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701.

a b 3 2
X € My(R), X = (C d),x5 - (4 5)
Find:Q=a—-b+c—-d
Proposed by Daniel Sitaru — Romania

Solution by Hikmat Mammadov-Azerbaijan
_(a b\ y5_ (3 2\°% 5
X—(c d),x _(4 5)=>A X
>X;=B-x)-5-x)-8=x*-8x+7=(x-1)-(x—-7)
1 0
0 7)

:U1=(_11)—>U2=(;)—>P=(_11 ;)—>P“1=%(i _11)

>A=P-D-P!

1 1 _ _ 1 _5 _ _5
=>X=P-D§-P‘1=—(2 1)(1 50)(2 1)=_ 4 ;/7 2 ;/7
3\1 1/\0 V7/\1 1/ 3\24%7 -1+%¥Y7

>0 =

:>(x—1)-(x—7):>D=(

702. Solve for natural numbers:

x 100
Z Z li — k| = 333300
: k:

Proposed by Daniel Sitaru — Romania

Solution 1 by Ravi Prakash-New Delhi-India

For1<i<ux,

100 100 100-i
Zli—kl ZIl—k|+Z|k—l|—Zk+Zk=
k=1 k=i+1

= %(i —1)i +%(100 —i)(101—-1i) = [l —i+(100)(101) — 201i + i?] =

x 100

—i2—101i + 5050 :>ZZ|i—k|

i=1 k=1
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1 101x(x+ 1
= gx(x+ 1)2x+1) — %+ 5050x

1 1
gx(x +1)2x+1) — E(lOl)x(x + 1) + 5050x = 333300

= 2x3 + 3x% + x — 303x% — 303x + 30300x = 1999800
= 2x3 — 300x% + 29998x — 1999800 = 0
= x2(x — 100) — 50x(x — 100) + 9999(x — 100) = 0
= (x —100)(x* — 50x + 9999) = 0 = (x — 100)[(x — 25)%2 + 9374] = 0 = x = 100

Solution 2 by Hikmat Mammadov-Azerbaijan

100 100 100
Zli—kl Z|l—k|+2|l—k| Z|l—k|+2|k—l|
k=1 k=i+1 k=i+1
i—1)-i (100—i)-(101—i) 2%+ 10100 — 202i
_-n-i ) ) _ — i2 - 101i + 5050
2 2 2
x 100 X
x-(x+1)-2x+1 101x - (x+1
=Z(i2—101i+5050)= ( )6( ) _ 2( ) 4 5050x =
i=1 k=1 i=1

_ x-(x* —150x + 14999)

3
x 100

ZZli—kl = 333300 = x =100

i=1 k=1

= 333300 =>x =100

703.Fora,b,c,x > 0 and log,(bx) = m,log.(ax) = n,log,(cx) = p

8,715
Find S = loga4bs (X a b

CX

T ) in terms of m,n,p

Proposed by Bui Hong Suc-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

log,(bx) =m ; log.(ax) = n ; log.(cx) =
Let’s express a,b,c by x

n
log.(ax) =n =a= CT ; Let’s write the expression instead of log,(bx) =
m

Cn
bx=(=-) =bami=cm (1)

4 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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m

a
log,(bx) =m=b=— (2)
x 1
From log.(cx) =p=b = (cx)» (3)
Let’s write expression (3) instead of (1):
1 pm+p+1
bxmtl = cmn (cx)P Ml — emin o~ — 4 pmn-1 (*)
Let’s write expression (*) instead of (3):
m+p+1 p(mn+m+1) mn+m+1
pm+p
bP = x pmn-1 . x — x pmn-1 = b = x pmn-1 (**)
Let’s write expression (xx) instead of (1):
mn+m+1 m(pn+n+1)
xpmn—l .x:an:xp"szam
pn+n+1
a = xPmn-1 (xxx)

. 4p5
Let’s use the expressions(x), (xx) and (xx*) in (‘clf’x3)
4(pn+n+1) 5(mn+m+1)

atb® x pmn-1 .5 pmn-1 4(pn+n+1)+5(mn+m+i)—6(pm+p+1)—3
A= cbx3 = 6(pm+p+1) =X mene
x pmn-1 . x3
7(pn+n+1) 5(mn+m+1)
x8a’b® x8-x pmn-1 .5 pmn-1 8(mpn—1)+7(pn+n+1)+5(m;1+m+1)—20(pm+p+1)
— — = mpn—
B = c20 20(pm+p+1) =X P
x pmn-1
8(mpn—-1)+7(pn+n+1)+5(mn+m+1)—-20(pm+p+ 1)
mpn—1
S=1log,B =
84 4(pn+n+1)+5(mn+m+1)—6(pm+p+ 1) —3(mpn—1)
mpn—1

_8mpn—-1)+7(pn+n+1)+5(mn+m+1)—20(pm+p+1)
 4(pn+n+1D)+5mn+m+1)-6(pm+p+1)-3(mpn-1)

_8mpn—-1)+7(pn+n+1)+5(mn+m+1)—-20(pm+p+1)
C 4(pn+n+1)+5(mn+m+1)—6(pm+p+1)—3(mpn—1)

704.
Let the sequence {a,} be given
a, =6,a,=14, a,,, =5a,,1—6a,+2(n=>1),
A,024 = X (mod 100). Find x.

Proposed by Elsen Kerimov-Azerbaijan

Solution by Abbaszade Yusif-Azerbaijan
Let: a, = x™, x""? =5x""1 —6x"

(x> —-5x+6)=0, x;,=2 x,=3
a, =c2"+¢c,3" + ¢3

5 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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Leta,=y => y—-5y+6y=2=>y=1=¢; => a,=c2"+¢c,3"+1

6=2C1+3C2+1 => 4‘C1+6C2=10 => C1=1
14 =4c, +9¢c, +1 => 4¢1+9¢c, =13 => ¢, =1

a, = 2"+3"+1 => Az024 = 22024 + 32024 +1

22024 4 32024 4 1 = x (mod 100) =>
224 x (240)50 4 324 5 (340)50 4 1 = x (mod 100)

224 1 324 4 1 = x (mod 100)
{—5X4+1} 10+6+{—8_5X2} 10+1+1=098
= X =
x 10 10 J~©

705. Solve for real numbers:

4“’52(32_6) +cosx =4

Proposed by Khaled Abd Imouti-Syria
Solution by Pham Duc Nam-Vietnam

4°5°(2) 4 cos(x) = 4 & 21405 4 cos(x) =4, t =cos(x),—1<t<1
o2 4t=4ft) =2+t () =2""In(2)+1>0,vt e [-1,1] = f(b)is
strictly increasing on [—1,1] = 21*! + t = 4 has unique root, and g(t) = 21"t + ¢ —
4,9(0) = —-2,9(1) = 1 = Therootlies on (0, 1).
Wehave: 21"t +t=4 21" =4 -t n(2)2""=n2)4-1t) ©
24t nR2)4-t)=32In(2)

xe*=z=>x=W(z)
< In(2) (4 - t)e(ln(Z)(4—t)) =32In(2) Z_> z W(ln(Z)(4 _ t)e(ln(Z)(4—t))) =

= W(321n(2))

W(32In(2
©In(2)4-t) =wW@B2In(2)) ot=4— % ~ 0.7156207332755864

= x = +arccos (4 — %) + k2m, k € Z.W(z) is the Lambert W function.

6 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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706. Solve for positive real numbers the following system:

( x3 6y—x—z-—-2
A+y(1+2) 8

) y3 _6z-y—x-2
1+z21+x) 8

z3 6x—z—y—2
(1+01+y) 8

Proposed by Neculai Stanciu — Romania

Solution 1 by Pham Duc Nam-Vietnam

. . x3 y3 z3 _ A(x+y+2)-6 _ 2(x+y+z)-3
Sum 3 equations we get: A+y)(1+2)  (A+2)(A+x)  (A+20)(1+y) 8 o 4 (1)
3 1+ 1+ AM_ M 3 3 1+y 1+ 3
L X Wy ez g3 2 aylez 3x
Now, we have: (1+y)(1+2) + 8 + 8 = \/(1+y)(1+z) 8 8 4
imilarly, — 2y 1tz L4x 3y 2 Lix | 1ty 3z
Similarly, (1+2)(1+x) + 8 + 8 = 4’ (1+x)(1+y) 8 + 8 = 4
x3 N y3 N z3 +1+x+1+y+1+z>
: —_—
1+y)(1+4+2) (A+21+x) A+x@+y) 4 4 4
3(x + V4
> (x+y+2)
4
X3 3 73

CA+yd+2 d+20d+n A+00+y°

> 3(x+y+z) _ (x+y+2z) _ 3 _ 2(x+y+z)-3 (2)

= 4 4 4 4
. x3 y3 z3 _ 2(x+y+z)-3
From (1), (2): 1+y)(1+2) T 1+2)(1+x)  (A+0)(1+y) 4

S>SXxX=y=12z

. . . 3 2x-1
* Replace x = y = z to the first equation (or any equation) we have: (Lt—x)z = xT

xeR*

©4x - 2x-1)A1+x)?=022x3-3x2+1=0 2x+1D)x-1)?=0">
x:1:y:Z:1

= (x,y,z) = (1,1, 1) is the unique solution of the given system of equations.

7 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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Solution 2 by Eric-Dimitrie Cismaru-Romania

Adding the three equations, we obtain )’ i = xtytz 3 We prove that
g q ’ ¢ 14+y)(1+2) 2 4 P

LHS = RHS

. 3 .3 .3 1 1 1 }
The triplets {x°,y>,z°} and {(1+y)(1+z), DD ATRaT) are ordered the same. By

Chebyshev’s Inequality,

Holder (x+y+z)3 x+y+z+3 _ 3a3(a+1)
3 M1+x) — [I(1+x) 7

x3+y3+z3 1

3 (1+y)(1+2)

where a = % Denotea =x+1,b=y+ 1and c = z + 1. Then, by AM-GM,

(a+b+c)d > (33\/abc)3 = 27abc, or, in other words,

3 3 3
(a+b+c)® _ (x+y+z+3)% _ (x+y+z + 1) = (a + 1)3. Therefore, we get

Meye(1 +2) < 27 27 ~\ 3
3 3 _1\2
LHS >3¢ @) _ 3@ o pyg-3a_3 . @D@at) 5 g o [HS > RHS.
(a+1)3 (a+1)2 2 4 (a+1)2

Since RHS = LHS > RHS, equality holds in all the previous inequalities, whichis, a = 1
andx =y = z,50S = {1, 1, 1} is the only solution for the given system of equations.
1 .
707.1f2a®> + b=2b*+c=2c*+a = > then find:

2=a+b+c
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

( 1
2a2+b ::E
1 4a> +2b=1 4a>=1-2b
<2b2+C=E:> 4b* +2c=1>1{4b>=1-2¢c >
1 4c* +2a=1 4¢? =1-2a
2 —
ch +a—2

bee (-]
_m'_
a’l IC ’2

4b?% + 2¢c = 1 >Summarize the system of equatons side by side:

4a>+2b=1
(*)
4¢c* +2a=1

(4a? + 2a) + (4b* + 2b) + (4c* + 2¢) = 3

RMM-ABSTRACT ALGEBRA MARATHON 701-800
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(2a+2) +(2b+2) +(2c+2) =2

72 2 ¢tz) =7 D

(x)The system of equations is symmetric with respect to the variables a, b, c .
Thereforea = b = c.

4(a+ b)(a—b) =2(c—b)
Or from (x){4(a+c)(a—c)=2(a—b) =
4(b+c)(b—c)=2(a—rc)
64(a+b)(a—b)(a—c)(a+c)(b—c)(b+c)=8(c—b)(a—b)(a—rc)
8a—-b)(b—c)la—c)Ba+c)(b+c)(a+c)+1)=0=>a=b=c,

_ 15

Then by (1) : 3(2a+§)2 2

_-1-+5 _—1++5
M=y T
So a1=b1=C1=¥;a2=b2=C2=_11\/§
Then aq + b1 + c1 = _3_43\/3 , Qg + b2 + Cy = ~3+3V5
708. Solve for real numbers:
35

\/ry+3m+5\/z+_x=x+7

Proposed by Marin Chirciu-Romania
Solution by Miguel Velasquez Culque-Cajamarca-Peru

Change of variable: \/x —y=a; \/[y—z=b;Jz+x=c
x—y=a*;y—z=b*;z+x=c*=a*+b*+c*=2x
Then we have:

35
a+3b+50=x+7=2a+6b+10c—35=2x

The equality is:
a’?+ b%+c* =2a+6b+10c— 35
a’?-2a+1+b>*—-6b+9+c*—-10c+25=0
(a-1)?+Bb-3)2+(c-5?=0<
(@a—1)?%?=0ABb-32=0A(c-5)?=0<
Then we have:
a=1Ab=3 Ac=5=

Jx—y=1;/y—-z=3;JVz+x=5=

9 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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x—y=1;y—-2z=9;z4+x=25=
Solving the system:

y 3 33 15
nswer:x = -y =—-;2=

709. Solve for real numbers:

X2 —2x+29=2Jyx2—x+1+4Vx+3+6V1l1l—2x

Proposed by Nguyen Hung Viet-Vietnam

Solution by Miguel Velasquez Culque-Peru

Change of variables:

vxt—x+1=a—x*—x+1=a?
Vvx+3=b — x+ 3 = b?
V11 —-2x=c¢c — 11 - 2x = ¢?
Sum of values: x* — 2x + 15 = a? + b* + ¢?
x?—2x+15+14=a*+b* +c* + 14
x?—2x+154+29=a*+b*+c*+14
Replace the values: a* + b* + ¢*> + 14 = 2a + 4b + 6c¢
a’?—2a+1+b>*—-4b+4+c*—-6c+9=0
(a—1)2+(b-2)2+(c-3)2=0—
a—-1=0vb-2=0vc-3=3
a=1vb=2vc=3
Butwe know:yx? —x+1=1Vv Vx+3=2Vv V11 —-2x=3
x2—-x+1=1vx+3=4Vv11-2x=9
x(x—1)=0vx=1vV 2=2x
x=0vx=1vx=1Vx=1.Answer:x=1

710. Find all continuous functions f: R - R such that

9x) + f(16x) = 2f(12x) , VER

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Khaled Abd Imouti-Syria
£(9x) + f(16x) = 2f(12x) v eR
5 16
fgz)+ (o) =@

10 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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=1 (x) ()

=1 (301 ()
()= 1 ()

=21 (4] 1[0

ﬂ”_sz_ﬂ f(; )

