − 𝟏) = 𝒏𝟐(𝒏 + 𝟏)𝟐 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒕 = √𝒙 − 𝝀 , 𝒕 ≥ 𝟎 𝒔𝒐, 𝒙 = 𝒕𝟐 + 𝝀  
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 𝑫𝒐𝒎𝒂𝒊𝒏 ∶  𝒙 ≥ 𝝀 
 

 𝒙𝟐 + 𝟐(𝒙 − 𝝀)√𝒙 − 𝝀 + (𝟏 − 𝟐𝝀)𝒙 + 𝝀(𝝀 − 𝟏) = 
= (𝒕𝟐 + 𝝀)𝟐 + 𝟐𝒕𝟐. 𝒕 + (𝟏 − 𝟐𝝀)(𝒕𝟐 + 𝝀) + 𝝀(𝝀 − 𝟏) = 

= 𝒕𝟒 + 𝟐𝒕𝟑 + 𝒕𝟐 = 𝒕𝟐(𝒕 + 𝟏)𝟐 
 

𝒙𝟐 + 𝟐(𝒙 − 𝝀)√𝒙 − 𝝀 + (𝟏 − 𝟐𝝀)𝒙 + 𝝀(𝝀 − 𝟏) = 𝒏𝟐(𝒏 + 𝟏)𝟐  
 

 𝒕𝟐(𝒕 + 𝟏)𝟐 = 𝒏𝟐(𝒏 + 𝟏)𝟐 𝒐𝒓 𝒕(𝒕 + 𝟏) = 𝒏(𝒏 + 𝟏)(𝒂𝒔 𝒏, 𝒕 > 0) 𝒐𝒓 𝒕 = 𝒏  
 

 𝒕 = √𝒙 − 𝝀 = 𝒏 𝒐𝒓 𝒙 = 𝒏𝟐 + 𝝀 

764. Solve for naturals: 

(𝟏 + √𝟔)
𝟑
= √𝒑 + √𝒑 − 𝟏𝟐𝟓 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒙 = √𝒑, 𝒚 = √𝒑 − 𝟏𝟐𝟓  

(𝟏 + √𝟔)
𝟑
= √𝒑 + √𝒑 − 𝟏𝟐𝟓  

 

𝒙 + 𝒚 = (𝟏 + √𝟔)
𝟑
= 𝟏 + 𝟔√𝟔+ 𝟑√𝟔 + 𝟏𝟖 = 𝟏𝟗 + 𝟗√𝟔 (𝟏) 

 

𝒙 − 𝒚 =
𝒙𝟐 − 𝒚𝟐

𝒙 + 𝒚
=
𝒑 − (𝒑 − 𝟏𝟐𝟓)

𝟏𝟗 + 𝟗√𝟔 
=
𝟏𝟐𝟓(𝟏𝟗 − 𝟗√𝟔 )

𝟑𝟔𝟏 − 𝟒𝟖𝟔
= 𝟗√𝟔 − 𝟗 (𝟐) 

 

𝑨𝒅𝒅𝒊𝒏𝒈 (𝟏) & (𝟐)𝒘𝒆 𝒈𝒆𝒕 𝟐𝒙 = 𝟏𝟖√𝟔 𝒐𝒓  𝒙 = 𝟗√𝟔 𝒐𝒓 𝒙𝟐 = 𝟒𝟖𝟔  
 

𝒑 = 𝒙𝟐 = 𝟒𝟖𝟔 

765. If 𝒂 > 1, 𝜆 > 1 fixed. Solve for  reals: 
 

𝒙 + √𝝀𝒙 𝐥𝐨𝐠𝒂(𝒙 + 𝟐𝒂) = √𝐥𝐨𝐠𝒂(𝒙 + 𝟐𝒂) 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒚 = √𝐥𝐨𝐠𝒂(𝒙 + 𝟐𝒂) ≥ 𝟎 𝒕𝒉𝒆𝒏: 

𝒙 + √𝝀𝒙 𝐥𝐨𝐠𝒂(𝒙 + 𝟐𝒂) = √𝐥𝐨𝐠𝒂(𝒙 + 𝟐𝒂) 



 
www.ssmrmh.ro 

53 RMM-ABSTRACT ALGEBRA MARATHON 701-800 

 

⇒ 𝒙 + 𝒚𝝀
𝒙
𝟐 = 𝒚 ⇒ 𝒙 = 𝒚(𝟏 − 𝝀

𝒙
𝟐) (𝟏) 

 𝑪𝒂𝒔𝒆 𝟏. 𝑰𝒇 𝒙 > 0 𝑡ℎ𝑒𝑛 𝝀
𝒙
𝟐 > 1 𝑎𝑠 𝜆 > 1 𝑠𝑜 𝑅. 𝐻. 𝑆 𝑝𝑎𝑟𝑡 𝑜𝑓 (𝟏) < 0  

𝒃𝒖𝒕 𝑳. 𝑯. 𝑺 > 0 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛.  

𝑪𝒂𝒔𝒆 𝟐. 𝑰𝒇 𝒙 < 0 𝑡ℎ𝑒𝑛 𝝀
𝒙
𝟐 < 1 𝑎𝑠 𝜆 > 1 𝑠𝑜 𝑅. 𝐻. 𝑆 𝑝𝑎𝑟𝑡 𝑜𝑓 (𝟏) ≥ 𝟎  

𝒃𝒖𝒕 𝑳. 𝑯. 𝑺 < 0 𝑐𝑜𝑛𝑡𝑟𝑎𝑑𝑖𝑐𝑡𝑖𝑜𝑛.  
 𝑪𝒍𝒆𝒂𝒓𝒍𝒚, 𝒙 = 𝟎 𝒔𝒂𝒕𝒊𝒔𝒇𝒚 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 (𝟏)  

𝒔𝒐, 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟎 
 

766. If 𝝀 > 0 fixed then solve for reals: 
 

(𝒙 − 𝟐𝒚)𝟐 + 𝟓𝝀𝟐 = 𝟔𝒙(𝝀 − 𝟐𝒙) + 𝟔𝒚(𝟐𝝀 − 𝒚) 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

(𝒙 − 𝟐𝒚)𝟐 + 𝟓𝝀𝟐 = 𝟔𝒙(𝝀 − 𝟐𝒙) + 𝟔𝒚(𝟐𝝀 − 𝒚) 
 

 𝑬𝒙𝒑𝒂𝒏𝒅𝒊𝒏𝒈  𝒘𝒆 𝒈𝒆𝒕:  
𝟏𝟑𝒙𝟐 − (𝟒𝒚 + 𝟔𝝀)𝒙 + (𝟏𝟎𝒚𝟐 − 𝟏𝟐𝝀𝒚 + 𝟓𝝀𝟐) = 𝟎 

 

 𝒐𝒓 𝒙 =
𝟒𝒚 + 𝟔𝝀 ± √(𝟒𝒚 + 𝟔𝝀 )𝟐 − 𝟓𝟐(𝟏𝟎𝒚𝟐 − 𝟏𝟐𝝀𝒚 + 𝟓𝝀𝟐)

𝟐𝟔
 (𝟏) 

 𝑻𝒉𝒆 𝒅𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 𝑫 = (𝟒𝒚 + 𝟔𝝀)𝟐 − 𝟓𝟐(𝟏𝟎𝒚𝟐 − 𝟏𝟐𝝀𝒚 + 𝟓𝝀𝟐) = 
= −𝟓𝟎𝟒𝒚𝟐 + 𝟔𝟕𝟐𝝀𝒚 − 𝟐𝟐𝟒𝝀𝟐 = −𝟓𝟔(𝟑𝒚 − 𝟐𝝀)𝟐 𝒄𝒍𝒆𝒂𝒓𝒍𝒚 𝑫 < 0 . 

 

𝑺𝒐 𝒓𝒆𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒆𝒙𝒊𝒔𝒕 𝒇𝒐𝒓 𝒇𝒊𝒙𝒆𝒅 𝝀 𝒐𝒏𝒍𝒚 𝒘𝒉𝒆𝒏 (𝟑𝒚 − 𝟐𝝀)𝟐 = 𝟎 𝒐𝒓 𝒚 =
𝟐𝝀

𝟑
  

𝑭𝒓𝒐𝒎 (𝟏):  𝒙 =

𝟒. 𝟐𝝀
𝟑 + 𝟔𝝀

𝟐𝟔
=
𝝀

𝟑
 

 

 𝑺𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 =
𝝀

𝟑
, 𝒚 =

𝟐𝝀

𝟑
 . 

767. Solve for integers: 
 

𝟏𝟔𝟗𝒙𝟐 − 𝟏𝟑𝒙𝒚 + 𝟏𝟐𝒚 = 𝟏𝟏𝟗 
 

Proposed by Marin Chirciu-Romania 
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Solution by Tapas Das-India 
 

𝟏𝟔𝟗𝒙𝟐 − 𝟏𝟑𝒙𝒚 + 𝟏𝟐𝒚 = 𝟏𝟏𝟗  𝒐𝒓, 𝒚 =
𝟏𝟏𝟗 − 𝟏𝟔𝟗𝒙𝟐

𝟏𝟐 − 𝟏𝟑𝒙
=
𝟏𝟔𝟗𝒙𝟐 − 𝟏𝟏𝟗

𝟏𝟑𝒙 − 𝟏𝟐

= 𝟏𝟑𝒙 + 𝟏𝟐 +
𝟐𝟓

𝟏𝟑𝒙 − 𝟏𝟐
  (𝟏) 

 
𝒇𝒐𝒓 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝟐𝟓 𝒊𝒔 𝒅𝒊𝒗𝒊𝒔𝒊𝒃𝒍𝒆 𝒃𝒚 𝟏𝟑𝒙 − 𝟏𝟐 ,  

𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝟏𝟑𝒙 − 𝟏𝟐 ∈ {±𝟏,±𝟓,±𝟐𝟓} 
 

 𝑳𝒆𝒕 𝟏𝟑𝒙 − 𝟏𝟐 = 𝒅 𝒕𝒉𝒆𝒏 𝒙 =
𝒅 + 𝟏𝟐

𝟏𝟑
 

  𝒍𝒇 𝒅 = 𝟏 𝒕𝒉𝒆𝒏 𝒙 = 𝟏, 𝒚 =
(𝟏)
𝟏𝟑 × 𝟏 + 𝟏𝟐 +

𝟐𝟓

𝟏
= 𝟓𝟎 

 𝒅 = −𝟏 𝒕𝒉𝒆𝒏 𝒙 =
𝟏𝟏

𝟏𝟑
, 𝒚 =

(𝟏)
− 𝟐 , 𝒔𝒐 𝒙 𝒏𝒐𝒕 ∈ 𝒁 

  𝒅 = 𝟓 𝒕𝒉𝒆𝒏 𝒙 =
𝟏𝟕

𝟏𝟑
, 𝒔𝒐 𝒙 𝒏𝒐𝒕 ∈ 𝒁 

 𝒅 = −𝟓 𝒕𝒉𝒆𝒏 𝒙 =
𝟕

𝟏𝟑
, 𝒔𝒐 𝒙 𝒏𝒐𝒕 ∈ 𝒁 

 𝒅 = 𝟐𝟓 𝒕𝒉𝒆𝒏 𝒙 =
𝟏𝟏

𝟏𝟑
, 𝒔𝒐 𝒙 𝒏𝒐𝒕 ∈ 𝒁 

 𝒅 = −𝟐𝟓 𝒕𝒉𝒆𝒏 𝒙 = −𝟏, 𝒚 = −𝟐  
 

𝑺𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 (𝒙,𝒚) = (𝟏, 𝟓𝟎), (−𝟏,−𝟐) 
 

768. Solve for real numbers: 

{

𝒙(𝒚 + 𝒛) = 𝟑𝟓 

  𝒚(𝒙 + 𝒛) = 𝟑𝟓 

𝒛(𝒙 + 𝒚) = 𝟐𝟕

 

Proposed by Netai Chandra Bhar-India 
Solution by Tapas Das-India 
 

𝒙(𝒚 + 𝒛) = 𝟑𝟓   (𝟏),            𝒚(𝒙 + 𝒛) = 𝟑𝟓  (𝟐),      𝒛(𝒙 + 𝒚) = 𝟐𝟕   (𝟑) 
𝑭𝒓𝒐𝒎(𝟏)&(𝟐) 𝒘𝒆 𝒈𝒆𝒕 𝒙(𝒚 + 𝒛) = 𝒚(𝒙 + 𝒛) 𝒐𝒓 𝒛(𝒙 − 𝒚) = 𝟎 ⇒ 𝒛 = 𝟎 𝒐𝒓 𝒙 = 𝒚 

𝑰𝒇 𝒛 = 𝟎 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎 (𝟑)𝒘𝒆 𝒈𝒆𝒕 𝟎 = 𝟐𝟕 , 𝒏𝒐𝒕 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒔𝒐 𝒛 ≠ 𝟎 

𝑰𝒇 𝒙 = 𝒚 = 𝒎(𝒔𝒂𝒚) 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎(𝟑)𝒘𝒆 𝒉𝒂𝒗𝒆 𝒛. (𝟐𝒎) = 𝟐𝟕 𝒐𝒓, 𝒛 =
𝟐𝟕

𝟐𝒎
 

𝑭𝒓𝒐𝒎(𝟏):  𝒎(𝒎+ 𝒛) = 𝟑𝟓 𝒐𝒓,𝒎 (𝒎+
𝟐𝟕

𝟐𝒎
) = 𝟑𝟓 𝒐𝒓 𝒎𝟐 =

𝟒𝟑

𝟐
 𝒐𝒓 
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 𝒎 = ±√
𝟒𝟑

𝟐
, 𝒛 =

𝟐𝟕

𝟐𝒎
= ±

𝟐𝟕

√𝟖𝟔
 

𝑺𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔: 𝒙 = √
𝟒𝟑

𝟐
, 𝒚 = √

𝟒𝟑

𝟐
, 𝒛 =

𝟐𝟕

√𝟖𝟔
𝒂𝒏𝒅 

 𝒙 = −√
𝟒𝟑

𝟐
, 𝒚 = −√

𝟒𝟑

𝟐
, 𝒛 = −

𝟐𝟕

√𝟖𝟔
 

769. If 𝛌 ∈ 𝐙 fixed then prove that the equation:  
 

𝒙𝟑 + 𝒚𝟑 − 𝒛𝟑 = 𝝀𝟐(𝒙 + 𝒚 − 𝒛) 
 

has an infinitely solutions in integers. 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
𝑾𝒆 𝒂𝒓𝒆 𝒂𝒔𝒌𝒆𝒅 𝒕𝒐 𝒑𝒓𝒐𝒗𝒆 𝒆𝒙𝒊𝒔𝒕𝒆𝒏𝒄𝒆 𝒐𝒇 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆𝒍𝒚 𝒎𝒂𝒏𝒚 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏, 

