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PROFESSOR D. M. BATINETU-GIURGIU TURNS 90 YEARS OLD

By Mihaly Bencze, Daniel Sitaru and Neculai Stanciu-Romania

Dumitru M. Batinetu-Giurgiu was born on January 27, 1936, in Pietrosani commune, Vlasca
county, where he attended the General School; then he studied of the “lon Maiorescu”
National College from Giurgiu. In the autumn of 1960, he became a student of the
University of Bucharest, Faculty of Mathematics (specialization in mathematical analysis).

He was an assistant professor at the Department of Mathematics of the Polytechnic
Institute " Gh. Asachi ”’ from lasi (1965-1968); scientific researcher at the Forest Research
Institute in Bucharest (1968-1970); assistant professor at the mathematics-physics
department of the "Nicolae Balcescu” Agronomic Institute in Bucharest (1970-1972);

professor at the "lon Creanga" National College in Bucharest (1985-1989) and at the
"Matei Basarab" National College in Bucharest (1976-1985; 1989-2003).

He dealt with: Lalescu's sequences, introducing various extensions and concepts of Lalescu
functions and Euler-Lalescu functions; the loachimescu sequences, introducing the notion
of loachimescu type constant, the Euler-loachimescu type sequences and generalizations
of the loachimescu sequences; Ghermanescu's sequences and Euler-Ghermanescu
constants.

The scientific activity of Professor D.M. Batinetu-Giurgiu is extremely rich and varied
through reference works, articles and studies, published books, notes and teaching
materials. He has been and he is part of the editorial boards of several national and
international math magazines.

He participated and presented his results of scientific research at international and
national conferences, symposia and sessions of scientific communications.
Throughout his career, he has been honored with numerous medals and diplomas.
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I cannot conclude the modest presentation of the activity of Professor D.M. Batinetu-
Giurgiu without making a brief reference to his wife, to Mrs. Maria Batinetu-Giurgiu, who
supported him without conditions and limits, creating full freedom in his professional
activity.

In the end, as one who stayed around the teacher a little longer and from whom | had a lot
to learn, | wish him health, joy, | bow respectfully thanking him and wishing him from the
bottom of my heart Happy birthday and continued to success !

On January 27, 2026, Dumitru M. Batinetu-Giurgiu — DMBG, as we calls him - turned 90.
His long career was, and continue to be, extremely fruitful and influential for students and
teachers - lovers of mathematics from all over the world. DMBG always regarded and
practical mathematics as a whole — this is a lesson he served us constantly. The activity of
DMBG (for more details see the references below) proves that he didn’t preach in the
desert. This volume is a tribute from members of younger generations who directly or
indirectly benefitted from DMBG’s passion for mathematics.

DMBG has been the bedrock of the Problems and Solutions Section of the Octogon Journal for
40 years. DMBG, a mathematician at heart and an educator by vocation, proposals problems
and solutions with unrelenting care and energy for all these years.

For DMBG, the core of mathematics enterprise, both in his teaching and research, has
always been mathematics itself, with all its depth, complexity, and elegance. As a teacher,
DMBG continually strives to engender an aesthetic sense of the subject while showing
respect for the mathematical thinking of others, especially when such thinking is novel.

DMBG is generous toward people, whether close or distant. Those who personally know
DMBG know him to be a warm and caring human being. Those who have come to know
DMBG in correspondence with him find him most collegial, helpful, and kind. DMBG’s
mathematical career has touched many as attested by the dedication to his educational
work in the below references. DMBG’s salutary influence will be felt for many years to
come.

REFERENCES
[1] M. Bencze, D. Sitaru, N. Stanciu, Happy birthday, dear professor Dumitru M. Badtinetu-
Giurgiu !, Octogon Mathematical Magazine,Vol. 29, No. 1, April 2021.
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Sclipirea Mintii, An XIII, Nr. 26, 2020, 6.
[3] M. Bencze, N. Stanciu, N. Ivaschescu, Profesorul Dumitru Bdtinetu-Giurgiu la 80 de ani,
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[4] M. Bencze, N. Stanciu, Profesorul Dumitru Batinetu-Giurgiu la 80 de ani, Sclipirea
Mintii, An IX, Nr. 17, 2016, 9.
[5] M. Bencze, N. Stanciu, Dumitru Bdtinetu-Giurgiu, Octogon Mathematical Magazine,Vol.
19, No. 1, April 2011, pp 125-148.
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nr.7-8-9 / 2011.
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Matelnfo.Ro, noiembrie, 2011.

BASIC INTEGRALS - |
By Daniel Sitaru-Romania

Abstract: In this paper are presented a few basic integrals. The article is asked by young
students who want to learn the way of calculus from the beginning.

Introduction

Gamma function. Definition:

I:(0,0) - R;T(t) = j e *. xtldx
0

Properties:
1.T(1) =1
Proof:
@ @ 1% 1 1 1 1
F(1)=f e‘x-xl‘ldx=f etdx=——| =——+—F5=-——+-=1
0 0 e”lo e e i
2.r(2)=1
Proof:
F(Z)zf e‘xxz‘ldxzf xe‘xdxz—f x(ex)'dxz—xe‘xlff’+f e *dx =
0 0 0 0
© x 1 1 1
:__x +1=—lim—x+0+1=—lim—x+1=——w+1=——+1=0+1=1
e 0 xX—o0 e XxX—oo @ e (0/e]

3.T(t+ 1) =tIr(t);t >0

Proof:
rt+1) = f e ™™ . xtdx = —f (e™) xtdt = —e *xt|Y +f e t-xt7ldx =
0 0 0
xt (o) xt Ot
=—— +tf e ™. x7ldx = — lim ———+tI'(t) = =0 — 0 + tI'(¢t) = tI'(¢)
ex 0 0 x—00 ex eO

4.T(n+1)=n5;neN
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Proof:
I[(m+1D)=TA+n)=n'(n)=nf'1l+n-1) =
=nn—-DIn—-1)=nrh-DIl+n-2)=nn-1)n-2)T((n—-2) ==
=nn-1)n-2)-..-3:2-TM)=nn—-1)(n—-2)-...-3-2-1=n!
5.T(8) =2, e - y*1dy

Proof:

[ee] — 2 (o]
r'(t) = f e~ xtldy = J e V. (yH)t 1. 2ydy =
0 0

_ Zf e_yz -th_z -ydy — 2-[ e_yz . yzt—ldy
0 0

4

6.T(t) - T(1—-1¢) = pryp te(0,1)
1

7.1(3)=vm

Proof:

2
2
1 1 1 1
r(z)r(z)=r= <F(§>> =n=r(3) =
Beta function. Definition:

B:(0,0) x (0,0) » R, B(p,q) = fol xP71 (1 —x)9 tdx

Properties:
1.
©  4p-1
B(p.q) = | mdt
Proof:
1 X 4 oo - _
_(” tP71.1-1 gt = ®© Pl it
o (1+t)p-1tat2 o (1+1t)rta
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2.
I'(p) -T(q)
B(p.q) = ————
P-4 I'(p+q)
3.
B(p,q) = B(q,p)
4.,
B(p,q)=L-B(p—1,q);p>1;q>0
r+q-1
5.
B(p,q)=L-B(p,q—1);p>0;q>1
pr+q-1
6.
B(l 1)_
22)° "
Application 1. Find:
(o] 1 .
Q(n)=.]; 1_I_xmdx;nEN
Proof:
* 1 y=x2n (* 1 1
Q(n)zf dx = f . dy =
o 1+x2n o 1+y 2n. %[yt
_an-1 1,
B 1 °°y 2n dy = 1 r® yan gy =
2n), 1+y Y= on o (1+y)ﬁ+% Y=
1 1 _m
_13(1 1)_1 rG)ri-5) 1 &z o«
2n \2n’" 2n/ 2n F(i+1_i) ~2n T(1) 2nsin™
2n 2n 2n
Corolaries:
1.a.
1 T T
) _[;) 1+ x2 . Zsing 2
1.b.
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Q)= [ dx=—m=">="
2

1+x% - 4sin% " 242
1.c.
1 T T 14
ﬂ 3 = = —_— — T e—
3) fo 1+ x6 6 sin= 6% 1
1.d.
Q@) f°° 1 d T T 14
= 8 x = - T = =
0 1+x BSlng 8\/2;\/2 4\/2_\/2
Application 2. Find:
Q(n) joo dx eEN; n>2
n) = in ;n>
o V14 x2n
Proof:
* dx y=x2n (% 1 1
YT Ly L T T
o V1+x2m o J1+y 2n-fymm-t
—-2n+1 i—l
1 r® y zn 1 r® yan
= — y = — =
2ndo (1 4y 2ndo (14 yymti e
L
1 (® oy 1 1 n—-1
=5 TR dY = 5= (_' ):
2n J, (1 +y)enton 2n \2n" 2n
1 n—1 1 n-1 1 n-—1
:i_r(z)'r(z) zi.r(z) (%) _ (%)
2n 1, n1 2n 1 2
r (Zn T 2n ) r (2) Tl\/ﬁ
Corolaries:
2.a.
0 1 1 2 (1
Q2) = dx r (4) F(4) _ r (4)
o V1+x* 2. Zﬁ 4\/E
2.b.
1 3
o V1+ x8 8Vn
2.c.
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» ax_TQrQ)

9(3)= 0 V1+x6_ 6\/E

2.d.

r(@rE)

F(S)_f“’ dx
o VIt 10vm

Application 3. Find:

1
Q(n) =f xV1—xdx;neN:n>2
0

Proof:
[ee] 1 1
Q(n)=j x-n\/1—xdx=J x-(1—x)ndx =
0 0
1 - ne1y T@r(=) r@r(1+l)
=.[x2"1'(1—x)ndx=B<2 - ): Tl:-ll = 1" =
0 F(2+T) F(3+;)
B 1-r(1+%) T 2
_(3+1)(2+1)[‘(1+1)_3n+1.2n+1_(3n+1)(2n+1)
n n n n n
Corolaries:
3.a.
1\/_ 22 4
g(z):fox 1=xdx= i Da+n 35
3.b.
1 32 9 9
= 3 — = = = —
9(3)_f0x.1 XA = T D6+ 10-7 70
3.c.

42 _ 16
(12+1)(8+1) 117

1
Q4) =f xV1 — xdx =
0

Application 4. Find:

o)

X
ﬂ(n)—j(; mdx;nEN

Proof.
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oox =21 %) n d
Q) = fo—dx 7z vy . 4 =
(1 + XZ")Z 0 (1 + y)Z 2n . yzn—l
1 (©ym an 1 (® yom

=_ Z__ _ _dv=— 2 dv =
2nj, (1+y)? Y= on o (1+y)? Y

1 oo l—1

o l—1
=if yn dv = — A
by G2 Ty e

dy =

Tl w0

)

2n \n n

_1 (-)r@r(-) " x _en-in

2n 1 2n sing_ 2n25in§
Corolaries:
4.a.
Q(Z)—foo X dop = 3@ 3m
o (X +x%)? x_BSin;—r_ 8
4.b.
Qe3) j‘°° X d 5w 5w 5w
= x: = =
o (1+x°6)? 18sin; 1g.¥3 93
4.c.
Q@) j‘°° X B 7 7T 7T
= —_— x: = =
o (1+x8)2 32sin 32? 162
Application 5.
Find:
0 x2
Q = ————dx;neN5n>2
(n) fo a ez dnn n
Proof:

x? y=n (2 (fy)° 1

Q) = ——pmd : d
)= ™ o U+y)2 2penfyant ”

N

BEITL rQre-D_1 r@)e-a) rl-n)
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1 et WL
1 Ooyn-:y n 1 yzn *on
— d=— dy =
2n), (1+y)? o (1+y)?
2
1 yan gy = 1 B(B ) 3)_
" 2n Y=o\ " m) T

0 (14y)t?m

_1 TG s 1 rGr(riog)

on I'(%+ 2 —%) 2n T'(2)
3 3 5 ;
L1 TG Tlg) 1 r@)r(iea-g)
on I'(%+ 2 —%) 2n T'(2)
3 3 s ,
IR o L (e M VA TR
2n
Corolaries:
5.a.
5.b.
Q3) = L
5.c.
Q) = dx
o (1+x8)? sin "
Application 6.
Find:
1
Q) = f V1-x"dx;neN;n>2
0
Proof:
ﬂ(n)—fmdx - f e

13 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch

2026

1
1( _nm 1 1t oo E
=—fy " -(1—y)ndy=—f yn (=) dy =
n nJ,
0

iy O
Sl )
e Q) @«
(142 wZr(®) () r )

Corolaries:
6.a.
T
Q(Z)—j V11— xzdx—4r(1) 1
6.b.
1, -
Q(3)=.]-\/1—x3dx= >
0 or (%)
6.c.
1 T T VT
_ 4 dx = — — e
o) fo 1oxdx sr(?) sr(;) 8/m 8
6.d.
Q(5) —f Y1 —x5dx =
10r( )
Application 7.
Find:
1
Q(n) = f Vvx—x"dx;n € N;n > 2.
0
Proof:
Q(n) = fl x(1—x"1)dx = flx% (1- x"‘l)%dx =
14 ROMANIAN MATHEMATICAL MAGAZINE NR. 48
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y=xn"1 fl(n—v—)% (1 )l 1 d
= y)?- —y)z- — y =
0 (n—1) -"/yn2
1 1 1 n-2 1 1 1 1 on+a 3_4
— 2(n-1) n-1. —_ [ — n— . — =
n_ljoy (1—y)ady n_lfoyz 2 - (1—-y)z "dy

5—-2n

1 1 s5-on 3 1 1 3
- j ymz-(1-y)z 'dy = —f y ez (1-y) Ty =
0 n—1J,

n—1

1 (s £l 1 3 3
= n— (1 — = B — | =
n—1f0 v =y dy = 2 (2n—2'2)

1 "GRG 1 Tee)sr6) . v o)

TG T orEE) e Es)
Corolaries:
7.a.
1 \/’7—_[ I‘(E) \/1? Er(l) \/E 3 \/E 37T
n(z)=fomdx=7.ré)=72r(;) SALRR .
7.b.
g ¥ T6)
Q(3)—j; X x3dx—4 F(%)
7.c.
1 Ve Q) _va TG) ()’ _=
QM)ZL x_x4dx:T'T162):?'r(zz): 6-1 6
7.d.
g VETE) _veE TG _vErE) var()
S A e N s AT
Application 8.

