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3801. In AABC the following relationship holds:

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

b+c+ +4 + @z >z
Te Tp h h, h,

cyc cyc

Z F ZZF(:)ZZb(s—a)>Zab

cyc S _ cyc 4 cyc cyc

Zst—ZZabZZabcwlsz ZSZab
cyc cyc cyc cyc

4s% > 3(s? + 12 + 4Rr) < s% > 3r2 + 12Rr (to prove)

GERRETSEN
s? > 16Rr — 51% > 31?2 + 12Rr < 4Rr > 8r? < R > 2r(Euler)

Equality holds fora = b = c.

3802. In any A ABC the following relationship holds :

>3-83

B C B C
4 4 L 6 6L
chc 5 €SC 2(csc 2+csc 2)

B C
5 5

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

LHS > >

- e 2 (csc5 g + csc3 g) -

B C B C B C
4 4% 5D 5% had =
Chebyshev Z csc” 5 sC (csc 5 1 ¢€sc 2) (csc > 1 €sC 2) AM-GM
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3 3 A B C\ Cesaro 3 3 A A
> HCSCSE .n(csc5+csci) > —. HCSCBE .81_[csc—

2 2
cyc cyc

cyc cyc

A 4R 3 Euler
=3.1_[csc35=3.<—> > 3.83

r
cyc
4 C

B B C
4 6 6
Z CSC™ 5 €sC™ 5 (csc 5 1 csc 2)

B
5 5%
P csc> 5 + €sC’ 5

>3.83

v AABC,” =" iff A ABC is equilateral (QED)
3803. In any A ABC the following relationship holds :

ma+mb+mcSga+gb+gc+2(R_2r)

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
Solution by Soumava Chakraborty-Kolkata-India

zg g >4Rr+r2+r(sz+4Rr+r2)
adb =
cyc R

(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 70;)
Relation (m); published at www.ssmrmh. ro

2 (ga+gp+gc+2R-20)" =

Bogdan Fustei
zg§+229agb+4(R—2r)2+4(R—2F)<Zga> =

cyc cyc cyc

Z(s —a)? + ZrZ h, + ZZgagb +4(R-2r)2 +4(R-2r) (Zga> >

cyc

cyc cyc cyc
5 ,  T(s?+4Rr +r?) ,  T(s? +4Rr +r?)
s“— 8Rr — 2r° + R +2|4Rr +r° + R +
s? 4+ 4Rr + r?\ ?
4(R-2r)? +4(R - 2r)< R > > 4s? — 16Rr + 5r?
? Gerretsen
& 4R3 + 8R?*r + 9Rr? — r3 >R+ r)s? and indeed, (R +1r)s? <

)
(R + r)(4R2 + 4Rr + 3r2) < 4R3 + 8R*r + 9Rr?2 — r3 & 2r2(R—2r) > 0
— true via Euler = () istrue . g, + gy + g + 2(R—2r) > \/452 — 16Rr + 5r2
4 RMM-TRIANGLE MARATHON 3801-3900
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Chu—Yang
> mg+my+me=>m,+m,+m.<g,+9gy+9.+2(R—-2r)VvVAABC,
" =""iff A ABC is equilateral (QED)

3804. In any A ABC the following relationship holds :
h,-h, h,—h, h.—h,
b+c - ct+a a+b
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

h, —h, 2rs
b+c (b+c)(c+a)la+ b).4Rrs'z c(b—a) <a2 +Z“b>

cyc cyc cyc

/(Z ab) (c(b —a)+a(c—b) +b(a- c))\I

1 |
“b+olctaatb).2R| I

\ +acha—an3 /

cyc cyc

1 a? \ Bergstrom
= . - . — <
ERIETICEDE A G a  E

cyc cyc

1 (chc a)z _
(b+c)(c+a)(a+b).2R’ (“bcz a - abc. Yeye @ > =0

cyc
h,—h, h,—h, h.—h

a2 by Tb ey ¢ @0 vAABC" =" iff AABCis equilateral (QED)
b+c ct+a a+b

3805. In any A ABC the following relationship holds :

r,—h r,—h, r.—h

a a n b b n [ C >0

b+c c+a a+b
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

I'a_ha_ 1 —
Z b+ c _(b+c)(c+a)(a+b)'czyc <ra—ha><“2+2“b> =

cyc cyc
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o+ c)(c-:a)(a+ b)’ (Z “b> <4R+ r- Z‘%) XY (“2'%)

cyc cyc cyc cyc

() oner- 5o

I cyc cyc I

>
~ (b+c)(cta)a+b) |
\ %(Z a2> (4R + 1) — 4s%r /
cyc
and
Euler

(+ WLOG assuminga>b>c=>a?>b?>c?andr,>r,>r.) >

MR

(b+c)(c+a)a+b) | \oe e e

Chebyshev 1

Bager

) 3 (s?2 —4Rr — r?)(9r) — 4s?r /
“b+olcta)a+b)

s2 — 16Rr + 5r2 + 4r(R — 2r)) >0

.2r(s? — 12Rr — 3r?)

= .2
b+0c+a)ath) r
Gerretsen Euler
( s2—16Rr+5r2 > OandR-2r > 0)

r,—h I, —h r.—h
N2 ey b by T¢ €5 0vAABC” =" iff AABCis equilateral (QED)
b+c ct+a a+b

3806. In acute AABC the following relationship holds:

secA
Z > 44/3

sinA

cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

secA 1 {1 BERGSTROM
A N Z S
Z sinA Z sinAcosA sin2A4
cyc cyc cyc
(1+1+1)2 2:9

"Sin2A + sin2B + sin2C _ 4sinAsinBsinC

6 RMM-TRIANGLE MARATHON 3801-3900
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9 _36R° 36R® 9R*"L

a b c abc 4RF rs

S
. 9R?2 ~ 18RMITRI§0VICI 18 ﬁ ~ 12 e
_R - — - T=—
R s V3

Equality holds fora = b = c.
3807. In acute AABC the following relationship holds:

1+sinA 1+ sinB 1+ sinC
+ + >6+3V3
cosA cosB cosC

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru

1+sinA 1+ sinB 1+sinC_Zl+sinA_

+ + =
cosA cosB cosC cosA
cyc

_Z 1 +Zt A]EASENZ 1, (A+B+C)>
-~ LucosA ansd = cosA an 3 =
cyc cyc cyc
BERGSTROM
- (1+1+1)2 T
t —) = 3v3 =
cosA + cosB + cosC an(g) 1+%+ V3
9R EULER 9R 9.2
=——+3V3 = +3V3="—--+3V3=6+3V3
R+r R+B 3

2
Equality holds fora = b = c.

3808.
Ifin AABC,I — incenter,04,0p,0, circumcenters of ABIC,AAIC,AAIB then:
s b+c c+a a+b 3V3
> + + =
212 AO,4.AI BOg.BI (CO..CI R

Proposed by Sarkhan Adgozalov-Georgia
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Solution by Qurban Muellim-Azerbaijan

Lemma 1:
A0, = Al + R, (Let R, circumradii of ABIC)
A+B c A+B+C .
Proof:180 — 5 +90 — 7= 270 — — = 180 > A—1— 04are collinear
Lemma?2:
R a
) B —y
A
2 cos (7)
Proof: “ =2R; > R, = 2
. B+C\ “7A A~ A
sin (180 _T) 2 cos (7)
Lemma 3:
5 (A) B s(s—a)
cos® |5 )=~ )
S b+c _y b+c _y b+c _Z(b+c)5in2(§)_
= = > = =
A0,. Al (AI + R AI . ar r2 4 %.tan (%)

s (3) 2o (3) con (2)

(b + ¢) sin? (g) (b + ¢) sin? (%4)

(b + ¢) sin? (g).z(s —a) ~

, art 1 2( a ) r2(2s —2a+a)
re+ 7 's—a r 1+2(s—a)

2s(s — a) sin? (g) 2bc cos? (g) sin? (g) _

=2 S12 =2 sr2 =2 2512
bc sin2(4) bca? abc s 3V3
=3 = Ya=—3>2"
2512 8sR2r2  8sR%r? R R
Aoai s _.S
gamn, rR ™ 2r%

3809.

in AABC, I and O incenter and circumcenter.
2IAO = a, £IBO = B,£10C = ¢.Prove that:

r

cos(a).sin (g) + cos(B) .sin (g) + cos(¢) . sin (g) =1+ A

Proposed by Sarkhan Adgozalov-Georgia

8 | RMM-TRIANGLE MARATHON 3801-3900
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Solution by Qurban Muellim-Azerbaijan

Lemma 1:
Al = r
-, /A
on 3)
Lemma 2:
OI? = R(R — 2r) (Euler)
Lemma 3:
r . A
YcosA =1+ R’ 1 — cosA = 2 sin? (E)
Let AAIO ( )_AIZ+R2—102
e = cos(a) = >R Al
Let ABIO ()_BIZ+R2—102
e = cos(B) = >R.BI
Let ACIO ( )_CIZ+R2—102
e = cos(}) = >R.CI
r? 2 2
+ R“ — R“ + 2Rr
LHS_Z (@) .si (A>_ AR 1O (A)_ o (2)
= cos(a).sin| = =) >R Al -sin {5 =) R rA
sin (7)

. A . A
r? + 2Rr. sin? (7) _ 312 + RrY2 sin® (7) _ 372 + Rr.(3 — YcosA) _
2Rr 2Rr 2Rr

=2

Tr
_37‘2+Rr(3—1—§)_(3r2+2Rr—r2)_1+r
N 2Rr N 2Rr N R

3810. In AABC the following relationship holds:

ce(3) [0 G ©) + [ ()t (9) ) 2o

cyc
Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan

Let : LHS = LHS, + LHS, + LHS;

uas, = cs5) (] (c0° (Bt (9)) + (00 () +u 2 )

9 | RMM-TRIANGLE MARATHON 3801-3900
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AM-GM
)

csc(g)k 2(cao (2).ctn(9)) + [o(ctn (2).crn (@) |

0 ( o(w0(2) o(2)o )] (0 (2)

Analogously , it is calculated for LHS, and LHS;
A-G

LHS = 33[LHS;. LHS,. LHS; =

0 <64 (9 (2)ct9 (2) (9 (0 (2)ct0 (2)cto (g))3>“_
(exc(8):se(2).cse(9)) - |
o(2(ct0 (5)-cts () cta (5)) ) - (ese () ese () s () -

2
1 i .
)7 = Mitrinovic, Euler

.(ﬁf > 6(2. 3\/5)%. 8)3 = 12\/675

T
Equality holds if :A=B=C

S~——

N w
N| W

|
)

N =

3811. In AABC the following relationship holds:

sinA + sinB — sinC _ At B tC
cosA + cosB —cosC + 1 aptanycoty

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

. A+ B A—B . C
sinA + sinB — sinC _ 2sin 7 C0S—H— —Ssin (2 '7)
cosA + cosB —cosC+1 A+B_ A-B

2cos 5 €0S— —cos(Z-%)—l—l:

10 RMM-TRIANGLE MARATHON 3801-3900
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9sin®=CppsA=B_ 5. C. C , C A-B ,.C. C
sin——cos—; singy cosy 2055 €05 —H— sinycosy

2cos ; CcosA ; B + Zsinzg ZSin%cos'# + ZSinZg

A-B _ .%
smz . cos

(cosA ~B_ cosn—_c) C
= 2 /. cot==
(cosA;B+cosn£C) 2

(COS

(cos 7 +sing) sin

N AN

n—C+A—-B . n1—C—A+B

2sin sin
= 4 4 rcot— =
mn—C+A—-B A-B—-mw+C 2
2cos cos
4 4
. A+B+C—-C+A-B . A+B+C—-C—-A+B
2sin ) sin )
= AYB+C—C+A—B _A—B-A-B-C+¢C 3~
2cos cos
4 4
. 2A . 2B . A . B
sstmT C smismi C A B C
24 ZB-cotE—ﬁ-cotE—tanEtanEcotE
COSTCOST COSTCOST

3812. In any A ABC the following relationship holds :
nz + g2 + r,r — npr, _ 2Rr
n,—+4rz+(b-c2 T

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

n; + g2 +r,r — . 2Rr, Bogdan Fustei
n, —+/4r2 + (b — c)? r
1'((b—c)2 +2s(s—a)+(s—b)(s—c) - s(s—a)) —ZR.Sr_S .(na—an“)

a s
r(na — \/41'2 + (b - c)z)
~ r((b— c)?+s(s—a)+(s—b)(s— c)) —r.2Rn,
- r(na — \/41'2 + (b - c)z)
r((b — )2 +s(s—a)+(s—b)(s— c)) - r.ZR(W)
r(na — \/41'2 + (b - c)z)

11 | RMM-TRIANGLE MARATHON 3801-3900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(Reference : Inequality in Triangle by Mohamed Amine Ben Ajiba — 28;)

published at www. ssmrmh.ro
_ —bc+s(s—a)—sz+sa+bc=0 NG+ g+ Tr — Tl <2Rra
na—\/4-r2+(b—c)2 na—\/4r2+(b—c)2_ r
v A ABC,” =" iff b = ¢ (QED)

3813. In any A ABC the following relationship holds :
18y L s143) D
hg — hg
cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3r 3r 3r ' r3 2 r?
Letx=h—a,y—h—b z—h—c and then : 182ﬁ2 1+32h_§
cyc cyc

S8l Y
27

cyc cyc

2<2><2><2><22>
- true 0 " (z ) a3y 0 L (z ) (z )

cyc cyc cyc cyc cyc

182 h3 = >1+3 Z — VAABC,"” =" iff A ABC is equilateral (QED)

cyc cyc

3814. In any A ABC the following relationship holds :

Z 1 - 3
hZ —r? — 8r?

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

" _3r _3r _ dth ;3
etx-h—a,y—h—b,Z——can then : zhz_r2_8r2<:>29 :g

cyc ey ()

12 RMM-TRIANGLE MARATHON 3801-3900
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t? 54(t%2 +3)

Letf(t) = g—z Vt€ (0,3) and then f (1) = O3 0 and so,
3r 3 3 1 Jensen 3 3 3
“SZ" Zha S oYz < Zg_l = 9 . "9-1 8
cyc cyc cyc
y y T (chc x)z
3
= 1 3 no__m s . .

