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Abstract

This note presents a short collection of original problems in geometry and inequalities.
The solutions use elementary but effective tools such as orthogonal coordinates, barycentric
representations, the triangle inequality, Schur’s inequality, Cauchy’s inequality, and Jensen’s
inequality. The aim is to give clean statements and rigorous proofs suitable for olympiad-style
mathematics.

1 A Geometry Problem in an Orthodiagonal Quadrilateral
Problem 1. Let ABCD be an orthodiagonal quadrilateral and let

ACNBD = {0}.
Assume that

M € Int(AAOB), N € Int(ABOC), P €Int(ACOD), @Q €Int(ADOA).

Let
MM; I AO, MM | BO,
NN; L BO, NN, 1 CO,
PP 1L CO, PP 1 DO,
Q@1 1L DO, QQ2 L AO.
Prove that

‘m + @‘ < MiQ2 + N1Mz + PNy + 1 P.

Proof. Since ABCD is orthodiagonal, the diagonals AC and BD are perpendicular. We take
them as coordinate axes, with origin O. Denote by 7x the position vector of a point X.

For a point lying inside one of the four triangles determined by the two axes, its position
vector can be expressed in terms of its perpendicular distances to the two axes. Thus, for

M € NAOB, we have
MMy,  MD>M;

—

M= OA A+ OB rB.
Similarly,

. NN . NNy

N = 7 —— 7

N OB B oC CH

. PP, PP,

rp = WTC"F OiDrDy
and

L Q@1 | QQ2

rQ = OATA+ ODTD’
Therefore

W+@:FN—FM+FQ—FP.



Using the expressions above, we get

N '73 QQ1—MM,_, NNy—MM,, NN —PP_, QQy—PP
M PO = .
+ OA A+ OB re + oC ro + oD D
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the triangle inequality gives
‘MN + 1@‘ <[QQ1 — MMs| + NNy — MM;| + NNy — PPy| + [QQ2 — PPy|.

The four absolute values are precisely the distances between the corresponding orthogonal pro-
jections:

|QQ1 — M M,| = M;Q2,
INNy — MM;| = Ny Mo,
’NNl — PPQ‘ = P No,

and
|QQ2 — PP| = Q1 P».

Hence
‘m + @‘ < M1Q2 + N1 Mz + PyNa + Q1 Ps.

2 A Cyclic Inequality

Problem 2. Let a,b,c > 0 with
a+b+c=3.

Prove that
l 1 1>5b+20—a 5¢+2a—b ba+2b—c

b e 0 3a 9—3b 9—3c
Proof. Since a + b+ ¢ = 3, we have

9-3a=30b+c), 9-3b=3(c+a), 9—3c=3(a+b).

Thus the right-hand side becomes

Z 50+ 2c—a
i 3(b+c)
A direct simplification gives
50+ 2c—a 1 b—a
_— = 2 + .
%2 3(b+¢) %;a—i-b ;b—i-c
By the AM—HM inequality,
1 + 1 S 4
a b a+b

Adding the three analogous inequalities, we obtain

1 1 1 1 1 1
—++->2 + - :
a b ¢ a+b b4+c cHa




Therefore it remains to prove that
b—a

Zb—i—cgo'

cyc

Multiplying by the positive number (a 4 b)(b+ ¢)(c + a), this is equivalent to
a® +b° + ¢ > a’b+ b2c+ a.
This follows from Schur’s inequality:

a® + b+ A + 3abe > a®b + a’c + bPa + be + Pa + Pb.

Hence
a® + 0> + & — (a®b+ b*c + c*a) > a*c + b*a + ¢*b — 3abe.
By AM-GM,
a’c+ b%a + b > 3abe.
Thus
a® + b + ¢ > a®b + b*c + cfa.
Consequently,
b—a

> <0,

e b+c
and the desired inequality follows.

Equality holds for
a=b=c=1

3 A Bound Involving a Parameter

Problem 3. Lett > 1 and let xq,...,x, be real numbers such that
1
;leéwzﬁ---éxnét
and
n
Z T =1
k=1
Prove that
t>n
and

Proof. Since

for every k, summing over k = 1,...,n gives

n
1:Za:k2
k=1

=3

Therefore



Now, for each k € {1,...,n}, we have

Hence
Expanding, we get

or equivalently,

Since

it follows that

4 A Four-Variable Quadratic Inequality
Problem 4. Let a,b,c,d € R with
a+b+c+d=0.

Prove that
5(a + 0%+ 4+ d*) > 4(a + ¢) (b + d) + 4(bd — ac).

Proof. Since
a+b+c+d=0,

we may write

d=—-a—-b-c
The desired inequality is equivalent to
5(a> + 02+ +d?) — 4(a + ¢)(b+ d) — 4(bd — ac) > 0.
Substituting d = —a — b — ¢, the left-hand side becomes
140 + 146° + 14¢* + 14ab + 14bc + 22ac.

Let
u=a-+c, v=a—cC.

Then a = (u+v)/2 and ¢ = (u — v)/2. Therefore

1442 + 1462 + 14¢2 + 14ab + 14be + 22ac = (2862 1 28bu + 25u? + 3v2> .

N =



We rewrite this as
1 w2 9 9
|1 28(b+ <) +18u”+ 307 ).
2 2
This quantity is nonnegative. Hence
5(a + 0%+ +d*) > 4(a + ¢)(b+ d) + 4(bd — ac),

as required.

5 A Jensen-Type Inequality
Problem 5. Let f: I — R be a convex function, and let
0<a,bcel, a+b+c=1.

Assume also that
ab+bc+caecl
and
1—ab—bc—ca
2

el.

Prove that

1—ab—bec—
f(a)+f(b)—|—f(c)>2f< ? 2c Ca)—i—f(ab—i—bc—i—ca).
Proof. Since a,b,c > 0 and
a+b+c=1,

the numbers
l4a, 140b, 1+c

are positive and have sum 4. By Jensen’s inequality,

(1+a)f(a)+ (1+b)f(b) + (1 + ) f(c) > 4f <(1+“>a+ (1+b)b+(1+c)c>.

4
Now
(I4+a)a+(1+bb+(1+c)c=atbteta®+0?+cE=1+a>+b*+ %
Since
(a+b+c) =1,

we have

a? + 0% + % 4+ 2(ab + be + ca) = 1.
Thus

1+ a?+ b2+ 2 B 1—ab—bc—ca

4 N 2 '

Therefore

2

(14 a)f(a)+ (L+b)f(b) + (1 +¢)f(c) Z4f<1—ab—bc_ca>'

Similarly, the numbers

are nonnegative and have sum 2. Applying Jensen’s inequality again, we get

(I—-a)a+(1-0b)b+(1—c)c
2 )

(1—a)f(a) + (1 - b)) + (1 — &) f(c) > 2f (

5



But
(1—a)a+(1=bb+(1—-clc=a+b+c—(a®>+b*+?) =1—(a®> +b* +c*) = 2(ab+ b+ ca).

Hence
(I—a)f(a)+ (1 —=0b)f(b)+ (1 —c)f(c) > 2f(ab+ bc + ca).
Adding the two inequalities gives

1—ab—bc—ca
2

2(f(a)+f(b)+f(c))24f< >+2f(ab—|—bc+ca).

Dividing by 2, we conclude that

1—ab—bc—ca

2

£(@) + Fb) + f(c) > 2f< ) + f(ab+ be + ca).
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