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3801. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒃

𝒓𝒂
+
𝒄

𝒓𝒃
+
𝒂

𝒓𝒄
≥
𝒃

𝒉𝒂
+
𝒄

𝒉𝒃
+
𝒂

𝒉𝒄
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝒃

𝒓𝒂
+
𝒄

𝒓𝒃
+
𝒂

𝒓𝒄
≥
𝒃

𝒉𝒂
+
𝒄

𝒉𝒃
+
𝒂

𝒉𝒄
⟺∑

𝒃

𝒓𝒂
𝒄𝒚𝒄

≥∑
𝒃

𝒉𝒂
𝒄𝒚𝒄

⟺ 

 

∑
𝒃

𝑭
𝒔 − 𝒂𝒄𝒚𝒄

≥∑
𝒃

𝟐𝑭
𝒂𝒄𝒚𝒄

⟺ 𝟐∑𝒃(𝒔 − 𝒂)

𝒄𝒚𝒄

≥∑𝒂𝒃

𝒄𝒚𝒄

 

 

𝟐𝒔∑𝒃

𝒄𝒚𝒄

− 𝟐∑𝒂𝒃

𝒄𝒚𝒄

≥∑𝒂𝒃

𝒄𝒚𝒄

⟺ 𝟒𝒔𝟐 ≥ 𝟑∑𝒂𝒃

𝒄𝒚𝒄

 

 

𝟒𝒔𝟐 ≥ 𝟑(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓) ⟺ 𝒔𝟐 ≥ 𝟑𝒓𝟐 + 𝟏𝟐𝑹𝒓 (to prove) 
 

𝒔𝟐 ≥⏞
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 ≥ 𝟑𝒓𝟐 + 𝟏𝟐𝑹𝒓 ⟺𝟒𝑹𝒓 ≥ 𝟖𝒓𝟐 ⟺𝑹 ≥ 𝟐𝒓(Euler) 
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
3802. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐜𝐬𝐜𝟒

𝐁
𝟐
𝐜𝐬𝐜𝟒

𝐂
𝟐
(𝐜𝐬𝐜𝟔

𝐁
𝟐
+ 𝐜𝐬𝐜𝟔

𝐂
𝟐
)

𝐜𝐬𝐜𝟓
𝐁
𝟐
+ 𝐜𝐬𝐜𝟓

𝐂
𝟐𝐜𝐲𝐜

≥ 𝟑 ∙ 𝟖𝟑 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐇𝐒 ≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

∑
𝐜𝐬𝐜𝟒

𝐁
𝟐
𝐜𝐬𝐜𝟒

𝐂
𝟐
(𝐜𝐬𝐜𝟓

𝐁
𝟐
+ 𝐜𝐬𝐜𝟓

𝐂
𝟐
) (𝐜𝐬𝐜

𝐁
𝟐
+ 𝐜𝐬𝐜

𝐂
𝟐
)

𝟐 (𝐜𝐬𝐜𝟓
𝐁
𝟐
+ 𝐜𝐬𝐜𝟓

𝐂
𝟐
)

≥
𝐀𝐌−𝐆𝐌

𝐜𝐲𝐜
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𝟑

𝟐
. √(∏𝐜𝐬𝐜𝟖

𝐀

𝟐
𝐜𝐲𝐜

) .∏(𝐜𝐬𝐜
𝐁

𝟐
+ 𝐜𝐬𝐜

𝐂

𝟐
)

𝐜𝐲𝐜

𝟑

≥
𝐂𝐞𝐬𝒂𝐫𝐨 𝟑

𝟐
. √(∏𝐜𝐬𝐜𝟖

𝐀

𝟐
𝐜𝐲𝐜

) . 𝟖∏𝐜𝐬𝐜
𝐀

𝟐
𝐜𝐲𝐜

𝟑

 

= 𝟑.∏𝐜𝐬𝐜𝟑
𝐀

𝟐
𝐜𝐲𝐜

= 𝟑. (
𝟒𝐑

𝐫
)
𝟑

≥
𝐄𝐮𝒍𝐞𝐫

𝟑. 𝟖𝟑 

∴∑
𝐜𝐬𝐜𝟒

𝐁
𝟐
𝐜𝐬𝐜𝟒

𝐂
𝟐
(𝐜𝐬𝐜𝟔

𝐁
𝟐
+ 𝐜𝐬𝐜𝟔

𝐂
𝟐
)

𝐜𝐬𝐜𝟓
𝐁
𝟐
+ 𝐜𝐬𝐜𝟓

𝐂
𝟐𝐜𝐲𝐜

≥ 𝟑. 𝟖𝟑 

 
∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3803. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂 +𝐦𝐛 +𝐦𝐜 ≤ 𝒈𝒂 + 𝒈𝐛 + 𝒈𝐜 + 𝟐(𝐑 − 𝟐𝐫) 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝒈𝒂𝒈𝐛
𝐜𝐲𝐜

≥ 𝟒𝐑𝐫 + 𝐫𝟐 +
𝐫(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐑
 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝒍𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟕𝟎;

𝐑𝐞𝒍𝒂𝐭𝐢𝐨𝐧 (𝐦); 𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨
) 

∴ (𝒈𝒂 +𝒈𝐛 + 𝒈𝐜 + 𝟐(𝐑− 𝟐𝐫))
𝟐
= 

∑𝒈𝒂
𝟐

𝐜𝐲𝐜

+ 𝟐∑𝒈𝒂𝒈𝐛
𝐜𝐲𝐜

+ 𝟒(𝐑 − 𝟐𝐫)𝟐 + 𝟒(𝐑 − 𝟐𝐫)(∑𝒈𝒂
𝐜𝐲𝐜

) =
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

+ 𝟐𝐫∑𝐡𝒂
𝐜𝐲𝐜

+ 𝟐∑𝒈𝒂𝒈𝐛
𝐜𝐲𝐜

+ 𝟒(𝐑 − 𝟐𝐫)𝟐 + 𝟒(𝐑 − 𝟐𝐫)(∑𝒈𝒂
𝐜𝐲𝐜

) ≥ 

𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐 +
𝐫(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐑
+ 𝟐(𝟒𝐑𝐫 + 𝐫𝟐 +

𝐫(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝐑
) + 

𝟒(𝐑 − 𝟐𝐫)𝟐 + 𝟒(𝐑 − 𝟐𝐫) (
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑
) ≥

?
𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 

⇔ 𝟒𝐑𝟑 + 𝟖𝐑𝟐𝐫 + 𝟗𝐑𝐫𝟐 − 𝐫𝟑 ≥
?
⏟
(∗)

(𝐑 + 𝐫)𝐬𝟐 𝒂𝐧𝐝 𝐢𝐧𝐝𝐞𝐞𝐝, (𝐑 + 𝐫)𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝐑 + 𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
𝟒𝐑𝟑 + 𝟖𝐑𝟐𝐫 + 𝟗𝐑𝐫𝟐 − 𝐫𝟑 ⇔ 𝟐𝐫𝟐(𝐑 − 𝟐𝐫) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝒍𝐞𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝒈𝒂 +𝒈𝐛 +𝒈𝐜 + 𝟐(𝐑− 𝟐𝐫) ≥ √𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 
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≥
𝐂𝐡𝐮−𝐘𝒂𝐧𝐠

𝐦𝒂 +𝐦𝐛 +𝐦𝐜 ⇒ 𝐦𝒂 +𝐦𝐛 +𝐦𝐜 ≤ 𝒈𝒂 + 𝒈𝐛 + 𝒈𝐜 + 𝟐(𝐑 − 𝟐𝐫) ∀ ∆ 𝐀𝐁𝐂, 
′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3804. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐡𝒂 − 𝐡𝐛
𝐛 + 𝐜

+
𝐡𝐛 − 𝐡𝐜
𝐜 + 𝒂

+
𝐡𝐜 − 𝐡𝒂
𝒂 + 𝐛

≤ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐡𝒂 − 𝐡𝐛
𝐛 + 𝐜

𝐜𝐲𝐜

=
𝟐𝐫𝐬

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛). 𝟒𝐑𝐫𝐬
.∑(𝐜(𝐛 − 𝒂)(𝒂𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

))

𝐜𝐲𝐜

 

=
𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛). 𝟐𝐑
.

(

 
 
 (∑𝒂𝐛

𝐜𝐲𝐜

)(𝐜(𝐛 − 𝒂) + 𝒂(𝐜 − 𝐛) + 𝐛(𝒂 − 𝐜))

+𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

−∑𝐜𝒂𝟑

𝐜𝐲𝐜 )

 
 
 

 

=
𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛). 𝟐𝐑
.(𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

− 𝒂𝐛𝐜.∑
𝒂𝟐

𝐛
𝐜𝐲𝐜

) ≤
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛). 𝟐𝐑
. (𝒂𝐛𝐜∑𝒂

𝐜𝐲𝐜

− 𝒂𝐛𝐜.
(∑ 𝒂𝐜𝐲𝐜 )

𝟐

∑ 𝒂𝐜𝐲𝐜

) = 𝟎 

∴
𝐡𝒂 − 𝐡𝐛
𝐛 + 𝐜

+
𝐡𝐛 − 𝐡𝐜
𝐜 + 𝒂

+
𝐡𝐜 − 𝐡𝒂
𝒂 + 𝐛

≤ 𝟎  ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3805. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫𝒂 − 𝐡𝒂
𝐛 + 𝐜

+
𝐫𝐛 − 𝐡𝐛
𝐜 + 𝒂

+
𝐫𝐜 − 𝐡𝐜
𝒂 + 𝐛

≥ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐫𝒂 − 𝐡𝒂
𝐛 + 𝐜

𝐜𝐲𝐜

=
𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛)
.∑((𝐫𝒂 − 𝐡𝒂) (𝒂

𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

))

𝐜𝐲𝐜

= 
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𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛)
. ((∑𝒂𝐛

𝐜𝐲𝐜

)(𝟒𝐑 + 𝐫 −∑𝐡𝒂
𝐜𝐲𝐜

)+∑𝒂𝟐𝐫𝒂
𝐜𝐲𝐜

−∑(𝒂𝟐.
𝟐𝐫𝐬

𝒂
)

𝐜𝐲𝐜

) 

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯 𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛)
.

(

 
 
 
 (∑𝒂𝐛

𝐜𝐲𝐜

)(𝟒𝐑 + 𝐫 −∑𝐦𝒂

𝐜𝐲𝐜

) +

𝟏

𝟑
(∑𝒂𝟐

𝐜𝐲𝐜

)(𝟒𝐑 + 𝐫) − 𝟒𝐬𝟐𝐫

)

 
 
 
 

 

(∵ 𝐖𝐋𝐎𝐆 𝒂𝐬𝐬𝐮𝐦𝐢𝐧𝐠 𝒂 ≥ 𝐛 ≥ 𝐜 ⇒ 𝒂𝟐 ≥ 𝐛𝟐 ≥ 𝐜𝟐 𝒂𝐧𝐝 𝐫𝒂 ≥ 𝐫𝐛 ≥ 𝐫𝐜) ≥

𝐁𝒂𝐠𝐞𝐫

𝒂𝐧𝐝
𝐄𝐮𝒍𝐞𝐫

 

𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛)
.

(

  
 (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝐦𝒂

𝐜𝐲𝐜

−∑𝐦𝒂

𝐜𝐲𝐜

) +

𝟐

𝟑
(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟗𝐫) − 𝟒𝐬𝟐𝐫 )

  
 

 

=
𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛)
. 𝟐𝐫(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) 

=
𝟏

(𝐛 + 𝐜)(𝐜 + 𝒂)(𝒂 + 𝐛)
. 𝟐𝐫 (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟒𝐫(𝐑− 𝟐𝐫)) ≥ 𝟎 

(∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝒍𝐞𝐫

𝟎) 

∴
𝐫𝒂 − 𝐡𝒂
𝐛 + 𝐜

+
𝐫𝐛 − 𝐡𝐛
𝐜 + 𝒂

+
𝐫𝐜 − 𝐡𝐜
𝒂 + 𝐛

≥ 𝟎 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3806. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒔𝒆𝒄𝑨

𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

≥ 𝟒√𝟑 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
 

∑
𝒔𝒆𝒄𝑨

𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

=∑
𝟏

𝒔𝒊𝒏𝑨𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

= 𝟐∑
𝟏

𝒔𝒊𝒏𝟐𝑨
𝒄𝒚𝒄

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

 

 

≥ 𝟐 ∙
(𝟏 + 𝟏 + 𝟏)𝟐

𝒔𝒊𝒏𝟐𝑨 + 𝒔𝒊𝒏𝟐𝑩 + 𝒔𝒊𝒏𝟐𝑪
=

𝟐 ∙ 𝟗

𝟒𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
= 
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=
𝟗

𝟐 ∙
𝒂
𝟐𝑹 ∙

𝒃
𝟐𝑹 ∙

𝒄
𝟐𝑹

=
𝟑𝟔𝑹𝟑

𝒂𝒃𝒄
=
𝟑𝟔𝑹𝟑

𝟒𝑹𝑭
=
𝟗𝑹𝟐

𝒓𝒔
≥⏞

𝑬𝑼𝑳𝑬𝑹

 

 

≥
𝟗𝑹𝟐

𝑹
𝟐 ∙ 𝒔

=
𝟏𝟖𝑹

𝒔
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪𝑰 𝟏𝟖 ∙
𝟐𝒔

𝟑√𝟑
𝒔

=
𝟏𝟐

√𝟑
= 𝟒√𝟑 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

3807. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏 + 𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
+
𝟏 + 𝒔𝒊𝒏𝑩

𝒄𝒐𝒔𝑩
+
𝟏 + 𝒔𝒊𝒏𝑪

𝒄𝒐𝒔𝑪
≥ 𝟔 + 𝟑√𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru 
 

𝟏 + 𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
+
𝟏 + 𝒔𝒊𝒏𝑩

𝒄𝒐𝒔𝑩
+
𝟏 + 𝒔𝒊𝒏𝑪

𝒄𝒐𝒔𝑪
=∑

𝟏+ 𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

= 

 

=∑
𝟏

𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

+∑𝒕𝒂𝒏𝑨

𝒄𝒚𝒄

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

∑
𝟏

𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

+ 𝟑𝒕𝒂𝒏 (
𝑨+ 𝑩+ 𝑪

𝟑
) ≥ 

 

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴 (𝟏 + 𝟏 + 𝟏)𝟐

𝒄𝒐𝒔𝑨 + 𝒄𝒐𝒔𝑩 + 𝒄𝒐𝒔𝑪
+ 𝟑𝒕𝒂𝒏(

𝝅

𝟑
) =

𝟗

𝟏 +
𝒓
𝑹

+ 𝟑√𝟑 = 

 

=
𝟗𝑹

𝑹 + 𝒓
+ 𝟑√𝟑 ≥⏞

𝑬𝑼𝑳𝑬𝑹 𝟗𝑹

𝑹 +
𝑹
𝟐

+ 𝟑√𝟑 =
𝟗 ∙ 𝟐

𝟑
+ 𝟑√𝟑 = 𝟔 + 𝟑√𝟑 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

3808.  
If in 𝚫𝑨𝑩𝑪, 𝑰 − 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓, 𝑶𝑨, 𝑶𝑩, 𝑶𝑪 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 𝚫𝑩𝑰𝑪,𝚫𝑨𝑰𝑪,𝚫𝑨𝑰𝑩 𝒕𝒉𝒆𝒏: 

 

𝒔

𝟐𝒓𝟐
≥

𝒃 + 𝒄

𝑨𝑶𝑨. 𝑨𝑰
+

𝒄 + 𝒂

𝑩𝑶𝑩. 𝑩𝑰
+
𝒂 + 𝒃

𝑪𝑶𝑪 . 𝑪𝑰
≥
𝟑√𝟑

𝑹
 

 
Proposed by Sarkhan Adgozalov-Georgia 
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Solution by Qurban Muellim-Azerbaijan 
𝑳𝒆𝒎𝒎𝒂 𝟏: 

 𝑨𝑶𝑨 = 𝑨𝑰 + 𝑹𝑨 (𝑳𝒆𝒕 𝑹𝑨 𝒄𝒊𝒓𝒄𝒖𝒎𝒓𝒂𝒅𝒊𝒊 𝒐𝒇 𝚫𝑩𝑰𝑪) 
 

𝑷𝒓𝒐𝒐𝒇: 𝟏𝟖𝟎 −
𝑨 +𝑩

𝟐
+ 𝟗𝟎 −

𝑪

𝟐
= 𝟐𝟕𝟎 −

𝑨 +𝑩+ 𝑪

𝟐
= 𝟏𝟖𝟎 ⇒ 𝑨 − 𝑰 − 𝑶𝑨 𝒂𝒓𝒆 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓 

𝑳𝒆𝒎𝒎𝒂𝟐: 

 𝑹𝑨 =
𝒂

𝟐𝐜𝐨𝐬 (
𝑨
𝟐)
  

𝑷𝒓𝒐𝒐𝒇:
𝒂

𝐬𝐢𝐧 (𝟏𝟖𝟎 −
𝑩 + 𝑪
𝟐 )

= 𝟐𝐑𝐀  ⇒ 𝐑𝐀 =
𝐚

𝟐𝐜𝐨𝐬 (
𝑨
𝟐)

 

𝑳𝒆𝒎𝒎𝒂 𝟑: 

𝐜𝐨𝐬𝟐  (
𝐀

𝟐
) =

𝒔(𝒔 − 𝒂)

𝒃𝒄
 

∑
𝒃 + 𝒄

𝑨𝑶𝑨. 𝑨𝑰 
= ∑

𝒃 + 𝒄

(𝑨𝑰 + 𝑹𝑨)𝑨𝑰
= ∑

𝒃 + 𝒄

𝒓𝟐

𝐬𝐢𝐧 (
𝑨
𝟐)
+

𝒂𝒓

𝟐𝐬𝐢𝐧 (
𝑨
𝟐) . 𝐜𝐨𝐬 (

𝑨
𝟐)

= ∑
(𝒃 + 𝒄) 𝐬𝐢𝐧𝟐 (

𝑨
𝟐)

𝒓𝟐 +
𝒂𝒓
𝟐 . 𝐭𝐚𝐧 (

𝑨
𝟐)
= 

 

= ∑
(𝒃 + 𝒄) 𝐬𝐢𝐧𝟐 (

𝑨
𝟐
)

𝒓𝟐 +
𝒂𝒓𝟐

𝟐 .
𝟏

𝒔 − 𝒂

= ∑
(𝒃 + 𝒄) 𝐬𝐢𝐧𝟐 (

𝑨
𝟐
)

𝒓𝟐 (𝟏 +
𝒂

𝟐(𝒔 − 𝒂)
)
= ∑

(𝒃 + 𝒄) 𝐬𝐢𝐧𝟐 (
𝑨
𝟐
) . 𝟐(𝒔 − 𝒂)

𝒓𝟐(𝟐𝒔 − 𝟐𝒂 + 𝒂)
= 

 

= ∑
𝟐𝐬(𝐬 − 𝐚) 𝐬𝐢𝐧𝟐 (

𝑨
𝟐)

𝒔𝒓𝟐
= ∑

𝟐𝒃𝒄𝐜𝐨𝐬𝟐 (
𝑨
𝟐)𝐬𝐢𝐧

𝟐 (
𝑨
𝟐)

𝒔𝒓𝟐
= ∑

𝒃𝒄 (𝟐𝐬𝐢𝐧 (
𝑨
𝟐) . 𝐜𝐨𝐬 (

𝑨
𝟐))

𝟐

𝟐𝒔𝒓𝟐
 

= ∑
𝒃𝒄 𝐬𝐢𝐧𝟐(𝑨)

𝟐𝒔𝒓𝟐
= ∑

𝒃𝒄𝒂𝟐

𝟖𝒔𝑹𝟐𝒓𝟐 
=

𝒂𝒃𝒄

𝟖𝒔𝑹𝟐𝒓𝟐
. ∑𝒂 =

𝒔

𝒓𝑹
≥
𝟑√𝟑

𝑹
.   

 

𝑨𝒈𝒂𝒊𝒏,
𝒔

𝒓𝑹
≤

𝒔

𝟐𝒓𝟐
. 

3809. 

İ𝒏 𝜟𝑨𝑩𝑪, 𝑰 𝒂𝒏𝒅 𝑶 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓. 
 ∠𝑰𝑨𝑶 = 𝜶, ∠𝑰𝑩𝑶 = 𝜷, ∠𝑰𝑶𝑪 = 𝝓.𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

 

𝒄𝒐𝒔(𝜶) . 𝒔𝒊𝒏 (
𝑨

𝟐
) + 𝒄𝒐𝒔(𝜷) . 𝒔𝒊𝒏 (

𝑩

𝟐
) + 𝒄𝒐𝒔(𝝓) . 𝒔𝒊𝒏 (

𝑪

𝟐
) = 𝟏 +

𝒓

𝑹
  

 
Proposed by Sarkhan Adgozalov-Georgia 
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Solution by Qurban Muellim-Azerbaijan 
𝑳𝒆𝒎𝒎𝒂 𝟏: 

 𝑨𝑰 =
𝒓

𝐬𝐢𝐧 (
𝑨
𝟐)
  

𝑳𝒆𝒎𝒎𝒂 𝟐:  
𝑶𝑰𝟐 = 𝑹(𝑹− 𝟐𝒓) (𝑬𝒖𝒍𝒆𝒓) 

𝑳𝒆𝒎𝒎𝒂 𝟑: 

∑𝐜𝐨𝐬𝐀 = 𝟏 +
𝒓

𝑹
, 𝟏 − 𝒄𝒐𝒔𝑨 = 𝟐𝐬𝐢𝐧𝟐 (

𝐀

𝟐
) 

𝐋𝐞𝐭 𝚫𝐀𝐈𝐎 ⇒ 𝐜𝐨𝐬(𝛂) =
𝐀𝐈𝟐 +𝐑𝟐 − 𝐈𝐎𝟐

𝟐𝐑. 𝐀𝐈 
  

𝑳𝒆𝒕 𝚫𝑩𝑰𝑶 ⇒ 𝐜𝐨𝐬(𝛃) =
𝐁𝐈𝟐 + 𝐑𝟐 − 𝐈𝐎𝟐

𝟐𝑹. 𝑩𝑰
  

𝑳𝒆𝒕 𝚫𝑪𝑰𝑶 ⇒ 𝐜𝐨𝐬(𝛟) =
𝐂𝐈𝟐 + 𝐑𝟐 − 𝐈𝐎𝟐

𝟐𝑹.𝑪𝑰
  

𝑳𝑯𝑺 =∑𝒄𝒐𝒔(𝛂) . 𝐬𝐢𝐧 (
𝐀

𝟐
) = ∑

𝐀𝐈𝟐 + 𝐑𝟐 − 𝐈𝐎𝟐

𝟐𝑹. 𝑨𝑰
. 𝐬𝐢𝐧 (

𝑨

𝟐
) = ∑

𝒓𝟐

𝐬𝐢𝐧𝟐 (
𝑨
𝟐)
+ 𝑹𝟐 −𝑹𝟐 + 𝟐𝑹𝒓

𝟐𝑹.
𝒓

𝐬𝐢𝐧 (
𝑨
𝟐)

= 
 

= ∑
𝒓𝟐 + 𝟐𝑹𝒓. 𝐬𝐢𝐧𝟐 (

𝑨
𝟐)

𝟐𝑹𝒓
=
𝟑𝒓𝟐 +𝑹𝒓∑𝟐𝐬𝐢𝐧𝟐 (

𝑨
𝟐)

𝟐𝑹𝒓
=
𝟑𝒓𝟐 + 𝑹𝒓. (𝟑 − ∑𝒄𝒐𝒔𝑨)

𝟐𝑹𝒓
= 

 

=
𝟑𝒓𝟐 + 𝑹𝒓(𝟑 − 𝟏 −

𝒓
𝑹
)

𝟐𝑹𝒓
=
(𝟑𝒓𝟐 + 𝟐𝑹𝒓 − 𝒓𝟐)

𝟐𝑹𝒓
= 𝟏 +

𝒓

𝑹
 

 
3810. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝐜𝐬𝐜 (
𝑨

𝟐
)(√(𝒄𝒕𝒈𝟑 (

𝑩

𝟐
) + 𝒄𝒕𝒈𝟑 (

𝑪

𝟐
)) + √(𝒄𝒕𝒈𝟑 (

𝑨

𝟐
) + 𝒄𝒕𝒈𝟑 (

𝑪

𝟐
)) )

𝒄𝒚𝒄

≥ 𝟏𝟐√𝟔√𝟑 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝑳𝒆𝒕 ∶   𝑳𝑯𝑺 =  𝑳𝑯𝑺𝟏 +  𝑳𝑯𝑺𝟐 +  𝑳𝑯𝑺𝟑 

 𝑳𝑯𝑺𝟏 = 𝐜𝐬𝐜 (
𝑨

𝟐
)(√(𝒄𝒕𝒈𝟑 (

𝑩

𝟐
) + 𝒄𝒕𝒈𝟑 (

𝑪

𝟐
)) + √(𝒄𝒕𝒈𝟑 (

𝑩

𝟐
) + 𝒄𝒕𝒈𝟑 (

𝑪

𝟐
)) ) ≥⏞

𝑨𝑴−𝑮𝑴
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𝐜𝐬𝐜 (
𝑨

𝟐
)

(

 
 √𝟐(𝒄𝒕𝒈 (

𝑩

𝟐
) . 𝒄𝒕𝒈 (

𝑪

𝟐
))

𝟑
𝟐

+ √𝟐(𝒄𝒕𝒈 (
𝑩

𝟐
) . 𝒄𝒕𝒈 (

𝑪

𝟐
))

𝟑
𝟐

)

 
 

≥⏞
𝑨𝑴−𝑮𝑴

 

𝐜𝐬𝐜 (
𝑨

𝟐
)

(

 
 √𝟒(𝒄𝒕𝒈 (

𝑨

𝟐
) . 𝒄𝒕𝒈 (

𝑩

𝟐
) . 𝒄𝒕𝒈 (

𝑪

𝟐
))

𝟑
𝟐

. (𝒄𝒕𝒈 (
𝑪

𝟐
))

𝟑
𝟐

𝟒

)

 
 

 

𝑨𝒏𝒂𝒍𝒐𝒈𝒐𝒖𝒔𝒍𝒚  , 𝒊𝒕   𝒊𝒔  𝒄𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆𝒅   𝒇𝒐𝒓    𝑳𝑯𝑺𝟐  𝒂𝒏𝒅  𝑳𝑯𝑺𝟑 

𝑳𝑯𝑺 ≥⏞
𝑨−𝑮

𝟑√ 𝑳𝑯𝑺𝟏.  𝑳𝑯𝑺𝟐.  𝑳𝑯𝑺𝟑
𝟑 = 

= 𝟑. 𝟐(𝟔𝟒(𝒄𝒕𝒈 (
𝑨

𝟐
) . 𝒄𝒕𝒈 (

𝑩

𝟐
) . 𝒄𝒕𝒈 (

𝑪

𝟐
))

𝟗
𝟐

. (𝒄𝒕𝒈 (
𝑨

𝟐
) . 𝒄𝒕𝒈 (

𝑩

𝟐
) . 𝒄𝒕𝒈 (

𝑪

𝟐
))

𝟑
𝟐

)

𝟏
𝟏𝟐

. 

(𝒄𝒔𝒄 (
𝑨

𝟐
) . 𝒄𝒔𝒄 (

𝑩

𝟐
) . 𝒄𝒔𝒄 (

𝑪

𝟐
))

𝟏
𝟑

= 

𝟔(𝟐 (𝒄𝒕𝒈 (
𝑨

𝟐
) . 𝒄𝒕𝒈 (

𝑩

𝟐
) . 𝒄𝒕𝒈 (

𝑪

𝟐
)))

𝟏
𝟐

. (𝒄𝒔𝒄 (
𝑨

𝟐
) . 𝒄𝒔𝒄 (

𝑩

𝟐
) . 𝒄𝒔𝒄 (

𝑪

𝟐
))

𝟏
𝟑

= 

𝟔 (𝟐(
𝒑

𝒓
))

𝟏
𝟐

. (
𝟒𝑹

𝒓
)

𝟏
𝟑

≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄,   𝑬𝒖𝒍𝒆𝒓

𝟔(𝟐. 𝟑√𝟑)
𝟏
𝟐. (𝟖)

𝟏
𝟑 = 𝟏𝟐√𝟔√𝟑   

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚   𝒉𝒐𝒍𝒅𝒔  𝒊𝒇 ∶ 𝑨 = 𝑩 = 𝑪 
 

3811. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑩 − 𝒔𝒊𝒏𝑪

𝒄𝒐𝒔𝑨 + 𝒄𝒐𝒔𝑩 − 𝒄𝒐𝒔𝑪 + 𝟏
=  𝒕𝒂𝒏

𝑨

𝟐
𝒕𝒂𝒏

𝑩

𝟐
𝒄𝒐𝒕

𝑪

𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝒔𝒊𝒏𝑨 + 𝒔𝒊𝒏𝑩 − 𝒔𝒊𝒏𝑪

𝒄𝒐𝒔𝑨 + 𝒄𝒐𝒔𝑩 − 𝒄𝒐𝒔𝑪 + 𝟏
=

𝟐𝒔𝒊𝒏
𝑨 + 𝑩
𝟐 𝒄𝒐𝒔

𝑨 − 𝑩
𝟐 − 𝒔𝒊𝒏(𝟐 ∙

𝑪
𝟐)

𝟐𝒄𝒐𝒔
𝑨 + 𝑩
𝟐

𝒄𝒐𝒔
𝑨 − 𝑩
𝟐

− 𝒄𝒐𝒔 (𝟐 ∙
𝑪
𝟐
) + 𝟏

= 
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=
𝟐𝒔𝒊𝒏

𝝅 − 𝑪
𝟐 𝒄𝒐𝒔

𝑨 − 𝑩
𝟐 − 𝟐𝒔𝒊𝒏

𝑪
𝟐 𝒄𝒐𝒔

𝑪
𝟐

𝟐𝒄𝒐𝒔
𝝅 − 𝑪
𝟐 𝒄𝒐𝒔

𝑨 − 𝑩
𝟐 + 𝟐𝒔𝒊𝒏𝟐

𝑪
𝟐

=
𝟐𝒄𝒐𝒔

𝑪
𝟐 𝒄𝒐𝒔

𝑨 − 𝑩
𝟐 − 𝟐𝒔𝒊𝒏

𝑪
𝟐 𝒄𝒐𝒔

𝑪
𝟐

𝟐𝒔𝒊𝒏
𝑪
𝟐 𝒄𝒐𝒔

𝑨 − 𝑩
𝟐 + 𝟐𝒔𝒊𝒏𝟐

𝑪
𝟐

= 

 

=
(𝒄𝒐𝒔

𝑨 − 𝑩
𝟐 − 𝒔𝒊𝒏

𝑪
𝟐)

(𝒄𝒐𝒔
𝑨 − 𝑩
𝟐 + 𝒔𝒊𝒏

𝑪
𝟐)
∙
𝒄𝒐𝒔

𝑪
𝟐

𝒔𝒊𝒏
𝑪
𝟐

=
(𝒄𝒐𝒔

𝑨 − 𝑩
𝟐 − 𝒄𝒐𝒔

𝝅 − 𝑪
𝟐 )

(𝒄𝒐𝒔
𝑨 − 𝑩
𝟐 + 𝒄𝒐𝒔

𝝅 − 𝑪
𝟐 )

∙ 𝒄𝒐𝒕
𝑪

𝟐
= 

 

=
𝟐𝒔𝒊𝒏

𝝅 − 𝑪 + 𝑨 −𝑩
𝟒

𝒔𝒊𝒏
𝝅 − 𝑪 − 𝑨 + 𝑩

𝟒

𝟐𝒄𝒐𝒔
𝝅 − 𝑪 + 𝑨 −𝑩

𝟒 𝒄𝒐𝒔
𝑨 − 𝑩 − 𝝅+ 𝑪

𝟒

∙ 𝒄𝒐𝒕
𝑪

𝟐
= 

 

=
𝟐𝒔𝒊𝒏

𝑨 + 𝑩+ 𝑪− 𝑪 + 𝑨 −𝑩
𝟒 𝒔𝒊𝒏

𝑨 + 𝑩+ 𝑪− 𝑪 − 𝑨 +𝑩
𝟒

𝟐𝒄𝒐𝒔
𝑨 + 𝑩 + 𝑪− 𝑪 + 𝑨 −𝑩

𝟒 𝒄𝒐𝒔
𝑨 − 𝑩 − 𝑨 −𝑩 − 𝑪 + 𝑪

𝟒

∙ 𝒄𝒐𝒕
𝑪

𝟐
= 

 

=
𝒔𝒊𝒏

𝟐𝑨
𝟒 𝒔𝒊𝒏

𝟐𝑩
𝟒

𝒄𝒐𝒔
𝟐𝑨
𝟒 𝒄𝒐𝒔

𝟐𝑩
𝟒

∙ 𝒄𝒐𝒕
𝑪

𝟐
=
𝒔𝒊𝒏

𝑨
𝟐 𝒔𝒊𝒏

𝑩
𝟐

𝒄𝒐𝒔
𝑨
𝟐 𝒄𝒐𝒔

𝑩
𝟐

∙ 𝒄𝒐𝒕
𝑪

𝟐
= 𝒕𝒂𝒏

𝑨

𝟐
𝒕𝒂𝒏

𝑩

𝟐
𝒄𝒐𝒕

𝑪

𝟐
 

 
3812. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐧𝒂
𝟐 + 𝒈𝒂

𝟐 + 𝐫𝒂𝐫 − 𝐫𝐛𝐫𝐜

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
≤
𝟐𝐑𝐫𝒂
𝐫

 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧𝒂
𝟐 + 𝒈𝒂

𝟐 + 𝐫𝒂𝐫 − 𝐫𝐛𝐫𝐜

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
−
𝟐𝐑𝐫𝒂
𝐫

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

𝐫 ((𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) + (𝐬 − 𝐛)(𝐬 − 𝐜) − 𝐬(𝐬 − 𝒂)) − 𝟐𝐑.
𝐫𝐬
𝐬 − 𝒂 . (𝐧𝒂 −

𝒂𝐧𝒂
𝐬 )

𝐫 (𝐧𝒂 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)
 

=
𝐫 ((𝐛 − 𝐜)𝟐 + 𝐬(𝐬 − 𝒂) + (𝐬 − 𝐛)(𝐬 − 𝐜)) − 𝐫. 𝟐𝐑𝐧𝒂

𝐫 (𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)
≤ 

𝐫 ((𝐛 − 𝐜)𝟐 + 𝐬(𝐬 − 𝒂) + (𝐬 − 𝐛)(𝐬 − 𝐜)) − 𝐫. 𝟐𝐑(
𝐛𝟐 − 𝐛𝐜 + 𝐜𝟐

𝟐𝐑 )

𝐫 (𝐧𝒂 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐)
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(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟐𝟖;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

=
−𝐛𝐜 + 𝐬(𝐬 − 𝒂) − 𝐬𝟐 + 𝐬𝒂 + 𝐛𝐜

𝐧𝒂 −√𝟒𝐫
𝟐 + (𝐛 − 𝐜)𝟐

= 𝟎 ∴
𝐧𝒂
𝟐 + 𝒈𝒂

𝟐 + 𝐫𝒂𝐫 − 𝐫𝐛𝐫𝐜

𝐧𝒂 − √𝟒𝐫
𝟐 + (𝐛 − 𝐜)𝟐

≤
𝟐𝐑𝐫𝒂
𝐫

 

∀ ∆ 𝐀𝐁𝐂,′′ =′′ 𝐢𝐟𝐟 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

3813. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏𝟖∑
𝐫𝟑

𝐡𝒂
𝟑

𝐜𝐲𝐜

≥ 𝟏 + 𝟑∑
𝐫𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝒙 =
𝟑𝐫

𝐡𝒂
, 𝐲 =

𝟑𝐫

𝐡𝐛
, 𝐳 =

𝟑𝐫

𝐡𝐜
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝟏𝟖∑

𝐫𝟑

𝐡𝒂𝟑
𝐜𝐲𝐜

≥
?
𝟏 + 𝟑∑

𝐫𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

 

⇔
𝟏𝟖

𝟐𝟕
.∑𝒙𝟑

𝐜𝐲𝐜

≥
?
𝟏 +

𝟑

𝟗
.∑𝒙𝟐

𝐜𝐲𝐜

 

⇔ 𝟏𝟖∑𝒙𝟑

𝐜𝐲𝐜

≥
?
(∑𝒙

𝐜𝐲𝐜

)