𝒏𝒐𝒕 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒂𝒍𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏, 𝒔𝒐 𝒊𝒕 𝒊𝒔 𝒆𝒏𝒐𝒖𝒈𝒉 𝒕𝒐 𝒇𝒊𝒏𝒅 𝒐𝒇 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒐𝒏𝒆 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆 𝒇𝒂𝒎𝒊𝒍𝒚 
𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 𝒘𝒆 𝒑𝒖𝒕 𝒙 + 𝒚 − 𝒛 = 𝟎 ⇒ 𝒛 = 𝒙 + 𝒚 𝒕𝒉𝒆𝒏 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒃𝒆𝒄𝒐𝒎𝒆𝒔 

 𝒙𝟑 + 𝒚𝟑 − (𝒙 + 𝒚)𝟑 = 𝟎 𝒐𝒓 − 𝟑𝒙𝒚(𝒙 + 𝒚) = 𝟎  ⇒  𝒙 = 𝟎 𝒐𝒓 𝒚 = 𝟎 𝒐𝒓 𝒙 + 𝒚 = 𝟎 
𝑪𝒂𝒔𝒆 𝟏) 𝒙 = 𝟎 𝒕𝒉𝒆𝒏 𝒛 = 𝒚 𝒂𝒔 𝒛 = 𝒙 + 𝒚 , 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝟎, 𝒚, 𝒚), 𝒚 ∈ 𝒛 
𝑪𝒂𝒔𝒆 𝟐) 𝒚 = 𝟎 𝒕𝒉𝒆𝒏 𝒛 = 𝒙 𝒂𝒔 𝒛 = 𝒙 , 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝟎, 𝒙), 𝒙 ∈ 𝒛   

𝑪𝒂𝒔𝒆 𝟑)𝒙 + 𝒚 = 𝟎 𝒕𝒉𝒆𝒏 𝒚 = −𝒙, 𝒛 = 𝟎 𝒂𝒔 𝒛 = 𝒙 + 𝒚 , 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙,−𝒙, 𝟎), 𝒙 ∈ ℤ  
𝑭𝒐𝒓 𝒂𝒍𝒍 𝒕𝒉𝒆𝒔𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 𝒙 + 𝒚 − 𝒛 = 𝟎 ⇒ 𝝀𝟐(𝒙 + 𝒚 − 𝒛) = 𝟎 𝒕𝒉𝒆𝒏 𝒙𝟑 + 𝒚𝟑 − 𝒛𝟑 = 𝟎 
 𝒕𝒉𝒆𝒏 𝒐𝒓𝒈𝒊𝒏𝒂𝒍 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒅 𝒇𝒐𝒓 𝒆𝒗𝒆𝒓𝒚 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝝀 , (𝟎, 𝒚, 𝒚), (𝒙, 𝟎, 𝒙), (𝒙, −𝒙, 𝟎) 

𝒙, 𝒚, 𝒛 ∈  𝒁 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆𝒍𝒚 𝒎𝒂𝒏𝒚 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 . 
 

770. 

𝑺𝒐𝒍𝒗𝒆 𝒇𝒐𝒓 𝒙 ∈ (𝟎,
𝝅

𝟐
) ∶ 

𝟏

𝐜𝐨𝐬𝟐 𝒙
+

𝟏

𝐜𝐨𝐬𝟐 (
𝝅
𝟑
− 𝒙)

+
𝟏

𝐜𝐨𝐬𝟐 (
𝝅
𝟑
+ 𝒙)

= 𝟏𝟖  

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

𝟏

𝐜𝐨𝐬𝟐 𝒙
+

𝟏

𝐜𝐨𝐬𝟐 (
𝝅
𝟑 − 𝒙)

+
𝟏

𝐜𝐨𝐬𝟐 (
𝝅
𝟑 + 𝒙)

= 𝟏𝟖   

𝐬𝐞𝐜𝟐 𝒙 + 𝐬𝐞𝐜𝟐 (
𝝅

𝟑
− 𝒙) + 𝐬𝐞𝐜𝟐 (

𝝅

𝟑
+ 𝒙) = 𝟏𝟖  

𝟑 + 𝐭𝐚𝐧𝟐 𝒙 + 𝐭𝐚𝐧𝟐 (
𝝅

𝟑
− 𝒙) + 𝐭𝐚𝐧𝟐 (

𝝅

𝟑
+ 𝒙) = 𝟏𝟖 
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 𝟑 + 𝐭𝐚𝐧𝟐 𝒙 + (
√𝟑 − 𝒕𝒂𝒏𝒙

𝟏 + √𝟑𝒕𝒂𝒏𝒙
)

𝟐

+ (
√𝟑 + 𝒕𝒂𝒏𝒙

𝟏 − √𝟑𝒕𝒂𝒏𝒙
)

𝟐

= 𝟏𝟖  

 𝒕𝟐 + (
√𝟑 − 𝒕

𝟏 + √𝟑𝒕
)

𝟐

+ (
√𝟑+ 𝒕

𝟏 − √𝟑𝒕
)

𝟐

=
𝒕=𝒕𝒂𝒏𝒙

𝟏𝟓  

 𝒕𝟐 + (
𝟔 + 𝟐𝟎𝒕𝟐 + 𝟔𝒕𝟒

(𝟏 − 𝟑𝒕𝟐)𝟐
) = 𝟏𝟓 𝒐𝒓 

𝟔 + 𝟐𝟏𝒕𝟐 + 𝟗𝒕𝟔

(𝟏 − 𝟑𝒕𝟐)𝟐
= 𝟏𝟓 

 𝟔 + 𝟐𝟏𝒕𝟐 + 𝟗𝒕𝟔 = 𝟏𝟓(𝟏 − 𝟑𝒕𝟐)𝟐 𝒐𝒓 𝟑𝒕𝟔 − 𝟒𝟓𝒕𝟒 + 𝟑𝟕𝒕𝟐 − 𝟑 = 𝟎  

 𝟑𝒙𝟑 − 𝟒𝟓𝒙𝟐 + 𝟑𝟕𝒙 − 𝟑 =
𝒙=𝒕𝟐

𝟎 𝒐𝒓 (𝒙 − 𝟏)(𝟑𝒙𝟐 − 𝟒𝟐𝒙 + 𝟑) = 𝟎 

  𝒕𝟐 = 𝒙 = 𝟏 𝒂𝒏𝒅 (𝟑𝒙𝟐 − 𝟒𝟐𝒙 + 𝟑) = 𝟎 𝒐𝒓 𝒙 = 𝟕 ± 𝟒√𝟑  

 𝒕𝟐 = 𝟏 𝒐𝒓 𝒕 = 𝟏 𝒐𝒓 𝒕𝒂𝒏𝒙 = 𝟏 𝒐𝒓 𝒙 =
𝝅

𝟒
 𝒂𝒏𝒅 𝒕𝟐 = 𝟕 ± 𝟒√𝟑  𝒐𝒓, 𝒕 = √𝟕 ± 𝟒√𝟑 𝒐𝒓,  

𝒕𝒂𝒏𝒙 = 𝟐 ± √𝟑  𝒘𝒉𝒆𝒏 𝒕𝒂𝒏𝒙 = 𝟐 + √𝟑 𝒐𝒓  𝒙 =
𝟓𝝅

𝟏𝟐
 , 𝒕𝒂𝒏𝒙 = 𝟐 − √𝟑 𝒐𝒓 𝒙 =

𝝅

𝟏𝟐
  

 𝑺𝒐 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 ∶  𝒙 =
𝟓𝝅

𝟏𝟐
 ,
𝝅

𝟏𝟐
 ,
𝝅

𝟒
  

 

771. 
𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔 𝒐𝒏 𝒂 𝒂𝒏𝒅 𝒃 𝒔𝒐 𝒕𝒉𝒂𝒕 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒉𝒂𝒔 𝟑 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏𝒔 
 

𝒙𝟒 − 𝟐(𝒂𝟐 + 𝒃𝟐 − 𝟏)𝒙𝟐 + (𝒂𝟐 − 𝒃𝟐 + 𝟏)𝟐 − 𝟒𝒂𝟐 = 𝟎  
 

Proposed by Netai Chandra Bhar-India 
Solution by Tapas Das-India 
 

𝒙𝟒 − 𝟐(𝒂𝟐 + 𝒃𝟐 − 𝟏)𝒙𝟐 + (𝒂𝟐 − 𝒃𝟐 + 𝟏)𝟐 − 𝟒𝒂𝟐 = 𝟎  (𝟏) 
 𝑳𝒆𝒕 𝒚 = 𝒙𝟐 𝒕𝒉𝒆𝒏 𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒈𝒆𝒕 𝒚𝟐 − 𝟐(𝒂𝟐 + 𝒃𝟐 − 𝟏)𝒚 + (𝒂𝟐 − 𝒃𝟐 + 𝟏)𝟐 − 𝟒𝒂𝟐

= 𝟎 (𝟐) 
 𝒔𝒊𝒏𝒄𝒆 𝒚 = 𝒙𝟐 𝒊𝒇 𝒃𝒐𝒕𝒉 𝒓𝒐𝒐𝒕𝒔 𝒚𝟏, 𝒚𝟐 > 0 𝑡ℎ𝑒𝑛 𝑒𝑞𝑢𝑡𝑖𝑜𝑛 (𝟏)𝒉𝒂𝒔 𝟒 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒓𝒐𝒐𝒕. 

 𝑰𝒇 𝒐𝒏𝒆 𝒓𝒐𝒐𝒕 𝒊𝒔 𝟎 𝒕𝒉𝒆𝒏  𝒚 = 𝟎 𝒂𝒏𝒅 𝒐𝒕𝒉𝒆𝒓 𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆 𝒓𝒐𝒐𝒕  

𝒚𝟏 > 0 𝑎𝑛𝑑 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (𝟏)𝒉𝒂𝒔 𝟑 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕 𝒓𝒐𝒐𝒕𝒔 𝒂𝒔 𝟎,√𝒚𝟏, −√𝒚𝟏  

𝑾𝒆 𝒑𝒖𝒕 𝒙 = 𝟎 𝒊𝒏 (𝟐)𝒘𝒆 𝒈𝒆𝒕  
(𝒂𝟐 − 𝒃𝟐 + 𝟏)𝟐 − 𝟒𝒂𝟐 = 𝟎 𝒐𝒓, (𝒂𝟐 − 𝒃𝟐 + 𝟏 + 𝟐𝒂)(𝒂𝟐 − 𝒃𝟐 + 𝟏 − 𝟐𝒂) = 𝟎  

𝒐𝒓 (𝒂𝟐 − 𝒃𝟐 + 𝟏 + 𝟐𝒂) = 𝟎 ⇒ (𝒂 + 𝟏)𝟐 = 𝒃𝟐 𝒐𝒓, 𝒂 = 𝒃 − 𝟏  
(𝒂𝟐 − 𝒃𝟐 + 𝟏 − 𝟐𝒂) = 𝟎 ⇒ (𝒂 − 𝟏)𝟐 = 𝒃𝟐 𝒐𝒓  𝒃 = 𝒂 − 𝟏  

𝑭𝒓𝒐𝒎(𝟐)𝒔𝒖𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒕𝒘𝒐 𝒓𝒐𝒐𝒕𝒔 
 𝟐(𝒂𝟐 + 𝒃𝟐 − 𝟏) > 0 (𝒂𝒔 𝒓𝒐𝒐𝒕𝒔 𝒂𝒓𝒆  𝟎, 𝒚𝟏 > 0) 𝒐𝒓 𝒂

𝟐 + 𝒃𝟐 > 1  
 𝑺𝒐 𝒓𝒆𝒒𝒖𝒊𝒓𝒆𝒅 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔: 𝒂 = 𝒃 − 𝟏 , 𝒃 = 𝒂 − 𝟏 , 𝒂𝟐 + 𝒃𝟐 > 1  

 

772. Solve for natural numbers: 

𝟓𝒂 − 𝟓𝒃 = 𝟔𝟐𝟎 
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Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝟓𝒂 − 𝟓𝒃 = 𝟔𝟐𝟎  𝒐𝒓  𝟓𝒃(𝟓𝒂−𝒃 − 𝟏) = 𝟓 × 𝟏𝟐𝟒 = 𝟓(𝟓𝟑 − 𝟏) 

 
 𝑪𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈 𝒘𝒆 𝒈𝒆𝒕 𝒃 = 𝟏 𝒂𝒏𝒅 𝒂 − 𝒃 = 𝟑 𝒐𝒓 

𝒂 = 𝒃 + 𝟑 = 𝟑 + 𝟏 = 𝟒  
 

𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒂 = 𝟒, 𝒃 = 𝟏. 

 
773. If 𝒂 > 1, 𝜆 ∈ 𝑅 then solve for real numbers: 
 

𝒂√𝒙−𝝀−𝟏 =
𝟏

√𝒙 − 𝝀
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

 𝑫𝒐𝒎𝒂𝒊𝒏 𝒙 − 𝝀 − 𝟏 ≥ 𝟎 𝒐𝒓 𝒙 ≥ 𝝀 + 𝟏 𝒍𝒆𝒕 𝒕 = √𝒙 − 𝝀 − 𝟏 ⇒ 𝒙 − 𝝀 = 𝒕𝟐 + 𝟏 

𝒂√𝒙−𝝀−𝟏 =
𝟏

√𝒙 − 𝝀
  𝒐𝒓  𝒂𝒕 = (𝒕𝟐 + 𝟏)−

𝟏
𝟐 

  𝒕 𝐥𝐨𝐠𝒂 = −
𝟏

𝟐
𝐥𝐨𝐠(𝒕𝟐 + 𝟏)  𝒐𝒓  𝐥𝐨𝐠(𝒕𝟐 + 𝟏) + 𝟐𝒕 𝐥𝐨𝐠𝒂 = 𝟎 

 𝑳𝒆𝒕 𝒇(𝒕) = 𝐥𝐨𝐠(𝒕𝟐 + 𝟏) + 𝟐𝒕 𝐥𝐨𝐠𝒂  𝒕𝒉𝒆𝒏 𝒇′(𝒕) =
𝟐𝒕

𝒕𝟐 + 𝟏
+ 𝟐𝒍𝒐𝒈𝒂 > 0 𝑎𝑠 

 𝒂 > 1 𝑎𝑛𝑑 ≥ 0.  𝑺𝒐 𝒇(𝒕) 𝒊𝒔 𝒊𝒏𝒄𝒓𝒆𝒂𝒔𝒊𝒏𝒈. 
 