Find: Q(a,b,m,n) = f:(x —a)™(b—x)"dx;a < b;m,n € N.

Proof:
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xX—

Q

y=

—-X

Il

b
Q(a,b,m,n) = f (x—a)™(b—x)"dx

m

_j°°(by+a ) (b by+a)" b-—a dy =
Jy \y+1 ¢ y+1 (y + 1) Y=

(" (b-—a)y\" (b—a\" b-a 3
_jo ( y+1 ) '(y+1) '(y+1)2dy_
oot 1 dv =
D G+ G+

m+1-1
Yy

= (b - a)m+n+1jo (y + 1)m+1+n+1 dy =

© oy
— b_am+n+1f
( ) e

— _ m+n+1 . — _ m+n+1
=(b—a) Bm+1,n+1)=((b—-a) Tmtnt2)

m!-n!

— _ m+n+1 ,
=b-a) (m+n+1)!

Corolaries

8.a.

b 2
Q(a,b,n,n) = f (x—a)"(b—x)"dx = (b — a)?"*1. &

I'm+1DI(n+1) B

. 2n+1)!
8.b.
1 m!'n!
Q 0; 1: ) = m 1 - n d = <
(0,1,m,m) j;x (1-x)"dx (m+n+1)!
8.c.
b
n'(n+1)!
— _ n _ n+1 — _ 2n+2 (" 0 77
Q(a,b,n,n+ 1) j; (x—a)*(b-a)*dx=(b-a) (2n + 2)!
8.d.
1 n'(n+1)!
— n _ n+1 -~
Q(0,1,n,n+1) fox (1 —2)*" dx (2n + 2)!

References: Romanian Mathematical Magazine — www.ssmrmh.ro
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36 METRIC RELATIONSHIPS IN A NEW GEOMETRICAL CONFIGURATION
By Arda AYDIN-Uskiidar American College — Istanbul-Turkie
Ahmet ERCIKDI-Ankara Science High School-Ankara-Turkie

In this article we worked in a new geometric configuration inspired by Dan Sitaru’s work
“METRIC RELATIONSHIPS IN SAHIN’S TRIANGLE”-www.ssmrmh.ro. We define a similar
triangle ourselves and found metric relationships in this triangle.

THEOREM
Let AABC be an acute triangle and X € Int(AABC) such that XR L BC; XQ 1 AC;
XP 1 AB; |XR| = h,; 1XQ| = hy; |XP| = h, (such in figure).
Notations:
F = area of the original AABC ,m,, m,, m. = medians in the original AABC
a, 3,9 = angles of the original AABC,a,b,c = sides of original AABC

a,b’,c’ = sides of APQR, R*,R = circumradii of APQR and AABC

A
p =
B
R.
In these conditions:
La am, , bm, , cm,
.a = ) = ,C =
R R R

4F? +_4cmosa _ 8F2c2+8F2b2+8F2(b%+c2—a?) _ 4F?(2b%+2c2-a?)
b2 2bc 2b2%c2 b2c2

, 2
Proof: (a)? = % +
Fz(ma)z _ az(ma)z

b%c? R?

2. Area(AXPQ) = F.(a)

3
Proof:%hchb sinsin180 —a = %hchb sin sin a =%hchbhc—b= :ZFCZ =F(a)

3.Area(AXQR) = F.(B)

Proof: It's found similary to 2.
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4.Area(AXRP) =F.(¥9)
Proof: It's found similary to 2.
5.Area(APQR) =F.(a + B +9)

Proof: Equations 2,3,4 are found by adding them side by side.

Ra'b'c'_ B4
"Rabec & B )
Proof: Area(APQR) = a;;f =F.(a +p +9) =Z—Ij:(a +pB +9)
Rab'c’
e = @ +p5 +9)
m,m,mc _
7. rRRZ - @ +pB +9)

Proof: In the equation, replace a’, b’, ¢'with the equations 1 and the equality is found.

Ra'b'c’ B4 Rabcm m,m, B4
= = = =
R'abc B ) R*abcR3 «+h )
mgegmpyme
“pRr CEtEFY)
4F3.(a?+b%+c?)

8. Area(APQR) = — 7
(a?+b?%+c?) 3
4R?

Proof:ltisusedthata +f +9) = ndR = i—l: and equality is found.
F.(m§+m,2,+m§)

9. Area(APQR) = SR

Proof: Itis used that 3(a? + b? + ¢?) = 4(m?2 + m% + m?) and equality is found.
16F3.(mg+m,2,+m§)

3a2b?c? )
Proof: Itis found by writing R = % in equation 9.

10. Area(APQR) =

11. Area(APQR) =3 —a — B —9)F

Proof: Itis found by writinga + 8 +9) =3 —a — B —9I) in equation 5.
12. Area(AQBRCP) = 3F

Proof: Area(AQBRCP) = Area(APBX) + Area(BRCX) + Area(CQAX) =

ahg+bhp+ch,
—————=3F
2

13. Area(APQR) = 2. R%*sinasinfsind(a +  +9)

Proof: Itis used that F = 2R?sinasinfsing and equality is found.
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14. Area(APQR) = (2 +cos cos a cos cos 8 cos cos 9 )F

Proof:Itisusedthata + £ +9 =180 = a +f +9 = 2 +coscos a cos cos f
cos cos 9 and equality is found.

V3F?
15. Area(APQR) > o
_ . (a?+b?%+c?)
= F.—4R2

Proof: Area(APQR) =F.(a + B +9)
It used to a2 + b% 4 c2 > 4+/3F and equality is found.

2
16. |XK|?+|XLI? + |XM|? 2 S

2
17. (1AX| + |BX| + |CX|)? 2 5o + B(XMI|IXL| + | XM||XK| + | XK||XL|)

Fmompm,

18. Area(APQR) = oy

aa’ | bb cc’_ mgmpme
"Ri Ry R3 R*

R%sinsin 9 (a +B +9)
mgmyp

20.sinsin (RPQ) =

R%sinsin B (a +B +9)

mgme

21.(RQP) =

R%sinsin a (a +B +9)
mpme

22. sinsin (PRQ) =

sinsin 9 (a?+b*+c?)
4myamy

23. sinsin (RPQ) =

sinsin B (a?+b*+c?)
4mgom,

24. sin sin (RQP) =

sinsin a (a?+b%+c?)

2

n

.sin sin (PRQ) =

4mpm,
26. (@' + b+ )? <7 (a* + b? + c?)?

27(a?+b%+c?)

27. (a'+b' +c)?< .

243R?

28. (@+b+c)?<

sinsin RQP sinfi.my

29. — =—
sinsin RPQ sind.m,
30 sinsin RQP _ sinf.my,
" sinsin PRQ - sina.mg
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31 sinsin RPQ __ sind.m,
*  sinsin PRQ - sina.mg
32 sinsin RPQ __ sinsin PRQ __ sinsinRQP _ 1 a%+b%+c?
’ sind.m, sina.mg, sinfi.my R* 4mompm,
sinsin RPQ  sinsin PRQ sinsin RQP 9R?
33. = = <

sind.m, sina.mg, sinBm, ~ 4mgmpm,

sinsin RPQ __ sinsin PRQ __ sinsin RQP > V3F

sind.m. sina.mg sinB.my, ~ mgmpmg
35 R* = A4mgmpm,
’ a%+b2+c?
* 3
36. R* < E'R
Reference:

Daniel Sitaru — “Metric relationships in Sahin’s triangle” — www. ssmrmh.ro

GAKOPOULOS — NAG THEOREM —— GENERALIZATION OF BUTTERFLY
THEOREM USING PLAGIOGONAL SYSTEM

By Athanasios Gakopoulos-Greece, Debabrata Nag-india

Abstract: In this paper we have tried to put forward a theorem generalizing the well-known
Butterfly Theorem of Euclidean Geometry using PLAGIOGONAL (Oblique) co-ordinate system
of Analytical Geometry. We have also demonstrated two examples of the above theorem.

Keywords: Butterfly Theorem, PLAGIOGONAL, Analytical Geometry

1.0 INTRODUCTION

Butterfly theorem of the Euclidean Geometry is very well-known whose statement goes like:
“Let M be the midpoint of a chord PQ of a circle, through which two other chords AB and CD
are drawn; AD and BC intersect chord PQ at X and Y correspondingly. Then M is the midpoint
of XY ”. [See Figure 1 for the theorem]. Many straight forward geometric poofs of the
validity of the theorem do exist in the literature

In this present work, we have presented a more generalized version of the above theorem as
shown in Figure 2.

2.0 GENERALIZED BUTTERFLY THEOREM

We refer to figure 2 where AD and BC are the two intersecting chords at point S of a circle
whose center is at O. Let a line be drawn through S intersecting the chords AB and CD at P
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and Q. IfAS=a,SB=b, SC=c, SD =d, PS/SQ = k (k being any non-zero real number), angle
ASC =8 and angle 05Q = p. Theorem states that:

(k-1)(ac-bd)siné
a”+b”+k(c®+d*)—(k+1)(ad +hc)-[ (k+1)(ac+bd)—2(ab+k-cd) |cos®

cotp=

And it is obvious from the above that: p=90° <>k =1o0r in other words, S will be the

middle point of the line PQ and also it will be the middle point of the chord through P and Q
(i.e., when PQ s produced in either way to intersect the circumference of the circle.

We use the PLAGIOGONAL (i.e., non-orthogonal oblique axes) to prove the above theorem.

Figure 1: Butterfly Theorem Figure 2: Generalized Butterfly Theorem

Figure 3: PLAGIOGONAL Co-Ordinate System for Generalized Butterfly Theorem

Proof:- We consider a co-ordinate system whose origin is at the point S and we consider SD
and SB as the x and y — axes respectively. Accordingly co-ordinates of various points are
shown in figure 3 above. Now, we note that the equation of the circle containing the points
A, B, C and D can be written as:
x> +y?+2xycos@—(d—a)x—(b—c)y—ad =0, ad=hc(POP)=> Co-ordinates of the
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(d—a)-(b-c)cosé (b-c)—(d—a)cose
2sin’ @ ’ 2sin’ @

center O of this circle are: [ ] and hence

_(b-c)—(d-a)cosa

= My = . Further, equations of the chords AB and DC can be written
(d—a)-(b-c)cosd

as: 2—% =-1 and g—% =1. Let the co-ordinates of P and Q be (ps, p2) and (g1, g2) and

co-ordinates of P will obviously satisfy the equation of AB and those of Q will satisfy the
equation of CD. From the given condition of PS/SQ = k, we can find these co-ordinates as:

[ad(b—ck) bc(a—dk)] o [ad(ck—b) bc(dk—a)]

(ac—hd) " (ac-bd) k(ac—bd)’ k(ac—bd)

po = &zﬁz—bc(a_dk) . Thus:
pp g ad(b-ck)

[(b—c)—(d —a)cosd bc(a—dk)}ina

(d—a)-(b-c)cos® ad(b—ck)

m

tanp:1+(b_c)—(d—a)c030.bc(a—dk)J{bc(a—dk)+(b—c)—(d—a)cose} 9
(d-a)—(b—c)cos@ ad(b-ck) |ad(b—ck) (d-a)-(b-c)cosé
= |cot p = [(b_Ck)(d—a)+(b—C)(a—dk)]sin0

tp (b—ck)(b—c)—(a—dk)(d—a)—[(b—ck)(d —a)—(a—dk)(b—c)]cos® [QED]

Hence, it is obvious that if k = 1, i.e., when S is the middle point of the line segment PQ, OS
becomes perpendicular to PQ at point S and hence it is perpendicular to the chord
containing the line segment PQ and thus S becomes the middle of the chord also. This is
nothing but the statement of the Butterfly theorem. We note that the converse of the
statement is also true. Thus the new theorem becomes the generalised Butterfly theorem in
the sense that if when OS is not perpendicular to PQ, we can set the relation between the
angles & and p as shown above.

3.0 TWO EXAMPLES

Example 1: Refer to figure 4(a). If FA =6, FB =10, FC =5, PS / SQ = k, angle AFC = 60°, then
1443 (1-K)

we need to prove that: cotfd =
(2+ 35k)

Proof:- Following the same line of the generalized theorem, this time taking F as the origin
and FB and FC as the x and y — axes we can easily find the equation of the circle as:
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X+ y? + Xy —16x—17y + 60 =0=> co-ordinates of O are: (% g) = co-ordinates of P and

, _ 14(k+1) 8(k+1) 4
Q are respectively obtained as: T,O and | 0, ———~= :mPQz—ﬁ and

3k

8 4 .
m ——6_5 =10=>tanf= (7k+10)sm60 —(4+70k)\/§
os-5 14 ~ B 40 ( 4) o 84(1-k)

- -1+——-]10—— |[cos60

3 7k 7k
S leoto BB ey

(2+35k)

Example 2: Refer to figure 4(b). If SA = 7, SB = 4, SC = 14, SD = 8, SQ = 2 PS,

9\/3

tan ZQSO = ETRE then we need to find angle BSD.

Proof:- With the choice of axes as shown in figure 4(b), we find Equation of the circle:
x>+ y*+2xycos@—x+10y—56=0=> co-ordinates of the center of the circle are:

1+10cosf 10+cos@ __10+cos@
2sin@ ' 2sin’@ °  1+10cosé

(_—7’&] and L’_M—ﬂ ,(ﬂ,/—li_l) .
A+1 A+1 u+l  u+l

. Let the co-ordinates of P and Q be:

Figure 4(a), (b): Example 1 and Example 2
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4 7 7 4
As $Q =2 PS, therefore: 44 —7u =3 and —/1=—ﬂ:>ﬂ,u=l:>ﬂ=— u=-
A+l u+1l 4 7
=m ﬂ— 1
PQ 7
( 10+ cos@ —1)sin0
9(1-
.. tan(£0sQ) = 1+10c0sé = ( _cosa) = 9J§:>tan9=J§:>0=120°
10+ cosé@ 10+ cos@ 11sin@ 11 2
+ -1+ cosd
1+10cos@ ( 1+lOcos¢9J
= |/BSD = 120°] [Ans]

The above problems can be solved in alternative manner and the truth of the theorem thus
can be easily established.

4.0 CONCLUSION:

In this short paper, authors have tried to formulate in the form of a generalized theorem on
the geometric shape akin to that of the celebrated and well-known theorem of Euclidean
geometry, that is, the Butterfly theorem. This new theorem helps us not only to set a
geometric relationship between the angles and various measures of the chords, but also it
gives back the Butterfly theorem as a special case of this generalized study. The theorem and
the associated work have been applied to solve two exercise problems for illustration.

5.0 REFERENCES:

[1] “TO NAATIOFQNIO ZYZTHMA XTHN ANAAYTIKH TEQMETPIA (The Lateral System in
Analytical Geometry)”, Athanasios V. Gakopoulos Chemical engineer, Address: 21 Patroklou
403 00 Farsala, ISBN: 978-618-00-4168-2

[2] “Plane Analytical Geometry with PLAGIOGONAL (Oblique) Axes” (In Press), Athanasios
Gakopoulos, Debabrata Nag

VAN LAMOEN’S CIRCLE REVISITED

By Ahmet ERCIKDI, Yigit TURK -Turkiye

Abstract: In this article, we give a new proof of the existence of Van Lamoen’s circle. Our proof relies
on Euclidean methods and offers a more direct understanding of why the Van Lamoen’s circle exist in
any given triangle.

Problem: If the medians of triangle ABC intersects with sides BC, AC, AB at the points A’, B’, C’
respectively and G is the centroid of ABC, then the circumcenters of six triangles AB’G, CB’G, CA’G,
BA’G, BC’'G, AC’G are concylic.
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)

Notations:
Let G be the centroid of the triangle.
let A= AGNBC,B =BGNACandC = CG N AB.

Let A; be the midpoint of [AG] and A, be the midpoint of [A'G]. Also, we define the perpendicular
bisector of [AG] as a; and the perpendicular bisector of [A'G] as a,. Similarly we define the midpoint
of [BG] as B;, the midpoint of [B'G] as B,, the perpendicular bisector of [BG] as by, the
perpendicular bisector of [B'G] as b,, the midpoint of [CG] as C;, the midpoint of [C'G] as C;, the
perpendicular bisector of [CG] as c; and the perpendicular bisector of [C'G] as c;.

We also define the points,

ai; Nby = Pyq p1 ay N by = Pyq p aiNc; = P11 a;Nc; = Pyy 2
a; Nby = Pyy p1 a; N by = Pyy p a; Ncy = Pyyeq a; Ncy; = Pyz 2
by Ncy =Pyycr by Ncy; =Py ¢ b, Ncy = Pyy 1 b, Ncy; = Py
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Let’'s number the triangles which are formed when the
medians are drawnas 1, 2, 3,4, 5and 6.

AAGB - 1 AAGC - 2 ABGC - 3
ABGA - 4 ACGA - 5 ACGB - 6

We denote the circumcenter of the n-th triangle as 0,,. Thus,
we can write:

01 =Pa1 12 0; = Pa1 c2 03 = Ppy 2

04 = Pz 1 Os = Pyz c1 O = Ppz 1

Let’s define |AA,| = 2a. Then, we have |GA,| = 2a, |GA,| = a and |A'A2| = q.
Similarly we define |BB;| = 2b. Then, we have |GB;| = 2b, |GB,| = b and |B'Bz| = b.
Similarly we define |CC;| = 2c. Then, we have |GC;| = 2¢, |GC,| = c and |C'C2| = c.

sinx sina

Lemma: Let x,y,z and , 3, 8 be angles of two triangles. If x +y =a + [ and Siny — sinf then

x=aandy = p.

Proof:If x+y=a+ fand T2 = T 'then we can write
siny sinf

sinx+siny _ sina+sin N ZSin(HTy)-COS(%) ZSin(aZ_ﬁ)-Cos(‘xzi)

siny sinf siny sinf

If we write x + y = a + 8 and simplify we have:
x — a—
cos( > y) sinfd = cos( > B) siny
With the inverse transformation we have

%(sin(x;y+ﬁ)+sin(ﬁ— %)) :%(sin(agﬁ+y)+sin(y— a;[)’))

If we write x + y — a = [ then,

 (3x+y—2a C(x+3y—2a C(—x+y+2a L (x+3y—2a
sm(—)+sm<—)=sm(—)+sm(—)

2 2 2 2
L (3x+y—2a L (y—x+2a
an (2172 g (1202
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SXEYTRE _ YIXRRX | ok v T2 (m) + 2km where k € Z
2 2 2 2
x=a+kn V x+y=mn+2kn
U U
Since |x —a| <, Since0<x+y<m,

k=0andx = a. There are no solutions for x.

Proof: Let’s define the following angles: 2CGA = a, 2BGA = f and .BGC = 6
thus+f+ 60 =m.

It is obvious that if the acute angle between two lines is y, then the acute angle between the lines

which are perpendicular to the initial lines is also y. Hence, we can obtain that ZCGA = £C'GA =
Lpal_blozpaz_cz = . Thus 4Pa1_c10203 =T —a= B + 0.

Now let’s consider AGC triangle. GB’ is a median of this triangle and the areas of two triangles that
formed when the median intersects with the opposing edge, are equal.

Area(AAGB') = Area(ACGB')

Using this equation, we can write 2a.sin§ = 2c.sin 6 and Z:Eg = Eby the sine area formula... (1)

Now, draw 0,05 and define the length [0,05| = 1. We define £050,03 = xand £050,P,; ¢1 = V.
Let’s draw a perpendicular from Og to c, and name the intersection of ¢, and the perpendicular T;.

Here, we can see that |OsT; | = |C;C,| = 3c since OsT;//CC’. Thus, we can write sinx = 3

Similarly, if we draw a perpendicular from Os to a; we find that siny = 3Ta (2)

By (1) and (2), we have sinx _ ¢ _sing

siny a sin8’

We also showed that £P;; 10,03 = + 8 = x +y. Thus, by using the lemma, we can say that x =
B and y = 6. Therefore points 04, O, 05, 0, are concylic since £030,05 = £050,03. If the process
is repeated with the triangles AGB and BGC, it can be shown that 0,4, O, Os, O, and 03, 0, 01, O¢ are

concylic, respectively.

If we draw 0, 0, and use the lemma for £P,; 10,0, and £Pg; 1,0, 0, it can be shown that
2P4; 10,04 = 6. We have already shown that £050,P;4.1 = 6.

Therefore £P;q 10104 = £050,P41.1 and 04, 0,, 04, O5 are concylic.
Points O,, 03, 04, Os are on a circle. It is shown that 0, is on the same circle too.

Since 04, Og, O3, O, are conylic, Og also lie on the same circle.

27 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

TEN APPLICATIONS FOR IONESCU- WEITZENBOCK’S INEQUALITY
By Neculai Stanciu-Romania

Abstract. This paper presents refinements and new solutions for some problems -
published by math journals from all over the world related to lonescu-Weitzenbdock
inequality .

INTRODUCTION

lon lonescu discovered with 22 vyears before Weitzenbock the inequality
a’ +b? +¢% > 44/3S

The author of this paper along with prof. D. M. Batinetu-Giurgiu demonstrated in
Romanian Mathematical Gazette , No. 1/2013, pp. 1-10, that the Weitzenbdck’s inequality
must be named the lonescu-Weitzenbo6ck’s inequality.

Our proof is based on: Romanian Mathematical Gazette, Vol. Ill (15 September 1897 —
15 August 1898), No. 2 , 15 October 1897, on page 52, lon lonescu, the founder of
Romanian Mathematical Gazette, published problem 273: prove that there is no triangle

for which the inequality 45+/3 > a® +b? +c? can be satisfied. The solution of the problem
273, apperead in Romanian Mathematical Gazette, Vol. lll (15 September 1897 — 15 August
1898), No. 12 , 15 August 1898, on pages 281, 282 and 283. In the year 1919, Roland
Weitzenbock publishead in Mathematische Zeitschrift, Vol. 5, No. 1-2, pp. 137-146 the
article Uber eine Ungleichung in der Dreiecksgeometrie, where he proof that: In any

triangle ABC, with usual notations holds the inequality: a> +b? +c? > 4/3S.
MAIN RESULTS

Application 1 (D.M. Batinetu-Giurgiu , N. Stanciu - La Gaceta de la RSME, No. 2/2020,
problem 397).

Prove that in any triangle ABC with the area F, the medians m_,m_ ,m_(m, is the
mediane from the vertex A, m,is the mediane from the vertex B, m_is the mediane from

the vertex C) and usual notations is true the following inequality

J3

7(a2 +b? +c?)>am, +bm, +cm_ > 6F .

Solution. First we prove that a® +b? +c¢c? > 2\/§ -a-mg, (1). Indeed,

28 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

a’?+b?+c?>2J3-a-m, < (@’ +b? +c?)? >12-a®>-m? =3a’® -4m? =
3a%(2b* +2c? —a?)
< a*+b* +c’ +2a’h?® +2b°c?® + 2c*a® > 6a’b* + 6¢c°a® —3a*
< 4a* +b? +c? —4a’b® —4c’a® +2b°c* >0
< (2a% —b? —c?)? = (b? +c? —2a?)? > 0, true. Therefore, a? +b? +c2 > 24/3-a-m,;
a’+b*+c?> 2\/§-b-mband a’+b*+c’*> 2\/§-C-mc which by adding up yielding that
3(a? +b? +¢2) = 2./3(am, +bm, +cm, ), (2). Next we have

27/3(am, +bm, +cm,) > 24/3(ah, +bh, +ch,) =12+/3F, (3), where we denote h, the altitude

from the vertex A, h, the altitude from the vertex B, h_ the altitude from the vertex C . From (2)

and (3) we obtain the desired inequality.

Application 2. (D.M. Batinetu-Giurgiu , N. Stanciu- Refinement of lonescu-Weitzenbéck
inequality).

Prove that in any triangle ABC with the area F, the medians m_,m,,m (m, is the
mediane from the vertex A, m,is the mediane from the vertex B, m_is the mediane from

the vertex C and usual notations is true the following inequality

a®+b*+c’ 2%(ama +bm, +cm,) > 44/3F .

Solution. First we prove that a’+b?+c?> 2\/§ -a-m,, (1). Indeed,

a?+b?+c2>2J3-a-m, < (@’ +b?+c?)?>12-a>-m? =3a’-4m? =

3a%(2b* +2c? —a?)

< a*+b* +c¢c’ +2a’b® +2b°c? +2c’a® > 6a’h® +6c’a* —3a’

< 4a* +b* +¢® —4a’b® —4c*a’ +2b*c* >0

& (2a® —b* —c?)? = (b® +c? —2a%)*> >0, true.

Therefore, a2 +b%+c?>2v3-a-m,; a?+b?+c?>2/3-b-m,; a®+b?+c?>2/3.c-m,
which by adding up yielding that 3(a® +b? +¢?) > 2\/§(ama +bm, +cm,), (2).

Next we have 2+/3(am, +bm, +cm,) > 24/3(ah, +bh, +ch,) =124/3F, (3),
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where we denote h, the altitude from the vertex A, h, the altitude from the vertex B, h, the

altitude from the vertex C . From (2) and (3) we obtain the desired inequality.

Application 3. (D.M. Batinetu-Giurgiu , N. Stanciu - Other refinement of lonescu-
Weitzenbock inequality).

Prove that in any triangle ABC with the area F, the altidudes h_,h,,h,, the interior

angles bisectors W_, W, , W and usual notations is true the following inequality

4F W,
a’+b*+c?> + > 4./3F .
S

Solution. WLOG we can assume that a<b <c, then W, 2W, >W, and h, 2 h, >h_.

w 1 1
By Chebyshev’s inequality we get that Zh—a < —( ZWa j[ Zh_J ,(1);

cyclic g 3 cyclic cyclic''a

Z Z =—(a+b+c)—F (2), and,

cycllc cycllc

W

b
a:%cos? T s(sbca) 2\/_ -\/s(s < \/s(s a) =./s(s-a) ,

2
X+y+12
and other two similar. Using the inequality x* + y2 +2°> % , (*), and (3) we deduce

s |
that Y s(s—a) > el < 352 Z(Z,/s(s—a)J & > fs(s-a) <sV3 e

cyclic 3 cyclic cyclic

R Zwa < S\/§, (4). From (1), (2), (4) and (*) we obtain that

cyclic

1 s (a+b+c)® 3(a*+b*+c?)
—a <— W S\/é‘_: S ’ 5
yz. h, [yz. J(yz.h J 3 F 4FJ3 4Ff3 e

Since W, > h,,w, >h_,w_, > h_from (5) we get

3(a +b%+¢%) AF W, W
3< o a?ib’4cl> + b +_c > 4+/3F , Q.E.D.
c%.:cha 4FA3 \/_ h,
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Application 4. (D.M. Batinetu-Giurgiu , N. Stanciu - Math Problems, Volume 3, Issue 1,
Junior MathProblems, Problem 1, 2013).