𝟑

+ 𝟑(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) (∵ ∑𝒙

𝐜𝐲𝐜

=∑
𝟑𝐫

𝐡𝒂
𝐜𝐲𝐜

= 𝟑) 

→ 𝐭𝐫𝐮𝐞 ∵ 𝟗∑𝒙𝟑

𝐜𝐲𝐜

≥
𝐇𝐨𝒍𝐝𝐞𝐫

(∑𝒙

𝐜𝐲𝐜

)

𝟑

 𝒂𝐧𝐝 𝟑∑𝒙𝟑

𝐜𝐲𝐜

≥
𝐂𝐡𝐞𝐛𝐲𝐬𝐡𝐞𝐯

(∑𝒙𝟐

𝐜𝐲𝐜

)(∑𝒙

𝐜𝐲𝐜

) 

∴ 𝟏𝟖∑
𝐫𝟑

𝐡𝒂𝟑
𝐜𝐲𝐜

≥ 𝟏 + 𝟑∑
𝐫𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3814. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝐡𝒂
𝟐 − 𝐫𝟐

𝐜𝐲𝐜

≥
𝟑

𝟖𝐫𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝒙 =
𝟑𝐫

𝐡𝒂
, 𝐲 =

𝟑𝐫

𝐡𝐛
, 𝐳 =

𝟑𝐫

𝐡𝐜
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑

𝟏

𝐡𝒂𝟐 − 𝐫𝟐
𝐜𝐲𝐜

≥
? 𝟑

𝟖𝐫𝟐
⇔∑

𝟏

𝟗
𝒙𝟐
− 𝟏𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟑

𝟖
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𝐋𝐞𝐭 𝐟(𝐭) =
𝐭𝟐

𝟗 − 𝐭𝟐
 ∀ 𝐭 ∈ (𝟎, 𝟑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 𝐟 ′′(𝐭) =

𝟓𝟒(𝐭𝟐 + 𝟑)

(𝟗 − 𝐭𝟐)𝟑
> 0 𝑎𝐧𝐝 𝐬𝐨, 

𝒂𝐬 ∑𝒙

𝐜𝐲𝐜

=∑
𝟑𝐫

𝐡𝒂
𝐜𝐲𝐜

= 𝟑 ⇒ 𝒙, 𝐲, 𝐳 < 3 ∴∑
𝟏

𝟗
𝒙𝟐
− 𝟏𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧 𝟑

𝟗

(
∑ 𝒙𝐜𝐲𝐜

𝟑 )

𝟐 − 𝟏
=

𝟑

𝟗 − 𝟏
=
𝟑

𝟖
 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝟏

𝐡𝒂𝟐 − 𝐫𝟐
𝐜𝐲𝐜

≥
𝟑

𝟖𝐫𝟐
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3815. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑 ≤∑
𝐦𝒂
𝟐

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

≤ 𝟑 (
𝐑

𝟐𝐫
)
𝟑

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂
𝟐

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

=
𝟏

𝟏𝟔𝐫𝟐𝐬𝟐
.∑(𝐛𝐜(𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐))

𝐜𝐲𝐜

 

=
𝟒(𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫)𝟐) − 𝟑(𝟒𝐑𝐫𝐬)(𝟐𝐬)

𝟏𝟔𝐫𝟐𝐬𝟐
≤
?
𝟑(
𝐑

𝟐𝐫
)
𝟑

 

⇔ (𝟑𝐑𝟑 + 𝟏𝟐𝐑𝐫𝟐)𝐬𝟐 + 𝟐𝐫𝟑(𝟒𝐑+ 𝐫)𝟐 ≥
?
⏟
(∗)

𝟐𝐫𝐬𝟒 

𝐍𝐨𝐰, 𝟐𝐫𝐬𝟒 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟐𝐫𝐬𝟐(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
𝐋𝐇𝐒 𝐨𝐟 (∗) ⇔ 

(𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟒𝐑𝐫𝟐 − 𝟔𝐫𝟑)𝐬𝟐 + 𝟐𝐫𝟑(𝟒𝐑 + 𝐫)𝟐 ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 

𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟒𝐑𝐫𝟐 − 𝟔𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟒𝐑𝐫𝟐 − 𝟔𝐫𝟑 < 𝟎, 

𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝐑𝟑 − 𝟖𝐑𝟐𝐫 + 𝟒𝐑𝐫𝟐 − 𝟔𝐫𝟑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 

𝟐𝐫𝟑(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟎 ⇔ 𝟏𝟐𝐭𝟓 − 𝟐𝟎𝐭𝟒 − 𝟕𝐭𝟑 + 𝟒𝐭 − 𝟏𝟔 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟐𝐭𝟒 + 𝟒𝐭𝟑 + 𝐭𝟐 + 𝟐𝐭 + 𝟖) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗)  
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𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 ∴ ∑
𝐦𝒂
𝟐

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

≤ 𝟑 (
𝐑

𝟐𝐫
)
𝟑

 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑
𝐦𝒂
𝟐

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

≥∑
𝐦𝒂
𝟐

𝐰𝐛𝐰𝐜
𝐜𝐲𝐜

 

≥
𝐋𝒂𝐬𝐜𝐮 + 𝐀𝐌−𝐆𝐌

∑
𝐬(𝐬 − 𝒂)

√𝐬(𝐬 − 𝐛).√𝐬(𝐬 − 𝐜)
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑√
𝐬(𝐬 − 𝒂). 𝐬(𝐬 − 𝐛). 𝐬(𝐬 − 𝐜)

𝐬(𝐬 − 𝒂). 𝐬(𝐬 − 𝐛). 𝐬(𝐬 − 𝐜)

𝟑

= 𝟑 

𝒂𝐧𝐝 𝐬𝐨, 𝟑 ≤ ∑
𝐦𝒂
𝟐

𝐡𝐛𝐡𝐜
𝐜𝐲𝐜

≤ 𝟑 (
𝐑

𝟐𝐫
)
𝟑

 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3816. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑 ≤∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≤
𝐑𝟐 + 𝟐𝐫𝟐

𝐑𝐫
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

=∑
𝟒𝐦𝒂

𝟐(−𝐬𝟐 + 𝐬𝒂 + 𝐛𝐜)

𝟒𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

 

=
𝟏

𝟒𝐫𝟐𝐬𝟐

(

 
 
 
 
 −𝟔𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝐬∑(𝒂(𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐))

𝐜𝐲𝐜

+

∑(𝐛𝐜(𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐))

𝐜𝐲𝐜 )

 
 
 
 
 

 

=

−𝟔𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟖𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟔𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) +

𝟒(𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫)𝟐) − 𝟐𝟒𝐑𝐫𝐬𝟐

𝟒𝐫𝟐𝐬𝟐
 

=
(𝐑 + 𝟒𝐫)𝐬𝟐 − 𝐫(𝟒𝐑 + 𝐫)𝟐

𝐫𝐬𝟐
≤
? 𝐑𝟐 + 𝟐𝐫𝟐

𝐑𝐫
⇔ 𝐑(𝟒𝐑 + 𝐫)𝟐 ≥

?
(𝟒𝐑 − 𝟐𝐫)𝐬𝟐 

→ 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐁𝒍𝐮𝐧𝐝𝐨𝐧 − 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 ∴∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≤
𝐑𝟐 + 𝟐𝐫𝟐

𝐑𝐫
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 

∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≥ ≥
𝐋𝒂𝐬𝐜𝐮 + 𝐀𝐌−𝐆𝐌

∑
𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

=
𝟑𝐫𝟐𝐬𝟐

𝐫𝟐𝐬𝟐
= 𝟑 𝒂𝐧𝐝 𝐬𝐨, 

𝟑 ≤∑
𝐦𝒂
𝟐

𝐫𝐛𝐫𝐜
𝐜𝐲𝐜

≤
𝐑𝟐 + 𝟐𝐫𝟐

𝐑𝐫
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3817. 𝐈𝐧 𝐚𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝐥𝐥𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝐥𝐚𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝐥𝐝𝐬 ∶ 

∑
𝒓𝒂
𝟐 + 𝒓𝟐

𝒓𝒂
𝟐 − 𝒓𝟐

𝒄𝒚𝒄

≥
𝟏𝟓

𝟒
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝒙 =
𝟑𝐫

𝐫𝒂
, 𝐲 =

𝟑𝐫

𝐫𝐛
, 𝐳 =

𝟑𝐫

𝐫𝐜
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑

𝐫𝒂
𝟐 + 𝐫𝟐

𝐫𝒂𝟐 − 𝐫𝟐
𝐜𝐲𝐜

≥
? 𝟏𝟓

𝟒
⇔∑

𝟗
𝒙𝟐
+ 𝟏

𝟗
𝒙𝟐
− 𝟏𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟏𝟓

𝟒
 

𝐋𝐞𝐭 𝐟(𝐭) =
𝟗 + 𝐭𝟐

𝟗 − 𝐭𝟐
 ∀ 𝐭 ∈ (𝟎, 𝟑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 𝐟 ′′(𝐭) =

𝟏𝟎𝟖(𝐭𝟐 + 𝟑)

(𝟗 − 𝐭𝟐)𝟑
> 0 ⇒ 𝐟(𝐭) 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 

𝒂𝐧𝐝 𝐬𝐨, 𝒂𝐬 ∑𝒙

𝐜𝐲𝐜

=∑
𝟑𝐫

𝐫𝒂
𝐜𝐲𝐜

= 𝟑 ⇒ 𝟎 < 𝑥, 𝐲, 𝐳 < 3 ∴ ∑

𝟗
𝒙𝟐
+ 𝟏

𝟗
𝒙𝟐
− 𝟏𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑.
𝟗 + (

∑ 𝒙𝐜𝐲𝐜

𝟑
)

𝟐

𝟗 − (
∑ 𝒙𝐜𝐲𝐜

𝟑 )

𝟐 

= 𝟑.
𝟏𝟎

𝟖
=
𝟏𝟓

𝟒
⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑

𝐫𝒂
𝟐 + 𝐫𝟐

𝐫𝒂𝟐 − 𝐫𝟐
𝐜𝐲𝐜

≥
𝟏𝟓

𝟒
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3818. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏

𝒘𝒂
+
𝟏

𝒘𝒃
+
𝟏

𝒘𝒄
≥
𝟑√𝟑

𝒔
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝟏

𝒘𝒂
+
𝟏

𝒘𝒃
+
𝟏

𝒘𝒄
≥⏞

𝑨𝑴−𝑮𝑴 𝟑

√𝒘𝒂𝒘𝒃𝒘𝒄
𝟑

≥
𝟑

√𝒓𝒂𝒓𝒃𝒓𝒄
𝟑

= 

=
𝟑

√ 𝑭
𝒔 − 𝒂 ∙

𝑭
𝒔 − 𝒃 ∙

𝑭
𝒔 − 𝒄

𝟑

=
𝟑

√
𝑭𝟑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

=
𝟑

√
𝑭𝟑𝒔

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

= 

=
𝟑

√𝑭
𝟑𝒔
𝑭𝟐

𝟑

=
𝟑

√𝑭𝒔
𝟑 =

𝟑

√𝒓𝒔𝟐
𝟑  
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𝟑

√𝒓𝒔𝟐
𝟑 ≥

𝟑√𝟑

𝒔
⟺ 𝒔 ≥ √𝟑 ∙ √𝒓𝒔𝟐

𝟑
⟺ 𝒔𝟑 ≥ 𝟑√𝟑 ∙ 𝒓𝒔𝟐 ⟺ 

⟺ 𝒔 ≥ 𝟑√𝟑 (Mitrinovici) 
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
3819. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏

𝒘𝒂
+
𝟏

𝒘𝒃
+
𝟏

𝒘𝒄
≥
𝟐

𝑹
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝟏

𝒘𝒂
+
𝟏

𝒘𝒃
+
𝟏

𝒘𝒄
≥⏞

𝑨𝑴−𝑮𝑴 𝟑

√𝒘𝒂𝒘𝒃𝒘𝒄
𝟑

≥
𝟑

√𝒓𝒂𝒓𝒃𝒓𝒄
𝟑

= 

=
𝟑

√ 𝑭
𝒔 − 𝒂 ∙

𝑭
𝒔 − 𝒃 ∙

𝑭
𝒔 − 𝒄

𝟑

=
𝟑

√
𝑭𝟑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

=
𝟑

√
𝑭𝟑𝒔

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

=
𝟑

√𝑭
𝟑𝒔
𝑭𝟐

𝟑

=
𝟑

√𝑭𝒔
𝟑 =

𝟑

√𝒓𝒔𝟐
𝟑  

 
𝟑

√𝒓𝒔𝟐
𝟑 ≥

𝟐

𝑹
⟺

𝟐𝟕

𝒓𝒔𝟐
≥
𝟖

𝑹𝟑
⟺ 𝟕𝑹𝟑 ≥ 𝟖𝒓𝒔𝟐 (𝒕𝒐 𝒑𝒓𝒐𝒗𝒆) 

 

𝟖𝒓𝒔𝟐 ≤⏞
𝑬𝑼𝑳𝑬𝑹

𝟒𝑹𝒔𝟐 ≤⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪𝑰

𝟒𝑹 ∙ (
𝟑√𝟑𝑹

𝟐
)

𝟐

= 𝟐𝟕𝑹𝟑 

Equality holds for 𝒂 = 𝒃 = 𝒄. 
 

3820. If 𝑰 −incenter in  ∆𝑨𝑩𝑪 then the following relationship holds: 
 

𝟏

𝑰𝑨
+
𝟏

𝑰𝑩
+
𝟏

𝑰𝑪
≥
𝟑

𝑹
 

 
Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Daniel Sitaru-Romania 
 

𝟏

𝑰𝑨
+
𝟏

𝑰𝑩
+
𝟏

𝑰𝑪
=∑

𝟏

𝑰𝑨
𝒄𝒚𝒄

=∑
𝒔𝒊𝒏

𝑨
𝟐

𝒓
𝒄𝒚𝒄

=
𝟏

𝒓
∑𝒔𝒊𝒏

𝑨

𝟐
𝒄𝒚𝒄

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

 

 

≥
𝟏

𝒓
∙ 𝟑𝒔𝒊𝒏 (

𝑨 + 𝑩 + 𝑪

𝟔
) =

𝟔

𝟐𝒓
∙ 𝒔𝒊𝒏

𝝅

𝟑
≥⏞

𝑬𝑼𝑳𝑬𝑹 𝟔

𝑹
∙
𝟏

𝟐
=
𝟑

𝑹
 

 
Equality holds for: 𝒂 = 𝒃 = 𝒄. 

3821. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑√
𝐛 + 𝐜

𝐦𝒂
𝐜𝐲𝐜

+∑√
𝐦𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+
𝐑𝟓

𝟑𝟐𝐫𝟓
≥ 𝟏 +∑√

𝐛+ 𝐜

𝐧𝒂
𝐜𝐲𝐜

+∑√
𝐧𝒂
𝐛 + 𝐜

𝐜𝐲𝐜

 

  Proposed by Nguyen Van Canh-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧𝒂
𝟐 =
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 ∴ 𝒂
𝟐𝐧𝒂

𝟐 ≤
?
𝟒(𝐑 − 𝐫)𝟐𝐬𝟐 

⇔ 𝒂𝟐(𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂) ≤
?
𝟒(𝐑− 𝐫)𝟐𝐬𝟐 

⇔ (𝟒𝐑𝟐 𝐬𝐢𝐧𝟐𝐀)𝐬𝟐 − 𝟒𝐫𝐬 (𝟒𝐑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
) (𝐬 𝐭𝒂𝐧

𝐀

𝟐
) ≤
?
𝟒(𝐑𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟐 

⇔ 𝐑𝟐(𝟏 − 𝐬𝐢𝐧𝟐𝐀) − 𝟐𝐑𝐫 (𝟏 − 𝟐𝐬𝐢𝐧𝟐
𝐀

𝟐
) + 𝐫𝟐 ≥

?
𝟎 ⇔ 𝐑𝟐 𝐜𝐨𝐬𝟐 𝐀 − 𝟐𝐑𝐫 𝐜𝐨𝐬 𝐀 + 𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑𝐜𝐨𝐬 𝐀 − 𝐫)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝐧𝒂 ≤

𝟐(𝐑 − 𝐫)𝐬

𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ 

∑√
𝐧𝒂
𝐛 + 𝐜

𝐜𝐲𝐜

≤∑√
𝟐(𝐑 − 𝐫)𝐬

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

=∑√
𝟐(𝐑 − 𝐫)𝐛𝐜𝐬

𝟒𝐑𝐫𝐬(𝐛 + 𝐜)
𝐜𝐲𝐜

=
𝐑− 𝐫

√𝟒𝐑𝐫(𝐑 − 𝐫)
.∑√

𝟐𝐛𝐜

𝐛 + 𝐜
𝐜𝐲𝐜

 

≤

𝐄𝐮𝒍𝐞𝐫
𝒂𝐧𝐝

𝐀𝐌−𝐇𝐌 𝐑 − 𝐫

√𝟖𝐑𝐫𝟐
.∑√𝐛 + 𝐜

𝐜𝐲𝐜

≤
𝐂𝐁𝐒 𝐑 − 𝐫

√𝟖𝐑𝐫𝟐
. √𝟑. 𝟒𝐬 ≤

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝐑 − 𝐫

√𝟐𝐑𝐫𝟐
. √𝟑𝐑.

𝟑√𝟑

𝟐
 

=
𝐑 − 𝐫

𝟐𝐫
. 𝟑. √𝟑

𝟒
∴ ∑√

𝐧𝒂
𝐛 + 𝐜

𝐜𝐲𝐜

≤
①

(𝐭𝟐 −
𝟏

𝟐
) . 𝟑. √𝟑

𝟒
 (𝐭 = √

𝐑

𝟐𝐫
)  𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 
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∑√
𝐦𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

≥
𝐋𝒂𝐬𝐜𝐮 𝟏

√𝟐
.∑√𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌 𝟑

√𝟐
. √

𝐬

𝟒𝐑

𝟔
≥

𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟑

√𝟐
. √
𝟑√𝟑. 𝐫

𝟒𝐑

𝟔

 

=
𝟑

√𝟐
. √
𝟑√𝟑. 𝐫𝐑𝟐

𝟒𝐑𝟑

𝟔

≥
𝐄𝐮𝒍𝐞𝐫 𝟑

√𝟐
. √
𝟑√𝟑. 𝟒𝐫𝟑

𝟒𝐑𝟑

𝟔

=
𝟑. √𝟑

𝟒

𝟐
.√
𝟐𝐫

𝐑
∴∑√

𝐦𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

≥
② 𝟑. √𝟑

𝟒

𝟐
.
𝟏

𝐭
 𝒂𝐧𝐝 

∵ 𝐧𝒂 ≥
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐦𝒂 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ ∑√
𝐛 + 𝐜

𝐦𝒂
𝐜𝐲𝐜

≥
③

∑√
𝐛+ 𝐜

𝐧𝒂
𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐬𝐨, 

①,② 𝒂𝐧𝐝 ③ ⇒ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
𝟑. √𝟑

𝟒

𝟐
.
𝟏

𝐭
+ 𝐭𝟏𝟎 ≥

?
𝟏 + (𝐭𝟐 −

𝟏

𝟐
) . 𝟑. √𝟑

𝟒
 

⇔ 𝐭𝟏𝟎 − 𝟏 ≥
? 𝟑. √𝟑

𝟒

𝟐
. (𝟐𝐭𝟐 − 𝟏 −

𝟏

𝐭
) ⇔ 

(𝐭 − 𝟏)(𝐭𝟏𝟎 + 𝐭𝟗 + 𝐭𝟖 + 𝐭𝟕 + 𝐭𝟔 + 𝐭𝟓 + 𝐭𝟒 + 𝐭𝟑 + 𝐭𝟐 + 𝐭) ≥
? 𝟑. √𝟑

𝟒

𝟐
. (𝐭 − 𝟏) ( 𝟐𝐭

𝟐 +
𝟐𝐭 + 𝟏

) 

𝒂𝐧𝐝 ∵ 𝐭 − 𝟏 ≥
𝐄𝐮𝒍𝐞𝐫

𝟎 𝒂𝐧𝐝 
𝟑. √𝟑

𝟒

𝟐
< 2 ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐭𝟏𝟎 + 𝐭𝟗 + 𝐭𝟖 + 𝐭𝟕 + 𝐭𝟔 + 𝐭𝟓 + 𝐭𝟒 + 𝐭𝟑 + 𝐭𝟐 + 𝐭 ≥
?
𝟒𝐭𝟐 + 𝟒𝐭 + 𝟐 → 𝐭𝐫𝐮𝐞 

∵ 𝐭𝟏𝟎 + 𝐭𝟗 + 𝐭𝟖 + 𝐭𝟕 ≥
𝐭 ≥ 𝟏

𝐭𝟐 + 𝐭𝟐 + 𝐭𝟐 + 𝐭𝟐 = 𝟒𝐭𝟐 𝒂𝐧𝐝 

𝐭𝟔 + 𝐭𝟓 + 𝐭𝟒 + 𝐭𝟑 ≥
𝐭 ≥ 𝟏

𝐭 + 𝐭 + 𝐭 + 𝐭 = 𝟒𝐭 𝒂𝐧𝐝 𝐟𝐢𝐧𝒂𝒍𝒍𝐲, 𝐭𝟐 + 𝐭 ≥
𝐭 ≥ 𝟏

𝟏 + 𝟏 = 𝟐 

∴ ∑√
𝐛+ 𝐜

𝐦𝒂
𝐜𝐲𝐜

+∑√
𝐦𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+
𝐑𝟓

𝟑𝟐𝐫𝟓
≥ 𝟏 +∑√

𝐛 + 𝐜

𝐧𝒂
𝐜𝐲𝐜

+∑√
𝐧𝒂
𝐛 + 𝐜

𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3822. İ𝒏 𝚫𝑨𝑩𝑪, 𝑰𝒂, 𝑰𝒃, 𝑰𝒄 − 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔. 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕:  
 

[𝑰𝒂𝑩𝑪] + [𝑰𝒃𝑨𝑪] + [𝑰𝒄𝑨𝑩] ≥ 𝟑𝑭 
 

Proposed by Sarkhan Adgozalov-Georgia 
Solution 1 by Qurban Muellim-Azerbaijan 
𝑳𝒆𝒕 𝒂 = 𝒙 + 𝒚, 𝒃 = 𝒚 + 𝒛, 𝒄 = 𝒙 + 𝒛, 𝒔 = 𝒙 + 𝒚 + 𝒛 
𝑳𝒆𝒎𝒎𝒂 ∶ 

(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒙 + 𝒛) ≥ 𝟖𝒙𝒚𝒛 

[𝑰𝒂𝑩𝑪] =
𝒂. 𝒓𝒂
𝟐

 

 

𝑳𝑯𝑺 = ∑(
𝒓𝒂. 𝒂

𝟐
) =

𝟏

𝟐
∑ (

𝒂𝑭

𝒔 − 𝒂
) =

𝑭

𝟐
∑

𝟏

𝒔 − 𝒂
=
𝑭

𝟐
∑
𝒙 + 𝒚

𝒛
≥ 
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≥
𝟑𝑭

𝟐
. √
(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒙 + 𝒛)

𝒙𝒚𝒛

𝟑

≥
𝟑𝑭

𝟐
√
𝟖𝒙𝒚𝒛

𝒙𝒚𝒛

𝟑

=
𝟑𝑭

𝟐
. 𝟐 = 𝟑𝑭  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄. 
 

Solution 2 by Ertan Yildirim-Turkiye 
𝑳𝒆𝒎𝒎𝒂: 

 𝒓𝒂𝒓𝒃𝒓𝒄 = 𝒑
𝟐𝒓  

 
𝑷𝒓𝒐𝒐𝒇: 

 𝒓𝒂 =
𝑭

𝒑 − 𝒂
, 𝒓𝒃 =

𝑭

𝒑 − 𝒃
, 𝒓𝒄 =

𝑭

𝒑 − 𝒄
 

𝒓𝒂𝒓𝒃𝒓𝒄 =
𝑭𝟑

(𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄)
=

𝑭𝟑𝒑

𝒑(𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄)
=
𝑭𝟑𝒑

𝑭𝟐
= 𝑭𝒑 = 𝒑𝒓𝒑 = 𝒑𝟐𝒓. 

[𝑰𝒂𝑩𝑪] =
𝒂𝒓𝒂
𝟐

 

[𝑰𝒃𝑨𝑪] =
𝒃𝒓𝒃
𝟐

 

[𝑰𝒄𝑨𝑩] =
𝒄𝒓𝒄
𝟐

 

𝑳𝑯𝑺 =
𝟏

𝟐
∑𝒂𝒓𝒂 ≥

𝟏

𝟐
. 𝟑. √𝒂𝒃𝒄𝒓𝒂𝒓𝒃𝒓𝒄

𝟑 =
𝟑

𝟐
. √𝟒𝒑𝒓𝑹𝒑𝟐𝒓
𝟑

=
𝟑

𝟐
. √𝟒𝒑𝟑𝑹𝒓𝟐
𝟑

≥
𝟑

𝟐
. 𝟐𝒑𝒓 = 𝟑𝑭 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄. 

 

3823. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
(
𝐬𝐢𝐧 𝐁 + 𝐬𝐢𝐧 𝐂
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁

)
𝟐

+ (
𝐬𝐢𝐧 𝐂 + 𝐬𝐢𝐧 𝐀
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁

)
𝟐

𝐬𝐢𝐧𝟐 𝐂
𝐬𝐢𝐧𝟐 𝐀

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂)𝟐 +
𝐬𝐢𝐧𝟐 𝐁
𝐬𝐢𝐧𝟐 𝐀

(𝐬𝐢𝐧 𝐂 + 𝐬𝐢𝐧𝐀)𝟐𝐜𝐲𝐜

≥ 𝟏 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’, 𝒙′, 𝐲′, 𝐳′ > 𝟎, 

𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ +𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) ≥

𝐖𝒂𝒍𝐭𝐞𝐫 𝐉𝒂𝐧𝐨𝐮𝐬

⏟      
①

√𝟑∑𝐀′𝐁′

𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑
(
𝐬𝐢𝐧 𝐁 + 𝐬𝐢𝐧𝐂
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁)

𝟐

+ (
𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁)

𝟐

𝐬𝐢𝐧𝟐 𝐂
𝐬𝐢𝐧𝟐 𝐀

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂)𝟐 +
𝐬𝐢𝐧𝟐 𝐁
𝐬𝐢𝐧𝟐𝐀

(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)𝟐𝐜𝐲𝐜
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=∑

𝐬𝐢𝐧𝟐𝐀(
(
𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁)

𝟐

+ (
𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧 𝐀
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁)

𝟐

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)𝟐(𝐬𝐢𝐧 𝐂 + 𝐬𝐢𝐧𝐀)𝟐
)

𝐬𝐢𝐧𝟐 𝐂
(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)𝟐

+
𝐬𝐢𝐧𝟐 𝐁

(𝐬𝐢𝐧 𝐁 + 𝐬𝐢𝐧 𝐂)𝟐
𝐜𝐲𝐜

=∑

𝐬𝐢𝐧𝟐𝐀
(𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁)𝟐

. (
𝟏

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)𝟐
+

𝟏
(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧 𝐀)𝟐

)

𝐬𝐢𝐧𝟐 𝐁
(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂)𝟐

+
𝐬𝐢𝐧𝟐 𝐂

(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)𝟐
𝐜𝐲𝐜

 

=
𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ + 𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) 

(

 
 𝒙

′ =
𝐬𝐢𝐧𝟐 𝐀

(𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁)𝟐
, 𝐲′ =

𝐬𝐢𝐧𝟐 𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)𝟐
, 𝐳′ =

𝐬𝐢𝐧𝟐 𝐂

(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)𝟐
,

𝐀′ =
𝟏

(𝐬𝐢𝐧 𝐀 + 𝐬𝐢𝐧𝐁)𝟐
, 𝐁′ =

𝟏

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂)𝟐
, 𝐂′ =

𝟏

(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)𝟐)

 
 

 

≥
𝐯𝐢𝒂 ①

√𝟑∑
𝟏

(𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁)𝟐(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)𝟐
𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

 

𝟑

(√(𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁)(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧 𝐀)
𝟑

)
𝟐 ≥
𝐀𝐌−𝐆𝐌 𝟑

(
𝟐(𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁 + 𝐬𝐢𝐧𝐂)

𝟑 )
𝟐 ≥
𝐉𝐞𝐧𝐬𝐞𝐧

 

𝟑

(√𝟑)
𝟐 = 𝟏 𝒂𝐧𝐝 𝐬𝐨,∑

(
𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁)

𝟐

+ (
𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧 𝐀
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁)

𝟐

𝐬𝐢𝐧𝟐 𝐂
𝐬𝐢𝐧𝟐𝐀

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)𝟐 +
𝐬𝐢𝐧𝟐 𝐁
𝐬𝐢𝐧𝟐 𝐀

(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)𝟐𝐜𝐲𝐜

≥ 𝟏 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3824. In acute ∆𝑨𝑩𝑪 the following relationship holds: 

𝐜𝐨𝐬(𝑨) . 𝐜𝐨𝐬(𝑩) + 𝐜𝐨𝐬(𝑪) . 𝐜𝐨𝐬(𝑩) + 𝐜𝐨𝐬(𝑨) . 𝐜𝐨𝐬(𝑪) ≤
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟏𝟔𝑹𝑺
 

Proposed by Ertan Yildirim-Turkiye 
Soltion by Mirsadix Muzefferov-Azerbaijan 
 

𝑹𝑯𝑺 =
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟏𝟔𝑹𝑺
=
𝒂𝟑 + 𝒃𝟑 + 𝒄𝟑

𝟒𝒂𝒃𝒄
≥⏞

𝑨𝑴−𝑮𝑴 𝟑𝒂𝒃𝒄

𝟒𝒂𝒃𝒄
=
𝟑

𝟒
  (∗) 

𝑳𝑯𝑺 =∑𝐜𝐨𝐬(𝑨) . 𝐜𝐨𝐬(𝑩)

𝒄𝒚𝒄

=
𝒑𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐
=
𝟒𝑹𝒓 + 𝟒𝒓𝟐

𝟒𝑹𝟐
=
𝒓

𝑹
+ (

𝒓

𝑹
)
𝟐

≤
𝟏

𝟐
+
𝟏

𝟒
=
𝟑

𝟒
   (∗∗) 
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𝑳𝑯𝑺 ≤⏞
 (∗∗)

𝟑

𝟒
,     𝑹𝑯𝑺 ≥⏞

 (∗)
𝟑

𝟒
  →    𝑳𝑯𝑺 ≤ 𝑹𝑯𝑺  (𝑷𝑹𝑶𝑽𝑬𝑫)  

 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂𝒏  𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍  𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

 
3825. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝐜𝐨𝐬 (
𝑨 − 𝑩

𝟐
) . 𝐜𝐨𝐬 (

𝑩 − 𝑪

𝟐
) . 𝐜𝐨𝐬 (

𝑪 − 𝑨

𝟐
) ≤

𝟏

𝟒
(
𝑹

𝒓
+
𝒓

𝑹
) +

𝟑

𝟖
 

Proposed by Ertan Yildirim-Turkiye 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝑩𝒚   𝑴𝒐𝒍𝒍𝒘𝒆𝒊𝒅𝒆′𝒔   𝒇𝒐𝒓𝒎𝒖𝒍𝒂:   

𝐜𝐨𝐬 (
𝑨 − 𝑩

𝟐
) =

𝒂 + 𝒃

𝒄
. 𝐬𝐢𝐧 (

𝑪

𝟐
) 

∏𝐜𝐨𝐬(
𝑨 − 𝑩

𝟐
)

𝒄𝒚𝒄

=∏
𝒂+ 𝒃

𝒄
𝒄𝒚𝒄

.∏𝐬𝐢𝐧 (
𝑪

𝟐
)

𝒄𝒚𝒄

=
𝒓

𝟒𝑹
(𝟐 + (

𝒂

𝒃
+
𝒃

𝒂
) + (

𝒃

𝒄
+
𝒄

𝒃
) + (

𝒄

𝒂
+
𝒂

𝒄
)) ≤ 

≤ (𝟐 + 𝟑.
𝑹

𝒓
) .
𝒓

𝟒𝑹
=
𝒓

𝟐𝑹
+
𝟑

𝟒
 

𝑳𝒆𝒕′𝒔   𝒑𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕 ∶  
𝒓

𝟐𝑹
+
𝟑

𝟒
≤
𝟏

𝟒
(
𝑹

𝒓
+
𝒓

𝑹
) +

𝟑

𝟖
 

𝟐𝒓

𝑹
+ 𝟑 ≤

𝑹

𝒓
+
𝒓

𝑹
+
𝟑

𝟐
 →  𝟐𝑹𝟐 − 𝟑𝑹𝒓 − 𝟐𝒓𝟐 ≥ 𝟎 →  

(𝑹 − 𝟐𝒓)(𝟐𝑹+ 𝒓) ≥ 𝟎 →    𝑹 ≥ 𝟐𝒓  (𝑬𝒖𝒍𝒆𝒓)  𝑻𝒓𝒖𝒆 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂𝒏  𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍  𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

 
3826. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟐𝐫
𝐡𝒂
𝟐 +

𝟐
𝐡𝒂
+

𝐫
𝐡𝐛𝐡𝐜

𝐜𝐲𝐜

≥
𝟒𝐩𝟐𝐫

𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟐𝐫
𝐡𝒂𝟐
+
𝟐
𝐡𝒂
+

𝐫
𝐡𝐛𝐡𝐜

𝐜𝐲𝐜

=∑
𝐡𝒂
𝟐

𝟐𝐫 + 𝟐𝐡𝒂 +
𝐑𝐫𝐡𝒂𝟑

𝟐𝐩𝟐𝐫𝟐
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦
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(𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫)𝟐

𝟒𝐑𝟐

𝟔𝐫 +
𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫

𝐑 +
𝐑

𝟐𝐩𝟐𝐫
.∑

𝒂𝟑𝐛𝟑

𝟖𝐑𝟑𝐜𝐲𝐜

 

=
𝟒𝐩𝟐𝐫(𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫)𝟐

𝟗𝟔𝐑𝟐𝐫𝟐𝐩𝟐 + 𝟏𝟔𝐑𝐫𝐩𝟐(𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫) + (𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫)𝟑 − 𝟐𝟒𝐑𝐫𝐩𝟐(𝐩𝟐 + 𝐫𝟐 + 𝟐𝐑𝐫)
≥
?