 𝑻𝒉𝒆 𝒐𝒏𝒍𝒚 𝒐𝒏𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒊𝒔 𝒕 = 𝟎 𝒂𝒔 𝒇(𝟎) = 𝟎,   
 

𝒙 − 𝝀 = 𝒕𝟐 + 𝟏𝒐𝒓 𝒙 = 𝝀 + 𝟏 𝒂𝒔 𝒕 = 𝟎 
 

774. Solve for real numbers: 
 

𝟏𝟔𝒙𝟐 − 𝟓𝟔𝒙 + 𝟓𝟏 = √𝟒𝒙 − 𝟔 + √𝟖 − 𝟒𝒙 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
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𝑫𝒐𝒎𝒂𝒊𝒏: 𝟒𝒙 − 𝟔 ≥ 𝟎 𝒐𝒓, 𝒙 ≥
𝟑

𝟐
 𝒂𝒏𝒅 𝟖 − 𝟒𝒙 ≥ 𝟎 𝒐𝒓, 𝒙 ≤ 𝟐 𝒔𝒐

𝟑

𝟐
≤ 𝒙 ≤ 𝟐  

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒖𝒑𝒘𝒂𝒓𝒅 𝒐𝒑𝒆𝒏𝒊𝒏𝒈 𝒑𝒂𝒓𝒂𝒃𝒐𝒍𝒂 𝒚 = 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 

𝐦𝐢𝐧𝒂𝒕 𝒙 = −
𝒃

𝟐𝒂
, 𝒚𝒎𝒊𝒏. = 𝒄 −

𝒃𝟐

𝟒𝒂
 

 𝒔𝒐 𝒚 = 𝟏𝟔𝒙𝟐 − 𝟓𝟔𝒙 + 𝟓𝟏𝐦𝐢𝐧.  𝒂𝒕 𝒙 = −
−𝟓𝟔

𝟐 × 𝟏𝟔
=
𝟕

𝟒
 𝒂𝒏𝒅 𝒚𝑴𝒊𝒏 = 𝟓𝟏 −

𝟓𝟔 × 𝟓𝟔

𝟒 × 𝟏𝟔
= 𝟐 

 𝒕𝒉𝒆𝒏 𝟏𝟔𝒙𝟐 − 𝟓𝟔𝒙 + 𝟓𝟏 ≥ 𝟐 𝒂𝒏𝒅 √𝟒𝒙 − 𝟔 + √𝟖 − 𝟒𝒙 ≤
𝑪𝑩𝑺

 √𝟐(𝟒𝒙 − 𝟔 + 𝟖 − 𝟒𝒙)

= 𝟐 𝒊𝒏 [
𝟑

𝟐
, 𝟐]  𝒔𝒐, 𝑳.𝑯. 𝑺 ≥ 𝟐 𝒂𝒏𝒅  

𝑹.𝑯. 𝑺 ≤ 𝟐  𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒐𝒏𝒍𝒚 𝒘𝒉𝒆𝒏 𝒃𝒐𝒕𝒉 𝒆𝒒𝒖𝒂𝒍 𝒕𝒐 𝟐 𝒐𝒓 𝒙 =
𝟕

𝟒
 

 
775. Solve for natural numbers: 

𝟕𝒂 − 𝟕𝒃 = 𝟐𝟗𝟒 
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝟕𝒂 − 𝟕𝒃 = 𝟐𝟗𝟒 𝒐𝒓, 𝟕𝒃(𝟕𝒂−𝒃 − 𝟏) = 𝟕𝟐 × 𝟔 = 𝟕𝟐(𝟕 − 𝟏) 

 
 𝑪𝒐𝒎𝒑𝒂𝒓𝒊𝒏𝒈: 𝒃 = 𝟐, 𝒂 − 𝒃 = 𝟏 𝒕𝒉𝒆𝒏 𝒂 = 𝟑.  

 

776. Solve for real numbers: 

{
 
 

 
 𝒙 +

𝟏

𝒛
= 𝟑

𝒚 +
𝟏

𝒙
= 𝟐

𝒙𝒚𝒛 = 𝟏

 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

 𝒙 +
𝟏

𝒛
= 𝟑 𝒕𝒉𝒆𝒏 𝒛 =

𝟏

𝟑 − 𝒙
 , 𝒚 +

𝟏

𝒙
= 𝟐 𝒕𝒉𝒆𝒏 𝒙 =

𝟏

𝟐 − 𝒚
 

 

𝒙𝒚𝒛 = 𝟏 𝒐𝒓 
𝒚

(𝟑 − 𝒙)(𝟐 − 𝒚)
= 𝟏 𝒐𝒓

𝒚

(𝟑 −
𝟏

𝟐 − 𝒚)
(𝟐 − 𝒚)

= 𝟏  
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𝒚

𝟓 − 𝟑𝒚
= 𝟏 𝒐𝒓 𝒚 =

𝟓

𝟒
 

 

𝒙 =
𝟏

𝟐 − 𝒚
=

𝟏

𝟐 −
𝟓
𝟒

=
𝟒

𝟑
𝒂𝒏𝒅 𝒛 =

𝟏

𝒙𝒚
=

𝟏

𝟒
𝟑 .
𝟓
𝟒

=
𝟑

𝟓
 

 

777. If {

𝒙𝟐 + 𝒚𝟐 + 𝟐𝒙 + 𝟒𝒚 − 𝟐𝟎 = 𝟎

𝒛𝟐 +𝒘𝟐 − 𝟐𝒘 − 𝟏𝟒𝟑 = 𝟎
𝒙𝒘 + 𝒚𝒛 − 𝒙 +𝒘 + 𝟐𝒛 − 𝟔𝟏 ≥ 𝟎

      𝑺 =
𝒚𝟐

𝟐𝟓
+

𝒘𝟐

𝟏𝟒𝟒
 then find: 

𝑺𝐦𝐢𝐧 + 𝑺𝐦𝐚𝐱 =? 
 
Proposed by Mais Hasanov-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan 

              The first two equations define the a couple of circles. 

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟏.   𝒙𝟐 + 𝒚𝟐 + 𝟐𝒙+ 𝟒𝒚 − 𝟐𝟎 = 𝟎 →  (𝒙 + 𝟏)𝟐 + (𝒚 + 𝟐)𝟐 = 𝟓𝟐 

𝑴𝟏(−𝟏;−𝟐)    𝑹𝟏 = 𝟓 

𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝟐.    𝒛𝟐 + 𝒘𝟐 − 𝟐𝒘− 𝟏𝟒𝟑 = 𝟎 → 𝒛𝟐 + (𝒘− 𝟏)𝟐 = 𝟏𝟐𝟐              

𝑴𝟐(𝟎; 𝟏)    𝑹𝟐 = 𝟏𝟐 

(𝒙 − 𝒂)𝟐 + (𝒚 − 𝒃)𝟐 = 𝑹𝟐  →    {
𝒙 = 𝒂 + 𝑹𝒄𝒐𝒔(𝜶)

𝒚 = 𝒃 + 𝑹𝒔𝒊𝒏(𝜶)
 

{
𝒙 + 𝟏 = 𝟓𝐜𝐨𝐬(𝜶)

𝒚 + 𝟐 = 𝟓𝐬𝐢𝐧(𝜶)
→   {

𝒙 = 𝟓𝐜𝐨𝐬(𝜶) − 𝟏
𝒚 = 𝟓𝐬𝐢𝐧(𝜶) − 𝟐

 

{
𝒛 = 𝟏𝟐𝐜𝐨𝐬(𝜷)

𝒘 − 𝟏 = 𝟏𝟐𝐬𝐢𝐧(𝜷)
  →    𝒘 = 𝟏𝟐𝐬𝐢𝐧(𝜷) + 𝟏 

𝒙𝒘+ 𝒚𝒛 − 𝒙 + 𝒘+ 𝟐𝒛 − 𝟔𝟏 ≥ 𝟎 →  𝒙(𝒘 − 𝟏) + 𝒛(𝒚 + 𝟐) + 𝒘− 𝟏 ≥ 𝟔𝟎 
(𝟓 𝐜𝐨𝐬(𝜶) − 𝟏)𝟏𝟐 𝐬𝐢𝐧(𝜷) + 𝟏𝟐𝐜𝐨𝐬(𝜷) . 𝟓 𝐬𝐢𝐧(𝛂) + 𝟏𝟐 𝐬𝐢𝐧(𝛃) ≥ 𝟔𝟎 

𝟔𝟎 𝐬𝐢𝐧(𝜶)𝐜𝐨𝐬(𝜷) + 𝟔𝟎 𝐬𝐢𝐧(𝜷) 𝐜𝐨𝐬(𝜶) ≥ 𝟔𝟎  

𝐬𝐢𝐧(𝜶 + 𝜷) ≥ 𝟏 → (𝛂 + 𝜷) ∈ [
𝝅

𝟐
+ 𝝅𝒌]  𝐬𝐢𝐧(𝜷) = 𝐜𝐨𝐬(𝜶) 

𝑺 =
𝒚²

𝟐𝟓
+
𝒘𝟐

𝟏𝟒𝟒
= (

𝒚

𝟓
)
𝟐

+ (
𝒘

𝟏𝟐
)
𝟐

= (
𝟓𝐬𝐢𝐧(𝜶) − 𝟐

𝟓
)

𝟐

+ (
𝟏𝟐𝐜𝐨𝐬(𝜶) − 𝟏

𝟏𝟐
)

𝟐

= 
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= 𝐬𝐢𝐧𝟐(𝜶) −
𝟒

𝟓
𝐬𝐢𝐧(𝜶) +

𝟒

𝟐𝟓
+ 𝐜𝐨𝐬𝟐(𝜶) −

𝟏

𝟔
𝐜𝐨𝐬(𝜶) +

𝟏

𝟏𝟒𝟒

=
𝟒𝟐𝟎𝟏

𝟑𝟔𝟎𝟎
+
𝟏

𝟔
𝐜𝐨𝐬(𝜶) −

𝟒

𝟓
𝐬𝐢𝐧(𝜶) 

𝑺 = 𝑪 +
𝟏

𝟔
𝐜𝐨𝐬(𝜶) −

𝟒

𝟓
𝐬𝐢𝐧(𝜶)       𝑨𝒎𝒑𝒍𝒊𝒕𝒖𝒅𝒆 →   𝑨 = √(

𝟏

𝟔
)
𝟐

+ (
𝟒

𝟓
)
𝟐

=
√𝟔𝟎𝟏

𝟑𝟎
 

𝑺𝐦𝐚𝐱 = 𝑪 + 𝑨    𝑺𝐦𝐢𝐧 = 𝑪− 𝑨    𝑺𝐦𝐚𝐱 + 𝑺𝐦𝐢𝐧 = 𝟐𝑪 = 𝟐.
𝟒𝟐𝟎𝟏

𝟑𝟔𝟎𝟎
=
𝟒𝟐𝟎𝟏

𝟏𝟖𝟎𝟎
 

 

778. Solve for natural numbers: 
 

(𝒙 + 𝟐)
𝟏
𝒙 + (𝒙 + 𝟏)𝒙 = 𝟐𝟐𝒙 − 𝟓 

 
Proposed by Sakthi Vel-India 

Solution by Tapas Das-India 
𝒇𝒐𝒓 𝒙 = 𝟏 

 𝑳.𝑯. 𝑺 = (𝟏 + 𝟐)𝟏 + 𝟐𝟏 = 𝟓,𝑹.𝑯. 𝑺 = 𝟐𝟐 − 𝟓 = −𝟏 𝒔𝒐 𝑳. 𝑯. 𝑺 ≠ 𝑹.𝑯. 𝑺 
 𝒇𝒐𝒓 𝒙 = 𝟐 

 𝑳. 𝑯. 𝑺 = (𝟐 + 𝟐)
𝟏
𝟐 + 𝟑𝟐 = 𝟏𝟏,𝑹.𝑯. 𝑺 = 𝟐𝟒 − 𝟓 = 𝟏𝟏 𝒔𝒐 𝑳. 𝑯. 𝑺 = 𝑹.𝑯. 𝑺  

𝒔𝒐 𝒙 = 𝟐 𝒊𝒔 𝒂 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 

𝒇𝒐𝒓 𝒙 ≥ 𝟑 , (𝒙 + 𝟐)
𝟏
𝒙 > 1 𝑎𝑛𝑑 (𝒙 + 𝟏)𝒙 > 𝟒𝒙 = 𝟐𝟐𝒙 

 

 𝒕𝒉𝒆𝒏(𝒙 + 𝟐)
𝟏
𝒙 + (𝒙 + 𝟏)𝒙 > 𝟐𝟐𝒙 + 𝟏 > 𝟐𝟐𝒙 − 𝟓 

 
𝒔𝒐 𝒇𝒐𝒓 𝒏 ≥ 𝟑 𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒊𝒎𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆. 