= (x) is true .. Z hZ = 12 > 82 v AABC,"” =" iff A ABC is equilateral (QED)

cyc

3815. In any A ABC the following relationship holds :

m2 R\3
ey
hbhc 2r

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2
==Y L )
= Y [ be[2) a? -3a
hyh, 16r?s? ¢ a4 @
cyc

cyc cyc

4(s* — (4Rr + r)?) — 3(4Rrs)(2s) 7 /R\3
- L)
16r2s? 2r
?
& (3R3 + 12Rr?)s? + 2r3(4R + r)? > 2rst
)

Gerretsen

?
Now,2rs* <  2rs?(4R? + 4Rr + 3r?) < LHSof (x) &

?
(3R3 — 8R?r + 4Rr? — 6r3)s? + 2r3(4R + r)? > 0 and it's trivially true when :

()
3R3 — 8R?r + 4Rr? — 6r3 > 0 and when : 3R? — 8R?r + 4Rr? — 6r3 < 0,

Gerretsen

LHSof (xx) >  (3R3® —8R?r + 4Rr? — 6r3)(4R? + 4Rr + 3r?) +

? ? R
2r3(4R+1r)?2 >0 12t5 —20t* - 73+ 4t - 16 >0 (tz;)

Euler

?
o t-2)(12t* +43 +t2 + 2t +8) =0 > true vt > 2= (xx) = (%)

13 RMM-TRIANGLE MARATHON 3801-3900
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. Z m? R\’ . Z m? 2 m?
is true Vv A ABC .. <3 (—) and again, >
hbhc 2r hbhc W W,
cyc

cyc cyc

Lascu + AM—GM s(s—a) AM-GM _3|s5(s —a).s(s —b).s(s —c) _
y Zyc:\/s(s—b).\/S(s—c) = SJS(S—Q)-S(S—b).s(s—c)_B

3

mZ
and 50,3 < Z @ 3 (—) v AABC," =" iff A ABC is equilateral (QED)
hbhc 2r

cyc
3816. In any A ABC the following relationship holds :

m2 R? + 2r?
3SZ <

rpre Rr
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

Z m; Z 4m?(—s? + sa + bc)
nr. 4r2s?

cyc cyc

—6s%(s? —4Rr —r?) + SZ a(ZZ a? — 3a2> +

1 cyc cyc

= 4r2s?
Z bc (22 a? — 3a2>

cyc cyc

—652%(s? — 4Rr — r?) + 8s%(s? — 4Rr — r?) — 6s?(s? — 6Rr — 3r?) +
4(s* — (4Rr +r)?) — 24Rrs?
4r2s?
_ (R+4r)s? —r(4R+1)? 2 R? + 2r2
B rs2 =" Rr

?

< R(4R +1)? > (4R — 2r)s?

m2 R? +2r?
<

119 Rr

— true via Blundon — Gerretsen .. z

cyc

and again,

2 22
m; Lascu+AM-GM Z s(s—a)(s—b)(s—c) 3r-s

> > = = 3 and so,

Z r,re - r2s? r2s? andso
cyc cyc

m2 R? +2r? ., ] _ ]

3< Z < v AABC,"” =" iff A ABCis equilateral (QED)

I, I Rr

14 | RMM-TRIANGLE MARATHON 3801-3900
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3817. In any A ABC the following relationship holds :

r2+r* 15
P
r:—r2=— 4

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

9
Let 3r 3r 3r dth Zr§+r2;15 2+1; 15
= — = — = — : —_—_— Lt _—
etx l'a'y I,b,Z rcan en rg—r2_4 9 . "
cyc cycx - ()
9+t2 108(t* + 3
Letf(t)— > Vte (0,3) andthenf”(t)—ﬁ>0:f(t) is convex
%
2+1]ensen 9+( c:yéc )
andsoast— ——3=>0<xy,z<3 Z 3o—m—m—
cyc cyc cc chcx
y y y 9_— =%
10 15 +r? 15
=3.?=T=>(*)1strue Zr rZ_TVAABC

cyc

" =" iff A ABC is equilateral (QED)

3818. In AABC the following relationship holds:

1 1 1 3V3

W, W, W, s

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

1 1 1M 3 3
—_t— 4 — > 3 > 3 =
Wq Wp W, \/Wawbwc \/rarbrc
B 3 B 3 _ 3 —
3'\/ F F F F3 3 F3s
s—as—bs-c G OG_bi-0¢ |sG-a)s-b(—0c)
_ 3 _ 3 _ 3
s[F3s 3Fs rs?
F2

15 RMM-TRIANGLE MARATHON 3801-3900
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3 3V3

3
> —os>V3-Yrstes3>3V3rst o
s

Vrsz —

& s > 3+/3 (Mitrinovici)
Equality holds fora = b = c.
3819. In AABC the following relationship holds:

1 1 1 2
—t—+—=—
w, w, w., R

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

1 1 1M 3 3
Wg W W, YWaWpw, — Tarpr.
_ 3 _ 3 _ 3 _ 3
3\/ F . F . F 3 F3 3 F3s 3\/F_35
— — — 2
s—a s—b s—c (s—a)(s—b)(s—c) s(s—a)(s—b)(s—c) F
_ 3 _ 3
~ YFs  Yrs?
3 - 2 27 - 8 7R3 > 8rs? (t
—e—>—
V72— R 1t RO > 8rs* (to prove)

- 2
Equality holds fora = b = c.

EULER MITRINOVICI 2
L o 3V3R
8rs? < 4Rs? < 4R - (—) = 27R3
3820. If I —incenter in AABC then the following relationship holds:

1+1+1>3
IA IB IC R

Proposed by Nguyen Hung Cuong-Vietnam

16 RMM-TRIANGLE MARATHON 3801-3900
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Solution by Daniel Sitaru-Romania

+ ZSln 12 . A]ENgEN
1A YT L1 r  rZM"2 =
cyc cyc cyc
1 3si (A+B+C)_6 ] nEUéER6 1 3
= sin 6 = 2 sin = R'2 = R

Equality holds for:a = b = c.
3821.

In any A ABC the following relationship holds :

z b+c+z [m, . RS >1+Z
m, b+c 32r>

cyc cyc cyc

Proposed by Nguyen Van Canh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Bogdan Fustei ?
n2 = s? — 2r,h, -~ a?n? < 4(R —r)?s?

?
& a?(s? — 2h,r,) < 4(R—r)?s?
A A A\ ?

< (4R?% sin? A)s? — 4rs (4R sin — cos E) (s tan§> < 4(R? — 2Rr + r?)s?

2
A ? ?
& R%*(1 —sin?A) — 2Rr(1 — 2sin2§) +r2>0< R*cos?A—2RrcosA+r¢>0
? 2(R-r1)s
& (RcosA—r1)2>0-true .. n, < —a and analogs =
Z Z 2(R - r)s 2(R - r)bcs Z 2bc
\b + c a(b+c) 4Rrs(b+¢c) /4Rr(R -1 b+c
cyc CYC
Euler
P R cBs R—r Mitrinovic R — r 3v3
AM-HM —-r z — itrinovic —
< . vb+c < .V3.4s < 3R—
V8Rr2 T 8Rr?2 V2Rr?2’

R-r , n, © s A R
= . 3. <(t*-=).3. = [— i
oF 3.V3 Z brco (t Z) 3.Vv3 | t or and again,
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FLascu 1 AAM GM M1tr1nov1c 3 6 3\/_ r
Z b+c Z oS3 \/_ \]

363\/_rR2Euler363\/_4r3 3\/_ Zrz @3\/51 q
Nk Nk Cchb+c an

Bogdan Fustei b+ C b+c¢
v N > m, and analogs - Z and so,
cyc cyc

(1), (2 and (3) = it suffices to prove :

- t1°>1 t2——) 3.1/3
2 + + 5)-3.V3

2 3.Y3 1
@tw—lz—\/_.(th—l——)@
2 t
4

? 3.3
(t—1)(t1°+t9+t8+t7+t6+t5+t4+t3+t2+t)ET.(t )(2t+"'1)

Euler E

and - t—1 > 0and

< 2 . it suffices to prove :
?
O+ + B+t + 8+ 5+ P+ 3+ 2+t > 4% + 4t + 2 > true
t=1
0+ 2+ 8+t > 2+ t2 +t2 +t2 = 4t% and
t=1 t=1
to+to+tr+t3 > t+t+t+t=4tandfinally,t2+t >1+1=2

b+c Z > 14 Z b+c VAABC
\Jb+c 32r5_

=" iff AABCis equllateral (QED)

3822. in AABC, I, 1, 1. — excenters. Prove that:

[I,BC) + [I,AC] + [I,AB] = 3F

Proposed by Sarkhan Adgozalov-Georgia

Solution 1 by Qurban Muellim-Azerbaijan
Leta=x+y,b=y+zc=x+2zs=x+y+z

Lemma :
x+y)y+2)(x+2) =>8xyz
ar,
[I,BC] = >
T, aF F 1 F_x+y
LHSZZ( 2 ):_Z( )zfzs—azfz z =
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- 3F i/(x+y)(y+z)(x+z) - 3F3|8xyz 3F

-2 xXyz -2 | xyz 7'2=3F
Equality holds fora=b = c.
Solution 2 by Ertan Yildirim-Turkiye
Lemma:
T T = P*r
Proof:
F F F
razp_alrbszblr(,‘:p_c
F3 F3p F3p F 5
Talple = = — — Fp = 01D = D21
T p-a)p-b)(p-o Pp-a)p-b)p—c) F pP=prp=p
[1,BC] = bT
r
[1,4¢] = =7
cr
[1.AB] = ==

1 1 3 3 3
LHS = EZara > 2.3. Sabcrgryr, = 2 VaprRp?r = 2 V4p3Rr? > 2 2pr = 3F

Equality holds fora=b = c.

3823. In any A ABC the following relationship holds :

z sin2 C

CycC -
Y€ sinZ A

(sin B + sin C)z (sin C + sin A)2
sinA + sin B sinA + sin B

sin? B
sinZ A

Proposed by Zaza Mzhavanadze-Georgia

>1
(sin C + sin A)?

(sinB + sin €)% +

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C,x'y,z' >0,

x' y’ z' Walter Janous
(B' +C) + € +A)+ (A +B) > 3ZA'B'
y'+z' z' +x' x'+y’ _«—’CD
cyc

(sin B + sin C)2 (sin C + sin A)2
NOWZ sinA + sinB sinA + sin B
’ sinZ C

. .~ , Sin?B
Ve GnZ A (sinB + sin €)% + Sin A

(sinC + sin A)2
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sin B + sin C\? sin C + sin A\?
(sinA + sin B) (sinA + sin B)
(sin B + sin C)%(sin C + sin A)?

- Z sin2 C sin? B

e (sin C + sin A)?2 + (sin B + sin C)2
sin? A ( 1 4 1 )
(sinA + sinB)% "\(sinB + sinC)? ' (sinC + sin A)?
sin? B sin2 C
(sinB + sin C)? + (sinC + sin A)?

X yA
=B+ )+ y S (€ +A) + (A +B)
y +z x'+y

sinZ A

cyc

!

- (sin A + sin B)Z’y - (sin B + sin C)2 2= (sinC + sin A)? ’\l

/ sinZ A sin? B sin2 C
xl !

| 1 1 1
A =— : ,B' = — - ,C' = — -
(sin A + sin B)? (sin B + sin C)? (sinC + sin A)?

v1a@ 1 AM-GM
>
(sm A + sinB)2(sinB + sinC)2

3 AM-GM 3 Jensen

>
z = ) ) ; 2
(i/(sin A + sin B)(sin B + sin C)(sin C + sin A)) (2 (sinA + 5;“ B + sin O)

(sin B + sin C)2 (sinC + sin A)2
sinA + sin B sin A + sinB
sm B

3
(\/5)2 =1 and SO’Z s1n C

Ve GnZ A (sm B + sin C)2 + (sm C + sinA)?
” iff A ABC is equllateral (QED)

=1V AABC,

3824. In acute AABC the following relationship holds:
a® + b3+ 3
cos(4).cos(B) + cos(C).cos(B) + cos(A4) .cos(C) < 16RS
Proposed by Ertan Yildirim-Turkiye
Soltion by Mirsadix Muzefferov-Azerbaijan

aB+b3+cd aB+b3+3MM3abe 3

RHS = = > _ -
16RS 4abc = 4abc 4 ()
2 2 2 Gerretsen
P +r“—4R ~
LHS = Z A). B) = <
cos(A).cos(B) AR
cyc
4R + 4Rr + 31>+ 1 —4R?> 4Rr+41r*> r 12 1 1 3
; = —=2+(5) S5+7=7 ()

4R 4R R R 2 4 4
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(**)3 (*)
"~ "~
LHS < 7 RHS > > LHS < RHS (PROVED)

Equality holds for an equilateral triangle.

3825. In AABC the following relationship holds:

A—B B-C C-—A 1/R r 3
cos( > ).cos( > ).cos( )<—(—+—)+_

2 “4\r R 8
Proposed by Ertan Yildirim-Turkiye

Solution by Mirsadix Muzefferov-Azerbaijan

By Mollweide's formula:
(A—B)_a+b . (C)
cos(——)=——.sin(3
[Joos(152) -T2 [on(€) {2+ 5+ - (B5)+ G+
cos sin =R 53 -ty Pyl S
cyc cyc cyc
(2+3 R) r r +3
4R 2R %
Let's prove that :

r +3<1(R+r)+3

2R 4 4 R/ 8
2r +3<R+ +3 2R? —3Rr—21r2>0
— - > — -
R R 2 Tr re =

(R - 2r)(2R +1r)>0—-> R =>2r (Euler) True
Equality holds for an equilateral triangle.

3826. In any A ABC the following relationship holds :

Z - 4p“r
2r+ r ~ p?+r?2+4Rr
cyc hz hbhc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

hlzl Bergstrom
Z 2r - Z Rrh} =
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(p? + r? + 4Rr)?
4R?
2 2 3h3
+ rR+ 4Rr + zp . chc ‘:;1:)3
4p%r(p? +r? + 4Rr)?
= 96RZrZp? + 16RrpZ(p? + 12 + 4RD) + (pZ 1 1% + 4Rr)? — Z4RrpZ(p? + 1% 1 ZRr) -
4p’r
p? +r? + 4Rr

6r+p

& (p? 4+ r? + 4Rr)3 > 96R%r2p? + 16Rrp?(p? + r2 + 4Rr) +

(p? +r? + 4Rr)3 — 24Rrp?(p? + r? + ZRr)
© 3(p? +r? + 2Rr) > 12Rr + 2(p? +r? + 4Rr) © p? > 14Rr — r?

Gerretsen

& (p? —16Rr + 5r?) + 2r(R — 2r) > O > true ~ p>—16Rr+5r* > 0Oand

Euler 4-p21‘
2r(R—-2r) > 0 > v A ABC
2r 2 p?2+r? +4Rr '
ve b2 h hbh

" =" iff A ABC is equilateral (QED)

3827. In any A ABC the following relationship holds :
2

ZZr r = :
+— 4R +r

Yr ra IhIe
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1'3 Bergstrom
2r 2 r =
r rra
p r

cyc 1'2 + I, + —  cyc 2r+ 2r, +

pZ(4R + r)2
6rp% + 2p2(4R+r) + (4R +r)3 — 12Rp?

Z r3 = (4R + )3 — 12Rp?

cyc
3 p*(4R +1r)? 2_p’
~ (8BR+8r)p2+ (4R+r1)3 —12Rp2 ~“ 4R +r

) ?
< (4R + r)3 > (8R + 8r)p? + (4R +r)3 — 12Rp? © 4R > 8r - true via Euler

2
Z 5T P v AABC," =" iff A ABC is equilateral (QED)

r _4-R+r
e r2 + a+rbrc
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3828. In AABC the following relationship holds:

(c+vab)' R )
2(b+c—a)(a+c)_7+

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

1 4R+ 1
s—a  sr

Known result: Z

(c + \/LE)Z C;S (c+a)(c+b)

(c+\/@)2 (c+a)(c+b) c+b 2s—a
2(b+c—a)(a+c)S 4(s—a)(a+ c) 42 -a 42

1v(Gs—a)+s 1 1 1 4R+ r 1 4R R
=—Z—=—(3+sz )=-(3+s. )=-(4+—)=—+1
4 s—a 4 s—a 4 ST 4 r r

Equality holds for an equilateral triangle.

3829. In acute AABC the following relationship holds:

cot VcosA + cot VCosB + cot VCosC > \/§

Proposed by Vasile Mircea Popa-Romania
Solution by Tapas Das-India

as 0 < cosA < 1then+cosA > cosA (1)

WLOGA=B =>C

A B C
coti < coti < cotE & cosA < cosB < cosC

A C 1)
cot— 2 VcosA + cot \/cosB + cot - 2 cosC =
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A B C Chebyshev 1 A
= cot 2 CcosA + cot 2 cosB + COt2 cosC = 3 (Z COtZ) (Z cos )

R+71
R

R Mitrinovic 1 3\/_1"
>

3 =3

W] =

S
> —
r

Nl

w_l -
=

3830. I — incenter in AABC,A(2,2),B(6,4),C(4,8),M(8,6).
Find MI.

Proposed by Daniel Sitaru-Romania
Solution by Tapas Das-India

We know that in AABC with vertices A(x1,y1), B(x3,73), C(x3,y3):

ax, + bx, + cx; ay, + by, + cy3)

Incenter — I = ( ,
a+b+c a+b+c

now A(xy,y1) = A(2,2),B(x;,y,) = B(6,4),C(x3,y3) = C(4,8)

a=BC=.(6—-4)%+(4—2)%=25,
b=CA=.,(4-2)2+(8-2)2=2V10,
c=AB=,/(6-2)2+(4—-2)2=2V5

I — Incenter =
_<2\/§x2+2\/10x6+2\/§x4 2\/§x2+2\/10x4+2\/§x8>_(3\56 2)
B 25 + 2V/5 + 210 ' 25 + 2V/5 + 2V10 B ’

M1=\/(8—3x/i)2+(6—6+\/i)2=J64+18—48x/§+2=2J21—12x/§

3831. In AABC the following relationship holds:

z\/ZR (na— V42 + (ng - g0)?) 2 ZAI\/%

Proposed by Bogdan Fustei-Romania
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Solution by Tapas Das-India

F A _ B _C A
r =—=4Rsin=sin—sin= = (s — a)tan (—):» (s—a)= (1)
s 2 2 2 2 tan(

n, \/4-r2 + (b — c)?

lemma:|b—cl>n,—g,,— =
| =1~ ga h, 2r

(Reference: About Nagel and Gergonne’s cevian by Bogdan Fustei , www.ssmrmbh.ro)

lemma

LHS= Z \/ZR (na —J4? + (n, — ga)z) >
> Z \/ZR (na —J4rz + (b - c)Z) e

zzjm(na_:_:.z,«)=Zj%m=zj’;:zjm_@=
n, 2r(s—a) @
Zf o 4Rsin )cos(g). -

2r

_ Z E 2R, tan(z Z na
hq,

4Rsm cos

Equality holds for an equilateral triangle.

3832. In any A ABC the following relationship holds :

n, b+c
23 S5
Var + (ng — g,)? a

cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Bogdan Fustei
(na_ga)z :n¢21+g¢21_2naga <
(b—c)? +2s(s—a)—2s(s—a) = (b—c)?
Bogdan Fustei an 2n
A A2t (N, — gl < JarZ+ (b—-0?2 = —%= = >
S \/41‘2 + (na_ga)z
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2n,s a+b+c 2n,

an, a \/4_1.2 + (n, — g,)2

Yt ag Y v

cyc cyc

b+c
>1+ a and analogs

"o__

=""iff A ABCis equilateral (QED)
3833.

If in AABC A’ € (BC),B’' € (CA),C' € (AB) and
BA" CB' AC

CA =B BC = 5 then prove that:

12 12 12 31\/5
AA“+BB“+ CC >TF

Proposed by Daniel Sitaru-Romania
Solution by Tapas Das-India

BC=acCA=bag=c A _CB _AC _
TatA=0AE=C e T ap T BC

5a
then BA':CA' =5:1 = BA = ?,CA’ = 3

| Q

from AABA’ we have AA'? = AB%* + BA'> — 2AB.BA' cos LABA'

) 5a 5a cosB<1 25a®> 10ac
AA'? = ¢? +(6> —Zc.?cosB > c

36 6
Similary:
) ) 25b%> 10ab ) 25¢2 10bc
AA% + BB + CC” 25a* 10ac , 25b 10ab ., 25¢* 10bc _
“T36 6 Y73 6 36 6

60 61 60
— 2 2 2y _ 2 2 2y _ 2 2 2
36(a + b= + ¢*) 36(ab+bc+ca)>36(a + b* + ¢%) 36(a + b* + ¢%)

31 31 Gordon 31 313
=%(a2+b2+cz)>£(ab+bc+ca) > \/—F_TF
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3834. In AABC the following relationship holds:

1 R?
Era Z—A SgT

2
cyc cyc COS (7)

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

First,let us prove that:

Z; 2R
cyc COS? (é) T

2

1 (4-R + 1‘)2 Gerr’_itsen
For this : ZTZ 1+T <
(4R+7)> _16R® + 24Rr — 4% 2R
16Rr —r2 16RrT — 5712 ~r
8R? + 12Rr — 2r? < 16Rr — 51
8R2 —17Rr +21r2>0
(R-2r)(BR—1)>0 —» R >2r (Euler) True

N Z Z 1 < 4R+ )ZR E‘ﬁ<£"9R 2R 9R?
ow : T, — | < r),— < ——=——o
cos? (A) T 2'r T

1+

cyc cyc D)

2

Equality holds for an equilateral triangle.
3835. In AABC the following relationship holds:

Z(h,, —h)(b—c)+4s(R—2r) >0

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1
Dy —h)(b—¢) =52 (ac—ab)(b—c) =

= —% a(b—c)? = —%(Z a(b* + c?) —6abc) =

= —%(Z az a? —2(13 —6abc) =

= 3R (24Rrs + 2s(s? — 6Rr — 3r?) — 25.2(s* — 1% — 4Rr))
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Gerretsen

s
=— (14-Rr —-rt—s%) =
s
E (14Rr — 1% — 4-R2 —4Rr —31?%) = — (10Rr — 4r?% — 4R?)
We need to show

Z(h,, —h)(b—c)+4s(R—2r) >0

S S
= (10RT — 41?2 — 4R?) + 4s(R — 21) > 0 or = (2R~ 4r?) >0

2sr
—(R 2r) = 0 true by Euler.

Equallty holds for an equilateral triangle.

3836. In AABC the following relationship holds:

b + ¢)?
zuzlﬁ
WpW

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

AM-GM

wyw, < s(s—b)./s(s—c)=s/(s—b)(s—¢c) <

s—b+s—-c s(Zs—(b+c)) _as

< s.
=S 2 2 2

(b + ¢)? S\ @ + c)2 (b + c)2 Bergstrom
WpW, N

2 (2a+b+c 8(a+b+c 2s
.2 (& )) _ 8 ):8><—=16
S a+b+c S S

Equality holds for an equilateral triangle.

3837. In AABC the following relationship holds:
A B C
ctg (5 ctg |5 ctg |5
@) @) s

+ —

ctg(3) cta?(3) cto*(z)

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mirsadix Muzefferov-Azerbaijan

cig®) ewg(8) eto() (el et e 9.
ar(®) (@) car @)~ \as () et (§) ()

([ ) 5023 -0

cyc

Equality holds for A= B = C.

| b=

3838. In AABC the following relationship holds:

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Mirsadix Muzefferov-Azerbaijan

E E hc 2F 2F 2F
b a ab cb
2F(a +b+ c) 4F.s
abc  4F.R ° 1
re . ﬂ . EAMéGM ; (rarbrc)% —3 <r52 >§ _
b - abc / T \4RF)
2 \3 1
rsc \3 $1\3
3 <4R.rs> =3 (E)
Let's prove that :
1
$\3 S 27s ,s\3 27 ,s\? 3V3
S(E) = R - 2R = (R) - T_ (ﬁ) - s< TR (Mitrinovic) True

Equality holds for a=b =c.

3839. In AABC the following relationship holds:

3r a 3

< -
2R 2a+b+c 4

Proposed by Kostantinos Geronikolas-Greece
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Solution by Tapas Das-India

2a+b+c (a+b)+(a+c) ~ 4 a+b a+c

_1z< a N b )_1za+b_3
T4 a+b a+b) 4Lia+b 4

Euler & Mitrinovic

abc = 4Rrs > 4.2r.1.3V3r = (2v3r)° (1)

a AM-GM 3 abc AM—-GM
Yo o S
2a+b+c \[(2a+b+c)(2b+c+a)(2c+a+b)

W 33,/abc (1) 2 X 3\/3_'r Mitrinovic
> = = 8
~2a+b+c+2b+c+a+2c+a+b 4(a+b+c)” * " 8s a
3
2x3V3r 3r
2 3X——(——— =3
3V3R 2R
BXT

Equality holds for an equilateral triangle.

3840. In any A ABC the following relationship holds :
a—b b-c c—a
a2+bc+b2+ca+c2+ab =
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
a—Db N b—-c N c—a
a’?+bc b24+ca c2+ab
+ bc3 + a3b + abc. b))

N (a? + bc)(b? + ca)(c? + ab) ;((b - C)(Czaz

abcz ab +Zb2c3 +Za3b2 + abcz a’ —
1

_ cyc cyc cyc cyc
(a? + bc)(b? + ca)(c? + ab)’ Z a’b? — Z bc* — abcz a® - “bcz ab
cyc cyc cyc cyc
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+ +1 + Z

= . b2%¢3 bc* | and so, it remains
2 2 2 E I, ’

(a? +bc)(b ca)(c ab) e

cyc

to prove : Zbc >Zb2c3&nowwea551gn s—a=x,s—b=y,s—c=z

cyc (%) cyc
and then : (¥) & Z((z +x)(x +y)*) > Z((z +x)%(x+y)?)
cyc cyc
@Zx y+2x3y2+z 3>3J|cyzz:xy
cyc cyc cyc (%) cyc
AM GM x3y3
Nowa y+2x2y3+z x3y2+zx3y2:32
cyc cyc cyc cyc cyc cyc y
Holder X Xy).3xyz X
> .(chc Y) > (chc y) Y2 dye = 3xyzz xy = (xx) = (x) is true
3 chc chcx .
yC
a—b>b b—-c c—a

+ + 0V A ABC,
a’+bc b24+ca c%2+ab

" =""iff A ABC is equilateral (QED)
3841. In acute AABC the following relationship holds:
2 b2 c2

a
-+ + > 7212
cos(4) cos(B) cos(C) "

Proposed by Gheorghe Craciun-Romania
Solution 1 by Mirsadix Muzefferov-Azerbaijan

az AMéGM (abC)Z % B
Z cos(4) ~ 3 <Hcyc COS(A)> -

cyc

16R2F2 %Etﬂ‘er 1 Mitrﬂ\wvic 1
= (HC—OS(A)> > 3(8.16.4r%.p*r?)3 >  3(8.16.27r%.1r%.r?)3 = 72r?
cyc

Equality holds for an equilateral triangle
Solution 2 by Chew Cheong-Malaysia

(cos(A) + cos(B) + cos(()) z

cyc

>(a+b+c)?

@ =
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Z a? - (a+ b+ ¢)? >2(a+b+c)2_2(a+b+c)3>
cos(4) ~ (cos(A4) + cos(B) + cos(C)) — 3 “ 3(a+b+c) T

cyc

2(27abc) 36Rabc

> = = Rr > 72 2
~“3(a+b+c) 2R(a+b+c) 36Rr = 727
Equality holds when A =B = C = 60°

3
Note : cos(4) + cos(B) + cos(C) < )

Euler's inequality : R > 2r
3842. In AABC the following relationship holds:
Z Zaz <9R3(2R—r)
rr — —_
“ h, |~ 2r
cyc cyc

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

Zaz _Z a? _Z a3 _2(53—35r2—6SRr)_
h, 4Zu2F L.2F 2Sr B

cyc cyc 7 cyc
§2 — 312 — 6Rr ““""<°°™ 4R? + 4Rr + 312 — 312 — 6Rr
2r = r -
4R? —2Rr 2R(R-71)
= " = - (%)
Euler 9Rr

Z e =rT(4R+71) < 5 (*%)

cyc
From (¥) and (x+x) we have

a2\ P 9Rr 2R2R — ) ¥ R3(2R —71)
z r, z ] = . 2 g T
h, 2 r 2r

cyc cyc

Equality holds for a=b =c

3843.
In any A ABC the following relationship holds :

9 o Z A Z 3A <3 39(r)4
16_ CcOoSsS CcOoS < R

cyc cyc

Proposed by Marin Chirciu-Romania

32 RMM-TRIANGLE MARATHON 3801-3900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Soumava Chakraborty-Kolkata-India

ZCOSSA =ZcosA—ZcosAsin2A

cyc cyc cyc

A
= ZcosA—ZsinZA+ZZSinZEsin2A

cyc cyc cyc

R+r s%2—4Rr—r? 2
_ _ 3(_c2
TR 2R? +4Rrs.4R2'z(a( S +Sa+bc))

cyc
_R+r s — 4Rr — r?
" R 2R2
2 (—253(52 — 6Rr — 3r?) + 2s((s? + 4Rr + r?)2 — 16Rrs? — 8r2s?) +)
4Rrs.4R?’ 8Rrs(s? — 4Rr —r?)

4R3 + 12R?%r 4 6Rr? + r3 — 3rs? 3
= e z Ccos A Z cos’ A

cyc cyc
R+r 4R3 + 12R?r + 6Rr? + r3 — 3rs?
_R4r NG

R 4R3

R+r 4R3 + 12R?r + 6Rr? + r3 — 3rs? Gerretsen
Now, . g <

R+r 4R3 + 12R?r + 6Rr? + r3 — 3r(16Rr — 5r2) ? r\4
. <3-39(;)
R 4R3

R
? R
o 4tY—-8t3 +15t2 +13t—-86 >0 (tz;)

Euler

?
c43(t-2)+15(t2-4)+13(t—2)=>0->true~t > 2

r4
Z Cos A Z cos’A |<3-39 (ﬁ) and again, via @ and Gerretsen,

cyc cyc
Z cos A Z cos3A | >
cyc cyc
R +r 4R3 + 12R?r + 6Rr? + r3® — 3r(4R? + 4Rr + 3r?) ; 9
R 4R3 =16

? ?
o 7t +16t2 —24t2 -56t—32>0< (t—2)(7t3 + 30t2 + 36t +16) >0

Euler 9
- true-t > 2. Z cos A Zcos3A > — and so,

=16
cyc cyc
2 o Z A z 340 | <3 39(r)4VAABC
T cos cos < R ,
cyc cyc
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" =""iff A ABC is equilateral (QED)

3844. In any A ABC the following relationship holds :

4 .4
36r£2 m, <4(R 7r¥)

A — 3
=2 r
cyc Sin 7

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

m, Pana;topol Rs 1 ZA
. 2A T Z a( + cot 2)

cyc sin? 2 cyc
B Rs(s? + 4Rr + r?) Z Rs3.bc(s — a)?
- 4Rrs 4Rrs.r2s?
cyc
s? + 4Rr + r?
= i + i (s?(s? + 4Rr +r?) — 24Rrs? + 8Rrs?)
3 s* — (12Rr — 2r®)s? +r®(4R +r) Gerrétsen (4R? — 8Rr + 5r?)s?2 + r3(4R +r)
B 413 413
Gerrétsen (4R? — 8Rr + 5r?)(4R? + 4Rr + 3r?) + r3(4R +r) ? 4-(R4 7rt)
- 4r3 r3
? Euler m, 4(R* - 71‘4)
< 16r(R3-8r3)>0->true~ R > 2r- A < 3 and again,

AM-GM L AM-GM _ 3 —a) B —
E Ma S 3.3 m,Mm,m, tascu +2 3 16R2.\/S(S a)./s(s — b). /s(s — ¢
A r2 )
e sin? e
27R
3|16R2s2 Gerretsen+Euler 16R2 r Euler
=18R = 36r - E

cyc Sinz 7

> 36r

m, 4(R* - 7rY)
and so,36r < Z < 3 Vv A ABC,

cyc Sinz 7

" =" iff A ABC is equilateral (QED)
3845. In AABC the following relationship holds:

2r w_ wpw R
—< a—bc < —
R TalpT 2r

Proposed by Marin Chirciu-Romania

34 RMM-TRIANGLE MARATHON 3801-3900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Tapas Das-India

2bc A 8abc A 16R1r?s?
W WpW, = cos— = cos— =
a™b e b+c 2 (a+b)(b+c)c+a) 2 s24+712+42Rr
Mitrinovic
WWpWe 16Rr?s? 1 16RT Euler
TorpTe \S2+712+2Rr) s’r s2+1r%2+2Rr
16Rr 16Rr 2r
227 . RE.., BR® R
TR + =+ + R
Mitrinovic
W WpW, 16Rr Euler 16Rr R

ToryTe S2+712%+2Rr S i ta 2
Equality holds for an equilateral triangle.
3846. In any A ABC the following relationship holds :
z((sin A — sin B)(cot B + cot C)) >0
cyc
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Z((SinA — sinB)(cotB + cotC)) =

cyc

= Z (sinA — sin B) (Z cotA — cotA)

cyc cyc

2 2 _ 2 _
_ <z cot A) (Z (sinA — sin B)) + Z a(b +;abc‘;;(b @)

cyc cyc cyc

Z (a(b2 +c2—-a?)(b- a)) and so, it remains to prove :

cyc

~ 4Rabc’

Z (a(b2 +c2—-a?)(b- a)) é 0

cyc ()
Now,we assign: s—a=x,s—b=y,s—c=zandthen: (x) &
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D (+DE-N@+0?+@+y? - +22) 20

cyc
x2 Bergstrom

& Z x3y + Z x2y? > nyzz x - true = Zx?’y =xyz. ) — 2

cyc cyc cyc cyc cyc
2
XYZ(Teye x) :
Z—yx = xyzz x and Z xty? > xyzz x = (%) is true
cyc cyc cyc cyc

Z((sinA — sin B)(cotB + cot C)) >0V AABC,

cyc

" =" iff A ABC is equilateral (QED)

3847. In AABC the following relationship holds:
a? b? c?
+ + > 4
Walq WpTp W.re
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Amin Hajiyev-Azerbaijan

_ 2bc (A) st (A) dsi (A)_ (s—b)(s—o0)
Wq =05 (), T, =5 tan(; |andsin (7 | = be

Wga Tq = 2

b + ¢ MM 2vbc
vbc - <1
2 b+c

AM_EM 25— (b + ¢) _a

Wora < sy/(s—b)(s—c) > /(s—b)(s—c) < — =3

as 1 2 a? 2a
Wolg < —— =— > =
2 W,Tr, as Wy,r, S
a? 2 4s
Z >—(a+b+c)=—=4
WeTy S s
cyc

Equality holds fora=b = c.

2bcs (A) 2s\/bc(s — b)(s — c)
-sin(=) =
b+c b+ c

3848. If I —incenter in AABC then:

1 N 1 N 1 - 3
AI?  BI?  CI? — 4r?

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

1+1+1_21_Z 1 _12_2A_
A2 "B Tcrr T Larr " I kL

cyc e cyc

Equality holds fora = b = c.

3849. In AABC the following relationship holds:

1+sin('§) 1+sin(§) 1+sin(g)23\/§

cos(@) | wos®)  cos(§)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

Let : f(x) = XS g e (0;2) Th '
et : f(x)= cos(x) and x 'S en we ge
) 1 + sin(x) . 1+ sin(x)\’
F®=osto fm_(TZ(x) -
(1 + sin(x))". cos?(x) — (1 + sin(x)) (cosz(x)) (1 + sin(x))?
cos*(x) cos3(x)
Th ti (x) = 1+ sin(0) tisfies th diti
e function f(x) = cos(x) satisfies the conditions of
Jensen's inequality, f(x) is a convex function.
1+sin(3)  1+sin(AFEEY) 14sin(F) 143
Z > 3. = 3. =3. =3V3
A A+B+C CoSs (E) V3
& el  ws(TEE AR

Equality holds for A= B = C.
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3850. In any A ABC the following relationship holds :

20
?(mamb + mym, + m.m,) > ab + bc + ca

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2
52ab>42mamb@5(sz+4m‘+rz)éZ(Zma> —ZZmﬁ and

cyc cyc () cyc cyc

2
Chu-Yang
Z m, <  4s? —16Rr + 5r? - in order to prove (x), it suffices
cyc
to prove : 5(s2 + 4Rr + r2) + 3(s2 — 4Rr — r2) > 2(4s% — 16Rr + 5r2)

Euler

& 8(5Rr —r?2) > 0 - true ~ 5Rr > 10r2 > r2 = (%) is true
~5 Z ab > 4 Z m,m,;, and implementing it on a triangle with sides :

cyc cyc
2m, 2m; 2m,

,whose medians as a consequence of trivial calculations =

3 '3 ' 3
abc tivel r54z: >4§:b
5155 respectively, we get: 5.5 ) mom, > ) a
cyc cyc
20

adry (m,my + mym, + m.m,) > ab + bc + caV A ABC (QED)

3851. In any A ABC the following relationship holds :

3
coS2A + cos2B — cos2C < E

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

? 3
cos 2A + cos 2B — cos 2C = —2cos Ccos(A —B) —2cos?C + 1 SE

17
@cosZC+cochos(A—B)+120
2(A—B) 1-—cos’(A—B) ?
cos-( )+ cos-( )>

0
4 4 -

& cos?C + cosCcos(A —B) +
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2
cos(A—B 1 - cos?(A—B)
¥> + ( )20—>true 1> cos?(A—-B),

= (cosC +

2
., ) cos(A —B) 1
=" 1ffA=B/\cosC=—#=—E and so,
3, ] s YL
cosZA+c052B—cosZCSE, =" iff (A=B=E;C=?)

3852. If in AABC,1,,1,,1. — excenters then:
[I,BC] + [I,AC] + [I,AB] = 3F

Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

Leta=x+y,b=y+zc=x+zs=x+y+z

Lemma 1(Cesaro): (x + y)(y + z)(x + z) = 8xyz

a.r
[1.BCl = —=

T, Q 1 (aF) F 1 F_x+y

= = — —_— — —_ — >

LHS 2( 2 ) 22 s—a Zzs—a 2Z z

3F 3|(x+ + + 3Fs|8 3F
S 3F s|( »y+2)& 2)2—3 xyz _3F , .
2 Xyz 2 | xyz 2

Equality holds fora=b = c.

3853. In AABC the following relationship holds:
9R?
2V3F < YAH.h, < -
Proposed by Sarkhan Adgozalov-Georgia

Solution by Qurban Muellim-Azerbaijan

bcsinA _
2RsinA

2F
YAH.h, = Z 2RcosA - i z 2RcosA -

cyc cyc
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b? + ¢% — a2> _ Ya? - 4+/3F

= 2V3F

= Y'bc.cos(A4) = 2( > )

Ya? 9R? o ]
> < " (Leibniz). Equality for holdsa =b = c.

YAH.h, =
3854. Let k., k;, k. be the symmedian cevians of AABC. Prove that:
Y[k, (b% + ¢?)] = 21613

Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

Lemma 1:
2bc
ko = bz +czMa
Proof:
Let the symmedian of vertex A divide the side BC into two parts, m and n, at point D.
b?
— =—. BD = b*t,CD = c*t.
m n
btrct=ast=—r
b? + c?
According to Stewart's theorem:
b%c*t + c*b*t 2b%c?t 2b?c? a
K2 = — b2t = 5 ——— — b¥c’t = — b2 () =
a b%t + c*t b? + c? b? + c?
b%c*(2b? + 2¢% — a?) 4b?c? 5 2bc
= m; 2>k, =—5——.m,

B2 +cDE (B2 + )

LHS = 2Ybcm, > 63/ (abc)*>m,mym, > 63/1612s2R2s2r = 613/165*R? >

> 6r3/16.729r*4r2 = 61.4.91% = 21673

Equality holds fora=b = c.
3855. In AABC the following relationship holds:

ab A R?
Z 3+§:tan2 (—) <3V3—
a+b 2 r

cyc cyc

Proposed by Kostantinos Geronikolas-Greece
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Solution by Mirsadix Muzefferov-Azerbaijan

Z ab <1 (a+b)2_1z b=
a+b” 4 a+b 4 (a+b)=p
cyc cyc cyc

A 4R + 1r)? 2+ (4R + 1r)?
3+ ) tan? (= =1+( ) _P ( )
2 p? p>

cyc

p% + (4R + r)? ""”’5‘”" 4R? + 4Rr + 31% + 16R? + 8Rr + 12

LHS <p. . <
p I

20R? + 12Rr + 4r? Fuler g7 g2 Mitrinovic 5 5 p2 R?

< < =3V3—

P P 3V3r T

Equality holds for a=b =c.

3856. In AABC holds :
my, +m, n+2 2r\"
a R
cyc
Proposed by Marin Chirciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan
n
my, + m\ M 2 /mym, nAM;GM 8m,m,m,\3
D e D e B o I
a a abc
cyc

cyc

n
az\/p(p—a) 3
B L (3PP - D@ -D -0\’ _, <8pF)3 _
- abc abc
n... . i n n
3 (8pF>§ Mltrgomc:; 2. 3\/§T 3 B 3nT+2 21\3 - SnZi (21,)11
~ " \4RF = R B R/ = R

Equality holds for a=b =c.

3857. In any A ABC the following relationship holds :
1 1

>
2 1 +r

v ha by T h,

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-KoIkata-India

Letx = 3r,y— 3r and then :
ha hb c cyc h _ cy
hb
_1 Z x _ 1 Z x Berg;trom 1 (chc x)
\/3_r'cyc,/2y+z V3r Lix.\2y+z  V3r T(x./2y +2)
1 (chc x) CBS 1 (chc x)z

\/_ Yopel(Vr.\[2xy +2x) \/_ Ve X.y/3 L eye Xy

1 (chcx) 2 . N2
REr— F rjg ﬁ( 2 zh 3>

v AABC,"” =" iff A ABC is equilateral (QED)

1
——andsoz —
Vr 1 \F
cyc h,. h +h—

3858. In any A ABC the following relationship holds :
2

a? a
DTS
hb+hc rb+rc

cyc cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a? 16R? cos? sm %
Z Z = ZRZ
o h, + h, I, + I, o ca + ab o 4R cosz
2s—(b+c) ? 2R—r
@ZRZ brc TR

cyc

2
2s z +Z b éZR—r+3

o :

2s(s?2 + 2Rr +r2) @ W I="R

cyc cyc
5s2+4Rr+r2 ? 5R—r
< <
sZ 4+ 2Rr + r2 R ,
& s2— (4RZ+4Rr+3r2) - 2(R+r)(R-2r) <0

Gerretsen Euler

—strue~s? < 4R%?2+4Rr+3r2andR > 2r

?
& s%2 < 6R? + 2Rr — r?
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2

az a
Z h, + h, S Z —— v A ABC," =" iff A ABC is equilateral (QED)

cyc cyc

3859. In AABC the following relationship holds:

m 3R?
12r < Z T _<
24 r
COS 7

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

A B C
WLOGa=b =>cthenm, <m, <m, andcosE < cos— < cos
m, Chebyshev 1 1 B 1 ) A
A = 5(2 m,) Z ) (ﬂ)' = 5(2 m,) (Z sec (E)) =
cos’z cos? (5
4R + 1)*
GotmanIl 1 9R [s? + (4-R + r)z Doucet 3R % + (4R + T)z
< —.— < — =
- 3 2 s2 -2 3r(4R+ 1)
_ 3R 4(4R + 1) Eu<ler 2R (9R> B 3R?
27 or -~ 3r\2/) r
A A B 2 Jensen
m sec? o Bergstrom (seci +secy + sec 7) mazhg
Z - = z .2 >
2 é i i + i + i
cos*3 m, m, m, m,
2
o (5
(ssect)’ _(375) _
> = = 12r
1.1,.1° 1
h,  h, ' h, r

Equality holds for an equilateral triangle.

3860. In AABC the following relationship holds:

2 h,+h R
—< LS_Z

T h?2 r

Proposed by Marin Chirciu-Romania
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Solution by Tapas Das-India

hy + h, h, +h,,+h
=) Y kY i D
hZ hZ h,

_bct+catab a®>+b*+c? 1 (s°+7r’+4Rr)2(s? —1? —4Rr) 1

2R ' 412g2 r 2R 4r2s2 r

Doucet

st — 2 (4-R + T)Z 1 s 1 (4R + 1')2 1 Gerretsen

4Rr?%s? " r 4Rr? 4R

S

4R*+4Rr+3r> 3 1 R 1 3 3 1 R

< -—— e — - — - — =
- 4Rr? 4R r 1r? + r + 4R 4R r 1r?
1 AM-G6M 1
). <2 (R "2 R
hb + hc b c 2 h 27"
1 1\? 172
hb + hc ﬁ Bergstrom (Z h_) (¢))] (F) 2
— Z a > a > _Z
nZ 1 y 1 1 7
hb + hc hb + hc 2r

Equality holds for an equilateral triangle.
3861. In any A ABC the following relationship holds :

r cos A R3
.
2R3 a(b+c) ~ 128r3

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a’ +

Z CosA 1 (b2 + ¢2 2)
a(b +c¢) =l 2abc.2s(s? + 2Rr +r?)’ c-a Z ab
cyc

cyc cyc

st (5o 3 () (3

cyc cyc
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8r?s? + s* — (4Rr + r?)?

=]

r
8Rrs2(s? + 2Rr + r?)

~ 2R3

=

)
(R? — 4r?)(16Rr — 5r%)s? + r?(8R? — 8Rr — 4r?)s? —

?
& (R? — 4r?)s* + r?(8R? — 8Rr — 4r?)s? — R’r?(4R + r)20
Gerretsen
Now, LHS of ()
?
R?r?(4R +r)? > 0 © (16R3 + 3R?r — 72Rr? + 16r3)s?

; R2r(4R + r)?2
(%)
Gerretsen
and again, RHS of (*x) >  (16R3 + 3R?r — 72Rr? + 16r3)(16Rr — 5r?)
 16R3 + 3R?r — 72Rr? + 1613 ?
Euler > R’r(4R +r)?
= (R—-2r)(16R? + 35Rr —2r?) +12r® > 12r3>0
& 30R* — 5R3r — 146R%r? + 77Rr3 — 10r* > 0
? Euler
< (R—2r)(30R3 + 55R?*r — 36Rr?2 +5r3) >0 > true~ R > 2r
() > (1) s t cosA J T q _ cosA 2 R3
15 true a(b+c) 2R3 ancagam, a(b+c) ~ 128r5
cyc cyc
8r?s? +s* — (4Rr+r?? 2 R3
=

<
8Rrs2(s2 + 2Rr +r2) ~ 128r>

>

& (R* — 16r*)s* + r(2R® + R*r — 128r°%)s? + 16r°(4R + r)ZO and now,
(*)
Gerretsen
LHS of (¢)

(R* — 16r*)(16Rr — 5r¥)s? + r(2R% + R*r — 128r5)s? +
?
16r°(4R +1)? > 0 & (9R® — 2R*r — 128Rr* — 24r%)s? + 8r3(4R + r)?

{v -

(=)

0
and it’s trivially true when : 9R®> — 2R*r — 128Rr* — 24r° > 0 and when :

Gerretsen
9R® — 2R*r — 128Rr* — 24r° < 0,then : LHS of (¢¢) >
(9R5 — 2R*r — 128Rr* — 24r°%)(4R? + 4Rr + 3r%) + 8r’(4R + r)?

Euler

? R

o 36t7 +28t° + 19t° — 6t* — 512t3 — 480t2 — 416t — 64 >0 (t = ;)
?

& (t—2)(36t° + 100t> + 219t* + 432¢% + 352t% + 224t + 32) > 0 > true

T L () > () ist cosA< R3 q bini

.o = (e0) = (o -

> is true a1 O = 1281 and so, combining,
cyc

r Z cos A R3

— <

2R3 —

<
a(b+c) ~ 128r>
cyc

v AABC,"” =" iff A ABC is equilateral (QED)
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3862. Prove that in any non isosceles triangle ABC holds:

4(a? — ab + b?) ]
Z (@-b?

cyc

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

4(a®? — ab + b?) =2 x 2(a® + b?) — 4ab =
=2((a+ b)*+ (a—b)?) — ((a+ b)> - (a—b)?) = (a+ b)? + 3(a — b)?

4(a®? — ab + b?) B (a+ b)? + 3(a — b)? 3 (a + b)?

@-b? ~ (@a-b»?  (@-pz 3730
JZ‘““Z‘“”?Z) CET3i3=3
s (a—Db)

3863. In AABC the following relationship holds:

ctg?’(A) ctg*(B) ctgz(C)>2\/§
sin(4) sin(B) sin(C) — 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

2 (s —4Rr —r%\’
z Ctgz (A) Bergétrom (chc ctg (A)) _ ( 2sr ) Gerrritsen

= >
sin(4) - Ycye Sin (4) s -
cyc R
(16Rr — 51> —4Rr —1?)> R (12Rr —61%)> R _
- 45212 ‘s 4s?r? s
_R.(6R—3r)*"I"R.(6R — 1.5R)* """ 1" 8R. 20.25R* _ 2V3
N 53 = s3 - 81V3R3 3

Equality holds for A= B = C.
3864. In AABC the following relationship holds:

sin (é) sin (g) sin (g)
; + — + — > 2
sin2(B) sin%(C) sin2%(A4)
Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mirsadix Muzefferov-Azerbaijan

g @ e Noetn®) [ Tt
[ocsn®F ™ oy, sim(2).co5(2)

1 3
= 33 _3
J8(Hcyc sin(A4)) (l_[cyc cos (%)) 2

338R3 _ s|R.R? E”’"é"zzr)Bs , 4P
2 |Fp T |r.p? - 27p%

Equality holds for A=B=C

3865. In any A ABC the following relationship holds :

< 2V2

a N b N C
Vb2 +¢2 VeZ+a? Va?+ b2
Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

a Reverse CBS a a a

= V) o =VE ) <2 ) C

Zw/b2+c2 V2 b+c V2 s+s—a V2 s
cyc

cyc cyc cyc

2s
= \/E.?z 2v2 Vv A ABC

Solution 2 by Amin Hajiyev-Azerbaijan

(a+b<1
a+b>c a
Any AABC > jb+c>a= ({prc 1
a+c>b | »
k <1
a+c
a<b+c->a+b+c<2(b+c)
1 2 a 2a

- < - <
b+c a+b+c b+c a+b+c
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b+c<2a+b+c b+c

cyc cyc cyc
(c + b)?
2

c+b 1 V2 a av?2
< ./ c2 2 < <
N/ c+b _>\/c2+b2_c+b_)\/cz+b2_b+c

ZW—‘FZM

cyc

Z <2 Z W
yc\/b2+c2

cyc

(c—=b)?>0-> c*>+b*>>2ch—> c*+b*>

3866. In AABC the following relationship holds:

A B B C C A
tanitani tanitan Z tan Etan 7

> /27

+ +
C A
tan 7 tan 7 tan 7

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A B
We know that in any triangle Z tanitan 7= 1(1)

A B C 1)
lettanizx,tani=y,tan2=zthenxy+yz+zx = 1(2)
tan 4 tan B tan B tan ¢ tan ¢ tan 4
2 2, 2 2, 2 2 _
tan tan’ tand

anx anz anx

’xy ’yz zx _xy+ yz + zx (2) 1 1 _
B Jxyz Jxyz - V x2y2z2 B
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1 AM-GM 27 2) 4 —
_4 1 amgm s @ 4 57
Xy.yz.zZx (xy + yz + zx)3

1 T
Equality holds forx =y=z=—=> A=B=C=—
q y f y 7 3

3867. In any acute A ABC the following relationship holds :

Cos A N cosB N cosC - 3
1+tan?A 1+ tan’?B 1+ tan?C 8
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

cos A
1+ tanz A A

cyc cyc

=3ﬂcosA+;<zmsA> 3zcoszA_<zcosA>z

cos3 A =

cyc cyc cyc cyc

_3(s2—(2R+r)2)+R+r 2(3 sZ—4Rr-r?\ (R+r)?

- 4R? 2R 2R? RZ
_3(s* - 2R+ 1n*) —2(R+1)° +18R*(R+1) —3(R+1)(s* —4Rr —r?) ? 3
B 4R3 =3

?
& 5R3 + 24R?%r + 12Rr? + 213 > 6rs?

()
Gerretsen

?
Now,6rs? <  6r(4R?+ 4Rr + 3r?) < R® + 24R?r + 12Rr? + 2r3
? ?
& 5R3 —12Rr?2 — 16r2 > 0 & (R — 2r)(5R? + 10Rr + 8r?) > 0 - true

REu>ler2 () ist cosA N cosB N cosC >3
= ot e tan?A " 1+ tan?B ' 1+ tan?C" 8
v A ABC (QED),” =" iff A ABC is equilateral (QED)

3868.
Let ADEF be the Gergonne's triangle of AABC.
I,, I, I.— excenters of AABC. Prove that:

9V3Rr > Z EF .Al, > 18V3r?

Proposed by Sarkhan Adgozalov-Georgia
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Solution by Qurban Muellim-Azerbaijan

ra
Al, = 1
Shl(i)
FE 2 FE =2 (A)
=2r = =2rcos|=
sin (4FDE = 90 - %) 2
A rq A s
EF.Al, = 2r cos (E) T (A) =211, cot(i) =2rr, T_a = 2rs
sin 'Z

ZEF-AIa=Zer=6rs

6rs > 6r - 3V3r = 18V3r% (1)

3vV3R
6rs < 6r - > = 9vV3Rr (2)

(1) A (2) = 9V3Rr > Z EF - Al, > 18372

Equality holds fora =b = c.

3869. If H —orthocenter in acute AABC then:
HA+ HB + HC = 6r

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

r
HA+HB+HC=ZHA=2RZCOSA=2R(1+E):

cyc cyc
EULER

—2R+2r S 2-2r+2r=6r

Equality holds for an equilateral triangle.
3870. In AABC the following relationship holds:

27R?
4

w2 +wi+w? <

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

wﬁ+w§+w?=ZwﬁSZs(s—a)=s<Zs—za>=

cyc cyc cyc cyc
2
MITR%VOVIC 3\/§R 27R2
- 2 4
Equality holds for an equilateral triangle.

= s(3s — 2s) = s?

3871. In AABC the following relationship holds:

azcosl2 + bzcosE + c%cos— > 6F
2 2 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

A B C CEBYSHEV 4 A
azcosi+b2cosf+c2cosi > 52 az-Zcosiz

cyc cyc

IONESCU-WEITZENBOCK 4 A ]EA’/jEN
> 5-4\/§F-Zcosi > =-4+/3F-3cos

N[>
N[

+35+

w N

3

T V3
= 4+/3Fcos (E) = 4\/§F-7 = 6F

Equality holds for an equilateral triangle.

cyc

>:

3872. If I —incenter in AABC then holds:

1 N 1 N 1 - 3
AI>  BI? CI? — 4r?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

1+1+1_21_z 1 _12_2A_
AZ B crr T Lar " 2 25T

cyc cyc a cyc
in2 =
sin 2
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R

EULER LAY
=1(1_L) s 1(,_2 =i(1_1)=_
r2 2R/ — 12 2R r? 4 472

Equality holds for an equilateral triangle.

3873. In any A ABC the following relationship holds :

tZA tB tC<b2c2
2NN = 16rt

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

A B C? b%*c
Let s, = semiperimeter and then : cot? - cot— cot =

S -
2 2 2~ 16r*
so So(so —a) ? 16R?*r?s?

?
© a’(sy — a) < R?s,

r rs, ~ 1lé6r*a?
& 16R? ZA'2A4-R 'B'C;R24R A B ¢
cos® > sin® - . 4R cos 5 sin - sin - < R®. 4R cos 5 cos - cos 5
? A B-C
@1652(1—52)(C—S)Ss+c(szsmi,c:cos 5 )

< (16s%(1 —s?) — 1)CES + 16s3(1 — s?)
()
16s%(1 — s2) > 1 and then,since ¢ < 1 .. LHS of () < 16s?(1 —s?) — 1
? ?

? ? :
<s+16s3(1—-5s?) © 16s?(1—-5)<1+16s3(1-5s) ©16s?(1—-s)?<1
? ? ?

&4s(1-s5)<1©4s2—4s+1>0< (1—2s)2 >0 > true = (%) is true
_ B-C b+c A A
16s2%(1 — s?) < 1 and then, since c = cos S =~ -sing>sino=s
? ?
~ LHS of (*) < (16s%?(1—s%) —1)s < s+ 16s3(1 —s?) & 2s > 0 - true
(strict inequality) = () is true .. combining both cases, (*) is true vV A ABC

ccot A cotBeotE < 2 v aaBC = iff — € landsin2=1

- cot? S cot cot < - g ' =" iff cos——=1andsinz =7

= " =" iff A ABC is equilateral (QED)

3874. In any A ABC the following relationship holds :

a b C
+ + > V3
L+l L.+, l,+1 V3

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

a’ Bergstrom 42 4s?
Sein Y s :
I, + 1, . a(l, +1,) Yopelally + 1)) Zeye((b + O1,)

cyc

— SZ _ ZSZ _ ZSZ
- 2bc A\ _ a e N
chc ((b + C) b—-l-C COSs 7) chc <bc %) chc (\/’R S(S a))
CBS 252 22
= = = = V3 and so,
VZeye ab.\[szcyc(s -a) 4% JsZ
a b
>+/3V AABC," =" iff A ABC is equilateral (QED)

L+l L+l T L+L

3875. In any acute A ABC the following relationship holds :

2 2 2 2
m; +m m; +m m + m
@b, b =< >27R2

cosC cos A cosB
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

We haveVm,n,p,u,vvw>0,(n+p)u+ (p+ m)v+ (m+ n)w >
2\/(mn+np+pm)(uv+vw+wu) -

So,zwzz:(mﬁ( ! + 1 ))z(n+p)u+(p+m)v+(m+n)w

cos A cosB cosC
cyc cyc
( 1 1 1 via D
= ) andu =m2,v=m?w= m) >
cosA’ ™ " cosB’'P T cosC a b ¢

b- cosBcosC
cyc cyc

_q |2 Z 22 R+r < 27R?
~ 4 16l LY 'R(s2—4R2—4Rr—r2)_

cyc 4-R2

?
& (R+1)((s? + 4Rr + r?)?2 — 16Rrs?) > 81R3(s%2 — 4R? — 4Rr — r?)
& (R +r1r)s* — (81R3 + 8R?r + 6Rr? — 2r3)s? +

?
324R5 + 324R*r + 97R3r? + 24R?r3 + 9Rr* + rSHo
*)

Gerretsen
Now,since P = (s> — 16Rr + 5r?)> > 0 .. in order to prove (x),
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it suffices to prove : LHS of () > P

& 324R5 + 324R*r — 159R3r% — 72R?r3 + 144Rr?* — 24r3

V-~

~—

~

(81R3 — 24R?r — 16Rr? + 8r3)s?
Gerretsen

Again, (81R3 — 24R?r — 16Rr? + 8r3)s? <
?
(81R3 — 24R?r — 16Rr? + 8r3)(4R? + 4Rr + 3r?) < LHS of (%)
? R
& 48t* —121t3 + 16t2 +80t—24 >0 (t = ;)

Euler

o (t—2) ((t — 2)(48t% + 71t + 108) + 228) S 0otrue st > 25 (+4) > (%)

. m?Z + mb mb +m? m?+m? ”
is true .. + + > 27R” VY acute A ABC,
cosC cos A cosB

" =" iff A ABC is equilateral (QED)

3876. In AABC the following relationship holds:
w, wp w, 3V3
+ + <
b+c a+c a+b 4
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

2-b-c-cos(g) w _Z-b-c-cos(%)

Wa = b+c “btc (b + ¢)?
b + ¢ MM 4 1 bc 1
> —_ < — _— < —
2 - bc%(b+c)2_bc_>(b+c)2_4
resgeos(3)- 22,5 (3)
b+c-2%\2)" b+c 2/,
cyc cyc

1 A x d? 1 x
RHS = EZ cos (E) - f(x) = cos (E) - Wf(x) = 4 cos (E) <0
cyc
f(x) is concave function

cos (8) cos(§) +os (§) e (A48

_— Z Z Z0 =
3 < cos 3 - /A+/B+/2C=m
Z (A) <3 (n) 3v3 RHS — Z (A) 3v3
—_ —_— = =
cos )= cos 3 > > coS 2
cyc cyc
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3V3

> rreszoes(3) = Dpas
— — _) J—
b+c ™ 2 cos 2 b+c™ 4

cyc cyc cyc

The equality holds for an equilateral triangle.

3877. In AABC the following relationship holds:

1+cotA 1+cotB 1+cotC 12+ 43
— +—— +—= >
sin“ A sin“ B sin“ C 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Let x = cotA,y = cotB,z = cotC then ny = ZcotA.cotB =1(1)

¢))
sz\/B(xy+yz+zx) 2V3(2)

1+cotA 1+ cotB 1+cotc_zl+cotA

= 2 =
SinZ A Z(l + cotA)csc*A

sin2 A + sinZ B + sinZ C
=Z(1+x)(1+x2)=Z(1+x+x2+x3)=
CBS 1 2 1 3
_ 2 3 = -
—3+Zx+2x +Zx = 3+Zx+3(2x) +9(Zx)

V3 12+4V3
3 3

)] 3 1 3
> 3+\/§+§+§(\/§) =4+3+

Equality holds for an equilateral triangle.

3878.
In any A ABC the following relationship holds :

OR —1) < m3 _ 9R3
J— r — —
- r, ~ 8r?

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

ZT—?l:%mz (s—a) 22a2—3a2>

cyc cyc cyc
s?2 — 4Rr — r? 3 5 3
= DY (s—-a)——.|s ) a*-— ) a
rs 4rs
cyc cyc cyc

s?—4Rr-r? 3
= - .(Zs(s2 — 4Rr — r?) — 2s(s? — 6Rr — 3r2))

r 4rs
s2 — 7Rr — 4r? Gerretsen 4R — 3Rr — r? ? 9R3
< <
r , r 8r? ,
& 9R3 — 32R%r + 24Rr2 + 8r3 > 0 & (R — 2r) ((R - 2r)(9R + 4r) + 4r2) >0
Euler mZ 9R3 m3 — 7Rr — 4r?
—>true~vR > 2r. — < — and again, Z
r, ~ 8r?
cyc cyc
Gerretsen QRr — 9r?2
> Z—> 9(R —r) and so,
cyc
9(R—r) < Z — \7’ A ABC,"” =" iff A ABC is equilateral (QED)

cyc

3879. In AABC the following relationship holds:

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

a a3 1 3
Zh—g=2m=m2“ (LHS)

cyc cyc cyc
ap—-a)? 1
Zrz Z Z F2 FZZ“(” @)* (RHS)
cyc cyc (p a)z cyc cyc

?

Let's prove that LHS S RHS

2

1 o1
_ 3> 2
4F2 Z 4 =F2 2 alp - a)

cyc cyc
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Z 3 Zﬁz a(2p — 2a)?

cyc cyc

Z 32ﬁ2a(b+c—a)2

cyc cyc
Z 32ﬁ2a —a?(b+c)—b*(a+c)—c*(a+b) + 6abc
cyc cyc
a’(b+c) +b*(a+c) + c*(a+b) > 6abc

A-G
a?.2\bc + b2.2\Jac + c>.2\Vab S 33\[8a2.b2.c2.\/l;.\/cﬁ.\/ab2

3/(abc)3 = 6abc
Equality holds for a=b =c.

3880. In AABC the following relationship holds:

6r < 3/(hg + hy)(hy + h)(h, + h,) < 3R

Proposed by Marin Chirciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan
AM-GM
v(h +hy)(hy + h)(ha+h) =

2\/h hy. 2\/hyh.. 2\/hsh, = 23/h hph, =

3 2F2 3 ZSzr2 3 27Rr. 1'2
= > =6r (LHS)
AM—GM o

V(g +h)(hy + h)(h, + b)) 2 —(h +hy,+h,) <

Gotman

2 9R
—(ma +my, + mc) S § 7 = 3R (RHS)
r

Equality holds fo =b=c.

QJN

3881.
In any A ABC the following relationship holds :

hy +he _ R Tochi
2h, —2r Yeye hahy

Proposed by Marin Chirciu-Romania

cyc
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Solution by Soumava Chakraborty-Kolkata-India

h, + h, 2 R Ychi 1 ca+ ab z R Yy b?c?

—w— .| |— o
2h, " 2r Xchshy, 8 bc 7 2r Y(bc.ca)
cyc cyc
1 4Rrs. 2s(s? +2Rr+r2) ? R (s?+ 4Rr +r?)? — 16Rrs?
[—
8 16R2r2s2 - Zr 8Rrs2

& (R—r)s* —r(8R?% + r?)s? + Rr2(4R + r)? % 0

()
Gerretsen

Now,LHS of () > ((R —r)(16Rr — 5r%) — r(8R? + rz)) s? +
? ?
Rr2(4R +1r)? > 0 & (8R% — 21Rr + 4r2)s? + Rr(4R + r)? > 0andit's
(**)
trivially true when : 8R? — 21Rr + 4r? > 0 and when : 8R? — 21Rr + 4r% < 0,

Gerretsen

then : LHSof () >  (8R? — 21Rr + 4r%?)(4R? + 4Rr + 3r?) + Rr(4R +r)?
? ? R
>0< 16t* —18t3 —18t2 - 23t+6 >0 (tzF)

? Euler
o (t—2)(16t3 + 14t% + 10t —3)=>0->true~t > 2> (xx) = (x)istrue
hb + h R chc a
2h, = 2r Sochgehy

cyc

v AABC,” =" iff A ABC is equilateral (QED)

3882. In any A ABC the following relationship holds :

R I I, r.r I, I 2R
—+3—d§s¢b°+J°“+J“bs +1
h, hy, h, r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

s(s—a) S
Z h2 - 4r2szz a*(s —a)

cyc cyc
2s(s? —4Rr —r?) — 2s(s? — 6Rr — 3r?) 4Rrs — 8r?s pre O R

— = = =—+1and
4r2s 4r2s hz " r

cyc

Tyl rr) \/s(s—a)\/s(s—b)\/s(s—c)
wz(v c JIifa i z m—_

Rs.rs.2rs 1 Rs 1 Bergstrom Rg

= . =—. E— > —.
2r’s.\s Liavs—a s Liavs—a Vs chc(a.\/s—a)

a
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9 CBS Rs 9
‘/_ YeyeVar/als - \/_ V2s. /chc a(s —a)
Rs 9 _ Rs 9 Euler O9R

- —_—— >
Vs V2s./s(2s) ~2(s* —4Rr—r?) 28 V4Rr+r? =, [9Rr
N 2

Z(x/rb_r\/r_r >3vz. [R7SY r"r 22(‘/@@)2

. h, " hy

a
cyc CYC

§+1+3x/2. %é(\[g+3 \/_> ——+11 6x/_+2f(3 V2)

o F.(sx/i— 6) > 10 — 6vZ - true ﬁ.(sﬁ-e) S VZ.(5VZ - 6)

(+5V2 -6 >0) =10 - 6\/_::»(2‘/@) (f—+3 \/_>

:Z“rbrcz E+3—\/_andagamz:“rbrc Z Ss_a).a

o h, r o T 2/s(s—a)(s—b)(s—c)
y+z

(x=s—ay=s—bz=s—c¢c)=
cyczV

2 Bzz;;f (a=vxB=.yv= \/_)—Zaﬁy<<;a><;aﬁ>—3aﬁv>
ﬁz\/g—l:Ziﬁy<<2a><2a3>—5aﬁy>é ?

cyc cyc cyc

|y +z)Ez+x)x+y) [(a®+BH)(B*+ Yy (Y2 + a?)
B 2XyzZ B 202 p2y? <

1[0 B (e )

Since o, 3,y > 0 - assigning+y=Xy+a=Ya+B=Z=>X+Y—-Z=2y
>0Y+Z—-X=2a0a>0Z+X-Y=2B>0=>X+Y>ZY+Z>XZ+X>Y
= X, Y,Z form sides of a triangle XYZ with semiperimeter, circumradius and inradius
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= s9, Ry, Iy (say); then : Z a = sg, afy = rgso,z apf = 4R,ry + 13,

cyc cyc
Z a? = s2 — 8Ryry — ng,z o?B? = r¢((4Rg + 1y)? — 2s2), and then,
cyc cyc

?

(x) becomes : 2 ((s(z, — 8Ryry — 212) (rg((4R0 +19)?% — ng)) - rgsg) >

2
((SO)(4R0r0 +12) - 5r§so) &

?
4rZ(—s§ + (4R3 + 20Rgry — 21¢)s2 — ro(4Rg + 19)3) > 0
Indeed, Rouche = s> — (m —n) > 0 and s? — (m + n) < 0,where m =

2R% + 10R 1y — rZ and n = 2(Ry — 2ry). /R%, — 2Rory

(s(z, — (m+ n)) (s(z, — (m - n)) < 0= s¢ — (4R% + 20Rry — 21¢)s3 +

1/l'bl'

ro(4Rg +15)3 < 0 = (%) is true - Z — + 1

cyc

R JTpT, 2R
.-.f;+3—«/isz h‘”‘s — T1VAABC” ="iffa=b = c(QED)
a

cyc

3883. In AABC the following relationship holds:

1+cotA+1+cotB+1+cotC
sin A sin B sinC

>2+2V3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Let x = cotA,y = cotB,z = cotC then ny = ZcotA.cotB =1(1)

1+cotA 1+ cotB 1+cotC_zl+cotA_

+ +
sinA sin B sinC sin4

= Z(l + cotA)\/1 + cot2A = Z(l +x)/(1+x2) =
_ Z ,—(1 n xz) + z ,—(xz n x4) Minkéwski

> JA+1+1)2+(x+y+2)2+/(x+y+2)%+ (x% + y2 + 22)2
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1)
> /9+3(xy+yz+zx)+3(xy+yz+zx)+ (xy +y +zx)% >

>Vo+3+V3+1=2+2V3

Equality holds for an equilateral triangle.

3884. In AABC the following relationship holds:

Z(COSA + cosB)? + 2 Z cosA < 6

cyc cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A+B  A-B\*
Z(cosA + cosB)? +2 Z CcosA = Z (2 cos .COS ) +2 Z cosA <

2 2

cyc cyc cyc cyc
cos=——<1 T—C 2 . C

< Z(Zcos > ) +22cosA=4Zsm2(§)+ZZcosA=
cyc cyc cyc
C
= ZZ 2sin? (E) + ZZ cosA = 22(1 — cosC) +ZZ cosA =
cyc cyc

=6—ZZCOSA+ZZCOSA=6

cyc
Equality holds for an equilateral triangle.

3885. Inspired by a problem of Professor Daniel Sitaru
In any acute A ABC the following relationship holds :
8m,m,m, > (w, + wp,) (W, + w.) (W, + w,) = 8s,5p,S,
Proposed byMohamed Amine Ben Ajiba-Morocco
Solution by Soumava Chakraborty-Kolkata-India

1C28 Zl zha_ 12 bc
w, h,’ w2 [2Rr’ a’bc

cyc cyc cyc bc — W

cyc
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|1 (s+s—a)2_ 1 s(4Rr+r2)+s+3 3 R+2r?<3R+2r
~ |2Rr’ 4s(s—a)  _|2Rr’ 4r2s 4s 2/ | 2Rr?2 ~ A4Rr
cyc

L2 1 _3R+2r
& (R—2r)* > 0 - true - ZW_SW_) @andnow,Sl_[ma =
cyc cyc
b + C A
m, Lascu —5 —COS+ 2 (b + c)z
8 1_[ We.l |=—— = 8| |Wg.| | ——Fx =8 1_[
A ~ 4bc
cyc cyc cyc cyc 2bccos 5 ~bccosy cyc cyc
" b+c
4s2%(s? + 2Rr + rZ)Z (s? 4 2Rr + r?2)2
= 81_[%- 64.16R2rZs2  SMalMpMc = HWu szrez @
cyc cyc
. 1
and again, n(wb +w,) = nwa. z w, Zw_ -1
cyc cyc cyc e ¢

via<@ 1—[ 2s2 + 41Rr + 2612 (3R + Zr) L
= Wa. 2 . 4Rr

cyc
(Reference : Inequality in Triangle by Dang Ngoc Minh — 113;)
published at www. ssmrmh. ro

via @  suffices t (s?2 4+ 2Rr + r?)? 12 2s2 + 41Rr + 26r? <3R + Zr)
= :
it suffices to prove 37RET? > > AR
s? + 2Rr + r?)? + 32R?r?)2 »
s (G ) ) > (2s? + 41Rr + 26r?)(3R + 2r)?

32R?%r2
< s8 + (8Rr + 4r?)s® + r2(88R? + 24Rr + 6r%)s* —
r2(576R* + 480R3r + 80R?r? — 24Rr3 — 4r*)s? —

?
r3(11808R® + 21936R*r + 14944R3r? + 3240R?*r3 — 8Rr* — r5)0 and - P =

(s? —2R? — 8Rr — 3r?)* + 8(R? + 5Rr + 2r?)(s? — 2R? — 8Rr — 3r?)3
Walker ?
> 0 . to prove (x), it suffices to prove : LHS of (x) > P

& (3R* + 30R3r + 95R?r? + 60Rr3 + 12r*)s* —
(8R® + 108R°r + 594R*r? + 1136R%r® + 898R?*r* + 312Rr® + 40r°)s? +
6R® + 104R"r + 712R®r? + 960R°r® + 1613R*r* + 2114R3r® + 1503R?r® +

?
460Rr” +44r®| > |0 and ~ Q =
(+)

Walker
(3R* + 30R3r + 95R?r? + 60Rr3 + 12r*)(s? — 2R? — 8Rr — 3r2)2 > 0

. to prove (xx), it suffices to prove : LHS of (xx) 2 Qe
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{v -

(2R® + 30R°r + 142R*r? + 402R%r® + 340R?*r* + 120Rr® + 16r°)s?

(***)

3R8 4+ 56R7r + 428R°r? + 2372R%r3 + 4521R*r* + 3830R3r® + 1572R?r® +
Walker
328Rr’ + 32r® and finally, LHS of (xxx) >

2
(2R® + 30R5r + 142R*r? + 402R3r? + 340R%r* + 120Rr® + 16r°) (ZR ; BRr +)
r

> RHS of (x*%) &
t3 + 20t7 + 102t — 342t5 — 199t* + 336t3 + 440t2 + 160t + 16 > 0 (t = ;) =

<

(t—2) ((t —2)(t° + 24¢> + 194t* + 338t% + 377t% + 492t + 900) + 1792) >0
Euler
Strue~t > 2> (k%) o (%) > (x) is true ~ 8m,mym, > H(Wb +w,)
cyc
m,, Tsintsifas b? + ¢2
vV acute A ABC and V acute AABC,— <
w, 2bc

Cesaro
and analogs - (W, + wp)(wp, + w) (W, + w,) = 8w,w,w, = 85,55,
.~ 8mamym, = (W, + wy) (wy, + W) (W, + w,) = 8s,s,5. V acute A ABC,

" =" iff A ABC is equilateral (QED)

and analogs => w, > s,

3886. In any acute A ABC the following relationship holds :

Z 1 >3
3cot2A+1 2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z Z:Br,§+s2

o 3 tan2 p

SZ
_ ) , , .
= (31‘3 + SZ)(SI‘E + SZ)(SI'CZ + SZ).Z (Srb +s )(31"‘: +s ))
cyc

s? (9 ((chc I'arb)z - 21'arbrc(chc ra)) +6 ((chc ra)z —2 chc l“arb) + 354)

= 2 2
27r2s% + 9s2 ((chc raly) — 20pre(Zeye ra)> + 3s* ((chc o) —2 Y rarb) + s6
s? (9 (s“ — 2s’r(4R + r)) + 6((4R +1)?% — 252) + 354) 2 3
— >
27r2s* + 9s2(s* — 2s2r(4R + 1)) + 3s*((4R + r)2 — 2s2) + 56 ~ 2
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2 ?
& 4R%? + 8Rr — 5r2 — s> > 0 © 4R?> + 4Rr + 3r2 —s? + 4r(R — 2r) > 0 > true

Gerretsen Euler 1 3
v 4R?+4Rr+3r2 > s?andR > 2r - Z— > — VAABC
3 tan? 2 2

and implementing it on a triangle with angles : (mt — 2A), (m — 2B), (m — 20C),

1 1 3
we get : Z — > 5 5+ 1 = 5 and since the latter
cyc3tan2n 22A+1 2 Cyc3cot A+1-2
tri lei t Z ! 3 v te A ABC,
riangle is an acute one - ) o7 — > =5 Vacute

cyc

" =""iff A ABC is equilateral (QED)
3887. In any A ABC the following relationship holds :

1 >3
Z A, =2

e 3 tan? 7+1

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z 2131'§+s2

e 3 tan2 P
S

2
— , . X
"GRG )G 1 >Z (3 +57)(ar2 + 5)
g2 (9 ((chc l'al'b)z _ Zl'al'bl'c(chc ra)) +6 ((chc l‘a)z -2 chc rarb) + 354)

27r2s* 4+ 9s2 ((chc rarb)2 - Zl'arbrc(zcyc ra)> + 3s4 ((chc ra)2 — 2 Xeye rarb) + s6
s (9(s* - 2s2r(4R + 1)) + 6((4R + 1)? — 25?) + 35*) 13
 27r2st + 952(54 — 2s2r(4R + r)) + 3s*((4R+1r)2 — 2s2) +s6 ~ 2

& 4R? + 8Rr — 512 —s2 > 0 & 4R? + 4Rr + 3r? — s2 + 4r(R — 2r) > 0 > true

Gerretsen Euler 1 3
“4R* +4Rr+3r? > s?andR > 2r. Z— > — V A ABC,
3 tan2 A 2
oye 3 tan 2 +1

" =" iff A ABC is equilateral (QED)
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3888. In AABC the following relationship holds:

1
3Za2 >16F* ) —
a

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1 Steining 1
R HS=16F? ) — < 16r%’s?x— =4s?
a? 472
s223r(4R+1)
L.HS= 3Za2 =3 x2(s®—12—4Rr) = 6(s2 — r(4R +r)) >

SZ
> 6<s2 —;) =4s% soL.HS>R.H.S

Equality holds for an equilateral triangle.

3889. In AABC the following relationship holds:

72 a* + 64s*Rr > 5(s* + r? + 4Rr)?

Proposed by Neculai Stanciu-Romania
Solution by Tapas Das-India

ab + bc + ca = s%> + r% + 4Rr, abc = 4Rrs
72 a* + 64s’Rr > 5(s? + r? + 4Rr)?

72 a* + 8.(2s).(4Rrs) > 5(s® +r? + 4Rr)?
72 a* + 8abc(a+ b + ¢) > 5(ab + bc + ca)? (1)
72&4 +8abc(a+b+c) =

=7 ((a2 + b?% + ¢?)? — 2(a?b? + b%c? + czaz)) +8abc(a+b +c) =

= 7(a? + b? + ¢?)? — 14(a®?b? + b%*c? + c*a?) + 8abc(a+ b + ¢) >
Vx,y,z2>0
22 +y?+z22xy+yz+zx
(x+y+2)223(xy+yz+zx)
> 7 x 3(a?b? + b%c? + c*a?) — 14(a?b? + b*c? + c?a?)
+ 8abc(a + b + ¢) = 7(a?b? + b*c? + c?a?) + 8abc(a+ b + ¢)
5(ab + bc + ca)? = 5(a?b? + b%*c? + c*a?) + 10abc(a+ b + ¢)
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Now from(1)we need to show :
7(a?b? + b?*c? + c*a?) + 8abc(a+b +¢) >
> 5(a?b? + b%*c? + c?a?) + 10abc(a + b + ¢)

2(a’b? + b%*c? + c*a?) > 2abc(a+ b + ¢)
this is true as 2(a?b? + b%*c? + c*a?) > 2(ab. bc + bc.ca + ca.ab) =
= 2abc(a+ b + ¢)
Equality holds for an equilateral triangle.

3890. In any acute A ABC the following relationship holds :
1 1 1 1 1 1
m B icSHA T HB THC
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1
HA ~ 4RcosA cosBcosC

cyc cyc

_ 4R? R+r\’ 5 (s —4Rr—r?
" 4R(s2— (2R+1)?)’ ( R ) _< - 4R? >

B 4R? s?—4R?+r?  s?—4R?+r? ;3
~ 4R(s2—- (2R+1)?)’ 2R2 " 2R(s2—(2R+1)%) ~ 2r
?

< 12R3 + 8R?r + 3Rr? + 13 2 (3R — r)s?
S

Blundon—Gerretsen R(4R+r 2,
Now, (3R —r)s? < (3R — r).f}sz) < 12R3 + 8R?*r + 3Rr? +r3
Euler

? ?
or’(RE-Rr-2r)) >0 r’(R-2r(R+ )>O—>true R > 2r

1 3 Jensen 1
i —_— = > — —
= (*) 1s true HA- 2r = l' sm Z A and SO,

.2 Z(cos Bcos(C) =

cyc cyc cyc
1 1 1 1 1

1
— J— < - - _ "no__1: . .
A + IB Ics HA HB + HC V acute A ABC, iff A ABC is equilateral (QED)

3891. In acute AABC the following relationship holds:

a’Vtan A + b%Vtan B + c¢%Vtan C > 363/372

Proposed by Vasile Mircea Popa-Romania

66 | RMM-TRIANGLE MARATHON 3801-3900



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
Solution by Tapas Das-India
As triangle is acute then :

Jensen A+B+C (A
ZtanA = 3tanT= 3tan§= 3vV3

We know that in any AABC : Z tanA = HtanA >33 = (\/5)3 (1)

Chebyshev 1 AM GM
a’+vtanA + b*VtanB + c*VtanC > 3 z z\/tan

Neuberg
1 ® 1
25(2 az).S.G/HtanA > §36r2.‘§/§= 36%/312

Equality holds for an equilateral triangle.

3892. In any acute A ABC the following relationship holds :

9R
;\/9r2 + 3h2

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-lndia

<

CBS
Z \/91‘2 + 3h2 Z < J9rz +3h2 3h2> B

cyc

th z hﬁ+9r2—9r2< Z( ). 1 Z r2
a- |3 orz+3n2 - LS Y 3rZ + hZ
cyc

cyc cyc cyc
e |1 Z r2(3r2 + h2)(3r2 + h2)
' e (3r2 + h2)(3r2 + h2)(3r2 + h2)
6r+

2716 + 2 a’b? + ﬁ 2 a?
4-R2 cyc R cyc

4rist 9r
R2 4R2 chc

=s. |1-—

27r% + a’b? + 311;25 Dicyc @?

3 Yeyc a?b? +8s2 3 a? + 16s* Z9R 9R
108R2%r? + 16s* + 9 Yy a’?b? + 1252}, a? =~ 4
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) 3 Yeyc a?b? + 8s% Y, a® + 16s* ? 81R?
s '108R2 2 4 2hH2 2 2 =
r2 +16s*+9),a’b?+ 1253 a 16
& —560s° + (3969R? + 1408Rr + 160r?)s* —
r(13608R3 + 1254R?r + 384Rr? + 48r3)s? +

?
R%r2(20412R? + 5832Rr + 729r2)Eo; now,Rouche = s —(m—n) >0
)

and s2 — (m + n) < 0,where m = 2R? + 10Rr — r? and n = 2(R — 2r)./R2? — 2Rr
(sz—(m+n))(sz—(m—n)) <0=>s*-s?2m)+m?-n?<0
®
= s*—5s2(4R>+20Rr—2r?) +r4R+r)¥ <0=>P =
—560s%(s* — (4R? + 20Rr — 2r?)s? + r(4R + r)3) > 0 - in order to prove (x),

it suffices to prove : LHS of (+) > P  (1729R? — 9792Rr + 1280r2)s* +
r(22232R3 + 25626R?r + 6336Rr? + 512r3)s? +

R%r2(20412R? + 5832Rr + 729r?) % 0 and it’s trivially true if :
(*%)
1729R% — 9792Rr + 1280r? > 0 and when : 1729R? — 9792Rr + 1280r2 < 0,
s* — (4R? + 20Rr — 2r?)s? +) vew
r(4R +r)3 -

- in order to prove (xx), it suffices to prove : LHS of (xx*) > Q

then : Q = (1729R? — 9792Rr + 1280r?) (

{v -

& (1729R* + 4411R3r — 42138R?r? + 12880Rr3 — 512r*)s?

*

(xx%)
5 4. 3.2 _ 2.3
16r (1729R 8815R*r 45831R5r 861R“r +> +13R%r + R3r2 + 10R2r3
87Rr* + 20r

1729R* + 4411R3r — 42138R?r? + 12880Rr3 — 512r* > 0 and then :

Gerretsen 4 3 2.2 3 4 16Rr
LHS...) = (1729R* + 4411R°r — 42138R“r= + 12880Rr> — 512r )(—Srz)

?
> RHS(...) © 16(6342t* — 18843t3 + 13454t* — 2312t + 70) + 7t* + 413 + 4t>
? R ?

>0 (t = ;) & (t—2)(16(6342t3 — 6158t% + 1138t —35) + 7t3 + 2t> + 8t) > 0

Euler .
> true vt > 2 = (xxx)istrue

ase + r— r< 4+ r-— r < 0and then:
[Case 2]1729R* + 4411R3r — 42138R?%r? + 12880Rr3 — 512r* < 0 and th
Gerretsen 4 3. 2..2 ?
LHS,..., > (1729R + 4411R3r 4-2113:8R r +> (4R? + 4Rr + 3r2) >
12880Rr° — 512r

?
RHS..., & 3458t% — 1552t5 — 2347t* — 5252t3 — 31588t2 + 17600t — 928 > 0
?
& (t—2)(3458t5 + 5364t* + 8381t + 11510t? — 8568t + 464) > 0 - true

Euler
“t = 2= (x*x)is true . combining both cases, (x*x) = (xx) = (x) is true
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< —R v A ABC,"” =" iff A ABC is equilateral

Z ‘/9r2 + 3h2

cyc
3893. In any acute A ABC the following relationship holds
9R2

Z V9 r2 + 3r2
Proposed by Marin Chirciu-Romania

cyc

Solution by Soumava Chakraborty-Kolkata-India
CBS , |1\ 3r§ +9r?—9r?
Z fa - Z 912 + 312

2
<
Zyc:,/%z + 3r2 rZ Jor? +3r2 3

cyc

r
= J(4R + )% — 252 1—2—
VAR +T) S\/ 3r2 +r?

cyc

cyc
r2(3r2 + r2)(3r2 + r2)
(3r2 +12)(3r2 + r2)(3r2 + r2)

= (4R +1)2 —2s2.j1

27r6 + 61 Yy Ts + 2. Yoy I I
27r8 + r2s* + 9rt. Yy 12 + 3r2. Yy Iy I
—2r(4R + r)s?) ? 9R?
—2r(4R +r)s?) —

=y (4R + )2 —2s2.\/1—

r2s* + 3r4((4R + r)?
V(AR +1)2 — 252, « )
27r% + r2s* + 9r4((4R + r)?
squaring and re—arranging
PN 96r2s® + (81R* — 768R?*r? — 896Rr® — 368r*)s* —
r(486R° + 486R*r — 4096R%r? — 6144R?*r3 — 2304Rr* — 256r°)s? +
r® — 4608R*r* — 768Rr> — 48r%)

— 2s2) + 2r2(s*
— 2s2) + 3r2(s*

2(2916R6 + 1458R5r — 11559R*r? — 12288R3r3
0 and - P = 96r?(s? — 16Rr + 5r?)3

?
Gerretsen
0

™
768R%r? + 3712Rr3 — 1808r%)(s?2 — 16Rr + 5r?)2 >
)

(81R* —
81t* — 768t% + 3712t — 1808 (

Euler
= (t—2)(81t3 + 162t% — 444t + 2824) + 3840 > 3840 >0
?

{av -~

~
*
*

—

in order to prove (*), it suffices to prove : LHS of (x) > P
648R*r — 10240R3r? 4+ 29440R?r3 — 23296Rr* + 5568r5)s

& (1053R5 —
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39r (278R6 — 225R5r — 2860R*r% + 10816R3r3 — 10980R?*r* + 4182Rr> —) +
518r°
14R® — 9R5r + 8R*rZ; - 1053t5 — 648t* — 10240t3 + 29440t% — 23296t + 5568
= (t—2) ((t _ 2)(1053t3 + 3564t2 — 196t + 14400) + 35088) + 18144

Euler Gerretsen

> 18144 >0 -~ LHS of (xx) >

(1053R5 — 648R*r — 10240R%*r? + 29440R?r® — 23296Rr* + 5568r°) (16Rr )

> RHS.., © 3969t® — 4212t5 — 34544t* + 8806413 — 84288t* + 35872t —

? (t—2) (3969t4 + 11664t3 — 3764t> +) +\ 2
5632 >0 < (t—2) 26352t + 36176 > 0 - true
75168
Euler 9R2
wt > 2= (xx) > (%) is true - Z < Vv A ABC,

T V9 r2 + 3r?

" =" iff A ABC is equilateral (QED)

3894. H, O orhocenter and circumcenter of acute AABC.
0, 0y, O, circumcentersof ABHC, AAHC, AAHB.
I,, I, I, — excenters of AABC.Pr ove that:

— < +
Al -Al,  3\r R
Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

00, 1(1 1)

r and Al, = Ta
(@) " ()

2x
Let 00, = 2x, cotA = Z = 2x=a.cotA = 00, =2R.cosA

Lemma: Al =

. A
_ \C 2RcosA <O 2Rcos Asin’ (7) _RcosAsinA _
Z M Z B Z rs B

sin? (g) rs.tan (%4)

ZR sm(ZA) z (24) = 1—[ n(4) = 4R abc 1
2rs  2rs 2, SMZA) =50] |sin 2rs 8R® R

LHS = Z Al - AI
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LHS—1—12 1 <1 2 1 _11 1
_R_B(R+R)_3(2r+R)_3(r+R)

Equality holds fora = b = c.

3895.
Let Q be the Brocard's point of AABC. 0,4, 0,, O, circumcenters of
ABQC, AAQC, AAQB. I, 1,, I, 1. — incenter and excenters of AABC.
Pr ove that:

00, c - or
Al -Al, — s
Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

r r
Lemma: Al = o Al, = aA and ab + bc + ca > 3612
sin (7) sin (7)
2x 2y
Let 00,npc =K, OK=xand 0,K =y. cotA = " and cotC = o =
b
a sin B a 2R bR

R
LH.S':Z%RT::ZI’—R:E %zgzb'smz(g):

w® Cw@ T T
_R~_bsinAd _ ab _36r* O9r
T r 2s Liars~ 4rs s

Equality holds fora =b = c.

3896.
In any A ABC the following relationship holds :

n, < Al ++/(b — ¢)? + r2

Proposed by Bogdan Fustei-Romania
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Solution by Soumava Chakraborty-Kolkata-India

?
n, <Al +./(b—c)? +r?

?
= nﬁAIZ + (b —-c)?+r?+2AL(b—-c)?+r?
)

. . 2 2 2 2 Bogdan Fustei
Let s, = semiperimeter and then : n; — AI* — (b—c¢)* —r =

r A B C A B-C
2(1 - _cac22) _ 2 cin2 —cin — — 2 cin2 - cin2 _
So (1 R S€¢ 2) 16R“ sin 5 Sin” 5 16R“ sin 5 SIn"—
A B C A B C 2s(c—s)
1 RZ Ea2 cin2 ol Z_=1 RZ 2" 2 2 __ 1-— | —
6R“ sin > sin” > sin” > 6R“ cos 5 €0s” 5 cos 2< 1—s? >

4R?(c — s)? — 16R?s?%(1 — c?) — 4R?s?%(c — s)? (s = sin%,c = cosB ; C)
=4R%((s + ¢)?(1 + 2s%2 — 2sc) — (c — )% — 4s%2(1 — c?) — s%(c—s)?)
= 8R?s(2(c—s) —c(c—s)(c+5s))

~n2—AI?—-(b-c)?-r? @ 8R?%s(c —s)(2 — c? —cs)

Also,2AlL./(b —¢)2 + r?

B-C A B C
2 cin? —cin2 —cin2 —
+ 16R“* sin 2sm 2sm 2

= 8Rsi B sin = 16R2'2A'2
= 8Rsin_ sin_. sin” - sin

= 4R(c — 5)./16R2s2(1 — c2) + 4R2s2(c — )2

s 2AL/ (b —¢)2 + r2 @ 8R%s(c —s).+/(c — )% + 4(1 — c2)

?
-'-@and@:>(*)@2—c2—css\/(c—s)2+4(1—c2)
?
oc?—ct+2cs—2sc3+s2—-c%s2>0

?

sc?2(1-c?)+2cs(1-c?*)+s?2(1-c?) >0

B—C)(_A_I_ B—C)Z;O . A B-C
— ﬁ '-' —

> sinz + cos — > rue - sin-, cos—

<1= (x)istrue ~n, < Al+.(b—c)?2+r2VvAABC,

" =" iff b = ¢ (QED)

>0

=N (1 — cos?

and cos?

3897.

In any acute A ABC the following relationship holds :

(R + 16r)s?
18
Proposed by Dang Ngoc Minh-Vietnam

m,m,m, =>
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Solution by Soumava Chakraborty-Kolkata-India

(rnarnbrnc)2 =
s® — s*(12Rr — 33r?) — s2(60R?r? + 120Rr3 + 33r*) — r3(4R + )3
16
( Reference : Solution to Inequality in Triangle by ) 2 (R + 16r)%s*
Dang Ngoc Minh — 124; published at www.ssmrmh.ro/ — 324

& 81s° — (4R? + 1100Rr — 1649r%)s* — r2(4860R? + 9720Rr + 2673r?%)s? —
Walker

81r3(4R + r)30 and - 81(s? —2R? —8Rr—3r?)> > 0 . inorder
()

to prove (%), it suffices to prove : LHS of () > 81(s? — 2R? — 8Rr — 3r2)3
< (241R? + 422Rr + 1189r2)s* —
(486R* + 3888R3r + 11664R?r? + 10692Rr3 + 2430r*)s? + 324R® + 3888R°r +

17010R*r2 + 29808R3r3 + 23571R%r* + 8262Rr5 + 1053r°| > [0 and - P =

S
(+#)

Walker
(241R? + 422Rr + 1189r?)(s? —2R?> —8Rr — 3r?)? > 0 .. inorder

to prove (x+), it suffices to prove : LHS of (xx) > P

Vo

& (239R* + 828R3r + 645R?*r? + 5432Rr3 + 2352r*)s?

320R® + 2756R°r + 9783R*r? + 25940R3r3 + 44609R?r* + 26304Rr> + 4824r°
Walker
and finally, LHS of (xxx) >
?
(239R* + 828R3r + 645R?*r? + 5432Rr3 + 23521‘4)(2R2 + 8Rr + 3r?) >
?

RHS ..., & 79t° + 406t° — 576t* — 37163 + 2743t + 4404t + 1116 > 0

R ?
(t = ;) & (t—2)2(79t* + 722t3 + 1996t2 + 1380t + 279) > 0 - true

Euler R + 16r)s?
“t = 2> (¥%x) = (xx) = (%) is true and so,m,m,m, > %

V acute ABC,” = " iff A ABC is equilateral (QED)

3898.

In any A ABC the following relationship holds :

Zsz+r2—4rra+z rr 11
07 7w 2

cyc cyc

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

2s
2s+a’

(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 68;)
relation (e¢+¢); published at www. ssmrmh. ro

A
Pa = — 3r2 — 16Rr sin? 27 ©

16Rra(s —b)(s—0¢)

A
Now, s? — 3r2 — 16Rr sin? E_S +1r% —4r?2 -

—s2 42— 4-S(S—a)(S—b)(S—c) 4a(S—b)(S—c)

s2 S
4(s—b)(s—c
=s?+r? - ( 3( ).(s—a+a)=sz+r2—4(s—b)(s—c)
4(s—a)(s—b)(s—c 4r?s via(®
=s24+r%— ( ) ) )=sz+r2— =s?2+r?—4rr, =
, s—a . L}s—a(2 2
4s $“ 4+ r* —4rr st+a
2 2, 2 a
Ps=———.(s*+r*—4rry) = = and analogs
@ (25+a)2 @ p2 4s2
s + r? —4rra r? (2s + a)? r2  Bogdan Fustei
:Z +z 2 2=2—2+Zﬁ =
s“—n 4s s —n
cyc cyc cyc cyc
1
e 2(12s +4s(2s) +2(s? — 4Rr — 1)) + ZZra
cyc
_ 115> — 4Rr —r? +Z r? _ 11s? —4Rr —r? +Rr 4R +r
B 2s2 B 2s2 sz’ 2R

r A
FeR: sZsec? 5

_1152—4Rr—r2+4Rr+r2.Zsz+r2—4rra+z r? 11

2s2 p2 s2—nZ 2
cyc cyc

v ABC (QED)

3899. In any acute A ABC the following relationship holds :
1 (R? AH 1 (2R?
—|=-1)< —<—|—-5
p\r?2 ar, — p\ r?
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A
ZAH_ 2Rcos A _zl—tanzi p 1 3
= - r e
ye Ty (2Rsin A)p tan% e 2p tan? ‘; 2 oye Ta 2p
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p ( 1 24R+ l‘)) 3 Z AH p — 8Rr — 5r? Gerlztsen

—2\rz rp? 2p’ ar, 2r?p
cyc
4R? — 4Rr — 2r? Euler 2R? — 4r? — r? AH 1 /2R? ]
< Z <-— — 5 | and again,
2r?p r2p ar, ~ p\ r?
cyc
AH p? — 8Rr — 5r? Walker 2R? — 2r? AH 1 [R?
Z = - > 5 z >—|— — 1] and  so,
ar, 2rep 2rep ar, p\r
cyc cyc
1 (R? AH 1 [2R?
—|=-1)< —< - —2—5 V acute A ABC,
p\r ar,  p\r

cyc

" =" iff A ABC is equilateral (QED)

3900. In any A ABC the following relationship holds :
z chcr Iy > ﬂ
hb chc rZ R
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
. ha chc Ialy s?
— LR A
Via AM GM'Zhb+ SepetZ = 3+(4R+r)2—252
cyc

_ 3(4R +1)? — 55 Gerretsen 3(4R +1r)? — 5(4R? + 4Rr + 31r?) 2 8r
"~ (4R +1r)? — 252 - (4R+1r)2—-2(16Rr—5r2) ~ R

’ R
& 7t3 —31t2 + 45t — 222> 0 ( )@(t—Z)((t—Z)(7t—3)+5)>0

Euler Z r,f, 8r
Struest > 2 Z Soc @2 > VAABC,
cye hb chc l'a R

" =" iff A ABC is equilateral (QED)
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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