210 = 2[f (57) + £ ()| = [ () + £ (5]
2f(x) = Z(Zf(x)) — < (%x) +f(19—6x)>

210 = f (%) + £ (5%

So ﬁon1(*)and(**)

210 =12+ 1((3)'%) . vazi

2f ((i)x) = f(O) +f ((i)zn x) (+5%)

ecause f is continuous by taking limits of two sides
from (***) 2f(0) f() +f(0)
so: f(x) = f(O)——c
f nstant

711. Find x,y,zandt € Z™:
y+z+t z+t t

+ +
X xX+y x+y+z
Proposed by Bui Hong Suc-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

=x+y+z+t—4

y+z+t z+t t
( +1>+(—+1)+( +1)=x+y+z+t—1
x x+y x+y+z

y+x+z+t+y+x+z+t y+x+z+t

+ =x+y+z+t—1
x x+y xt+y+z
x+y+z+t>0
1 1 1 1
-+ + + =
x x+y x+y+z x+y+z+t

1) case x = 1 cannot be solved :

11 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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1 1 1 1 4
—> > > —>;>1—>

x x+y x+y+z x+y+z+t
2) case iff x=2. Then:
1 1 1

+ + =
2+y 2+4+y+z 24+y+z+t 2
3

1
m>2—) y+2<6-

iff x=2; y=1. Then:
1 1 1 2

1
= 2o > g o 22

3tz 3+z+t 6 34z 6
The set of solutions satisfying the condition :

x=2;y=1, [2<9]> {(2;1;4;35),(2;1;5;16),(2,1;6;9),(2;1,7;5) }
3) case. For the conditionx = 2. Let's look at the case y = 2
1 1 1 1 1 1 1 2

1
-+ —+ + =1- + =0 — > — —>

2 4 44+z 4+4+z+t 4+z 4+z+t 4 4+z 4
So, x=2, y=2 and z < 4
In this case , a set of solutions: {(2;2;1;15),(2;2;2;6)}

4) case. x =2, y=3
1+1+ 1 N 1 1 1 N 1 10 2 >3 < 1
by — = = — _—— —_—
2 5  7+z 7+z+t ’ T+z T+z+t 3 7+z 10 2573
So,in this case there is no solution.
5)case. x =3
1+ 1 N 1 N 1 1 1 N 1 N 1 2
f— = e = —
3 3+y 3+y+z 3+y+z+t 3+y 3+y+z 3+y+z+t 3
3 2
%m>3—>6+2y<9—>
i 1. Th 1+1+ 1 1 1 1 + 1 >
f— = e d = —_—
fy= Myt etz aiz+¢ 4+z 4+z+t 12
2 5 4
F>E —-20+4+5z<24-55z< 4> Z<§

The resulting answer :
{(2;1;4;35),(2;1;5;16),(2;1;6;9),(2;1;7;5),(2; 2;1;15) ,(2;2;2;6) }

712. Solve for real numbers:

1+x)Vli—x+(1—-x)V1l+x =21+ x?2

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

A+x)Vi—x+(1—x)V1+x =21+ x2
Vi—-x2(Vi+x+Vl—-x)=2J1+x2 ,-1<x<1

12 | RMM-ABSTRACT ALGEBRA MARATHON 701-800
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(1-2%) (2+2/1-22) = 4(1 + x?)
Let x = sin(t)
1. (1 — sin? (t)) (1+ cos(t)) =2 (2 — cos? (t))
case cos(t) >0
cos3(t) + 3cos?*(t) —4 =0, (cos(t) —1)(cos(t) +2)> =0

cos(t) =1 ; cos(t) # 2
cos(t) =1-> x=0
2. (1 — sin? (t)) (1—cos(t)) =2 (2 — cos? (t))
case cos(t) <0
cos3(t) — 3cos?(t) +4 = 0, (cos(t) + 1)(cos(t) —2)2 =0
cos(t) = —1 ; cos(t) #2
cos(t) =—1-> x=0
So answer {0}
713. Find all values of x,y, z € R such that :

xyz(xy +yz + zx) = x* +y?* +z% =3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1
a2+b2+c2—ab—bc—ca=2((a—b)2+(b—c)2+(c—a)2) >0
>a’+b?+c2>ab+bc+cavVab,ceR- (1)
Putting a = xy,b = yz,c = zx in (1),2 x%y? > xysz

cyc cyc

Vvxy,zER-> (2)("="iffx =y =1z) and
via (2)
puttinga = x2,b=y% c=z%in (1),2 xt > Z xly? > xyzz x

cyc cyc cyc

Vvx,y,ZzER->3)("="iffx=y=1z)

(2)+(3)::>z:x4+z:x2y2 22xyz2x:>2x4+22x2y2 >

cyc cyc cyc cyc cyc

2 2
szyz +2xyz2x:> sz ny
cyc cyc cyc cyc

Vx,y,ZzER - (4) ("="iffx=y=12)
Now,V a,b,c > O,z a > 3.3abc - assigning a = x2,b = y?, ¢ = 72,

cyc

13 RMM-ABSTRACT ALGEBRA MARATHON 701-800
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3
z x? > 3.3/ x2y2z2 = (Z x2> 27x%y?z?

cyc cyc

Vx,y,ZzER - (5) (" =" iff x? = y? = z?)

5 2
~(2)+(3) > (Z x2> > 27x%y%z? (Z xy) Vxyz€ER

cyc cyc

2 2
x2+y2+z2 =3
("="iffx=y=12z) => 27 sz > 27x%y*z? Z Xy

cyc cyc

p 2
= <Z x2> > x?y?z? (Z xy) vxy,z€R(' ="iff x =y =z)|but,
cyc

cyc

p 2
x| = x?y?z? Z xy | (o xyz(xy + yz + zx) = x? + y? + z?%)
cyc
xyz(ny) =Zx2 =3=>x=y=z-x33x2=3

cyc

using xyz ny =3 ]|=>x=1
cyc

. (x =y =z = 1) is the only desired set of values (ans)

714. Find all values of x,y, z € R such that :
y3z3(x?y? + y?z2 +22x%) = x* +y?* + 22 =3
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Yab,c> O,z a > 3.3abc - assigning a = x2,b = y?, ¢ = z2,

cyc

3= sz > 3.3/x2y%22 = a?y2z2 < 1= xyz< 1 - (1)

cyc

( x3y3z3 (Z x2y2> =3 = x3y323 > 0> xyz > 0)

cyc
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) 3.3.3 9 o via (2) ) 2x2+y2+z2=3
Now,Zx = x’y°z ny < ny =

cyc cyc cyc

2
1
sz SSZnyZ :Zx“—szyz <0= EZ:(xZ—yZ)2 <0}

cyc cyc cyc cyc cyc

1
but EZ(xZ —yH%>0 - Z:(Jr2 —y3)2 =0 x? =y? =z?

cyc cyc

= 3x% = 3 [ using sz =3 -'-|x= tl,y=+41z= i1|—> (2)

cyc

Using x3y3z3 Z:xzy2 =3,weget:3xyz=3(~x2=y?=2z%2=1)

cyc

= -(3)~(2)and 3) >

x=1 x=1 x=-1 x=-1
z=1 Z=-—1 z=-1 z=1

are the only set of values | x3y3z3 (x2y? + y2z2 + 22x2%) = x% + y% + z2 = 3 (ans)

715. Find all values of x,y,z € Z such that :

x* +9y? + 2522 = x* + 6xy + 2022

Proposed by Dang Ngoc Minh-Vietnam
Solution by Mohamed Amine Ben Ajiba-Tanger-Morocco
The equation is equivalent to :
9y2 — 6xy + x* — x? — 2022 + 2522 = 0.
This equation has integral solutions if and only if its discriminant
362023 — (x? — 1)% — 252?]

is a perfect square. It follows that

2023 — (x2 —1)2 — 2522 = t? or (x> — 1)? + 252% + t* = 2023.
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For any integer n, we have n? = 0, 1,4 (mod8), then

(x2-1)2+252>+t*=0,1,2,3,4,5,6 (mod8),
but we have 2023 = 7 (mod8). So the equation has no solution in integers.

716.1f A,B € M,(R) then:
det((AB — BA)1°°° + (AB + BA)1°90) > 0

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

Let be:
C=(AB—-BA)%%, D= (4B + BA)*®°, z=det(C+iD)

C,D € My(R) = det(C — iD) = det(C +1D) =z
det((AB — BA)19%° + (AB + BA)100) = det(C? + D?) =
= det(C? — i*D?) = det((C + iD)(C — iD)) =

= det(C+iD)-det(C—iD)=z-Z=1z|?>0

717. Solve for x € (0, g)

1 1 1 23 + 35

1
1+Ecosx+zc052x+§cosSx+Ecos4x+~~-— 22

Proposed by Netai Chandra Bhar-Iindia
Solution by Tapas Das-India

. et 4 g0
We know that e'® = cos 0 + i sin 8 and cos 0 =(2—)
a_cth a+b_c+d
b d ""a-b c—d
yi4 \/§+1

COSE = )

1 1 1
1 +Ecosx+1c052x+§cos 3x+Ecos4x+--- =

Componendo dividendo if
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1 1 1 eix + e—ix 1 ein + e—in 1 ei3x + e—i3x 1 ei4x + e—i4x
=(E+E)+E 2 ‘3 2 '8 2z ‘16 2 -

=1<1+1eix+182ix+183ix+ie4ix+m)+
2 2 4 8 16

<1+1e—ix+1e—2ix+1e—3ix+ie—4ix+m)
2 4 8 16
1 1

+_
1—%ei" 21—%e‘i"

1 1 4 — (e +e7)
T2-ex 2-e (2-eX)(2-e )
4 —-2cosx

N =

(infinite G.P series)

N| = +

- (2—-cosx+isinx)(2 — cosx + isinx) -
4 —-2cosx _4—2cosx

~(2—cosx)2 +sin2x 5-4cosx
4—2cosx 23+3V5

5—4cosx 22
8—4cosx 23+3V5

5—4cosx 11

13-8cosx (34+3V5) | .
= (using Componendo dividendo)
3 12 + 35

34 + 3V5 34 + 35
( * \/_)or8cosx=13 @

4++5 4445
18 + 105 9+4V5 (4+V5)(V5+1)

or8cosx =——or4dcosx = =
4++5 4++5 4++5
(V5+1) s T

0T COSX =———= =CO0S— 0T X = —
4 5 5

Now by the problem :

or13 —8cosx =

718. Prove that:

n+6 (4 3 n_l
sm14 sin? 12 sin? 12~ 2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
We know that:
sin30 = 3sinf —4sin30 (1)
2sinA cosB =sin(4A + B) + sin(4 — B) (2)

Letﬁ =60 then140 = Tand 70 = E

n+6 " 8 T 6+6 6-8 0=
sm14 sin? 12 sin* 14—sm sin? sin*

=sin@ + 2sin (3 sin@ — 4sin® O) = sinH + 2 sin G sin 30 =
=sin0 + (cos 20 — cos 40)
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T /4
= sin @ + cos(70 — 50) — cos(70 — 30) = sin @ + cos (E — 50) — cos (E — 30)

(2cos0sinO + 2 cos Osin 50 — 2 cosOsin30) =

1
=sin0 in 50 — sin 30 =
Sin 0 + sin sin > cos 0

1
= (sin 20 + sin 60 + sin 40 — sin460 — sin 20) =

2cos0O .
_ sin 60 _ sin(70 — 0) _ sin (7— 9) _ cos(0) _ 1
2cos0O 2cos@ 2cos0O 2cosf 2
719.
Find the last digit of A = 20242925"*° + 20262027°°*" 1 20282029"""

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

Now we need to find the last digit of 20242025
last digit of 2024 is 4
now,4'ends in 4,4%ends in 6,43ends in 4
the pattern is 4,6 which repeats every 2 powers (1)

We know that any psitive integer power of an odd number odd
2025 is an odd then 2025%2°2%is an odd number, if expnent is odd, the last

digit of 20242925*° js 4 (using (1)) (2)

now we need to find the last digit of 20262°27°"*
clearly,6! = 6,6% = 36,63 = 216, ........
so clearly last digit of 2026227 is 6 (3)

now we need to find the last digit of 20282029
for this we can focus on the last digt of 2028,
which is 8 and
8l =38, 82ends in4, 82 endsin2,8*endsiné6
the pattern repeats every 4 power
now, 2029 = 1(mod 4),(2029)2030 = 12030(1n0d 4),20292%%3° = 1(mod 4)

92030 ,

So,last digit of 20282%%2 is8'=8 (4

Now using result (2),(3),(4)we get 4+ 6 +8 = 18
last digit ofAis 8
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720.
a+b+c=0 Y a?y ab
If jab + ac + bc = -3 then find T—5<—=
bac = 2 ra’ya

Proposed by Marin Chirciu-Romania

Solution by Togrul Ehmedov-Azerbaijan
We know that:

2
Zaz = (Za) —ZZab:Zaz =6
a,b and c are the roots of the equation:

x¥-3x-2=0

( Za3—32a—6=0 rZw3=6
Za“—BZaZ—ZZa:O Za4=18 Y a2y ab
= > = =

{ < =2,2
Ya -3)a*-2) a?=0 |>a=30 LOLE
kZa6—32a4—ZZa3=O LZ:a6=66
721. Solve for real numbers:
1 1

1 1 1 1
a+tb+c=—+—-+-—, ab+bc+ca=—+-—+—
a b c ab bc ca

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
Leta+b+c=pab+bc+ca=q,abc=r1

then a+b+c=—+-+>ora+bhtc=2t et ,-1 —q (1)
en a c—a b Cor,a c= be or,p—r or,pr=gq
1 1 1 a+b+c
ab+ bc+ca=—+-—+— or,ab+ bc+ca=—— or,
ab bc ca abc

P
q=;or,qr=p(2)

1)
From (2),qr = p or, (pr).r @ p or,p(r? — 1) = 0 which impliesr =1,—1
p = 0 not possible because
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p=a+b+c=0gives from(1)q=ab+bc+ca=0
asaresult (a+b +c)? =a? +b*+c*+2(ab+ bc + ca) or,a> +b*+c?* =0
= a=b=c=0,for this valuereciprocal arenot defined ,sop +# 0

Case — 1: r = 1 then from(1)we get p = q
knownresult (a—1)(b—1)(c—1)=abc—(ab+bc+ca)+(a+b+c)—-1
=r—-q+p-1=1-p+p—-1=0
or,(a—1)(b—-1)(c—1)
= 0 which implies that at least one of the number a,b,c
1

isequaltol.If a=1thenr =abc=1= bc = 1or,c=3
1
solution for Case — 1,all the permutation (1, t, ?) ,t € R—{0}
Case — 2:r = —1 then from(1)we get q = —p
Knownresult (a+1)(b+1)(c+1) =abc+ (ab+ bc+ca)+(a+b+c)+1
=r+q+p+1=—-1-p+p+1=00r,(a+1)(b+1)(c+1)=0
which implies that at least one of the number a,b,cis equalto—1

1
If a=—1thenr =abc> —-1= —bcor,c=E

1
Ssolution for Case — 2,all the permutation (—1, t, ?) ,t € R—{0}
722.

If a,b,c > 0,b% + c¢? = a? and the equation : —ax? + bx + ¢ = 0 has
2 real roots x; < x,, then prove that : —vV2 < x; < x, <2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
b — VbZ + 4ac b + Vb? + 4ac

Easy to see that : x; = >a and x, = >a

—Vb?2 + 4ac ? b% + 4ac b2+c? = a?