 
 𝑻𝒉𝒆 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝟐 

779. Solve for real numbers: 

√𝟐𝒙𝟐 − 𝟓𝒙 − 𝟒𝟐 √(𝟐𝒙𝟐 + 𝒙 − 𝟑)
𝟒

+ 𝟏 = (⌊𝒔𝒊𝒏 (
𝝅𝒙

𝟕
)⌋ + ⌊𝒄𝒐𝒔 (

𝟐𝝅𝒙

𝟑
)⌋)

𝟐

 

⌊∗⌋ →  𝒇𝒍𝒐𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 
Proposed by Mais Hasanov-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan 
 

𝑳𝑯𝑺 = √𝟐𝒙𝟐 − 𝟓𝒙 − 𝟒𝟐 √(𝟐𝒙𝟐 + 𝒙 − 𝟑)
𝟒

+ 𝟏 > 0 

𝑹𝑯𝑺 = (⌊𝒔𝒊𝒏(
𝝅𝒙

𝟕
)⌋ + ⌊𝒄𝒐𝒔 (

𝟐𝝅𝒙

𝟑
)⌋)

𝟐

≥ 𝟎 
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{
√𝟐𝒙𝟐 − 𝟓𝒙 − 𝟒𝟐 ≥ 𝟎

 √(𝟐𝒙𝟐 + 𝒙 − 𝟑)
𝟒

≥ 𝟎
→ {

(𝟐𝒙 + 𝟕)(𝒙 − 𝟔) ≥ 𝟎
(𝟐𝒙 + 𝟑)(𝒙 − 𝟏) ≥ 𝟎

  
𝒙 ≥ 𝟔, 𝒙 ≤ −

𝟕

𝟐

𝒙 ≥ 𝟏 , 𝒙 ≤ −
𝟑

𝟐

 

𝒙 ∈ (−∞; −
𝟕

𝟐
]⋃[𝟔; +∞)     𝑳𝑯𝑺 = 𝟏 →   𝒙𝟏 = −

𝟕

𝟐
  𝒙𝟐 = 𝟔 

−𝟏 ≤ 𝒔𝒊𝒏(𝜶) ≤ 𝟏  − 𝟏 ≤ 𝒄𝒐𝒔(𝜶) ≤ 𝟏 

𝑹𝑯𝑺 = (⌊𝒔𝒊𝒏 (
𝝅𝒙

𝟕
)⌋ + ⌊𝒄𝒐𝒔 (

𝟐𝝅𝒙

𝟑
)⌋)

𝟐

= {𝟎; 𝟏; 𝟒} 

𝑹𝑯𝑺 = 𝑳𝑯𝑺 = 𝟏 →   𝑹𝑯𝑺 ≠ {𝟎; 𝟒} 

𝒙𝟏 = −
𝟕

𝟐
→  𝑹𝑯𝑺 = (⌊𝒔𝒊𝒏(−

𝝅

𝟐
)⌋ + ⌊𝒄𝒐𝒔 (−

𝟕𝝅

𝟑
)⌋)

𝟐

= (−𝟏 + 𝟎)𝟐 = 𝟏 

𝒙𝟐 = 𝟔 →  𝑹𝑯𝑺 = (⌊𝒔𝒊𝒏 (
𝟔𝝅

𝟕
)⌋ + ⌊𝒄𝒐𝒔(𝟒𝝅)⌋)

𝟐

= (𝟎 + 𝟏)𝟐 = 𝟏 

𝒙 → (−
𝟕

𝟐
; 𝟔) 

780. Find  𝒙, 𝒚, 𝒛 ∈ 𝑹+   such that: 

   {

√𝟑(𝒙 − 𝒚) ≤ 𝟏 + 𝒙𝒚

√𝟑(𝒚 − 𝒛) ≤ 𝟏 + 𝒚𝒛

√𝟑(𝟏 + 𝒙𝒛) ≤ 𝒙 − 𝒛

 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

{
  
 

  
 
𝒙 − 𝒚

𝟏 + 𝒙𝒚
≤
𝟏

√𝟑
𝒚 − 𝒛

𝟏 + 𝒚𝒛
≤
𝟏

√𝟑
𝒙 − 𝒛

𝟏 + 𝒙𝒛
≥ √𝟑

→ 𝐭𝐚𝐧(𝐚 − 𝐛) =
𝐭𝐚𝐧(𝒂) − 𝐭𝐚𝐧(𝒃)

𝟏 + 𝐭𝐚𝐧(𝐚) 𝐭𝐚𝐧(𝒃)
. →  {

𝒙 = 𝐭𝐚𝐧(𝛂)

𝐲 = 𝐭𝐚𝐧(𝛃)

𝐳 = 𝐭𝐚𝐧(𝛄)
 

𝒙, 𝒚, 𝒛 ∈ 𝑹+ → 𝜶,𝜷, 𝜸 ∈ (𝟎;
𝝅

𝟐
) 

{
 
 

 
 𝐭𝐚𝐧(𝜶 − 𝜷) ≤

𝟏

√𝟑

𝐭𝐚𝐧(𝜷 − 𝜸) ≤
𝟏

√𝟑

𝐭𝐚𝐧(𝜶 − 𝜸) ≥ √𝟑

→ 

{
 
 

 
 𝜶− 𝜷 ≤

𝝅

𝟔

𝜷 − 𝜸 ≤
𝝅

𝟔

𝜶− 𝜸 ≥
𝝅

𝟑

→ {
𝜶 − 𝜷 + 𝜷 − 𝜸 ≤

𝝅

𝟑

𝜶− 𝜸 ≥
𝝅

𝟑

→ {
𝜶 − 𝜸 ≤

𝝅

𝟑

𝜶− 𝜸 ≥
𝝅

𝟑

 

𝜶− 𝜸 =
𝝅

𝟑
, 𝜶 − 𝜷 =

𝝅

𝟔
, 𝜷 − 𝜸 =

𝝅

𝟔
 

𝟏.   √𝟑𝒙 − √𝟑𝒚 − 𝒙𝒚 = 𝟏    𝒚 =
𝒙√𝟑 − 𝟏

𝒙 + √𝟑
  𝒚 ∈ 𝑹+  𝒙 >

𝟏

√𝟑
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𝟐.   𝒙 − 𝒛 = √𝟑(𝟏 + 𝒙𝒛)   𝒛 =
𝒙 − √𝟑

𝒙√𝟑+ 𝟏
   𝒛 ∈ 𝑹+  𝒙 > √𝟑 

𝒙 > √𝟑 

𝑻𝒉𝒆 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒔𝒆𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒔𝒚𝒔𝒕𝒆𝒎:  𝒙, 𝒚, 𝒛 ∈ 𝑹+ → (𝒙 > √𝟑;  
𝒙√𝟑 − 𝟏

𝒙 + √𝟑
;
𝒙 − √𝟑

𝒙√𝟑 + 𝟏
) 

781. Solve for positive numbers: 

{
𝒙√𝒙
𝟑

+ 𝒚√𝒚
𝟑 = 𝟏𝟔𝟐

𝒙√𝒚
𝟑 + 𝒚√𝒙

𝟑
= 𝟏𝟔𝟐  

 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒂𝟑 = 𝒙,𝒃𝟑 = 𝒚 𝒕𝒉𝒆𝒏 𝒂𝒃𝒐𝒗𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒄𝒂𝒏 𝒃𝒆 𝒘𝒓𝒊𝒕𝒕𝒆𝒏 𝒂𝒔 
 

 𝒂𝟒 + 𝒃𝟒 = 𝟏𝟔𝟐 (𝟏) 
𝒂𝒃(𝒂𝟐 + 𝒃𝟐) = 𝟏𝟔𝟐 (𝟐) 

 

 𝒂𝟒 + 𝒃𝟒 = 𝟏𝟔𝟐 𝒐𝒓 (𝒂𝟐 + 𝒃𝟐)𝟐 − 𝟐𝒂𝟐𝒃𝟐 = 𝟏𝟔𝟐 𝒐𝒓 𝒔𝟐 − 𝟐𝒑𝟐 =
𝒔=𝒂𝟐+𝒃𝟐,𝒑=𝒂𝒃

 𝟏𝟔𝟐  
 

𝑭𝒓𝒐𝒎 (𝟐) 𝒑𝒔 = 𝟏𝟔𝟐 𝒐𝒓 𝒔 =
𝟏𝟔𝟐

𝒑
 

 𝒔𝟐 − 𝟐𝒑𝟐 = 𝟏𝟔𝟐 𝒐𝒓 (
𝟏𝟔𝟐

𝒑
)
𝟐

− 𝟐𝒑𝟐 = 𝟏𝟔𝟐 𝒐𝒓 𝟐𝒑𝟒 + 𝟏𝟔𝟐𝒑𝟐 − 𝟏𝟔𝟐𝟐 = 𝟎 

 𝒑𝟒 + 𝟖𝟏𝒑𝟐 − 𝟏𝟑𝟏𝟐𝟐 = 𝟎 𝒐𝒓 𝒕𝟐 + 𝟖𝟏𝒕 − 𝟏𝟑𝟏𝟐𝟐 =
𝒕=𝒑𝟐

𝟎  
 

𝒕 = 𝒑𝟐 =
−𝟖𝟏 ± 𝟐𝟒𝟑

𝟐
 𝒐𝒓 𝒕 = 𝒑𝟐 = 𝟖𝟏 (𝒕𝒂𝒌𝒊𝒏𝒈 positive 𝒗𝒂𝒍𝒖𝒆) 𝒐𝒓 

 𝒑 = 𝟗 𝒂𝒏𝒅 𝒔 =
𝟏𝟔𝟐

𝒑
= 𝟏𝟖 

  𝒑 = 𝒂𝟐 + 𝒃𝟐 = 𝟏𝟖, 𝒔 = 𝒂𝒃 = 𝟗 
 

  (𝒂 − 𝒃)𝟐 = 𝒂𝟐 + 𝒃𝟐 − 𝟐𝒂𝒃 = 𝟏𝟖 − 𝟏𝟖 = 𝟎 𝒐𝒓 𝒂 = 𝒃  
 

𝒕𝒉𝒆𝒏 𝒂 = 𝒃 = √𝟗 = 𝟑 𝒂𝒏𝒅 𝒙 = 𝒂𝟑 = 𝟐𝟕, 𝒚 = 𝒃𝟑 = 𝟐𝟕 
 

782. If 𝒂 > 1 fixed then solve fror real numbers: 
 

√𝒂𝒙 − 𝟏 + √𝒂𝒙 + 𝟏 = √𝟐 
 

Proposed by Marin Chirciu-Romania 
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Solution by Tapas Das-India 
 

𝑫𝒐𝒎𝒂𝒊𝒏 𝒂𝒙 − 𝟏 ≥ 𝟎 𝒐𝒓, 𝒂𝒙 ≥ 𝟏 𝒐𝒓, 𝒙 ≥ 𝟎 𝒂𝒔 𝒂 > 1 
 

 𝑳𝒆𝒕 𝒚 = 𝒂𝒙 𝒕𝒉𝒆𝒏 √𝒂𝒙 − 𝟏 + √𝒂𝒙 + 𝟏 = √𝟐   

√𝒚 − 𝟏 + √𝒚 + 𝟏 = √𝟐  𝒐𝒓 (√𝒚 − 𝟏 + √𝒚 + 𝟏)
𝟐
= (√𝟐 )

𝟐
 

 

 𝒚 + 𝟏 + 𝒚 − 𝟏 + 𝟐√𝒚𝟐 − 𝟏 = 𝟐  
 

𝒚 + √𝒚𝟐 − 𝟏 = 𝟏 𝒐𝒓 √𝒚𝟐 − 𝟏 = 𝟏 − 𝒚  
 

 𝑳.𝑯. 𝑺 ≥ 𝟎 ⇒ 𝑹.𝑯. 𝑺 ≥ 𝟎 𝒐𝒓  𝟏 − 𝒚 ≥ 𝟎 𝒐𝒓 𝒚 ≤ 𝟏  
 

𝑩𝒖𝒕 𝒚 = 𝒂𝒙 (𝒂 > 1) ≥ 𝟏 𝒔𝒐 𝒘𝒆 𝒄𝒂𝒏 𝒔𝒂𝒚 𝒚 = 𝟏 𝒐𝒓 𝒂𝒙 = 𝟏 𝒐𝒓 𝒙 = 𝟎 (𝒂𝒔 𝒂 > 1). 

 
783. Solve for real numbers: 

𝐜𝐨𝐭𝟐(𝒙) = ⌊𝐜𝐨𝐬𝟐(𝐱)⌋ + {𝐬𝐢𝐧𝟐(𝐱)} 
⌊∗⌋ − 𝒇𝒍𝒐𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 ,     {∗} −  𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒂𝒍 𝒑𝒂𝒓𝒕 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

⌊𝐜𝐨𝐬𝟐(𝒙)⌋ → 𝟎 ≤ 𝐜𝐨𝐬𝟐(𝒙) ≤ 𝟏; {𝐬𝐢𝐧𝟐(𝒙)} → 𝟎 ≤ 𝐬𝐢𝐧𝟐(𝒙) ≤ 𝟏  

{𝐬𝐢𝐧𝟐(𝐱)} = 𝐬𝐢𝐧𝟐(𝐱) − ⌊𝐬𝐢𝐧𝟐(𝐱)⌋, 𝟎 ≤ 𝐬𝐢𝐧𝟐(𝒙) < 1 ⟶ ⌊𝐬𝐢𝐧𝟐(𝐱)⌋ = 𝟎 

{𝐬𝐢𝐧𝟐(𝒙)} = 𝐬𝐢𝐧𝟐(𝒙) − 𝟎 = 𝐬𝐢𝐧𝟐(𝒙) 

𝐜𝐨𝐭(𝒙) =
𝐜𝐨𝐬(𝒙)

𝐬𝐢𝐧(𝒙)
→ 𝐬𝐢𝐧(𝒙) ≠ 𝟎  𝒙 ≠ 𝝅𝒌 → ⌊𝐜𝐨𝐬𝟐(𝒙)⌋ = 𝟎 

𝐜𝐨𝐭𝟐(𝒙) = ⌊𝐜𝐨𝐬𝟐(𝐱)⌋ + {𝐬𝐢𝐧𝟐(𝐱)}, 𝐜𝐨𝐭𝟐(𝐱) = 𝐬𝐢𝐧𝟐(𝐱) 

𝐜𝐨𝐬𝟐(𝒙) = 𝐬𝐢𝐧𝟒(𝒙) →  𝐬𝐢𝐧𝟒(𝒙) + 𝐬𝐢𝐧𝟐(𝒙) − 𝟏 = 𝟎 

𝐬𝐢𝐧𝟐(𝒙) = 𝒕 →  𝒕𝟐 + 𝒕 − 𝟏 = 𝟎, 𝒕𝟏;𝟐 =
−𝟏 ± √𝟓

𝟐
  

𝒕 ≠
−𝟏 − √𝟓

𝟐
< 0, 𝑡 =

−𝟏 + √𝟓

𝟐
> 0 

𝒕 =
√𝟓 − 𝟏

𝟐
   𝐬𝐢𝐧𝟐(𝒙) = 𝒕 → 𝐬𝐢𝐧(𝒙) = ±√

√𝟓 − 𝟏

𝟐
  

𝒙𝟏 = ±𝐚𝐫𝐜𝐬𝐢𝐧√
√𝟓− 𝟏

𝟐
+ 𝝅𝒌  

 𝐬𝐢𝐧²(𝐱) = 𝟏 → 𝐬𝐢𝐧(𝒙) = ±𝟏  𝐜𝐨𝐬(𝒙) = 𝟎   
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𝐜𝐨𝐬𝟐(𝒙)

𝐬𝐢𝐧𝟐(𝐱)
= ⌊𝐜𝐨𝐬𝟐(𝒙)⌋ + {𝐬𝐢𝐧𝟐(𝒙)}, 𝟎 = ⌊𝟎⌋ + {𝟏} = 𝟎 

𝒙𝟏 = ±𝐚𝐫𝐜𝐬𝐢𝐧√
𝟏

𝝋
+ 𝝅𝒌, 𝒙𝟐 =

𝝅

𝟐
+ 𝝅𝒌;    𝒌 ∈ 𝒁 

 

784. Let be 𝒇,𝒈, 𝒑:ℝ → ℝ, bijectifs functions such that: 

𝒑(𝒙) = 𝟏𝟑𝒙 − 𝟏𝟓, 𝒇−𝟏(−𝟏) = 𝟏. 𝟓, 

 𝒇 (𝒈𝟐(𝒙) − 𝟐𝒈(𝒙)) =
𝟑(𝒙 + 𝟏)

𝟑𝒙 + 𝟐
, 𝒙 ∈ ℝ − {𝟏,−

𝟐

𝟑
} 

Find:    𝒑 (𝒈−𝟏(𝟏)). 