 

𝟒𝐩𝟐𝐫

𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫
⇔ (𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫)𝟑 ≥

?
𝟗𝟔𝐑𝟐𝐫𝟐𝐩𝟐 + 𝟏𝟔𝐑𝐫𝐩𝟐(𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫) + 

(𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫)𝟑 − 𝟐𝟒𝐑𝐫𝐩𝟐(𝐩𝟐 + 𝐫𝟐 + 𝟐𝐑𝐫) 

⇔ 𝟑(𝐩𝟐 + 𝐫𝟐 + 𝟐𝐑𝐫) ≥
?
𝟏𝟐𝐑𝐫 + 𝟐(𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫) ⇔ 𝐩𝟐 ≥

?
𝟏𝟒𝐑𝐫 − 𝐫𝟐 

⇔ (𝐩𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) + 𝟐𝐫(𝐑 − 𝟐𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐩𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟎 𝒂𝐧𝐝  

𝟐𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝒍𝐞𝐫

𝟎 ∴ ∑
𝟏

𝟐𝐫
𝐡𝒂𝟐
+
𝟐
𝐡𝒂
+

𝐫
𝐡𝐛𝐡𝐜

𝐜𝐲𝐜

≥
𝟒𝐩𝟐𝐫

𝐩𝟐 + 𝐫𝟐 + 𝟒𝐑𝐫
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3827. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟐𝐫
𝐫𝒂
𝟐 +

𝟐
𝐫𝒂
+

𝐫
𝐫𝐛𝐫𝐜

𝐜𝐲𝐜

≥
𝐩𝟐

𝟒𝐑 + 𝐫
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟐𝐫
𝐫𝒂𝟐
+
𝟐
𝐫𝒂
+

𝐫
𝐫𝐛𝐫𝐜

𝐜𝐲𝐜

=∑
𝐫𝒂
𝟐

𝟐𝐫 + 𝟐𝐫𝒂 +
𝐫𝐫𝒂𝟑

𝐩𝟐𝐫
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝐩𝟐(𝟒𝐑 + 𝐫)𝟐

𝟔𝐫𝐩𝟐 + 𝟐𝐩𝟐(𝟒𝐑+ 𝐫) + (𝟒𝐑 + 𝐫)𝟑 − 𝟏𝟐𝐑𝐩𝟐
 (∵∑𝐫𝒂

𝟑

𝐜𝐲𝐜

= (𝟒𝐑 + 𝐫)𝟑 − 𝟏𝟐𝐑𝐩𝟐) 

=
𝐩𝟐(𝟒𝐑+ 𝐫)𝟐

(𝟖𝐑 + 𝟖𝐫)𝐩𝟐 + (𝟒𝐑 + 𝐫)𝟑 − 𝟏𝟐𝐑𝐩𝟐
≥
? 𝐩𝟐

𝟒𝐑 + 𝐫
 

⇔ (𝟒𝐑 + 𝐫)𝟑 ≥
?
(𝟖𝐑+ 𝟖𝐫)𝐩𝟐 + (𝟒𝐑 + 𝐫)𝟑 − 𝟏𝟐𝐑𝐩𝟐 ⇔ 𝟒𝐑 ≥

?
𝟖𝐫 → 𝐭𝐫𝐮𝐞 𝐯𝐢𝒂 𝐄𝐮𝒍𝐞𝐫 

∴ ∑
𝟏

𝟐𝐫
𝐫𝒂𝟐
+
𝟐
𝐫𝒂
+

𝐫
𝐫𝐛𝐫𝐜

𝐜𝐲𝐜

≥
𝐩𝟐

𝟒𝐑 + 𝐫
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3828. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
(𝒄 + √𝒂𝒃)

𝟐

𝟐(𝒃 + 𝒄 − 𝒂)(𝒂 + 𝒄)
≤
𝑹

𝒓
+ 𝟏 

 
Proposed by Neculai Stanciu-Romania 

Solution by Tapas Das-India 
 

𝑲𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕:∑
𝟏

𝒔 − 𝒂
=
𝟒𝑹 + 𝒓

𝒔𝒓
 

 

(𝒄 + √𝒂𝒃)
𝟐
≤
𝑪−𝑺

 (𝒄 + 𝒂)(𝒄 + 𝒃) 

 

∑
(𝒄 + √𝒂𝒃)

𝟐

𝟐(𝒃 + 𝒄 − 𝒂)(𝒂 + 𝒄)
≤∑

(𝒄 + 𝒂)(𝒄 + 𝒃)  

𝟒(𝒔 − 𝒂)(𝒂 + 𝒄)
=
𝟏

𝟒
∑

𝒄+ 𝒃

𝒔 − 𝒂
=
𝟏

𝟒
∑

𝟐𝒔 − 𝒂

𝒔 − 𝒂
= 

 

=
𝟏

𝟒
∑

(𝒔 − 𝒂) + 𝒔

𝒔 − 𝒂
=
𝟏

𝟒
(𝟑 + 𝒔∑

𝟏

𝒔 − 𝒂
) =

𝟏

𝟒
(𝟑 + 𝒔.

𝟒𝑹 + 𝒓

𝒔𝒓
) =

𝟏

𝟒
(𝟒 +

𝟒𝑹

𝒓
) =

𝑹

𝒓
+ 𝟏 

 
Equality holds for an equilateral triangle. 

 

3829. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝐜𝐨𝐭
𝑨

𝟐
√𝒄𝒐𝒔𝑨 + 𝐜𝐨𝐭

𝑩

𝟐
√𝒄𝒐𝒔𝑩 + 𝐜𝐨𝐭

𝑪

𝟐
√𝒄𝒐𝒔𝑪 > √𝟑 

 
Proposed by Vasile Mircea Popa-Romania 

Solution by Tapas Das-India 
 

𝒂𝒔 𝟎 < 𝑐𝑜𝑠𝐴 < 1 𝑡ℎ𝑒𝑛 √𝒄𝒐𝒔𝑨 > 𝑐𝑜𝑠𝐴 (𝟏) 
 

 𝑾𝑳𝑶𝑮 𝑨 ≥ 𝑩 ≥ 𝑪  

 𝐜𝐨𝐭
𝑨

𝟐
≤ 𝐜𝐨𝐭

𝑩

𝟐
≤ 𝐜𝐨𝐭

𝑪

𝟐
 & 𝑐𝑜𝑠𝐴 ≤ 𝑐𝑜𝑠𝐵 ≤ 𝑐𝑜𝑠𝐶 

 

𝐜𝐨𝐭
𝑨

𝟐
√𝒄𝒐𝒔𝑨 + 𝐜𝐨𝐭

𝑩

𝟐
√𝒄𝒐𝒔𝑩 + 𝐜𝐨𝐭

𝑪

𝟐
√𝒄𝒐𝒔𝑪 ≥

(𝟏)
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 ≥ 𝐜𝐨𝐭
𝑨

𝟐
𝒄𝒐𝒔𝑨 + 𝐜𝐨𝐭

𝑩

𝟐
𝒄𝒐𝒔𝑩 + 𝐜𝐨𝐭

𝑪

𝟐
𝒄𝒐𝒔𝑪 ≥

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(∑𝐜𝐨𝐭

𝑨

𝟐
) (∑𝒄𝒐𝒔𝑨) = 

 

=
𝟏

𝟑
.
𝒔

𝒓
.
𝑹 + 𝒓

𝑹
>
𝟏

𝟑
.
𝒔

𝒓
.
𝑹

𝑹
>

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟏

𝟑
.
𝟑√𝟑𝒓

𝒓
= √𝟑 

 

3830. 𝑰 −  𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒊𝒏 𝚫𝑨𝑩𝑪 , 𝑨(𝟐, 𝟐), 𝑩(𝟔, 𝟒), 𝑪(𝟒, 𝟖),𝑴(𝟖, 𝟔). 
 

𝑭𝒊𝒏𝒅 𝑴𝑰. 
 

Proposed by Daniel Sitaru-Romania 
Solution by Tapas Das-India 
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒏 𝚫𝑨𝑩𝑪 𝒘𝒊𝒕𝒉 𝒗𝒆𝒓𝒕𝒊𝒄𝒆𝒔 𝑨(𝒙𝟏, 𝒚𝟏), 𝑩(𝒙𝟐, 𝒚𝟐), 𝑪(𝒙𝟑, 𝒚𝟑): 
 

𝑰𝒏𝒄𝒆𝒏𝒕𝒆𝒓 − 𝑰 = (
𝒂𝒙𝟏 + 𝒃𝒙𝟐 + 𝒄𝒙𝟑

𝒂 + 𝒃 + 𝒄
,
𝒂𝒚𝟏 + 𝒃𝒚𝟐 + 𝒄𝒚𝟑

𝒂 + 𝒃 + 𝒄 
) 

 
𝒏𝒐𝒘 𝑨(𝒙𝟏, 𝒚𝟏) = 𝑨(𝟐, 𝟐),𝑩(𝒙𝟐, 𝒚𝟐) = 𝑩(𝟔, 𝟒), 𝑪(𝒙𝟑, 𝒚𝟑) = 𝑪(𝟒, 𝟖)  

 

𝒂 = 𝑩𝑪 = √(𝟔 − 𝟒)𝟐 + (𝟒 − 𝟐)𝟐 = 𝟐√𝟓, 

 𝒃 = 𝑪𝑨 = √(𝟒 − 𝟐)𝟐 + (𝟖 − 𝟐)𝟐 = 𝟐√𝟏𝟎, 

𝒄 = 𝑨𝑩 = √(𝟔 − 𝟐)𝟐 + (𝟒 − 𝟐)𝟐 = 𝟐√𝟓 
 

𝑰 − 𝑰𝒏𝒄𝒆𝒏𝒕𝒆𝒓 = 

= (
𝟐√𝟓 × 𝟐 + 𝟐√𝟏𝟎 × 𝟔 + 𝟐√𝟓 × 𝟒

𝟐√𝟓 + 𝟐√𝟓 + 𝟐√𝟏𝟎
,
𝟐√𝟓 × 𝟐 + 𝟐√𝟏𝟎 × 𝟒+ 𝟐√𝟓 × 𝟖

𝟐√𝟓 + 𝟐√𝟓 + 𝟐√𝟏𝟎
) = (𝟑√𝟐,𝟔 − √𝟐) 

 

𝑴𝑰 = √(𝟖 − 𝟑√𝟐)
𝟐
+ (𝟔 − 𝟔 + √𝟐)

𝟐
= √𝟔𝟒 + 𝟏𝟖 − 𝟒𝟖√𝟐+ 𝟐 = 𝟐√𝟐𝟏− 𝟏𝟐√𝟐 

 
3831. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑√𝟐𝑹(𝒏𝒂 − √𝟒𝒓
𝟐 + (𝒏𝒂 − 𝒈𝒂)

𝟐) ≥∑𝑨𝑰√
𝒏𝒂
𝒉𝒂

 

 
Proposed by Bogdan Fuștei-Romania 
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Solution by Tapas Das-India 
 

𝒓 =
𝑭

𝒔
= 𝟒𝑹𝐬𝐢𝐧

𝑨

𝟐
𝐬𝐢𝐧

𝑩

𝟐
𝐬𝐢𝐧

𝑪

𝟐
= (𝒔 − 𝒂)𝒕𝒂𝒏 (

𝑨

𝟐
) ⇒ (𝒔 − 𝒂) =

𝒓

𝐭𝐚𝐧(
𝑨
𝟐
)
 (𝟏) 

 𝒍𝒆𝒎𝒎𝒂: |𝒃 − 𝒄| ≥ 𝒏𝒂 − 𝒈𝒂,
𝒏𝒂
𝒉𝒂
=
√𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐

𝟐𝒓
 

(Reference: About  Nagel and Gergonne’s cevian by Bogdan Fustei  , www.ssmrmh.ro) 
 

𝑳.𝑯. 𝑺 =∑√𝟐𝑹(𝒏𝒂 − √𝟒𝒓𝟐 + (𝒏𝒂 −𝒈𝒂)𝟐) ≥
𝒍𝒆𝒎𝒎𝒂

  

≥∑√𝟐𝑹(𝒏𝒂 −√𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐) ≥
𝒍𝒆𝒎𝒎𝒂

 

≥∑√𝟐𝑹(𝒏𝒂 −
𝒏𝒂
𝒉𝒂
. 𝟐𝒓) = ∑√

𝒏𝒂
𝒉𝒂
√𝟐𝑹(𝒉𝒂 − 𝟐𝒓) = ∑√

𝒏𝒂
𝒉𝒂
√𝟐𝑹.

𝟐𝒓(𝒔 − 𝒂)

𝒂
= 

=∑√
𝒏𝒂
𝒉𝒂√

𝟐𝑹.
𝟐𝒓(𝒔 − 𝒂)

𝟒𝑹𝒔𝒊𝒏(
𝑨
𝟐)𝐜𝐨𝐬 (

𝑨
𝟐)
. =
(𝟏)

 

=∑√
𝒏𝒂
𝒉𝒂

√𝟐𝑹.

𝟐𝒓
𝒓

𝐭𝐚𝐧(
𝑨
𝟐)

𝟒𝑹𝒔𝒊𝒏 (
𝑨
𝟐)𝐜𝐨𝐬 (

𝑨
𝟐)
. =∑√

𝒏𝒂
𝒉𝒂
√

𝒓𝟐

𝐬𝐢𝐧𝟐 (
𝑨
𝟐)
. =∑𝑨𝑰√

𝒏𝒂
𝒉𝒂

 

 
Equality holds for an equilateral triangle. 

 

3832. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐∑
𝐧𝒂

√𝟒𝐫𝟐 + (𝐧𝒂 − 𝒈𝒂)
𝟐

𝐜𝐲𝐜

≥ 𝟑 +∑
𝐛+ 𝐜

𝒂
𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

(𝐧𝒂 −𝒈𝒂)
𝟐 = 𝐧𝒂

𝟐 + 𝒈𝒂
𝟐 − 𝟐𝐧𝒂𝒈𝒂 ≤

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 
(𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂) − 𝟐𝐬(𝐬 − 𝒂) = (𝐛 − 𝐜)𝟐 

∴ √𝟒𝐫𝟐 + (𝐧𝒂 − 𝒈𝒂)𝟐 ≤ √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 =
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢 𝒂𝐧𝒂

𝐬
⇒

𝟐𝐧𝒂

√𝟒𝐫𝟐 + (𝐧𝒂 −𝒈𝒂)𝟐
≥ 

http://www.ssmrmh.ro/
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𝟐𝐧𝒂𝐬

𝒂𝐧𝒂
=
𝒂 + 𝐛 + 𝐜

𝒂
∴

𝟐𝐧𝒂

√𝟒𝐫𝟐 + (𝐧𝒂 − 𝒈𝒂)𝟐
≥ 𝟏 +

𝐛 + 𝐜

𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

∴ 𝟐∑
𝐧𝒂

√𝟒𝐫𝟐 + (𝐧𝒂 − 𝒈𝒂)
𝟐

𝐜𝐲𝐜

≥ 𝟑 +∑
𝐛 + 𝐜

𝒂
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

 
′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3833. 
𝑰𝒇 𝒊𝒏 𝚫𝑨𝑩𝑪 , 𝑨′ ∈ (𝑩𝑪), 𝑩′ ∈ (𝑪𝑨), 𝑪′ ∈ (𝑨𝑩) 𝒂𝒏𝒅 

 
𝑩𝑨′

𝑪𝑨′
=
𝑪𝑩′

𝑨𝑩′
=
𝑨𝑪′

𝑩𝑪′
= 𝟓  𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

 

 𝑨𝑨′𝟐 +𝑩𝑩′𝟐 + 𝑪𝑪′𝟐 >
𝟑𝟏√𝟑

𝟗
𝑭 

 
Proposed by Daniel Sitaru-Romania 

Solution by Tapas Das-India 
 

𝑩𝑪 = 𝒂,𝑪𝑨 = 𝒃, 𝑨𝑩 = 𝒄 ,
𝑩𝑨′

𝑪𝑨′
=
𝑪𝑩′

𝑨𝑩′
=
𝑨𝑪′

𝑩𝑪′
= 𝟓  

𝒕𝒉𝒆𝒏 𝑩𝑨′: 𝑪𝑨′ = 𝟓:𝟏 ⇒  𝑩𝑨′ =
𝟓𝒂

𝟔
, 𝑪𝑨′ =

𝒂

𝟔
  

 

𝒇𝒓𝒐𝒎 𝚫𝑨𝑩𝑨′ 𝒘𝒆 𝒉𝒂𝒗𝒆 𝑨𝑨′𝟐 = 𝑨𝑩𝟐 +𝑩𝑨′𝟐 − 𝟐𝑨𝑩.𝑩𝑨′ 𝐜𝐨𝐬∠𝑨𝑩𝑨′ 

𝑨𝑨′𝟐 = 𝒄𝟐 + (
𝟓𝒂

𝟔
)

𝟐

− 𝟐𝒄.
𝟓𝒂

𝟔
𝐜𝐨𝐬 𝑩 >

𝒄𝒐𝒔𝑩<1
𝒄𝟐 +

𝟐𝟓𝒂𝟐

𝟑𝟔
−
𝟏𝟎𝒂𝒄

𝟔
 

 𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒚: 

𝑩𝑩′𝟐 = 𝒂𝟐 +
𝟐𝟓𝒃𝟐

𝟑𝟔
−
𝟏𝟎𝒂𝒃

𝟔
, 𝑪𝑪′ = 𝒃𝟐 +

𝟐𝟓𝒄𝟐

𝟑𝟔
−
𝟏𝟎𝒃𝒄

𝟔
 

  𝑨𝑨′𝟐 + 𝑩𝑩′𝟐 + 𝑪𝑪′𝟐 > 𝒄𝟐 +
𝟐𝟓𝒂𝟐

𝟑𝟔
−
𝟏𝟎𝒂𝒄

𝟔
+ 𝒂𝟐 +

𝟐𝟓𝒃𝟐

𝟑𝟔
−
𝟏𝟎𝒂𝒃

𝟔
+ 𝒃𝟐 +

𝟐𝟓𝒄𝟐

𝟑𝟔
−
𝟏𝟎𝒃𝒄

𝟔
= 

 

=
𝟔𝟏

𝟑𝟔
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟔𝟎

𝟑𝟔
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) >

𝟔𝟏

𝟑𝟔
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) −

𝟔𝟎

𝟑𝟔
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) 

 

=
𝟑𝟏

𝟑𝟔
(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) >

𝟑𝟏

𝟑𝟔
(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂) ≥

𝑮𝒐𝒓𝒅𝒐𝒏 𝟑𝟏

𝟑𝟔
. 𝟒√𝟑𝑭 =

𝟑𝟏√𝟑

𝟗
𝑭 
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3834. In ∆𝑨𝑩𝑪 the following relationship holds: 

(∑𝒓𝒂
𝒄𝒚𝒄

)(∑
𝟏

𝒄𝒐𝒔𝟐 (
𝑨
𝟐
)𝒄𝒚𝒄

) ≤ 𝟗
𝑹𝟐

𝒓
 

 
Proposed by Kostantinos Geronikolas-Greece 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝑭𝒊𝒓𝒔𝒕, 𝒍𝒆𝒕  𝒖𝒔  𝒑𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕: 

∑
𝟏

𝒄𝒐𝒔𝟐 (
𝑨
𝟐)𝒄𝒚𝒄

≤
𝟐𝑹

𝒓
 

𝑭𝒐𝒓  𝒕𝒉𝒊𝒔 ∶   ∑
𝟏

𝒄𝒐𝒔𝟐 (
𝑨
𝟐)𝒄𝒚𝒄

= 𝟏 +
(𝟒𝑹 + 𝒓)𝟐

𝑺𝟐
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

𝟏 +
(𝟒𝑹+ 𝒓)𝟐

𝟏𝟔𝑹𝒓 − 𝒓𝟐
=
𝟏𝟔𝑹𝟐 + 𝟐𝟒𝑹𝒓 − 𝟒𝒓𝟐

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐
≤⏞
? 𝟐𝑹

𝒓
 

𝟖𝑹𝟐 + 𝟏𝟐𝑹𝒓 − 𝟐𝒓𝟐 ≤ 𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐  
𝟖𝑹𝟐 − 𝟏𝟕𝑹𝒓 + 𝟐𝒓𝟐 ≥ 𝟎 

(𝑹 − 𝟐𝒓)(𝟖𝑹− 𝒓) ≥ 𝟎 →   𝑹 ≥ 𝟐𝒓  (𝑬𝒖𝒍𝒆𝒓)  𝑻𝒓𝒖𝒆 

𝑵𝒐𝒘 ∶   (∑𝒓𝒂
𝒄𝒚𝒄

)(∑
𝟏

𝒄𝒐𝒔𝟐 (
𝑨
𝟐)𝒄𝒚𝒄

) ≤ (𝟒𝑹 + 𝒓).
𝟐𝑹

𝒓
 ≤⏞
𝑬𝒖𝒍𝒆𝒓 𝟗𝑹

𝟐
.
𝟐𝑹

𝒓
=
𝟗𝑹𝟐

𝒓
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂𝒏  𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍  𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

3835. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑(𝒉𝒃 − 𝒉𝒄)(𝒃 − 𝒄) + 𝟒𝒔(𝑹 − 𝟐𝒓) ≥ 𝟎 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

∑(𝒉𝒃 − 𝒉𝒄)(𝒃 − 𝒄) =
𝟏

𝟐𝑹
∑(𝒂𝒄 − 𝒂𝒃)(𝒃 − 𝒄) = 

 

= −
𝟏

𝟐𝑹
∑𝒂(𝒃 − 𝒄)𝟐 = −

𝟏

𝟐𝑹
(∑𝒂(𝒃𝟐 + 𝒄𝟐) − 𝟔𝒂𝒃𝒄) = 

= −
𝟏

𝟐𝑹
(∑𝒂∑𝒂𝟐 −∑𝒂𝟑 − 𝟔𝒂𝒃𝒄) = 

=
𝟏

𝟐𝑹
(𝟐𝟒𝑹𝒓𝒔 + 𝟐𝒔(𝒔𝟐 − 𝟔𝑹𝒓 − 𝟑𝒓𝟐) − 𝟐𝒔. 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)) 
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=
𝒔

𝑹
(𝟏𝟒𝑹𝒓 − 𝒓𝟐 − 𝒔𝟐) ≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

≥
𝒔

𝑹
(𝟏𝟒𝑹𝒓 − 𝒓𝟐 − 𝟒𝑹𝟐 − 𝟒𝑹𝒓 − 𝟑𝒓𝟐) =

𝒔

𝑹
(𝟏𝟎𝑹𝒓 − 𝟒𝒓𝟐 − 𝟒𝑹𝟐) 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

∑(𝒉𝒃 − 𝒉𝒄)(𝒃 − 𝒄) + 𝟒𝒔(𝑹 − 𝟐𝒓) ≥ 𝟎 

 
𝒔

𝑹
(𝟏𝟎𝑹𝒓 − 𝟒𝒓𝟐 − 𝟒𝑹𝟐) + 𝟒𝒔(𝑹 − 𝟐𝒓) ≥ 𝟎 𝒐𝒓 

𝒔

𝑹
(𝟐𝑹𝒓 − 𝟒𝒓𝟐) ≥ 𝟎  

𝟐𝒔𝒓

𝑹
(𝑹− 𝟐𝒓) ≥ 𝟎 𝒕𝒓𝒖𝒆 𝒃𝒚  𝑬𝒖𝒍𝒆𝒓. 

Equality  holds for an equilateral triangle. 

 
3836. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
(𝒃+ 𝒄)𝟐

𝒘𝒃𝒘𝒄
≥ 𝟏𝟔 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝒘𝒃𝒘𝒄 ≤ √𝒔(𝒔 − 𝒃) . √𝒔(𝒔 − 𝒄) = 𝒔√(𝒔 − 𝒃)(𝒔 − 𝒄) ≤
𝑨𝑴−𝑮𝑴

 
 

≤  𝒔.
𝒔 − 𝒃 + 𝒔 − 𝒄

𝟐
=
𝒔(𝟐𝒔 − (𝒃 + 𝒄))

𝟐
=
𝒂𝒔

𝟐
 

 

∑
(𝒃 + 𝒄)𝟐

𝒘𝒃𝒘𝒄
≥∑

(𝒃 + 𝒄)𝟐

𝒂𝒔
𝟐

=
𝟐

𝒔
∑

(𝒃 + 𝒄)𝟐

𝒂
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎

 

≥
𝟐

𝒔
∙
(𝟐(𝒂 + 𝒃 + 𝒄))

𝟐

𝒂 + 𝒃 + 𝒄
=
𝟖(𝒂 + 𝒃 + 𝒄)

𝒔
= 𝟖 ×

𝟐𝒔

𝒔
= 𝟏𝟔 

 
Equality holds for an equilateral triangle. 

 

3837. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒄𝒕𝒈 (
𝑨
𝟐
)

𝒄𝒕𝒈𝟐 (
𝑩
𝟐
)
+
𝒄𝒕𝒈 (

𝑩
𝟐
)

𝒄𝒕𝒈𝟐 (
𝑪
𝟐
)
+
𝒄𝒕𝒈 (

𝑪
𝟐
)

𝒄𝒕𝒈𝟐 (
𝑨
𝟐
)
≥ √𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 



 
www.ssmrmh.ro 

29 RMM-TRIANGLE MARATHON 3801-3900 

 

Solution by Mirsadix Muzefferov-Azerbaijan 

𝒄𝒕𝒈 (
𝑨
𝟐)

𝒄𝒕𝒈𝟐 (
𝑩
𝟐)
+
𝒄𝒕𝒈 (

𝑩
𝟐)

𝒄𝒕𝒈𝟐 (
𝑪
𝟐)
+
𝒄𝒕𝒈 (

𝑪
𝟐)

𝒄𝒕𝒈𝟐 (
𝑨
𝟐)

≥⏞
𝑨𝑴−𝑮𝑴

𝟑(
𝒄𝒕𝒈 (

𝑨
𝟐)

𝒄𝒕𝒈𝟐 (
𝑩
𝟐)
.
𝒄𝒕𝒈 (

𝑩
𝟐)

𝒄𝒕𝒈𝟐 (
𝑪
𝟐)
.
𝒄𝒕𝒈 (

𝑪
𝟐)

𝒄𝒕𝒈𝟐 (
𝑨
𝟐)
)

𝟏
𝟑

= 

= 𝟑(∏𝐭𝐚𝐧 (
𝑨

𝟐
)

𝒄𝒚𝒄

)

𝟏
𝟑

= 𝟑(
𝒓

𝒔
)

𝟏
𝟑

≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑(
𝟏

𝟑√𝟑
)

𝟏
𝟑
= √𝟑 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝑨 = 𝑩 = 𝑪. 
 

3838. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒓𝒂
𝒃
+
𝒓𝒃
𝒄
+
𝒓𝒄
𝒂
≥
𝒉𝒂
𝒃
+
𝒉𝒃
𝒄
+
𝒉𝒄
𝒂

 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝒉𝒂
𝒃
+
𝒉𝒃
𝒄
+
𝒉𝒄
𝒂
=
𝟐𝑭

𝒂𝒃
+
𝟐𝑭

𝒄𝒃
+
𝟐𝑭

𝒂𝒄
= 

𝟐𝑭(𝒂 + 𝒃 + 𝒄)

𝒂𝒃𝒄
=
𝟒𝑭. 𝒔

𝟒𝑭.𝑹
= 𝒔 

𝒓𝒂
𝒃
+
𝒓𝒃
𝒄
+
𝒓𝒄
𝒂

≥⏞
𝑨𝑴−𝑮𝑴

𝟑(
𝒓𝒂𝒓𝒃𝒓𝒄
𝒂𝒃𝒄

)

𝟏
𝟑
= 𝟑(

𝒓𝒔𝟐

𝟒𝑹𝑭
)

𝟏
𝟑

= 

𝟑(
𝒓𝒔𝟐

𝟒𝑹. 𝒓𝒔
)

𝟏
𝟑

= 𝟑 (
𝒔

𝟒𝑹
)

𝟏
𝟑

 

𝑳𝒆𝒕′𝒔  𝒑𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕 ∶  

𝟑(
𝒔

𝟒𝑹
)

𝟏
𝟑
≥
𝑺

𝑹
 →  

𝟐𝟕

𝟒
.
𝒔

𝑹
≥ (

𝒔

𝑹
)
𝟑

→ 
𝟐𝟕

𝟒
≥ (

𝒔

𝑹
)
𝟐

→ 𝒔 ≤
𝟑√𝟑

𝟐
𝑹  (𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄)  𝑻𝒓𝒖𝒆 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

 

3839. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟑𝒓

𝟐𝑹
≤∑

𝒂

𝟐𝒂 + 𝒃 + 𝒄
≤
𝟑

𝟒
 

 
Proposed by Kostantinos Geronikolas-Greece 
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Solution by Tapas Das-India 
 

∑
𝒂

𝟐𝒂 + 𝒃 + 𝒄
=∑

𝒂

(𝒂 + 𝒃) + (𝒂 + 𝒄)
≤

𝑨𝑴−𝑯𝑴 𝟏

𝟒
∑(

𝒂

𝒂 + 𝒃
+

𝒂

𝒂 + 𝒄
) = 

 

=
𝟏

𝟒
∑(

𝒂

𝒂 + 𝒃
+

𝒃

𝒂 + 𝒃
) =

𝟏

𝟒
∑

𝒂+ 𝒃

𝒂 + 𝒃
=
𝟑

𝟒
 

 

𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔 ≥
𝑬𝒖𝒍𝒆𝒓 & 𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐

 𝟒. 𝟐𝒓. 𝒓. 𝟑√𝟑𝒓 = (𝟐√𝟑𝒓)
𝟑
(𝟏) 

 

∑
𝒂

𝟐𝒂 + 𝒃 + 𝒄
≥

𝑨𝑴−𝑮𝑴
 𝟑√

𝒂𝒃𝒄

(𝟐𝒂 + 𝒃 + 𝒄)(𝟐𝒃 + 𝒄 + 𝒂)(𝟐𝒄 + 𝒂 + 𝒃)

𝟑

≥
𝑨𝑴−𝑮𝑴

 

≥
√𝒂𝒃𝒄
𝟑

𝟐𝒂 + 𝒃 + 𝒄 + 𝟐𝒃 + 𝒄 + 𝒂 + 𝟐𝒄 + 𝒂 + 𝒃
𝟑

=
𝟑√𝒂𝒃𝒄
𝟑

𝟒(𝒂 + 𝒃 + 𝒄)
≥
(𝟏)

 𝟑 ×
𝟐 × 𝟑√𝟑𝒓

𝟖𝒔
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
 

≥   𝟑 ×
𝟐 × 𝟑√𝟑𝒓

𝟖 ×
𝟑√𝟑𝑹
𝟐

=
𝟑𝒓

𝟐𝑹
 

 
Equality holds for an equilateral triangle. 

 
3840. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂 − 𝐛

𝒂𝟐 + 𝐛𝐜
+

𝐛 − 𝐜

𝐛𝟐 + 𝐜𝒂
+

𝐜 − 𝒂

𝐜𝟐 + 𝒂𝐛
≤ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝒂 − 𝐛

𝒂𝟐 + 𝐛𝐜
+

𝐛 − 𝐜

𝐛𝟐 + 𝐜𝒂
+

𝐜 − 𝒂

𝐜𝟐 + 𝒂𝐛
 

=
𝟏

(𝒂𝟐 + 𝐛𝐜)(𝐛𝟐 + 𝐜𝒂)(𝐜𝟐 + 𝒂𝐛)
.∑((𝐛 − 𝐜)(𝐜𝟐𝒂𝟐 + 𝐛𝐜𝟑 + 𝒂𝟑𝐛 + 𝒂𝐛𝐜. 𝐛))

𝐜𝐲𝐜

 

=
𝟏

(𝒂𝟐 + 𝐛𝐜)(𝐛𝟐 + 𝐜𝒂)(𝐜𝟐 + 𝒂𝐛)
.

(

 
 
𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜

+∑𝐛𝟐𝐜𝟑

𝐜𝐲𝐜

+∑𝒂𝟑𝐛𝟐

𝐜𝐲𝐜

+ 𝒂𝐛𝐜∑𝒂𝟐

𝐜𝐲𝐜

−

∑𝒂𝟑𝐛𝟐

𝐜𝐲𝐜

−∑𝐛𝐜𝟒

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂𝟐

𝐜𝐲𝐜

− 𝒂𝐛𝐜∑𝒂𝐛

𝐜𝐲𝐜 )
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=
𝟏

(𝒂𝟐 + 𝐛𝐜)(𝐛𝟐 + 𝐜𝒂)(𝐜𝟐 + 𝒂𝐛)
. (∑𝐛𝟐𝐜𝟑

𝐜𝐲𝐜

−∑𝐛𝐜𝟒

𝐜𝐲𝐜

)  𝒂𝐧𝐝 𝐬𝐨, 𝐢𝐭 𝐫𝐞𝐦𝒂𝐢𝐧𝐬 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ ∑𝐛𝐜𝟒

𝐜𝐲𝐜

≥
?
⏟
(∗)

∑𝐛𝟐𝐜𝟑

𝐜𝐲𝐜

& 𝒏𝐨𝐰,𝐰𝐞 𝒂𝐬𝐬𝐢𝐠𝐧 ∶ 𝐬 − 𝒂 ≡ 𝒙, 𝐬 − 𝐛 ≡ 𝐲, 𝐬 − 𝐜 ≡ 𝐳 

𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (∗) ⇔∑((𝐳 + 𝒙)(𝒙 + 𝐲)𝟒)

𝐜𝐲𝐜

≥
?
∑((𝐳 + 𝒙)𝟐(𝒙 + 𝐲)𝟑)

𝐜𝐲𝐜

 

⇔∑𝒙𝟒𝐲

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟑

𝐜𝐲𝐜

≥
?
⏟
(∗∗)

𝟑𝒙𝐲𝐳∑𝒙𝐲

𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑𝒙𝟒𝐲

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟑

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟐

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟐∑𝒙𝟑𝐲𝟐

𝐜𝐲𝐜

+∑𝒙𝟑𝐲𝟐

𝐜𝐲𝐜

= 𝟑∑
𝒙𝟑𝐲𝟑

𝐲
𝐜𝐲𝐜

 

≥
𝐇𝐨𝒍𝐝𝐞𝐫

𝟑.
(∑ 𝒙𝐲𝐜𝐲𝐜 )

𝟑

𝟑∑ 𝒙𝐜𝐲𝐜

≥
(∑ 𝒙𝐲𝐜𝐲𝐜 ). 𝟑𝒙𝐲𝐳∑ 𝒙𝐜𝐲𝐜

∑ 𝒙𝐜𝐲𝐜

= 𝟑𝒙𝐲𝐳∑𝒙𝐲

𝐜𝐲𝐜

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝒂 − 𝐛

𝒂𝟐 + 𝐛𝐜
+

𝐛 − 𝐜

𝐛𝟐 + 𝐜𝒂
+

𝐜 − 𝒂

𝐜𝟐 + 𝒂𝐛
𝟎 ∀ ∆ 𝐀𝐁𝐂, 

 
′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3841. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂𝟐

𝐜𝐨𝐬(𝑨)
+

𝒃𝟐

𝐜𝐨𝐬(𝑩)
+

𝒄𝟐

𝐜𝐨𝐬(𝑪)
≥ 𝟕𝟐𝒓𝟐 

 
Proposed by Gheorghe Crăciun-Romania 

Solution 1 by Mirsadix Muzefferov-Azerbaijan 

∑
𝒂𝟐

𝐜𝐨𝐬(𝑨)
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟑(
(𝒂𝒃𝒄)𝟐

∏ 𝐜𝐨𝐬(𝑨)𝒄𝒚𝒄
)

𝟏
𝟑

= 

= 𝟑(
𝟏𝟔𝑹𝟐𝑭𝟐

∏ 𝐜𝐨𝐬(𝑨)𝒄𝒚𝒄
)

𝟏
𝟑

≥⏞
𝑬𝒖𝒍𝒆𝒓

𝟑(𝟖. 𝟏𝟔. 𝟒𝒓𝟐. 𝒑𝟐𝒓𝟐)
𝟏
𝟑 ≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑(𝟖. 𝟏𝟔. 𝟐𝟕𝒓𝟐. 𝒓𝟐. 𝒓𝟐)
𝟏
𝟑 = 𝟕𝟐𝒓𝟐 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂𝒏  𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍  𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 

Solution 2 by Chew Cheong-Malaysia 

(𝐜𝐨𝐬(𝑨) + 𝐜𝐨𝐬(𝑩) + 𝐜𝐨𝐬(𝑪))∑
𝒂𝟐

𝐜𝐨𝐬(𝑨)
𝒄𝒚𝒄

≥ (𝒂 + 𝒃 + 𝒄)𝟐 
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∑
𝒂𝟐

𝐜𝐨𝐬(𝑨)
𝒄𝒚𝒄

≥
(𝒂+ 𝒃 + 𝒄)𝟐

(𝐜𝐨𝐬(𝑨) + 𝐜𝐨𝐬(𝑩) + 𝐜𝐨𝐬(𝑪))
≥
𝟐(𝒂 + 𝒃 + 𝒄)𝟐

𝟑
=
𝟐(𝒂 + 𝒃 + 𝒄)𝟑

𝟑(𝒂 + 𝒃 + 𝒄)
≥ 

≥
𝟐(𝟐𝟕𝒂𝒃𝒄)

𝟑(𝒂 + 𝒃 + 𝒄)
=

𝟑𝟔𝑹𝒂𝒃𝒄

𝟐𝑹(𝒂 + 𝒃 + 𝒄)
= 𝟑𝟔𝑹𝒓 ≥ 𝟕𝟐𝒓𝟐 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒘𝒉𝒆𝒏 𝑨 = 𝑩 = 𝑪 = 𝟔𝟎° 

𝑵𝒐𝒕𝒆 ∶ 𝐜𝐨𝐬(𝑨) + 𝐜𝐨𝐬(𝑩) + 𝐜𝐨𝐬(𝑪) ≤
𝟑

𝟐
 

𝑬𝒖𝒍𝒆𝒓′𝒔  𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶   𝑹 ≥ 𝟐𝒓 
 

3842. In ∆𝑨𝑩𝑪 the following relationship holds: 

(∑𝒓𝒓𝒂
𝒄𝒚𝒄

)(∑
𝒂𝟐

𝒉𝒂
𝒄𝒚𝒄

) ≤ 𝟗
𝑹𝟑(𝟐𝑹 − 𝒓)

𝟐𝒓
 

Proposed by Kostantinos Geronikolas-Greece 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒂𝟐

𝒉𝒂
𝒄𝒚𝒄

=∑
𝒂𝟐

𝟐𝑭
𝒂

=

𝒄𝒚𝒄

∑
𝒂𝟑

𝟐𝑭
𝒄𝒚𝒄

=
𝟐(𝑺𝟑 − 𝟑𝑺𝒓𝟐 − 𝟔𝑺𝑹𝒓)

𝟐𝑺𝒓
= 

𝑺𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟐𝒓
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝒓
= 

=
𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝒓
=
𝟐𝑹(𝟐𝑹 − 𝒓)

𝒓
  (∗) 

∑𝒓𝒓𝒂
𝒄𝒚𝒄

= 𝒓(𝟒𝑹+ 𝒓) ≤⏞
𝑬𝒖𝒍𝒆𝒓 𝟗𝑹𝒓

𝟐
   (∗∗) 

𝑭𝒓𝒐𝒎  (∗)  𝒂𝒏𝒅  (∗∗)  𝒘𝒆  𝒉𝒂𝒗𝒆 

(∑𝒓𝒓𝒂
𝒄𝒚𝒄

)(∑
𝒂𝟐

𝒉𝒂
𝒄𝒚𝒄

) ≤⏞
(∗) ,(∗∗)

𝟗𝑹𝒓

𝟐
.
𝟐𝑹(𝟐𝑹− 𝒓)

𝒓
≤⏞

𝑬𝒖𝒍𝒆𝒓

𝟗
𝑹𝟑(𝟐𝑹 − 𝒓)

𝟐𝒓
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄 
 

3843. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟗

𝟏𝟔
≤ (∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟑 𝐀

𝐜𝐲𝐜

) ≤ 𝟑 − 𝟑𝟗(
𝐫

𝐑
)
𝟒

 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

∑𝐜𝐨𝐬𝟑𝐀

𝐜𝐲𝐜

=∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

−∑𝐜𝐨𝐬𝐀𝐬𝐢𝐧𝟐 𝐀

𝐜𝐲𝐜

 

= ∑𝐜𝐨𝐬 𝐀

𝐜𝐲𝐜

−∑𝐬𝐢𝐧𝟐𝐀

𝐜𝐲𝐜

+ 𝟐∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐬𝐢𝐧𝟐𝐀

𝐜𝐲𝐜

 

=
𝐑 + 𝐫

𝐑
−
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟐𝐑𝟐
+

𝟐

𝟒𝐑𝐫𝐬. 𝟒𝐑𝟐
.∑(𝒂𝟑(−𝐬𝟐 + 𝐬𝒂 + 𝐛𝐜))

𝐜𝐲𝐜

 

=
𝐑 + 𝐫

𝐑
−
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟐𝐑𝟐
+ 

𝟐

𝟒𝐑𝐫𝐬. 𝟒𝐑𝟐
. (
−𝟐𝐬𝟑(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟐𝐬((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐫𝟐𝐬𝟐) +

𝟖𝐑𝐫𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
) 

=
𝟒𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟔𝐑𝐫𝟐 + 𝐫𝟑 − 𝟑𝐫𝐬𝟐

𝟒𝐑𝟑
∴ (∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟑𝐀

𝐜𝐲𝐜

) 

=
𝐑 + 𝐫

𝐑
.
𝟒𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟔𝐑𝐫𝟐 + 𝐫𝟑 − 𝟑𝐫𝐬𝟐

𝟒𝐑𝟑
→① 

𝐍𝐨𝐰,
𝐑 + 𝐫

𝐑
.
𝟒𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟔𝐑𝐫𝟐 + 𝐫𝟑 − 𝟑𝐫𝐬𝟐

𝟒𝐑𝟑
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝐑 + 𝐫

𝐑
.
𝟒𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟔𝐑𝐫𝟐 + 𝐫𝟑 − 𝟑𝐫(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)

𝟒𝐑𝟑
≤
?
𝟑 − 𝟑𝟗(

𝐫

𝐑
)
𝟒

 

⇔ 𝟒𝐭𝟒 − 𝟖𝐭𝟑 + 𝟏𝟓𝐭𝟐 + 𝟏𝟑𝐭 − 𝟖𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ 𝟒𝐭𝟑(𝐭 − 𝟐) + 𝟏𝟓(𝐭𝟐 − 𝟒) + 𝟏𝟑(𝐭 − 𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 

∴ (∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟑 𝐀

𝐜𝐲𝐜

) ≤ 𝟑 − 𝟑𝟗(
𝐫

𝐑
)
𝟒

 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐯𝐢𝒂 ① 𝒂𝐧𝐝 𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧, 

(∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟑𝐀

𝐜𝐲𝐜

) ≥ 

𝐑 + 𝐫

𝐑
.
𝟒𝐑𝟑 + 𝟏𝟐𝐑𝟐𝐫 + 𝟔𝐑𝐫𝟐 + 𝐫𝟑 − 𝟑𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

𝟒𝐑𝟑
≥
? 𝟗

𝟏𝟔
 

⇔ 𝟕𝐭𝟒 + 𝟏𝟔𝐭𝟑 − 𝟐𝟒𝐭𝟐 − 𝟓𝟔𝐭 − 𝟑𝟐 ≥
?
𝟎 ⇔ (𝐭 − 𝟐)(𝟕𝐭𝟑 + 𝟑𝟎𝐭𝟐 + 𝟑𝟔𝐭 + 𝟏𝟔) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ∴ (∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟑𝐀

𝐜𝐲𝐜

) ≥
𝟗

𝟏𝟔
 𝒂𝐧𝐝 𝐬𝐨, 

𝟗

𝟏𝟔
≤ (∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)(∑𝐜𝐨𝐬𝟑𝐀

𝐜𝐲𝐜

) ≤ 𝟑 − 𝟑𝟗(
𝐫

𝐑
)
𝟒

 ∀ ∆ 𝐀𝐁𝐂, 
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′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3844. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑𝟔𝐫 ≤∑
𝐦𝒂

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≤
𝟒(𝐑𝟒 − 𝟕𝐫𝟒)

𝐫𝟑
 

  Proposed by Marin Chirciu-Romania 
Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≤
𝐏𝒂𝐧𝒂𝐢𝐭𝐨𝐩𝐨𝒍

∑(
𝐑𝐬

𝒂
(𝟏 + 𝐜𝐨𝐭𝟐

𝐀

𝟐
))

𝐜𝐲𝐜

 

=
𝐑𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐑𝐫𝐬
+∑

𝐑𝐬𝟑. 𝐛𝐜(𝐬 − 𝒂)𝟐

𝟒𝐑𝐫𝐬. 𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

 

=
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟒𝐫
+
𝟏

𝟒𝐫𝟑
(𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟐𝟒𝐑𝐫𝐬𝟐 + 𝟖𝐑𝐫𝐬𝟐) 

=
𝐬𝟒 − (𝟏𝟐𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫𝟑(𝟒𝐑 + 𝐫)

𝟒𝐫𝟑
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 (𝟒𝐑𝟐 − 𝟖𝐑𝐫 + 𝟓𝐫𝟐)𝐬𝟐 + 𝐫𝟑(𝟒𝐑 + 𝐫)

𝟒𝐫𝟑
 

≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 (𝟒𝐑𝟐 − 𝟖𝐑𝐫 + 𝟓𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫𝟑(𝟒𝐑 + 𝐫)

𝟒𝐫𝟑
≤
? 𝟒(𝐑𝟒 − 𝟕𝐫𝟒)

𝐫𝟑
 

⇔ 𝟏𝟔𝐫(𝐑𝟑 − 𝟖𝐫𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝐫 ∴ ∑

𝐦𝒂

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≤
𝟒(𝐑𝟒 − 𝟕𝐫𝟒)

𝐫𝟑
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 

∑
𝐦𝒂

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑.
√

𝐦𝒂𝐦𝐛𝐦𝐜

𝐫𝟐

𝟏𝟔𝐑𝟐

𝟑 ≥
𝐋𝒂𝐬𝐜𝐮 + 𝐀𝐌−𝐆𝐌

𝟑. √𝟏𝟔𝐑𝟐.
√𝐬(𝐬 − 𝒂). √𝐬(𝐬 − 𝐛).√𝐬(𝐬 − 𝐜)

𝐫𝟐

𝟑

 

= 𝟑. √
𝟏𝟔𝐑𝟐𝐬𝟐

𝐫

𝟑

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 + 𝐄𝐮𝒍𝐞𝐫

𝟑. √
𝟏𝟔𝐑𝟐.

𝟐𝟕𝐑𝐫
𝟐

𝐫

𝟑

= 𝟏𝟖𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟑𝟔𝐫 ∴∑
𝐦𝒂

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≥ 𝟑𝟔𝐫  

𝒂𝐧𝐝 𝐬𝐨, 𝟑𝟔𝐫 ≤∑
𝐦𝒂

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

≤
𝟒(𝐑𝟒 − 𝟕𝐫𝟒)

𝐫𝟑
∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3845. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟐𝒓

𝑹
≤
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

≤
𝑹

𝟐𝒓
 

 
Proposed by Marin Chirciu-Romania 
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Solution by Tapas Das-India 
 

𝒘𝒂𝒘𝒃𝒘𝒄 =∏
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬

𝑨

𝟐
=

𝟖𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
∏𝐜𝐨𝐬

𝑨

𝟐
=

𝟏𝟔𝑹𝒓𝟐𝒔𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
 

 

𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

= (
𝟏𝟔𝑹𝒓𝟐𝒔𝟐

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
) .

𝟏

𝒔𝟐𝒓
=

𝟏𝟔𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
≥

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
𝐸𝑢𝑙𝑒𝑟

 

 

≥  
𝟏𝟔𝑹𝒓

𝟐𝟕
𝟒 𝑹

𝟐 +
𝑹𝟐

𝟒 + 𝑹𝟐
=
𝟏𝟔𝑹𝒓

𝟖𝑹𝟐
=
𝟐𝒓

𝑹
 

•
𝒘𝒂𝒘𝒃𝒘𝒄
𝒓𝒂𝒓𝒃𝒓𝒄

=
𝟏𝟔𝑹𝒓

𝒔𝟐 + 𝒓𝟐 + 𝟐𝑹𝒓
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
𝑬𝒖𝒍𝒆𝒓  𝟏𝟔𝑹𝒓

𝟐𝟕𝒓𝟐 + 𝒓𝟐 + 𝟒𝒓𝟐
=
𝑹

𝟐𝒓
 

 
Equality holds for an equilateral triangle. 

 
3846. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑((𝐬𝐢𝐧 𝐀 − 𝐬𝐢𝐧 𝐁)(𝐜𝐨𝐭 𝐁 + 𝐜𝐨𝐭 𝐂))

𝐜𝐲𝐜

≥ 𝟎 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑((𝐬𝐢𝐧𝐀 − 𝐬𝐢𝐧 𝐁)(𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭 𝐂))

𝐜𝐲𝐜

= 

= ∑((𝐬𝐢𝐧𝐀 − 𝐬𝐢𝐧 𝐁)(∑𝐜𝐨𝐭 𝐀

𝐜𝐲𝐜

− 𝐜𝐨𝐭 𝐀))

𝐜𝐲𝐜

 

= (∑𝐜𝐨𝐭 𝐀

𝐜𝐲𝐜

)(∑(𝐬𝐢𝐧𝐀 − 𝐬𝐢𝐧 𝐁)

𝐜𝐲𝐜

) +∑
𝒂(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)(𝐛 − 𝒂)

𝟐𝒂𝐛𝐜. 𝟐𝐑
𝐜𝐲𝐜

 

=
𝟏

𝟒𝐑𝒂𝐛𝐜
.∑(𝒂(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)(𝐛 − 𝒂))

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐬𝐨, 𝐢𝐭 𝐫𝐞𝐦𝒂𝐢𝐧𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∑(𝒂(𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐)(𝐛 − 𝒂))

𝐜𝐲𝐜

≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰,𝐰𝐞 𝒂𝐬𝐬𝐢𝐠𝐧 ∶ 𝐬 − 𝒂 ≡ 𝒙, 𝐬 − 𝐛 ≡ 𝐲, 𝐬 − 𝐜 ≡ 𝐳 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ (∗) ⇔ 
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∑((𝐲 + 𝐳)(𝒙 − 𝐲)((𝐳 + 𝒙)𝟐 + (𝒙 + 𝐲)𝟐 − (𝐲 + 𝐳)𝟐))

𝐜𝐲𝐜

≥
?
𝟎 

⇔∑𝒙𝟑𝐲

𝐜𝐲𝐜

+∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥
?
𝟐𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

→ 𝐭𝐫𝐮𝐞 ∵ ∑𝒙𝟑𝐲

𝐜𝐲𝐜

= 𝒙𝐲𝐳.∑
𝒙𝟐

𝐳
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

 

𝒙𝐲𝐳(∑ 𝒙𝐜𝐲𝐜 )
𝟐

∑ 𝒙𝐜𝐲𝐜
= 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

 𝒂𝐧𝐝 ∑𝒙𝟐𝐲𝟐

𝐜𝐲𝐜

≥ 𝒙𝐲𝐳∑𝒙

𝐜𝐲𝐜

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑((𝐬𝐢𝐧𝐀 − 𝐬𝐢𝐧 𝐁)(𝐜𝐨𝐭𝐁 + 𝐜𝐨𝐭 𝐂))

𝐜𝐲𝐜

≥ 𝟎 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3847. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂𝟐

𝒘𝒂𝒓𝒂
+

𝒃𝟐

𝒘𝒃𝒓𝒃
+

𝒄𝟐

𝒘𝒄𝒓𝒄
≥ 𝟒 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Amin Hajiyev-Azerbaijan 

𝒘𝒂 =
𝟐𝒃𝒄

𝒃 + 𝒄
𝐜𝐨𝐬 (

𝑨

𝟐
) , 𝒓𝒂 = 𝒔 ⋅ 𝐭𝐚𝐧 (

𝑨

𝟐
)𝒂𝒏𝒅 𝐬𝐢𝐧 (

𝑨

𝟐
) = √

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
 

𝒘𝒂 ⋅ 𝒓𝒂 =
𝟐𝒃𝒄𝒔

𝒃 + 𝒄
⋅ 𝐬𝐢𝐧 (

𝑨

𝟐
) =

𝟐𝒔√𝒃𝒄(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃 + 𝒄
 

𝒃 + 𝒄

𝟐
≥⏞

𝑨𝑴−𝑮𝑴

√𝒃𝒄 →  
𝟐√𝒃𝒄

𝒃 + 𝒄
≤ 𝟏 

𝒘𝒂𝒓𝒂 ≤ 𝒔√(𝒔 − 𝒃)(𝒔 − 𝒄) → √(𝒔 − 𝒃)(𝒔 − 𝒄) ≤⏞
𝑨𝑴−𝑮𝑴

 
𝟐𝒔 − (𝒃 + 𝒄)

𝟐
=
𝒂

𝟐
 

𝒘𝒂𝒓𝒂 ≤
𝒂𝒔

𝟐
→

𝟏

𝒘𝒂𝒓𝒂
≥
𝟐

𝒂𝒔
→

𝒂𝟐

𝒘𝒂𝒓𝒂
≥
𝟐𝒂

𝒔
 

∑
𝒂𝟐

𝒘𝒂𝒓𝒂
𝒄𝒚𝒄

≥
𝟐

𝒔
(𝒂 + 𝒃 + 𝒄) =

𝟒𝒔

𝒔
= 𝟒 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄. 
 

3848. If 𝑰 −incenter in ∆𝑨𝑩𝑪 then: 
 

𝟏

𝑨𝑰𝟐
+

𝟏

𝑩𝑰𝟐
+
𝟏

𝑪𝑰𝟐
≥

𝟑

𝟒𝒓𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Daniel Sitaru-Romania 
 

𝟏

𝑨𝑰𝟐
+
𝟏

𝑩𝑰𝟐
+
𝟏

𝑪𝑰𝟐
=∑

𝟏

𝑨𝑰𝟐
𝒄𝒚𝒄

=∑
𝟏

𝒓𝟐

𝒔𝒊𝒏𝟐
𝑨
𝟐

𝒄𝒚𝒄

=
𝟏

𝒓𝟐
∑𝒔𝒊𝒏𝟐

𝑨

𝟐
𝒄𝒚𝒄

= 

=
𝟏

𝒓𝟐
(𝟏 −

𝒓

𝟐𝑹
) ≥⏞
𝑬𝑼𝑳𝑬𝑹 𝟏

𝒓𝟐
(𝟏 −

𝑹
𝟐
𝟐𝑹
) =

𝟏

𝒓𝟐
(𝟏 −

𝟏

𝟒
) =

𝟑

𝟒𝒓𝟐
 

 
Equality holds for 𝒂 = 𝒃 = 𝒄. 

 
3849. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏 + 𝐬𝐢𝐧 (
𝑨
𝟐
)

𝐜𝐨𝐬 (
𝑨
𝟐
)

+
𝟏 + 𝐬𝐢𝐧 (

𝑩
𝟐
)

𝐜𝐨𝐬 (
𝑩
𝟐
)

+
𝟏 + 𝐬𝐢𝐧 (

𝑪
𝟐
)

𝐜𝐨𝐬 (
𝑪
𝟐
)

≥ 𝟑√𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝑳𝒆𝒕 ∶   𝒇(𝒙) =
𝟏 + 𝐬𝐢𝐧(𝒙)

𝐜𝐨𝐬(𝒙)
  𝒂𝒏𝒅  𝒙 ∈ (𝟎;

𝝅

𝟐
)  𝑻𝒉𝒆𝒏  𝒘𝒆  𝒈𝒆𝒕 

𝒇′(𝒙) =  
𝟏 + 𝐬𝐢𝐧(𝒙)

𝒄𝒐𝒔𝟐(𝒙)
 , 𝒇′′(𝒙) = (

𝟏 + 𝐬𝐢𝐧(𝒙)

𝒄𝒐𝒔𝟐(𝒙)
)

′

= 

=
(𝟏 + 𝐬𝐢𝐧(𝒙))′. 𝒄𝒐𝒔𝟐(𝒙) − (𝟏 + 𝐬𝐢𝐧(𝒙)) (𝒄𝒐𝒔𝟐(𝒙))

′

𝒄𝒐𝒔𝟒(𝒙)
=
(𝟏 + 𝐬𝐢𝐧(𝒙))𝟐

𝒄𝒐𝒔𝟑(𝒙)
> 0 

𝑻𝒉𝒆  𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏  𝒇(𝒙) =
𝟏 + 𝐬𝐢𝐧(𝒙)

𝐜𝐨𝐬(𝒙)
  𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔  𝒕𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔  𝒐𝒇 

𝑱𝒆𝒏𝒔𝒆𝒏′𝒔  𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚, 𝒇(𝒙)  𝒊𝒔  𝒂  𝒄𝒐𝒏𝒗𝒆𝒙  𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏. 
 

∑
𝟏+ 𝐬𝐢𝐧 (

𝑨
𝟐)

𝐜𝐨𝐬 (
𝑨
𝟐)𝒄𝒚𝒄

≥ 𝟑.
𝟏 + 𝐬𝐢𝐧 (

𝑨+ 𝑩 + 𝑪
𝟔 )

𝐜𝐨𝐬 (
𝑨 + 𝑩 + 𝑪

𝟔 )
= 𝟑.

𝟏 + 𝐬𝐢𝐧 (
𝝅
𝟔)

𝐜𝐨𝐬 (
𝝅
𝟔)

= 𝟑.
𝟏 +

𝟏
𝟐

√𝟑
𝟐

= 𝟑√𝟑 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝑨 = 𝑩 = 𝑪. 
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3850. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐𝟎

𝟗
(𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂) > 𝑎𝐛 + 𝐛𝐜 + 𝐜𝒂 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝟓∑𝒂𝐛

𝐜𝐲𝐜

>
?
𝟒∑𝐦𝒂𝐦𝐛

𝐜𝐲𝐜

⇔ 𝟓(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) >
?
⏟
(∗)

𝟐(∑𝐦𝒂

𝐜𝐲𝐜

)

𝟐

− 𝟐∑𝐦𝒂
𝟐

𝐜𝐲𝐜

 𝒂𝐧𝐝 

∵ (∑𝐦𝒂

𝐜𝐲𝐜

)

𝟐

≤
𝐂𝐡𝐮−𝐘𝒂𝐧𝐠

𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟓(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟑(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) >
?
𝟐(𝟒𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) 

⇔ 𝟖(𝟓𝐑𝐫 − 𝐫𝟐) >
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝟓𝐑𝐫 ≥

𝐄𝐮𝒍𝐞𝐫
𝟏𝟎𝐫𝟐 > 𝐫𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ 𝟓∑𝒂𝐛

𝐜𝐲𝐜

> 4∑𝐦𝒂𝐦𝐛

𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐢𝐦𝐩𝒍𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐰𝐢𝐭𝐡 𝐬𝐢𝐝𝐞𝐬 ∶ 

𝟐𝐦𝒂

𝟑
,
𝟐𝐦𝐛

𝟑
,
𝟐𝐦𝐜

𝟑
,𝐰𝐡𝐨𝐬𝐞 𝐦𝐞𝐝𝐢𝒂𝐧𝐬 𝒂𝐬 𝒂 𝐜𝐨𝐧𝐬𝐞𝐪𝐮𝐞𝐧𝐜𝐞 𝐨𝐟 𝐭𝐫𝐢𝐯𝐢𝒂𝒍 𝐜𝒂𝒍𝐜𝐮𝒍𝒂𝐭𝐢𝐨𝐧𝐬 = 

𝒂

𝟐
,
𝐛

𝟐
,
𝐜

𝟐
 𝐫𝐞𝐬𝐩𝐞𝐜𝐭𝐢𝐯𝐞𝒍𝐲, 𝐰𝐞 𝐠𝐞𝐭 ∶ 𝟓.

𝟒

𝟗
∑𝐦𝒂𝐦𝐛

𝐜𝐲𝐜

>
𝟒

𝟒
∑𝒂𝐛

𝐜𝐲𝐜

 

⇒
𝟐𝟎

𝟗
(𝐦𝒂𝐦𝐛 +𝐦𝐛𝐦𝐜 +𝐦𝐜𝐦𝒂) > 𝑎𝐛 + 𝐛𝐜 + 𝐜𝒂 ∀ ∆ 𝐀𝐁𝐂  (𝐐𝐄𝐃) 

 
3851. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐜𝐨𝐬 𝟐𝐀 + 𝐜𝐨𝐬𝟐𝐁 − 𝐜𝐨𝐬𝟐𝐂 ≤
𝟑

𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐜𝐨𝐬 𝟐𝐀 + 𝐜𝐨𝐬𝟐𝐁 − 𝐜𝐨𝐬𝟐𝐂 = −𝟐𝐜𝐨𝐬 𝐂𝐜𝐨𝐬(𝐀 − 𝐁) − 𝟐 𝐜𝐨𝐬𝟐 𝐂 + 𝟏 ≤
? 𝟑

𝟐
 

⇔ 𝐜𝐨𝐬𝟐 𝐂 + 𝐜𝐨𝐬 𝐂𝐜𝐨𝐬(𝐀 − 𝐁) +
𝟏

𝟒
≥
?
𝟎 

⇔ 𝐜𝐨𝐬𝟐 𝐂 + 𝐜𝐨𝐬 𝐂 𝐜𝐨𝐬(𝐀 − 𝐁) +
𝐜𝐨𝐬𝟐(𝐀 − 𝐁)

𝟒
+
𝟏 − 𝐜𝐨𝐬𝟐(𝐀 − 𝐁)

𝟒
≥
?
𝟎 
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⇔ (𝐜𝐨𝐬 𝐂 +
𝐜𝐨𝐬(𝐀 − 𝐁)

𝟐
)

𝟐

+
𝟏 − 𝐜𝐨𝐬𝟐(𝐀 − 𝐁)

𝟒
≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝟏 ≥ 𝐜𝐨𝐬𝟐(𝐀 − 𝐁) , 

′′ =′′  𝐢𝐟𝐟 𝐀 = 𝐁 ∧ 𝐜𝐨𝐬 𝐂 = −
𝐜𝐨𝐬(𝐀 − 𝐁)

𝟐
= −

𝟏

𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

𝐜𝐨𝐬 𝟐𝐀 + 𝐜𝐨𝐬𝟐𝐁 − 𝐜𝐨𝐬 𝟐𝐂 ≤
𝟑

𝟐
, ′′ =′′  𝐢𝐟𝐟 (𝐀 = 𝐁 =

𝛑

𝟔
; 𝐂 =

𝟐𝛑

𝟑
)  

 

3852. If in ∆𝑨𝑩𝑪, 𝑰𝒂, 𝑰𝒃, 𝑰𝒄 − 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 then: 
 

[𝑰𝒂𝑩𝑪] + [𝑰𝒃𝑨𝑪] + [𝑰𝒄𝑨𝑩] ≥ 𝟑𝑭 
 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Qurban Muellim-Azerbaijan 
 

𝑳𝒆𝒕 𝒂 = 𝒙 + 𝒚, 𝒃 = 𝒚 + 𝒛, 𝒄 = 𝒙 + 𝒛, 𝒔 = 𝒙 + 𝒚 + 𝒛 
 

𝑳𝒆𝒎𝒎𝒂 𝟏(𝑪𝒆𝒔𝒂𝒓𝒐): (𝒙 + 𝒚)(𝒚 + 𝒛)(𝒙 + 𝒛) ≥ 𝟖𝒙𝒚𝒛 
 

[𝑰𝒂𝑩𝑪] =
𝒂. 𝒓𝒂
𝟐

 

 

𝑳𝑯𝑺 = ∑(
𝒓𝒂. 𝒂

𝟐
) =

𝟏

𝟐
∑ (

𝒂𝑭

𝒔 − 𝒂
) =

𝑭

𝟐
∑

𝟏

𝒔 − 𝒂
=
𝑭

𝟐
∑
𝒙 + 𝒚

𝒛
≥ 

 

≥
𝟑𝑭

𝟐
. √
(𝒙 + 𝒚)(𝒚 + 𝒛)(𝒙 + 𝒛)

𝒙𝒚𝒛

𝟑

≥
𝟑𝑭

𝟐
√
𝟖𝒙𝒚𝒛

𝒙𝒚𝒛

𝟑

=
𝟑𝑭

𝟐
. 𝟐 = 𝟑𝑭  

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄. 

 
3853. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟐√𝟑𝑭 ≤ ∑𝑨𝑯. 𝒉𝒂 ≤
𝟗𝑹𝟐

𝟐
 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Qurban Muellim-Azerbaijan 
 

∑𝑨𝑯. 𝒉𝒂 =∑𝟐𝑹𝒄𝒐𝒔𝑨 ∙
𝟐𝑭

𝒂
=

𝒄𝒚𝒄

∑𝟐𝑹𝒄𝒐𝒔𝑨 ∙
𝒃𝒄𝒔𝒊𝒏𝑨

𝟐𝑹𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

= 
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= ∑𝒃𝒄. 𝐜𝐨𝐬(𝑨) = ∑(
𝐛𝟐 + 𝐜𝟐 − 𝐚𝟐

𝟐
) =

∑𝒂𝟐

𝟐
≥
𝟒√𝟑𝑭

𝟐
= 𝟐√𝟑𝑭 

∑𝑨𝑯. 𝒉𝒂 =
∑𝒂𝟐

𝟐
≤
𝟗𝑹𝟐

𝟐
 (𝑳𝒆𝒊𝒃𝒏𝒊𝒛). 𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒇𝒐𝒓 𝒉𝒐𝒍𝒅𝒔 𝒂 = 𝒃 = 𝒄. 

 

3854. 𝑳𝒆𝒕 𝒌𝒂, 𝒌𝒃, 𝒌𝒄 𝒃𝒆 𝒕𝒉𝒆 𝒔𝒚𝒎𝒎𝒆𝒅𝒊𝒂𝒏 𝒄𝒆𝒗𝒊𝒂𝒏𝒔 𝒐𝒇 𝚫𝑨𝑩𝑪.𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
 

∑[𝒌𝒂(𝒃
𝟐 + 𝒄𝟐)] ≥ 𝟐𝟏𝟔𝒓𝟑 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Qurban Muellim-Azerbaijan 
𝑳𝒆𝒎𝒎𝒂 𝟏:  

𝒌𝒂 =
𝟐𝒃𝒄

𝒃𝟐 + 𝒄𝟐
𝒎𝒂 

𝑷𝒓𝒐𝒐𝒇: 
𝑳𝒆𝒕 𝒕𝒉𝒆 𝒔𝒚𝒎𝒎𝒆𝒅𝒊𝒂𝒏 𝒐𝒇 𝒗𝒆𝒓𝒕𝒆𝒙 𝑨 𝒅𝒊𝒗𝒊𝒅𝒆 𝒕𝒉𝒆 𝒔𝒊𝒅𝒆  𝑩𝑪 𝒊𝒏𝒕𝒐 𝒕𝒘𝒐 𝒑𝒂𝒓𝒕𝒔,𝒎 𝒂𝒏𝒅 𝒏, 𝒂𝒕 𝒑𝒐𝒊𝒏𝒕 𝑫. 

𝒃𝟐

𝒎
=
𝒄𝟐

𝒏
.   𝑩𝑫 = 𝒃𝟐𝒕, 𝑪𝑫 = 𝒄𝟐𝒕. 

𝒃𝟐𝒕 + 𝒄𝟐𝒕 = 𝒂 ⇒ 𝒕 =
𝒂

𝒃𝟐 + 𝒄𝟐
 

𝑨𝒄𝒄𝒐𝒓𝒅𝒊𝒏𝒈 𝒕𝒐 𝑺𝒕𝒆𝒘𝒂𝒓𝒕′𝒔 𝒕𝒉𝒆𝒐𝒓𝒆𝒎: 
 

𝒌𝒂
𝟐 =

𝒃𝟐𝒄𝟐𝒕 + 𝒄𝟐𝒃𝟐𝒕

𝒂
− 𝒃𝟐𝒄𝟐𝒕 =

𝟐𝒃𝟐𝒄𝟐𝒕

𝒃𝟐𝒕 + 𝒄𝟐𝒕
− 𝒃𝟐𝒄𝟐𝒕 =

𝟐𝒃𝟐𝒄𝟐

𝒃𝟐 + 𝒄𝟐
− 𝒃𝟐𝒄𝟐. (

𝒂

𝒃𝟐 + 𝒄𝟐
) = 

 

=
𝒃𝟐𝒄𝟐(𝟐𝒃𝟐 + 𝟐𝒄𝟐 − 𝒂𝟐)

(𝒃𝟐 + 𝒄𝟐)𝟐
=

𝟒𝒃𝟐𝒄𝟐

(𝒃𝟐 + 𝒄𝟐)𝟐
. 𝒎𝒂

𝟐  ⇒ 𝒌𝒂 =
𝟐𝒃𝒄

𝒃𝟐 + 𝒄𝟐
.𝒎𝒂  

 

𝑳𝑯𝑺 = 𝟐∑𝒃𝒄𝒎𝒂 ≥ 𝟔√(𝒂𝒃𝒄)𝟐𝒎𝒂𝒎𝒃𝒎𝒄
𝟑

≥ 𝟔√𝟏𝟔𝒓𝟐𝒔𝟐𝑹𝟐𝒔𝟐𝒓
𝟑

= 𝟔𝒓√𝟏𝟔𝒔𝟒𝑹𝟐
𝟑

≥ 
 

≥ 𝟔𝒓√𝟏𝟔. 𝟕𝟐𝟗𝒓𝟒𝟒𝒓𝟐
𝟑

= 𝟔𝒓. 𝟒. 𝟗𝒓𝟐 = 𝟐𝟏𝟔𝒓𝟑 
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄. 

 
3855. In ∆𝑨𝑩𝑪 the following relationship holds: 

(∑
𝒂𝒃

𝒂 + 𝒃
𝒄𝒚𝒄

)(𝟑 +∑𝒕𝒂𝒏𝟐 (
𝑨

𝟐
)

𝒄𝒚𝒄

) ≤ 𝟑√𝟑
𝑹𝟐

𝒓
 

Proposed by Kostantinos Geronikolas-Greece 



 
www.ssmrmh.ro 

41 RMM-TRIANGLE MARATHON 3801-3900 

 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒂𝒃

𝒂 + 𝒃
𝒄𝒚𝒄

≤
𝟏

𝟒
∑

(𝒂 + 𝒃)𝟐

𝒂 + 𝒃
𝒄𝒚𝒄

=
𝟏

𝟒
∑(𝒂 + 𝒃)

𝒄𝒚𝒄

= 𝒑 

𝟑 +∑𝒕𝒂𝒏𝟐 (
𝑨

𝟐
)

𝒄𝒚𝒄

= 𝟏 +
(𝟒𝑹+ 𝒓)𝟐

𝒑𝟐
=
𝒑𝟐 + (𝟒𝑹 + 𝒓)𝟐

𝒑𝟐
 

𝑳𝑯𝑺 ≤ 𝒑.
𝒑𝟐 + (𝟒𝑹 + 𝒓)𝟐

𝒑𝟐
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝟏𝟔𝑹𝟐 + 𝟖𝑹𝒓 + 𝒓𝟐

𝒑
= 

𝟐𝟎𝑹𝟐 + 𝟏𝟐𝑹𝒓 + 𝟒𝒓𝟐

𝒑
≤⏞

𝑬𝒖𝒍𝒆𝒓 𝟐𝟕𝑹𝟐

𝒑
≤⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟐𝟕𝑹𝟐

𝟑√𝟑𝒓
= 𝟑√𝟑

𝑹𝟐

𝒓
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

 
3856. 𝑰𝒏  ∆𝑨𝑩𝑪  𝒉𝒐𝒍𝒅𝒔 ∶ 
 

∑(
𝒎𝒃 +𝒎𝒄

𝒂
) ≥ 𝟑

𝒏+𝟐
𝟐 (

𝟐𝒓

𝑹
)
𝒏

 ,    𝒏 ∈ 𝑵

𝒄𝒚𝒄

 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑(
𝒎𝒃 +𝒎𝒄

𝒂
) ≥⏞
𝑨𝑴−𝑮𝑴

𝒄𝒚𝒄

∑(
𝟐√𝒎𝒃𝒎𝒄

𝒂
)

𝒏

𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟑 (
𝟖𝒎𝒂𝒎𝒃𝒎𝒄

𝒂𝒃𝒄
)

𝒏
𝟑
≥ 

≥⏞

𝒎𝒂≥√𝒑(𝒑−𝒂)

𝟑 (
𝟖𝒑√𝒑(𝒑 − 𝒂)(𝒑 − 𝒃)(𝒑 − 𝒄)

𝒂𝒃𝒄
)

𝒏
𝟑

= 𝟑(
𝟖𝒑𝑭

𝒂𝒃𝒄
)

𝒏
𝟑
= 

= 𝟑(
𝟖𝒑𝑭

𝟒𝑹𝑭
)

𝒏
𝟑

≥⏞
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟑(
𝟐. 𝟑√𝟑𝒓

𝑹
)

𝒏
𝟑

= 𝟑
𝒏+𝟐
𝟐 (

𝟐𝒓

𝑹
)

𝒏
𝟑
≥ 𝟑

𝒏+𝟐
𝟐 (

𝟐𝒓

𝑹
)
𝒏

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

 
3857. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝐡𝒂. √
𝟐
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

≥
𝟏

√𝐫
 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝒙 =
𝟑𝐫

𝐡𝒂
, 𝐲 =

𝟑𝐫

𝐡𝐛
, 𝐳 =

𝟑𝐫

𝐡𝐜
 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ ∑

𝟏

𝐡𝒂. √
𝟐
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

=∑
𝟏

𝟑𝐫
𝒙 .
√𝟐𝐲
𝟑𝐫 +

𝐳
𝟑𝐫

𝐜𝐲𝐜

 

=
𝟏

√𝟑𝐫
.∑

𝒙

√𝟐𝐲 + 𝐳
𝐜𝐲𝐜

=
𝟏

√𝟑𝐫
.∑

𝒙𝟐

𝒙. √𝟐𝐲 + 𝐳
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

∑ (𝒙. √𝟐𝐲 + 𝐳)𝐜𝐲𝐜

 

=
𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

∑ (√𝒙.√𝟐𝒙𝐲 + 𝐳𝒙)𝐜𝐲𝐜

≥
𝐂𝐁𝐒 𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

√∑ 𝒙𝐜𝐲𝐜 . √𝟑∑ 𝒙𝐲𝐜𝐲𝐜

 

≥
𝟏

√𝟑𝐫
.

(∑ 𝒙𝐜𝐲𝐜 )
𝟐

√∑ 𝒙𝐜𝐲𝐜 . √(∑ 𝒙𝐜𝐲𝐜 )
𝟐
=

𝟏

√𝟑𝐫
.√∑𝒙

𝐜𝐲𝐜

=
√𝟑

√𝟑𝐫
  (∵ ∑𝒙

𝐜𝐲𝐜

=∑
𝟑𝐫

𝐡𝒂
𝐜𝐲𝐜

= 𝟑) 

=
𝟏

√𝐫
 𝒂𝐧𝐝 𝐬𝐨,∑

𝟏

𝐡𝒂. √
𝟐
𝐡𝐛
+
𝟏
𝐡𝐜

𝐜𝐲𝐜

≥
𝟏

√𝐫
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3858. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝒂𝟐

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

≤∑
𝒂𝟐

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂𝟐

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

≤
?
∑

𝒂𝟐

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

⇔ 𝟐𝐑∑
𝒂𝟐

𝐜𝒂 + 𝒂𝐛
𝐜𝐲𝐜

≤
?
∑

𝟏𝟔𝐑𝟐 𝐜𝐨𝐬𝟐
𝐀
𝟐 𝐬𝐢𝐧

𝟐 𝐀
𝟐

𝟒𝐑 𝐜𝐨𝐬𝟐
𝐀
𝟐𝐜𝐲𝐜

 

⇔ 𝟐𝐑∑
𝟐𝐬− (𝐛 + 𝐜)

𝐛 + 𝐜
𝐜𝐲𝐜

≤
?
𝟒𝐑.

𝟐𝐑 − 𝐫

𝟐𝐑
 

⇔
𝟐𝐬

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. ((∑𝒂

𝐜𝐲𝐜

)

𝟐

+∑𝒂𝐛

𝐜𝐲𝐜

) ≤
? 𝟐𝐑 − 𝐫

𝐑
+ 𝟑 

⇔
𝟓𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
≤
? 𝟓𝐑 − 𝐫

𝐑
⇔ 𝐬𝟐 ≤

?
𝟔𝐑𝟐 + 𝟐𝐑𝐫 − 𝐫𝟐 

⇔ 𝐬𝟐 − (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − 𝟐(𝐑 + 𝐫)(𝐑 − 𝟐𝐫) ≤
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 𝒂𝐧𝐝 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 
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∴∑
𝒂𝟐

𝐡𝐛 + 𝐡𝐜
𝐜𝐲𝐜

≤∑
𝒂𝟐

𝐫𝐛 + 𝐫𝐜
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3859. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏𝟐𝒓 ≤∑
𝒎𝒂

𝐜𝐨𝐬𝟐
𝑨
𝟐

≤
𝟑𝑹𝟐

𝒓
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

𝑾𝑳𝑶𝑮 𝒂 ≥ 𝒃 ≥ 𝒄 𝒕𝒉𝒆𝒏 𝒎𝒂 ≤ 𝒎𝒃 ≤ 𝒎𝒄 𝒂𝒏𝒅 𝐜𝐨𝐬
𝑨

𝟐
≤ 𝐜𝐨𝐬

𝑩

𝟐
≤ 𝐜𝐨𝐬

𝑪

𝟐
 

∑
𝒎𝒂

𝐜𝐨𝐬𝟐
𝑨
𝟐

≤
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(∑𝒎𝒂)(∑

𝟏

𝐜𝐨𝐬𝟐 (
𝑨
𝟐)
.) =

𝟏

𝟑
(∑𝒎𝒂) (∑𝐬𝐞𝐜𝟐 (

𝑨

𝟐
)..) ≤ 

≤
𝑮𝒐𝒕𝒎𝒂𝒏 𝑰𝑰 𝟏

𝟑
.
𝟗𝑹

𝟐
(
𝒔𝟐 + (𝟒𝑹+ 𝒓)𝟐

𝒔𝟐
) ≤
𝑫𝒐𝒖𝒄𝒆𝒕 𝟑𝑹

𝟐
(

(𝟒𝑹+ 𝒓)𝟐

𝟑 + (𝟒𝑹 + 𝒓)𝟐

𝟑𝒓(𝟒𝑹+ 𝒓)
) = 

=
𝟑𝑹

𝟐
.
𝟒(𝟒𝑹+ 𝒓)

𝟗𝒓
≤

𝑬𝒖𝒍𝒆𝒓 𝟐𝑹

𝟑𝒓
(
𝟗𝑹

𝟐
) =

𝟑𝑹𝟐

𝒓
 

 

∑
𝒎𝒂

𝐜𝐨𝐬𝟐
𝑨
𝟐

=∑
𝐬𝐞𝐜𝟐

𝑨
𝟐

𝟏
𝒎𝒂

. ≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (𝐬𝐞𝐜

𝑨
𝟐 + 𝐬𝐞𝐜

𝑩
𝟐 + 𝐬𝐞𝐜

𝑪
𝟐)

𝟐

𝟏
𝒎𝒂

+
𝟏
𝒎𝒃

+
𝟏
𝒎𝒄

≥

𝑱𝒆𝒏𝒔𝒆𝒏
𝒎𝒂≥𝒉𝒂

 

≥  
(𝟑𝐬𝐞𝐜

𝝅
𝟔)

𝟐

𝟏
𝒉𝒂
+
𝟏
𝒉𝒃
+
𝟏
𝒉𝒄

=

(𝟑 ×
𝟐

√𝟑
)
𝟐

𝟏
𝒓

= 𝟏𝟐𝒓 

 
Equality holds for an equilateral triangle. 

 

3860. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟐

𝒓
≤∑

𝒉𝒃 + 𝒉𝒄
𝒉𝒂
𝟐 ≤

𝑹

𝒓𝟐
 

 
Proposed by Marin Chirciu-Romania 
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Solution by Tapas Das-India 
 

∑
𝒉𝒃 + 𝒉𝒄
𝒉𝒂
𝟐

=∑
𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄 − 𝒉𝒂

𝒉𝒂
𝟐

=∑𝒉𝒂 .∑
𝟏

𝒉𝒂
𝟐
−∑

𝟏

𝒉𝒂
= 

 

=
𝒃𝒄 + 𝒄𝒂 + 𝒂𝒃

𝟐𝑹
.
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟒𝒓𝟐𝒔𝟐
−
𝟏

𝒓
=
(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)

𝟐𝑹

𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓)

𝟒𝒓𝟐𝒔𝟐
−
𝟏

𝒓
 

 

=
𝒔𝟒 − 𝒓𝟐(𝟒𝑹 + 𝒓)𝟐

𝟒𝑹𝒓𝟐𝒔𝟐
−
𝟏

𝒓
=

𝒔𝟐

𝟒𝑹𝒓𝟐
−
𝟏

𝟒𝑹
(
𝟒𝑹+ 𝒓

𝒔
)
𝟐

−
𝟏

𝒓
≤

𝑫𝒐𝒖𝒄𝒆𝒕
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

 

 ≤
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐

𝟒𝑹𝒓𝟐
−
𝟑

𝟒𝑹
−
𝟏

𝒓
=
𝑹

𝒓𝟐
+
𝟏

𝒓
+
𝟑

𝟒𝑹
−
𝟑

𝟒𝑹
−
𝟏

𝒓
=
𝑹

𝒓𝟐
 

 

∑
𝟏

𝒉𝒃 + 𝒉𝒄
≤

𝑨𝑴−𝑮𝑴 𝟏

𝟒
∑(

𝟏

𝒉𝒃
+
𝟏

𝒉𝒄
) =

𝟏

𝟐
∑

𝟏

𝒉𝒂
=
𝟏

𝟐𝒓
 (𝟏) 

 

∑
𝒉𝒃 + 𝒉𝒄
𝒉𝒂𝟐

=∑

𝟏
𝒉𝒂𝟐

𝟏
𝒉𝒃 + 𝒉𝒄

≥
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (∑

𝟏
𝒉𝒂
)
𝟐

∑
𝟏

𝒉𝒃 + 𝒉𝒄

≥
(𝟏) (

𝟏
𝒓)

𝟐

𝟏
𝟐𝒓

=
𝟐

𝒓
 

 
Equality holds for an equilateral triangle. 

 

3861. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐫

𝟐𝐑𝟑
≤∑

𝐜𝐨𝐬𝐀

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

≤
𝐑𝟑

𝟏𝟐𝟖𝐫𝟓
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐜𝐨𝐬𝐀

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

=
𝟏

𝟐𝒂𝐛𝐜. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.∑((𝐛𝟐 + 𝐜𝟐 − 𝒂𝟐) (

𝒂𝟐 +

∑𝒂𝐛

𝐜𝐲𝐜

))

𝐜𝐲𝐜

 

=
𝟏

𝟏𝟔𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. ((𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

−∑𝒂𝟒

𝐜𝐲𝐜

) + (∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)) 
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=
𝟖𝐫𝟐𝐬𝟐 + 𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝟐

𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≥
? 𝐫

𝟐𝐑𝟑
 

⇔ (𝐑𝟐 − 𝟒𝐫𝟐)𝐬𝟒 + 𝐫𝟐(𝟖𝐑𝟐 − 𝟖𝐑𝐫 − 𝟒𝐫𝟐)𝐬𝟐 −𝐑𝟐𝐫𝟐(𝟒𝐑+ 𝐫)𝟐 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑𝟐 − 𝟒𝐫𝟐)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟖𝐑𝟐 − 𝟖𝐑𝐫 − 𝟒𝐫𝟐)𝐬𝟐 − 

𝐑𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟎 ⇔ (𝟏𝟔𝐑𝟑 + 𝟑𝐑𝟐𝐫 − 𝟕𝟐𝐑𝐫𝟐 + 𝟏𝟔𝐫𝟑)𝐬𝟐 ≥

?
⏟
(∗∗)

𝐑𝟐𝐫(𝟒𝐑+ 𝐫)𝟐 

𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝐑𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟔𝐑𝟑 + 𝟑𝐑𝟐𝐫 − 𝟕𝟐𝐑𝐫𝟐 + 𝟏𝟔𝐫𝟑)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) 

(
∵ 𝟏𝟔𝐑𝟑 + 𝟑𝐑𝟐𝐫 − 𝟕𝟐𝐑𝐫𝟐 + 𝟏𝟔𝐫𝟑

= (𝐑 − 𝟐𝐫)(𝟏𝟔𝐑𝟐 + 𝟑𝟓𝐑𝐫 − 𝟐𝐫𝟐) + 𝟏𝟐𝐫𝟑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟏𝟐𝐫𝟑 > 0
) ≥

?
𝐑𝟐𝐫(𝟒𝐑+ 𝐫)𝟐 

⇔ 𝟑𝟎𝐑𝟒 − 𝟓𝐑𝟑𝐫 − 𝟏𝟒𝟔𝐑𝟐𝐫𝟐 + 𝟕𝟕𝐑𝐫𝟑 − 𝟏𝟎𝐫𝟒 ≥
?
𝟎 

⇔ (𝐑 − 𝟐𝐫)(𝟑𝟎𝐑𝟑 + 𝟓𝟓𝐑𝟐𝐫 − 𝟑𝟔𝐑𝐫𝟐 + 𝟓𝐫𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝐫 

⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝐜𝐨𝐬𝐀

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

≥
𝐫

𝟐𝐑𝟑
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑

𝐜𝐨𝐬𝐀

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

≤
? 𝐑𝟑

𝟏𝟐𝟖𝐫𝟓
 

⇔
𝟖𝐫𝟐𝐬𝟐 + 𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝟐

𝟖𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
? 𝐑𝟑

𝟏𝟐𝟖𝐫𝟓
 

⇔ (𝐑𝟒 − 𝟏𝟔𝐫𝟒)𝐬𝟒 + 𝐫(𝟐𝐑𝟓 + 𝐑𝟒𝐫 − 𝟏𝟐𝟖𝐫𝟓)𝐬𝟐 + 𝟏𝟔𝐫𝟔(𝟒𝐑 + 𝐫)𝟐 ≥
?
⏟
(⦁)

𝟎 𝒂𝐧𝐝 𝐧𝐨𝐰, 

𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑𝟒 − 𝟏𝟔𝐫𝟒)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)𝐬𝟐 + 𝐫(𝟐𝐑𝟓 + 𝐑𝟒𝐫 − 𝟏𝟐𝟖𝐫𝟓)𝐬𝟐 + 

𝟏𝟔𝐫𝟔(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟎 ⇔ (𝟗𝐑𝟓 − 𝟐𝐑𝟒𝐫 − 𝟏𝟐𝟖𝐑𝐫𝟒 − 𝟐𝟒𝐫𝟓)𝐬𝟐 + 𝟖𝐫𝟓(𝟒𝐑+ 𝐫)𝟐 ≥

?
⏟
(⦁⦁)

𝟎 

𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 𝟗𝐑𝟓 − 𝟐𝐑𝟒𝐫 − 𝟏𝟐𝟖𝐑𝐫𝟒 − 𝟐𝟒𝐫𝟓 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 

𝟗𝐑𝟓 − 𝟐𝐑𝟒𝐫 − 𝟏𝟐𝟖𝐑𝐫𝟒 − 𝟐𝟒𝐫𝟓 < 0, 𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁⦁) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 
(𝟗𝐑𝟓 − 𝟐𝐑𝟒𝐫 − 𝟏𝟐𝟖𝐑𝐫𝟒 − 𝟐𝟒𝐫𝟓)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟖𝐫𝟓(𝟒𝐑+ 𝐫)𝟐 

⇔ 𝟑𝟔𝐭𝟕 + 𝟐𝟖𝐭𝟔 + 𝟏𝟗𝐭𝟓 − 𝟔𝐭𝟒 − 𝟓𝟏𝟐𝐭𝟑 − 𝟒𝟖𝟎𝐭𝟐 − 𝟒𝟏𝟔𝐭 − 𝟔𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝟔𝐭𝟔 + 𝟏𝟎𝟎𝐭𝟓 + 𝟐𝟏𝟗𝐭𝟒 + 𝟒𝟑𝟐𝐭𝟑 + 𝟑𝟓𝟐𝐭𝟐 + 𝟐𝟐𝟒𝐭 + 𝟑𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (⦁⦁) ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝐜𝐨𝐬𝐀

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

≤
𝐑𝟑

𝟏𝟐𝟖𝐫𝟓
 𝒂𝐧𝐝 𝐬𝐨, 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠, 

𝐫

𝟐𝐑𝟑
≤∑

𝐜𝐨𝐬𝐀

𝒂(𝐛 + 𝐜)
𝐜𝐲𝐜

≤
𝐑𝟑

𝟏𝟐𝟖𝐫𝟓
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3862. Prove that in any non isosceles triangle 𝑨𝑩𝑪 holds: 
 

√∑
𝟒(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)

(𝒂 − 𝒃)𝟐
𝒄𝒚𝒄

> 3 

Proposed by Neculai Stanciu-Romania 
Solution by Tapas Das-India 
 

 𝟒(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐) = 𝟐 × 𝟐(𝒂𝟐 + 𝒃𝟐) − 𝟒𝒂𝒃 = 
= 𝟐((𝒂 + 𝒃)𝟐 + (𝒂 − 𝒃)𝟐) − ((𝒂 + 𝒃)𝟐 − (𝒂 − 𝒃)𝟐) = (𝒂 + 𝒃)𝟐 + 𝟑(𝒂 − 𝒃)𝟐 

 

 
 𝟒(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)

(𝒂 − 𝒃)𝟐
=
(𝒂 + 𝒃)𝟐 + 𝟑(𝒂 − 𝒃)𝟐

(𝒂 − 𝒃)𝟐
=
(𝒂 + 𝒃)𝟐

(𝒂 − 𝒃)𝟐
+ 𝟑 > 3 (1) 

 

 √∑
𝟒(𝒂𝟐 − 𝒂𝒃 + 𝒃𝟐)

(𝒂 − 𝒃)𝟐
𝒄𝒚𝒄

>
(𝟏)

√𝟑 + 𝟑 + 𝟑 = 𝟑 

 

3863. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒄𝒕𝒈𝟐(𝑨)

𝐬𝐢𝐧(𝑨)
+
𝒄𝒕𝒈𝟐(𝑩)

𝐬𝐢𝐧(𝑩)
+
𝒄𝒕𝒈𝟐(𝑪)

𝐬𝐢𝐧(𝑪)
≥
𝟐√𝟑

𝟑
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mirsadix Muzefferov-Azerbaijan 

∑
𝒄𝒕𝒈𝟐(𝑨)

𝐬𝐢𝐧(𝑨)
𝒄𝒚𝒄

≥⏞
𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 (∑ 𝒄𝒕𝒈𝒄𝒚𝒄 (𝑨))

𝟐

∑ 𝒔𝒊𝒏𝒄𝒚𝒄 (𝑨)
=
(
𝒔𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐

𝟐𝒔𝒓 )
𝟐

𝒔
𝑹

≥⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

≥
(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐)𝟐

𝟒𝒔𝟐𝒓𝟐
.
𝑹

𝒔
=
(𝟏𝟐𝑹𝒓 − 𝟔𝒓𝟐)𝟐

𝟒𝒔𝟐𝒓𝟐
.
𝑹

𝒔
= 

=
𝑹. (𝟔𝑹− 𝟑𝒓)𝟐

𝒔𝟑
≥⏞

𝑬𝒖𝒍𝒆𝒓𝑹. (𝟔𝑹 − 𝟏. 𝟓𝑹)𝟐

𝒔𝟑
≥⏞

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟖𝑹. 𝟐𝟎. 𝟐𝟓𝑹𝟐

𝟖𝟏√𝟑𝑹𝟑
=
𝟐√𝟑

𝟑
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝑨 = 𝑩 = 𝑪. 

3864. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒔𝒊𝒏 (
𝑨
𝟐
)

𝒔𝒊𝒏𝟐(𝑩)
+
𝒔𝒊𝒏 (

𝑩
𝟐
)

𝒔𝒊𝒏𝟐(𝑪)
+
𝒔𝒊𝒏 (

𝑪
𝟐
)

𝒔𝒊𝒏𝟐(𝑨)
≥ 𝟐 

Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Mirsadix Muzefferov-Azerbaijan 

∑
𝒔𝒊𝒏(

𝑨
𝟐)

𝒔𝒊𝒏𝟐(𝑩)
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟑√
∏ 𝒔𝒊𝒏 (

𝑨
𝟐)𝒄𝒚𝒄

(∏ 𝒔𝒊𝒏(𝑨)𝒄𝒚𝒄 )
𝟐

𝟑

= 𝟑√

∏ 𝒔𝒊𝒏 (
𝑨
𝟐)𝒄𝒚𝒄

𝟔𝟒∏ (𝒔𝒊𝒏(
𝑨
𝟐) . 𝒄𝒐𝒔 (

𝑨
𝟐))

𝟐

𝒄𝒚𝒄

𝟑
= 

= 𝟑√
𝟏

𝟖(∏ 𝒔𝒊𝒏(𝑨)𝒄𝒚𝒄 ) (∏ 𝒄𝒐𝒔 (
𝑨
𝟐)𝒄𝒚𝒄 )

𝟑 =
𝟑

𝟐 √
𝟏

𝑭
𝟐𝑹𝟐

.
𝒑
𝟒𝑹

𝟑
= 

=
𝟑

𝟐
√
𝟖𝑹𝟑

𝑭. 𝒑

𝟑

= 𝟑√
𝑹.𝑹𝟐

𝒓. 𝒑𝟐
𝟑

≥⏞
𝑬𝒖𝒍𝒆𝒓 (𝑹≥𝟐𝒓)

𝟑√𝟐.
𝟒𝒑𝟐

𝟐𝟕𝒑𝟐
𝟑

= 𝟐 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝑨 = 𝑩 = 𝑪 
 

3865. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂

√𝐛𝟐 + 𝐜𝟐
+

𝐛

√𝐜𝟐 + 𝒂𝟐
+

𝐜

√𝒂𝟐 + 𝐛𝟐
< 2√𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

 

∑
𝒂

√𝐛𝟐 + 𝐜𝟐
𝐜𝐲𝐜

≤
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒

√𝟐.∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

= √𝟐.∑
𝒂

𝐬 + 𝐬 − 𝒂
𝐜𝐲𝐜

< √𝟐.∑
𝒂

𝐬
𝐜𝐲𝐜

 

= √𝟐.
𝟐𝐬

𝐬
= 𝟐√𝟐 ∀ ∆ 𝐀𝐁𝐂  

 

Solution 2 by Amin Hajiyev-Azerbaijan 

𝑨𝒏𝒚 𝚫𝑨𝑩𝑪 → {
𝒂 + 𝒃 > 𝑐
𝒃 + 𝒄 > 𝑎
𝒂 + 𝒄 > 𝑏

→  

{
 
 

 
 

𝒄

𝒂 + 𝒃
< 1

𝒂

𝒃 + 𝒄
< 1

𝒃

𝒂 + 𝒄
< 1

 

𝒂 < 𝑏 + 𝑐 →  𝑎 + 𝑏 + 𝑐 < 2(𝒃 + 𝒄) 

→
𝟏

𝒃 + 𝒄
<

𝟐

𝒂 + 𝒃 + 𝒄
→

𝒂

𝒃 + 𝒄
<

𝟐𝒂

𝒂 + 𝒃 + 𝒄
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∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

<∑
𝟐𝒂

𝒂 + 𝒃 + 𝒄
𝒄𝒚𝒄

→ ∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

< 2 

(𝒄 − 𝒃)𝟐 ≥ 𝟎 → 𝒄𝟐 + 𝒃𝟐 ≥ 𝟐𝒄𝒃 → 𝒄𝟐 + 𝒃𝟐 ≥
(𝒄 + 𝒃)𝟐

𝟐
 

𝒄 + 𝒃

√𝟐
≤ √𝒄𝟐 + 𝒃𝟐 →

𝟏

√𝒄𝟐 + 𝒃𝟐
≤

√𝟐

𝒄 + 𝒃
→

𝒂

√𝒄𝟐 + 𝒃𝟐
≤
𝒂√𝟐

𝒃 + 𝒄
 

 

∑
𝒂

√𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤ √𝟐∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

 

 

∑
𝒂

𝒃+ 𝒄
𝒄𝒚𝒄

< 2 → ∑
𝒂

√𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

< 2√𝟐   

 

3866. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

√
𝐭𝐚𝐧

𝑨
𝟐
𝐭𝐚𝐧

𝑩
𝟐

𝐭𝐚𝐧
𝑪
𝟐
 

+ √
𝐭𝐚𝐧

𝑩
𝟐
𝐭𝐚𝐧

𝑪
𝟐

𝐭𝐚𝐧
𝑨
𝟐
 

+ √
𝐭𝐚𝐧

𝑪
𝟐
𝐭𝐚𝐧

𝑨
𝟐

𝐭𝐚𝐧
𝑩
𝟐
 

≥ √𝟐𝟕
𝟒

 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒏 𝒂𝒏𝒚 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 ∑𝐭𝐚𝐧
𝑨

𝟐
𝐭𝐚𝐧

𝑩

𝟐
= 𝟏(𝟏) 

 

𝒍𝒆𝒕 𝐭𝐚𝐧
𝑨

𝟐
= 𝒙, 𝐭𝐚𝐧

𝑩

𝟐
= 𝒚, 𝐭𝐚𝐧

𝑪

𝟐
= 𝒛 𝒕𝒉𝒆𝒏 𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙 =

(𝟏)
 𝟏 (𝟐) 

 

√
𝐭𝐚𝐧

𝑨
𝟐
𝐭𝐚𝐧

𝑩
𝟐

𝐭𝐚𝐧
𝑪
𝟐 

+ √
𝐭𝐚𝐧

𝑩
𝟐
𝐭𝐚𝐧

𝑪
𝟐

𝐭𝐚𝐧
𝑨
𝟐 

+ √
𝐭𝐚𝐧

𝑪
𝟐
𝐭𝐚𝐧

𝑨
𝟐

𝐭𝐚𝐧
𝑩
𝟐 

= 

 

= √
𝒙𝒚

𝒛
+ √

𝒚𝒛

𝒙
+√

𝒛𝒙

𝒚
=
𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙

√𝒙𝒚𝒛
=
(𝟐) 𝟏

√𝒙𝒚𝒛
=

𝟏

√ 𝒙𝟐𝒚𝟐𝒛𝟐
𝟒

= 
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= √
𝟏

𝒙𝒚. 𝒚𝒛. 𝒛𝒙

𝟒

≥
𝑨𝑴−𝑮𝑴

 √
𝟐𝟕

(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙)𝟑 

𝟒

=
(𝟐)
√𝟐𝟕
𝟒

  

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒙 = 𝒚 = 𝒛 =
𝟏

√𝟑
⇒  𝑨 = 𝑩 = 𝑪 =

𝝅

𝟑
 

 

3867. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐜𝐨𝐬 𝐀

𝟏 + 𝐭𝒂𝐧𝟐 𝐀
+

𝐜𝐨𝐬 𝐁

𝟏 + 𝐭𝒂𝐧𝟐 𝐁
+

𝐜𝐨𝐬𝐂

𝟏 + 𝐭𝒂𝐧𝟐 𝐂
≥
𝟑

𝟖
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐜𝐨𝐬𝐀

𝟏 + 𝐭𝒂𝐧𝟐𝐀
𝐜𝐲𝐜

=∑𝐜𝐨𝐬𝟑𝐀

𝐜𝐲𝐜

= 

= 𝟑∏𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

+
𝟏

𝟐
(∑𝐜𝐨𝐬 𝐀

𝐜𝐲𝐜

)(𝟑∑𝐜𝐨𝐬𝟐𝐀

𝐜𝐲𝐜

−(∑𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

)

𝟐

) 

=
𝟑(𝐬𝟐 − (𝟐𝐑+ 𝐫)𝟐)

𝟒𝐑𝟐
+
𝐑+ 𝐫

𝟐𝐑
. (𝟑(𝟑 −

𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟐𝐑𝟐
) −

(𝐑 + 𝐫)𝟐

𝐑𝟐
) 

=
𝟑(𝐬𝟐 − (𝟐𝐑+ 𝐫)𝟐) − 𝟐(𝐑 + 𝐫)𝟑 + 𝟏𝟖𝐑𝟐(𝐑 + 𝐫) − 𝟑(𝐑 + 𝐫)(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟒𝐑𝟑
≥
? 𝟑

𝟖
 

⇔ 𝟓𝐑𝟑 + 𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟐𝐑𝐫𝟐 + 𝟐𝐫𝟑 ≥
?
⏟
(∗)

𝟔𝐫𝐬𝟐 

𝐍𝐨𝐰, 𝟔𝐫𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟔𝐫(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
𝐑𝟑 + 𝟐𝟒𝐑𝟐𝐫 + 𝟏𝟐𝐑𝐫𝟐 + 𝟐𝐫𝟑 

⇔ 𝟓𝐑𝟑 − 𝟏𝟐𝐑𝐫𝟐 − 𝟏𝟔𝐫𝟑 ≥
?
𝟎 ⇔ (𝐑 − 𝟐𝐫)(𝟓𝐑𝟐 + 𝟏𝟎𝐑𝐫 + 𝟖𝐫𝟐) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐜𝐨𝐬 𝐀

𝟏 + 𝐭𝒂𝐧𝟐 𝐀
+

𝐜𝐨𝐬𝐁

𝟏 + 𝐭𝒂𝐧𝟐 𝐁
+

𝐜𝐨𝐬𝐂

𝟏 + 𝐭𝒂𝐧𝟐 𝐂
≥
𝟑

𝟖
 

∀ ∆ 𝐀𝐁𝐂  (𝐐𝐄𝐃), ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3868. 
𝑳𝒆𝒕 ∆𝑫𝑬𝑭 𝒃𝒆 𝒕𝒉𝒆 𝑮𝒆𝒓𝒈𝒐𝒏𝒏𝒆′𝒔 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒐𝒇 ∆𝑨𝑩𝑪.   
𝑰𝒂,  𝑰𝒃,  𝑰𝒄 − 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 ∆𝑨𝑩𝑪.   𝐏𝐫 𝒐𝒗𝒆 𝒕𝒉𝒂𝒕:   

𝟗√𝟑𝑹𝒓 ≥∑𝑬𝑭

 

 

. 𝑨𝑰𝒂 ≥ 𝟏𝟖√𝟑𝒓
𝟐 

Proposed by Sarkhan Adgozalov-Georgia 
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Solution by Qurban Muellim-Azerbaijan 

 𝑨𝑰𝒂 =
𝒓𝒂

𝐬𝐢𝐧 (
𝑨
𝟐)

 

𝑭𝑬

𝐬𝐢𝐧 (∡𝑭𝑫𝑬 = 𝟗𝟎 −
𝑨
𝟐)
= 𝟐𝒓  ⇒  𝑭𝑬 = 𝟐𝒓 𝐜𝐨𝐬 (

𝑨

𝟐
) 

𝑬𝑭.𝑨𝑰𝒂 = 𝟐𝒓𝐜𝐨𝐬 (
𝑨

𝟐
) ⋅

𝒓𝒂

𝐬𝐢𝐧 (
𝑨
𝟐)
= 𝟐𝒓𝒓𝒂 ⋅ 𝐜𝐨𝐭 (

𝑨

𝟐
) = 𝟐𝒓𝒓𝒂 ⋅

𝒔

𝒓𝒂
= 𝟐𝒓𝒔 

∑𝑬𝑭

 

 

⋅ 𝑨𝑰𝒂 =∑𝟐𝒓𝒔

 

 

= 𝟔𝒓𝒔 

𝟔𝒓𝒔 ≥ 𝟔𝒓 ⋅ 𝟑√𝟑𝒓 = 𝟏𝟖√𝟑𝒓𝟐 (𝟏) 

𝟔𝒓𝒔 ≤ 𝟔𝒓 ⋅
𝟑√𝟑𝑹

𝟐
= 𝟗√𝟑𝑹𝒓  (𝟐) 

(𝟏)  ∧  (𝟐)  ⇒  𝟗√𝟑𝑹𝒓 ≥∑𝑬𝑭

 

 

⋅ 𝑨𝑰𝒂 ≥ 𝟏𝟖√𝟑𝒓
𝟐 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   
 

3869. If 𝑯−orthocenter in acute ∆𝑨𝑩𝑪 then: 
 

𝑯𝑨 +𝑯𝑩 + 𝑯𝑪 ≥ 𝟔𝒓 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
 

𝑯𝑨 +𝑯𝑩 + 𝑯𝑪 =∑𝑯𝑨

𝒄𝒚𝒄

= 𝟐𝑹∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

= 𝟐𝑹(𝟏 +
𝒓

𝑹
) = 

= 𝟐𝑹 + 𝟐𝒓 ≥⏞
𝑬𝑼𝑳𝑬𝑹

𝟐 ∙ 𝟐𝒓 + 𝟐𝒓 = 𝟔𝒓 
 

Equality holds for an equilateral triangle. 

 
3870. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒘𝒂
𝟐 +𝒘𝒃

𝟐 +𝒘𝒄
𝟐 ≤

𝟐𝟕𝑹𝟐

𝟒
 

 
Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Daniel Sitaru-Romania 

𝒘𝒂
𝟐 +𝒘𝒃

𝟐 + 𝒘𝒄
𝟐 =∑𝒘𝒂

𝟐

𝒄𝒚𝒄

≤∑𝒔(𝒔 − 𝒂)

𝒄𝒚𝒄

= 𝒔(∑𝒔

𝒄𝒚𝒄

−∑𝒂

𝒄𝒚𝒄

) = 

= 𝒔(𝟑𝒔 − 𝟐𝒔) = 𝒔𝟐 ≤⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

(
𝟑√𝟑𝑹

𝟐
)

𝟐

=
𝟐𝟕𝑹𝟐

𝟒
 

Equality holds for an equilateral triangle. 

 
3871. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂𝟐𝒄𝒐𝒔
𝑨

𝟐
+ 𝒃𝟐𝒄𝒐𝒔

𝑩

𝟐
+ 𝒄𝟐𝒄𝒐𝒔

𝑪

𝟐
≥ 𝟔𝑭 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝒂𝟐𝒄𝒐𝒔
𝑨

𝟐
+ 𝒃𝟐𝒄𝒐𝒔

𝑩

𝟐
+ 𝒄𝟐𝒄𝒐𝒔

𝑪

𝟐
≥⏞

𝑪𝑬𝑩𝒀𝑺𝑯𝑬𝑽 𝟏

𝟑
∑𝒂𝟐

𝒄𝒚𝒄

∙∑𝒄𝒐𝒔
𝑨

𝟐
𝒄𝒚𝒄

≥ 

 

≥⏞
𝑰𝑶𝑵𝑬𝑺𝑪𝑼−𝑾𝑬𝑰𝑻𝒁𝑬𝑵𝑩𝑶𝑪𝑲 𝟏

𝟑
∙ 𝟒√𝟑𝑭 ∙∑𝒄𝒐𝒔

𝑨

𝟐
𝒄𝒚𝒄

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

𝟏

𝟑
∙ 𝟒√𝟑𝑭 ∙ 𝟑𝒄𝒐𝒔(

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
) = 

= 𝟒√𝟑𝑭𝒄𝒐𝒔 (
𝝅

𝟔
) = 𝟒√𝟑𝑭 ∙

√𝟑

𝟐
= 𝟔𝑭 

Equality holds for an equilateral triangle. 

 
3872. If 𝑰 −incenter in ∆𝑨𝑩𝑪 then holds: 
 

𝟏

𝑨𝑰𝟐
+

𝟏

𝑩𝑰𝟐
+
𝟏

𝑪𝑰𝟐
≥

𝟑

𝟒𝒓𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝟏

𝑨𝑰𝟐
+
𝟏

𝑩𝑰𝟐
+
𝟏

𝑪𝑰𝟐
=∑

𝟏

𝑨𝑰𝟐
𝒄𝒚𝒄

=∑
𝟏

𝒓𝟐

𝒔𝒊𝒏𝟐
𝑨
𝟐

𝒄𝒚𝒄

=
𝟏

𝒓𝟐
∑𝒔𝒊𝒏𝟐

𝑨

𝟐
𝒄𝒚𝒄

= 
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=
𝟏

𝒓𝟐
(𝟏 −

𝒓

𝟐𝑹
) ≥⏞
𝑬𝑼𝑳𝑬𝑹 𝟏

𝒓𝟐
(𝟏 −

𝑹
𝟐
𝟐𝑹
) =

𝟏

𝒓𝟐
(𝟏 −

𝟏

𝟒
) =

𝟑

𝟒𝒓𝟐
 

Equality holds for an equilateral triangle. 

 
3873. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐜𝐨𝐭𝟐
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐨𝐭

𝐂

𝟐
≤
𝐛𝟐𝐜𝟐

𝟏𝟔𝐫𝟒
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐬𝟎 = 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐜𝐨𝐭
𝟐
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐨𝐭

𝐂

𝟐
≤
? 𝐛𝟐𝐜𝟐

𝟏𝟔𝐫𝟒
 

⇔
𝐬𝟎
𝐫
.
𝐬𝟎(𝐬𝟎 − 𝒂)

𝐫. 𝐬𝟎
≤
? 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟎

𝟐

𝟏𝟔𝐫𝟒. 𝒂𝟐
⇔ 𝒂𝟐(𝐬𝟎 − 𝒂) ≤

?
𝐑𝟐𝐬𝟎 

⇔ 𝟏𝟔𝐑𝟐 𝐜𝐨𝐬𝟐
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐀

𝟐
. 𝟒𝐑𝐜𝐨𝐬

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
≤
?
𝐑𝟐. 𝟒𝐑 𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
 

⇔ 𝟏𝟔𝐬𝟐(𝟏 − 𝐬𝟐)(𝐜 − 𝐬) ≤
?
𝐬 + 𝐜 (𝐬 = 𝐬𝐢𝐧

𝐀

𝟐
, 𝐜 = 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
) 

⇔ (𝟏𝟔𝐬𝟐(𝟏 − 𝐬𝟐) − 𝟏)𝐜 ≤
?
⏟
(∗)

𝐬 + 𝟏𝟔𝐬𝟑(𝟏 − 𝐬𝟐) 

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟔𝐬𝟐(𝟏 − 𝐬𝟐) > 1 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐬𝐢𝐧𝐜𝐞 𝐜 ≤ 𝟏 ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤ 𝟏𝟔𝐬𝟐(𝟏 − 𝐬𝟐) − 𝟏 

≤
?
𝐬 + 𝟏𝟔𝐬𝟑(𝟏 − 𝐬𝟐) ⇔ 𝟏𝟔𝐬𝟐(𝟏 − 𝐬) ≤

?
𝟏 + 𝟏𝟔𝐬𝟑(𝟏 − 𝐬) ⇔ 𝟏𝟔𝐬𝟐(𝟏 − 𝐬)𝟐 ≤

?
𝟏 

⇔ 𝟒𝐬(𝟏 − 𝐬) ≤
?
𝟏 ⇔ 𝟒𝐬𝟐 − 𝟒𝐬 + 𝟏 ≥

?
𝟎 ⇔ (𝟏 − 𝟐𝐬)𝟐 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟔𝐬𝟐(𝟏 − 𝐬𝟐) ≤ 𝟏 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 𝐬𝐢𝐧𝐜𝐞 𝐜 = 𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
=
𝐛 + 𝐜

𝒂
. 𝐬𝐢𝐧

𝐀

𝟐
> 𝐬𝐢𝐧

𝐀

𝟐
= 𝐬 

∴ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≤ (𝟏𝟔𝐬𝟐(𝟏 − 𝐬𝟐) − 𝟏)𝐬 ≤
?
𝐬 + 𝟏𝟔𝐬𝟑(𝟏 − 𝐬𝟐) ⇔ 𝟐𝐬 ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

(𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 

∴ 𝐜𝐨𝐭𝟐
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐨𝐭

𝐂

𝟐
≤
𝐛𝟐𝐜𝟐

𝟏𝟔𝐫𝟒
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
= 𝟏 𝒂𝐧𝐝 𝐬𝐢𝐧

𝐀

𝟐
=
𝟏

𝟐
 

⇒ ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3874. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝒂

𝒍𝐛 + 𝒍𝐜
+

𝐛

𝒍𝐜 + 𝒍𝒂
+

𝐜

𝒍𝒂 + 𝒍𝐛
≥ √𝟑 

  Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Soumava Chakraborty-Kolkata-India 

∑
𝒂

𝒍𝐛 + 𝒍𝐜
𝐜𝐲𝐜

=∑
𝒂𝟐

𝒂(𝒍𝐛 + 𝒍𝐜)
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟒𝐬𝟐

∑ (𝒂(𝒍𝐛 + 𝒍𝐜))𝐜𝐲𝐜

=
𝟒𝐬𝟐

∑ ((𝐛 + 𝐜)𝒍𝒂)𝐜𝐲𝐜

 

=
𝟒𝐬𝟐

∑ ((𝐛 + 𝐜)
𝟐𝐛𝐜
𝐛 + 𝐜 𝐜𝐨𝐬

𝐀
𝟐)𝐜𝐲𝐜

=
𝟐𝐬𝟐

∑ (𝐛𝐜.√
𝐬(𝐬 − 𝒂)
𝐛𝐜 )𝐜𝐲𝐜

=
𝟐𝐬𝟐

∑ (√𝐛𝐜. √𝐬(𝐬 − 𝒂))𝐜𝐲𝐜

 

≥
𝐂𝐁𝐒 𝟐𝐬𝟐

√∑ 𝒂𝐛𝐜𝐲𝐜 . √𝐬∑ (𝐬 − 𝒂)𝐜𝐲𝐜

≥
𝟐𝐬𝟐

√𝟒𝐬
𝟐

𝟑 . √𝐬𝟐
= √𝟑 𝒂𝐧𝐝 𝐬𝐨, 

𝒂

𝒍𝐛 + 𝒍𝐜
+

𝐛

𝒍𝐜 + 𝒍𝒂
+

𝐜

𝒍𝒂 + 𝒍𝐛
≥ √𝟑 ∀ ∆ 𝐀𝐁𝐂, ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3875. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂
𝟐 +𝐦𝐛

𝟐

𝐜𝐨𝐬 𝐂
+
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐜𝐨𝐬 𝐀
+
𝐦𝐜
𝟐 +𝐦𝒂

𝟐

𝐜𝐨𝐬𝐁
≥ 𝟐𝟕𝐑𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐖𝐞 𝐡𝒂𝐯𝐞 ∀ 𝐦,𝐧, 𝐩, 𝐮, 𝐯, 𝐰 > 0, (𝐧 + 𝐩)𝐮 + (𝐩 +𝐦)𝐯 + (𝐦+ 𝐧)𝐰 ≥ 

𝟐√(𝐦𝐧 + 𝐧𝐩 + 𝐩𝐦)(𝐮𝐯 + 𝐯𝐰+ 𝐰𝐮) → ① 

𝐒𝐨,∑
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐜𝐨𝐬𝐀
𝐜𝐲𝐜

=∑(𝐦𝒂
𝟐 (

𝟏

𝐜𝐨𝐬𝐁
+

𝟏

𝐜𝐨𝐬 𝐂
))

𝐜𝐲𝐜

= (𝐧 + 𝐩)𝐮 + (𝐩 +𝐦)𝐯 + (𝐦+ 𝐧)𝐰 

(𝐦 =
𝟏

𝐜𝐨𝐬𝐀
, 𝐧 =

𝟏

𝐜𝐨𝐬𝐁
, 𝐩 =

𝟏

𝐜𝐨𝐬 𝐂
 𝒂𝐧𝐝 𝐮 = 𝐦𝒂

𝟐, 𝐯 = 𝐦𝐛
𝟐, 𝐰 = 𝐦𝐜

𝟐) ≥
𝐯𝐢𝒂 ①

 

𝟐.√∑𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐜𝐲𝐜

. √∑
𝟏

𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂
𝐜𝐲𝐜

= 𝟐.√
𝟗

𝟏𝟔
(∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

) .
𝐑 + 𝐫

𝐑(
𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟒𝐑𝟐
)
≥
?
𝟐𝟕𝐑𝟐 

⇔ (𝐑 + 𝐫)((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) ≥
?
𝟖𝟏𝐑𝟑(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ (𝐑 + 𝐫)𝐬𝟒 − (𝟖𝟏𝐑𝟑 + 𝟖𝐑𝟐𝐫 + 𝟔𝐑𝐫𝟐 − 𝟐𝐫𝟑)𝐬𝟐 + 

𝟑𝟐𝟒𝐑𝟓 + 𝟑𝟐𝟒𝐑𝟒𝐫 + 𝟗𝟕𝐑𝟑𝐫𝟐 + 𝟐𝟒𝐑𝟐𝐫𝟑 + 𝟗𝐑𝐫𝟒 + 𝐫𝟓 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝐏 = (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 
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𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 

⇔ 𝟑𝟐𝟒𝐑𝟓 + 𝟑𝟐𝟒𝐑𝟒𝐫 − 𝟏𝟓𝟗𝐑𝟑𝐫𝟐 − 𝟕𝟐𝐑𝟐𝐫𝟑 + 𝟏𝟒𝟒𝐑𝐫𝟒 − 𝟐𝟒𝐫𝟓 ≥
?
⏟
(∗∗)

 

(𝟖𝟏𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟏𝟔𝐑𝐫𝟐 + 𝟖𝐫𝟑)𝐬𝟐 

𝐀𝐠𝒂𝐢𝐧, (𝟖𝟏𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟏𝟔𝐑𝐫𝟐 + 𝟖𝐫𝟑)𝐬𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟖𝟏𝐑𝟑 − 𝟐𝟒𝐑𝟐𝐫 − 𝟏𝟔𝐑𝐫𝟐 + 𝟖𝐫𝟑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
?
𝐋𝐇𝐒 𝐨𝐟 (∗∗) 

⇔ 𝟒𝟖𝐭𝟒 − 𝟏𝟐𝟏𝐭𝟑 + 𝟏𝟔𝐭𝟐 + 𝟖𝟎𝐭 − 𝟐𝟒 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟒𝟖𝐭𝟐 + 𝟕𝟏𝐭 + 𝟏𝟎𝟖) + 𝟐𝟐𝟖) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗)  

𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐦𝒂
𝟐 +𝐦𝐛

𝟐

𝐜𝐨𝐬 𝐂
+
𝐦𝐛
𝟐 +𝐦𝐜

𝟐

𝐜𝐨𝐬𝐀
+
𝐦𝐜
𝟐 +𝐦𝒂

𝟐

𝐜𝐨𝐬𝐁
≥ 𝟐𝟕𝐑𝟐 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3876. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒘𝒂
𝒃 + 𝒄

+
𝒘𝒃
𝒂 + 𝒄

+
𝒘𝒄
𝒂 + 𝒃

≤
𝟑√𝟑

𝟒
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Amin Hajiyev-Azerbaijan 

𝒘𝒂 =
𝟐 ⋅ 𝒃 ⋅ 𝒄 ⋅ 𝐜𝐨𝐬 (

𝑨
𝟐)

𝒃 + 𝒄
→

𝒘

𝒃 + 𝒄
=
𝟐 ⋅ 𝒃 ⋅ 𝒄 ⋅ 𝐜𝐨𝐬 (

𝑨
𝟐)

(𝒃 + 𝒄)²
  

𝒃 + 𝒄

𝟐
≥⏞

𝑨𝑴−𝑮𝑴

√𝒃𝒄 →
𝟒

(𝒃 + 𝒄)𝟐
≤
𝟏

𝒃𝒄
→

𝒃𝒄

(𝒃 + 𝒄)𝟐
≤
𝟏

𝟒
 

𝒘𝒂
𝒃 + 𝒄

≤
𝟏

𝟐
𝐜𝐨𝐬 (

𝑨

𝟐
) →  ∑

𝒘𝒂
𝒃 + 𝒄

𝒄𝒚𝒄

≤
𝟏

𝟐
∑𝐜𝐨𝐬 (

𝑨

𝟐
)

𝒄𝒚𝒄

 

𝑹𝑯𝑺 =
𝟏

𝟐
∑𝐜𝐨𝐬 (

𝑨

𝟐
)

𝒄𝒚𝒄

→  𝒇(𝒙) = 𝐜𝐨𝐬 (
𝒙

𝟐
) →

𝒅𝟐

𝒅𝒙𝟐
𝒇(𝒙) = −

𝟏

𝟒
𝐜𝐨𝐬 (

𝒙

𝟐
) < 0 

𝒇(𝒙)  𝐢𝐬 𝐜𝐨𝐧𝐜𝐚𝐯𝐞 𝐟𝐮𝐧𝐜𝐭𝐢𝐨𝐧 

𝐜𝐨𝐬 (
𝑨
𝟐) + 𝐜𝐨𝐬 (

𝑩
𝟐) + 𝐜𝐨𝐬 (

𝑪
𝟐)

𝟑
≤⏞

𝑱𝑬𝑵𝑺𝑬𝑵

𝐜𝐨𝐬 (

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
) → ∠𝑨 + ∠𝑩 + ∠𝑪 = 𝝅 

∑𝐜𝐨𝐬 (
𝑨

𝟐
)

𝒄𝒚𝒄

≤ 𝟑 𝐜𝐨𝐬 (
𝝅

𝟔
) =

𝟑√𝟑

𝟐
→  𝑹𝑯𝑺 =

𝟏

𝟐
∑𝐜𝐨𝐬 (

𝑨

𝟐
)

𝒄𝒚𝒄

≤
𝟑√𝟑

𝟒
 



 
www.ssmrmh.ro 

55 RMM-TRIANGLE MARATHON 3801-3900 

 

∑
𝑰𝒂
𝒃 + 𝒄

𝒄𝒚𝒄

≤
𝟏

𝟐
∑𝐜𝐨𝐬 (

𝑨

𝟐
)

𝒄𝒚𝒄

→ ∑
𝑰𝒂
𝒃 + 𝒄

𝒄𝒚𝒄

≤
𝟑√𝟑

𝟒
   

                                               The equality holds for an equilateral triangle.  

3877. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏 + 𝐜𝐨𝐭 𝑨

𝐬𝐢𝐧𝟐 𝑨
+
𝟏 + 𝐜𝐨𝐭𝑩

𝐬𝐢𝐧𝟐 𝑩
+
𝟏 + 𝐜𝐨𝐭 𝑪

𝐬𝐢𝐧𝟐 𝑪
≥
𝟏𝟐 + 𝟒√𝟑

𝟑
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒙 = 𝐜𝐨𝐭 𝑨 , 𝒚 = 𝐜𝐨𝐭 𝑩 , 𝒛 = 𝐜𝐨𝐭𝑪  𝒕𝒉𝒆𝒏 ∑𝒙𝒚 =∑𝒄𝒐𝒕𝑨. 𝒄𝒐𝒕𝑩 = 𝟏 (𝟏) 

 

∑𝒙 ≥ √𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) =⏞
(𝟏)

√𝟑 (𝟐) 

 
𝟏 + 𝐜𝐨𝐭 𝑨

𝐬𝐢𝐧𝟐 𝑨
+
𝟏 + 𝐜𝐨𝐭 𝑩

𝐬𝐢𝐧𝟐 𝑩
+
𝟏 + 𝐜𝐨𝐭 𝑪

𝐬𝐢𝐧𝟐 𝑪
=∑

𝟏+ 𝐜𝐨𝐭 𝑨

𝐬𝐢𝐧𝟐 𝑨
=∑(𝟏 + 𝒄𝒐𝒕𝑨)𝐜𝐬𝐜𝟐𝑨 = 

 

=∑(𝟏 + 𝒙)(𝟏 + 𝒙𝟐) =∑(𝟏 + 𝒙 + 𝒙𝟐 + 𝒙𝟑) = 

= 𝟑 +∑𝒙+∑𝒙𝟐 +∑𝒙𝟑 ≥
𝑪𝑩𝑺

 𝟑 +∑𝒙+
𝟏

𝟑
(∑𝒙)

𝟐

+
𝟏

𝟗
(∑𝒙)

𝟑

 

 

≥
(𝟐)

 𝟑 + √𝟑 +
𝟑

𝟑
+
𝟏

𝟗
(√𝟑)

𝟑
= 𝟒 + √𝟑+

√𝟑

𝟑
=
𝟏𝟐 + 𝟒√𝟑

𝟑
 

 
Equality holds for an equilateral triangle. 

3878. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟗(𝐑 − 𝐫) ≤∑
𝐦𝒂
𝟐

𝐫𝒂
𝐜𝐲𝐜

≤
𝟗𝐑𝟑

𝟖𝐫𝟐
 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂
𝟐

𝐫𝒂
𝐜𝐲𝐜

=
𝟏

𝟒𝐫𝐬
.∑((𝐬 − 𝒂)(𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐))

𝐜𝐲𝐜

 

=
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝐫𝐬
.∑(𝐬 − 𝒂)

𝐜𝐲𝐜

−
𝟑

𝟒𝐫𝐬
. (𝐬∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝟑

𝐜𝐲𝐜

) 

=
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝐫
−
𝟑

𝟒𝐫𝐬
. (𝟐𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)) 

=
𝐬𝟐 − 𝟕𝐑𝐫 − 𝟒𝐫𝟐

𝐫
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟒𝐑𝟐 − 𝟑𝐑𝐫 − 𝐫𝟐

𝐫
≤
? 𝟗𝐑𝟑

𝟖𝐫𝟐
 

⇔ 𝟗𝐑𝟑 − 𝟑𝟐𝐑𝟐𝐫 + 𝟐𝟒𝐑𝐫𝟐 + 𝟖𝐫𝟑 ≥
?
𝟎 ⇔ (𝐑 − 𝟐𝐫)((𝐑 − 𝟐𝐫)(𝟗𝐑+ 𝟒𝐫) + 𝟒𝐫𝟐) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ∴ ∑
𝐦𝒂
𝟐

𝐫𝒂
𝐜𝐲𝐜

≤
𝟗𝐑𝟑

𝟖𝐫𝟐
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑

𝐦𝒂
𝟐

𝐫𝒂
𝐜𝐲𝐜

=
𝐬𝟐 − 𝟕𝐑𝐫 − 𝟒𝐫𝟐

𝐫
 

≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟗𝐑𝐫 − 𝟗𝐫𝟐

𝐫
∴∑

𝐦𝒂
𝟐

𝐫𝒂
𝐜𝐲𝐜

≥ 𝟗(𝐑− 𝐫) 𝒂𝐧𝐝 𝐬𝐨, 

𝟗(𝐑 − 𝐫) ≤∑
𝐦𝒂
𝟐

𝐫𝒂
𝐜𝐲𝐜

≤
𝟗𝐑𝟑

𝟖𝐫𝟐
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3879. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒂

𝒉𝒂
𝟐

𝒄𝒚𝒄

≥∑
𝒂

𝒓𝒂
𝟐

𝒄𝒚𝒄

 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒂

𝒉𝒂𝟐
𝒄𝒚𝒄

=∑
𝒂𝟑

𝟒𝑭𝟐
𝒄𝒚𝒄

=
𝟏

𝟒𝑭𝟐
∑𝒂𝟑

𝒄𝒚𝒄

  (𝑳𝑯𝑺) 

∑
𝒂

𝒓𝒂𝟐
𝒄𝒚𝒄

=∑
𝒂

𝑭𝟐

(𝒑 − 𝒂)𝟐

=

𝒄𝒚𝒄

∑
𝒂(𝒑 − 𝒂)𝟐

𝑭𝟐
𝒄𝒚𝒄

=
𝟏

𝑭𝟐
∑𝒂(𝒑 − 𝒂)𝟐

𝒄𝒚𝒄

  (𝑹𝑯𝑺) 

𝑳𝒆𝒕′𝒔  𝒑𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕  𝑳𝑯𝑺≥⏞
?

𝑹𝑯𝑺 

𝟏

𝟒𝑭𝟐
∑𝒂𝟑

𝒄𝒚𝒄

≥⏞
? 𝟏

𝑭𝟐
∑𝒂(𝒑 − 𝒂)𝟐

𝒄𝒚𝒄
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∑𝒂𝟑

𝒄𝒚𝒄

≥⏞
? 𝟏

𝑭𝟐
∑𝒂(𝟐𝒑 − 𝟐𝒂)𝟐

𝒄𝒚𝒄

 

∑𝒂𝟑

𝒄𝒚𝒄

≥⏞
? 𝟏

𝑭𝟐
∑𝒂(𝒃 + 𝒄 − 𝒂)𝟐

𝒄𝒚𝒄

 

∑𝒂𝟑

𝒄𝒚𝒄

≥⏞
? 𝟏

𝑭𝟐
∑𝒂𝟑 − 𝒂𝟐(𝒃 + 𝒄) − 𝒃𝟐(𝒂 + 𝒄) − 𝒄𝟐(𝒂 + 𝒃) + 𝟔𝒂𝒃𝒄

𝒄𝒚𝒄

 

𝒂𝟐(𝒃 + 𝒄) + 𝒃𝟐(𝒂 + 𝒄) + 𝒄𝟐(𝒂 + 𝒃) ≥ 𝟔𝒂𝒃𝒄 

𝒂𝟐. 𝟐√𝒃𝒄 + 𝒃𝟐. 𝟐√𝒂𝒄 + 𝒄𝟐. 𝟐√𝒂𝒃 ≥⏞
𝑨−𝑮

𝟑√𝟖𝒂𝟐. 𝒃𝟐. 𝒄𝟐. √𝒃𝒄. √𝒂𝒄. √𝒂𝒃
𝟑

≥ 

𝟔√(𝒂𝒃𝒄)𝟑
𝟑

= 𝟔𝒂𝒃𝒄 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

 

3880. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

  𝟔𝒓 ≤ √(𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒂 + 𝒉𝒄)
𝟑

≤ 𝟑𝑹 
 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 

√(𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒂 + 𝒉𝒄)
𝟑

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ √𝟐√𝒉𝒂𝒉𝒃. 𝟐√𝒉𝒃𝒉𝒄. 𝟐√𝒉𝒂𝒉𝒄
𝟑

= 𝟐√𝒉𝒂𝒉𝒃𝒉𝒄
𝟑 = 

= 𝟐√
𝟐𝑭𝟐

𝑹

𝟑

≥ 𝟐√
𝟐𝑺𝟐𝒓𝟐

𝑹

𝟑

≥ 𝟐√
𝟐𝟕𝑹𝒓. 𝒓𝟐

𝑹

𝟑

= 𝟔𝒓   (𝑳𝑯𝑺) 

√(𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒂 + 𝒉𝒄)
𝟑

≤⏞
𝑨𝑴−𝑮𝑴𝟐

𝟑
(𝒉𝒂 + 𝒉𝒃 + 𝒉𝒄) ≤ 

≤
𝟐

𝟑
(𝒎𝒂 +𝒎𝒃 +𝒎𝒄) ≤⏞

𝑮𝒐𝒕𝒎𝒂𝒏 𝟐

𝟑
.
𝟗𝑹

𝟐
= 𝟑𝑹  (𝑹𝑯𝑺) 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂 = 𝒃 = 𝒄. 

3881. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∏
𝐡𝐛 + 𝐡𝐜
𝟐𝐡𝒂

𝐜𝐲𝐜

≤
𝐑

𝟐𝐫
.
∑ 𝐡𝒂

𝟐
𝐜𝐲𝐜

∑ 𝐡𝒂𝐡𝐛𝐜𝐲𝐜
 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

∏
𝐡𝐛 + 𝐡𝐜
𝟐𝐡𝒂

𝐜𝐲𝐜

≤
? 𝐑

𝟐𝐫
.
∑ 𝐡𝒂

𝟐
𝐜𝐲𝐜

∑ 𝐡𝒂𝐡𝐛𝐜𝐲𝐜
⇔
𝟏

𝟖
.∏

𝐜𝒂 + 𝒂𝐛

𝐛𝐜
𝐜𝐲𝐜

≤
? 𝐑

𝟐𝐫
.
∑ 𝐛𝟐𝐜𝟐𝐜𝐲𝐜

∑ (𝐛𝐜. 𝐜𝒂)𝐜𝐲𝐜
 

⇔
𝟏

𝟖
.
𝟒𝐑𝐫𝐬. 𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
≤
? 𝐑

𝟐𝐫
.
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐

𝟖𝐑𝐫𝐬𝟐
 

⇔ (𝐑 − 𝐫)𝐬𝟒 − 𝐫(𝟖𝐑𝟐 + 𝐫𝟐)𝐬𝟐 +𝐑𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

((𝐑 − 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟖𝐑𝟐 + 𝐫𝟐)) 𝐬𝟐 + 

𝐑𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
𝟎 ⇔ (𝟖𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐)𝐬𝟐 +𝐑𝐫(𝟒𝐑 + 𝐫)𝟐 ≥

?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬 

 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 𝟖𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟖𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐 < 0, 

𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟖𝐑𝟐 − 𝟐𝟏𝐑𝐫 + 𝟒𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐑𝐫(𝟒𝐑 + 𝐫)𝟐 

≥
?
𝟎 ⇔ 𝟏𝟔𝐭𝟒 − 𝟏𝟖𝐭𝟑 − 𝟏𝟖𝐭𝟐 − 𝟐𝟑𝐭 + 𝟔 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟏𝟔𝐭𝟑 + 𝟏𝟒𝐭𝟐 + 𝟏𝟎𝐭 − 𝟑) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∏
𝐡𝐛 + 𝐡𝐜
𝟐𝐡𝒂

𝐜𝐲𝐜

≤
𝐑

𝟐𝐫
.
∑ 𝐡𝒂

𝟐
𝐜𝐲𝐜

∑ 𝐡𝒂𝐡𝐛𝐜𝐲𝐜
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3882. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√
𝐑

𝐫
+ 𝟑 − √𝟐 ≤

√𝐫𝐛𝐫𝐜

𝐡𝒂
+
√𝐫𝐜𝐫𝒂

𝐡𝐛
+
√𝐫𝒂𝐫𝐛

𝐡𝐜
≤ √

𝟐𝐑

𝐫
+ 𝟏 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐬(𝐬 − 𝒂)

𝐡𝒂
𝟐

𝐜𝐲𝐜

=
𝐬

𝟒𝐫𝟐𝐬𝟐
∑𝒂𝟐(𝐬 − 𝒂)

𝐜𝐲𝐜

 

=
𝟐𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)

𝟒𝐫𝟐𝐬
=
𝟒𝐑𝐫𝐬 − 𝟖𝐫𝟐𝐬

𝟒𝐫𝟐𝐬
⇒∑

𝐫𝐛𝐫𝐜
𝐡𝒂𝟐

𝐜𝐲𝐜

=
① 𝐑

𝐫
+ 𝟏 𝒂𝐧𝐝 

𝐧𝐨𝐰,∑(
√𝐫𝐛𝐫𝐜

𝐡𝒂
.
√𝐫𝐜𝐫𝒂

𝐡𝐛
)

𝐜𝐲𝐜

= 𝐑.
√𝐬(𝐬 − 𝒂).√𝐬(𝐬 − 𝐛). √𝐬(𝐬 − 𝐜)

𝟐𝐫𝟐𝐬𝟐
.∑

𝐡𝒂

√𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

 

=
𝐑𝐬. 𝐫𝐬. 𝟐𝐫𝐬

𝟐𝐫𝟐𝐬𝟐. √𝐬
.∑

𝟏

𝒂.√𝐬 − 𝒂
𝐜𝐲𝐜

=
𝐑𝐬

√𝐬
.∑

𝟏

𝒂. √𝐬 − 𝒂
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝐑𝐬

√𝐬
.

𝟗

∑ (𝒂. √𝐬 − 𝒂)𝐜𝐲𝐜
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=
𝐑𝐬

√𝐬
.

𝟗

∑ √𝒂.√𝒂(𝐬 − 𝒂)𝐜𝐲𝐜

≥
𝐂𝐁𝐒 𝐑𝐬

√𝐬
.

𝟗

√𝟐𝐬.√∑ 𝒂(𝐬 − 𝒂)𝐜𝐲𝐜

 

=
𝐑𝐬

√𝐬
.

𝟗

√𝟐𝐬.√𝐬(𝟐𝐬) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)
=
𝐑𝐬

𝟐𝐬
.

𝟗

√𝟒𝐑𝐫 + 𝐫𝟐
≥

𝐄𝐮𝒍𝐞𝐫 𝟗𝐑

𝟐.√
𝟗𝐑𝐫
𝟐

 

∴ 𝟐∑(
√𝐫𝐛𝐫𝐜

𝐡𝒂
.
√𝐫𝐜𝐫𝒂

𝐡𝐛
)

𝐜𝐲𝐜

≥ 𝟑√𝟐.√
𝐑

𝐫
⇒

𝐯𝐢𝒂 ①

∑
𝐫𝐛𝐫𝐜
𝐡𝒂𝟐

𝐜𝐲𝐜

+ 𝟐∑(
√𝐫𝐛𝐫𝐜

𝐡𝒂
.
√𝐫𝐜𝐫𝒂

𝐡𝐛
)

𝐜𝐲𝐜

≥ 

𝐑

𝐫
+ 𝟏 + 𝟑√𝟐.√

𝐑

𝐫
≥
?
(√
𝐑

𝐫
+ 𝟑 − √𝟐)

𝟐

=
𝐑

𝐫
+ 𝟏𝟏 − 𝟔√𝟐+ 𝟐.√

𝐑

𝐫
. (𝟑 − √𝟐) 

⇔ √
𝐑

𝐫
. (𝟓√𝟐 − 𝟔) ≥

?
𝟏𝟎 − 𝟔√𝟐 → 𝐭𝐫𝐮𝐞 ∵ √

𝐑

𝐫
. (𝟓√𝟐 − 𝟔) ≥

𝐄𝐮𝒍𝐞𝐫

√𝟐. (𝟓√𝟐 − 𝟔) 

(∵ 𝟓√𝟐 − 𝟔 > 0) = 𝟏𝟎− 𝟔√𝟐 ⇒ (∑
√𝐫𝐛𝐫𝐜

𝐡𝒂
𝐜𝐲𝐜

)

𝟐

≥ (√
𝐑

𝐫
+ 𝟑 − √𝟐)

𝟐

 

⇒ ∑
√𝐫𝐛𝐫𝐜

𝐡𝒂
𝐜𝐲𝐜

≥ √
𝐑

𝐫
+ 𝟑 − √𝟐  𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑

√𝐫𝐛𝐫𝐜

𝐡𝒂
𝐜𝐲𝐜

=∑
√𝐬(𝐬 − 𝒂). 𝒂

𝟐√𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

 

= ∑
𝐲+ 𝐳

𝟐√𝐲𝐳
𝐜𝐲𝐜

 (𝒙 = 𝐬 − 𝒂, 𝐲 = 𝐬 − 𝐛, 𝐳 = 𝐬 − 𝐜) = 

∑
𝛃𝟐 + 𝛄𝟐

𝟐𝛃𝛄
𝐜𝐲𝐜

 (𝛂 = √𝒙, 𝛃 = √𝐲, 𝛄 = √𝐳) =
𝟏

𝟐𝛂𝛃𝛄
((∑𝛂

𝐜𝐲𝐜

)(∑𝛂𝛃

𝐜𝐲𝐜

) − 𝟑𝛂𝛃𝛄) 

⇒∑
√𝐫𝐛𝐫𝐜

𝐡𝒂
𝐜𝐲𝐜

− 𝟏 =
𝟏

𝟐𝛂𝛃𝛄
((∑𝛂

𝐜𝐲𝐜

)(∑𝛂𝛃

𝐜𝐲𝐜

)− 𝟓𝛂𝛃𝛄) ≤
?
√
𝟐𝐑

𝐫
 

= √
(𝐲 + 𝐳)(𝐳 + 𝒙)(𝒙 + 𝐲)

𝟐𝒙𝐲𝐳
= √

(𝛂𝟐 + 𝛃𝟐)(𝛃𝟐 + 𝛄𝟐)(𝛄𝟐 + 𝛂𝟐)

𝟐𝛂𝟐𝛃𝟐𝛄𝟐
⇔ 

𝟐((∑𝛂𝟐

𝐜𝐲𝐜

)(∑𝛂𝟐𝛃𝟐

𝐜𝐲𝐜

) − 𝛂𝟐𝛃𝟐𝛄𝟐) ≥
?
⏟
(∗)

((∑𝛂

𝐜𝐲𝐜

)(∑𝛂𝛃

𝐜𝐲𝐜

) − 𝟓𝛂𝛃𝛄)

𝟐

 

𝐒𝐢𝐧𝐜𝐞 𝛂, 𝛃, 𝛄 > 0 ∴ 𝒂𝐬𝐬𝐢𝐠𝐧𝐢𝐧𝐠 𝛃 + 𝛄 = 𝐗, 𝛄 + 𝛂 = 𝐘, 𝛂 + 𝛃 = 𝐙 ⇒ 𝐗 + 𝐘 − 𝐙 = 𝟐𝛄 
> 𝟎, 𝒀 + 𝒁 − 𝑿 = 𝟐𝛂 > 𝟎, 𝐙 + 𝐗 − 𝐘 = 𝟐𝛃 > 𝟎 ⇒ 𝑿 + 𝐘 > 𝑍, 𝐘 + 𝐙 > 𝑿, 𝒁 + 𝑿 > 𝑌 

⇒ 𝐗, 𝐘, 𝐙 𝐟𝐨𝐫𝐦 𝐬𝐢𝐝𝐞𝐬 𝐨𝐟 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐗𝐘𝐙 𝐰𝐢𝐭𝐡 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫, 𝐜𝐢𝐫𝐜𝐮𝐦𝐫𝒂𝐝𝐢𝐮𝐬 𝒂𝐧𝐝 𝐢𝐧𝐫𝒂𝐝𝐢𝐮𝐬 
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= 𝐬𝟎, 𝐑𝟎, 𝐫𝟎 (𝐬𝒂𝐲); 𝐭𝐡𝐞𝐧 ∶ ∑𝛂

𝐜𝐲𝐜

= 𝐬𝟎, 𝛂𝛃𝛄 = 𝐫𝟎
𝟐𝐬𝟎,∑𝛂𝛃

𝐜𝐲𝐜

= 𝟒𝐑𝟎𝐫𝟎 + 𝐫𝟎
𝟐, 

∑𝒂𝟐

𝐜𝐲𝐜

= 𝐬𝟎
𝟐 − 𝟖𝐑𝟎𝐫𝟎 − 𝟐𝐫𝟎

𝟐,∑𝛂𝟐𝛃𝟐

𝐜𝐲𝐜

= 𝐫𝟎
𝟐((𝟒𝐑𝟎 + 𝐫𝟎)

𝟐 − 𝟐𝐬𝟎
𝟐), 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧, 

(∗) 𝐛𝐞𝐜𝐨𝐦𝐞𝐬 ∶ 𝟐 ((𝐬𝟎
𝟐 − 𝟖𝐑𝟎𝐫𝟎 − 𝟐𝐫𝟎

𝟐) (𝐫𝟎
𝟐((𝟒𝐑𝟎 + 𝐫𝟎)

𝟐 − 𝟐𝐬𝟎
𝟐)) − 𝐫𝟎

𝟒𝐬𝟎
𝟐) ≥

?
 

((𝐬𝟎)(𝟒𝐑𝟎𝐫𝟎 + 𝐫𝟎
𝟐) − 𝟓𝐫𝟎

𝟐𝐬𝟎)
𝟐

⇔ 

𝟒𝐫𝟎
𝟐(−𝐬𝟎

𝟒 + (𝟒𝐑𝟎
𝟐 + 𝟐𝟎𝐑𝟎𝐫𝟎 − 𝟐𝐫𝟎

𝟐)𝐬𝟎
𝟐 − 𝐫𝟎(𝟒𝐑𝟎 + 𝐫𝟎)

𝟑) ≥
?
𝟎 

𝐈𝐧𝐝𝐞𝐞𝐝,𝐑𝐨𝐮𝐜𝐡𝐞 ⇒ 𝐬𝟎
𝟐 − (𝐦− 𝐧) ≥ 𝟎 𝒂𝐧𝐝 𝐬𝟎

𝟐 − (𝐦+ 𝐧) ≤ 𝟎,𝐰𝐡𝐞𝐫𝐞 𝐦 = 

𝟐𝐑𝟎
𝟐 + 𝟏𝟎𝐑𝟎𝐫𝟎 − 𝐫𝟎

𝟐 𝒂𝐧𝐝 𝐧 = 𝟐(𝐑𝟎 − 𝟐𝐫𝟎).√𝐑𝟎
𝟐 − 𝟐𝐑𝟎𝐫𝟎 

∴ (𝐬𝟎
𝟐 − (𝐦+ 𝐧))(𝐬𝟎

𝟐 − (𝐦− 𝐧)) ≤ 𝟎 ⇒ 𝐬𝟎
𝟒 − (𝟒𝐑𝟎

𝟐 + 𝟐𝟎𝐑𝟎𝐫𝟎 − 𝟐𝐫𝟎
𝟐)𝐬𝟎

𝟐 + 

𝐫𝟎(𝟒𝐑𝟎 + 𝐫𝟎)
𝟑 ≤ 𝟎 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑

√𝐫𝐛𝐫𝐜

𝐡𝒂
𝐜𝐲𝐜

≤ √
𝟐𝐑

𝐫
+ 𝟏 

∴ √
𝐑

𝐫
+ 𝟑 − √𝟐 ≤∑

√𝐫𝐛𝐫𝐜

𝐡𝒂
𝐜𝐲𝐜

≤ √
𝟐𝐑

𝐫
+ 𝟏 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 𝒂 = 𝐛 = 𝐜 (𝐐𝐄𝐃) 

 
3883. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏 + 𝐜𝐨𝐭 𝑨

𝐬𝐢𝐧 𝑨
+
𝟏 + 𝐜𝐨𝐭𝑩

𝐬𝐢𝐧𝑩
+
𝟏 + 𝐜𝐨𝐭 𝑪

𝐬𝐢𝐧 𝑪
≥ 𝟐 + 𝟐√𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝑳𝒆𝒕 𝒙 = 𝐜𝐨𝐭 𝑨 , 𝒚 = 𝐜𝐨𝐭 𝑩 , 𝒛 = 𝐜𝐨𝐭𝑪  𝒕𝒉𝒆𝒏 ∑𝒙𝒚 =∑𝒄𝒐𝒕𝑨. 𝒄𝒐𝒕𝑩 = 𝟏 (𝟏) 

 
𝟏 + 𝐜𝐨𝐭𝑨

𝐬𝐢𝐧 𝑨
+
𝟏 + 𝐜𝐨𝐭 𝑩

𝐬𝐢𝐧𝑩
+
𝟏 + 𝐜𝐨𝐭 𝑪

𝐬𝐢𝐧 𝑪
=∑

𝟏+ 𝐜𝐨𝐭𝑨

𝐬𝐢𝐧𝑨
= 

 

=∑(𝟏 + 𝒄𝒐𝒕𝑨)√𝟏 + 𝐜𝐨𝐭𝟐𝑨=∑(𝟏 + 𝒙)√(𝟏 + 𝒙𝟐) = 

 

=∑√(𝟏+ 𝒙𝟐) +∑√(𝒙𝟐 + 𝒙𝟒) ≥
𝑴𝒊𝒏𝒌𝒐𝒘𝒔𝒌𝒊

 

 

≥  √(𝟏 + 𝟏 + 𝟏)𝟐 + (𝒙 + 𝒚 + 𝒛)𝟐 +√(𝒙 + 𝒚 + 𝒛)𝟐 + (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)𝟐 
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≥  √𝟗 + 𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + √𝟑(𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + (𝒙𝒚 + 𝒚 + 𝒛𝒙)𝟐 ≥
(𝟏)

 
 

≥ √𝟗 + 𝟑 + √𝟑 + 𝟏 = 𝟐 + 𝟐√𝟑 
 

Equality holds for an equilateral triangle. 
 

3884. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑(𝒄𝒐𝒔𝑨 + 𝒄𝒐𝒔𝑩)𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

≤ 𝟔 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

∑(𝒄𝒐𝒔𝑨 + 𝒄𝒐𝒔𝑩)𝟐

𝒄𝒚𝒄

+ 𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

=∑(𝟐𝐜𝐨𝐬
𝑨 + 𝑩

𝟐
. 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
)
𝟐

𝒄𝒚𝒄

+𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

≤ 

≤
𝐜𝐨𝐬

𝑨−𝑩
𝟐
≤𝟏

 ∑(𝟐𝐜𝐨𝐬
𝝅 − 𝑪

𝟐
)
𝟐

𝒄𝒚𝒄

+𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

= 𝟒∑𝐬𝐢𝐧𝟐 (
𝑪

𝟐
)+𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

= 

 

= 𝟐∑𝟐𝐬𝐢𝐧𝟐 (
𝑪

𝟐
)+𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

= 𝟐∑(𝟏− 𝒄𝒐𝒔𝑪)+𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

= 

= 𝟔 − 𝟐∑𝒄𝒐𝒔𝑨+𝟐∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

= 𝟔 

Equality holds for an equilateral triangle. 
 

3885. 𝑰𝒏𝒔𝒑𝒊𝒓𝒆𝒅 𝒃𝒚 𝒂 𝒑𝒓𝒐𝒃𝒍𝒆𝒎 𝒐𝒇 𝑷𝒓𝒐𝒇𝒆𝒔𝒔𝒐𝒓 𝑫𝒂𝒏𝒊𝒆𝒍 𝑺𝒊𝒕𝒂𝒓𝒖 

𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟖𝐦𝒂𝐦𝐛𝐦𝐜 ≥ (𝐰𝒂 +𝐰𝐛)(𝐰𝐛 + 𝐰𝐜)(𝐰𝐜 +𝐰𝒂) ≥ 𝟖𝐬𝒂𝐬𝐛𝐬𝐜 

  Proposed byMohamed Amine Ben Ajiba-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝐰𝒂
𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑
𝟏

𝐡𝒂
𝐜𝐲𝐜

. √∑
𝐡𝒂
𝐰𝒂𝟐

𝐜𝐲𝐜

=
√

𝟏

𝟐𝐑𝐫
.∑

𝐛𝐜

𝐛𝐜 −
𝒂𝟐𝐛𝐜
(𝐛 + 𝐜)𝟐

𝐜𝐲𝐜
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= √
𝟏

𝟐𝐑𝐫
.∑

(𝐬 + 𝐬 − 𝒂)𝟐

𝟒𝐬(𝐬 − 𝒂)
𝐜𝐲𝐜

= √
𝟏

𝟐𝐑𝐫
. (
𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐫𝟐𝐬
+
𝐬

𝟒𝐬
+
𝟑

𝟐
) = √

𝐑 + 𝟐𝐫

𝟐𝐑𝐫𝟐
≤
? 𝟑𝐑 + 𝟐𝐫

𝟒𝐑𝐫
 

⇔ (𝐑 − 𝟐𝐫)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴∑

𝟏

𝐰𝒂
𝐜𝐲𝐜

≤
𝟑𝐑 + 𝟐𝐫

𝟒𝐑𝐫
→① 𝒂𝐧𝐝 𝐧𝐨𝐰, 𝟖∏𝐦𝒂

𝐜𝐲𝐜

= 

𝟖∏𝐰𝒂
𝐜𝐲𝐜

.∏
𝐦𝒂

𝐰𝒂
𝐜𝐲𝐜

≥
𝐋𝒂𝐬𝐜𝐮

𝟖∏𝐰𝒂
𝐜𝐲𝐜

.∏

𝐛+ 𝐜
𝟐 𝐜𝐨𝐬

𝐀
𝟐

𝟐𝐛𝐜 𝐜𝐨𝐬
𝐀
𝟐

𝐛 + 𝐜
𝐜𝐲𝐜

= 𝟖∏𝐰𝒂
𝐜𝐲𝐜

.∏
(𝐛 + 𝐜)𝟐

𝟒𝐛𝐜
𝐜𝐲𝐜

 

= 𝟖∏𝐰𝒂
𝐜𝐲𝐜

.
𝟒𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐

𝟔𝟒. 𝟏𝟔𝐑𝟐𝐫𝟐𝐬𝟐
∴ 𝟖𝐦𝒂𝐦𝐛𝐦𝐜 ≥∏𝐰𝒂

𝐜𝐲𝐜

.
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐

𝟑𝟐𝐑𝟐𝐫𝟐
→②  

𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∏(𝐰𝐛 +𝐰𝐜)

𝐜𝐲𝐜

=∏𝐰𝒂
𝐜𝐲𝐜

. ((∑𝐰𝒂
𝐜𝐲𝐜

)(∑
𝟏

𝐰𝒂
𝐜𝐲𝐜

) − 𝟏) 

≤
𝐯𝐢𝒂 ①

∏𝐰𝒂
𝐜𝐲𝐜

. (√
𝟐𝐬𝟐 + 𝟒𝟏𝐑𝐫 + 𝟐𝟔𝐫𝟐

𝟐
. (
𝟑𝐑+ 𝟐𝐫

𝟒𝐑𝐫
) − 𝟏)  

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐃𝒂𝐧𝐠 𝐍𝐠𝐨𝐜 𝐌𝐢𝐧𝐡 − 𝟏𝟏𝟑;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

⇒
𝐯𝐢𝒂 ②

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐

𝟑𝟐𝐑𝟐𝐫𝟐
+ 𝟏 ≥

?
√
𝟐𝐬𝟐 + 𝟒𝟏𝐑𝐫 + 𝟐𝟔𝐫𝟐

𝟐
. (
𝟑𝐑+ 𝟐𝐫

𝟒𝐑𝐫
) 

⇔
((𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐 + 𝟑𝟐𝐑𝟐𝐫𝟐)𝟐

𝟑𝟐𝐑𝟐𝐫𝟐
≥
?
(𝟐𝐬𝟐 + 𝟒𝟏𝐑𝐫 + 𝟐𝟔𝐫𝟐)(𝟑𝐑+ 𝟐𝐫)𝟐 

⇔ 𝐬𝟖 + (𝟖𝐑𝐫 + 𝟒𝐫𝟐)𝐬𝟔 + 𝐫𝟐(𝟖𝟖𝐑𝟐 + 𝟐𝟒𝐑𝐫 + 𝟔𝐫𝟐)𝐬𝟒 − 
𝐫𝟐(𝟓𝟕𝟔𝐑𝟒 + 𝟒𝟖𝟎𝐑𝟑𝐫 + 𝟖𝟎𝐑𝟐𝐫𝟐 − 𝟐𝟒𝐑𝐫𝟑 − 𝟒𝐫𝟒)𝐬𝟐 − 

𝐫𝟑(𝟏𝟏𝟖𝟎𝟖𝐑𝟓 + 𝟐𝟏𝟗𝟑𝟔𝐑𝟒𝐫 + 𝟏𝟒𝟗𝟒𝟒𝐑𝟑𝐫𝟐 + 𝟑𝟐𝟒𝟎𝐑𝟐𝐫𝟑 − 𝟖𝐑𝐫𝟒 − 𝐫𝟓) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝐏 = 

(𝐬𝟐 − 𝟐𝐑𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝟒 + 𝟖(𝐑𝟐 + 𝟓𝐑𝐫 + 𝟐𝐫𝟐)(𝐬𝟐 − 𝟐𝐑𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝟑 

≥
𝐖𝒂𝒍𝐤𝐞𝐫

𝟎 ∴ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 

⇔ (𝟑𝐑𝟒 + 𝟑𝟎𝐑𝟑𝐫 + 𝟗𝟓𝐑𝟐𝐫𝟐 + 𝟔𝟎𝐑𝐫𝟑 + 𝟏𝟐𝐫𝟒)𝐬𝟒 − 
(𝟖𝐑𝟔 + 𝟏𝟎𝟖𝐑𝟓𝐫 + 𝟓𝟗𝟒𝐑𝟒𝐫𝟐 + 𝟏𝟏𝟑𝟔𝐑𝟑𝐫𝟑 + 𝟖𝟗𝟖𝐑𝟐𝐫𝟒 + 𝟑𝟏𝟐𝐑𝐫𝟓 + 𝟒𝟎𝐫𝟔)𝐬𝟐 + 

𝟔𝐑𝟖 + 𝟏𝟎𝟒𝐑𝟕𝐫 + 𝟕𝟏𝟐𝐑𝟔𝐫𝟐 + 𝟗𝟔𝟎𝐑𝟓𝐫𝟑 + 𝟏𝟔𝟏𝟑𝐑𝟒𝐫𝟒 + 𝟐𝟏𝟏𝟒𝐑𝟑𝐫𝟓 + 𝟏𝟓𝟎𝟑𝐑𝟐𝐫𝟔 + 

𝟒𝟔𝟎𝐑𝐫𝟕 + 𝟒𝟒𝐫𝟖 ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ 𝐐 = 

(𝟑𝐑𝟒 + 𝟑𝟎𝐑𝟑𝐫 + 𝟗𝟓𝐑𝟐𝐫𝟐 + 𝟔𝟎𝐑𝐫𝟑 + 𝟏𝟐𝐫𝟒)(𝐬𝟐 − 𝟐𝐑𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝟐 ≥
𝐖𝒂𝒍𝐤𝐞𝐫

𝟎 

∴ 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
𝐐 ⇔ 
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(𝟐𝐑𝟔 + 𝟑𝟎𝐑𝟓𝐫 + 𝟏𝟒𝟐𝐑𝟒𝐫𝟐 + 𝟒𝟎𝟐𝐑𝟑𝐫𝟑 + 𝟑𝟒𝟎𝐑𝟐𝐫𝟒 + 𝟏𝟐𝟎𝐑𝐫𝟓 + 𝟏𝟔𝐫𝟔)𝐬𝟐 ≥
?
⏟
(∗∗∗)

 

𝟑𝐑𝟖 + 𝟓𝟔𝐑𝟕𝐫 + 𝟒𝟐𝟖𝐑𝟔𝐫𝟐 + 𝟐𝟑𝟕𝟐𝐑𝟓𝐫𝟑 + 𝟒𝟓𝟐𝟏𝐑𝟒𝐫𝟒 + 𝟑𝟖𝟑𝟎𝐑𝟑𝐫𝟓 + 𝟏𝟓𝟕𝟐𝐑𝟐𝐫𝟔 + 

𝟑𝟐𝟖𝐑𝐫𝟕 + 𝟑𝟐𝐫𝟖 𝒂𝐧𝐝 𝐟𝐢𝐧𝒂𝒍𝒍𝐲, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐖𝒂𝒍𝐤𝐞𝐫

 

(𝟐𝐑𝟔 + 𝟑𝟎𝐑𝟓𝐫 + 𝟏𝟒𝟐𝐑𝟒𝐫𝟐 + 𝟒𝟎𝟐𝐑𝟑𝐫𝟑 + 𝟑𝟒𝟎𝐑𝟐𝐫𝟒 + 𝟏𝟐𝟎𝐑𝐫𝟓 + 𝟏𝟔𝐫𝟔) (𝟐𝐑
𝟐 + 𝟖𝐑𝐫 +
𝟑𝐫𝟐

) 

≥
?
𝐑𝐇𝐒 𝐨𝐟 (∗∗∗) ⇔ 

𝐭𝟖 + 𝟐𝟎𝐭𝟕 + 𝟏𝟎𝟐𝐭𝟔 − 𝟑𝟒𝟐𝐭𝟓 − 𝟏𝟗𝟗𝐭𝟒 + 𝟑𝟑𝟔𝐭𝟑 + 𝟒𝟒𝟎𝐭𝟐 + 𝟏𝟔𝟎𝐭 + 𝟏𝟔 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ 

(𝐭 − 𝟐) ((𝐭 − 𝟐)(𝐭𝟔 + 𝟐𝟒𝐭𝟓 + 𝟏𝟗𝟒𝐭𝟒 + 𝟑𝟑𝟖𝐭𝟑 + 𝟑𝟕𝟕𝐭𝟐 + 𝟒𝟗𝟐𝐭 + 𝟗𝟎𝟎) + 𝟏𝟕𝟗𝟐) ≥
?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟖𝐦𝒂𝐦𝐛𝐦𝐜 ≥∏(𝐰𝐛 +𝐰𝐜)

𝐜𝐲𝐜

  

∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂,
𝐦𝒂

𝐰𝒂
≤

𝐓𝐬𝐢𝐧𝐭𝐬𝐢𝐟𝒂𝐬 𝐛𝟐 + 𝐜𝟐

𝟐𝐛𝐜
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒ 𝐰𝒂 ≥ 𝐬𝒂 

𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ (𝐰𝒂 +𝐰𝐛)(𝐰𝐛 +𝐰𝐜)(𝐰𝐜 +𝐰𝒂) ≥
𝐂𝐞𝐬𝒂𝐫𝐨

𝟖𝐰𝒂𝐰𝐛𝐰𝐜 ≥ 𝟖𝐬𝒂𝐬𝐛𝐬𝐜 
∴ 𝟖𝐦𝒂𝐦𝐛𝐦𝐜 ≥ (𝐰𝒂 +𝐰𝐛)(𝐰𝐛 +𝐰𝐜)(𝐰𝐜 + 𝐰𝒂) ≥ 𝟖𝐬𝒂𝐬𝐛𝐬𝐜 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3886. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟑𝐜𝐨𝐭𝟐 𝐀 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟑𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

=∑
𝐬𝟐

𝟑𝐫𝒂𝟐 + 𝐬𝟐
𝐜𝐲𝐜

= 

=
𝐬𝟐

(𝟑𝐫𝒂𝟐 + 𝐬𝟐)(𝟑𝐫𝐛
𝟐 + 𝐬𝟐)(𝟑𝐫𝐜𝟐 + 𝐬𝟐)

.∑((𝟑𝐫𝐛
𝟐 + 𝐬𝟐)(𝟑𝐫𝐜

𝟐 + 𝐬𝟐))

𝐜𝐲𝐜

 

=
𝐬𝟐 (𝟗 ((∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 )

𝟐
− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜(∑ 𝐫𝒂𝐜𝐲𝐜 )) + 𝟔((∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟐
− 𝟐∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) + 𝟑𝐬𝟒)

𝟐𝟕𝐫𝟐𝐬𝟒 + 𝟗𝐬𝟐 ((∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 )
𝟐
− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜(∑ 𝐫𝒂𝐜𝐲𝐜 )) + 𝟑𝐬𝟒 ((∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟐
− 𝟐∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) + 𝐬𝟔

 

=
𝐬𝟐 (𝟗(𝐬𝟒 − 𝟐𝐬𝟐𝐫(𝟒𝐑+ 𝐫)) + 𝟔((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟑𝐬𝟒)

𝟐𝟕𝐫𝟐𝐬𝟒 + 𝟗𝐬𝟐(𝐬𝟒 − 𝟐𝐬𝟐𝐫(𝟒𝐑+ 𝐫)) + 𝟑𝐬𝟒((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐬𝟔
≥
? 𝟑

𝟐
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⇔ 𝟒𝐑𝟐 + 𝟖𝐑𝐫 − 𝟓𝐫𝟐 − 𝐬𝟐 ≥
?
𝟎 ⇔ 𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝐬𝟐 + 𝟒𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐬𝟐 𝒂𝐧𝐝 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ∴ ∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
 ∀ ∆ 𝐀𝐁𝐂 

𝒂𝐧𝐝 𝐢𝐦𝐩𝒍𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐰𝐢𝐭𝐡 𝒂𝐧𝐠𝒍𝐞𝐬 ∶ (𝛑 − 𝟐𝐀), (𝛑 − 𝟐𝐁), (𝛑 − 𝟐𝐂), 

𝐰𝐞 𝐠𝐞𝐭 ∶ ∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝛑− 𝟐𝐀
𝟐 + 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
⇒∑

𝟏

𝟑𝐜𝐨𝐭𝟐 𝐀 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
 𝒂𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐭𝐡𝐞 𝒍𝒂𝐭𝐭𝐞𝐫 

𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐢𝐬 𝒂𝐧 𝒂𝐜𝐮𝐭𝐞 𝐨𝐧𝐞 ∴∑
𝟏

𝟑𝐜𝐨𝐭𝟐 𝐀 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3887. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐
+ 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟑𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

=∑
𝐬𝟐

𝟑𝐫𝒂𝟐 + 𝐬𝟐
=

𝐜𝐲𝐜

 

=
𝐬𝟐

(𝟑𝐫𝒂𝟐 + 𝐬𝟐)(𝟑𝐫𝐛
𝟐 + 𝐬𝟐)(𝟑𝐫𝐜𝟐 + 𝐬𝟐)

.∑((𝟑𝐫𝐛
𝟐 + 𝐬𝟐)(𝟑𝐫𝐜

𝟐 + 𝐬𝟐))

𝐜𝐲𝐜

 

=
𝐬𝟐 (𝟗 ((∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 )

𝟐
− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜(∑ 𝐫𝒂𝐜𝐲𝐜 )) + 𝟔((∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟐
− 𝟐∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) + 𝟑𝐬𝟒)

𝟐𝟕𝐫𝟐𝐬𝟒 + 𝟗𝐬𝟐 ((∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 )
𝟐
− 𝟐𝐫𝒂𝐫𝐛𝐫𝐜(∑ 𝐫𝒂𝐜𝐲𝐜 )) + 𝟑𝐬𝟒 ((∑ 𝐫𝒂𝐜𝐲𝐜 )

𝟐
− 𝟐∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜 ) + 𝐬𝟔

 

=
𝐬𝟐 (𝟗(𝐬𝟒 − 𝟐𝐬𝟐𝐫(𝟒𝐑+ 𝐫)) + 𝟔((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟑𝐬𝟒)

𝟐𝟕𝐫𝟐𝐬𝟒 + 𝟗𝐬𝟐(𝐬𝟒 − 𝟐𝐬𝟐𝐫(𝟒𝐑+ 𝐫)) + 𝟑𝐬𝟒((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐬𝟔
≥
? 𝟑

𝟐
 

⇔ 𝟒𝐑𝟐 + 𝟖𝐑𝐫 − 𝟓𝐫𝟐 − 𝐬𝟐 ≥
?
𝟎 ⇔ 𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 − 𝐬𝟐 + 𝟒𝐫(𝐑 − 𝟐𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝐬𝟐 𝒂𝐧𝐝 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ∴∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3888. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟑∑𝒂𝟐 ≥ 𝟏𝟔𝑭𝟐∑
𝟏

𝒂𝟐
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝑹.𝑯. 𝑺 = 𝟏𝟔𝑭𝟐∑
𝟏

𝒂𝟐
≤

𝑺𝒕𝒆𝒊𝒏𝒊𝒏𝒈

 𝟏𝟔𝒓𝟐𝒔𝟐 ×
𝟏

𝟒𝒓𝟐
= 𝟒𝒔𝟐 

 

𝑳.𝑯. 𝑺 = 𝟑∑𝒂𝟐 = 𝟑 × 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) = 𝟔(𝒔𝟐 − 𝒓(𝟒𝑹 + 𝒓)) ≥
𝒔𝟐≥𝟑𝒓(𝟒𝑹+𝒓)

 

≥  𝟔(𝒔𝟐 −
𝒔𝟐

𝟑
) = 𝟒𝒔𝟐,   𝒔𝒐 𝑳. 𝑯. 𝑺 ≥ 𝑹.𝑯. 𝑺 

 
Equality holds for an equilateral triangle. 

 

3889. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟕∑𝒂𝟒 + 𝟔𝟒𝒔𝟐𝑹𝒓 ≥ 𝟓(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)𝟐 

Proposed by Neculai Stanciu-Romania 
Solution by Tapas Das-India 
 

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 = 𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓, 𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔  

 𝟕∑𝒂𝟒 + 𝟔𝟒𝒔𝟐𝑹𝒓 ≥ 𝟓(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)𝟐 

𝟕∑𝒂𝟒 + 𝟖. (𝟐𝒔). (𝟒𝑹𝒓𝒔) ≥ 𝟓(𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓)𝟐  

𝟕∑𝒂𝟒 + 𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≥ 𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐  (𝟏) 

𝟕∑𝒂𝟒 + 𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) = 

= 𝟕 ((𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 − 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)) + 𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) = 

= 𝟕(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐)𝟐 − 𝟏𝟒(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≥ 

≥

∀𝒙,𝒚,𝒛>0

𝒙𝟐+𝒚𝟐+𝒛𝟐≥𝒙𝒚+𝒚𝒛+𝒛𝒙

(𝒙+𝒚+𝒛)𝟐≥𝟑(𝒙𝒚+𝒚𝒛+𝒛𝒙)

𝟕 × 𝟑(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) − 𝟏𝟒(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐)

+ 𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) = 𝟕(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 
𝟓(𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂)𝟐 = 𝟓(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟏𝟎𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 
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 𝑵𝒐𝒘 𝒇𝒓𝒐𝒎(𝟏)𝒘𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 
𝟕(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟖𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) ≥ 
≥ 𝟓(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) + 𝟏𝟎𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 

 

𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) ≥ 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 
 𝒕𝒉𝒊𝒔 𝒊𝒔 𝒕𝒓𝒖𝒆 𝒂𝒔 𝟐(𝒂𝟐𝒃𝟐 + 𝒃𝟐𝒄𝟐 + 𝒄𝟐𝒂𝟐) ≥ 𝟐(𝒂𝒃. 𝒃𝒄 + 𝒃𝒄. 𝒄𝒂 + 𝒄𝒂. 𝒂𝒃) = 

= 𝟐𝒂𝒃𝒄(𝒂 + 𝒃 + 𝒄) 
Equality holds for an equilateral triangle. 

 

3890. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏

𝐈𝐀
+
𝟏

𝐈𝐁
+
𝟏

𝐈𝐂
≤
𝟏

𝐇𝐀
+
𝟏

𝐇𝐁
+
𝟏

𝐇𝐂
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝐇𝐀
𝐜𝐲𝐜

=
𝟏

𝟒𝐑𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂
. 𝟐∑(𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂)

𝐜𝐲𝐜

= 

=
𝟒𝐑𝟐

𝟒𝐑(𝐬𝟐 − (𝟐𝐑 + 𝐫)𝟐)
. ((

𝐑+ 𝐫

𝐑
 )
𝟐

− (𝟑 −
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟒𝐑𝟐
)) 

=
𝟒𝐑𝟐

𝟒𝐑(𝐬𝟐 − (𝟐𝐑 + 𝐫)𝟐)
.
𝐬𝟐 − 𝟒𝐑𝟐 + 𝐫𝟐

𝟐𝐑𝟐
=

𝐬𝟐 − 𝟒𝐑𝟐 + 𝐫𝟐

𝟐𝐑(𝐬𝟐 − (𝟐𝐑 + 𝐫)𝟐)
≥
? 𝟑

𝟐𝐫
 

⇔ 𝟏𝟐𝐑𝟑 + 𝟖𝐑𝟐𝐫 + 𝟑𝐑𝐫𝟐 + 𝐫𝟑 ≥
?
⏟
(∗)

(𝟑𝐑− 𝐫)𝐬𝟐 

𝐍𝐨𝐰, (𝟑𝐑 − 𝐫)𝐬𝟐 ≤
𝐁𝒍𝐮𝐧𝐝𝐨𝐧−𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟑𝐑 − 𝐫).
𝐑(𝟒𝐑 + 𝐫)𝟐

𝟒𝐑 − 𝟐𝐫
≤
?
𝟏𝟐𝐑𝟑 + 𝟖𝐑𝟐𝐫 + 𝟑𝐑𝐫𝟐 + 𝐫𝟑 

⇔ 𝐫𝟐(𝐑𝟐 − 𝐑𝐫 − 𝟐𝐫𝟐) ≥
?
𝟎 ⇔ 𝐫𝟐(𝐑 − 𝟐𝐫)(𝐑 + 𝐫) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝐫 

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝟏

𝐇𝐀
𝐜𝐲𝐜

≥
𝟑

𝟐𝐫
≥

𝐉𝐞𝐧𝐬𝐞𝐧 𝟏

𝐫
∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

=∑
𝟏

𝐈𝐀
𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐬𝐨, 

𝟏

𝐈𝐀
+
𝟏

𝐈𝐁
+
𝟏

𝐈𝐂
≤
𝟏

𝐇𝐀
+
𝟏

𝐇𝐁
+
𝟏

𝐇𝐂
 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, ′′ = ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3891. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂𝟐√𝐭𝐚𝐧𝑨 + 𝒃𝟐√𝐭𝐚𝐧𝑩 + 𝒄𝟐√𝐭𝐚𝐧𝑪 ≥ 𝟑𝟔√𝟑
𝟒
𝒓𝟐 

 
Proposed by Vasile Mircea Popa-Romania 
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Solution by Tapas Das-India 
𝑨𝒔 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒔 𝒂𝒄𝒖𝒕𝒆 𝒕𝒉𝒆𝒏 ∶ 

 

∑𝐭𝐚𝐧𝑨 ≥
𝑱𝒆𝒏𝒔𝒆𝒏

  𝟑 𝐭𝐚𝐧
𝑨 + 𝑩 + 𝑪

𝟑
= 𝟑 𝐭𝐚𝐧

𝝅

𝟑
= 𝟑√𝟑 

𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒊𝒏 𝒂𝒏𝒚 𝚫𝑨𝑩𝑪 ∶ ∑𝐭𝐚𝐧𝑨 =∏𝐭𝐚𝐧𝑨 ≥ 𝟑√𝟑 = (√𝟑)
𝟑
 (𝟏) 

 

𝒂𝟐√𝐭𝐚𝐧𝑨 + 𝒃𝟐√𝐭𝐚𝐧𝑩 + 𝒄𝟐√𝐭𝐚𝐧𝑪 ≥
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(∑𝒂𝟐) (∑√𝐭𝐚𝐧𝑨) ≥

𝑨𝑴−𝑮𝑴
 

≥
𝟏

𝟑
(∑𝒂𝟐) . 𝟑. √∏𝐭𝐚𝐧𝑨

𝟔
≥

𝑵𝒆𝒖𝒃𝒆𝒓𝒈

(𝟏) 𝟏

𝟑
𝟑𝟔𝒓𝟐. √𝟑

𝟒
= 𝟑𝟔√𝟑

𝟒
𝒓𝟐 

 
Equality holds for an equilateral triangle. 

 
3892. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐡𝒂
𝟐

√𝟗𝐫𝟐 + 𝟑𝐡𝒂𝟐𝐜𝐲𝐜

≤
𝟗𝐑

𝟒
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐡𝒂
𝟐

√𝟗𝐫𝟐 + 𝟑𝐡𝒂𝟐𝐜𝐲𝐜

=∑(𝐡𝒂.
𝐡𝒂

√𝟗𝐫𝟐 + 𝟑𝐡𝒂𝟐
)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

 

√∑𝐡𝒂𝟐

𝐜𝐲𝐜

. √
𝟏

𝟑
∑

𝟑𝐡𝒂𝟐 + 𝟗𝐫𝟐 − 𝟗𝐫𝟐

𝟗𝐫𝟐 + 𝟑𝐡𝒂𝟐
𝐜𝐲𝐜

≤ √∑𝐬(𝐬 − 𝒂)

𝐜𝐲𝐜

. √𝟏 −∑
𝐫𝟐

𝟑𝐫𝟐 + 𝐡𝒂𝟐
𝐜𝐲𝐜

 

= 𝐬.√𝟏 −∑
𝐫𝟐(𝟑𝐫𝟐 + 𝐡𝐛

𝟐)(𝟑𝐫𝟐 + 𝐡𝐜𝟐)

(𝟑𝐫𝟐 + 𝐡𝒂𝟐)(𝟑𝐫𝟐 + 𝐡𝐛
𝟐)(𝟑𝐫𝟐 + 𝐡𝐜𝟐)𝐜𝐲𝐜

 

= 𝐬. √𝟏 −
𝟐𝟕𝐫𝟔 +

𝟔𝐫𝟒

𝟒𝐑𝟐
. ∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 +

𝐫𝟒𝐬𝟐

𝐑𝟐
. ∑ 𝒂𝟐𝐜𝐲𝐜

𝟐𝟕𝐫𝟔 +
𝟒𝐫𝟒𝐬𝟒

𝐑𝟐
+
𝟗𝐫𝟒

𝟒𝐑𝟐
. ∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 +

𝟑𝐫𝟒𝐬𝟐

𝐑𝟐
. ∑ 𝒂𝟐𝐜𝐲𝐜

 

= 𝐬.√
𝟑∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟖𝐬𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟏𝟔𝐬𝟒

𝟏𝟎𝟖𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐬𝟒 + 𝟗∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟏𝟐𝐬𝟐∑ 𝒂𝟐𝐜𝐲𝐜
≤
? 𝟗𝐑

𝟒
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⇔ 𝐬𝟐.
𝟑 ∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟖𝐬𝟐∑ 𝒂𝟐𝐜𝐲𝐜 + 𝟏𝟔𝐬𝟒

𝟏𝟎𝟖𝐑𝟐𝐫𝟐 + 𝟏𝟔𝐬𝟒 + 𝟗∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟏𝟐𝐬𝟐∑ 𝒂𝟐𝐜𝐲𝐜
≤
? 𝟖𝟏𝐑𝟐

𝟏𝟔
 

⇔ −𝟓𝟔𝟎𝐬𝟔 + (𝟑𝟗𝟔𝟗𝐑𝟐 + 𝟏𝟒𝟎𝟖𝐑𝐫 + 𝟏𝟔𝟎𝐫𝟐)𝐬𝟒 − 
𝐫(𝟏𝟑𝟔𝟎𝟖𝐑𝟑 + 𝟏𝟐𝟓𝟒𝐑𝟐𝐫 + 𝟑𝟖𝟒𝐑𝐫𝟐 + 𝟒𝟖𝐫𝟑)𝐬𝟐 + 

𝐑𝟐𝐫𝟐(𝟐𝟎𝟒𝟏𝟐𝐑𝟐 + 𝟓𝟖𝟑𝟐𝐑𝐫 + 𝟕𝟐𝟗𝐫𝟐) ≥
?
⏟
(∗)

𝟎;𝐧𝐨𝐰,𝐑𝐨𝐮𝐜𝐡𝐞 ⇒ 𝐬𝟐 − (𝐦− 𝐧) ≥ 𝟎 

𝒂𝐧𝐝 𝐬𝟐 − (𝐦+ 𝐧) ≤ 𝟎,𝐰𝐡𝐞𝐫𝐞 𝐦 = 𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 𝒂𝐧𝐝 𝐧 = 𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫 

∴ (𝐬𝟐 − (𝐦+ 𝐧)) (𝐬𝟐 − (𝐦− 𝐧)) ≤ 𝟎 ⇒ 𝐬𝟒 − 𝐬𝟐(𝟐𝐦) +𝐦𝟐 − 𝐧𝟐 ≤ 𝟎 

⇒ 𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑 + 𝐫)𝟑 ≤
①

𝟎 ⇒ 𝐏 = 
−𝟓𝟔𝟎𝐬𝟐(𝐬𝟒 − (𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑+ 𝐫)𝟑) ≥ 𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 ⇔ (𝟏𝟕𝟐𝟗𝐑𝟐 − 𝟗𝟕𝟗𝟐𝐑𝐫 + 𝟏𝟐𝟖𝟎𝐫𝟐)𝐬𝟒 + 

𝐫(𝟐𝟐𝟐𝟑𝟐𝐑𝟑 + 𝟐𝟓𝟔𝟐𝟔𝐑𝟐𝐫 + 𝟔𝟑𝟑𝟔𝐑𝐫𝟐 + 𝟓𝟏𝟐𝐫𝟑)𝐬𝟐 + 

𝐑𝟐𝐫𝟐(𝟐𝟎𝟒𝟏𝟐𝐑𝟐 + 𝟓𝟖𝟑𝟐𝐑𝐫 + 𝟕𝟐𝟗𝐫𝟐) ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐢𝐟 ∶ 

𝟏𝟕𝟐𝟗𝐑𝟐 − 𝟗𝟕𝟗𝟐𝐑𝐫 + 𝟏𝟐𝟖𝟎𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟏𝟕𝟐𝟗𝐑𝟐 − 𝟗𝟕𝟗𝟐𝐑𝐫 + 𝟏𝟐𝟖𝟎𝐫𝟐 < 0, 

𝐭𝐡𝐞𝐧 ∶ 𝐐 = (𝟏𝟕𝟐𝟗𝐑𝟐 − 𝟗𝟕𝟗𝟐𝐑𝐫 + 𝟏𝟐𝟖𝟎𝐫𝟐) (
𝐬𝟒 − (𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 +

𝐫(𝟒𝐑+ 𝐫)𝟑
) ≥
𝐯𝐢𝒂 ①

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
𝐐 

⇔ (𝟏𝟕𝟐𝟗𝐑𝟒 + 𝟒𝟒𝟏𝟏𝐑𝟑𝐫 − 𝟒𝟐𝟏𝟑𝟖𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟖𝟖𝟎𝐑𝐫𝟑 − 𝟓𝟏𝟐𝐫𝟒)𝐬𝟐 ≥
?
⏟
(∗∗∗)

 

𝟏𝟔𝐫 (𝟏𝟕𝟐𝟗𝐑
𝟓 − 𝟖𝟖𝟏𝟓𝐑𝟒𝐫 − 𝟓𝟖𝟑𝟏𝐑𝟑𝐫𝟐 − 𝟖𝟔𝟏𝐑𝟐𝐫𝟑 +

𝟖𝟕𝐑𝐫𝟒 + 𝟐𝟎𝐫𝟓
) + 𝟏𝟑𝐑𝟒𝐫 + 𝐑𝟑𝐫𝟐 + 𝟏𝟎𝐑𝟐𝐫𝟑 

𝐂𝒂𝐬𝐞 𝟏  𝟏𝟕𝟐𝟗𝐑𝟒 + 𝟒𝟒𝟏𝟏𝐑𝟑𝐫 − 𝟒𝟐𝟏𝟑𝟖𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟖𝟖𝟎𝐑𝐫𝟑 − 𝟓𝟏𝟐𝐫𝟒 ≥ 𝟎 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐋𝐇𝐒(∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟕𝟐𝟗𝐑𝟒 + 𝟒𝟒𝟏𝟏𝐑𝟑𝐫 − 𝟒𝟐𝟏𝟑𝟖𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟖𝟖𝟎𝐑𝐫𝟑 − 𝟓𝟏𝟐𝐫𝟒) (
𝟏𝟔𝐑𝐫
−𝟓𝐫𝟐

) 

≥
?
𝐑𝐇𝐒(∗∗∗) ⇔ 𝟏𝟔(𝟔𝟑𝟒𝟐𝐭𝟒 − 𝟏𝟖𝟖𝟒𝟑𝐭𝟑 + 𝟏𝟑𝟒𝟓𝟒𝐭𝟐 − 𝟐𝟑𝟏𝟐𝐭 + 𝟕𝟎) + 𝟕𝐭𝟒 + 𝟒𝐭𝟑 + 𝟒𝐭𝟐 

≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟏𝟔(𝟔𝟑𝟒𝟐𝐭𝟑 − 𝟔𝟏𝟓𝟖𝐭𝟐 + 𝟏𝟏𝟑𝟖𝐭 − 𝟑𝟓) + 𝟕𝐭𝟑 + 𝟐𝐭𝟐 + 𝟖𝐭) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

𝐂𝒂𝐬𝐞 𝟐  𝟏𝟕𝟐𝟗𝐑𝟒 + 𝟒𝟒𝟏𝟏𝐑𝟑𝐫 − 𝟒𝟐𝟏𝟑𝟖𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟖𝟖𝟎𝐑𝐫𝟑 − 𝟓𝟏𝟐𝐫𝟒 < 0 𝑎𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 

𝐋𝐇𝐒(∗∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟏𝟕𝟐𝟗𝐑
𝟒 + 𝟒𝟒𝟏𝟏𝐑𝟑𝐫 − 𝟒𝟐𝟏𝟑𝟖𝐑𝟐𝐫𝟐 +
𝟏𝟐𝟖𝟖𝟎𝐑𝐫𝟑 − 𝟓𝟏𝟐𝐫𝟒

) (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≥
?

 

𝐑𝐇𝐒(∗∗∗) ⇔ 𝟑𝟒𝟓𝟖𝐭𝟔 − 𝟏𝟓𝟓𝟐𝐭𝟓 − 𝟐𝟑𝟒𝟕𝐭𝟒 − 𝟓𝟐𝟓𝟐𝐭𝟑 − 𝟑𝟏𝟓𝟖𝟖𝐭𝟐 + 𝟏𝟕𝟔𝟎𝟎𝐭 − 𝟗𝟐𝟖 ≥
?
𝟎 

⇔ (𝐭 − 𝟐)(𝟑𝟒𝟓𝟖𝐭𝟓 + 𝟓𝟑𝟔𝟒𝐭𝟒 + 𝟖𝟑𝟖𝟏𝐭𝟑 + 𝟏𝟏𝟓𝟏𝟎𝐭𝟐 − 𝟖𝟓𝟔𝟖𝐭 + 𝟒𝟔𝟒) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐜𝐨𝐦𝐛𝐢𝐧𝐢𝐧𝐠 𝐛𝐨𝐭𝐡 𝐜𝒂𝐬𝐞𝐬, (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 
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∴∑
𝐡𝒂
𝟐

√𝟗𝐫𝟐 + 𝟑𝐡𝒂𝟐𝐜𝐲𝐜

≤
𝟗𝐑

𝟒
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍  

 
3893. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐫𝒂
𝟐

√𝟗𝐫𝟐 + 𝟑𝐫𝒂
𝟐

𝐜𝐲𝐜

≤
𝟗𝐑𝟐

𝟖𝐫
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐫𝒂
𝟐

√𝟗𝐫𝟐 + 𝟑𝐫𝒂𝟐𝐜𝐲𝐜

=∑(𝐫𝒂.
𝐫𝒂

√𝟗𝐫𝟐 + 𝟑𝐫𝒂𝟐
)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑𝐫𝒂𝟐

𝐜𝐲𝐜

. √
𝟏

𝟑
∑

𝟑𝐫𝒂𝟐 + 𝟗𝐫𝟐 − 𝟗𝐫𝟐

𝟗𝐫𝟐 + 𝟑𝐫𝒂𝟐
𝐜𝐲𝐜

 

= √(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐. √𝟏 −∑
𝐫𝟐

𝟑𝐫𝟐 + 𝐫𝒂𝟐
𝐜𝐲𝐜

 

= √(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐. √𝟏 −∑
𝐫𝟐(𝟑𝐫𝟐 + 𝐫𝐛

𝟐)(𝟑𝐫𝟐 + 𝐫𝐜𝟐)

(𝟑𝐫𝟐 + 𝐫𝒂𝟐)(𝟑𝐫𝟐 + 𝐫𝐛
𝟐)(𝟑𝐫𝟐 + 𝐫𝐜𝟐)𝐜𝐲𝐜

 

= √(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐. √𝟏 −
𝟐𝟕𝐫𝟔 + 𝟔𝐫𝟒. ∑ 𝐫𝒂𝟐𝐜𝐲𝐜 + 𝐫𝟐. ∑ 𝐫𝐛

𝟐𝐫𝐜𝟐𝐜𝐲𝐜

𝟐𝟕𝐫𝟔 + 𝐫𝟐𝐬𝟒 + 𝟗𝐫𝟒. ∑ 𝐫𝒂𝟐𝐜𝐲𝐜 + 𝟑𝐫𝟐. ∑ 𝐫𝐛
𝟐𝐫𝐜𝟐𝐜𝐲𝐜

= 

√(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐. √
𝐫𝟐𝐬𝟒 + 𝟑𝐫𝟒((𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟐𝐫𝟐(𝐬𝟒 − 𝟐𝐫(𝟒𝐑 + 𝐫)𝐬𝟐)

𝟐𝟕𝐫𝟔 + 𝐫𝟐𝐬𝟒 + 𝟗𝐫𝟒((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝟑𝐫𝟐(𝐬𝟒 − 𝟐𝐫(𝟒𝐑 + 𝐫)𝐬𝟐)
≤
? 𝟗𝐑𝟐

𝟖𝐫
 

⇔
𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝐠 𝒂𝐧𝐝 𝐫𝐞−𝒂𝐫𝐫𝒂𝐧𝐠𝐢𝐧𝐠 

𝟗𝟔𝐫𝟐𝐬𝟔 + (𝟖𝟏𝐑𝟒 − 𝟕𝟔𝟖𝐑𝟐𝐫𝟐 − 𝟖𝟗𝟔𝐑𝐫𝟑 − 𝟑𝟔𝟖𝐫𝟒)𝐬𝟒 − 

𝐫(𝟒𝟖𝟔𝐑𝟓 + 𝟒𝟖𝟔𝐑𝟒𝐫 − 𝟒𝟎𝟗𝟔𝐑𝟑𝐫𝟐 − 𝟔𝟏𝟒𝟒𝐑𝟐𝐫𝟑 − 𝟐𝟑𝟎𝟒𝐑𝐫𝟒 − 𝟐𝟓𝟔𝐫𝟓)𝐬𝟐 + 

𝐫𝟐(𝟐𝟗𝟏𝟔𝐑𝟔 + 𝟏𝟒𝟓𝟖𝐑𝟓𝐫 − 𝟏𝟏𝟓𝟓𝟗𝐑𝟒𝐫𝟐 − 𝟏𝟐𝟐𝟖𝟖𝐑𝟑𝐫𝟑 − 𝟒𝟔𝟎𝟖𝐑𝟐𝐫𝟒 − 𝟕𝟔𝟖𝐑𝐫𝟓 − 𝟒𝟖𝐫𝟔) 

≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝐏 = 𝟗𝟔𝐫𝟐(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 + 

(𝟖𝟏𝐑𝟒 − 𝟕𝟔𝟖𝐑𝟐𝐫𝟐 + 𝟑𝟕𝟏𝟐𝐑𝐫𝟑 − 𝟏𝟖𝟎𝟖𝐫𝟒)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎  

(
∵ 𝟖𝟏𝐭𝟒 − 𝟕𝟔𝟖𝐭𝟐 + 𝟑𝟕𝟏𝟐𝐭 − 𝟏𝟖𝟎𝟖 (𝐭 =

𝐑

𝐫
)

= (𝐭 − 𝟐)(𝟖𝟏𝐭𝟑 + 𝟏𝟔𝟐𝐭𝟐 − 𝟒𝟒𝟒𝐭 + 𝟐𝟖𝟐𝟒) + 𝟑𝟖𝟒𝟎 ≥
𝐄𝐮𝒍𝐞𝐫

𝟑𝟖𝟒𝟎 > 0

) 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 

⇔ (𝟏𝟎𝟓𝟑𝐑𝟓 − 𝟔𝟒𝟖𝐑𝟒𝐫 − 𝟏𝟎𝟐𝟒𝟎𝐑𝟑𝐫𝟐 + 𝟐𝟗𝟒𝟒𝟎𝐑𝟐𝐫𝟑 − 𝟐𝟑𝟐𝟗𝟔𝐑𝐫𝟒 + 𝟓𝟓𝟔𝟖𝐫𝟓)𝐬𝟐 ≥
?
⏟
(∗∗)
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𝟑𝟐𝐫 (𝟐𝟕𝟖𝐑
𝟔 − 𝟐𝟐𝟓𝐑𝟓𝐫 − 𝟐𝟖𝟔𝟎𝐑𝟒𝐫𝟐 + 𝟏𝟎𝟖𝟏𝟔𝐑𝟑𝐫𝟑 − 𝟏𝟎𝟗𝟖𝟎𝐑𝟐𝐫𝟒 + 𝟒𝟏𝟖𝟐𝐑𝐫𝟓 −

𝟓𝟏𝟖𝐫𝟔
) + 

𝟏𝟒𝐑𝟔 − 𝟗𝐑𝟓𝐫 + 𝟖𝐑𝟒𝐫𝟐; ∵ 𝟏𝟎𝟓𝟑𝐭𝟓 − 𝟔𝟒𝟖𝐭𝟒 − 𝟏𝟎𝟐𝟒𝟎𝐭𝟑 + 𝟐𝟗𝟒𝟒𝟎𝐭𝟐 − 𝟐𝟑𝟐𝟗𝟔𝐭 + 𝟓𝟓𝟔𝟖 

= (𝐭 − 𝟐) ((𝐭 − 𝟐)(𝟏𝟎𝟓𝟑𝐭𝟑 + 𝟑𝟓𝟔𝟒𝐭𝟐 − 𝟏𝟗𝟔𝐭 + 𝟏𝟒𝟒𝟎𝟎) + 𝟑𝟓𝟎𝟖𝟖) + 𝟏𝟖𝟏𝟒𝟒 

≥
𝐄𝐮𝒍𝐞𝐫

𝟏𝟖𝟏𝟒𝟒 > 0 ∴ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟏𝟎𝟓𝟑𝐑𝟓 − 𝟔𝟒𝟖𝐑𝟒𝐫 − 𝟏𝟎𝟐𝟒𝟎𝐑𝟑𝐫𝟐 + 𝟐𝟗𝟒𝟒𝟎𝐑𝟐𝐫𝟑 − 𝟐𝟑𝟐𝟗𝟔𝐑𝐫𝟒 + 𝟓𝟓𝟔𝟖𝐫𝟓) (
𝟏𝟔𝐑𝐫 −
𝟓𝐫𝟐

) 

≥
?
 𝐑𝐇𝐒(∗∗) ⇔ 𝟑𝟗𝟔𝟗𝐭𝟔 − 𝟒𝟐𝟏𝟐𝐭𝟓 − 𝟑𝟒𝟓𝟒𝟒𝐭𝟒 + 𝟖𝟖𝟎𝟔𝟒𝐭𝟑 − 𝟖𝟒𝟐𝟖𝟖𝐭𝟐 + 𝟑𝟓𝟖𝟕𝟐𝐭 − 

𝟓𝟔𝟑𝟐 ≥
?
𝟎 ⇔ (𝐭 − 𝟐)(

(𝐭 − 𝟐) (𝟑𝟗𝟔𝟗𝐭
𝟒 + 𝟏𝟏𝟔𝟔𝟒𝐭𝟑 − 𝟑𝟕𝟔𝟒𝐭𝟐 +
𝟐𝟔𝟑𝟓𝟐𝐭 + 𝟑𝟔𝟏𝟕𝟔

) +

𝟕𝟓𝟏𝟔𝟖

) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝐫𝒂
𝟐

√𝟗𝐫𝟐 + 𝟑𝐫𝒂𝟐𝐜𝐲𝐜

≤
𝟗𝐑𝟐

𝟖𝐫
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3894. 𝑯,  𝑶 𝒐𝒓𝒉𝒐𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓 𝒐𝒇 𝒂𝒄𝒖𝒕𝒆 ∆𝑨𝑩𝑪.    
𝑶𝒂,  𝑶𝒃,  𝑶𝒄  𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 ∆𝑩𝑯𝑪,  ∆𝑨𝑯𝑪,  ∆𝑨𝑯𝑩. 
 𝑰𝒂,  𝑰𝒃,  𝑰𝒄 − 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 ∆𝑨𝑩𝑪. 𝐏𝐫 𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

 

∑
𝑶𝑶𝒂
𝑨𝑰 ⋅ 𝑨𝑰𝒂

 

 

≤
𝟏

𝟑
(
𝟏

𝒓
+
𝟏

𝑹
) 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Qurban Muellim-Azerbaijan 
 

𝑳𝒆𝒎𝒎𝒂:  𝑨𝑰 =
𝒓

𝐬𝐢𝐧 (
𝑨
𝟐)
 𝒂𝒏𝒅 𝑨𝑰𝒂 =

𝒓𝒂

𝐬𝐢𝐧 (
𝑨
𝟐)

 

𝑳𝒆𝒕 𝑶𝑶𝒂 = 𝟐𝒙,   𝐜𝐨𝐭 𝑨 =
𝟐𝒙

𝒂
⇒  𝟐𝒙 = 𝒂. 𝐜𝐨𝐭 𝑨   ⇒  𝑶𝑶𝒂 = 𝟐𝑹. 𝐜𝐨𝐬𝑨 

 

𝑳𝑯𝑺 =∑
𝑶𝑶𝒂
𝑨𝑰 ⋅ 𝑨𝑰𝒂

 

 

=∑
𝟐𝑹𝐜𝐨𝐬𝑨
𝒓𝒓𝒂

𝐬𝐢𝐧𝟐 (
𝑨
𝟐)

 

 

=∑
𝟐𝑹𝐜𝐨𝐬𝑨 𝐬𝐢𝐧𝟐 (

𝑨
𝟐)

𝒓𝒔. 𝐭𝐚𝐧 (
𝑨
𝟐)

 

 

=∑
𝑹𝐜𝐨𝐬 𝑨𝐬𝐢𝐧 𝑨

𝒓𝒔

 

 

= 

 

=∑
𝑹 ⋅ 𝐬𝐢𝐧(𝟐𝑨)

𝟐𝒓𝒔

 

 

=
𝑹

𝟐𝒓𝒔
∑𝐬𝐢𝐧(𝟐𝑨)

 

 

=
𝑹

𝟐𝒓𝒔
∏𝐬𝐢𝐧(𝑨)

 

 

=
𝟒𝑹

𝟐𝒓𝒔
⋅
𝒂𝒃𝒄

𝟖𝑹𝟑
=
𝟏

𝑹
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𝑳𝑯𝑺 =
𝟏

𝑹
=
𝟏

𝟑
(
𝟐

𝑹
+
𝟏

𝑹
) ≤

𝟏

𝟑
(
𝟐

𝟐𝒓
+
𝟏

𝑹
) =

𝟏

𝟑
(
𝟏

𝒓
+
𝟏

𝑹
) 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   

 

3895. 
𝑳𝒆𝒕 𝛀 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒓𝒐𝒄𝒂𝒓𝒅′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 ∆𝑨𝑩𝑪.  𝑶𝒂,  𝑶𝒃,  𝑶𝒄 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇  
∆𝑩𝛀𝑪,  ∆𝑨𝛀𝑪,  ∆𝑨𝛀𝑩.  𝑰,  𝑰𝒂,  𝑰𝒃,  𝑰𝒄 − 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓 𝒂𝒏𝒅 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 ∆𝑨𝑩𝑪. 

𝐏𝐫 𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
 

∑
𝑶𝑶𝒂 ⋅ 𝒄

𝑨𝑰 ⋅ 𝑨𝑰𝒂

 

 

≥
𝟗𝒓

𝒔
 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Qurban Muellim-Azerbaijan 
 

𝑳𝒆𝒎𝒎𝒂:  𝑨𝑰 =
𝒓

𝐬𝐢𝐧 (
𝑨
𝟐)
,  𝑨𝑰𝒂 =

𝒓𝒂

𝐬𝐢𝐧 (
𝑨
𝟐)
 𝒂𝒏𝒅 𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂 ≥ 𝟑𝟔𝒓𝟐 

𝑳𝒆𝒕 𝑶𝑶𝒂⋂𝑩𝑪 = 𝑲,  𝑶𝑲 = 𝒙 𝒂𝒏𝒅 𝑶𝒂𝑲 = 𝒚.   𝐜𝐨𝐭𝑨 =
𝟐𝒙

𝒂
 𝒂𝒏𝒅  𝐜𝐨𝐭 𝑪 =

𝟐𝒚

𝒂
  ⇒   

⇒  𝑶𝑶𝒂 =
𝒂

𝟐
⋅

𝐬𝐢𝐧𝑩

𝐬𝐢𝐧𝑨 ⋅ 𝐬𝐢𝐧𝑪
=
𝒂

𝟐
⋅

𝒃
𝟐𝑹
𝒂
𝟐𝑹 ⋅

𝒄
𝟐𝑹

=
𝒃𝑹

𝒄
 

 

𝑳𝑯𝑺 =∑

𝒃𝑹
𝒄 ⋅ 𝒄

𝒓𝒓𝒂

𝐬𝐢𝐧𝟐 (
𝑨
𝟐)

 

 

=∑
𝒃𝑹
𝒓𝒓𝒂

𝐬𝐢𝐧𝟐 (
𝑨
𝟐)

 

 

=
𝑹

𝒓
∑

𝒃 ⋅ 𝐬𝐢𝐧𝟐 (
𝑨
𝟐)

𝒓𝒂

 

 

=
𝑹

𝒓
∑

𝒃 ⋅ 𝐬𝐢𝐧𝟐 (
𝑨
𝟐)

𝒔 ⋅ 𝐭𝐚𝐧 (
𝑨
𝟐)

 

 

= 

 

=
𝑹

𝒓
∑

𝒃𝐬𝐢𝐧𝑨

𝟐𝒔

 

 

=∑
𝒂𝒃

𝟒𝒓𝒔

 

 

≥
𝟑𝟔𝒓𝟐

𝟒𝒓𝒔
=
𝟗𝒓

𝒔
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   

 

3896. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐧𝒂 ≤ 𝐀𝐈 + √(𝐛 − 𝐜)
𝟐 + 𝐫𝟐 

  Proposed by Bogdan Fuștei-Romania 
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𝐧𝒂 ≤
?
𝐀𝐈 + √(𝐛 − 𝐜)𝟐 + 𝐫𝟐 

⇔ 𝐧𝒂
𝟐 ≤

?
⏟
(∗)

𝐀𝐈𝟐 + (𝐛 − 𝐜)𝟐 + 𝐫𝟐 + 𝟐𝐀𝐈. √(𝐛 − 𝐜)𝟐 + 𝐫𝟐 

𝐋𝐞𝐭 𝐬𝟎 = 𝐬𝐞𝐦𝐢𝐩𝐞𝐫𝐢𝐦𝐞𝐭𝐞𝐫 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐧𝒂
𝟐 − 𝐀𝐈𝟐 − (𝐛 − 𝐜)𝟐 − 𝐫𝟐 =

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢
 

𝐬𝟎
𝟐 (𝟏 −

𝐫

𝐑
𝐬𝐞𝐜𝟐

𝐀

𝟐
) − 𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐁

𝟐
𝐬𝐢𝐧𝟐

𝐂

𝟐
− 𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁 − 𝐂

𝟐
− 

𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
𝐬𝐢𝐧𝟐

𝐂

𝟐
= 𝟏𝟔𝐑𝟐 𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐨𝐬𝟐

𝐁

𝟐
𝐜𝐨𝐬𝟐

𝐂

𝟐
(𝟏 −

𝟐𝐬(𝐜 − 𝐬)

𝟏 − 𝐬𝟐
) − 

𝟒𝐑𝟐(𝐜 − 𝐬)𝟐 − 𝟏𝟔𝐑𝟐𝐬𝟐(𝟏 − 𝐜𝟐) − 𝟒𝐑𝟐𝐬𝟐(𝐜 − 𝐬)𝟐  (𝐬 = 𝐬𝐢𝐧
𝐀

𝟐
, 𝐜 = 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
) 

= 𝟒𝐑𝟐((𝐬 + 𝐜)𝟐(𝟏 + 𝟐𝐬𝟐 − 𝟐𝐬𝐜) − (𝐜 − 𝐬)𝟐 − 𝟒𝐬𝟐(𝟏 − 𝐜𝟐) − 𝐬𝟐(𝐜 − 𝐬)𝟐) 

= 𝟖𝐑𝟐𝐬(𝟐(𝐜 − 𝐬) − 𝐜(𝐜 − 𝐬)(𝐜 + 𝐬)) 

∴ 𝐧𝒂
𝟐 − 𝐀𝐈𝟐 − (𝐛 − 𝐜)𝟐 − 𝐫𝟐 =

①
𝟖𝐑𝟐𝐬(𝐜 − 𝐬)(𝟐 − 𝐜𝟐 − 𝐜𝐬) 

𝐀𝒍𝐬𝐨, 𝟐𝐀𝐈.√(𝐛 − 𝐜)𝟐 + 𝐫𝟐 

= 𝟖𝐑𝐬𝐢𝐧
𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
. √𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁 − 𝐂

𝟐
+ 𝟏𝟔𝐑𝟐 𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
𝐬𝐢𝐧𝟐

𝐂

𝟐
 

= 𝟒𝐑(𝐜 − 𝐬).√𝟏𝟔𝐑𝟐𝐬𝟐(𝟏 − 𝐜𝟐) + 𝟒𝐑𝟐𝐬𝟐(𝐜 − 𝐬)𝟐 

∴ 𝟐𝐀𝐈.√(𝐛 − 𝐜)𝟐 + 𝐫𝟐 =
②

𝟖𝐑𝟐𝐬(𝐜 − 𝐬).√(𝐜 − 𝐬)𝟐 + 𝟒(𝟏 − 𝐜𝟐) 

∴ ① 𝒂𝐧𝐝 ② ⇒ (∗) ⇔ 𝟐 − 𝐜𝟐 − 𝐜𝐬 ≤
?
√(𝐜 − 𝐬)𝟐 + 𝟒(𝟏 − 𝐜𝟐) 

⇔ 𝐜𝟐 − 𝐜𝟒 + 𝟐𝐜𝐬 − 𝟐𝐬𝐜𝟑 + 𝐬𝟐 − 𝐜𝟐𝐬𝟐 ≥
?
𝟎 

⇔ 𝐜𝟐(𝟏 − 𝐜𝟐) + 𝟐𝐜𝐬(𝟏 − 𝐜𝟐) + 𝐬𝟐(𝟏 − 𝐜𝟐) ≥
?
𝟎 

⇔ (𝟏 − 𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
) (𝐬𝐢𝐧

𝐀

𝟐
+ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
)
𝟐

≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐬𝐢𝐧

𝐀

𝟐
, 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
> 0  

𝒂𝐧𝐝 𝐜𝐨𝐬𝟐
𝐁 − 𝐂

𝟐
≤ 𝟏 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐧𝒂 ≤ 𝐀𝐈 + √(𝐛 − 𝐜)𝟐 + 𝐫𝟐 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

3897. 

𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂𝐦𝐛𝐦𝐜 ≥
(𝐑 + 𝟏𝟔𝐫)𝐬𝟐

𝟏𝟖
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(𝐦𝒂𝐦𝐛𝐦𝐜)
𝟐 = 

𝐬𝟔 − 𝐬𝟒(𝟏𝟐𝐑𝐫 − 𝟑𝟑𝐫𝟐) − 𝐬𝟐(𝟔𝟎𝐑𝟐𝐫𝟐 + 𝟏𝟐𝟎𝐑𝐫𝟑 + 𝟑𝟑𝐫𝟒) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝟏𝟔
 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲

𝐃𝒂𝐧𝐠 𝐍𝐠𝐨𝐜 𝐌𝐢𝐧𝐡 − 𝟏𝟐𝟒;𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) ≥
? (𝐑 + 𝟏𝟔𝐫)𝟐𝐬𝟒

𝟑𝟐𝟒
 

⇔ 𝟖𝟏𝐬𝟔 − (𝟒𝐑𝟐 + 𝟏𝟏𝟎𝟎𝐑𝐫 − 𝟏𝟔𝟒𝟗𝐫𝟐)𝐬𝟒 − 𝐫𝟐(𝟒𝟖𝟔𝟎𝐑𝟐 + 𝟗𝟕𝟐𝟎𝐑𝐫 + 𝟐𝟔𝟕𝟑𝐫𝟐)𝐬𝟐 − 

𝟖𝟏𝐫𝟑(𝟒𝐑+ 𝐫)𝟑 ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ 𝟖𝟏(𝐬𝟐 − 𝟐𝐑𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝟑 ≥
𝐖𝒂𝒍𝐤𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝟖𝟏(𝐬𝟐 − 𝟐𝐑𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝟑 

⇔ (𝟐𝟒𝟏𝐑𝟐 + 𝟒𝟐𝟐𝐑𝐫 + 𝟏𝟏𝟖𝟗𝐫𝟐)𝐬𝟒 − 
(𝟒𝟖𝟔𝐑𝟒 + 𝟑𝟖𝟖𝟖𝐑𝟑𝐫 + 𝟏𝟏𝟔𝟔𝟒𝐑𝟐𝐫𝟐 + 𝟏𝟎𝟔𝟗𝟐𝐑𝐫𝟑 + 𝟐𝟒𝟑𝟎𝐫𝟒)𝐬𝟐 + 𝟑𝟐𝟒𝐑𝟔 + 𝟑𝟖𝟖𝟖𝐑𝟓𝐫 + 

𝟏𝟕𝟎𝟏𝟎𝐑𝟒𝐫𝟐 + 𝟐𝟗𝟖𝟎𝟖𝐑𝟑𝐫𝟑 + 𝟐𝟑𝟓𝟕𝟏𝐑𝟐𝐫𝟒 + 𝟖𝟐𝟔𝟐𝐑𝐫𝟓 + 𝟏𝟎𝟓𝟑𝐫𝟔 ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 ∵ 𝐏 = 

(𝟐𝟒𝟏𝐑𝟐 + 𝟒𝟐𝟐𝐑𝐫 + 𝟏𝟏𝟖𝟗𝐫𝟐)(𝐬𝟐 − 𝟐𝐑𝟐 − 𝟖𝐑𝐫 − 𝟑𝐫𝟐)𝟐 ≥
𝐖𝒂𝒍𝐤𝐞𝐫

𝟎 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫  

𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
?
𝐏 

⇔ (𝟐𝟑𝟗𝐑𝟒 + 𝟖𝟐𝟖𝐑𝟑𝐫 + 𝟔𝟒𝟓𝐑𝟐𝐫𝟐 + 𝟓𝟒𝟑𝟐𝐑𝐫𝟑 + 𝟐𝟑𝟓𝟐𝐫𝟒)𝐬𝟐 ≥
?
⏟
(∗∗∗)

 

𝟑𝟐𝟎𝐑𝟔 + 𝟐𝟕𝟓𝟔𝐑𝟓𝐫 + 𝟗𝟕𝟖𝟑𝐑𝟒𝐫𝟐 + 𝟐𝟓𝟗𝟒𝟎𝐑𝟑𝐫𝟑 + 𝟒𝟒𝟔𝟎𝟗𝐑𝟐𝐫𝟒 + 𝟐𝟔𝟑𝟎𝟒𝐑𝐫𝟓 + 𝟒𝟖𝟐𝟒𝐫𝟔 

𝒂𝐧𝐝 𝐟𝐢𝐧𝒂𝒍𝒍𝐲, 𝐋𝐇𝐒 𝐨𝐟 (∗∗∗) ≥
𝐖𝒂𝒍𝐤𝐞𝐫

 

(𝟐𝟑𝟗𝐑𝟒 + 𝟖𝟐𝟖𝐑𝟑𝐫 + 𝟔𝟒𝟓𝐑𝟐𝐫𝟐 + 𝟓𝟒𝟑𝟐𝐑𝐫𝟑 + 𝟐𝟑𝟓𝟐𝐫𝟒)(𝟐𝐑𝟐 + 𝟖𝐑𝐫 + 𝟑𝐫𝟐) ≥
?

 

𝐑𝐇𝐒(∗∗∗)⇔ 𝟕𝟗𝐭𝟔 + 𝟒𝟎𝟔𝐭𝟓 − 𝟓𝟕𝟔𝐭𝟒 − 𝟑𝟕𝟏𝟔𝐭𝟑 + 𝟐𝟕𝟒𝟑𝐭𝟐 + 𝟒𝟒𝟎𝟒𝐭 + 𝟏𝟏𝟏𝟔 ≥
?
𝟎 

(𝐭 =
𝐑

𝐫
) ⇔ (𝐭 − 𝟐)𝟐(𝟕𝟗𝐭𝟒 + 𝟕𝟐𝟐𝐭𝟑 + 𝟏𝟗𝟗𝟔𝐭𝟐 + 𝟏𝟑𝟖𝟎𝐭 + 𝟐𝟕𝟗) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝐥𝐞𝐫

𝟐 ⇒ (∗∗∗) ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 𝒂𝐧𝐝 𝐬𝐨,𝐦𝒂𝐦𝐛𝐦𝐜 ≥
(𝐑 + 𝟏𝟔𝐫)𝐬𝟐

𝟏𝟖
 

∀ 𝒂𝐜𝐮𝐭𝐞 𝐀𝐁𝐂,′′= ′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3898. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐬𝟐 + 𝐫𝟐 − 𝟒𝐫𝐫𝒂

𝐩𝒂
𝟐

𝐜𝐲𝐜

+∑
𝐫𝟐

𝐬𝟐 − 𝐧𝒂
𝟐

𝐜𝐲𝐜

=
𝟏𝟏

𝟐
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𝐩𝒂 =
𝟐𝐬

𝟐𝐬 + 𝒂
.√𝐬𝟐 − 𝟑𝐫𝟐 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐

𝐀

𝟐
→① 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟔𝟖;

𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧 (⦁⦁⦁); 𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨
) 

𝐍𝐨𝐰, 𝐬𝟐 − 𝟑𝐫𝟐 − 𝟏𝟔𝐑𝐫 𝐬𝐢𝐧𝟐
𝐀

𝟐
= 𝐬𝟐 + 𝐫𝟐 − 𝟒𝐫𝟐 −

𝟏𝟔𝐑𝐫𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)

𝟒𝐑𝐫𝐬
 

= 𝐬𝟐 + 𝐫𝟐 −
𝟒𝐬(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐬𝟐
−
𝟒𝒂(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐬
 

= 𝐬𝟐 + 𝐫𝟐 −
𝟒(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐬
. (𝐬 − 𝒂 + 𝒂) = 𝐬𝟐 + 𝐫𝟐 − 𝟒(𝐬 − 𝐛)(𝐬 − 𝐜) 

= 𝐬𝟐 + 𝐫𝟐 −
𝟒(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)

𝐬 − 𝒂
= 𝐬𝟐 + 𝐫𝟐 −

𝟒𝐫𝟐𝐬

𝐬 − 𝒂
= 𝐬𝟐 + 𝐫𝟐 − 𝟒𝐫𝐫𝒂 ⇒

𝐯𝐢𝒂 ①

 

𝐩𝒂
𝟐 =

𝟒𝐬𝟐

(𝟐𝐬 + 𝒂)𝟐
. (𝐬𝟐 + 𝐫𝟐 − 𝟒𝐫𝐫𝒂) ⇒

𝐬𝟐 + 𝐫𝟐 − 𝟒𝐫𝐫𝒂
𝐩𝒂𝟐

=
(𝟐𝐬 + 𝒂)𝟐

𝟒𝐬𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

⇒∑
𝐬𝟐 + 𝐫𝟐 − 𝟒𝐫𝐫𝒂

𝐩𝒂𝟐
𝐜𝐲𝐜

+∑
𝐫𝟐

𝐬𝟐 − 𝐧𝒂𝟐
𝐜𝐲𝐜

=∑
(𝟐𝐬 + 𝒂)𝟐

𝟒𝐬𝟐
𝐜𝐲𝐜

+∑
𝐫𝟐

𝐬𝟐 − 𝐧𝒂𝟐
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

𝟏

𝟒𝐬𝟐
(𝟏𝟐𝐬𝟐 + 𝟒𝐬(𝟐𝐬) + 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)) +∑

𝐫𝟐

𝟐𝐫𝒂𝐡𝒂
𝐜𝐲𝐜

 

=
𝟏𝟏𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟐𝐬𝟐
+∑

𝐫𝟐

𝐫
𝐑 . 𝐬

𝟐 𝐬𝐞𝐜𝟐
𝐀
𝟐𝐜𝐲𝐜

=
𝟏𝟏𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐

𝟐𝐬𝟐
+
𝐑𝐫

𝐬𝟐
.
𝟒𝐑 + 𝐫

𝟐𝐑
 

=
𝟏𝟏𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐬𝟐
∴ ∑

𝐬𝟐 + 𝐫𝟐 − 𝟒𝐫𝐫𝒂
𝐩𝒂𝟐

𝐜𝐲𝐜

+∑
𝐫𝟐

𝐬𝟐 − 𝐧𝒂𝟐
𝐜𝐲𝐜

=
𝟏𝟏

𝟐
 

∀ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 
 

3899. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏

𝐩
(
𝐑𝟐

𝐫𝟐
− 𝟏) ≤∑

𝐀𝐇

𝒂𝐫𝒂
𝐜𝐲𝐜

≤
𝟏

𝐩
(
𝟐𝐑𝟐

𝐫𝟐
− 𝟓) 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐀𝐇

𝒂𝐫𝒂
𝐜𝐲𝐜

=
𝟐𝐑 𝐜𝐨𝐬 𝐀

(𝟐𝐑𝐬𝐢𝐧 𝐀)𝐩 𝐭𝒂𝐧
𝐀
𝟐

=∑
𝟏− 𝐭𝒂𝐧𝟐

𝐀
𝟐

𝟐𝐩 𝐭𝒂𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

=
𝐩

𝟐
(∑

𝟏

𝐫𝒂𝟐
𝐜𝐲𝐜

) −
𝟑

𝟐𝐩
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=
𝐩

𝟐
(
𝟏

𝐫𝟐
−
𝟐(𝟒𝐑 + 𝐫)

𝐫𝐩𝟐
) −

𝟑

𝟐𝐩
∴∑

𝐀𝐇

𝒂𝐫𝒂
𝐜𝐲𝐜

=
𝐩𝟐 − 𝟖𝐑𝐫 − 𝟓𝐫𝟐

𝟐𝐫𝟐𝐩
≤

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟐𝐫𝟐

𝟐𝐫𝟐𝐩
≤

𝐄𝐮𝒍𝐞𝐫 𝟐𝐑𝟐 − 𝟒𝐫𝟐 − 𝐫𝟐

𝐫𝟐𝐩
∴∑

𝐀𝐇

𝒂𝐫𝒂
𝐜𝐲𝐜

≤
𝟏

𝐩
(
𝟐𝐑𝟐

𝐫𝟐
− 𝟓)𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 

∑
𝐀𝐇

𝒂𝐫𝒂
𝐜𝐲𝐜

=
𝐩𝟐 − 𝟖𝐑𝐫 − 𝟓𝐫𝟐

𝟐𝐫𝟐𝐩
≥

𝐖𝒂𝒍𝐤𝐞𝐫 𝟐𝐑𝟐 − 𝟐𝐫𝟐

𝟐𝐫𝟐𝐩
∴∑

𝐀𝐇

𝒂𝐫𝒂
𝐜𝐲𝐜

≥
𝟏

𝐩
(
𝐑𝟐

𝐫𝟐
− 𝟏)  𝒂𝐧𝐝 𝐬𝐨, 

𝟏

𝐩
(
𝐑𝟐

𝐫𝟐
− 𝟏) ≤∑

𝐀𝐇

𝒂𝐫𝒂
𝐜𝐲𝐜

≤
𝟏

𝐩
(
𝟐𝐑𝟐

𝐫𝟐
− 𝟓) ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3900. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐡𝒂
𝐡𝐛

𝐜𝐲𝐜

+
∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜

∑ 𝐫𝒂
𝟐

𝐜𝐲𝐜
≥
𝟖𝐫

𝐑
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐕𝐢𝒂 𝐀𝐌 − 𝐆𝐌,∑
𝐡𝒂
𝐡𝐛

𝐜𝐲𝐜

+
∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜

∑ 𝐫𝒂𝟐𝐜𝐲𝐜
≥ 𝟑 +

𝐬𝟐

(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐
 

=
𝟑(𝟒𝐑 + 𝐫)𝟐 − 𝟓𝐬𝟐

(𝟒𝐑 + 𝐫)𝟐 − 𝟐𝐬𝟐
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟑(𝟒𝐑 + 𝐫)𝟐 − 𝟓(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)

(𝟒𝐑 + 𝐫)𝟐 − 𝟐(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐)
≥
? 𝟖𝐫

𝐑
 

⇔ 𝟕𝐭𝟑 − 𝟑𝟏𝐭𝟐 + 𝟒𝟓𝐭 − 𝟐𝟐𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)((𝐭 − 𝟐)(𝟕𝐭 − 𝟑) + 𝟓) ≥

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ∴ ∑
𝐡𝒂
𝐡𝐛

𝐜𝐲𝐜

+
∑ 𝐫𝒂𝐫𝐛𝐜𝐲𝐜

∑ 𝐫𝒂𝟐𝐜𝐲𝐜
≥
𝟖𝐫

𝐑
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