?
wxy>——>—2e2>——— o  8a%>a?-c?+4ac

2a 4q?
b + Vb2 + 4ac ;
2a

V2

?
& (2a—c)? +3a% > 0 - true - x; > —/2 and again, x, =

b2+c2=a? |a? — c2 a? —c? + 4ac
PN + — <2V2

az

<:>(\/1—t2 +\/1—t2+4t)22(2\/§)2 (tzg)

?
©2-2t24+4t+2. /1 -t2)(1—t2+4t) < 8
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St2-2t4+3>/1-t2)A-t2+4t) © (t2 -2t +3)2 > (1 - t3)(1 — t2 + 4t)
(“t2-2t+3=t—-1%24+2>0)=3t2-4t+2>02(t-1)2+t2>0

WXy <V2 0 =2 <x1 <x,<V2Vab,c>0,b%+ c? = a? such that
the equation : —ax? + bx + ¢ = 0 has 2 real roots x; < x, (QED)

723.

If a,b > 0,n > 0 and the equation : x3

— ax?* + bx — a = 0 has 3 roots
n

"—-3" n /1
X1,X2, x3 > 1,then prove that . T > 32 — (\/_§)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Via Viete, x1 + x, + x3 = a,x1x, + x3x3 + x3x1 = band x1x,x3 = a
and - (x; + x, + x3)% > 3(x1x, + x3x3 + x3%,) and

(X123 + X2X35 + x3%1)% = 3x1x,x3(x1 + X5 + x3) -~ a® > 3b and b? > 3a?

@  pn—3nvie® pn — 30 n o 3n37vie®
>b*23a*29=>b29—0— > —m ("N20)=32-—7— >
n &
n 3" 32 n 1 b"—3" n 1\"
3z — ('-'n20)=32—g-'- po 232_(ﬁ) Vab>0n=>0

such that the equation : x3 — ax? + bx — a = 0 has 3 roots x4, x5, x3 > 1,
" =" iff (a = 3v3,b = 9) (QED)

724. If the equation ax® + bx?> + cx +d = 0, (a # 0)has 3 roots

X1,X2,X3 > 0 then prove that:
b3c?

7 7 7
Xy + x5+ x> ———
1 2 3 81a®

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

ax® +bx*+cx+d=0(1)

Relationship between roots and coefficient we get

X1 +x,+x3=——
1T X2 +X3 p

c
X1X2 + X2X3 + X3X1 = E
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d
X1X2X3 = —E

Chebyshev 1 CBS
x]+x}+x; = §(x1+x2+x3)(x1+x2+x3) >
>1 (x4 + x2 + x3)3 (x1+x2+x3) -

3 9 3 N

1 1, b\’/c\2 b3
— 2 _ ——) () ==
281(x1+x2+x3) (x1x2+x2x3+x3x1) 81( a) (a) = 81a5
725. If the equation x° + ax* + bx3 +cx* +dx+1=0
has 5 real roots are dif ferent in pairs
then prove that 2(a? + d?) > 5(b + ¢)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

X+axt*+bx®+cx’!+dx+1=0 (1
Let r{,1,,73,74,75 be the roots of the equation (1)

Relationships between roots and coefficient we get:
5

P11 = Z ri=-—-a
i=1
D2 = Z rirj=Dhb
1<i<j<5
P3 = Z rir]'rk = —C
1<i<j<ks5
Ps = Z ririrrp=d

1si<j<k<I<5
5

P5=1_[7'i=—1

i=1

5
1 z 1 D4
z o = ririrgry X 3 =—=—d (1)
Ti <1<i<j<k<l<5 [-imi Ps

(E3)-(3) =2

Il
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2
5
1 1
() o 3 )t e s @) na
Tt 1<i<j<ks5 l_[i=1 T Ps

i=1
2
> > Cauchy—Schwarz >
1 DI RE D
i=1 i=1 i=1

2
5 5
or5 <Z rf) > (py)?ors (Z r,-) -2 z rirj | > (p1)?

i=1 i=1 1<i<j<5

-~

or 5(p? — 2p,) > (p,)? or 5(a® — 2b) > a? or 4a® > 10b or 2a* > 5b (3)

5 5 5 2 5 5 2
1 Cauchy—-Schwarz 1 1 1
E — E 12 > E — or,5 E — > E —
- 4 T e—d T'; =i T
i=1 i=1 i=1 i=1 i=1

(D&(2)
or5(d?*—-2c) > d?or,4d? > 10c or,2d? > 5¢c (4)

Adding (3) & (4)we get :
2a? + 2d? > 5b + 5¢ or,2(a? +d?) > 5(b+c)

726. Solve for naturals:
Ax+y+z)+xyz=2(xy+yz+zx)+9

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

We know that:
x—2)(y—-2)(z—-2)=xyz—2(xy+yz+zx)+4(x+y+2z)—8

>4(x+y+2z)+xyz—2(xy+yz+zx) =(x—-2)(y—-2)(z—2)+8 (1)

from the given condition,4(x+y+2z) + xyz=2(xy+yz+zx) +9
>4(x+y+z)+xyz—2(xy+yz+2zx)=9

S (=2 -2)z-2)+82 95 (x-2)(y-2)z-2) =1

Thus we need integer tripletes whose product is 1
Case—1
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1.1.1=1,forthisx—-2=y—-2=z—-2=1or,x=y=z=3
solution: (x,y,z) = (3,3,3)
Case — 2
(-1).(—1).(1) = 1 (and permutation)
forthisx—2=-1,y—2=-1,z—2 =1whichgivesx=1,y=1,z=3
solutions: (x,y,z) = (1,1,3),(1,3,1),(3,1,1)

727. Solve for natural numbers:
3 —y3=2(x%+y?) +3xy + 17

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

x3—y3=2x2+y*)+3xy+17 (1)
Clearly,x,y € N for this R.H.S part > 0,consequently L.H.S >0,x >y

(2)
letd =x—y > 0thenx =d +y whth this substitution from(1)we get

d+y)P -y’ =2(d+y)*+y)+3d+yy+17
d(d?® + 2dy + y* + dy + y* + y*) = 2(d*? + 2dy + 2y*) + 3y(d + y) + 17
or,y*(3d —-7) + y(3d?> —7d) + (d® — 2d* —17) = 0 (2)

we note that x,y € N

Case — 1.

d = 1 then equation (2)becomes, —4y?> —4y — 18 =0 o1, 2y* + 2y + 9 =
0,real root does not exist as discriminant = 2?2 —4.2.9=—-68 <0
Case — 2:

d = 2 then equation (2)becomes,—y?> — 2y — 17 = 0 or
y? + 2y + 17 = 0,real root does not exist as discriminant = 22 — 4.1.17 =
-64 <0

Case — 3:
d = 3 then equation (2)becomes,2y* + 6y —8=0o0r,(y +4)(y—1) =0
or,y=1(asyeN,soy+ —4),x=y+d=1+3=4
now from(2) for d = 4 coeffcient of y¥* >3x4—-7=5>0
coeffcientof y>3x4*-7%x4=20>0
constant term > 43 —-32—-17=64—-49=15> 0
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clearly for d > 4 equation (2) never be zero.

Required solutioninNisx=4,y=1

728. Solve for natural numbers:

V3 +4x2+3+x2 +x+3=x+4

Proposed by Sakthi Vel-India
Solution by Tapas Das-India

Let f(x) = i/x3+4x2+3+\/x2+x+3—(x+4)
We are going to find x € N for which f(x) =0

forx=1.f1)=3Y8+V5-(1+4)=V5-3%0
forx=2:f2)=3¥27+V9-(2+4)=3+3-6=0

sox = 2 is asolutionof f(x) =0,
Now we will show their does not exist any x € N which satisfy f(x) =0
forx=>3 €N
We have (x +1)3 =x3 +3x2+3x+1
B +4x*+3-(x+1)3=x>-3x+2=x-1D(x—-2)>0asx>3

B4 +3>x+1)3> Y3 +4x2+3>x+1
Again forx>3,x*+x+3>32+3+3=15>9 =>x2+x+3>V/9=3

Adding above two result we get:

Y3 +4x2+3+x2+x+3>x+1+3=x+4
Clearly for x =3(eEN),f(x) +0

Required solution x = 2.
729.

If a,b > 0 and the equation
x3 —ax* + bx —a = 0 has 3 roots x;,x,,x3 > 1
then show that :

a2(2+€>(b+3)

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

x3 —ax?+ bx —a=0has3roots x;,x,,x3 > 1
then xq{ +x, + x3 = a,x1x; + X3x3 + Xx3x1 = b, X1X2X3 = @
According to the condition x; + x; + x3 = x1x,x3 (1)

a _ x1+x2+x3
b+3_ x1x2+x2x3 +x3x1+3

a
now we are going to find Min value ofb 13
Since the function symmetric to get Min value we take:

X, =x3=t>1and x; =x

2t
From (1)we get x + 2t = xt?or x = P (2)

+ x, + 2t + 2t + 2t 2t
a=Xx X Xa = X = =
1772773 t2—1 t2-1
b + + t2 +2xt =t* + 2t 2t t2 + At” e +3)
= X1X X2 X X2X1 = XU = . = =
2t

a t2_1 2t3

b+3 t2(t2+3) . tr+6t?—3
o +3

26 o “28( - 3)’ . .
m’f () = (t* + 612 — 3)2 <0ast=>1so f(t)is decreasing

Let f(t) =

t
We declared x = 1 sot+1,t>1nowx =1 (given)

Gz lort?-2t—1<0o0r (t—(\/i+1))(t—(1—\/§)so
or(1-vV2)<t<(V2+1)ast>1then 1<t<(V2+1)

t2

For this

Since, f(t) is decreasing so f(t) minat t =vV2 + 1
FVEe1) 24(\/E+1)3 . z(z\/ZE+7+3x/§)
(VZ+1) +6(v2+1)" -3 (3+2v2) +6(3+2v2)-3
_z(5ﬁ+7)_1(5\/2+7)_1(3\/2—4)(5\/E+7)_12+\/§_<1+@>
32+24v2 4(3V2+4) 4(3v2-4)(3V2+4) 4 2 \4 8

Therefore:
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- 2<l+ﬁ> ora2<%+g>(b+3)

b+3 4 8
whenx; =1,x, =x3 =V2+1

730. If x3 — 6x? + ax — b = 0 has 3 roots x4, x5, x3 > 0 prove that:

8a—-3b<72

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

x3—6x%>+ax—b=0then le = 6,Zx1x2 =a,x;x;%3=b
8a—-3b=28 (Z xlxz) —3x1X2X3
Let F(x4,x,,x3) = 8 (Z xlxz) —3x1X2X3
F is symmetric, to find its Max value under

the constraint x; + x, + x3 = 6 ,we consider
X1 =X, =tx3=6-—2t andte€ [0,3]as,x; >0

a= lexz =t + 2(6 — 2t),b = x,x,x3 = t?(6 — 2t)

F(t) =8 (tZ +2(6 - 2t)) —3t2(6 — 2t) = 6t3 — 42t + 96t
F'(t) = 18t? — 84t + 96 to get critical point F'(t) = 0 gives
8
18t —84t+96 =00or 3t—8)(t—2) = Oort=§,2

We find value of F(t)a critical point and boundary [0, 3]
8
F0O)=0,F2)=6x23—-42%x22+96x%x2 = 72,F<§) =71.11,F(3) = 72

so,Max value of F(t)is72and8a—3b <72 atx; =x, =2,x3 =2

731. Solve for real numbers:

Vx+6+Vx—1=x*-1

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

SinceVvx —1lisdefineonx>1,
so we are going to solve above equation € [1, )

Let fx) =Yx+6+Vx—1—-(x2-1),x>1
f=37+0-0=37>0,f2)=3¥8+1-3=0
sox =2 isasolution

Now we check nature of the functioninx € [1,2)

’ 1 —Z
=30 +6) 3+

—2x
x—1

2 5 1 3 2 S 1 _3
fr)=-5a+6) 3 -J@-D2-2=-(5x+6)T+;x-1D2+2)<0
so f is concave in [1,2], for a concave function we have standard inequality
forxe[1,2)>x=2—-x).14+(x—-1).2
thenf((2-x).1+(x—-1).2) = 2-x0f(1) + (x—1f(2)

or fx) > 2 -x)f(1)>0asx€[1,2)&f(1)=Y7>0
sof(x)>0in[1,2)andx=2f(2)=0

Now we check nature of the functioninx > 2

1 2
f(x)=-(x+6)3+ —2x
3 x—1
> 2th 1( +6)_§<18_§— 1 ! < 11 2x < —4
as x enz X 3 T 12 x_1 21 2
thi ’()<1+1 4 = 41<0
for this f'(x 1273 =12

which indicate that f(x) is decreasing Vx > 2
that's why after hitting 0 at x = 2
the function goes negative and never come back up
sorequested soution x = 2

732. Solve for reals:

xVx+74+V9—x=4/x2+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Setp=Vx+7,q=V9—x,r=+x%2+1
Clearly,p> +q* =x+7+9 —x = 16 = 4?
T
Let p=4cost,q =4sint,t € [O'E] and p=+vVx+7or
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x=p?—7=16cos’t—7(1)

Using above substitution we get:
xVx+7+V9—x=4Jx2+1 or
(16 cos?t —7 ) cost +sint = /(16 cos?t —7)2 + 1
or Acost + sint =7 VAZ +1

Cauchy Schwarz
Acost+sint < \/(A2+1)(coszt+sin2t)=\/A2+1
1
for equality we take cost = AA,sint = A thencos? t + sin’t =1 = 22 =1
2
2 5 — ZAZ= 1 .
cos“t=21 Az_l_l,from()weget
) ) ) A+7
x=p“—7=16cos“t—7 or cos t=T
A? A+7
_ 3 2 _ 2 _
11 16 or,A° — 94+ A+7=00r(A—-1)(A*—-84-7)=0
8++164 + 28
orA=1and (A>-84-7)=0=>A= or,A=4++23

2
note that A= (16 cos*’t—7) = x by (1)

butA=x= 4 - V23 not avalid solution asvVx + 7 not valid at x = 4 — 23
sorequired solutionx = 4,4 + V23 inreal
733. Solve for integers:

x+y+2=Vx+.y

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
Leta =+/x,b = ﬁtherefore x=a%,y=>b*(asx,yeEZ', x,y>0)

Jx+y+2=vx+ [yorJa*+b*+2=a+borJa®+b*=a+b-2
or(\/a2+b2)2 =(a+b—-2)? (as\/a2+b2 >0thenR.H.Sparta+b—2>0)

a’?+b*=a’*+b*+4+2ab—4a—4bor2(ab—2a—-2b+2)=0
ab—-2a—-2b=-2o0r,ab—2a—-2b+4=-2+4o0r,(a—-2)(b—2)=2(1)

Integer factorization of 2 are (1,2),(2,1),(—1,-2),(-2,-1)

From(1)ifa—2=1,b—2=2thena=3,b=4
ifa—2=2,b—2=1thena=4,b=3
ifa—2=-1,b—2=-2thena=1,b=0
ifa—2=-2b—2=-1thena=0,b=1
Now,a=3,b=4=> x=9,y=16 (as x = a?,y = b?)
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a=4b=3>=> x=16,y =19,
a=1,b=0= x=1,y =0does not satisfy given equation
a=0,b=1= x=0,y=1,does not satisfy given equation
so the required solutionx =9,y =16 or,x =16,y =9
734. Solve for integers:

(Vx—y)" = 3361 - V11296320

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

(\/J_C—ﬁ)4 = (x+y—2\/x_y)2 = (x+y)? +4xy —4/xy(x +y)
now, (x + ¥)? + 4xy — 4,/xy(x + y) = 3361 — V11296320
comparing we get, (x + y)? + 4xy = 3361 (1)
4. [xy(x+y) =V11296320 (2)
Let x + y = sand xy = p then from(1)&(2)we have
s? +4p = 3361 (3)

11296320
4s,/p = V11296320 or,s’p = —¢ — — 706020 (4)
3361 — s%\ 3)
From (3)& (4)we have s?>p = 706020 or s* — )= 706020

s%2(3361 — s?) = 2824080 or s* — 3361s% + 2824080 = 0
_ 3361+ \/(3361)2 —4.1.2824080 3361+1

s? > > = 1681,1680
as we solve the equation for Z*
for this we take s* = (x + y)? = 1681 = 412
from (3) 3361 —s? 3361 — 1681
s=x+y=4landp=xy = = =420

4 4
We have x +y = 41 and xy = 420

To find (x,y) we construct an equation with roots x & y,
equation will be t* — (x + y)t + xy = 0 or
t? —41t+420=0o0r(t—21)(t—20) =0 or t = 21,20

Required solution x =21,y = 20 or x = 20,y = 21.
735. 1 € R fixed.Solve for reals :

34 4 3x+31=1

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India
Lety=x+ 21
The equation can be writtenas 3” +3(y—4)+3A=10r,3"+3y=1(1)

Let f(y) =3Y+3y thenf'(y) =3"In3+3>0Vy€ER
f(x) is strictly increasing

For this equation (1)has at most one solution,clearly f(0) = 1
y = 0 satisfy the equation (1)
y =0isasolutionorx+A=00rx=-21

736. Let be A € R™ fixed. Solve for reals:

X6 —y5 =261
xt+ a2y +yt=2"+22+1

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Leta = x*b =y*(a,b>0)
x6—y® =2°—1or, (x* - y»)(x* + x%y* + y*) = (4*)° - (V)?
(a—b)(@*+ab+b?>)=(22-1)A*+22+1)

Comparing we get :
a-b=22-1(1),a>+ab+b*=2*+22+1 (2)

Leta+b=s,d=a—b=2%—1 then from (2) we get:
a’+ab+b?>=2*+22+1

(a+b)?-2ab+ab=2*+2>+1 or(a+b)?—ab=2*+22+1
1
(a+b)2—z((a+b)2—(a—b)2)=/14+,12+1
1
sz—z(sz—d2)=/14+lz+1

2 2

3 _ w1 - ors
4 401' S

e he22_
2 ETT 4 22 41 ) - (2 - 1)

s2=A%2+1)%ors=a+b=22+1(asa,b>0) (3)
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2

ab=%((a+b)2—(a—b)2)=%((AZ+1)2—(AZ—1)2) =4%= A2 (4)

We construct an equation withroots a &b

A2+1)+A%2-1
tz_(a+b)t+ab=Oortz—(lz+1)t+/12=00rt=( );( )

ort=2* 1> x>=a= 2%o0orx=+1&y*=b=1o0ry=+1

Solutions: (x,y) € {(4,1),(—4,1),(—4,-1),(4,-1)}

737. Let be A > 1 fixed. Solve for reals:

{(x + ) (&% +y*) = 2(42% + 1)
(x—y)*-—y*) =22

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

u+tv _u—v _u
2 YT T T

Letu=x+y,v=x—ythenx = 2

(x+y)(x*+y?) =422 + Dor (x+y)((x+y)* —2xy) = A(42° + 1)

2 __ 2,2
u(uz -= 2 : ) = A(42% + 1) or ,u(u? + v?) = 22(42% + 1) (1)

22
(x = y)(x* = y*) =22 or (x = y)*(x +y) = 2A or wv® = 2d o7 v* = — (2)

Eliminating v*between (1)& (2)we get:
21
u(u2 + 7) =22(42%2 + 1) or,u® + 24 =823 + 22 0or,u® = 843 or

u—21(asl>1)&v2—2/1—2/1—10rv—+1
- = " 22 -

_u+v_2/1i1_/1+1 _u—v_21+1_)d__1

Y= Ty Ty TATYYTE T T T T4y

1 1 1
Solutions: (x,y) = (/1+E'/1_ E),(A— ,A+—)
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1 1
4 X+t y+§=\/15

|
k x+y=3+8\/x_y

Proposed by Marin Chirciu-Romania

738. Solve for reals:

Solution by Tapas Das-India

Leta = ’x+ /x+ then x = a? 5,y bz—g

Accordmg to the given condition,a+ b = V15 (1)
2 ) 2 73
x+y=(a? +b2)———(a+b)2—2ab—§ 15 -2 ab—gz?—Zab(Z)

again, x+y=3+8,/xy(3)eliminate (x + y) from (2) & (3)we get,

29
3+8\/_———2abor\/x_y—

£ —ab
1 (29 )2 1 (841 58

= | — — - 212
or xy 16\ ab 2 162 25 5ab+ab)§4)
1 1 a‘+b 1 (a+b)*—2ab 1
(a2 2\ (p2 _ 2\ = o2p2 _ o 2p2 S &
xy (“ 5)(”2 5) 7“” 5 Tzs- 4P 5 *25
= a’b?* + = 5 ab — — (5) from (4)and (5)eliminate xy we get:
1 (841 58 sz)— 2z 2o 74
16\25 574 N T
(841 58 2b2>—16 2z 32, 74
or(Sg—gabta = 16a . T

841 — 290ab + 25a2b? = 400a%b? + 16ab — 1184
—6i\/36+540_9
10 5’
9

asab>Osoab¢—3,ab=§

or 5a’b? + 6ab —27 =0 or ab =

@ 1 (29 )2 ab—s

3
Nowxy—ﬁ ?—ab landx+y = 3+ 8 /xy

We construct an equation with roots x,y:

11+\/11 11+3\/13
m?—(x+ym+xy=00r,m?>—11m+1=0o0r,m=
11 +3v13 11 -3v1 > (11 3\/ 3 11+3v1 >
or

solution (x,y) = < > , > 2 , 2
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739.n € N, fixed. Solve for real numbers:

(n+1)(x-1)
5%.2 x = 5.10"

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

(n+1)(x-1)
5*.2 x =5.10"
(n+1)(x-1)
or5*.2  «x = 5.(2".5") = 5ntl 2n

Comparing we get:
n+1)x-1)
=n

X

x=n+1&
n+1)(x-1)
X

=nornx=nx—-n+x—-1orx=n+1

Solution: x=n+1
740. Solve for reals:

(x%)*° = 6x—5

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

5
ASL.H.S>050R.H.S>00r6x—5>00rx>€

Let f(x) = (x6)*° — (6x—5) = x%° — (6x — 5)
f'(x) = 6x°x%°(6Inx+1) — 6 = 6(x5x6"6(6 Inx+1)-1)
5 5 ,.6x° ; ’
Casel: x € (€'1> then x°x°* < 1,6lnx < 1 for this f'(x) <0
5
so f(x)is decreasing on (E' 1)
Case2:x =1thenf(1)=1—-(6—-5)=0sox =1isroot off(x)=0

Case 3:x > 1thenlnx > 0,x5x%° > 1 for this f'(x) > 0
so f(x)is increasing for x > 1
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Conclusion: f(x) is decreasing on (E’ 1) & increasing for x > 1 and
atx=1fx)=0

so required solution x = 1.

x(x+4)=16 + 2xx(x — 4)

Proposed by Nguyen Hung Cuong-Vietnam

741. Solve for reals:

Solution by Tapas Das-India
x(x+4)=16+2x/x(x—4) clearlyx(x—4) >0o0orx<0or,x =>4

Let x = 2t then given equation can be written as :

2t(2t+4) =16 + 2.2t,/2t(2t — 4) or 4t*> + 8t = 16 + 8t/t(t — 2)

5 t?2+2t—4
t*+2t=4+2t t(t—z)orTz,/t(t—z)

2
or () = (=D )

(LHS>0ast<0ort=>2sincex=2t& x<0orx=4)
(t2 + 2t — 4)? > 4t2(t* — 2t)
t* + 43 — 4t*> — 16t + 16 = 4t* — 8t3
3t* —12t3 +4t? + 16t —16 =0

4 16 16
ttr—43+t?+—t——=0
T3t T3 3

Standard formt* +pt3 +qt> +rt+s=0

Lett=y=y—§=y—_T=y+1then:

4 16 16
¥+ 1)4—4(}""1)3+§(}’+1)2+?(}’+1)—

—=0
3

4 16 16
(y4+4y3+6y2+4y+1)—4(y3+3y2+3y+1)+§(y2+Zy+1)+?(y+1)— =0

3
14 5
y4—?y2—§=00r3y4—14y2—52Oor(y2—5)(3y2+1)=0

1
ory>=>5 (asy2¢—§> ory=+V5
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Solutions x =2t =2(y+1) =2(1+5)

742. Solve for reals:
Vx—2024 + Yx— 2025 + Vx — 2026 = 0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
Lety = x — 2025
The given equation can be written as:
Vy+1+3fy+3iy-1=0

Let f(y) = {y+1+3y+3/y—1clearly f(0) = 0soy = 0isasolution of
fy) =0

1 1 1 1
f’(y)=§<—2+—2+ 2>>0\7’yER—{0,1,—1}
y+1D3 y3 (y—-1)3
So f(y)is strictly increasing continuous function can have at most one zero,
so required solutiony = 0 or x — 2025 = 0 or x = 2025

743. Solve for real numbers and m € R fixed:

xXt+ty—z=m-—2
x2+y2—z>=m?—-4m -8
3 +y3 -2z =m3-6m?-24m-26

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
Leta=x+y,p=xy
From 1st equation:x +y—z=m—2or,z=a—(m—-2) (1)
X2+y?=((x+y)?—-2xy=a*—-2p

From 2nd equation: x* + y> —z> =m? —4m -8
a’-2p—(a—(m—-2))?=m?-4m-8
—2p+2am-2)—-(m—-2)> =m? -4m -8
—2p=m?>—-4m -8+ (m—2)%? - 2a(m-2)
—2p=2m?>-8m—-4—-2a(m—-2)or,p=a(m-2)—-m? +4m+2 (2)
XB+y’=(x+y)2-3xy(x+y)=a®-3ap

From 3rd equation: x3 + y3 — z3 = m3 — 6m? — 24m — 26
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1
a3—3ap—(a—(m—2))3 2 m3 — 6m? — 24m — 26
a® —3ap—ad®+ (m-2)3+3a*(m—-2) —3a(m—2)? = m3 — 6m? — 24m — 26

B3a(-pt+a(m—-2)—(m—-2)?) =m3-6m? —24m—-26 — (m—2)3

2
3a(cam-2)+m?*—-4m-2+a(m-2)—-(m—-2)?) =—36m—18
3ax(—6)=-36m—18ora=2m+1

From (1):
z=a-(m-2)=2m+1—-(m—-2)=m+3(3)
From (2):
p=am—-2)-m?*+4m+2=02m+1)(m—-2)—-m?*+4m+2=m?>+m
nowwe havea=x+y=2m+ 1,andp = xy = m? + m,so x,y are roots of
t? —(2m+1t+ (m?>+m)=0or
. 2m+1+,/2m+1)2-4.1.(m*+m) 2m+1+1

2 2
so (x,y) =(m,m+ 1)or,(m + 1,m)

=mm+1

Required solution using (3): (x,y,z) = (mm+1,m+3),(m+1,mm+ 3)
744. Solve for real numbers:

2x2 —14x+30-5(x —-4)Vx—-1=0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
2x*—14x+30-5(x—4)Vx—1=0

Clearlyx—1>0o0rx=>1
Lety=vVx—-1=>x=y*+1 (1)

Using (1)given equation can be written as:
22 +1)2-14(y*+1)+30-5y(y*-3)=0
2(y*+2y*+1) — (14y* +14) + 30— (5y3 —15y) =0
2y* —5y3-10y? + 15y +18 =0

-2+ -3)2y+3)=0
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y—2=0>y=2thenx=y*+1=22+1=5

y+1=0=y=-1then:
x=y*+1=(-1)2+1=2,not satisfied given equation

y—3=0>y=3thenx=y?+1=92+1=10
3
2y+3=0=»y=—ithen

3\? 13
X = <_E> +1= il 5,not satisfied given equation

So required solutionx = 5,10

745. Solve for real numbers:

x5 —3Yx+30=30

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
Let f(x) = x5 — Y/x + 30 — 30

atx=2,f(2)=32—-2-32=0s0ox =2isasolutionof f(x)=0
1 4
now f'(x) = 5x4—§(x+30)_§> 0,Yx€ER

so f(x) is strictly increasing
For this f(x) = 0 has at most one zero so required solution x = 2.

746. Solve for real numbers:

Vx + 2024 + ¥x + 2028 = Vx + 2025 + ¥x + 2027

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Let a = Yx + 2024,b = ¥x + 2025,c = 3/x + 2027,d = ¥/x + 2028

then 3x + 2024 +¥x + 2028 = Yx + 2025+ ¥x+ 2027 >a+d=b + ¢

(a+d)?=a®+d?>+3ad(a+d) =x+2024+x+2028 +3ad(a+d) =
=2x+ 4052 + 3ad(a + d)

38 RMM-ABSTRACT ALGEBRA MARATHON 701-800



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro

(b+c)3=b3+c®+3bc(b+c)=x+2025+x+ 2027 +3bc(b+c) =
=2x+ 4052 + 3bc(b + ¢)

Sincea+d=b+cthen(a+d)3 = (b+c)3
or2x + 4052 + 3ad(a+d) = 2x + 4052 + 3bc(b + ¢)
orad(a+d) = bc(b + c) or, ad(a+ d) ardZbre bc(a+d)
or(a+d)(ad—bc) =0

Ifa+d=0>a3=-d3orx+2024=—(x+2028) or
2x = —4052 or x = —2026

Nowad — bc #0
because a®d?® = (x + 2024)(x + 2028) = x? + x(4052) + 2028 x 2024
b3c3 = (x +2025)(x + 2027) = x% 4+ x(4052) + 2025 x 2027

Clearly a3d?® # b3c® as 2028 x 2024 # 2025 x 2027 so ad # bc or ad — bc # 0
Required solution x = —2026

747. Solve for real numbers:
x*t —x? —16x+2 =212 + 4x
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
xt—x?—16x+2 =2x% + 4x
Domain need x> + 4x > 0 so x € (—o0,—4] U [0, )
2
(x* —x?—16x+2)% = (2 x2 + 4x)
28+ (x% +16x — 2)% — 2x*(x? + 16x — 2) = 4x?* + 16x
x8 — 2x6 —32x5 + 5x* + 32x3 + 248x2 —80x +4 =0 (1)
Let x8 — 2x% — 32x> + 5x* + 32x3 + 248x% — 80x + 4 =

= (x* —16x + p)(x* — 2x* — 16x + q)
=x8 — 2x% —3x% + x*(p + q) + x2(256 — 2p) — x(16q + 16p) + pq

Comparing coef ficient we get coefficient of x> > 256 —2p = 248 or,p = 4
Constantterm - pq=4orq=1asp =4
x8 — 2x® — 32x5 + 5x* + 32x3 + 248x% — 80x + 4 =

=(x*—-16x+4)(x*—2x2 -16x+1)
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From(1) (x*—16x+4)(x*—2x*—-16x+1) =0

x*—2x2-16x+1=0
or (x2+3)2-8(x+1)2%2=00rx2+3=1+2V2(x+1)

Now x? + 3 = 2v/2(x + 1)(as x® + 3 = —2V2(x + 1) does not has real roots)

2vV2+ [8-4(3-2V2
orx? —2V2x+(3-2V2)=0orx= \[ 2( ) =2+ fZ\/i—l

Clearly roots from x* — 16x + 4 = 0 does not satify given equation
sincex*—16x+4=0>x*=16x -4

If we put value of x*in given equation LHS part then
LHS =x*—x*>—-16x+2=(16x—4) — x> —16x+2 = -2 —x%2 < 0 but

RHS = 2/x2+4x >0
For this required solution x = V2 + /2\/5 -1

748.Solve for integers:
x3 +2y3 4+ 3x + 4y = 4x% + 4y?

Proposed by Sakthi Vel-India
Solution by Tapas Das-India
23+ 2y3 + 3x + 4y = 4x?% + 4y?
>x(x?—4x+3)+2y(y>*—2y+2)=0
sx(x—1Dx-3)+2y(y—1%?+1) =0(1)
Clearly sign of entirey term 2y((y — 1) + 1)
isdependonyas(y—1)?+1>1

Casel:y=0thenx(x—1)(x—3)=0 =>x=0,1,2
so solutions are (x,y) = (0,0),(1,0),(3,0)

Case2:y > 0then 2y((y —1)?2 + 1) > 0 and from (1)
x(x—1)(x —3)mustbe <0sox<O0or,1<x<3

Sub case A:1 < x < 3 then only integer x = 2 then from(1)we get
22-1)2-3)+2y(y—1)2+1)=001,2y3 —4y*+4y—-2=0
y2—-2y2+2y—1=0o0r,(y—1)(*—-y+1)=00r,y=1
as y> —y+ 1= 0 does not have real root since
D=1-4=-3<0,solution (x,y) =(2,1)

If y>1soy > 2(Integer),fory =2and x =2 from(1)we get

40 RMM-ABSTRACT ALGEBRA MARATHON 701-800



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
—-2+2.2(12+1) = -2 + 8 # 0,not satisfied ,
so their are not integer solution fory > 1

Sub caseB:x < 0,if y =2 from(1)we get
x(x—-1Dx-3)+2.2(2-1)?*+1)=00r,x(x—1)(x—3)+8=0
Clearly x = —1 satisfy above relation,
absolute value of x(x — 1)(x — 3)increases as x becomes more negative
so only solution (x,y) = (—1,2)

If y=3then from(1)wegetx(x —1)(x—3)+2.3(3-1)2+1)=0
orx(x—1)(x—3)+30=0

Clearly x = —2 satisfy above relation,so solution (x,y) = (—2,3)

Ify=4 from(1)we get :
x(x—-1Dx-3)+2.4(4-1)?*+1D)=0or,x(x—1)(x—3)+80=0
If we take x = -3 then x(x — 1)(x —3) = —72 # —80
If we take x = —4 then x(x — 1)(x —3) = —140 +# —80
so no solution exist since
|x(x — 1)(x — 3)| is increases as x becomes more negative

Case3: y<0,s02y((y—1)2+1) >0, from (1)we have
x(x—1D(x—-3)>00r,0<x<1lor,x>3

We must consider x > 4 as no integer in (0,1)
subcaseA,x=>4andy = -1
from (1)we have x(x —1)(x—3)—10=0
for x=4,x(x—1)(x—3) =12 # 10 and value of x(x — 1)(x — 3) increases for
X > 4,sono integer solution exist

If y=—2 then from (1)we have
x(x—1)(x—-3)—40=0
Clearly x = 5 satisfy above expression and value of
x(x — 1)(x — 3) increases for x > 4
so only solution (x,y) = (5,-2)
Combine all above result required solutions are
(x, y) = (O, 0), (1; 0), (3, O), (_1; 2)» (—2, 3)» (5’ _2)’ (2’ 1)
749. Solve for real numbers:

V2034 — x — Vx — 2025 = x% — 2025x — 2025

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

Clearly x — 2025 > 0 or x > 2025

Let g(x) = (x? — 2025x — 2025) — (/2034 — x — Vx — 2025)
1 2 1 1
g'(x) =2x—2025+ 5(2024 —x) 3+ E(x —2025)2

g'(x) >0 for x > 2025 = g(x) is strictly increasing ,therefore g(x) =0
has at most one solution.

Clearly g(2026) = 2026(2026 —2025) —2025—-(2-1)=0
so x = 2026 is the only solution.
750. Solve for integers:

x3+y3+5(x+7y) =3x%+2y% + 5xy

Proposed by Sakthi Vel-India
Solution by Tapas Das-India

2 +y3+5(x+y)=3x%+2y%+5xy
x+y)x2—xy+y?) +5(x+y) = (x+y)(3x+2y)
x+yY)(x?—xy+y*+5-3x—2y)=0

Casel:x+y=0thenx = -y,
Solution (x,y) = (t,—t) for any integert
Case2: (x* —xy+y*+5-3x—-2y)=0
x*—x(y+3)+(*-2y+5) =0
+3+ +3)2-4(y*-2y+5
L_YT3EV0 )2 (y? -2y )(1)
The discriminant:
D=(y+3)?-4(@*-2y+5) =y>+6y+9—4(y>*—2y+5)=-3y> + 14y — 11

To getrealroots D > 0 as well as D must be perfect square
as we are find integer solutions.
For this —3y*+14y—-11>00r,3y*—14y+11<0

11
or(y—l)(Sy—ll)SOorlSyS?=3.66...

So integer valuesofy=1,2,3

1+3
y =1 gives from (1): x =—— = 2,s0 (x,y) =(2,1)

(3+3)+2

y = 3 gives from (1): x = 4,2

so (x,y) =(2,3),(4,3)
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Fory =2 ,thediscriminant D = 5 not a perfect square number ,soy # 2
Required solutions (x,y) = (2,1),(2,3),(4,3),(t,—t), t is an integer.

751. If A € R then solve for reals:

5;/x—11+1+3\'/x—/1+3\'/x—/1—1=0

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Lety=x—lthen3x—l+1+i/x—l+§/x—/1—1=0
ory+1+3y+iy-1=0
Gy+1+ify-1)=-3y O

Ch+i+iy-1) =)

y+1+y—-1+3Yy+1.3Yy-10/y+1+y-1)=—y

1, 5 ©
2y - 3y3i/y+1.i/y—-1=-y

1
y=y3y+13y-1

y=yy+D@-1
yy*—y*+1)=00ry=0
Solutionsy=x—Aorx=2A(asy=0)

752. Find all functions f: R — R such that:
U +y*+) +4ay=x+f?(y+2)Vx,yeR

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

fF)+y*+4)+4y=x+f*(y+2)Vx,yeE R(1)

43 RMM-ABSTRACT ALGEBRA MARATHON 701-800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Weputy = -2
then f(f(x) +8) —8=x+ f2(0) (2)

From (2):f(u) = f(v) = f(f(w) +8)-8=f(f(v) +8) -8

(2)
or u+ f2(0) = v+ f2(0) or,u=v, sof isinjective

f(f(x) +8) = x+ 8+ f2(0),so0 every real number is in the image of f,
so f is surjective

Again f(f(x) + 8) is a linear function of x,since from(2) value of
f(f(x) +8) =x+8+ f2(0) .Clearly f is linear.

Let f(x) = ax + b then from (1) we have:
afx)+y*+4)+b+4y=x+ (aly +2) + b)?
oralax+b+y*+4)+b+4y =x+ a’y? + 4a® + b* + 4a*y + 4ab + 2aby
a’x + ab + ay®* + 4a + b + 4y = x + a’y?* + 4a* + b? + 4a*y + 4ab + 2aby (3)

Equalizing coefficients of x & y* we get
a’?=1or,a=+1&a* =aor,a=0,1so0ocombine resultsisa =1

Puttinga =1in (3 ) we get
x+b+y*+4+b+4y=x+y*+4+b*+4y+4b+2by
or 2b = 2by + 4b + b?

Equalizing cof ficients of y we have2b =00rb =0
sof(x)=ax+b=x
753. Find all functions f: R — R such that:

2 +2yf) +f) =f(y+ f®))vVx,yeR

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

PP +2yf0) + f) = f(y+f())Vry eR(D)
Suppose f(x) = cis constant then the equation becomes
c®+2yc+c=cVy,thiscanonly be trueif c =0
Hence one solutionis f(x) =0

From (1)we have

fy+ )= = F2(x) + 2yf(x) + f)
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R.H.S part has the same form as the algebraic identity
(y + a)? — y? = 2ay + a?
this suggest that f(y) behave like y* + some constant.

Let giy) = f(y) —y*or f(3) = g(») + ¥* (2)
where g(y) represent the non quadratic part of f(y).

From (1)we have f(y + f(x)) = f(3) + f2(x) + 2yf(x) + f(y)

Using (2)we have:
g+ @)+ +F®)" = gO) + % + (g0 + x2)? + 2y(g(x) + x)
gy +f(x) +y* + F2(x) + 2yf(x) = g(y) + y* + (g(x) + x*)? + ZyZ(g(x) + x2)
gy + F(0) + (g() +22)% + 2y(g(x) + 22) + 2yf ()| IE T
=g+ (@) + x5+ 2y(g(x) + x%)
gy +f®)) =9

This equation says that g(y) does not change when its argument increase by f(x)
since f is non constant it can take infinitely many values so g(y) must

be constant g(y) = c hence f(y) = g(y) + y* = c + y*

So solutions are f(x) = 0 or f(x) = x* +c.
754. If A > 0 then solve for reals:

(x+l>9+<x—l>9_ X3+ 322x\°
2 2 B 4

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

x+A x—A
Let A = 2 ,B = 2
A3 +B3 = %((x+l)3 + (x—2)3) =%2x((x+/1)2 —(x+DEx-D+(x—1D?) =
x (x3 +32%x)
= Z(xz + 312) = f (1)

N (x + /1)9 N (x - /1)9 x3 +312x\°

: =\l =
oW \T2 2 4
A°+B°=(A43+B3)30rA°+B° - (A3 +B3)3 =0(2)

Weputu=A3,v=B3thenA® +B° —(A3+B3)3 =ud +v3 - (u+v)3 =
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=ud +v3 - (u3 +v3 +3uv(u + v)) = —3uv(u+v) = —-343B3(43 + B3) (3)

x+42 x—21 x%2-2% 1
_ _ 3p3 _ 2 22\3
=X = = A°B —64(x A%)° (4)

AB

From (2)we have A° + B° — (A3 + B3)} =0
3 3 x3 + 3A%x) (n&@
_A3B3(A3 + B3) (=) 0 or _6_4 (xZ _ 12)3¥( )=( ) 0

x3 +32%x
x2-22=0> x=iland¥=0'givesx(x2+3/12)=00rx=0

Required solution x = +4,0.
755. If A > 0 then solve for reals:

X242 —ADVx—2+(1-20)x+A(A—-1) = 22(1 + 1)?

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Domain:x —A2=>0o0r,x =2
Lett=Vx—A(t=>0)> x=t*+21(1)

42— AVE—A+(1—-2Dx+AA-1) =
=2 +20*+283+(1-20D{*+2D)+21—-1) =
=(t* 4+ 20224+ 22) + 283+ (2 + 2 =222 —223) + 22 -2 =
=t*+2683+t* =t?2(t+1)?

X2 +2(x—-2ADVx—2+ (1 -2Dx+1(A1—-1) = 22(1 +1)?
t?(t+1)?2=22(A+1)?%or,t(t+1) =21+ 1),(t, A= 0)
t2+t—(A24+2D)=00r(t—-ADt+1+1)=0=>t—A2=00rt=2
Since:t+A+1=0>t=—-1—Anotpossible ast>0and 1> 0

. . (1) 2 2
Required solutionx = A+t“ =1+ A°.

756. If A > 0 fixed, then solve for reals:

x*-3x+1=-— Jat + Ax? +1

1
VA + 2
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Jxt+2x2+1>0Vx €RthenR.H.S Vxt+2A2x2+1<0
VvA+2 vA+ 2
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soL.H.Smustbe < 0orx?>—3x+1<0(1)

1
x> -3x+1=- Vxt+Ax2+1
VAi+2
1
2 _ 2 _ 4 2
(x*—=3x+1) A+2(x + Ax* + 1)

A+2)(x2=-3x+1)?-(x*+2x2+1)=0
A+2)(x*+9x2+1-6x3—6x+2x)—(x*+2x*+1) =0
A+Dx*—6(A+2)x3+(102+22)x2-6(A+2)x+(A1+1)=0

(x — 1)2 ((/1+ 1)x% — (44 +10)x + (1 + 1)) =0
now,x—1=0=>x=1
and ((A+ 1)x% — (414 10)x + (1 + 1)) -0

= x2 41+10 +1=0 (2)
x4 — X =
A+1
Clearly product of the two roots = 1,
1
which indicate that roots are reiprocal to each other let roots are r,;

th (2) +1—4'1+10—4+ 6 >4as 1=0
en from (2),r o i a 171 as A=

but we should also remember that from(1) that roots of eqution (2)must satisfy
x2-3x+1<0

3++/5 3-4/5
x2—3x—1<00r<x— ><x— 5 ><Oso:

2
3-+5 3++5
> <x< which indicate x > 0
1 x2-3x+1
x+;—3=7<0a5 x2—-3x+1<0andx>0

1
or,x + 2 < 3 but from(2)we get

1
r+ - > 4, their does not exist any x in equation(2)

so the only solution: x =1
757. For a > 1fixed then solve for real numbers:

x+1 x \/— X
G +Gers) ) -t

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

x+1

lets=az >0,y=(ala+1)) >0
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X

x+1
(1) _ gD = g2 ,( 1 ) _y
a a(a+1)

va ) - a2.d. (aa+1) " = Q7. (a(a+1) " =sy

a(a+1)
x+1 X

P
@ +Garn) (s -

s2+y—sy=1orl1+ys*—siy=s?
1-s2+ys’(1-5) =0 or(1—s)(1+s+s%y) =0

g

x+1 —
ass=a 2 >0sincea>1,y= (a(a+1)) s 0so(1+s+s?y) cannot be 0

x+1 x+1

sol—s=0o0rs=1>a2 =1> 0orx=-1.

758. Solve for reals:

B-x+1=V2x-1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Lety=32x—1 theny? =2x—-1(1)
From given equation we have x3 —x + 1 =y (2)

Let we put y = x in equation (1) thenwe get x3 —x+ 1 = x or
¥-2x+1=00r(x—1)x*+x—-1)=0>
-1++5
2
Now if we puty = x in equation (2)we getx3 =2x—1orx3—-2x+1=0
which is same as previous equation, so required solution:

x=1landx*+x—-1=0=>x =

_,"11V5
x=1—7
759. Solve for reals:
X2—x—-1=+V2x+1

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1
Domain2x+1>=0o0rx=> )
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x2—x—-1=V2x+1or (x> —-x—-1)?=2x+1
orx*+x2+1-2x3-2x2+2x=2x+1

orx2(x2—2x-1)=0=> x=00rx2—-2x—-1=0=>x=1+2.

Now for x = 0 given equation not satisfied

forx=1-vZ,LHS=(1-vVZ) -(1-v2)-1=1-v2<0
R.H.S=\/2(1—\/E)+ 1> 0 sonot satisfied

so required solution x = 1 + /2.

760. Solve for real numbers:

x2—x+1=33x-2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

t3+2

Lett=33x—-2 or,t3=3x—2o0r,x = 3

(1)

x2—x+1=33x-2
B+2\" +2
( ! )_ 2=
3 +2)?2-3(t3+2)+9=09t
t°+43+4-3t3—-6+9 =9t
t°+t3-9t+7=0
(t—1)2*+ 23 +3t>+5t+7)=0(2)

*+23 +3t2+5t+7) =t*?(1+ )2 + Qt>2 + 5t + 7)
2t2 +5t+7>0asa=2>0and D =5%2-4.2.7=55-56<0
and t?(1+t)?>0VteR,sot?(A+t)>+ 2t2+5t+7) >0
For this from(2)we get (t—1)> =0ort=1
t2+2 13+2

sorequired solution x = 3~ 3 - 1

761. If A > 1 then solve for real numbers:

2x 2y 2z l l l —
A*+ 27 +2*) (= +—=+ =3
AX AV A

B(AXTY 4 QY2 4 Q7H%) = ¥ + AV + A”

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

Let A* =a,AY = b,A” =cclearlya,b,c >0as1>1

then given equation can be written as:

1 1 1
(a2+b2+CZ)(E+E+Z)=3 (D

3(ab+bc+ca)=a+b+c(2)

Let S=a+b+c,P=ab+bc+caR=abc from(2)weget3P =S

1 1 1
From (1)we get (a2+b2+c2)(a+_+z)=3

b
b + bc +
((a+b+c)2—2(ab+bc+ca))(—a ¢ ca)z
abc
P P _sp P(9P% — 2P
(SZ—ZP)Ez30r,R=§(SZ—2P)S=3P¥ 3)

Using A.M — G.M inequality we get :

a+b+c\’ $=3p
(T) > abcor S®>27Ror,R < P3

P(9P? —2P) ®) , P=abe>0 1 1
fSP or 6P < 2PorPS§soS=3PS3x§S1(4)

Well known inequality (a + b + ¢)? > 3(ab + bc + ca)

$=3P S S=a+b+c>0

or,S* > 3Por,S* > 3.5 or,S > 1 (5) now from(4) & (5)

Wegets =21&5<1,

W«

1
soS=1ora+b+c=1andab+ bc+ca=P = 3

(a—b)? + (b—c)?*+ (c—a)? =2(a® + b* + c*) — 2(ab + bc + ca)
1
S=1pP=3

=2(8?-2P)-2P=2(s*-3P) = "21-1)=0

a—-b=0=>a=b,(b—-c)=0=>b=c,(c—a)=0=>c=a
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1
a=b=c=§(asS=a+b+c=1)

3’ 3/’ 3 3/’

Az=c=1 orz=log,1(1)
3 3

1
Solution: x =y = z = log, (5)

762.1f n,k € N,n = k fixed then solve for natural numbers:
3% + 3% = 30 4 3n+k

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
3% + 3k = 3b 4 3ntk
32 — 3b + 3n+k _ 3k
3¢ =30 +3k(3"-1)
3a—k — 3b—k + (3n _ 1)

31=38+3"—1) let A=a—kB=b—k)
34-38=(3"-1)

3B(34-B _1) =3" -1 (1)

R.H.S part is not divisible by 3 so,L.H.S part is divisible by 3 unless B =0
soB=0=b—-—k=0o0r b=k

From(1): 34 —-1=3"—-10or 34 =3"0or,A=nor,a—k=nora=k+n
So required solutiona=k+n,b =k

763.1f A € R ,n > 0 fixed then solve for reals:
X242 —-DVx -2+ A -20Dx+ 1A —-1) = n*(n + 1)?

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Lett=Vx—2,t>0so0,x=t>+2
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Domain: x> A

X2 4+2x—-ADVx—2+(1-2Dx+1(A1—-1) =
(@D + 2050+ (122 + D) +AA—-1) =
=t*+283 + 2 =t2(t+1)?
X2+2(x—2ADVx—2+(1-2Dx+211-1) =n?(n+1)?
2+ =n*(n+1%ortt+1)=n(n+1)(asn,t>0)ort=n

t=Vx—A=norx=n*+21
764. Solve for naturals:

(1+v6) = /p+p—125

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Letx=.p, y=.,p—-125
(1+V6) = /p+p—125

x+y=(1+V6) =1+6V6+3V6+18=19+9V6 (1)

_x*—-y? p-(p-125) 125(19-9V6)

= - - =9v6 —9 (2
XY=ty 19 + 96 361 — 486 Ve-9(2)

Adding (1) & (2)we get 2x = 18V6 or x = 9V6 or x% = 486

p =x%=486
765.If a > 1,1 > 1 fixed. Solve for reals:

x ++/A*log,(x + 2a) = \/log,(x + 2a)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Let y = \/log,(x + 2a) = 0 then:

x + /A% log, (x + 2a) = \/log,(x + 2a)
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x x
>x+ylz=y :»x=y(1—,12) (1)
X
Case1.I1f x >0thenAz>1lasA>1soR.H.Spartof (1) <0
but L.H.S > 0 contradiction.

X
Case2.If x <0thenAZ <lasA>1soR.H.Spartof (1)=0
but L.H.S < 0 contradiction.
Clearly,x = 0 satisfy equation (1)
so,required solutionx =0

766. If A > 0 fixed then solve for reals:
(x —2y)%? +51% = 6x(1 — 2x) + 6y(21 —y)

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

(x —2y)2 +52%2 = 6x(A—2x) + 6y(21—y)

Expanding we get:
13x% — (4y + 6A)x + (10y?> — 124y + 54%) =0

4y + 61+ /(4y + 6A)% — 52(10y% — 121y + 522)
The discriminant D = (4y + 64)? — 52(10y? — 124y + 51%) =
= —504y? + 6724y — 2244* = —-56(3y — 21)? clearly D < 0.

or X

22
So real solution exist for fixed 2 only when (3y —21)> =0ory = 3

—4'32A +64
From (1): x = —~ e =3
. . A 22
So required solution x = §,y = 3

767. Solve for integers:
169x* —13xy + 12y = 119

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

119 - 169x*  169x* — 119
12 —13x  13x—12

25
= 13x+12+13x—_12 (1)

169x% — 13xy + 12y = 119 or,y =

for integer solution 25 is divisible by 13x — 12,
for this 13x — 12 € {+1,+5,+25}

d+ 12
Let 13x — 12 = d then x = 13
(D 25
lfd=1thenx =1,y = 13X1+12+T=50
11 @
d=—1thenx=ﬁ,y =—2,so0xnote’Z

17

d= 5thenx=ﬁ,soxnotEZ
7

d=—-5thenx =E,soxnotEZ

11
d=25 thenx=ﬁ,soxnotEZ

d=-25thenx=-1,y=-2
So required solutions (x,y) = (1,50),(—1,-2)

768. Solve for real numbers:

x(y+2z)=35
y(x+z) =35
z(x +y) =27

Proposed by Netai Chandra Bhar-Iindia
Solution by Tapas Das-India

x(y+2z) =35 (1), y(x+2z)=35(2), z(x+y)=27 (3)
From(1)&2)wegetx(y+z)=y(x+z)orz(x—y)=0=>z=00rx=y
If z=0then from (3)we get 0 = 27 ,not possible soz +# 0

27
If x =y = m(say) then from(3)we have z.(2m) = 27 or,z = >
43

27
From(1): m(m+ z) = 35 or,m(m+ %) =350rm? = > or
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’43 27 27
= —,Z = _
27
So required solutions: x = / / —and
43 43
J2Y T 2T

769. If A € Z fixed then prove that the equation:
B+y3-22=2(x+y-2)

has an infinitely solutions in integers.
Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
We are asked to prove existence of infinitely many integer solution,

not to find all solution, so it is enough to find of solution one infinite family

for thisweputx+y—2z=0=z=x+ythenthe equation becomes
XB+y3—(x+y)3=00r-3xy(x+y)=0 = x=00ry=00rx+y=0
Casel)x=0thenz=yasz=x+y,solution(0,y,y),y €z
Case2)y=0thenz=xasz=x,solution (x,0,x),x € z
Case3)x+y=0theny=—-x,z=0asz=x+y,solution (x,—x,0),x € Z
For all these solutionsx+y—z=0=> A*(x+y—2z)=0thenx3+y3—-2z3=0
then orginal equation is satisfied for every integer 4,(0,y,y), (x,0,x), (x, —x,0)
x,y,Z € Zinfinitely many integer solutions .

770.
Solve for x € (Og) :
1 1 1 — 18
cos?x ' cos? (% — x) ' cos? (% + x) -

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

1 + ! + ! =18
€cos?X ' (os2 (% — x) cos? (g + x)

sec? x + sec? (g - x) + sec? (g + x) =18

3 + tan? x + tan? (g—x)+tan2(g+x) =18
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3 + tan? +<\/§—tanx>2 <\/§+tanx>2 18
an- x _— _— =
1 + V3tanx 1 —+/3tanx
\/§—t g \/§+t 2t=tanx
t* + + =15
1++/3t 1-—+/3t
5 6 + 20t% + 6t* B 50r6+21t2+9t6_15
(1 — 3t2)2 (1-3t2)2

6+ 21t* +9t° = 15(1 — 3t®)2 or 3t® —45t* + 37t -3 =0

_42
3x3 —45x2+37x -3 "= O0or(x—1)(3x2—42x+3) =0
t2=x=1and (3x2—-42x+3)=00rx=7+4V3

T /
tZ=10rt=1ortanx=1orx=zandt2=7i4\/§ or,t = |7+ 43 or,

51 T
tanx = 2 + V3 when tanx = 2 + V3 or xzﬁ,tanxzz—\/?jorx=ﬁ

. 5t m =@
So solutions : x = —

12124
771.
Find the conditions on a and b so that following equation has 3 distinct solutions

xt*-2@@+b>*-1Dx*+(@*-b*>*+1)2—-4a%’=0

Proposed by Netai Chandra Bhar-india
Solution by Tapas Das-India

x*—2@®+b*-1)x*+ (@ -b*+1)2—4a*>=0 (1)
Let y = x* then from(1)we get y* — 2(a®? + b?> — 1)y + (a® — b?> + 1)? — 4a?
=0(2)
sincey = x* if both roots y,,y, > 0 then eqution (1)has 4 distinct root.
If onerootis 0then y = 0 and other positive root
y1 > 0 and equation (1)has 3 distinct roots as 0,./y;, —/y1
We put x = 0in (2)we get
(a? —b*+1)2—4a*>=0or,(a> - b*>*+1+2a)(a>?—b*>*+1—-2a)=0
or(a*—b*+1+4+2a)=0=>(a+1)2=>b%0or,a=b-1
(@>-b*>+1-2a)=0 2 (a—-1)?%=b*’or b=a-1
From(2)sum of the two roots
2(a® + b*-1) > 0 (asrootsare 0,y; > 0) ora? + b* > 1
So required conditions:a=b—-1,b=a—1,a%*+b* > 1

772. Solve for natural numbers:
52 — 50 = 620
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Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

5¢ — 52 =620 or 5°(5%7-1)=5x124=5(5%-1)

Comparingwe getb=1anda—b = 3 or
a=b+3=3+1=4

Solutiona =4,b = 1.