Proposed by Amin Hajiyev-Azerbaijan 
Solution by Shirvan Tahirov-Azerbaijan 

𝒇(𝒈𝟐(𝒙) − 𝟐𝒈(𝒙)) =
𝟑(𝒙 + 𝟏)

𝟑𝒙 + 𝟐
= 𝒕 

𝒙 =
𝟑𝒕−𝟏 + 𝟑

𝟑𝒕−𝟏 + 𝟐
 →  

{
 
 

 
 
𝟑𝒙𝒕−𝟏 − 𝟑𝒕−𝟏 + 𝟐𝒙 = 𝟑
𝟑𝒙𝒕−𝟏 − 𝟑𝒕−𝟏 = 𝟑 − 𝟐𝒙
𝒕−𝟏(𝟑𝒙 − 𝟑) = 𝟑 − 𝟐𝒙

𝒕−𝟏 =
𝟑 − 𝟐𝒙

𝟑𝒙 − 𝟑

 

𝒇−𝟏 (𝒈𝟐(𝒙) − 𝟐𝒈(𝒙)) =
𝟑 − 𝟐𝒙

𝟑𝒙 − 𝟑
 

𝒑(𝒈−𝟏(𝟏))  →   𝒈−𝟏(𝟏) = 𝒙  , 𝒈(𝒙) = 𝟏 

𝟑 − 𝟐𝒙

𝟑𝒙 − 𝟑
= 𝟏. 𝟓 →  {

𝟒. 𝟓𝒙 − 𝟒. 𝟓 = 𝟑 − 𝟐𝒙

𝒙 =
𝟏𝟓

𝟏𝟑

 

𝒈(
𝟏𝟓

𝟏𝟑
) = 𝟏,   𝒈−𝟏(𝟏) =

𝟏𝟓

𝟏𝟑
 

𝒑 (𝒈−𝟏(𝟏)) = 𝒑(
𝟏𝟓

𝟏𝟑
) = 𝟏𝟑.

𝟏𝟓

𝟏𝟑
− 𝟏𝟓 = 𝟎 

 

785. Find  𝒙, 𝒚, 𝒛 ∈ 𝒁 such that: 

𝒙𝟒 + 𝒚𝟒 = 𝟐𝟏 − 𝒙𝟐𝒚𝟐 
 

Proposed by Bui Hong Suc-Vietnam 
Solution by Tapas Das-India 
 

 𝒙𝟒 + 𝒚𝟒 = 𝟐𝟏 − 𝒙𝟐𝒚𝟐  𝒐𝒓, 𝒙𝟒 + 𝒚𝟒 + 𝒙𝟐𝒚𝟐 = 𝟐𝟏 

 𝒐𝒓, 𝒂𝟐 + 𝒃𝟐 + 𝒂𝒃 =
𝒂=𝒙𝟐≥𝟎,𝒃=𝒚𝟐≥𝟎

𝟐𝟏 (𝟏) 
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𝒇𝒐𝒓 𝒂 = 𝟎  𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 𝒃𝟐 = 𝟐𝟏 ≠ 𝒁 𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏  
 

𝒇𝒐𝒓 𝒂 = 𝟏 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 𝟏 + 𝒃𝟐 + 𝒃 = 𝟐𝟏 𝒐𝒓, (𝒃 − 𝟒)(𝒃 + 𝟓) = 𝟎 𝒐𝒓, 𝒃 = 𝟒  
(𝒂𝒔 𝒃 = −𝟓 ≠ 𝒁) 

 

𝒇𝒐𝒓 𝒂 = 𝟐 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 𝟒 + 𝒃𝟐 + 𝟐𝒃 = 𝟐𝟏 𝒐𝒓, 𝒃𝟐 + 𝟐𝒃 − 𝟏𝟕 = 𝟎  
𝑫𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = 𝑫 = 𝟐𝟐 − 𝟒.𝟏. (−𝟏𝟕) = 𝟕𝟐 𝒏𝒐𝒕 𝒂 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆 , 

 𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏  
 

𝒇𝒐𝒓 𝒂 = 𝟑 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 𝟗 + 𝒃𝟐 + 𝟑𝒃 = 𝟐𝟏 𝒐𝒓, 𝒃𝟐 + 𝟑𝒃 − 𝟏𝟐 = 𝟎  
𝑫𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = 𝑫 = 𝟑𝟐 − 𝟒.𝟏. (−𝟏𝟐) = 𝟓𝟕 𝒏𝒐𝒕 𝒂 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆 , 

 𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏  
 

𝒇𝒐𝒓 𝒂 = 𝟒 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 𝒃𝟐 + 𝟒𝒃 − 𝟓 = 𝟎  𝒐𝒓, (𝒃 − 𝟏)(𝒃 + 𝟓) = 𝟎 𝒐𝒓, 𝒃 = 𝟏 
(𝒂𝒔 𝒃 = −𝟓 ≠ 𝒁)  

 𝒇𝒐𝒓 𝒂 ≥ 𝟓 𝑳. 𝑯. 𝑺 𝒐𝒇 (𝟏) ≥ 𝟐𝟏 𝒏𝒐𝒕 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 
 

𝒏𝒐𝒘 𝒂 = 𝟏, 𝒃 = 𝟒 ⇒  𝒙𝟐 = 𝟏,𝒚𝟐 = 𝟒 𝒐𝒓, 𝒙 = ±𝟏, 𝒚 = ±𝟐 
 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: (𝟏, 𝟐), (𝟏, −𝟐), (−𝟏, 𝟐), (−𝟏, −𝟐) 

 

𝒏𝒐𝒘 𝒂 = 𝟒, 𝒃 = 𝟏 ⇒  𝒙𝟐 = 𝟒,𝒚𝟐 = 𝟏 𝒐𝒓, 𝒙 = ±𝟐, 𝒚 = ±𝟏 
 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: (𝟐, 𝟏), (𝟐, −𝟏), (−𝟐, 𝟏), (−𝟐, −𝟏) 

 

786. Solve for integers: 
 

{
(𝒙 + 𝒚 + 𝒛)𝟐 + (𝒙 − 𝒚 + 𝒛)𝟐 − 𝟏𝟖(𝒛 − 𝟏)(𝟓 − 𝒛) = 𝟐𝒚𝟐

 𝒙 + 𝒚 − 𝒛 = 𝟒
 

 
Proposed by Bui Hong Suc-Vietnam 

Solution by Tapas Das-India 
 

 (𝒙 + 𝒚 + 𝒛)𝟐 + (𝒙 − 𝒚 + 𝒛)𝟐 − 𝟏𝟖(𝒛 − 𝟏)(𝟓 − 𝒛) = 𝟐𝒚𝟐  
𝒐𝒓, 𝟐((𝒙 + 𝒛)𝟐 − 𝒚𝟐) − 𝟏𝟖(𝒛 − 𝟏)(𝟓 − 𝒛) = 𝟐𝒚𝟐   

𝒐𝒓, (𝒙 + 𝒛)𝟐 = 𝟗(𝒛 − 𝟏)(𝟓 − 𝒛)  

𝒐𝒓, (𝟒 + 𝟐𝒛 − 𝒚)𝟐 =
𝒙+𝒚−𝒛=𝟒

 𝟗(𝒛 − 𝟏)(𝟓 − 𝒛)  (𝟏) 
 

𝒏𝒐𝒘 𝑳. 𝑯. 𝑺 ≥ 𝟎 𝒔𝒐 𝑹. 𝑯. 𝑺 ≥ 𝟎 𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 (𝒛 − 𝟏)(𝟓 − 𝒛) ≥ 𝟎 𝒐𝒓, 𝟏 ≤ 𝒛 ≤ 𝟓 
 
 𝒘𝒉𝒆𝒏 𝒛 = 𝟏,𝑹. 𝑯. 𝑺 = 𝟎 𝒔𝒐 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 (𝟔 − 𝒚)𝟐 = 𝟎 𝒐𝒓, 𝒚 = 𝟔 

 𝒂𝒏𝒅 𝒙 = 𝟒 + 𝒛 − 𝒚 = 𝟒 + 𝟏 − 𝟔 = −𝟏 , 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝒚, 𝒛) = (−𝟏, 𝟔, 𝟏) 
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 𝒘𝒉𝒆𝒏 𝒛 = 𝟐,𝑹. 𝑯. 𝑺 = 𝟐𝟕 𝒔𝒐 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 (𝟖 − 𝒚)𝟐 = 𝟐𝟕 
𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒆𝒙𝒊𝒔𝒕  

 
 𝒘𝒉𝒆𝒏 𝒛 = 𝟑,𝑹. 𝑯. 𝑺 = 𝟑𝟔 𝒔𝒐 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 (𝟏𝟎 − 𝒚)𝟐 = 𝟑𝟔 𝒐𝒓, 𝒚 = 𝟒, 𝟏𝟔 

 𝒂𝒏𝒅 𝒙 = 𝟒 + 𝒛 − 𝒚 =
𝒚=𝟒

𝟒 + 𝟑 − 𝟒 = 𝟑 , 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙,𝒚, 𝒛) = (𝟑, 𝟒, 𝟑) 

 𝒂𝒏𝒅 𝒙 = 𝟒 + 𝒛 − 𝒚 =
𝒚=𝟏𝟔

𝟒 + 𝟑 − 𝟏𝟔 = −𝟗 , 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝒚, 𝒛) = (−𝟗, 𝟏𝟔, 𝟑) 
 

 𝒘𝒉𝒆𝒏 𝒛 = 𝟒,𝑹. 𝑯. 𝑺 = 𝟐𝟕 𝒔𝒐 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 (𝟏𝟐 − 𝒚)𝟐 = 𝟐𝟕 
𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒆𝒙𝒊𝒔𝒕  

 

 𝒘𝒉𝒆𝒏 𝒛 = 𝟓,𝑹. 𝑯. 𝑺 = 𝟎 𝒔𝒐 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 (𝟏𝟒 − 𝒚)𝟐 = 𝟎 𝒐𝒓, 𝒚 = 𝟏𝟒 
 𝒂𝒏𝒅 𝒙 = 𝟒 + 𝒛 − 𝒚 = 𝟒 + 𝟓 − 𝟏𝟒 = −𝟓  

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙, 𝒚, 𝒛) = (−𝟓, 𝟏𝟒, 𝟓) 

787. Solve for integers: 
 

(𝒙 + 𝟏)(𝒙 + 𝟐)(𝒙 + 𝟑)(𝒙 + 𝟒) = 𝒚𝟐 − 𝟏𝟐 
 

Proposed by Bui Hong Suc-Vietnam 
Solution by Tapas Das-India 
 

(𝒙 + 𝟏)(𝒙 + 𝟒) = 𝒙𝟐 + 𝟓𝒙 + 𝟒  
(𝒙 + 𝟐)(𝒙 + 𝟑) = 𝒙𝟐 + 𝟓𝒙 + 𝟔 ,  

𝑳𝒆𝒕 𝒖 = 𝒙𝟐 + 𝟓𝒙 + 𝟓  𝒕𝒉𝒆𝒏 (𝒙 + 𝟏)(𝒙 + 𝟒) = 𝒖 − 𝟏 & (𝒙 + 𝟐)(𝒙 + 𝟑) = 𝒖 + 𝟏 
 (𝒙 + 𝟏)(𝒙 + 𝟐)(𝒙 + 𝟑)(𝒙 + 𝟒) = 𝒚𝟐 − 𝟏𝟐 

𝒐𝒓, (𝒖 + 𝟏)(𝒖 − 𝟏) = 𝒚𝟐 − 𝟏𝟐 
𝒐𝒓, 𝒖𝟐 − 𝟏 = 𝒚𝟐 − 𝟏𝟐 𝒐𝒓, 𝒚𝟐 − 𝒖𝟐 = 𝟏𝟏 

 
𝟏𝟏 𝒊𝒔 𝒂 𝒑𝒓𝒊𝒎𝒆 𝒏𝒖𝒎𝒃𝒆𝒓 , 𝒔𝒐 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒑𝒂𝒊𝒓𝒔 𝒂𝒓𝒆 ∶ 

 
(𝒚 − 𝒖, 𝒚 + 𝒖) = (𝟏, 𝟏𝟏), (−𝟏, −𝟏𝟏), (𝟏𝟏, 𝟏), (−𝟏𝟏,−𝟏) 

𝒚 − 𝒖 = 𝟏, 𝒚 + 𝒖 = 𝟏𝟏 ⇒ 𝒚 = 𝟔,𝒖 = 𝟓 
𝒚 − 𝒖 = −𝟏, 𝒚 + 𝒖 = −𝟏𝟏 ⇒ 𝒚 = −𝟔,𝒖 = 𝟓 
𝒚 − 𝒖 = 𝟏𝟏, 𝒚 + 𝒖 = 𝟏 ⇒ 𝒚 = 𝟔,𝒖 = −𝟓 

𝒚 − 𝒖 = −𝟏𝟏, 𝒚 + 𝒖 = −𝟏 ⇒ 𝒚 = −𝟔,𝒖 = 𝟓 
 

𝒇𝒐𝒓 𝒖 = 𝟓 & 𝑦 = 6 , 𝑦 = −6 𝑤𝑒 𝑔𝑒𝑡 𝒙𝟐 + 𝟓𝒙 + 𝟓 = 𝟓 𝒐𝒓, 𝒙 = 𝟎, −𝟓  
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝒙,𝒚) = (𝟎, 𝟔), (𝟎,−𝟔), (−𝟓, 𝟔), (−𝟓, −𝟔) 

 

𝒇𝒐𝒓 𝒖 = −𝟓 & 𝑦 = 6 𝑤𝑒 𝑔𝑒𝑡 𝒙𝟐 + 𝟓𝒙 + 𝟓 = −𝟓 𝒐𝒓, 𝒙𝟐 + 𝟓𝒙 + 𝟏𝟎 = 𝟎 
𝑫𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = −𝟏𝟓 𝒏𝒐 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒆𝒙𝒊𝒔𝒕 
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𝒇𝒐𝒓 𝒖 = 𝟓 & 𝑦 = 6 𝑤𝑒 𝑔𝑒𝑡 𝒙𝟐 + 𝟓𝒙 + 𝟓 = 𝟓 𝒐𝒓, 𝒙 = 𝟎,−𝟓   
 

 
 
788. Solve for integers: 
 

𝒙𝟒 + 𝟔𝒙𝟑 + 𝟏𝟑𝒙𝟐 − 𝟒𝒚𝟐 + 𝟏𝟐𝒙 + 𝟖𝒚 + 𝟏𝟐 = 𝟎 
 

Proposed by Bui Hong Suc-Vietnam 
Solution by Tapas Das-India 
 

𝒙𝟒 + 𝟔𝒙𝟑 + 𝟏𝟑𝒙𝟐 − 𝟒𝒚𝟐 + 𝟏𝟐𝒙 + 𝟖𝒚+ 𝟏𝟐 = 𝟎  
𝒐𝒓, (𝒙𝟐 + 𝟑𝒙 + 𝟐)𝟐 − 𝟒(𝒚 − 𝟏)𝟐 = −𝟏𝟐  
𝒐𝒓, 𝟒(𝒚 − 𝟏)𝟐 − (𝒙𝟐 + 𝟑𝒙 + 𝟐)𝟐 = 𝟏𝟐 

𝒐𝒓, 𝟒(𝒚 − 𝟏)𝟐 − ((𝒙 + 𝟏)(𝒙 + 𝟐))
𝟐
= 𝟏𝟐 (𝟏) 

 
𝒄𝒍𝒆𝒂𝒓𝒍𝒚 (𝒙 + 𝟏), (𝒙 + 𝟐) 𝒂𝒓𝒆 𝒕𝒘𝒐 𝒄𝒐𝒏𝒔𝒆𝒄𝒖𝒕𝒊𝒗𝒆 𝒏𝒖𝒎𝒃𝒆𝒓𝒔 

 𝒔𝒐 (𝒙 + 𝟏)(𝒙 + 𝟐)𝒊𝒔 𝒎𝒖𝒍𝒕𝒊𝒑𝒍𝒆 𝒐𝒇 𝟐 , 𝒍𝒆𝒕 (𝒙 + 𝟏)(𝒙 + 𝟐) = 𝟐𝒎 ,𝒎 ∈ 𝒁 
 𝒇𝒓𝒐𝒎 (𝟏)𝒘𝒆 𝒈𝒆𝒕 𝟒(𝒚 − 𝟏)𝟐 − 𝟒𝒎𝟐 = 𝟏𝟐  𝒐𝒓, (𝒚 − 𝟏)𝟐 −𝒎𝟐 = 𝟑 

𝒐𝒓, (𝒚 − 𝟏 +𝒎)(𝒚 − 𝟏 −𝒎) = 𝟑 
 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝒑𝒂𝒊𝒓𝒔 𝒂𝒓𝒆: 

 (𝒚 − 𝟏 +𝒎)(𝒚 − 𝟏 −𝒎) = (𝟑, 𝟏), (−𝟏, −𝟑), (−𝟑,−𝟏), (𝟏, 𝟑) 
 
𝒚 − 𝟏 +𝒎 = 𝟑, 𝒚 − 𝟏 −𝒎 = 𝟏 ⇒ 𝒚 − 𝟏 = 𝟐,𝒎 = 𝟏 𝒐𝒓, 𝒚 = 𝟑,𝒎 = 𝟏 

𝒎 = 𝟏 ⇒ (𝒙 + 𝟏)(𝒙 + 𝟐) = 𝟐𝒎 𝒐𝒓, 𝒙𝟐 + 𝟑𝒙 + 𝟐 = 𝟐 𝒐𝒓, 𝒙 = −𝟑, 𝟎 
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚) = (−𝟑, 𝟑), (𝟎, 𝟑) 

 
𝒚 − 𝟏 +𝒎 = −𝟏,𝒚 − 𝟏 −𝒎 = −𝟑 ⇒ 𝒚 − 𝟏 = −𝟐,𝒎 = 𝟏 𝒐𝒓, 𝒚 = −𝟏,𝒎 = 𝟏 

𝒎 = 𝟏 ⇒ (𝒙 + 𝟏)(𝒙 + 𝟐) = 𝟐𝒎 𝒐𝒓, 𝒙𝟐 + 𝟑𝒙 + 𝟐 = 𝟐 𝒐𝒓, 𝒙 = −𝟑, 𝟎 
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚) = (−𝟑, −𝟏), (𝟎,−𝟏) 

 
𝒚 − 𝟏 +𝒎 = −𝟑, 𝒚 − 𝟏 −𝒎 = −𝟏 ⇒ 𝒚 − 𝟏 = −𝟐,𝒎 = −𝟏 𝒐𝒓, 𝒚 = 𝟑,𝒎 = −𝟏 
𝒎 = −𝟏 ⇒ (𝒙 + 𝟏)(𝒙 + 𝟐) = 𝟐𝒎 𝒐𝒓, 𝒙𝟐 + 𝟑𝒙 + 𝟐 = −𝟐 𝒐𝒓, 𝒙𝟐 + 𝟑𝒙 + 𝟒 = 𝟎 
𝑫𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = 𝟗 − 𝟏𝟔 < 0 𝑛𝑜 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑎𝑛𝑑 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑝𝑎𝑖𝑟 (𝟑, 𝟏) 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚) = (−𝟑, 𝟑), (𝟎, 𝟑), (−𝟑,−𝟏), (𝟎,−𝟏) 
 

789. If 𝝀 ∈ ℕ, 𝝀 ≥ 𝟐 then solve for naturals: 
𝟏

𝟏 + 𝟐
+

𝟏

𝟏 + 𝟐 + 𝟑
+ ⋯+

𝟏

𝟏 + 𝟐 + 𝟑 +⋯+ 𝒙
=

𝟐𝝀

𝟐𝝀 + 𝟏
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Proposed by Marin Chirciu-Romania 
Solution by Amin Hajiyev-Azerbaijan 

𝟏 +
𝟏

𝟏 + 𝟐
+

𝟏

𝟏 + 𝟐 + 𝟑
+⋯+

𝟏

𝟏 + 𝟐 + 𝟑 +⋯+ 𝒙
=
𝟒𝝀 + 𝟏

𝟐𝝀 + 𝟏
 

∑
𝟏

∑ 𝒌𝒏
𝒌=𝟏

𝒙

𝒏=𝟏

=
𝟒𝝀 + 𝟏

𝟐𝝀 + 𝟏
 

𝑵𝒐𝒕𝒆:→   {
𝟏 + 𝟐 + 𝟑 + ⋯+ 𝒙 = 𝑺

𝒙 + (𝒙 − 𝟏) + (𝒙 − 𝟐) +⋯+ 𝟏 = 𝑺
 

𝟐𝑺 = (𝒙 + 𝟏) + (𝒙 + 𝟏) + (𝒙 + 𝟏) +⋯+ (𝒙 + 𝟏)⏟                            
𝒙

→  𝑺 =
𝒙(𝒙 + 𝟏)

𝟐
 

∑𝒌

𝒏

𝒌=𝟏

=
𝒏(𝒏 + 𝟏)

𝟐
→  𝟐∑

𝟏

𝒏(𝒏 + 𝟏)

𝒙

𝒏=𝟏

=
𝟒𝝀 + 𝟏

𝟐𝝀 + 𝟏
 

𝟐 (∑
𝟏

𝒏

𝒙

𝒏=𝟏

−∑
𝟏

𝒏 + 𝟏

𝒙

𝒏=𝟏

)
⏟            

𝑻𝒆𝒍𝒆𝒔𝒌𝒐𝒑𝒊𝒌 𝒔𝒖𝒎

=
𝟒𝝀 + 𝟏

𝟐𝝀 + 𝟏
→ 𝟐(𝟏 −

𝟏

𝒙 + 𝟏
) =

𝟒𝝀 + 𝟏

𝟐𝝀 + 𝟏
 

𝒙 − 𝟏

𝒙 + 𝟏
=

𝟐𝝀

𝟐𝝀 + 𝟏
→  
𝒙 + 𝟏

𝒙 − 𝟏
= 𝟏 +

𝟏

𝟐𝝀
→

𝟐

𝒙 − 𝟏
=
𝟏

𝟐𝝀
  

𝒙 = 𝟒𝝀 + 𝟏 

790. Find 𝒙, 𝒚, 𝒛 ∈ 𝒁 such that: 

𝟐𝒙𝟐 + 𝟑𝒚𝟐 = 𝒛𝟐 − 𝟑𝟕 
 𝒙 − 𝒚 + 𝒛 = 𝟑  

Proposed by Bui Hong Suc-Vietnam 
Solution by Tapas Das-India 

𝟐𝒙𝟐 + 𝟑𝒚𝟐 = 𝒛𝟐 − 𝟑𝟕 𝒐𝒓, 𝟐𝒙𝟐 + 𝟑𝒚𝟐 =
 𝒙−𝒚+𝒛=𝟑 

 (𝟑 − 𝒙 + 𝒚)𝟐 − 𝟑𝟕  
𝒐𝒓, 𝟐𝒙𝟐 + 𝟑𝒚𝟐 = 𝒙𝟐 + 𝒚𝟐 + 𝟗 − 𝟔𝒙 + 𝟔𝒚 − 𝟐𝒙𝒚 − 𝟑𝟕 

 𝒐𝒓, 𝒙𝟐 + (𝟐𝒚 + 𝟔)𝒙 + 𝟐𝒚𝟐 − 𝟔𝒚 + 𝟐𝟖 = 𝟎 (𝟏) 
 

𝑫𝒊𝒔𝒄𝒓𝒊𝒎𝒊𝒏𝒂𝒏𝒕 = 𝑫 = (𝟐𝒚 + 𝟔)𝟐 − 𝟒(𝟐𝒚𝟐 − 𝟔𝒚 + 𝟐𝟖) = 𝟒(𝟏𝟕 − (𝒚 − 𝟔)𝟐)  
𝒇𝒐𝒓 𝒊𝒏𝒕𝒆𝒈𝒆𝒓 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 (𝟏𝟕 − (𝒚 − 𝟔)𝟐) ≥ 𝟎 𝒂𝒏𝒅 𝒎𝒖𝒔𝒕 𝒃𝒆 𝒑𝒆𝒓𝒇𝒆𝒄𝒕 𝒔𝒒𝒖𝒂𝒓𝒆.  

𝒇𝒐𝒓 𝒕𝒉𝒊𝒔 (𝒚 − 𝟔)𝟐 = 𝟏, 𝟏𝟔 𝒔𝒐, 𝒚 = 𝟐, 𝟓, 𝟕, 𝟏𝟎 , 𝒛 = 𝟑 − 𝒙 + 𝒚 
 
 𝒇𝒐𝒓 𝒚 = 𝟕 ∶  𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟐𝟎𝒙 + 𝟖𝟒 = 𝟎 𝒐𝒓, (𝒙 + 𝟔)(𝒙 + 𝟏𝟒) = 𝟎 𝒐𝒓, 𝒙 = −𝟔,−𝟏𝟒 

𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟔) + 𝟕 = 𝟏𝟔 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟏𝟒) + 𝟕 = 𝟐𝟒 
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟔, 𝟕, 𝟏𝟔), (−𝟏𝟒, 𝟕, 𝟐𝟒)} 

 
 𝒇𝒐𝒓 𝒚 = 𝟓: 𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟏𝟔𝒙 + 𝟒𝟖 = 𝟎 𝒐𝒓, (𝒙 + 𝟒)(𝒙 + 𝟏𝟐) = 𝟎 𝒐𝒓, 𝒙 = −𝟒,−𝟏𝟐 

𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟒) + 𝟓 = 𝟏𝟐 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟏𝟐) + 𝟓 = 𝟐𝟎 
𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟒, 𝟓, 𝟏𝟐), (−𝟒, 𝟓, 𝟐𝟎)} 
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 𝒇𝒐𝒓 𝒚 = 𝟐 ∶  𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟏𝟎𝒙 + 𝟐𝟒 = 𝟎 𝒐𝒓, (𝒙 + 𝟔)(𝒙 + 𝟒) = 𝟎 𝒐𝒓, 𝒙 = −𝟔,−𝟒 
𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟒) + 𝟐 = 𝟗 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟔) + 𝟐 = 𝟏𝟏 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟔, 𝟐, 𝟗), (−𝟒, 𝟐, 𝟏𝟏)} 
 

 𝒇𝒐𝒓 𝒚 = 𝟏𝟎 𝒇𝒓𝒐𝒎(𝟏) 𝒙𝟐 + 𝟐𝟔𝒙 + 𝟏𝟔𝟖 = 𝟎 𝒐𝒓, (𝒙 + 𝟏𝟐)(𝒙 + 𝟏𝟒) = 𝟎 𝒐𝒓, 𝒙 = −𝟏𝟒, −𝟏𝟐 
𝒂𝒏𝒅 𝒛 = 𝟑 − 𝒙 + 𝒚 = 𝟑 − (−𝟏𝟒) + 𝟏𝟎 = 𝟐𝟕 𝒂𝒏𝒅 𝒛 = 𝟑 − (−𝟏𝟐) + 𝟏𝟎 = 𝟐𝟓 

𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏 = (𝒙, 𝒚, 𝒛) = {(−𝟏𝟒, 𝟏𝟎, 𝟏𝟎), (−𝟏𝟐, 𝟏𝟎, 𝟐𝟓)} 
 

791. 
(𝟏 + 𝒙 + 𝒙𝟐 + 𝒙𝟑 +⋯+ 𝒙𝟏𝟎𝟎)𝟑 = 𝟏 + ⋯+ 𝒌𝒙𝟏𝟎𝟎 +⋯+ 𝒙𝟑𝟎𝟎 

𝒌 =? 
Proposed by Mais Hasanov-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan 

𝒇(𝒙) = (𝟏 + 𝒙 + 𝒙𝟐 +⋯+ 𝒙𝟏𝟎𝟎⏟              
𝟏𝟎𝟏

) 

𝒈(𝒙) = (𝟏 + 𝒙 + 𝒙𝟐 + 𝒙𝟑 +⋯+ 𝒙𝟏𝟎𝟎 +⋯⏟                      
∞

) 

𝒇(𝒙)(𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒙𝟏𝟎𝟎) = 𝒈(𝒙)(𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒙𝟏𝟎𝟎) 

𝒈(𝒙) = (𝟏 + 𝒙 + 𝒙𝟐 +⋯)𝟑 = (∑𝒙𝒏
∞

𝒏=𝟎

)

𝟑

= (
𝟏

𝟏− 𝒙
)
𝟑

 

𝑵𝒐𝒕𝒆:   𝒑(𝒙) = (𝟏 + 𝒙 + 𝒙𝟐 +⋯)𝒏 = (
𝟏

𝟏 − 𝒙
)
𝒏

= ∑ (
𝒎+ 𝒏− 𝟏

𝒎
)

∞

𝒎=𝟎

𝒙𝒎 

 𝒈(𝒙) = ∑ (
𝒎− 𝟏 + 𝟑

𝒎
)

∞

𝒎=𝟎

𝒙𝒎 = ∑ (
𝒎+ 𝟐
𝒎

)𝒙𝒎
∞

𝒎=𝟎

 

𝒎 = 𝟏𝟎𝟎 →  𝒈(𝒙)(𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝒙𝟏𝟎𝟎) = 𝒙𝟏𝟎𝟎 (
𝟏𝟎𝟐
𝟏𝟎𝟎

) =
𝟏𝟎𝟐!

𝟏𝟎𝟎!𝟐!
𝒙𝟏𝟎𝟎 = 𝟓𝟏𝟓𝟏𝒙𝟏𝟎𝟎 

𝒌 = 𝟓𝟏𝟓𝟏 

792. 
 
𝑰𝒇 𝒙, 𝒚 ∈ 𝒁  𝒔𝒐𝒍𝒗𝒆 : (𝒙 + 𝟏)𝟑 + (𝒚 − 𝟏)𝟑 + 𝟏 = (𝒙 + 𝒚 + 𝟏)𝟐 
 

Proposed by Sakthi Vel-India 
Solution by Amin Hajiyev-Azerbaijan 
 

(𝒙 + 𝟏)𝟑 + (𝒚 − 𝟏)𝟑 + 𝟏 = (𝒙 + 𝒚 + 𝟏)𝟐 

{
𝒙 + 𝟏 = 𝒂
𝒚 − 𝟏 = 𝒃

→ (𝒙 + 𝟏)𝟑 + (𝒚 − 𝟏)𝟑 + 𝟏 = (𝒙 + 𝟏 + 𝒚 − 𝟏 + 𝟏)𝟐 

𝒂𝟑 + 𝒃𝟑 + 𝟏 = (𝒂 + 𝒃 + 𝟏)𝟐 
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(𝒂 + 𝒃)(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) + 𝟏 = 𝒂𝟐 + 𝒃𝟐 + 𝟐𝒂𝒃 + 𝟐𝒂 + 𝟐𝒃 + 𝟏 
(𝒂 + 𝒃)(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) = (𝒂 + 𝒃)𝟐 + 𝟐(𝒂+ 𝒃) 

(𝒂 + 𝒃)(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐 − 𝒂 − 𝒃 − 𝟐) = 𝟎 → 𝒂 + 𝒃 = 𝟎 
𝟐𝒂𝟐 − 𝟐𝒂𝒃 + 𝟐𝒃𝟐 − 𝟐𝒂 − 𝟐𝒃 − 𝟒 = 𝟎 

𝒂𝟐 − 𝟐𝒂𝒃 + 𝒃𝟐 + 𝒂𝟐 − 𝟐𝒂 + 𝟏 + 𝒃𝟐 − 𝟐𝒃 + 𝟏 − 𝟔 = 𝟎 
(𝒂 − 𝒃)𝟐 + (𝒂 − 𝟏)𝟐 + (𝒃 − 𝟏)𝟐 = 𝟔 = 𝟏𝟐 + 𝟏𝟐 + 𝟐𝟐 

𝒂 − 𝒃 = ±𝟏, 𝒂 − 𝟏 = ±𝟏,𝒃 − 𝟏 = ±𝟐 → 𝒂, 𝒃 (𝟐; 𝟑)(𝟎;−𝟏) 
𝒂 − 𝒃 = ±𝟐, 𝒂 − 𝟏 = ±𝟏,𝒃 − 𝟏 = ±𝟏 → (𝟐; 𝟎)(𝟎; 𝟐) 

𝒂 − 𝒃 = ±𝟏,𝒂 − 𝟏 = ±𝟐, 𝒃 − 𝟏 = ±𝟏 →  𝒂, 𝒃 (𝟑; 𝟐)(−𝟏; 𝟎) 
𝒂, 𝒃 → (𝟐; 𝟑)(𝟎;−𝟏)(𝟐; 𝟎)(𝟎;𝟐)(𝟑; 𝟐)(−𝟏; 𝟎) 

{
𝒂 = 𝒙 + 𝟏
𝒃 = 𝒚 − 𝟏

→  𝒙, 𝒚 ∈ {(𝟐; 𝟑), (−𝟐; 𝟏), (𝟏; 𝟒), (−𝟏; 𝟎), (𝟏; 𝟏), (−𝟏; 𝟑)} 

𝒂 + 𝒃 = 𝟎 →  𝒙 + 𝒚 = 𝟎 , 𝒙 = −𝒚 
𝑮𝒆𝒏𝒆𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏: 𝒙 = −𝒚, 𝒘𝒉𝒆𝒓𝒆 𝒚 ∈ 𝒁 

793. Solve for integers: 
 

⌊√𝟏
𝟑
⌋ + ⌊√𝟐

𝟑
⌋ + ⌊√𝟑

𝟑
⌋ + ⋯+ ⌊√𝒙𝟑 − 𝟏

𝟑
⌋ = 𝟒𝟎𝟎 

𝒘𝒉𝒆𝒓𝒆 ⌊∗⌋ −  𝒇𝒍𝒐𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 
 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

⌊√𝟏
𝟑
⌋ + ⌊√𝟐

𝟑
⌋ + ⌊√𝟑

𝟑
⌋ + ⋯+ ⌊√𝒙𝟑 − 𝟏

𝟑
⌋ = 𝟒𝟎𝟎 →  ∑ ⌊√𝒌

𝟑
⌋ = 𝟒𝟎𝟎

𝒙𝟑−𝟏

𝒌=𝟏

 

𝑭𝒍𝒐𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏  ⌊√𝒌
𝟑
⌋ = 𝒏 →  𝒏 ≤ √𝒌

𝟑
< 𝑛 + 1 → 𝒏𝟑 ≤ 𝒌 < (𝒏 + 𝟏)𝟑 

𝒌 ∈ [𝒏𝟑; (𝒏 + 𝟏)𝟑) →  𝒌 ∈ [𝒏𝟑; (𝒏 + 𝟏)𝟑] 
                    The number of integers in this interval 𝑷𝒏 = (𝒏 + 𝟏)

𝟑 − 𝒏𝟑 = 𝟑𝒏𝟐 + 𝟑𝒏 + 𝟏 

√𝒙𝟑 − 𝟏
𝟑

< 𝑥 → ⌊√𝒙𝟑 − 𝟏
𝟑

⌋ = 𝒙 − 𝟏.  Thus, 𝒏   ranges from 1 to  𝒙 − 𝟏 

∑𝒏 ⋅ 𝑷𝒏

𝒙−𝟏

𝒏=𝟏

= 𝟒𝟎𝟎 →  ∑𝒏 ⋅ (𝟑𝒏𝟐 + 𝟑𝒏 + 𝟏) = 𝟒𝟎𝟎

𝒙−𝟏

𝒏=𝟏

 

𝟑 ∑𝒏𝟑
𝒙−𝟏

𝒏=𝟏

+ 𝟑∑𝒏𝟐
𝒙−𝟏

𝒏=𝟏

+∑𝒏

𝒙−𝟏

𝒏=𝟏

= 𝟒𝟎𝟎 

𝟑 ⋅
(𝒙 − 𝟏)𝟐𝒙𝟐

𝟒
+ 𝟑 ⋅

𝒙(𝒙 − 𝟏)(𝟐𝒙 − 𝟏)

𝟔
+
𝒙(𝒙 − 𝟏)

𝟐
= 𝟒𝟎𝟎 

(𝒙 − 𝟏) (
𝟑𝒙𝟑 − 𝟑𝒙𝟐

𝟒
+
𝟐𝒙𝟐 − 𝒙

𝟐
+
𝒙

𝟐
) = 𝟒𝟎𝟎 → (𝒙 − 𝟏)(𝟑𝒙𝟑 + 𝒙𝟐) = 𝟏𝟔𝟎𝟎 

𝟑𝒙𝟒 − 𝟐𝒙𝟑 − 𝒙𝟐 − 𝟏𝟔𝟎𝟎 = 𝟎 
𝟑𝒙𝟒 − 𝟏𝟓𝒙𝟑 + 𝟏𝟑𝒙𝟑 − 𝟔𝟓𝒙𝟐 + 𝟔𝟒𝒙𝟐 − 𝟏𝟔𝟎𝟎 = 𝟎 
𝟑𝒙𝟑(𝒙 − 𝟓) + 𝟏𝟑𝒙𝟐(𝒙 − 𝟓) + 𝟔𝟒(𝒙 − 𝟓)(𝒙 + 𝟓) = 𝟎 
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(𝒙 − 𝟓)(𝟑𝒙𝟑 + 𝟏𝟑𝒙𝟐 + 𝟔𝟒𝒙 + 𝟑𝟐𝟎) = 𝟎 → 𝒙𝟏 = 𝟓 
𝟑𝒙𝟑 + 𝟏𝟑𝒙𝟐 + 𝟔𝟒𝒙 + 𝟑𝟐𝟎 ≠ 𝟎 𝒂𝒔 𝒙 ∈ 𝑵, 𝑻𝒉𝒆𝒓𝒆 𝒊𝒔 𝒏𝒐 𝒐𝒕𝒉𝒆𝒓 𝒏𝒂𝒕𝒖𝒓𝒂𝒍 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏. 

 

794. If 𝝀 ∈ ℕ∗ fixed then solve for natural numbers: 
 

(𝒙 + 𝒚 + 𝒛)𝟓 − 𝒙𝟓 − 𝒚𝟓 − 𝒛𝟓

(𝒙 + 𝒚 + 𝒛)𝟑 − 𝒙𝟑 − 𝒚𝟑 − 𝒛𝟑
= 𝟏𝟎𝝀𝟐 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

  (𝒙 + 𝒚 + 𝒛)𝟓 = 𝒙𝟓 + 𝒚𝟓 + 𝒛𝟓 + 𝟓(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) 
 (𝒙 + 𝒚 + 𝒛)𝟓 − 𝒙𝟓 − 𝒚𝟓 − 𝒛𝟓 = 

= 𝟓(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙)(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)(𝟏) 
 

(𝒙 + 𝒚 + 𝒛)𝟑 = 𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑 + 𝟑(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) 
 (𝒙 + 𝒚 + 𝒛)𝟑 − 𝒙𝟑 − 𝒚𝟑 − 𝒛𝟑 = 𝟑(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒛 + 𝒙) (𝟐) 

 
(𝒙 + 𝒚 + 𝒛)𝟓 − 𝒙𝟓 − 𝒚𝟓 − 𝒛𝟓

(𝒙 + 𝒚 + 𝒛)𝟑 − 𝒙𝟑 − 𝒚𝟑 − 𝒛𝟑
= 𝟏𝟎𝝀𝟐 

𝟓

𝟑
(𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐 + 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) =

(𝟏)&(𝟐)
 𝟏𝟎𝝀𝟐(𝟑) 

𝑻𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒊𝒔 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒊𝒏 𝒙, 𝒚, 𝒛 𝒂𝒏ď 𝒉𝒐𝒎𝒐𝒈𝒆𝒏𝒆𝒖𝒔 𝒐𝒇 𝒅𝒆𝒈𝒓𝒆𝒆 𝟐 
𝒉𝒆𝒏𝒄𝒆 𝒘𝒆 𝒆𝒙𝒂𝒎𝒊𝒏𝒆 𝒔𝒚𝒎𝒎𝒆𝒕𝒓𝒊𝒄 𝒄𝒂𝒔𝒆 𝒙 = 𝒚 = 𝒛 =  𝒕(𝒔𝒂𝒚)  

𝑭𝒓𝒐𝒎 (𝟑)𝒘𝒆 𝒈𝒆𝒕 𝟔𝒕𝟐 = 𝟔𝝀𝟐 𝒐𝒓 𝒕 = 𝝀  
𝑺𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒙 = 𝒚 = 𝒛 = 𝝀  

  

795.  𝑺𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 
 

⌊𝒙⌋ ⋅ 𝒙 + ⌊𝒙⌋ ⋅ {𝒙} + {𝒙} ⋅ 𝒙 = 𝟐𝟎𝟎𝟎 
⌊∗⌋ −  𝒇𝒍𝒐𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, {∗} −  𝒇𝒓𝒂𝒄𝒕𝒊𝒐𝒏𝒂𝒍 𝒑𝒂𝒓𝒕 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 

 
Proposed by Mais Hasanov-Azerbaijan 

Solution by Amin Hajiyev-Azerbaijan 

𝒙 = ⌊𝒙⌋ + {𝒙} = 𝒏 +𝒎  {
⌊𝒙⌋ = 𝒏

{𝒙} = 𝒎,   𝟎 ≤ 𝒎 < 1
 

⌊𝒙⌋ ⋅ 𝒙 + ⌊𝒙⌋ ⋅ {𝒙} + {𝒙} ⋅ 𝒙 = 𝟐𝟎𝟎𝟎 
→   𝒏 ⋅ (𝒏 +𝒎) +𝒎 ⋅ 𝒏 +𝒎 ⋅ (𝒏 +𝒎) = 𝟐𝟎𝟎𝟎 

(𝒏 +𝒎)𝟐 +𝒎 ⋅ 𝒏 = 𝟐𝟎𝟎𝟎 →  𝒏𝟐 +𝒎𝟐 + 𝟑𝒎𝒏 = 𝟐𝟎𝟎𝟎 
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𝟎 ≤ 𝒎 < 1 →  𝑚 = 0   𝒏𝟐 = 𝟐𝟎𝟎𝟎  𝒏 = √𝟐𝟎𝟎𝟎 = 𝟐𝟎√𝟓   

𝒏 ≤ ⌊𝟐𝟎√𝟓⌋ = 𝟒𝟒 

𝒎 = 𝟏 → 𝒏𝟐 + 𝟑𝒏 − 𝟏𝟗𝟗𝟗 = 𝟎   

𝒏 =
−𝟑 + √𝟗 + 𝟕𝟗𝟗𝟔

𝟐
=
√𝟖𝟎𝟎𝟓

𝟐
− 𝟏, 𝟓 ≈

𝟖𝟗, 𝟓 − 𝟑

𝟐
≈ 𝟒𝟑. 𝟐𝟓 

𝒏 ≥ 𝟒𝟒 →  𝟒𝟒 ≤ 𝒏 ≤ 𝟒𝟒   𝒏 = 𝟒𝟒 
𝒎𝟐 + 𝟏𝟑𝟐𝒎+ 𝟏𝟗𝟑𝟔− 𝟐𝟎𝟎𝟎 = 𝟎 →  𝒎𝟐 + 𝟏𝟑𝟐𝒎 − 𝟔𝟒 = 𝟎 

𝒎 =
−𝟏𝟑𝟐 + √𝟏𝟑𝟐𝟐 + 𝟐𝟓𝟔

𝟐
=
√𝟏𝟕𝟔𝟖𝟎 − 𝟏𝟑𝟐

𝟐
=
𝟒√𝟏𝟏𝟎𝟓

𝟐
− 𝟔𝟔 = 𝟐√𝟏𝟏𝟎𝟓− 𝟔𝟔 

𝒙 = ⌊𝒙⌋ + {𝒙} = 𝒏 +𝒎 = 𝟒𝟒 + 𝟐√𝟏𝟏𝟎𝟓 − 𝟔𝟔 = 𝟐√𝟏𝟏𝟎𝟓 − 𝟐𝟐 

𝒙 = 𝟐√𝟏𝟏𝟎𝟓 − 𝟐𝟐 
 

796.  𝑷𝒓𝒐𝒗𝒆 𝒐𝒓 𝒅𝒊𝒔𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

𝑻𝒉𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 𝒙𝟑 + 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎 𝒂𝒓𝒆 𝒊𝒏 𝑨. 𝑷.  
𝒊𝒇 𝟒𝒂𝟑 = 𝟗𝒂𝒃 + 𝟐𝟕𝒄 

 
Proposed by Neculai Stanciu-Romania 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒑 − 𝒅, 𝒑, 𝒑 + 𝒅 𝒂𝒓𝒆 𝒓𝒐𝒐𝒕𝒔 𝒐𝒇 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏  𝒙𝟑 + 𝒂𝒙𝟐 + 𝒃𝒙 + 𝒄 = 𝟎  

𝒕𝒉𝒆𝒏  𝒑 − 𝒅 + 𝒑 + 𝒑 + 𝒅 = −𝒂 𝒐𝒓, 𝒅 = −
𝒂

𝟑
 (𝟏) 

 
(𝒑 − 𝒅)𝒑(𝒑 + 𝒅) = −𝒄 𝒐𝒓, 𝒑(𝒑𝟐 − 𝒅𝟐) = −𝒄 (𝟐)  

 
(𝒑 − 𝒅)𝒑 + 𝒑(𝒑 + 𝒅) + (𝒑 − 𝒅)(𝒑 + 𝒅) = 𝒃 𝒐𝒓, 𝟑𝒑𝟐 − 𝒅𝟐 = 𝒃 (𝟑) 

 

 𝒇𝒓𝒐𝒎 (𝟏)& (𝟑)𝒘𝒆 𝒈𝒆𝒕 𝒅𝟐 = 𝟑(−
𝒂

𝟑
)
𝟐

− 𝒃 =
𝒂𝟐

𝟑
− 𝒃 (𝟒) 

 

 𝑭𝒓𝒐𝒎 (𝟐)& (𝟒)𝒘𝒆 𝒈𝒆𝒕 , −
𝒂

𝟑
(
𝒂𝟐

𝟗
− (

𝒂𝟐

𝟑
− 𝒃)) = −𝒄 𝒐𝒓,−

𝒂

𝟑
(𝒃 −

𝟐𝒂𝟐

𝟗
) = −𝒄 

 

 𝒐𝒓  𝟐𝒂𝟑 = 𝟗𝒂𝒃 − 𝟐𝟕𝒄  , 𝒔𝒐 𝒕𝒉𝒆 𝒈𝒊𝒗𝒆𝒏 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏 𝒊𝒔 𝒏𝒐𝒕 𝒕𝒓𝒖𝒆. 
 

797.  𝑰𝒇 𝒙 ∈ 𝑹  𝒕𝒉𝒆𝒏 𝒔𝒐𝒍𝒗𝒆 𝒕𝒉𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏: 
 

⌊𝒙𝟐 − 𝟐⌋ + 𝟐⌊𝒙⌋ = ⌊𝒙⌋𝟐  , ⌊∗⌋ −  𝒇𝒍𝒐𝒐𝒓 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 
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Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 

𝑾𝒆 𝒉𝒂𝒗𝒆  {
𝒙 ∈ 𝑹
𝒌 ∈ 𝒁

⇒  ⌊𝒙 + 𝒌⌋ = ⌊𝒙⌋ + 𝒌 

 𝑹𝑯𝑺 = ⌊𝒙𝟐 − 𝟐⌋ = ⌊𝒙𝟐⌋ − 𝟐 

𝒏 ∈ 𝒁 → ⌊𝒙⌋ = 𝒏 
𝒏 ≤ 𝒙 < 𝑛 + 1 ⇒  𝒏𝟐 ≤ 𝒙𝟐 < (𝒏 + 𝟏)𝟐 

𝒏𝟐 ≤ 𝒙𝟐 < 𝒏𝟐 + 𝟐𝒏 + 𝟏 
𝒏𝟐 ≤ 𝒙𝟐 ≤ 𝒏𝟐 + 𝟐𝒏 

⌊𝒙𝟐⌋ = 𝟐 − 𝟐⌊𝒙⌋ + ⌊𝒙⌋𝟐 ⇒  ⌊𝒙𝟐⌋ = 𝟐 − 𝟐𝒏 + 𝒏𝟐 

𝒏𝟐 − 𝟐𝒏 + 𝟐 ≤ 𝒙𝟐 < 𝒏𝟐 − 𝟐𝒏 + 𝟑 
𝒏𝟐 ≤ 𝒏𝟐 − 𝟐𝒏 + 𝟐 ≤ 𝒏𝟐 + 𝟐𝒏 

𝒏𝟐 ≤ 𝒏𝟐 − 𝟐𝒏 + 𝟐 < 𝒏𝟐 + 𝟐𝒏 ⇒  {
𝒏 ≤ 𝟏

𝒏 ≥
𝟏

𝟐

→   𝒏 ∈ 𝒁 

𝒏 = 𝟏 ⇒  ⌊𝒙⌋ = 𝟏 , ⌊𝒙𝟐⌋ = 𝟏   

 { 𝒏𝟐 ≤ 𝒙𝟐 < 𝒏𝟐 + 𝟐𝒏 + 𝟏
𝒏𝟐 − 𝟐𝒏 + 𝟐 ≤ 𝒙𝟐 < 𝒏𝟐 − 𝟐𝒏 + 𝟑

⇒ {
𝟏 ≤ 𝒙 < 2

𝟏 ≤ 𝒙 < √𝟐
    𝒙 ∈ [𝟏; √𝟐) 

798. 

{
 
 

 
 𝒂 =

𝒙 − 𝒚√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐

𝒃 =
𝒚 − 𝒙√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐

    𝑬𝒙𝒑𝒓𝒆𝒔𝒔 𝒙 𝒂𝒏𝒅 𝒚 𝒊𝒏 𝒕𝒆𝒓𝒎𝒔 𝒐𝒇 𝒂 𝒂𝒏𝒅 𝒃 

Proposed by Mais Hasanov-Azerbaijan 
Solution by Amin Hajiyev-Azerbaijan 
 

{
 
 

 
 𝒂 =

𝒙 − 𝒚√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐

𝒃 =
𝒚 − 𝒙√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐

  ⇒    

{
 
 

 
 𝒂 =

𝒙

√𝟏 − 𝒙𝟐 + 𝒚𝟐
−

𝒚√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐

𝒃 =
𝒚

√𝟏 − 𝒙𝟐 + 𝒚𝟐
−

𝒙√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐

 

𝒌 =
𝟏

√𝟏 − 𝒙𝟐 + 𝒚𝟐
 , 𝒎 =

√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐
 

{
𝒌𝒙 −𝒎𝒚 = 𝒂
−𝒎𝒙 + 𝒌𝒚 = 𝒃

    ⇒      (
𝒌  −𝒎
−𝒎   𝒌

) (
𝒙
𝒚) = (

𝒂
𝒃
) ⇒  𝑨 ⋅ 𝑩 = 𝑪  

𝑨 = (
𝒌  −𝒎
−𝒎   𝒌

) →  𝑫𝒆𝒕(𝑨) = 𝒌𝟐 −𝒎𝟐 =
𝟏

𝟏 − 𝒙𝟐 + 𝒚𝟐
−

𝒙𝟐 − 𝒚𝟐

𝟏 − 𝒙𝟐 + 𝒚𝟐
= 𝟏 ≠ 𝟎 

𝑨−𝟏 ⋅ 𝑪 = 𝑩 ⇒ 𝑨−𝟏 =
𝟏

𝑫𝒆𝒕(𝑨)
(
𝒌  𝒎
𝒎   𝒌

) ⇒   (
𝒌   𝒎
𝒎   𝒌

) (
𝒂
𝒃
) = (

𝒙
𝒚) 
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{
𝒌𝒂 +𝒎𝒃 = 𝒙
𝒎𝒂 + 𝒌𝒃 = 𝒚

⇒   𝒙𝟐 − 𝒚𝟐 = (𝒌𝒂+𝒎𝒃)𝟐 − (𝒎𝒂 + 𝒌𝒃)𝟐

= 𝒂𝟐(𝒌𝟐 −𝒎𝟐) − 𝒃𝟐(𝒌𝟐 −𝒎𝟐) 
 

𝒙𝟐 − 𝒚𝟐 = 𝑫𝒆𝒕(𝑨) ⋅ (𝒂𝟐 − 𝒃𝟐) = 𝒂𝟐 − 𝒃𝟐 

𝒌 =
𝟏

√𝟏 − 𝒙𝟐 + 𝒚𝟐
=

𝟏

√𝟏 − 𝒂𝟐 + 𝒃𝟐
,   𝒎 =

√𝒙𝟐 − 𝒚𝟐

√𝟏 − 𝒙𝟐 + 𝒚𝟐
=

√𝒂𝟐 − 𝒃𝟐

√𝟏 − 𝒂𝟐 + 𝒃𝟐
 

𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆   {
𝒌𝒂 +𝒎𝒃 = 𝒙
𝒎𝒂 + 𝒌𝒃 = 𝒚

 ⇒  

{
 
 

 
 𝒙 =

𝒂 + 𝒃√𝒂𝟐 − 𝒃𝟐

√𝟏 − 𝒂𝟐 + 𝒃𝟐

𝒚 =
𝒃 + 𝒂√𝒂𝟐 − 𝒃𝟐

√𝟏 − 𝒂𝟐 + 𝒃𝟐

 

799. Solve for real numbers: 

√𝟏 + 𝒙
𝟓

+ √𝟏 − 𝒙
𝟓

= 𝟐 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
Denote: 

𝒂 = √𝟏 + 𝒙
𝟓

, 𝒃 = √𝟏 − 𝒙
𝟓

 , 𝑺 = 𝒂 + 𝒃, 𝑷 = 𝒂𝒃 
𝒂 + 𝒃 = 𝟐 ⟹ 𝑺 = 𝟐 

𝒂𝟓 + 𝒃𝟓 = 𝟏 + 𝒙+ 𝟏 − 𝒙 = 𝟐 
(𝒂 + 𝒃)(𝒂𝟒 − 𝒂𝟑𝒃 + 𝒂𝟐𝒃𝟐 − 𝒂𝒃𝟑 + 𝒃𝟒) = 𝟐 
𝟐(𝒂𝟒 + 𝒃𝟒 − 𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒂𝟐𝒃𝟐) = 𝟐 

 
𝒂𝟒 + 𝒃𝟒 − 𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒂𝟐𝒃𝟐 = 𝟏 

 
(𝒂𝟐 + 𝒃𝟐)𝟐 − 𝟐𝒂𝟐𝒃𝟐 − 𝒂𝒃(𝒂𝟐 + 𝒃𝟐) + 𝒂𝟐𝒃𝟐 = 𝟏 

 
(𝑺𝟐 − 𝟐𝑷)𝟐 − 𝑷(𝑺𝟐 − 𝟐𝑷) − 𝑷𝟐 = 𝟏 

 
(𝟐𝟐 − 𝟐𝑷)𝟐 − 𝑷(𝟐𝟐 − 𝟐𝑷) − 𝑷𝟐 = 𝟏 

 

𝟏𝟔 − 𝟏𝟔𝑷 + 𝟒𝑷𝟐 − 𝟒𝑷+ 𝟐𝑷𝟐 − 𝑷𝟐 = 𝟏 
 

𝟓𝑷𝟐 − 𝟐𝟎𝑷 + 𝟏𝟓 = 𝟎 
 

𝑷𝟐 − 𝟒𝑷 + 𝟑 = 𝟎 ⟹ (𝑷− 𝟏)(𝑷− 𝟑) = 𝟎 
 

𝑷 = 𝟑, 𝑺 = 𝟐 ⟹ 𝒂, 𝒃 ∉ ℝ 
 

𝑷 = 𝟏, 𝑺 = 𝟐⟹ 𝒂 = 𝒃 = 𝟏 ⟹ 𝒙 = 𝟎 
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800. Find all positive integers 𝒌 such that (𝒌 + 𝟐)𝟐 + 𝟑𝒌 is a perfect square. 
 

Proposed by Stewart Ming-Vietnam 
Solution by Jenish Rijal-Nepal 
 

𝑳𝒆𝒕 (𝒌 + 𝟐)𝟐 + 𝟑𝒌  =  𝒏𝟐           (𝒘𝒉𝒆𝒓𝒆 𝒏 ∈ ℕ) 
 

⇒ 𝒏𝟐 − (𝒌 + 𝟐)𝟐 = 𝟑𝒌 ⇒ (𝒏 + 𝒌 + 𝟐)(𝒏 − 𝒌 − 𝟐) = 𝟑𝒌 
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒔𝒊𝒏𝒄𝒆 𝒃𝒐𝒕𝒉 (𝒏 + 𝒌 + 𝟐) 𝒂𝒏𝒅 (𝒏 − 𝒌 − 𝟐)  
𝒂𝒓𝒆 𝒑𝒐𝒘𝒆𝒓𝒔 𝒐𝒇 𝟑, 𝒂𝒏𝒅 𝒂𝒓𝒆 𝒅𝒊𝒔𝒕𝒊𝒏𝒄𝒕. 

 
𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆 𝒕𝒉𝒆𝒚 𝒅𝒊𝒇𝒇𝒆𝒓 𝒃𝒚 𝒂𝒕 𝒍𝒆𝒂𝒔𝒕 𝒂 𝒇𝒂𝒄𝒕𝒐𝒓 𝒐𝒇 𝟑. 

 
⇒  𝒏 + 𝒌 + 𝟐 ≥ 𝟑(𝒏 − 𝒌 − 𝟐) ⇒  𝟑𝒏 − 𝒏 ≤ 𝒌 + 𝟐 + 𝟑(𝒌 + 𝟐) ⇒  𝒏 ≤ 𝟐(𝒌 + 𝟐) 

𝑵𝒐𝒘: (𝒌 + 𝟐)𝟐 + 𝟑𝒌  =  𝒏𝟐 ≤ [𝟐(𝒌 + 𝟐)]𝟐 

⇒ 𝟑𝒌  ≤ 𝟑(𝒌 + 𝟐)𝟐 ⇒ 𝒌 ≤ 𝟒 
𝒂𝒏𝒅 𝒐𝒏𝒍𝒚 𝒌 = 𝟐 𝒘𝒐𝒓𝒌𝒔. 

 
∴  𝒌 = 𝟐 𝒊𝒔 𝒕𝒉𝒆 𝒐𝒏𝒍𝒚 𝒔𝒐𝒍𝒖𝒕𝒊𝒐𝒏! 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 


	754. If 𝝀>0 then solve for reals:

