ROMANIAN MATHEMATICAL MAGAZINE

NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(IlI)

By Bogdan Fustei-Romania

Lemmal:
For x 2 y,real numbers and also t is a real number and x,y,t >0 ,x,y>t then:

X <Y
x—t ~ y-t

Proof :

X(y—1t) <ylx—t)»>xy—xt<xy—ytoxt>yt->x>y
Lemmaz2:
x,y,t,r1 -real numbers and x,y,t,r; > 0; x>t, y>ry. If §= é then:
X — x—t
y-T1
Proof:

X(y —r;) =y(x—t) > Xy —xr; = Xy —yt>—xr; = —yt> xr; =yt
ABC triangle with usual notations:

(g_a)zz(ﬁ)z + 4% (and analogous)[1]

r Ia

n, _ ny—/4r2+(b—c)?
r

. (and analogous)[2]

2
btc  8i—(na—VarZ+(-0?)

= (and analogous)(1)

a 4r2
b+c (ga+na—\/4r2+(b—c)z)(ga—na+\/4r2+(b—c)2)
= > (and analogous) (2)
a 4r
From 2S=ah,= 2sr =(a+b+c)r > hTa =1+ b:C b:C = har_r (and analogous)
hy-r (ga+na—\/4r2+(b—c)2)(ga—na+\/4r2+(b—c)2) -
— = o obtain:
h,— +n,—/4r2+(b—c)?
a ¥ = BatMa Var7+(b-o) (and analogous)(3)
ga—N,+/4r2+(b—c)?2 4r
4(h,—
(ha—1) =82 4 22 (3nd analogous)(4)

Ba—Naty/ArZ+(b—C)2 T T,
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From (4) after summation:

ha_ a C a C
ay. d = EaTEb7E R (S)

ga—Ny+/4r2+(b—c)? B r

From g2 = (s — a)?+2rh, (and analogous)[1]-> g, > s — a (and analogous)

s—a= gg—2rha$s—a=\/ga—,/2rha\/ga+ 2rh,

S r S .
From r, = — (and analogous) ;S= sr > -2 =—— (and analogous) we obtain:
a S—a r S—a

fa — > (and analogous)

r \/ga—w/Zrha\/ga+ 2rhg

We know that : rTa =

(and analogous)[2] ,we obtain:

Ng
ny—/4r2+(b—c)?

n, /ga+,/2rha s

n,—/4r2+(b—c)?2 \/ga_ 2rh,

(and analogous) (6)

From (6) after summation :

naJEa"'m _ Z 1 (7)

=S
- 2 —c)2
n,—/4r4+(b—c) ’ga_m

From s?=n2+2h,r, (and analogous)[3]-> 2h,r, =s? —n2=(s —n,)(s + n,)

2h,r 2h s—n s n 2h
s—n, = —2 2 =-—2(and analogous) > — ==+ —

s+ny s+ny ra ra Iy s+ng
1 1 1 1 S n n n h n n n s h
—+—+—=->==24pbycypy_2 a4 by c_"_2% 2 and(5)we
ra Ip I¢ r r rg TIp rc s+ny ra TIp rc r s+ny
obtain:

h,-r h gat8h+gcts
ZZ a +Z a — a C (8)
ga—n,a+y4r2+(b—c)? s+n, 2r

a_s _ st . s(s — a) = ryr, (and analogous);
r s-a s(s—a)’ — 'bic g ’

s?=n2+2h,r, (and analogous)

ra _ 252 _ nf+2hprp+nZ+2herc > 2nync+2hprp+2here_npne hy he

r 2rpre 2rpre 2rpre Iplc Ic T'p
T, npne  h h
> by b 7¢(and analogous) (9)
r I'pIc Ic I'y
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From %"" = Hzxrr;—i(Tc)z (and analogous) and (9):

n npn:  h, h
a > Dbfle  Tb , Te (and analogous)(10)
np—y4r2+(b-c)? © Iple T Tp

Is well-known that r,rr.=Ss=sr and (9) we obtain:
2
IaI'ple ('S nyne , hy hc)
r3 (r) =20 (rbrC + re + b (11)
From (8) and (11) :

1

ZZ h,—r +Z h, > 8at8b*8c +ll—[ (nbnc + E + E)E (12)
ga—Ny+/4r2+(b—c)? s+n, 2r 2 rpfe TI. Iy

We know that: ny = pa\];1 (and analogous)[4] and using lemmal :

Ia
r, < pa\[g:

r pa\/g—\ltlr2+(b—c)2
8a

(and analogous)(13)

From(13):

() = e ——Lto e
r/ 7 \BaBbBc |, \/;E_\/m
From(14) and (11):

1.1, 1 n,n. h h
a'b'c b c+_b+_>(15)

[ - = [( :
8.8b8c pa\/;;—\/zlrz Py nLr. I, T

From (14) and (8):

N =

gat8bt8c + l 4| lalplc Pa >ZZ hy—r +Z hy (16)
2r 21 9a9bp9c pa\/g_ [4r2+(b—c)2 - ga—Na+/4r2+(b—c)?2 s+n,
8a

2
2 2 2
hy—r g5—(na—v4r2+(b-c) .
From ar = ( o= ) (and analogous) we obtain:

2
g5 = 4r(h, - r)+(na - \/4r2 + (b — c)z) (and analogous)(17)
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From (17) after summation:

2
g2 +gli+g2=4r(h, +h, +h,—3r)+Y (nal — \/4r2 + (b — c)2) (18)

From C.B.S:

Z(n —\/4r2 + (b — c)z) %( n, +n, +n, —Z\/4r2 + (b — c)Z)2 and (19):

2
g2+ gl +g?>ar(h, +h, +h, —3r) += (na +n, +n, —Y+/4r2 + (b - c)z) (20)

From (3) ,(4) and g, + n; = 2m, (and analogous)[5]:

h,-r > 2m,—+/4r2+(b—c)?

(and analogous)(21)

ga—Na+/4rZ+(b—c)2 4r
n 2m,—+/4r2+(b-c)?
g_:+r_a > -a - b9 (and analogous)(22)
a

From (21) and (22) after summation:

a Z a—y/ 4r2 +(b c)?

Zga—na+\/4r2+(b 2z (23)
? n ? n % > Z Zma—ga+\/;lr2+(b—c)2 (24)
a b c

2mgy—ga++/ 4r2+(b—c)? 91 > 2mgy—ga++/ 4r2+(b—c)?
r ra n,

l+l+l :%912 sza‘ga"'\/m

Ia I'p I'c a

From (22) :% = (and analogous);
a

(25)

From g2 = (s — a)?+2rh, (and analogous) and (17) we obtain:

(s—a)? = (n — \/4r2 +(b— c)z) + 2r(h, — 2r) (and analogous) (26)

From (26) : 2r(h, — 2r) = (s —a+n, — \/4r2 + (b — C)Z) (s —a—n, +\/4r2 + (b— c)z)

2(ha—2r) _ s—a+ng—/4r2+(b—c)? (*)
s—a—ng++/4r2+(b—c)? r

n, _ ny—4r2+(b-c)?
- r

. (and analogous) >
a

2(h,—2r) __s—a

s—a—na+/4r2+(b—)2 T

+ ? (and analogous) (27)
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From (27) after summation :

h,-2
23 = =242ty Re(2g)
s—a—-ny+y4r2+(b-c)2 T 1, TIp I
From (28)and- =242 4 41 2% Ma_ e obtain:
r Ty I'y Irc s+n,
h, — 2r n, n, n h
z . =—a+—+—°+z = (29)
s—a—-n,+4r2+(b-¢)2 T T I S+ n,
From (*) N 2r __s—a+ng—y/4r2+(b—c)?2 _ s-a n ny—+/4r2+(b—c)2
s—a—ny++/4r2+(b—c)? - hy—2r o hy—-2r hy-2r
S a S a S—a
From har (and analogous) and lemma?2 T E T hom
Ny _ Na—4r?+(b—c)? s _a _ s-a
From T — (and analogous) [2] and h o x o hon

2r a n, n,+

s—a—ny++/4r2+(b—c)?2 ~2r h, h,

2h,r 2r s—n a n
2252 =2 32=-=_—23nd (30):

7
s+n, ~ s+n, h, 2r  hy

> (and analogous) (30)

Froms—n, =

r _Ma, T
s—a—n,+/4r2+(b—c)2 h, s+n,

(and analogous)(31)

Fromi=ﬁ+ 2ry ,i _ _s-a andﬁ _ ny—+ 4r2+(b—c)? N s—a _ ny—+/4r2+(b—c)? + 2ry
2r hy s+ny " 2r hy—-2r h, hy—-2r hy—-2r h,-2r S+ny
2r, s—a—ny++/ 4r2+(b—c)?
2 = 2 (and analogous) (32)
s+n, h,—-2r

From (32) after summation :

Iy s—a—n,+/4r2+(b—c)2
2, ——=X,

s+n, - h,—2r (33)
—q— [ar2 —c)2
From (32) becauser, > 0ands+n, >0 == na; 4;r+(b 2 > 0 and because h, — 2r >0
o

weobtain:s—a—na+\/4r2+(b—c)2 >0

s ++/4r2 + (b — ¢)2 > a + n, (and analogous) (34)

e . 2 Y s—a ny—/4r2+(b—c)?2 Ta _ ny
From (34):s—a>n, —/4r2 + (b—c)2 > — > and P rror o

(and analogous) we obtain :
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% > ? (and analogous) (35)

. 2(hy—2r) _Ss-a  ng .
From (27): PP v v s + - and (35) we obtain:
s—a h,—-2r n,
—> > — (and analogous)(36
r s—a—n,+/4r2+(b—c)2 Iy ( & )36)
From—==—— 3222 3pd (36) :
r s-a r ra
s > h,—2r

na
At ArZr(boo? > o (and analogous) (37)

From (27) and % = i (and analogous) :

2(h,—2r) __Nnyts
PP o (and analogous) (38)

From (38) after summation :

2y ha—2r=z s—a—ny++/ 4r2+(b—c)?

na+s Iy

(39)

From (38) after summation :

(ny+s) (s—a—na+\/ 4r2 +(b—c)2)

Ia

2(h, + hy + h, — 6r)=); (40)

From (30) and (38) after summation:

2(h,—r) (1 1 )
= (n, + s) | — + —)(and analogous)(41
s—a—n,+/ 4r2+(b—c)2 ( a ) r, hy ( & )41)
. 2r _a ng — ny+s I
From (30) : PPNy s + h h (and analogous) we obtain :
r S . n np . N
2 =-+24+=4+-"(42
2 s—a-ny+/4r2+(b-c)2 r h; h, h (42)
h, __ Na+

S .
and after summation :

s—a—ny++/4r2+(b—c)? T oo2r

h, _ Da+np+nc+3s

) s—a—na+/4r2+(b—c)2 2r (43)
From (8) and (43):
hy-r h h Na+np+nc+ga+8p+8c+4s
2 a + a a — DatNp+Nctga 44
2 ga—Nny++/4r2+(b—c)? 2z s+n, L s—a—n,++/4r2+(b—c)?2 2r (44)

From (44) and g, + ny = 2m, (and analogous) , we obtain:
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h,-r +2 h, +Z h, > 2s+m,+mp+mg
ga—N,+/4r2+(b—c)? s+n, s—a—n,y+/4r2+(b—c)?

From R> 2r(Euler) and (42):

2), (45)

1 S |, N, np
R >-+ 2424
Z h, hy,

s—a-n,+4r2+(b-c)2 " r

¢
h (46)
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