773.If a > 1, 1 € R then solve for real numbers:

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Domainx—2A2—-1>0o0rx>A+1lett=Vx—21—-1=2x—-21=t>+1
a\/x—/l—lz 1

x—A

1
tloga = —Elog(t2 +1) or log(t?+1) +2tloga=0

1
or at=(t*+1)2

Let f(t) =log(t?> + 1) + 2tloga then f'(t) = 71 + 2loga > 0 as

a>1and = 0. So f(t) is increasing.
The only one solutionist=0as f(0) =0,
x—A=t*’+1lorx=A+1ast=0

774. Solve for real numbers:

16x*> —56x + 51 =V4x — 6 + V8 — 4x

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
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3 3
Domain:4-x—62Oor,xZEand8—4x200r,xSZSo§SxS2

We know that upward opening parabolay = ax* + bx + ¢

b B

minatx = —o—, Ymn. = € = 7~
1632 — 56x+51min. atx = — =0 = 7 and yy. = 51— 2026 _
S0y = X X min. at x = 2x16—4an YMmin = 4)(16_

CBS
then 16x> —56x + 51 >2andV4x —6 + V8 —4x < /2(4x— 6+ 8 — 4x)

3
=2 in[i,Z] so,L.H.S > 2 and

7
R.H.S < 2 equality possible only when both equal to 2 or x = 7

775. Solve for natural numbers:
72 —7b =294

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

7% — 7Y =294 0r,7°(7%P -1) =72 x 6 = 72(7 - 1)
Comparing:b =2,a—b =1thena = 3.

776. Solve for real numbers:

|(x+—:3
Z

| 1

|y+;:2

kxyz:

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

+1—3th -1 +1—2th -1
xX+—= enz=o——_,y+_ = enx—z_y
y y
xyz =1or =1or =1
B-x2-y) _ 1 Nl
(3 Z—y)(2 y)
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5_3y=1ory=z
1 1 4 d_1_1_3
*T2oy T, 5 3™ T, 7575
34

x> +y*+2x+4y-20=0 .,
777.If ZZ+w2—-2w—-143=0 S=;—5+1v:—4then find:
XW+yz—x+w+2z—-61=>0
Smin T Smax =?

Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

The first two equations define the a couple of circles.

Equation1. x*+y*+2x+4y—-20=0- (x+1)2+(y+2)? =52
M.(-1;,-2) R, =5

Equation2. z>+w?-2w—-143=0- z>+ (w—1)? = 122
M,(0;1) R, =12

(x—a)? +(y—b)? = R? — {’;iiiﬁﬁ?ﬁ%
{x +1 =5cos(a) {x =5cos(a) —1
y + 2 = 5sin(a) - y = 5sin(a) — 2
z =12 cos(pB) _ )

{w— 1 = 12 sin(p) - w=12sin(B) +1
xw+yz—x+w+2z-61>20-> x(w—1)+z(y+2)+w—-1=>60
(5cos(a) —1)12sin(B) + 12 cos(B) .5sin(a) + 12 sin(B) = 60
60 sin(a) cos(B) + 60 sin(B) cos(a) = 60

sinfla+pB)=>1->(a+p) € [g + nk] sin(B) = cos(a)

2 2
YW g w2  (5sin(a) - 2 12cos(a) —1\"
5_25+144_(5) +(12) B 5 + 12 -
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4
= sin?(a) — Esin(a) + 25 + cos?(a) — =cos(a) + —

4201 1 6 144
= 3600 + gcos(a) — Esm(a)

-

1 4 )
S=C+ gcos(a) — Esm(a) Amplitude - A = (E =30

_, 4201 4201
~ 7"3600 1800

Smax =C+A Spin=C—A4 Snax + Smin = 2C

778. Solve for natural numbers:

1
(x+2)x+(x+1)*=2%_-5

Proposed by Sakthi Vel-India

Solution by Tapas Das-India

forx=1
LHS=1+2)'+2'=5RHS=2?-5=-1s0L.HS+*RH.S

forx =2

1
LHS=2+2)2+32=11,RH.S=2*-5=11soL.HS=R.H.S
sox = 2is asolution.

1
forx>3,(x+2)x>1and (x+ 1)* > 4* = 22¥
1
then(x +2)x + (x +1)* >2%2*+1>2%2* -5
so for n > 3 equality impossible.

The only solution x = 2
779. Solve for real numbers:

V2x2 —5x —423(2x2 +x-3)+1= (lsm (n7x)J + lcos (?)J)Z

|*] = floor function
Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

LHS =/2x2 —5x—42/(2x2 +x-3)+1>0

RHS = (lsin (%x)l + lcos (ZBLx)DZ =0

60 RMM-ABSTRACT ALGEBRA MARATHON 701-800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

7

J2x2—5x—42>0 ((2x+7)(x—6)20 X=6X¥=—3

s “l2x+3 1) >0 3

Y2z +x-3)>0 (2x+3)x-1D= x21xs->
7 7

—-1<sin(a)<1 —-1<cos(a) <1

RHS = ([sin (?)] + lcos (?)J)Z = {0:1;4)
RHS = LHS = 1 > RHS # {0; 4}

X = —% - RHS = ([sin (—g)] + lcos (— 7?”)])2 = (-1+02=1

X, =6 > RHS = (lsin (67E)J + [cos(4n)])2 =0+12?=1

7
x> (-3:6)
780.Find x,y,z € R™ such that:
V3(x—y) <1+xy
V3(y—2z)<1+yz

V3(1+xz)<x—2z
Proposed by Mais Hasanov-Azerbaijan

Solution by Amin Hajiyev-Azerbaijan

(X—Y 1
1+xysﬁ
y—z 1 tan(a) — tan(b) x = tan(a)
< S_%tan(a_b):1+tan(a)tan(b)'_> y = tan(p)
1x+—yz z~ V3 z = tan(y)
>
K1+xz_\/§
+ i
) X,¥,Z€ER —>a,ﬁ,ye(0 2)
(tan(a—ﬁ)s— (“—ﬁﬁg T T
V3 T a—ﬁ+ﬁ—y§§ a—yS§
15 p—yY<—~- -
tan(f—y) < — - n 1
| B-v) V3 | 16T a—y2§ a—y2§

ktan(a—y)Z\/g \“_”25

m m m

xv3—1 1

1. V3x—V3y—xy=1 y= ERY x>—
ymw=r Y= T3 3
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x—+/3
2. x—z=V3(1+x2) z=
( ) xV/3+1
x>43

The solution set of the system: x,y,z € R* - <x >3;

ZER" x>3

xW3-1 x-+3
x+V3 xV3+ 1)
781. Solve for positive numbers:
xVx + y3fy = 162
{xiﬁ +yVx = 162
Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
Let a® = x,b® = y then above equation can be written as

a* + b* =162 (1)
ab(a? + b?) =162 (2)

s=a?+b%p=ab

a* + b* = 162 or (a® + b?)? — 2a?b? = 162 or s*> — 2p? = 162
162
From (2) ps =162 or s = e
1622
s? —2p? =162 or (7> —2p% =162 or 2p* + 162p? — 1622 =0

2

t=
p* + 81p? — 13122 =0ort?> + 81t — 13122 = 0

_ —81+243

2 or t = p? = 81 (taking positive value) or

162
p=9ands=7=18

p=a*+b*>*=18,s=ab=9

t=p

(a—b)>=a*+b*—-2ab=18—-18=0o0ra=">b
thena=b=+vV9=3andx =a%=27,y=b3=27

782. If a > 1 fixed then solve fror real numbers:

N N e, Y

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

Domaina*—1>0o0r,a*>10or,x>0asa>1

Lety = a*thenVa*—1+Va* +1=+2
=1+ yFi=vZor(Jy—1+y+1) =(2)

y+1l+y—-1+2/y2-1=2

y+iy: —1=1lory*-1=1-y
LHS>0>RHS>00r1—-y=00ry<1

Buty=a*(a>1)>1sowecansayy=1ora*=1orx=0(asa > 1).

783. Solve for real numbers:
cot?(x) = [cos?(x)| + {sin?(x)}
|*] — floor function, {+}— fractional part function
Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

|cos?(x)| - 0 < cos?(x) < 1;{sin?(x)} » 0 < sin?(x) < 1
{sin?(x)} = sin?(x) — [sin?(x)|, 0 < sin?(x) <1 — |sin?(x)| =0
{sin?(x)} = sin?(x) — 0 = sin?(x)
cos(x)
sin(x)
cot?(x) = |cos?(x)| + {sin?(x)}, cot?(x) = sin?(x)
cos?(x) = sin*(x) - sin*(x) +sin?(x)—1=0
-1++5
2

cot(x) = - sin(x) # 0 x # mk - |cos?(x)| = 0

sin?(x) =t—> t?+t—1=0,ty, =
-1-+5 —1++5

<0, t=
2 2

V5 -1 V5 -1

t=——— sin?(x) =t - sin(x) = + 5

. |WV5-1
X1 = T arcsin 2

sin?(x) =1 - sin(x) = +1 cos(x) =0

t+ >0

+ k
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cos?(x)

Sintog = lcosi @] + fsin? (), 0=10]+{1}=0

1 T
x1=iarcsin\[;+1tk, X, ==+mk;, keZ

2

784. Letbe f, g,p: R — R, bijectifs functions such that:
p(x) =13x—15,f1(-1) = 1.5,

3(x+1 2
(9@ -290) = 3(i—+2)'x €R-{1,-3)
Find: p(g‘1(1)),

Proposed by Amin Hajiyev-Azerbaijan
Solution by Shirvan Tahirov-Azerbaijan

fg20 -2g(0) =22

3x+2
(3xt™ 1 -3t 14+2x=3

3¢-1 43 inrl—3F1=3—2x
X

=og 5 2 t'Bx—-3)=3-2x
3t1+2 r1—3_2x
k _gxis
— X
-1 2 _ _
(g2 @ -29() = 33

p(67@) > g W =x, gw=1
3_2x 4.5x —4.5=3—-2x

15
=13

15 15
o(33)=1 97 W=33
15 15
-1 — = - =
p(g (1))"p<13> 13.93 15

785. Find x,y,z € Z such that:
xt +yt =21 — x%y?

Proposed by Bui Hong Suc-Vietnam
Solution by Tapas Das-India

xt+y*=21-x2y% or, xt+yt+axiy?=21
a=x220,b=y22

0
or,a’ + b%* + ab = 21 (1)
RMM-ABSTRACT ALGEBRA MARATHON 701-800

64



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
fora=0 from (1)we get b*> = 21 + Z no integer solution

fora=1from(1)weget1+b?>+b=210r,(b—4)(b+5)=00r,b=4
(asb=-5+12)

fora =2 from (1)we get 4+ b* +2b =210r,b> +2b—-17 =0
Discriminant = D = 22 — 4.1.(—17) = 72 not a perfect square,
no integer solution

fora =3 from (1)we get9+ b*+3b=210r,b>+3b—-12=0
Discriminant = D = 32 — 4.1.(—12) = 57 not a perfect square,
no integer solution

fora=4from(1)wegetb>+4b—-5=0 or,(b—1)(b+5)=0o0r,b=1
(asb=-5=%2)
fora>=5L.H.Sof (1) > 21 not possible

nowa=1b=4= x> =1y*=4or,x=11y =12
solution: (1,2),(1,-2),(-1,2),(-1,-2)

nowa=4,b=1> x*=4y*=1o0or,x =42,y =+1
solution: (2,1),(2,-1),(-2,1),(-2,-1)

786. Solve for integers:

{(x+y+z)2+(x—y+z)2—18(z—1)(5—z)=2y2
x+y—z=4

Proposed by Bui Hong Suc-Vietnam
Solution by Tapas Das-India

(x+y+2)?+(x—-y+2?*-18(z—1)(5 —2z) = 2y?
or,2((x + 2)? — y?) —18(z — 1)(5 — z) = 2y?
or,(x+2)?=9z-1)(5-2)

xt+y-z=

4
or,(4+2z—y)? = 9(z-1)(5-2) (1)
nowL. H.S >0soR.H.S >0 forthis(z—1)(5—-2z)>00r,1<z<5

whenz=1,R.H.S = 0so from (1)we get (6 —y)> =00r,y =6
andx=4+z—-y=4+1-6=—-1,solution (x,y,z) =(—-1,6,1)
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whenz =2,R.H.S = 27 so from (1)we get (8 — y)? = 27
no integer solution exist

whenz =3,R.H.S = 36 so from (1)we get (10 — y)> =36 or,y = 4,16

andx—4+z—yy= 4+ 3 —4 =3,solution (x,y,z) = (3,4,3)
=16
andx=4+z—yy= 4+3—-16 = —9,solution (x,y,z) = (—9,16,3)

whenz =4,R.H.S = 27 so from (1)we get (12 — y)? = 27
no integer solution exist

whenz =5R.H.S = 0so from (1)we get (14 —y)> =0or,y = 14
andx=4+z—-y=4+5—-14=-5
solution (x,y,z) = (-5,14,5)
787. Solve for integers:

x+Dx+2)x+3)(x+4) =y*-12

Proposed by Bui Hong Suc-Vietnam
Solution by Tapas Das-India

x+1D(x+4)=x>+5x+4
(x+2)(x+3)=x*+5x+6,
Letu=x*+5x+5then(x+1)(x+4)=u—-1&x+2)x+3)=u+1
x+1DxE+2)x+3)(x+4) =y*>—12
or,u+1)u-1) =y*-12
or,u?! —1=vy>—-12o0r,y* —u* =11

11 is a prime number ,so possible pairs are :

y—-—uwy+u=(~01,11),(-1,-11),(11,1),(—11,-1)
y—u=1,y+u=11=>y=6u=>5
y—u=-1L,y+u=-11=>y=-6,u=5
y—u=11,y+u=1=>y=6,u=-5
y—u=-11,y+u=-1=>y=-6,u=5

foru=5&y=6,y=—-6wegetx*+5x+5=50r,x=0,-5
solution (xl }’) = (OI 6): (OI _6)) (_5) 6)) (_5F _6)

foru=-5&y=6wegetx*+5x+5=-50r,x>2+5x+10=0
Discriminant = —15 no integer solution exist
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foru=5&y=6wegetx?+5x+5=50r,x=0,-5

788. Solve for integers:
x*+6x3+13x2 —4y> +12x+8y+12=10

Proposed by Bui Hong Suc-Vietnam
Solution by Tapas Das-India

x*+6x3+13x2—4y> +12x+8y+12=0
or,(x* +3x+2)??-4(y—-1)? =-12
or,4(y — 1) — (x> + 3x + 2)? = 12

or,4(y - 1D? - (x + D(x +2)) =12 (1)

clearly (x + 1), (x + 2) are two consecutive numbers
so (x + 1)(x + 2)is multiple of 2 ,let (x + 1)(x+2)=2m ,me Z
from (1)we get 4(y —1)> —4m?> =12 or,(y —1)> —m? =3
or,(y—1+m)(y—1-m) =3
possible pairs are:
y-1+m)(y-1-m)=(3,1),(-1,-3),(-3,-1),(1,3)

y—1+m=3,y—-1-m=1=>y-1=2m=1o0or,y=3 m=1
m=1=>x+1x+2)=2mor,x>*+3x+2=2o0r,x=-3,0
solution = (x,y) = (-3,3),(0,3)

y—1+m=-1y-1-m=-3=>y—-1=-2m=1or,y=—-1m=1
m=1=>x+1x+2)=2mor,x>*+3x+2=2o0r,x=-3,0
solution = (x,y) = (—-3,-1),(0,—1)

y—-1+m=-3,y—-1-m=-1=>y-1=-2m=-1or,y=3m=-1
m=-1=x+1)x+2)=2mor,x*? +3x+2=-2o0r,x>+3x+4=0
Discriminant = 9 — 16 < 0 no solution and similar for the pair (3,1)
solution = (x,y) = (-3,3),(0,3),(-3,-1),(0,—-1)

789.1f A € N, A > 2 then solve for naturals:
1 1 1 22

1+2 714243 "T14243+ - +x 2i+1
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Proposed by Marin Chirciu-Romania
Solution by Amin Hajiyev-Azerbaijan
1 1 1 42+ 1
1+1+2+1+2+xs+'"+1+2+3+---+x=2,1+1

Z 1 4i+1
nzlzzzlk 21+1

Note: { 1+2+3+-+x=S§
' x+x-D+x-2)+--+1=S§
x(x+1
25 = (et D4 Gt D4 Gt Dt et ) > 5= 00D

k

X
n(n+1) - 1 41 +1
= ZZ =
2 nn+1) 21+1

NgE

b
1l

X 1 X n=1
1 1 42+ 1 1 42+ 1
(21~ D)2 )
n n+1 2+1 x+1 21+1
n=1 n=1

Teleskopik sum

x—1 22 x+1 1 2 1

= - =14+ —- = —

x+1 24+1 x—1 2 x—1 22
x=41+1

790. Find x,y, z € Z such that:
2x% + 3y% = z2 - 37
x—y+z=3
Proposed by Bui Hong Suc-Vietnam

Solution by Tapas Das-India

—y+2=3
2x% + 3y% = z2 — 37 or, 2x% + 3y? s B-x+y)2-37

or, 2x2 +3y2 =x2+y2+9—6x+ 6y —2xy—37
or, x>+ 2y +6)x+2y*—6y+28=0(1)

Discriminant = D = 2y + 6)?> — 4(2y* — 6y + 28) = 4(17 — (y — 6)?)
for integer solution (17 — (y — 6)%) > 0 and must be perfect square.
for this (y —6)? =1,16 s0,y =2,5,7,10,z=3 —x+y

fory=17: from(1) x* + 20x +84 =0or,(x + 6)(x + 14) =0 or,x = —6,—14
andz=3-x+y=3—-(-6)+7=16andz=3—-(—14)+ 7 = 24
solution = (x,y,z) = {(—6,7,16),(—14,7,24)}

fory=>5:from(1) x* +16x+48 =0or,(x + 4)(x + 12) =0 or,x = —4,—12
andz=3-x+y=3—-(—-4)+5=12andz=3 - (—-12)+ 5= 20
solution = (x,y,z) = {(—4,5,12),(—4,5,20)}
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fory=2: from(1)x>*+10x+24 =0o0r,(x +6)(x+4) =00r,x = —6,—4
andz=3-x+y=3-(-4)+2=9andz=3-(-6)+2 =11
solution = (x,y,z) = {(—6,2,9),(—4,2,11)}

fory =10 from(1) x* + 26x + 168 =0 or, (x + 12)(x + 14) = 0 or,x = —14,—-12
andz=3-x+y=3-(-14)+10=27andz=3 — (—12) + 10 = 25
solution = (x,y,z) = {(—14,10,10),(-12,10,25)}

791.
A+x+x2 423+ + 2193 =1 4 o 4 x100 4 .0 4 5300
k =?
Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

fx) = <1+x+x2+...+x1oo>
101

gx) = <1+x+x2 + x3 4 .. 4 x100 +>

f(x)(coef ficient x1°°) = g(x)(coefficient x1°°)

gx)=Q+x+x>+-)3 =<§:x")3 = (1ix)3

n=0

) =Y (e

m=0

Note: p(.X') = (1 -|—x-|-x2 + )Tl - (1

[o9) [o9]

=3 (M1 eme 5 (e

m=0 m=0
_ : 100y _ 4100 (102 _ 1021 5 100
m =100 - g(x)(coefficient x'°?) = x (100) 100!Z!x 5151x
k =5151

792.
Ifx,yeZ solve:(x+1)3+(y—-13+1=(x+y+1)?

Proposed by Sakthi Vel-India
Solution by Amin Hajiyev-Azerbaijan

) x+1)3+(y—-13+1=(x+y+1)>
{;J_rl;;;—»(x+1)3+(y—1)3+1=(x+1+y—1+1)2
a}+b3+1=(a+b+1)>

69 | RMM-ABSTRACT ALGEBRA MARATHON 701-800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(a+b)(@a*—ab+b*>)+1=a?+b*+2ab+2a+2b+1
(a+ b)(a? —ab + b?) = (a+ b)*>+2(a+ b)
(a+b)(@a*—-ab+b*—a-b—-2)=0->a+b=0
2a? —2ab+2b*—-2a—-2b—4=0
a*—-2ab+b*+a*—-2a+1+b*-2b+1-6=0
(a-b)?+(a-1)>2%+(b-1)2=6=12+12 + 22
a-b=4+1,a-1=+1,b—-1=4+2-a,b(2;3)(0;-1)
a-b=+2a-1=+1,b—1=+1- (2;0)(0;2)
a—b=+l,a-1=42b—1=+1- ab (3;2)(—1;0)
a,b - (2;3)(0;,—-1)(2;0)(0;2)(3;2)(-1;0)

(2 o 2y e @2 D,@9,10,w D, 1,3)

a+b=0->x+y=0,x=-y
General solution: x = —y, wherey € Z
793. Solve for integers:

B/TJ n li/EJ + li/gj 4ot lmj =400

where |*| — floor function

Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

x3-1

V1] + [2] + V3] + - + |23 — 1] = 400 z |Vk| = 400

Floor function |[Vk|=n-> n<Vk<n+1- n*<k<@®n+1)3
ke[n3(n+1)3) - ke ndmn+1)3]
The number of integers in thisinterval P, = (n+ 1) —n®=3n>+3n+1

Va3 —1<x—> [SVx3 - 1] = x — 1. Thus,n rangesfrom1lto x — 1

x—1 x—1
Zn P, =400- Zn (3n%2+3n+1) =400

=
SZn +32n +Zn 400
‘(x—l)z L3 x(x—l)(Zx—l)_I_x(x 1)
6 2
> 400 - (x — 1) (3x3 + x2) = 1600

=400

3x3 —3x% 2x? —x x
4 + 2 2
3x* —2x3 - x%2-1600 =0
3x* — 15x3 + 13x3 — 65x% + 64x% — 1600 = 0
3x3(x—5) +13x2(x —5)+64(x—-5)(x+5)=0

(x—1)<
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(x—5)3x3+13x*> + 64x +320) =0 >x; = 5
3x3+13x2+64x+320#0asx €N, There is no other natural solution.

794. If A € N* fixed then solve for natural numbers:

(x+y+2)°—x°—y>—2°

= 1042
(x+y+2z)3—x3—-y3—-28 04

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

x+y+2°=x+y"+2°+5(x+y)(y+2)(z+x)(x* + y* + 22 + xy + yz + zx)
(x+y+2)P°5—x°—y>—2°=
=5x+y)y+2)(z+x)(x2+y*+ 2>+ xy + yz + zx)(1)

x+y+23=x3+y3+23+3(x+y)(y+2)(z+x)
(x+y+23-x3-y3-23=3(x+y)(y+2)(z+x) (2)

(x+y+z)5—x5—y5—zs_10)LZ
(x+y+2z)3—x3—y3—2z3

5 (1&(2)
3 (xX2+y*+z2+xy+yz+zx) = 101%2(3)

The equation is symmetricin x,y,z and homogeneus of degree 2
hence we examine symmetric casex =y = z = t(say)
From (3)we get 6t = 6% ort = A
Solutionx=y=z=141

795. Solve the equation:

|x] - x+ |x] - {x}+ {x} - x =2000
|*] — floor function,{+} — fractional part function

Proposed by Mais Hasanov-Azerbaijan

Solution by Amin Hajiyev-Azerbaijan
x| =n
{x}=m 0<m<1
lx] - x+ [x] - {x} + {x} - x =2000
> n-n+m)+m-n+m-(n+m) =2000
m+m)?+m-n=2000- n?+m?+3mn=2000

x=|x]+{x}=n+m {
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0<m<1- m=0 n%=2000n=+2000=20V5
n < |20V5| =44
m=1- n*+3n-1999=0
-3+4/9+7996 /8005 89,5 -3
n= = —-1,5~ —— ~ 43.25
2 2 2
n>44- 44<n<44 n=44
m? +132m+ 1936 —2000=0—-> m2+132m—64 =0

—132 + V1322 + 256 _ V17680 — 132 _ 4v1105

— 66 = 2v1105 — 66

m =

2 B 2 2
x=|x]+{x}=n+m=44+2v1105 — 66 = 2v/1105 — 22
x =2v1105 — 22

796. Prove or disprove that:
The roots of the equation x> + ax* + bx + c = 0 are in A. P.
if 4a3 = 9ab + 27c

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

Letp —d,p,p + d areroots of the equation x> +ax* +bx+c=0
a
thenp—-d+p+p+d=—aor,d-= -3 (1)

(p—dpp+d) =—cor,p(p?> —d*) = —c(2)
p-dp+pp+d)+@P-d)@+d) =bor,3p*—d*=b(3)

2 a?

from (1)& (3)we get d* = 3 (—g) —-b= 3 b (4)

From (2)& (4) L L LA al, 2a _
rom we get,— 2|3 3 = —cor,—3 5 )= ¢

or 2a® =9ab —27c ,so the given condition is not true.

797. If x € R then solve the equation:

|22 — 2| + 2|x| = |x|?, |*] — floor function
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Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

We have {iig: lx+ k| =|x]+k

RHS = |x?* — 2| = |x?]| — 2
nezZ- |x]=n
n<x<n+1= n?<x><m+1)>?
n<x*<n’?+2n+1
n?<x*<n’+2n
|x2| =2 - 2|x] + |x|? > [x*| =2 -2n+n?
n-2n+2<x*<n*-2n+3
n<n?-2n+2<n?>+2n
n<l1
n<n-2n+2<n*+2n= {n>1_) nez
n=1> |x|]=1, [x?|=1
{ n<x*<n®*+2n+1 {1Sx<2
n-2n+2<x*<n*?-2n+3 1<x<+2

x € [1;V2)
798.

( X — Y/ x2 — y2
a =

Vi-E ey E dyint faandb
xpress xand 'y in terms oj a an
_y—xyxt—y?

b =
L J1—xZ+y2

Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

o x W=y

( (
a= —
4| 1—x%+y2 s {I J1—-x2+y2 J1—2x2+y2
Y N R S e
\ 1—x%2+y? \ J1—-x2+y2 J1—x2+y2
" 1 JaZ —y?
=, m=——————
1—x%24+y? J1—x2 4 y?
kx—my=a k —m\ X\ _(a _
{—mx+ky=b = (—m k)(y)_(b):;’AJg_C
. 1 2 _ 42
Az(’im';:)anet(/l):kz—mz: Y _—1=zo0

1-x2+y2 1-x2+y?

1
A—l.czB:>A‘1=m(,l;n]t):> (fn?)(‘bl):(f’)
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ka+mb =x 2 2 2 2
{ma+kb=y=> x* — y* = (ka + mb)* — (ma + kb)

— aZ(kZ _ mZ) _ bZ(kZ _ mZ)

x* —y? = Det(A) - (a? — b?) = a? — b?
_ 1 _ 1 _ Jx2—yr Va2 -b?
_\/1—x2+yz_\/1—a2+b2’m_\/l—x2+y2_\/1—a2+b2
Ifx a + bVa? — b?
ka+mb=x:>! V1 —a? + b2
ma+kb=y I b+ ava? — b?
SOy 5

k

Therefore {

799. Solve for real numbers:
5/1 +x+ i/l —x=2

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania
Denote:

a=\/51+x, b=v51—x, S=a+b, P=ab
a+b=2=S5=2
a®+bS=1+x+1-x=2
(a + b)(a* — a®b + a?b? — ab?® + b*) = 2
2(a* + b* — ab(a? + b?) + a?b?) =2
a* + b* —ab(a? + b?) + a?b*> =1
(a? + b?*)? — 2a?b? — ab(a? + b?) + a’b*> =1
(52 —2P)2 - P(§?-2P)-P2 =1
(22 -2P)2-P(2%2-2P)-P?> =1
16 — 16P + 4P?2 — 4P + 2P2 — P2 =1
5P2 —20P+15=0
PZ—-4P+3=0=>P-1)(P-3)=0

P=3,S=2=abé¢R

P=1S=2=a=b=1=>x=0
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800. Find all positive integers k such that (k + 2)% + 3% is a perfect square.

Proposed by Stewart Ming-Vietnam
Solution by Jenish Rijal-Nepal

Let (k+2)? + 3k = n? (wheren € N)
>n?P—-(k+2)?=3k= m+k+2)(n—k-2) =3k

We know that since both(n+ k + 2) and (n — k — 2)
are powers of 3,and are distinct.

Therefore they dif fer by at least a factor of 3.
>n+k+2>23n—-k—-2)=23n—-n<k+2+3k+2)=>n<2(k+2)
Now: (k +2)? + 3k = n? < [2(k + 2)]?
>3k <3(k+2)2=>k <4

and only k = 2 works.

~ k= 2istheonly solution!
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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	754. If 𝝀>0 then solve for reals:

