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NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(III) 

 

By Bogdan Fuștei-Romania 

Lemma1: 

For x ≥ y ,real numbers and also t is a real number and x,y,t >0 ,x,y>t then: 

𝐱

𝐱−𝐭
≤

𝐲

𝐲−𝐭
 . 

Proof : 

x(y − t)  ≤ y(x − t) → xy − xt ≤ xy − yt→ xt ≥ yt → x ≥ y 

Lemma2: 

x,y,t,𝐫𝟏 -real numbers and x,y,t,𝐫𝟏 > 𝟎 ; x>t , y>𝐫𝟏. If  
𝐱

𝐲
 = 

𝐭

𝐫𝟏
 then: 

𝐱

𝐲
=

𝐱−𝐭

𝐲−𝐫𝟏
 . 

Proof: 

x(y − r1) = y(x − t) →  xy − xr1 =  xy − yt→−xr1 = −yt→ xr1 = yt 

ABC triangle with usual notations: 

(
ga

r
)

2

=(
na

ra
)

2

+ 4
b+c

a
 (and analogous)[1] 

na

ra
=

na−√4r2+(b−c)2

r
 (and analogous)[2] 

𝐛+𝐜

𝐚
=

𝐠𝐚
𝟐−(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)

𝟐

𝟒𝐫𝟐
 (and analogous)(1) 

𝐛+𝐜

𝐚
=

(𝐠𝐚+𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)(𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)

𝟒𝐫𝟐
 (and analogous) (2) 

From 2S=aha= 2sr =(a+b+c)r → 
ha

r
=1+

b+c

a
→

b+c

a
=

ha−r

r
 (and analogous) 

ha−r

r
=

(ga+na−√4r2+(b−c)2)(ga−na+√4r2+(b−c)2)

4r2   obtain: 

𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
=

𝐠𝐚+𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝟒𝐫
 (and analogous)(3) 

𝟒(𝐡𝐚−𝐫)

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 = 

𝐠𝐚

𝐫
 + 

𝐧𝐚

𝐫𝐚
 (and analogous)(4) 
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From (4) after summation: 

4∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 = 

𝐠𝐚+𝐠𝐛+𝐠𝐜

𝐫
+

𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
 (5) 

From ga
2 = (s − a)2+2rha (and analogous)[1]→ ga >  𝑠 − 𝑎 (and analogous) 

s − a = √ga
2 − 2rha→ s − a = √ga − √2rha√ga + √2rha 

From ra =
S

s−a
 (and analogous) ;S= sr → 

ra

r
 = 

s

s−a
 (and analogous) we obtain: 

ra

r
=

s

√ga−√2rha√ga+√2rha

 (and analogous) 

We know that : 
ra

r
=

na

na−√4r2+(b−c)2
 (and analogous)[2] ,we obtain: 

𝐧𝐚√𝐠𝐚+√𝟐𝐫𝐡𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 = 

𝐬

√𝐠𝐚−√𝟐𝐫𝐡𝐚

 (and analogous) (6) 

From (6) after summation : 

∑
𝐧𝐚√𝐠𝐚+√𝟐𝐫𝐡𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 = s∑

𝟏

√𝐠𝐚−√𝟐𝐫𝐡𝐚

 (7) 

From s2=na
2+2hara (and analogous)[3]→ 2hara = s2 − na

2 =(s − na)(s + na) 

s − na =
2hara

s+na
 → 

2ha

s+na
 = 

s−na

ra
 (and analogous) → 

s

ra
 = 

 na

ra
 + 

2ha

s+na
 

1

ra
+

1

rb
+

1

rc
=

1

r
 → 

s

r
=

na

ra
+

nb

rb
+

nc

rc
+ 2 ∑

ha

s+na
→

na

ra
+

nb

rb
+

nc

rc
=

s

r
− 2 ∑

ha

s+na
 and (5) we 

obtain:  

2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 +∑

𝐡𝐚

𝐬+𝐧𝐚
=

𝐠𝐚+𝐠𝐛+𝐠𝐜+𝐬

𝟐𝐫
 (8) 

ra

r
 = 

s

s−a
=

s2

s(s−a)
 ; s(s − a) = rbrc (and analogous);  

s2=na
2+2hara (and analogous) 

ra

r
 = 

2s2

2rbrc
 = 

nb
2 +2hbrb+nc

2+2hcrc

2rbrc
 ≥

2nbnc+2hbrb+2hcrc

2rbrc
=

nbnc

rbrc
+

hb

rc
+

hc

rb
  

𝐫𝐚

𝐫
≥

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
 + 

𝐡𝐛

𝐫𝐜
 + 

𝐡𝐜

𝐫𝐛
 (and analogous) (9) 
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From 
ra

r
=

na

na−√4r2+(b−c)2
 (and analogous) and (9): 

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
 + 

𝐡𝐛

𝐫𝐜
 + 

𝐡𝐜

𝐫𝐛
 (and analogous)(10) 

Is well-known that rarbrc=Ss=s2r and (9) we obtain: 

𝐫𝐚𝐫𝐛𝐫𝐜

𝐫𝟑
 =(

𝐬

𝐫
)

𝟐
≥ ∏ (

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐛

𝐫𝐜
+

𝐡𝐜

𝐫𝐛
)(11) 

From (8) and (11) :  

2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 +∑

𝐡𝐚

𝐬+𝐧𝐚
≥

𝐠𝐚+𝐠𝐛+𝐠𝐜

𝟐𝐫
 +

𝟏

𝟐
∏ (

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐛

𝐫𝐜
+

𝐡𝐜

𝐫𝐛
)

𝟏

𝟐
 (12) 

We know that: na ≥ pa√
la

ga
 (and analogous)[4] and using lemma1 : 

𝐫𝐚

𝐫
≤

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐩𝐚√
𝐥𝐚
𝐠𝐚

−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogous)(13) 

From(13) : 

(
𝐬

𝐫
)

𝟐
≤ √

𝐥𝐚𝐥𝐛𝐥𝐜

𝐠𝐚𝐠𝐛𝐠𝐜
∏

𝐩𝐚

𝐩𝐚√
𝐥𝐚
𝐠𝐚

−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (14) 

From(14) and (11): 

√
𝐥𝐚𝐥𝐛𝐥𝐜

𝐠𝐚𝐠𝐛𝐠𝐜
∏

𝐩𝐚

𝐩𝐚√
𝐥𝐚

𝐠𝐚
− √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐

≥ ∏ (
𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐛

𝐫𝐜
+

𝐡𝐜

𝐫𝐛
) (𝟏𝟓) 

From (14) and (8): 

𝐠𝐚+𝐠𝐛+𝐠𝐜

𝟐𝐫
 + 

𝟏

𝟐
√

𝒍𝒂𝒍𝒃𝒍𝒄

𝒈𝒂𝒈𝒃𝒈𝒄

𝟒
∏ (

𝐩𝐚

𝐩𝐚√
𝐥𝐚
𝐠𝐚

−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
)

𝟏

𝟐

≥2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 +∑

𝐡𝐚

𝐬+𝐧𝐚
 (16) 

From 
ha−r

r
=

ga
2−(na−√4r2+(b−c)2)

2

4r2  (and analogous) we obtain: 

𝐠𝐚
𝟐 = 𝟒𝐫(𝐡𝐚 − 𝐫)+(𝐧𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟐
(and analogous)(17) 
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From (17) after summation: 

𝐠𝐚
𝟐 + 𝐠𝐛

𝟐 + 𝐠𝐜
𝟐 = 𝟒𝐫(𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜 − 𝟑𝐫)+∑ (𝐧𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟐
(18) 

From C.B.S :  

∑ (𝐧𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)
𝟐

≥
𝟏

𝟑
(𝐧𝐚 + 𝐧𝐚 + 𝐧𝐚 − ∑ √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟐

 and (19): 

𝐠𝐚
𝟐 + 𝐠𝐛

𝟐 + 𝐠𝐜
𝟐 ≥4r(𝐡𝐚 + 𝐡𝐚 + 𝐡𝐚 − 𝟑𝐫) + 

𝟏

𝟑
(𝐧𝐚 + 𝐧𝐚 + 𝐧𝐚 − ∑ √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)

𝟐

(20) 

From (3) ,(4) and ga + na ≥ 2ma (and analogous)[5]: 

𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥

𝟐𝐦𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝟒𝐫
 (and analogous)(21) 

𝐠𝐚

𝐫
 + 

𝐧𝐚

𝐫𝐚
≥

𝟐𝐦𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫
 (and analogous)(22) 

From (21) and (22) after summation: 

4∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥ ∑

𝟐𝐦𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫
 (23) 

𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
≥ ∑

𝟐𝐦𝐚−𝐠𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫
 (24) 

From (22) : 
na

ra
≥

2ma−ga+√4r2+(b−c)2

r
 → 

r

ra
≥

2ma−ga+√4r2+(b−c)2

na
 (and analogous); 

𝟏

𝐫𝐚
+

𝟏

𝐫𝐛
+

𝟏

𝐫𝐜
=

𝟏

𝐫
 →1≥ ∑

𝟐𝐦𝐚−𝐠𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐧𝐚
 (25) 

From ga
2 = (s − a)2+2rha (and analogous) and (17) we obtain: 

(𝐬 − 𝐚)𝟐 = (𝐧𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)
𝟐

+ 𝟐𝐫(𝐡𝐚 − 𝟐𝐫) (and analogous) (26) 

From (26) : 2r(ha − 2r) = (s − a + na − √4r2 + (b − c)2) (s − a − na + √4r2 + (b − c)2) 

2(ha−2r)

s−a−na+√4r2+(b−c)2
=

s−a+na−√4r2+(b−c)2

r
 (*) 

na

ra
=

na−√4r2+(b−c)2

r
 (and analogous) → 

𝟐(𝐡𝐚−𝟐𝐫)

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
=

𝐬−𝐚

𝐫
 +

𝐧𝐚

𝐫𝐚
 (and analogous) (27) 
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From (27) after summation : 

𝟐 ∑
𝐡𝐚−𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
=

𝐬

𝐫
+

𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
 (28) 

From (28) and 
s

r
=

na

ra
+

nb

rb
+

nc

rc
+ 2 ∑

ha

s+na
 we obtain: 

∑
𝐡𝐚 − 𝟐𝐫

𝐬 − 𝐚 − 𝐧𝐚 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
=

𝐧𝐚

𝐫𝐚
+

𝐧𝐛

𝐫𝐛
+

𝐧𝐜

𝐫𝐜
+ ∑

𝐡𝐚

𝐬 + 𝐧𝐚
 (𝟐𝟗) 

From (*) → 
2r

s−a−na+√4r2+(b−c)2
=

s−a+na−√4r2+(b−c)2

ha−2r
 =

s−a

ha−2r
+

na−√4r2+(b−c)2

ha−2r
 

From 
s

ha
 =

a

2r
 (and analogous) and lemma2 : 

s

ha
 =

a

2r
=

s−a

ha−2r
 

From 
na

ha
=

na−√4r2+(b−c)2

ha−2r
 (and analogous) [2] and 

s

ha
 =

a

2r
=

s−a

ha−2r
 : 

𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
=

𝐚

𝟐𝐫
+

𝐧𝐚

𝐡𝐚
=

𝐧𝐚+𝐬

𝐡𝐚
 (and analogous) (30) 

From s − na =
2hara

s+na
→

2ra

s+na
 = 

s−na

ha
 = 

a

2r
−

na

ha
 and (30): 

𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 = 

𝐧𝐚

𝐡𝐚
 + 

𝐫𝐚

𝐬+𝐧𝐚
 (and analogous)(31) 

From 
a

2r
 = 

na

ha
 + 

2ra

s+na
  , 

a

2r
=

s−a

ha−2r
 and 

na

ha
=

na−√4r2+(b−c)2

ha−2r
 → 

s−a

ha−2r
=

na−√4r2+(b−c)2

ha−2r
+

2ra

s+na
 

𝟐𝐫𝐚

𝐬+𝐧𝐚
=

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐡𝐚−𝟐𝐫
  (and analogous) (32) 

From (32) after summation : 

2∑
𝐫𝐚

𝐬+𝐧𝐚
 =∑

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐡𝐚−𝟐𝐫
 (33) 

From (32) because ra > 0 and s + na > 0 → 
s−a−na+√4r2+(b−c)2

ha−2r
 > 0 and because ha − 2r >0 

we obtain: s − a − na + √4r2 + (b − c)2 > 0 

𝐬 + √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 > 𝐚 + 𝐧𝐚 (and analogous) (34) 

From (34) : s − a > na − √4r2 + (b − c)2 → 
s−a

r
>

na−√4r2+(b−c)2

r
 and 

ra

r
=

na

na−√4r2+(b−c)2
 

(and analogous) we obtain :  
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𝐬−𝐚

𝐫
>

𝐧𝐚

𝐫𝐚
 (and analogous) (35) 

From (27): 
2(ha−2r)

s−a−na+√4r2+(b−c)2
=

s−a

r
 +

na

ra
 and (35) we obtain: 

𝐬−𝐚

𝐫
>

𝐡𝐚−𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
>

𝐧𝐚

𝐫𝐚
  (and analogous)(36) 

From 
ra

r
 = 

s

s−a
 → 

s−a

r
 = 

s

ra
 and (36) :  

𝐬

𝐫𝐚
>

𝐡𝐚−𝟐𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
>

𝐧𝐚

𝐫𝐚
 (and analogous) (37) 

From (27) and 
s−a

r
 = 

s

ra
 (and analogous) : 

𝟐(𝐡𝐚−𝟐𝐫)

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
=

𝐧𝐚+𝐬

𝐫𝐚
 (and analogous) (38) 

From (38) after summation : 

2∑
𝐡𝐚−𝟐𝐫

𝐧𝐚+𝐬
=∑

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫𝐚
 (39) 

From (38) after summation :  

𝟐(𝐡𝐚 + 𝐡𝐛 + 𝐡𝐜 − 𝟔𝐫)=∑
(𝐧𝐚+𝐬)(𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)

𝐫𝐚
 (40) 

From (30) and (38) after summation: 

𝟐(𝐡𝐚−𝐫)

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
= (𝐧𝐚 + 𝐬) (

𝟏

𝐫𝐚
+

𝟏

𝐡𝐚
)(and analogous)(41) 

From (30) : 
2r

s−a−na+√4r2+(b−c)2
=

a

2r
+

na

ha
=

na+s

ha
 (and analogous) we obtain : 

2∑
𝐫

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 = 

𝐬

𝐫
+

𝐧𝐚

𝐡𝐚
+

𝐧𝐛

𝐡𝐛
+

𝐧𝐜

𝐡𝐜
 (42) 

ha

s−a−na+√4r2+(b−c)2
=

na+s

2r
 and after summation : 

∑
𝐡𝐚

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 = 

𝐧𝐚+𝐧𝐛+𝐧𝐜+𝟑𝐬

𝟐𝐫
 (43) 

From (8) and (43):  

2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 +∑

𝐡𝐚

𝐬+𝐧𝐚
+ ∑

𝐡𝐚

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
=

𝐧𝐚+𝐧𝐛+𝐧𝐜+𝐠𝐚+𝐠𝐛+𝐠𝐜+𝟒𝐬

𝟐𝐫
 (44) 

From (44) and ga + na ≥ 2ma (and analogous) , we obtain: 
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2∑
𝐡𝐚−𝐫

𝐠𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 +∑

𝐡𝐚

𝐬+𝐧𝐚
+ ∑

𝐡𝐚

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥

𝟐𝐬+𝐦𝐚+𝐦𝐛+𝐦𝐜

𝐫
 (45) 

From R≥ 2r(Euler) and (42): 

R∑
𝟏

𝐬−𝐚−𝐧𝐚+√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥

𝐬

𝐫
+

𝐧𝐚

𝐡𝐚
+

𝐧𝐛

𝐡𝐛
+

𝐧𝐜

𝐡𝐜
 (46) 
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