Prove that in all triangle ABC, with usual notations, holds:

at b? c? 43
+ + > S
b-R+c-r c¢c-R+a-r a-R+b:-r R+r
V 3 4 2 (a2)2
Solution. We have = >2- ,
%‘b R+c-r czyc:abR+acr ;‘(a2+b2)R+(a2+c2)r

where we apply Bergstrém ‘s inequality and we deduce that:
2

2
V2. = =2. = =X
D> R(@*+b*)+ D r(a’+c?) 2(R+r)-> a> R+r

cyc cyc cyc

454/3

Then applying lonescu- Weitzenbock’ s inequality, i.e Zaz > 4Sx/§, V 2> R
+

ciclic

, and we are

done.

Application 5. (D.M. Batinetu-Giurgiu , N. Stanciu - Revista Escolar de la Olimpiada
Iberoamericana de Matematica, Numero 49 (julio-agosto 2013), Problema 242).

If meR,, then in all triangle ABC, with usual notations (i.e. R - circumradius, r -
inradius, the lengths of the sides are a,b,c and S- the area of triangle ABC) the
following inequality holds:

am+2 bm+2 C'm+2 4\/§
+ + >
(b-R+c-r)™ (c-R+a-rnN™ (@-R+b-nN™ (R+r)"
m+2 2(m+l) (az)m+1
Solution. W = Z >2" Z

% (b-R+c-r)™ < (abR+acr)" S ((@° +b*)R+(@* +c?)r)"

and applying the inequality of J. Radon we obtain

N R o) B~

ciclic ciclic

(O R@%+b%)+ > r(a® +c?)" =2 2"R+N"-(3 )" (R+1)"

ciclic ciclic ciclic
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4S5+/3
By lonescu- Weitzenbéck’s inequality, i.e. Zaz > 4S\/§, we get W > W , and the proof is
+r

cyc

complete.

Application 6. (D.M. Batinetu-Giurgiu , N. Stanciu - Math Problems, Volume 3, Issue 1,
Junior MathProblems, Problem 14, 2013) . |If me[O,oo), X, y,z,te(O,oo), then in any

triangle ABC, with usual notations holds:

m+1 m+l

23.@.&3
(z+t)"

(xmj + ymtf)

m
cyclic (ZWa2 + th )

2+/bc
Solution. W, = b Js(s—a) = w, <,/s(s—a) = w> <s(s—a), and other two similar.
+C
So, W2 +W. +W <s(s—a+s-b+s-c)=s(3s—2s)=s" =

a+b+c)® 3
:QS—(a2 +b?+c®)=mi+m;+mZ , (1); by > ml= Za J. Radon’s
4 4 cyclic cycllc

D (xmZ + ym] )J

2 2 m+1
Xm; +ym RADON( I
inequality and (1), we obtain Z( 2 Y b)m > 2
cyclic (ZW; +tW§)

(zw +tw?)

cyccl ic

((x+y)zm J <x+y)"’+l[zm J (x+y>"‘*{2m§}
B i 3 (x+y)™

cyclic cyclic cyclic

- w (Z+1)" T4 (z+)" yz. ’
[(z+t)2w§j (z+t)m(2m§j

cycclic cyclic

(2), by lon lonescu — Weitzenbdck inequality we have a?+b*+c?> 4\/§S , (3). By (2)and (3) we

obtain

m+1

(xmj + yms)m+l >3../3- (X+ y) S , ged.
cyclic (ZW; +tW§ )m (Z t)

Application 7. (D.M. Batinetu-Giurgiu , N. Stanciu - Recreatii Matematice, 2/2013).
Prove that in all triangle ABC, with usual notations, holds

m? m? m? S 33

a C

+ + > S.
R-m+r-m, R-m +r-m, R-m,+r-m, R+r
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2\2

m
Solution. U = = E (m,)
o R mb +r-m,

o R-m -my+r-m, -m;
2\2

& R(MZ +mZ) +r(mZ +m?)

v

where we apply Bergstrém’s inequality and well-known

3
formula m? + m2 +m? = Z(a2 +b* +¢?%). We obtain that

oz 2z

cyc
R (MZ+m)+r-> (mZ+ml) 2R-D> mZ+2r-) m’
cyc cyc cyc cyc
2
2m 3 a?+b?+c?
= =—- , where we use the lonescu — Weitzenb6ck inequality, i.e.
R+r 4 R+r

a?+b? +c%>4S43, 3\/—

R+r

S, and we are done.

Application 8. (D.M. Batinetu-Giurgiu , N. Stanciu - The College Mathematics Journal
(CMJ), Vol. 45, No. 5, November 2014, Problem 1038)

If meR_,X,yeR,, thenin any triangle ABC holds

m+2 m+2 m+2
a + b + ¢ > 4\/5 -areaABC .
(xb+yc)™ (xc+ya)™ (xa+yb)" (x+y)"

m+2

2(m+1)
a a
Solution. E = D ——

(RADON) 2 2 2\ym+1
] > (@°+b°+c%)
cyclic(Xb+ yC)

( D" (xab+ yac)]

cyclic

cyclic(xa-b + yaC) "

(a2 +b2 +C2)m+l

= - —,and by a’+b%*+c?>ab+bc+ca, wededuce
(x+y)"(ab+bc+ca)

Es @*+b*+c*)™  a’+b%+c?
C(x+y)"(@*+b*+cH)" (x+y)"

lonescu-Weitzenbéck inequality a? +b? +¢? > 443 - areaABC (2)

From (1) and (2) we obtain the desired inequality

Application 9. (D.M. Batinetu-Giurgiu , N. Stanciu - The College Mathematics Journal
(CMJ), Vol. 46, No. 2, March 2015, Problem 1050)

33
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Let AA,..A,,n=3 be a convex polygon with a, the length of the 5|de[Ak AM] =1n,
A. ., = A ,and let S be the area of the polygon. Prove that

(Zazm“‘j[z al j>1682tg =,VmeR,.

k=1

m+2
1
Solution. By J. Radon’s inequality we deduce that: Z:azm+4 22— [Zakj ,VmeR,, (1),
k=L n

m+1

n
and also by J. Radon’s inequality we obtain that Z —,Vme R,, (2).

k=1 ak n
k=1

J [Zakj vmeR,,(3).

So, (1) and (2) yields that U, (Za2m+4 J(Z

k=1 ak
By E. Just and N. Schaumberger’ s inequality (The Problem 1634 from AMM, 70(1963)) we have that

Zak >4S.- tg— (4). Therefore, from (3) and (4) we obtain that U, >16S 2t92 Z,Vm eR, and
n

k=1
we are done.

Application 10. (D.M. Batinetu-Giurgiu , N. Stanciu - Revista Escolar de la Olimpiada
Iberoamericana de Matematica, Problem 277, August 2016) . Show that in any triangle
ABC (with usual notations) holds the following inequality

(ab+bc+ca)? +2(a?+b% +c?)> >16+/3-s%r

Solution. For any W,, W,, Wy € R we have W] + W} + W5 > W, -W, +W, - W, + W, -W,, (1),

mnnpp

with equality iff W, =W, =w, . If m,n, pe R then Zm+n+p, (2) with

equality iff m=n= p.Indeedifin (1) we take W, = / 1{ 1{ y|elds (2).

(tx+uy +vz)(ty + uz + vx) N (ty + uz + vx)(tz + ux + vy) N
tz+ux+vy tX+uy +vz

Ift,u, v, X, y,ze R}, th

N (tz + ux + vy)(tx+uy +vz)
ty + uz + vx
,N=ty+Uz+VX, p=1tZ+Ux+Vy vyields (3).

> (t+u+V)(X+Y+2),(3). Indeed if in (2) we take M =tX+Uy +Vz

Lemma. Forany X, Y, Z € R:, holds
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(XY + Yz +2X)° +2(X* +y* +2°)* > (X* + y* + 22)(x+ y + 2)?, (4).
Proof. In (3) we take t = X, U =y, V= Z and we obtain

(X> +y? +2°)(Xy + yz + 2X) . (XY + yz + 2X)(XZ + Xy + yz) .

XZ+ XY+ 2y x> +y*+12°
2 2 2 2
+(xz+xy+yz)(x +y°+2 )2(x+y+z)2 - (x;g+y22+zx3 N
XY+ Yz + XZ X“+y +1z

2(x* +y* +2%) > (x+y+12)?
S (XY+YZ+2X) 2 +2(X° + Y2 +22)? > (X+ Y+ 2)*(X* + ¥y +2%), q.e.d.
Ifin (4) we take X =a, Yy =Db,z =C we obtain

(ab+bc+ca)® +2(a® +b* +c?)? > (a+b+c)’(@® +b*+c?), (5).
By lonescu-Weitzenbéck ‘s inequality we have a? +b? +¢? > 435, (1I-wW).

So (5) becomes (ab +bc +ca)® +2(a’ +b? +¢?)? > 4s? - 44/3S =16+/3 - 52 - st =16+/35°r .

GEOMETRICAL INEQUALITIES WITH CLASSICAL MEANS

By Bogdan Fustei-Romania

For positive numbers x,y>0 (with x#y; the equality case is the common limit), we present the
definitions and a simple proof of the chain:

G(x,y) <L(xy) <1(xy) < A(x,y)(1)

with equality if and only if x=y.

1.DEFINITIONS

Geometric Mean (G).

Multiplicative average, natural for ratios and growth rates.

G(x,y)=\/x_y equivalently G(x,y)=exp((|nx+lny) /2).

35 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

Logarithmic Mean (L).

The mean attached to the logarithm; it equals the average along the geometric interpolation

Xl-tyt_

y-X
Iny-Inx

L(x,y)= (xzy), L(x,x)=x.

Useful identities:

1
L(xy) = j xMtytdt,
0
1 1 (Vdt
L(le) Y-XJy t .

Identric Mean (l).

A mean between L and A; it arises by averaging Int over [x,y].

1
1 /yY\vx 1 (Y
|(X,V)=—<y—> A Inl(x,y)=—j Intdt.
e \x* y-x J,
Arithmetic Mean (A).
The familiar additive average:
x+y
A(X,V)=T .

2.THE INEQUALITY CHAIN G=<L=<I<A
Step 1: G<L.
Using the integral form of L and Jensen’s inequality for the concave function In:

Inx+Iny
>

1 1
InL(x,y) =In (f xLtyt dt) > f In (x*ty!) dt=
0 0

Exponentiating gives L(x,y)Zexp((Inx+|ny)/2)=\/x_y=G(x,y), with equality iff x=y.
Step 2: L<I.

Let T be uniformly distributed on [x,y]. Then

1 y
E[InT] =—f Int dt=Ini(x,y),
y-X

X

1 1 (Ydt 1
[y
T y-xJ, t Lxy)
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Apply Jensen to In (concave) with the positive random variable X=1/T:
1
INE[X] 2 E[InX] = In (I) >-Inl = InL<Inl = L<I,

with equality iff x=y.
Step 3: I<A (and Gsl).
Hermite—Hadamard for the convex function f(t)=-Int on [x,y] yields

-Inx-Iny

-In(x+y/2) < ijy (-Int) dt <
Y-XJy

Equivalently -InA(x,y)<-Inl(x,y)<-Iny/xy. Since In is increasing, we obtain

I, y)<A(Y) and  1(xy)2/xy=G(x),
with equality iff x=y.
APPLICATIONS

ABC triangle with usual notations; for x=%; y=§ 96(2 ) E)=1

b ¢ b c\_.1/b c b ¢ b ¢ b ¢
10(2, )81 (o p)5 G op )o2sa(s )sa (0 p)s oo @)
n,-Nagel’s cevian from A;

Useful results:

1+ :—a 2 E+§ (and analogous)[1].(3)

a

Also :%—1 ;a £ (and analogous)[2].

R_ _ n§+ra

r _Zraha
ng r ng r ng r 1/(n r h; (R
oz s (220 (2. et (222 ()
ra N ry Ny ry Ny 2\r; ny ng \r
n ng r n ng r R
a L ( a a) a I ( a a) < I 1
ha h, ra na h, ra na r

1+—<1+ L(na Ira)51 ::I("“ Ir‘;)< (4)(and analogous)

h, a fa Ng fa N

~rah, G _1)= % (n2+r2)> :—: G —1)= % (n—a+;—aa)(and analogous)

la

From (2),(3),(4)>

25217, 5)s 21 (2 )s e ste st (2, 2 )sae e (22, 2)< B )

a a fa Na fa Na
NaMbNc _ NaNbNc ng ra NaNpNe N ra R
o 4 B €351 (3 2 BSE1 (2 e(1)
()ehhbh hhbhH ra’n, hhbhH ra’na/ " \r

3I1I1I1 3 [nghpn n r, 3 [ngnpn n r,
abc<1 abcHL Na a)<1 abcl‘[l(a a)< (6)
hahphe hahphe n, hahphe ra’ng
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1/4r2+ b—c)
From (

ha

(and analogous)[2] ;+/4r2+(b-c)2>2r (and analogous) and (4)
)< 1+ \/4r242-(b-c)2 <1+ 4r242-(b-c)2 (na ra)< 1+ Jar2+(b-c)? | (n_a r_a)<5
r r

’
2r [P r

fa Na ra

fa N

l,= P 1/rbr (and analogous)—> —— LA 1(\[ f)(and analogous)

We obtain:
15L<\/§,\/§) <l (JE,\/%) s@(and analogous)(8)

ra=p—ia (and anaIogous);p=%(a+b+c);2$=aha=bhb=chc=(a+b+c)r;

2S ahg ahgy ra a b+c
r.= = = 2= —= 1+— and analogous
4 2p-2a 2p-2a b+c-a ~ h, b+c— a9 ( gous)

2\/:'::5 2L(1 - )<2I( )< — (and analogous) (9)

I-the incenter of the triangle ABC; AI l a(and analogous); Al=— A(and analogous);
sin—
2

2R h,

. A rr Al
sin== [—-(and analogous)—> —= —= (and analogous);
2 2R hy r Iy

Al b+c b+cl
—_], =2 (and analogous);
r 2pr a

(9) became: 22 <2la L(l )<2 I(l,h—a)s brela _ /Eh—a
ha [ ra ra ra a hy r ry

la_sla /r_a ha) _5la [ra ha fﬁ.

2h_aS 2ha haL(l'ra)Szha h, I(l’ ra)S r’

| PR ra( ha) I, |ra ( ha) R
Aga |2 a)ga [a 2l [—
e haL 1, . haI 1, g o b (and analogous) (10)
Useful results:

b+c 2n,4

- —m—l (and analogous)[3]. and (9) obtain:
r<+

2\/?:: < 2L(1, lrl—:)SZI (1, 1;:)< \/%—1 (and analogous)(11)
References:
[1]. Bogdan Fustei-“20 NEW TRIANGLE INEQUALITIES”-www.ssmrmh.ro
[2].  Bogdan Fustei-“NEW REFINEMENTS FOR EULER’S INEQUALITY”-www.ssmrmh.ro

[3]. Bogdan Fustei-“NAGEL’S CEVIANS REVISITED”-www.ssmrmh.ro
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NAGEL’S CEVIANS REVISITED (1)

By Bogdan Fustei-Romania

Let ABC be a triangle with sides a, b, c, semiperimeter

at+b+c
§=—,
2

and area A. Define: x = ,/s? — 2r,h,, y = +/s? — 2rphy.

We have

hence

Zraha = m

By Heron’s formula A* = s(s — a)(s — b) (s — ¢), we obtain

B 4s(s—b)(s—¢)

<2 = g2
a
Since
(S_b)(s_c):M,
4
it follows that
x2=s(s—a)+M.
Similarly,
y? =s(s—b)+s(agc)2
Set
p=s—a, gq=s-—b, t=s-—c
Then
a=q+t, b=p+t c=p+q s=p+q+t
b—c=t—q, a—c=t—p.
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Therefore
(t—q)? (t—p)?
2 — 2 —
X s<p+ a+t ) y s|lq+ pt+t )
Hence
x=.[sp, y=.sq  xy=s/pq.
Thus

(t—q@? (t—-p)?
2> 2 )
x+y) _S<p+q+ tFq + Fp + 2,/pq

Lemma. Foru,v > 0,

(u —v)?

u-+v

> (Vu - )"

Applying it with (u,v) = (t,q) and (t, p) gives

G Gt D S I )

t+q t+p
Hence
t—q)? (t—p)? 2
p+q+( ) +( p) +2\pqg =p+q+t+(/p+a-Vt) >p+qg+t
t+q t+p
Therefore

x+y)?2>s(p+q+t) =si

Butn,=,/s? — 2r,h, (and analogous)[1] -

n,+n; > s (and analogous)(1)

From n,=,/s? — 2r,h, (and analogous)—

s > n, (and analogous)(2)
n,,ny, n.-Nagel cevians, from (1) and (2)—
n,+n; > n. (and analogous) (3)

n,,ny, n.-can be sides of a triangle (4)

From n,=,/s? — 2r,h, (and analogous)—2r,h,=s?> — nZ=(s—n,)(s+n,)

2r S n 2r a n
——- = — — 2 (and analogous); ah,=2sr-» —=—-—--2
s+ng h, h, s+n, 2r  hy

a n, 2r,
= h + P (and analogous)(5)
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From (3) and (5):

n, 2r,

(and analogous)(6)

+
2r h, n,+np+ng

a n, 2r,
7 b _Zna+nc(and analogous)(7)

a_ M, 2n
2r h, 2n,+ny

(and analogous)(8)

2rah,

2rah,=s? — n§=(s—na)(s+na)—>q =s+n,
2r, a n,
—= = — + —2(and anal
—— + ha(a d analogous)(9)
1 1 2r 2r
S—Nn,<ny +n, — n,— -—=> 2

s—n, np+nc—ng s—ny  Dp+ne—ny

2 M, 2%

2r h, np+ne—ngy

(and analogous)(10)

Ja = —“Mzz(rb_c)z (and analogous)[2] and from (6),(7),(8) :

hy
ny+np+ng 4r,
rb ey (and analogous) (11)
2n,+n¢ 4r,
— > — m{and analogous) (12)
2n,+np

4r,
— > v vomv (and analogous) (13)
a

S
From—=—-
h, 2r
S a s—a

h, 2r h,—-2r

(and analogous)(14)
Na _ J4r2+(b—c)? N

h, - 2r
2 —c)2 _ 2 —c)2
Ra _ yArTH(0-o” _ mav4r+ (97 (3 nd analogous)(15)
ha 2r ha—2r
=25 -2 _ " Gndanalogous)(16)

h_a T or h, 2r hy+2r

Ny _ Varf+(b-0? na_ y4r’+(b-0? _ na+y4r’+(b-c)

h, 2r h, 2r hy+2r
From (14) and (5) :

[4yv2 —c)2—q—
2fa _ S+yAr+(b-0)"-a-m, (and analogous) (18)

s+n, h,—2r

From (5) and (16 ):

—./4r2 —_c)2—
2 _ Sta—yar+(b-o-m, (and analogous)(19)

s+n, h,+2r

From (18) and (1):
np+ne++/4r2+(b—c)2-a-n, 21,

>
h,—-2r s+n,

(and analogous)(20)

(and analogous)(17)
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From (19) and (1):
np+nc+a—/4r2+(b—c)2-n, 21,

—re > srn. (and analogous) (21)
We use :rf = hah_a2r = na_m (and analogous) [3]
—)rf =i \/%l:—hz)z+ha—2r (and analogous)(22)
Also :rf = hah_azF = na—m =ﬁ (and analogous) [3]
-2 fats (and analogous) (23)

r o s—atn,—/4rZ+(b—c)?
From (1) and (23):
2n,+ny
s—a+n,—/4r2+(b—c)?
na+nb+nc
s—a+n,—/4r2+(b—c)?

2n,+n¢

s—a+ny—+/4r2+(b—c)?2

> rf (and analogous) (24)

> r:“ (and analogous)(25)

> r:“ (and analogous) (26)
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EQUATIONS AND INEQUATIONS INVOLVING GCD AND LCM

By Carmen - Victorita Chirfot — Romania

In this article, | will present a set of problems that use the properties of the greatest common divisor
and the least common multiple for two non-zero natural numbers. In this regard, we use the usual
notation. Thus, (a, b) represents the greatest common divisor of the non-zero natural numbers a
and b, and [a, b] represents the least common multiple of the non-zero natural numbers a and b.

Regarding inequality, for the greatest common divisor of the nonzero natural numbers a and b, we
know that (a, b) < aand (a,b) < b. For the least common multiple of the natural numbers a and b,
we have [a,b] = a and [a, b] = b.

Problem 1: Determine the non-zero natural number n, knowing that (3n,2025) = n + 6.

Solution: From the relationship, it follows that n + 6|3n and n + 6|2025. We have that
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n+6ln+6=>n+6|3n+18=>n+6|3n+18—-3n>n+6|18 >
=>n+6€{1,2,3,6,9,18}. But n is natural non-zero, son € {3,12}. Ifn = 3 = (9,2025) =9

true. So, n = 3t checks. If n = 12 = (36,2025) = 18, false. So, n = 12 it does not check. In
conclusion, n = 3.

Problem 2: Determine the non-zero natural number n, knowing that [n + 6,3] = 2n.
Solution: From the relationship, it follows that n 4+ 6|2n. We have that
n+6n+6=>n+612n+12=>n+6|2n+12-2n=>n+6|12 >

=>n+ 6 € {1,2,3,4,6,12}. But n is non-zero natural, so n = 6. We check, namely [6 + 6,3] =2 - 6,
equivalent with [12,3] = 12, which is true. So, n = 6.

Problem 3: Determine the values of non-zero natural number n such that
2n+4,3n+8)=n

Solution: From equation, it follows that n|2n + 4andn|3n+ 8 =>n|3n+8—-2n—4 =

>nld=>ne{1,24}L1fn=1=(6,11) = 1,true. If n = 2 = (8,14) = 2, true. If

n =3 = (10,17) = 3, false. So, n € {1,2}.

Problem 4: Find the non-zero natural number n, knowing that [2n,3] = n + 6.

Solution: From relationship, it follows that 2n|n + 6 = 2n|2n + 12 = 2n|2n+ 12 — 2n =

>2n|12=>nl6 >n€{1,2,3,6}.But3ln+6=>3In=>n€ {3,6}.1fn=3=[63] =9, false. Ifn =
6 = [12,3] = 12, true. So, n = 6.

Problem 5: Determine the natural number n, such that (Z,n2 + 7) >n? —8.

Solution: Ifniseven (2,n?+7)=1=>1>n?-8=>n2<9=>n€{0,1,2,3}.Ifniseven,son €
{0,2}.1fnisodd (2,n*+7)=2=>2>n>-8>n?2<10=>n€{0,1,2,3}.Ifniseven,son €
(1,3). So, 1 € {0,1,2,3).

Problem 6: Determine the natural number n, such that (3,n2 + 9) > 2n?% — 15.
Solution: If n is multipleof 3,(3,n? +9) =3=3>2n?-15=2>2n’<18=>n?<9=>
= n € {0,1,2,3}. If nis multiple of 3, it follows n € {0,3}. If nisn’t multiple of 3,

Bn?+9)=1=2>1>2n*?-15=>2n?> <16 > n?> <8 =n € {0,1,2}. If nisn’t multiple of 3 it
follows that n € {1,2}. So, n € {0,1,2,3}.

Problem 7: Determine the natural number n, such that [Z,n2 + 5] > 3n?% — 4.
Solution: Ifniseven [2,n?2 + 5] =2(n? +5)=>2n?+10>3n’-4>n’< 14>
=>n €{0,1,2,3}. Butniseven,son € {0,2}. Ifnisodd [2,n> + 5] =n? +5=n? +5 =

>n?+5>3n?—-4=2n><9=n?2<4=n¢€{01,2} Ifnisodd,son = 1. In conclusion, n €
{0,1,2}.
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Problem 8: Determine the values of the natural number n, such that [4, n? + 8] > 6n% —6.
Solution: Ifniseven [4,n?2 +8] =n?+8=>n?+8>6n>-6=>5m?<14=>n?<2>
= n € {0,1}. Butnisodd,son = 0. [f nis even [4,n%? + 8] = 4(n® +8) =

>4n?+32=>26n2-6=>2n2<38=>n2<19=>n¢€{0,1,2,3,4}. Ifnisodd,son € {1,3}.In
conclusion n € {0,1,3}.

Problem 9: Determine the values of the non-zero natural number n, such that
[2n—4,3n—-8]<n

Solution: We havethat2n —4 < [2n—4,3n—8] <n=2n—4 <n = n < 4. But,

2n—4>1and3n—-8=>1=n2>3.5,n € {34}.Ifn=3=[2,1] < 3, true. If

n =4 = [4,4] < 4, true. In conclusion, n € {3,4}.

Problem 10: Determine that it doesn’t exist the natural number n, such that
2n+16,n+7) = 3n.

Solution: We havethatn + 7> (2n+16,n+7)=>3n=>n+7=>3n=>n<3.If

n=1=(18,8) = 3,false. Ifn = 2 = (20,9) = 6, false. If n = 4 = (22,10) = 9, false. So, it doesn’t
exist n with the given property.

Problem 11: Prove that it doesn’t exist the natural number n, such that
[4n,6n+ 7] <2n+ 19.
Solution: We havethatbn + 7 < [4n,6n+ 7] <2n+19=>6n+7<2n+19 =
4n<12=>n<3

Ifn=1=[4,13] < 21,false. Ifn = 2 = [8,19] < 23, false. If n = 3 = [12,25] < 25, false. So, it
doesn’t exist n with the given property.

Problem12: If b #= 0 and (a + b, a — b) > a — b?, prove that a is a prime number.

Solution: We knowthata—b > (a+b,a—b)>a—-b>a—-b>=>b>>b=>b€{0,1}.Ifb #
0=>b=1=>(a+1l,a—1)=>a—1.Wehaveanda—1=>(a+1,a—1) >

>(a+la-1)=a—-1>a—-1la+1l.Asa—1la—1=>a—-1]2=>a-1€{1,2}>
= a € {2,3}. So, a is a prime humber.
Problem 13: If a # 1 and [a,Za + bz] < b*+14, prove that a and b are even numbers.

Solution: From 2a + b? < [a,2a + b?] = 2a + b?> < b? + 4 = a < 2. |f ais a non-zero natural
numbera#1=>a=2>[24+b?]<b?>+4=>[24+b*]=b*+4>

= 2|b? + 4 = 2|b? = 2|b. So, a and b are even numbers.

Problem 14: Determine the non-zero natural numbers a and b for which
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4a+b? -8 < (a,2a+b?).
Solution: From 4a + b> —8 < (a,2a + b?) <2a+b* > 4a+b*-8<2a+b*=
>2a<8>a<4lfa=1=2b>-4<(12+b?)>b?>-4<1=>b>2<5=b€{12}.

Ifa=2= b%<(2,4+ b?).If biseven number, it follows that b* < 2 = b = 0, false. If b is odd,
b>’<1=>b=1.50,ifa=2=b=1.

Ifa=3= b%+8< (484 b?).Ifbiseven, it follows that b?> + 8 < 4, false. If b is odd, it follows
that b2 + 8 < 1, false. So, if a = 4 we don’t have solutions.

In conclusion,ifa=1=>b € {12}.Ifa=2=>b=1.

Problem 15: If ¢ < (a, b) and (a, b) < (a, c¢), prove that (a,b,c) = cand (b,¢) = c.
Solution: ¢ < (a,b) < (a,c) < min{a,c} = (a,b) = (a,c) =c > claand

c|lb= (a,b,c) =cand(b,c) =c.

Proposed problems:

1. Determine n € N* such that (n + 8,4) = n.

2. Determine n € N* such that [2n,7] =n + 7.

3. Determinen € N* suchthat (n + 3,n+ 5) = n.

4. Determine n € N* such that [3n,10] = 10n + 10.

5. Solve the inequation (3,n? + 6) > n? — 10.

6. Solve the inequation (3,2n + 6) > n? + 6.

7. Solve the equation [3,n?%] = 3n.

8. Solve the inequation [4,n?] < 3n.

9. Find the non — zero natural numbers a and b for which [a, 2a + b?] < a + b? + 4.
10. Find the non-zero natural numbers a and b for which 2a + b? — 4 < (a,a + b?).
Bibliography:

1. Romanian Mathematical Magazine collection.

2. Mathematical Magazine from Timisoara collection.

ABOUT THE RMM PROBLEM J.3088
By Marin Chirciu-Romania

J.3088. In AABC holds:
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R* > 8_11(2 @)

Proposed by Daniel Sitaru - Romania
Solution by Marin Chirciu — Romania

Using Y. a? = 2(p? — r? — 4Rr) the inequality can be written:

R* 2 2 (2(p* — 1% — 4Rr))" © 81R* 2 4(p? — r? — 4Rr)?, which follows from Gerretsen’s
inequality: p? < 4R? + 4Rr + 3r2.It remains to prove that:

81R* > 4(4R? + 4Rr + 3r?> —1r? — 4Rr)? © 81R* > 4(4R* + 2r*)?* &
& 9R? > 2(4R? + 2r?) © R? > 4r?%,see R > 2r, (Euler).
Equality holds if and only if the triangle is equilateral.

Remark: In AABC holds

n

R2n Zg—ln(Zaz) neN.

Marin Chirciu
Solution: For n = 0 we obtain the equality 1 = 1.Next, letbe n € N*,
Using Y, a? = 2(p? — r? — 4Rr) the inequality can be written:
R?™ > 9%(2 a?)" © 9R? > 2(p? — r? — 4Rr), which follows from Gerretsen inequality:
p? < 4R? + 4Rr + 3r2.It remains to prove that:
9R? > 2(4R? + 4Rr + 3r%> — 1% — 4Rr) & 9R? > 2(4R? + 2r?) & R? = 4r?,
see R = 2r, (Euler). Equality holds if and only if the triangle is equilateral.
ABOUT THE RMM PROBLEM J.3094
By Marin Chirciu-Romania

J.3094. In AABC holds:

a3
>
E b C_ZVSF

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

Solution by Marin Chirciu — Romania

B a® Hoder (Ya)®  (Ya)® 1 2 (2p)?*  ap*
LHS_Zb+c = 32(b+c)_3-22a_€(za) ~"6 6
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2p2 Hodwiger 7 . 3F\/§
=% > ————=2V3F =RHS
We have used above Hadwiger inequality p? > 3F+/3.
Equality holds if and only if the triangle is equilateral.

Remark: In AABC holds:

Yirez(s) Graacn
Marin Chirciu
Solution
LHS:ZEHO;deT (T a)2n+1 _ (T a)2n+1 _ (T a)?" _ (2p)?" _
b+c — 32 1¥(b+c¢) 32m1.2)a 3271.2 32m71.2
2N (1,2 1 2n—-1(,,2\n Hadwiger 92n—1 n 2n—1
- - e () e - s

We have used above Hadwiger inequality p? > 3F+/3. Equality holds if and only if the triangle is
equilateral.

Note: For n = 1 we obtain Problem J.3094 from RMM 47/2025.

ABOUT THE PROBLEM J.3095
By Marin Chirciu-Romania

J.3095 In AABC holds:

Z a’ - 4+/3 P
bx+cy x+y
Proposed by D.M. Bdtinetu-Giurgiu, Claudia Ndnuti - Romania

Solution by Marin Chirciu — Romania

a*®  Houder (¥ a)? X a)? X a)?
LHS:be+yc = 32(xb+yc)=3-(x+y)2a=3-(x+y)=

~ (2p)? ~ 4p? Hadgiger4.3F\/§_ 4F
" 3-(x+y) 3-(x+y) - 3x+y) x+y

RHS.

We have used above Hadwiger inequality p? > 3F+/3. Equality holds if and only if the triangle is
equilateral.

Remark: If x,y > 0 then in AABC holds:
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a1 3 2\ n
> = 3FV3 € N.
be+yc_x+y(3) (3FV3)'m

Marin Chirciu

Solution

LHS a2l Holder > a)2n+1 > a)2n+1 > a)Zn
= > = = =
Z xb+yc — 32 1¥(xb+yc) 3 l.-(x+y)Xa 37 (x+y)

2n 2n(,2)n  Hadwiger 21 n 2n
- 32”‘(12?296 +y) - 327‘2‘1 '(Z(?x)+ y) Zg 'jzn‘(f(]jc\/f)y) X j—y G) (31:\/5)” = RHS
We have used above Hadwiger inequality p? > 3F+/3.
Equality holds if and only if the triangle is equilateral.
Note.
For n = 1 we obtain Problem J.3094 from RMM 47/2025.

J.3094. In AABC holds:

a3
z > 2V3F
b+c

Proposed by D.M. Bdtinetu-Giurgiu, Claudia Ndnuti - Romania

A CLASS OF SEQUENCES WITH THE RELATIONSHIP:

n

n
z pkilak = H ay
k=1 k=1

By Bela Kovacs-Romania

The relationship given in the title of the present paper hides a special, elegant,
mysterious and very interesting sequence. It is worthy to deal with it. We may draft new
open questions. | have been working on this subject for several years, and now | would like
to present some features, by examining general and proper cases.

1. General definition and examinaton

a
1.1. We define the (a,) sequence as follows: a, =a#p, p>0, a,= ——,
a_
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2
a .
a,,=—————, for n>2.Fora=0 each term of the (a) sequence is O, therefore we
a‘n - pan +p
will deal with the cases when a = 0. If we have for p: 0 < p <4 then remains the only one
interpretational condition. For p > 4 we should give some new conditions apart from the

given one. We do not deal with this now.
1.2. We have valid the next context in the domain of interpretation of the sequence:
a, +pa, +p’a, +..+p"'a, =a,-a,-a,-..-a, forany n>1.

2

. . a a
Proof: In case of n =1 the equality is obvious. Forn=2 :a, +pa, = S =
a-p a-p
a a
a,-a, .results fromthis a,=—'— < a, = Pa,
a, —p a, -1
aZ
Foranyn>2 we have the recursive context: a,, = ————— . Transforming this we will
a,—pa,+p
2
a a . a a, —
get: ni 1 From this results, on the one hand: a, =p-—%. " , onthe
an+l_1 p(an _1) an an+1 -1
A a, s ;
other hand: a, =p- — Writing this results forthe n=2,3, . . . etc
A -1 a, -1
values, then multiply in the first case, or let us multiplied with the p, p2 , p3 , . . .etc

factors in the second case. After that we will add the terms taking into consideration that

=a
a,-1
n a‘n+l

It follows that on the one hand: a,-a,-a,-...-a, = p -———,

A -1

a

on the other hand: a, +pa, +p°a; +...+p"‘a, = p" - —2 From this we obtain the

A
above given relation.

p@, -1)

13.ForO<p<4, thenbasedona,  —1= , N =2 relation, if any term of the

2
a, —pa, +p
sequence is greater than 1, then all the following terms will be greater than 1 too; if any
term of the sequence is less than 1, then all the following terms will be less than 1 too. The

result is valid for cases of p >4 inside the domain of interpretation.
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1.4. We can not draw a general conclusion either from the a., - p =

_(an _p)((p_l)an _p) _ _an(an _1)(an _p)
ai —pa, +p

relation, nor fromthe a , —a, = 5 and a,,, -
a,—pa,+p

_ —a,(a, -1)(a, -p)@; —p(p-L)a, +p°)

aﬁ _pz(an _1)(a§ —pa, + p)

of them in particular cases. If the sequence is convergent, then taking the limit of the

a , N> 2 relations. But later we can make use

n

recursive relation we find that the limit value can be only the 0, 1 or the p.
2. Examinaton of particular cases

2.1. Let it be p = 1. It is very interesting and elegant. We refound a simple classic case.

2
n

a _a
a-a, +1’

4 an+1

a-—-1

In this instance our sequence looks like:a, =a=#1, a, = for

any n > 2. Always defined, having all the terms positive numbers from the 3™ term. Is valid
the next relation: a, +a,+a;+..+a, =a,-a,-a;-...-a, forany n>1.We have a,_, —

_ 3, -1

5 1 < 0, which means that the sequence is severely decreasing. If a > 1,
ar—a, +

n

then a, > 1 and the sequence has all terms greater than 1, is severely decreasing,
convergent, the limit value being 1. For a <1,then a, can be negativ, or a value between
0 and 1, but the a, value surely is less than 1, being a positive number and similarly the

following terms of the sequence. In this case the sequence is severely decreasing,
convergent, and the limit value is 0 .

The examination of this sequence was set repeatedly task on mathematics competitions like
VII. NMMV Szabadka, 1998, ([3], [9]), Mathematical Olympic, local section, Szatmar country,
2005, [14], and it appeared in mathematical scientific reviews and mathematical collections
of examples. It was edited by: Kovacs Béla.

It is an open question the determaination of the general terms of the sequence. This was
formulated repeatedly already, and experiments are proceeding about this direction: ([2],
[5], (6], 7], [8], [10], [11]).

a
Comment: Introducing the g(a) = 1 and f(a) = functions, the sequence can
a —

a’—a+1

be written as follows: a, =a#1, a, =g(a) and

a,=fofo...of(g(@)), n>3 , but this cannot be considered as the general member's
%K—J

n-2

closed form.
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2.2. In the second case let us take p = 2. Itis a very interesting and special case. Now the

sequence has the following form: a, =a#2, a, = Ty
Ei —

2
a
ap,y = ﬁ , foreach n>2. Always defined, having all the terms positive numbers
a, —2a, +

from the 3 term. Is valid the next relation:

a, +2a,+2%a,+..+2""a, = a,-a,-a,-....a, foreach n>1.

— _(an _2)2

Basedonthe a. ., —2=
e a’—-2a, +2

<0 relation each term of the sequence is less or equal

than 2 starting from the 3™ term. The equality stands for the a=4 initial value. Furthermore
_ _an(an _1)(an _2)

since a,,, —a, = 23 12
n n

,if a,>1, a>2 ,then the sequence has all terms

numbers between 1 and 2 starting from the 3" term, severely incresing, convergent, the
limit value being 2.

For a<2,then a, can be negativ, or a value between 0 and 1, but the a, value surely is

less than 1, being a positive number and similarly the following terms of the sequence. In
this case the sequence is severely decreasing, convergent and the limit value is 0 .

We can determinate the general term of the sequence. The recursive relation can be written

2
2
as 1 1-— £+£2 and multiplied by 2 and transforming it we ge'fii -1= (__ ] ’
a a, a a

n+1 n n n+1 n

2n72
2
from that results i -1= (—— ] , foreachn>3 .
a a,

n

n-2
2a’
value ,we found: a, = for eachn>2 . The

a-2 a? +(a-4)7""’

examination of this sequence was setting as task on the XVII Transilvanien Hungarien

Replacing the a, =

Mathematics Competition in Miercurea Ciuc, 2007, suggested by Kovacs Béla, presented in :
Matlap 2007/5, page: 32. [9].

2.3. Thirdly let us take the p=3 case. It seems to be a more complicated and mysterious
case.

a a’

_, Ei -
a-3" " a’-3a +3

defined, having all the terms positive numbers from the 3™ term. Is valid the next relation :

Now the sequenceis: a, =a#3, a, = , foeach n>2. Always
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a, +3a,+3%a, +...+3""a, = a,-a,-a,-...-a, foreachn>1.In this case,since a, 6 —4=

—-3(a, —2)*
# < 0 all members of the sequence is less or equal than 4 , for each n > 3. In
a,—3a,+3
iy 3-(a, —-3) : :
addition a,,-2=————— andif 2<a, <4, then 2<a 6 <4, (mathematical
a,—3a,+3

induction). If a >3, then a, >1, and each term of the sequence is greater than 1. Since
_—a,(a, -, -3

5 n > 2, we can remark, that the sequence is severely
a,—3a,+3

a,,—a

n+1 n

increasing by the time one of its members reach the 3 value, or a greater value. Based on the
_ —(a,-3)(2a, -3

-3 5
a,—3a, +3

a < 3, and vice versa (starting

relation, if a, >3, then a

n+1 n+1

from any term).

9 o . . .
Forthe a-= > and a =9 initial values each term of the sequence is equal with 3 staring

from the 2.nd respective 3.rd member. Using another initial values we found that each
member of the sequence is equal with 3 starting from a certain member.

The general definition of this values is an open-question till now. Finally it results from the
—a_ (a, -D(a, -3)° , , ,
A, — 8, = — . (@, )(2 ) , N =2 context — since the denominator is always
a,—9a, -, —3a, +3)

positive- that the the members of the sequence with an even rank are growing strictly and

the members of a sequence with an odd rank decrease strictly, or reverse (starting from one
of the members). Both part sequence are convergent, their common limit value being 3.,
which is the limit value of the sequence too. If we have a < 3, then the terms of the
sequence are numbers between 0 and 1 beginning from the 3rd member, in this case the
sequence decrease strictly, is convergent, and the limit value is 0.

The definition of the general member of the sequence is an open question.

2.4 In the fourth case let us take the p = 4. This already is a very complicated, special and
mysterious case.

2
n

. a a
Now the sequenceis: 2, =a#4, a,= ——

= , 8u=—5————, foreach n=>2, not
a—-4 a. —4a, +4

always defined, but having all his terms strictly positive beginning with the 3™ term.

The next relation is valid in the domain of interpretation of the sequence
a, +4a, +4%a, +..+4"a, = a,-a,-a,-..-a, foreach n>1.Ifa=8,thenthe 2" term of

the sequence is 2 and the 3™ is not defined. For a = 8(2i\/§ ), we have the 3™ term being 2,
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a;

—n —if
(an _2)2

one member of the sequence has the value 2, then the next members are already not

but the 4" term alredy is not defined. Based on the recursive relation: a,_, =

defined. This exists on the case of very much initial value. We deal with this later.

For a <4 the a, can be negative, or a number between the 0 and 1 values, but the a, is

already certainly less then 1, being a positive number, and in the same way the additional

-a. (a,-D(a, -4
members of the sequence. Since a,, — a, = ”(2 » — D@, =4) < 0 the sequence
a,—4a,+4

decrease strictly, is convergent, and the limit value is 0.

When a > 4 then we define he general term of the sequence using a bold, special
undertaking. In this case a, > 1 and so are the other terms of the sequence. Transforming

a a. a’ a

n n+1

2
2
the recursive relation we get: i =1—i+i = 1—i =1—2£1——J . For n=2

n+1 n n

2
2 2 a 2
resultsl— — =1-2|1-—| .Since a, = >1,wehavethat -1< 1- — <1, soit
a, a, a—-4 a,

. 2 .
existan o € [0, ), sothat cosaa.=1— — , thatis cosa= —— < a=arccos—— . In
a, a a

2

this case, based on the well known 2cos® o — 1 = cos2a. relation we get a, = ——————
1+cos2a

. . o . 2
and and we receive applying of the mathematical induction, that a, = — — for

1+cos2"2q

2
each n > 3. So the general term of the sequenceis a, = , Which

) n-2 8-a
1+ cos(2" “ arccos——)
a

. 1 _ 8-a .
can be wittenas a, = , or asa,=1+tg?(2"*arccos——) being
a

" _ 8-a
cos?(2"*arccos — )
a

valid for each n > 3. From this we may establish those initial values already, for which the

sequence is not defined. These will be definied by the solution of the 1 + cos(2" ?arccos

8_—a)=0equation. Results : arccosS_a = (an:l)n
a a 2
EB—_azCOSM = a= 8 , where ke Z és 0<k< 2"2,
a 2"? (2k +D)n
1+C05772
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Depending by the initial value, the sequence may be a constant, from a certain member
starting or may be periodic, but also it may be terms mysteriounly random in sequences with
an optional member, what is not convergent naturally.

1 1
For instance: for a= ?6 the sequence ?6 ,4,4,4,4,4, ..., isconstant
4 .
Fora =16 the sequence: 16, § ,4,4,4,4,, .., isconstant,
4
Fora=16(2- \/5) the sequence looks like: 16(2 — \/5), 42 + \/5), 3’ 4,4,4,...

8
the terms of the sequence are 2(3 i\/g) , alternate,

Incaseof a;, =a =

3
1+cosg 5+/5

periodic sequence. We can receive other periodic sequence on the case of other initial
values

3
Fora=5 wehave: a,=a,=5 and a, =1+ tg°(2"° arccosg) , foreachn >3, aspecial
and mysterious sequence.

Fora =6 the sequence: 6,3,9, ﬁ , 6561 , 43046721 , ..
49 © 289 © 35796289

6,3,9,1.653,22.7,1.2,2.274,68.869, 1.06, 1.275, ... etc. The general memberis: a

., with approaching values :

=1+ tg?(2"* arccos%) , foreachn>3.

The sequence can be given in trigonometrical form with the a, = ——— initial value as
1+cosa
8 2 1 1 1 . o
follows: , , , , , . . . etc. Tha valid relation is:
l1+cosa 1-cosa  cos2a  cosda  COS8a

16 n,oogt 16 1 4" _

—— + ———= —— || —555—=—5=5— , foreach n>3 ,inthe
SiN“o %5 C0s“ 2" a sin“o 13€08°2 a0 sin“ 2"«

. . . 2k +1)n

domain of interpretation of the sequence. (for o # (sz) )

The definition of the general member of the sequence for a <4 remain an open question.
3. Comments and open, undetermined questions

It is remarkable that depending on the p parameter and on the initial value on the case of his
different values what kind of special and interesting, maybe mysterious sequence we get. It
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would be interesting to examinate some similar cases. We may get interesting sequence in
case of p being a negative value. When our sequence is convergent, constant, or periodic
sequence? Is definable the general member of the sequence in other specific cases? How
the members of the sequence are scattered when he is not periodic and not convergent, or
his limit values not concerned? On the case of what kind of initial values are not defined the
sequence? To answer this questions the additional examination of the sequence is
necessary. | am sure, that very many opportunities not exploited offer themselves yet. |
draw the attention of interested ones to it for the topic.

4. Finally, a few other similar cases, the prof of which | leave to interested readers.

. a
4.1. Now the sequence has the following form: a1=a=#2, a, = 73 and
a_
2
na
1= — 4 , foreach n>2.
na, —(n+1a, +n+1
Is valid the next relation: a; +2a,+3az+...+na, =a;-a,-a3-...-a, Vnx1
. 1 2a
4.2. Now the sequence has the following form: a;=a # 5 ap = a1 and
a_
(n+1)a?
el = 5 , foreach n>2
(n+1a;, —na,+n
. . 1 1 1
Is valid the next relation: a1+5a2+§a3+ ...+—a, =a;-a,-a3-...-a, vnx1.
n
. a
4.3. Now the sequence has the following form: a1 =a € Q—-{2}, a, = 73 and
a_
a2
an+1= — . , foreach n>2.
a,—(n+Da,+n+1
Is valid the next relation: a; +2!a, +3taz+...+nkla, =a,-a,-az-...-a, Vnx1.
. 1 2a
4.4. Now the sequence has the following form: a;=a # 5 ap = a1 and
a_

2
(n+Daj

(n+1)a2 -a, +1

a , foreach n>2

n+l=
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. . 1 1
Is valid the next relation: a1+5a2 +§a3+ oot —8p =8;08,0830 ... 08 Vnx1.
! ! n!
. 1 a
4.5. Now the sequence has the following form: a,;=a # 5 ap = a1 and
a_
2
na
A= 5 n , foreach n>2
(n+Da, —na,+n-1
Is valid the next relation: a; +a, +az+...+a,=n-a;-a,-a3-...-a, Vn2x1.
. 2a
4.6. Now the sequence has the following form: a;=a #2, a, :—2 and
a_
2 2
n--1a
I 2( 5 )3 , foreach n>2
n(n-a, —(n“-1a, +n(n+1)
Is valid the next relation: n-(a; +a, +az +...+a,)=a;-a,-a3-...-a, Vnx1.
. 2a
4.7. Now the sequence has the following form: a;=a # 2, as =—2 and
2a2
8y = - —— , foreach nx2
a,—2a,+4
Is valid the next relation: 2" - (a, +a, +as;+...+a,)=2a,-a,-83-...-a, vn>1.
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ABOUT AN IDENTITY BY BOGDAN FUSTEI-IV

By Marin Chirciu-Romania

1) In AABC the following relationship holds:

mi  $rh N be

- 2
rpre Zrbrc Wqa
cyc cyc

Proposed by Bogdan Fustei-Romania
Solution. Lemmal. 2)In AABC the following relationship holds:

m2 R 4R + 1r\*
T R (1)
e T s

cyc

2b%+2c%-a?

Proof. Using m2 = andr, = iwe get:

) 2b%+42c%-a?
mg

1 R
_ 4 _ 2 2 _ 42 _ _ —_ —
o E T = 152 E(Zb +2c*—a*)(s—=b)(s—c) r+4 (

F
cyc ¢y¢ s—-b s—c cyc

4R + r)z
S

Lemma 2. 3)In AABC the following relationship holds:

yr? B (4R+r>2 5
Srpre \ S

Proof. Using Y1, = 4R + r and Y., 7, = s?, it follows that:

X1 (Qr)? —=2¥nr.  (Br)? 5 (4R +1)? S _ 4R 1+ 12 ,
Srpte Y17, “Snrn ST 2 —< . ) _

Lemma 3. 4)In AABC the following relationship holds:
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bc R

— =—+2

w: r
CyC

. . b .
Proof. Using identity w, = ﬁ cos %, it follows that:

bc bc (b + c)2 1 R R
— = —— = ——=—4s|—+2)=—+2
wg (Zbc A) Zs s—a 4s T T
cyc cyc = cyc

b+c 2

-which follows from ¥, (bstc)

=4s ( + 2). Let’s get back to the main problem.

Using these up Lemma'’s, it follows that:

Z 2 bc

2
TpTe Z Tp rc cyc Wqa

cyc

5) In AABC the following relationship holds:

m2 R 2r
3s) S
rre T R

cyc

Proposed by Marin Chirciu-Romania

Solution. Lemma. 6) In AABC the following relationship holds:

Z (4R + r)z
rbrc rbrc S

Proof. Using mj; = w and 1, = ﬁwe get:
2b2+2c —a? .
;rbrc £ Lb£ 4F2;(2b2+2€2—a2)(s—b)(5_c):
R

2
=-+4- (#) . Let’s get back to the main problem.

r

2
. . . . R R R .
Using Lemma, inequality can be written as: 4 < - +4— (A}Sl) < 27, which follows from

r(4R+1)?

. . R(4R+7)?
Blundon-Gerretsen inequality: By <s?< RGRrr)

2(2R-1) "’
Equality holds if and only if triangle is equilateral.

7) In AABC the following relationship holds:
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bc 2R
4 < — < —
w2z~ r
cyc

Proposed by Marin Chirciu-Romania

Solution. Lemma. 8) In AABC the following relationship holds:

bc R

—=—+2

w2 T
cyc

. . b .
Proof. Using identity w, = ﬁcos %, it follows that:

bc bc 1 (b+c)> 1 R R
ey YO L)
w§ 2bc A 2s s—a 4s r r
cyc cyc (E coS 5) cyc
(b+c)?

-which follows from ¥, Y 4s G + 2). Let’s get back to the main problem.

Using Lemma, inequality can be written as: 4 < g +2< ?, which follows from R >
2r(Euler). Equality holds if and only if triangle is equilateral.
9) In AABC the following relationship holds:

2 2
2T R_,
R “ Yryr. 1T

Proposed by Marin Chirciu-Romania

Solution. Lemma. 10) In AABC the following relationship holds:

Yr2 B (4R+r>2 5
Yrpre s

Proof. Using Y1, = 4R + r and Y., 7, = s?, it follows that:

ZT'aZ _ (Zra)z - 2Zrbrc _ (Zra)z 2 = (4R + T')z 2= 4R+ 71 z 5
Srpte Yt Y x AT T a2 T AT ( S ) -

Let’s get back to the main problem. Using Lemma, inequality can be written as:

2
2 2 < (ﬁ) —2< B 1, which follows from
R S T

. . 4R+7)? R(4R+T1)?
Blundon-Gerretsen inequality: TR <s?< ﬁ.
R+r 2(2R-1)

Equality holds if and only if triangle is equilateral

REFERENCE: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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ABOUT AN INEQUALIY BY ADIL ABDULLAYEV-XVII

By Marin Chirciu-Romania

1) In AABC the following relationship holds:

R> 1 b+c
2r 81_[(0 b)
cyc

Proposed by Adil Abdullayev-Baku-Azerbaijan
Solution.

Lemma. 2) In AABC the following relationship holds:

1—[ (b N c> _ s°+s*(r* —12Rr) + s*r*(40R? + 8Rr —1?) —r*(4R + 1)°

c b 8s2r2R?
cyc

Proof. We have:

[1G+5)=T1(5) =G =

cyc cyc

2[s® + s*(r? — 12Rr) + s?r?(40R?> + 8Rr — r?) — r3(4R + 1)3]

B (4Rrs)?

B s® + s*(r? — 12Rr) + s?r?(40R?> + 8Rr — r?) —r3(4R +1)3
B 8s2r2R?

which follows from [](b? + ¢?) = 2[s® + s*(r? — 12Rr) + s?r%2(40R? + 8Rr — r?) —
73(4R +1)3]

Let’s get back to the main problem. Using Lemma, inequality can be written as:

HNEE
2r — |8 c b
cyc

R - \/1 s6 + s*(r?2 —12Rr) + s?r2(40R? + 8Rr —r2) —r3(4R +1)3
— &

2r= |8 8s2r2R2

R? - s® +s*(r? — 12Rr) + s?r?(40R?> + 8Rr —r?) —r3(4R +1)3
=
4r2 — 64s%r?R?

16s%R* > s® + s*(r? — 12Rr) + s?r2(40R?* + 8Rr —r?) —r3(4R+ 1)} ©

s?[s?(12Rr —r?) + (16R* — 40R?*r?> — 8Rr3 +1r*) —s*]| +r3(4R+1)3 >0

Distinguish the cases:
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i) [s2(12Rr —12) + (16R* — 40R?*r? — 8Rr3 + r*) — s*] = 0, inequality is obviously true.
ii) [s2(12Rr — r?) + (16R* — 40R?*r? — 8R13 + r*) — s*] < 0, inequality can be written as:
r3(4R +1)3 > s2[s* — s2(12Rr — %) — (16R* — 40R?*r?2 —8Rr3 +r')]| &
r3(4R +1)3 > s?[s%(s? + r? — 12Rr) — (16R* — 40R?r% — 8Rr3 + r*)], which follows from

2
16Rr —5r2 < 52 < % < 4R? + 4Rr + 3r2(B — Gerretsen)

R —2r r
16Rr — 512 +r2ﬁSsz < 4R? + 4Rr + 31?2 — 12 g (Yang X.Z.)
Using Yang Xue Zhi inequality, we get:

s?(s? +1r?—12Rr) <

R —2r
< <4R2 + 4Rr + 3r? — 12 - )(4R2 +4Rr +3r2 +r?2 —12Rr) =
—2r

= (41!?2 + 4Rr + 312 —rz}; _T)(4R2 —2Rr +71?%) =
4(4R5 — 8R* — 6R3r% + 3R?r3 — 1)
- R—1r
Remains to prove that:
r3(4R +1)% =
- R(4R +1)? [4(4R5 — 8R* + 2R3r? + 3R?*r3 — 1)
~ 2(2R-71) R—r

— (16R* — 40R?r? — 8Rr3

+rt
2(2R —r)r3(4R +1)?
4(4R5 — 8R* + 2R3r? 4+ 3R?r3 — 1)
R—r

> R(4R +1)? [ — (16R*

— 40R?*r? — 8Rr3 + 7‘4]

—16R*r + 48R3r? — 20R?*r3® — 9Rr* — 37>
2QR—7r)r3(4R+1r) =R -
2r2(8R?02Rr —r?)(R —r) = —16R> + 48R*r — 20R3r?> — 9R?*r3 — 3Rr*
16R3r? — 20R?*r3 + 2Rr* + 2r> > —16R° + 48R*r — 20R3r? — 9R?*r3 — 3Rr*
16R% — 48R*r + 36R3r? — 11R?*r3 + 5Rr* + 2r° >0
(R —2r)(16R* — 16R3r + 4R?*r? — 3Rr3 —r*) > 0, which is obviously true from R >
2r(Euler). Equality holds if and only if triangle is equilateral.

2) In AABC the following relationship holds:

1<

Solution. See up these inequalities and 1 < /%Hcyc (S + %) S g + % > 2 true from AM-

GM inequality. Equality holds if and only if triangle is equilateral.

Refference: ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY ELDENIZ HESENOV-I
By Marin Chirciu — Romania

1) I,, I, I, — excenters in AABC. Prove that:

1 11
[BCI,] [

3
CAl,] ' [ABI,] z5
Eldeniz Hesenov - Georgia
Solution We prove:
Lemma.
2)If I,,1,, 1. - excentersin AABC, then:

1 1 1 s2 +1r%2 — 8Rr

[BCI,]  [cAl,] "[ABI]  2sRi?

Proof.

Using [BCI,] = azﬂ we obtain:

F= 1 +1+1 _zl _21_221_221_
~ [Bcl,] " [CAL) " [ABI.] Zu[BCl,] a'zra_ a-r, a-—=

s—a

_Zzs—a_ 2 52+r2—8Rr_52+r2—8Rr
S a  sr 4Rr N 2sRr?

Let’s get back to the main problem. Using the Lemma the inequality can be written:

s24+r2—8Rr

3 . . .
P > = s? > 14Rr — r?, which follows from Gerretsen’s inequality

s2 > 16Rr — 572. It remains to prove that:

16Rr — 512 > 14Rr — r? © R = 2r (Euler’s inequality)
Equality holds if and only if the triangle is equilateral.
Remark. The inequality can be strengthened.

3) I, 1, I.-excentersin AABC. Prove that:

R

1 1 12 r
[BCI,] + [CAIL,] + [ABI.] = S (2 )

Marin Chirciu - Romania

Proof. Using the Lemma we obtain:

62 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

1 1 1 _ s% + 12 — 8Rr Gerretsen 16Rr — 5r% +r? — 8Rr _

= >
[BCL] ' [CAl,] | TABI] 2SR = 2SR

_ 8Rr— 4r? _A4r(2R—1) 2QR-71) 2 (2 r)
~ 2sRr? 2sRr?  sRr S R

Equality holds if and only if the triangle is equilateral.
Remark. Inequality is stronger than the inequality
4) 1,,1,,1.—excenters in AABC. Prove that:

1 N 1 n 1 > 2 (2 T) > 3
[BCI,] " [CAI,] ' [ABI_.]~ S =S

Solution.
. . 2 T 3 ). .
See inequality 3) and 5 (2 - E) > e R = 2r, (Euler’s inequality).

Equality holds if and only if the triangle is equilateral.
Remark. Let’s find an inequality of opposite sense.
5)1,,1,, 1. —excentersin AABC. Prove that:

1 4 1 4 1 <Z(R_l_r 1)
[BCI,] [cAI,] [ABI.]~ S\r R

Marin Chirciu - Romania
Proof. Using the Lemma we obtain:

1 1 1 s% 4 r? — 8Rr Gerretsen 4R? + 4Rr 4+ 3r% +r? — 8Rr B

= <
[Bci] T can,] t 4B 2SR = 2SR

4R? —4Rr +4r* 2(R*—Rr +71?) _ 2<R+ r 1)
2sRr? B SRr? “S\r R

Equality holds if and only if the triangle is equilateral.
Remark. We can write the double inequality:

6) I, 1I,, 1. —excentersin AABC. Prove that:

z(2 r)< 111 <Z<R+r 1)
S R/ = [Bc1,) " [cAl,] " [ABI] —S\r 'R

Marin Chirciu - Romania
Solution

We prove:
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Lemma.
7)If I, 1y, 1. - excentersin AABC, then:

1 N 1 N 1 _sz+r2—8Rr
[BCI,] [CAI,] [ABI.]  2sRr?

Proof.

Using [BCI,] = % we obtain:

E 1 +1+1 _Zl _Zl_zzl_zzl_
"~ [BCl,] " [CAIL,(] [ABI.] Zu[BCI,] “;‘a‘ a-r, a-=

s—a

ZZs—a 2 s 4+1r2—8Rr s®?+4+1r?—8Rr
S a  sr 4Rr B 2sRr2

Let’s get back to the main problem.
RHS inequality.
Using the Lemma we obtain:

1 1 1 s% 4+ r? — 8Rr Gerretsen 4R? + 4Rr 4+ 3r? +r? — 8Rr B

= <
[BCL] ' TcaL,] T TABL] 25Rr? = 25Rr?

4R2—4Rr+4r2_2(R2—Rr+r2)_2(R r )
2sRr? B SRr? S

Equality holds if and only if the triangle is equilateral.
LHS inequality.
Using the Lemma we obtain:

1 1 1 s%2 + 1?2 — 8Rr Gerretsen 16Rr — 51> +r? — 8Rr

= > =
EHARIARRYYIA 2SR = 2SR

_8Rr—4r> 4r(2R-71) 2QR-71) _ 2(2 r)

2sRr? 2SsRr? SRr s\“ R

Equality holds if and only if the triangle is equilateral.

Note.

The inequality strengthen the proposed problem by Elneniz Hesenov in RMM 12/2020.
Refference:

ROMANIAN MATHEMATICAL MAGAZINE-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY ERTAN YILDIRIM-XIV

By Marin Chirciu-Romania

1) In AABC the following relationship holds:

6 <Z a? <a3+b3+c3
r
o ryt+1re 4F

cyc

Proposed by Ertan Yildirim-Izmir-Turkey

Solution. Lemma. 2) In AABC the following relationship holds:

2

a
=22R-r
Zrb+rc ( )

cyc

Proof. Usingr, = i, we get:

2

Zrba-ll-rc=Zii1=%2a2(s_?(s_d=Sl_rza(5—b)(5—C)=

cyc CyC s—p = s—c cyc cyc

= S—lr - 2sr(2R —r) = 2(2R — 1), which follows from Ya(s —b)(s — ¢) = 2sr(2R —r)

For RHS, using Lemma and Yla3 = 2s(s? — 3r? — 6Rr) inequality becomes as:

2s(s? — 3r? — 6Rr
22R—-r1) < ( - )®4r(2R—r)Ssz—3r2—6Rr@sz > 14Rr — r?

Which follows from s? > 16Rr — 5r?(Gerretsen) and R > 2r (Euler).
Equality holds if and only if triangle is equilateral. For LHS, using Lemma, we get:
2(2R—r) = 6r © R > 2r (Euler).

3) In AABC the following relationship holds:

a?
< < -
6r_Zhb+hC_2(2R T)

cyc
Proposed by Marin Chirciu-Romania
Solution. Lemma. 4) In AABC the following relationship holds:

Z a’?>  4R(s*—r?—Rr)
h,+h,  s2+712+2Rr

cyc

Proof. Using h, = Z:F, we get:
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Z a? a2 1 z a’bc _ abc a _ 4RF 2(s* —r*—Rr)

hy +h, 42,28 2FLib+c 2FZLb+c 2F s2+r2+2Rr
cyc cyc p c cyc cyc

__ 4R(s?-r?-Rr) . _a__ 2(s®*-r*-Rr) , .

= —iriiar, » Which follows from Z oo = 2irzione - et's get back to the main problem.

For RHS, using Lemma and Ya3 = 2s(s? — 3r? — 6Rr)

4R(s? —r? — Rr)
s?2 +r2 4+ 2Rr

<2(2R-r1) © 2R(s? = r? —Rr) < 2R —r)(s? + r?> + 2Rr)

& s? < 6R? + 2Rr — r?, which follows from s? < 4R? + 4Rr + 3r? (Gerretsen) and R >
2r (Euler). Remains to prove that: 4R? + 4Rr + 3r2 < 6R> + 2Rr—r? &

R? —Rr—2r?2 >0 (R—2r)(R+r) = 0. Equality holds if and only if triangle is
equilateral. For LHS. Using Lemma, inequality becomes as:

4R(s? —r? — Rr)

2 _ 2 _ 2 2
2+ 12 1 2Rr > 6r & 2R(s* —r* —Rr) = 3r(s* +r* + 2Rr) &

s2(22R — 3r) = r(2R? + 8Rr + 3r?), which follows from s? > 16Rr — 5r? (Gerretsen) and
R > 2r (Euler). Remains to prove that:

(16Rr — 5r?)(2R — 3r) > r(2R? + 8Rr + 3r?) &
(16R—5r)(2R — 3r) > 2R? + 8Rr + 3r*
32R? — 48Rr — 10Rr + 15r2 > 2R? + 8Rr + 3r?
30R?—6Rr+ 12r’>0< 5R?—11Rr+2r’>0< (R—-2r)(5R—-r) >0

5) In AABC the following relationship holds:

2

a? a
D E S,
hb+hc rb+rc

cyc cyc

Proposed by Marin Chirciu-Romania

Solution. Using Lemma’s we have:

2

a® 4R(s? —r? — Rr) a
Z _ ; =2(2R-r)
hy, + h, s?2+r?+ 2Rr Iy + I

cyc cyc

4R(s2-r%-Rr)
s2+r2+2Rr
2R(s? —r? —Rr) < (2R —r)(s? + r? + 2Rr) © s? < 6R? + 2Rr — r?, which follows from
s? < 4R? + 4Rr + 3r? (Gerretsen) and R > 2r (Euler). Remains to prove that:

Inequality, becomes as: <2(2R-n e

4R? 4+ 4Rr+3r? < 6R*+2Rr—r? ©R*—-Rr—-2r’>0 (R-2r)(R+r) >0
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Equality holds if and only if triangle is equilateral.

6) In AABC the following relationship holds:

a? a? at+b3+c3
61‘Sz SZ <
hb+hc rb+rc 4F

cyc cyc

Solution. See up these inequalities. Equality holds if and only if triangle is equilateral.
REFERENCE:

ROMANIAN MATHEMATICAL MAGAZINE-INETRACTIVE JOURNAL-www.ssmrmh.ro

ABOUT AN INEQUALITY BY GEORGE APOSTOLOPOULOS-V
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

4r ha hb hc R
—<—+ <
R?2 " ryr, r.or, rary  2r?

Proposed by George Apostolopoulos - Greece

Solution
We prove the following lemma:
Lemma.
2) In AABC the following relationship holds:
2
v a2 ()
Proof.
Using the formulas h, = za_s andr, = gwe obtain:
ha Za—s 2@ (s-b)(s—c) _ 2 r[s?+(4R+1)?] 1 4R+1\? .

Zrbrczzggﬁz " :E'T:ﬁ[l-l_( : )],whlchfollowsfrom

(s—=b)(s—c) r[s®+ (4R +1)?]
Z a - 4Rs

Let’s get back to the main problem

LHS inequality. Using the Lemma the inequality can be written:
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4r
> 2z e s2(R—8r)+R(4R+1)?>>0

1 1_I_(4R+r>
2R S

We distinguish the following cases:
Case 1).If (R — 8r) = 0, the inequality is obvious.

Case 2).If (R — 8r) < 0, the inequality can be rewritten R(4R + r)? > s2(8r — R), which

2
follows from Blundon - Gerretsen’s inequality s? < %
It remains to prove that R(4R + r)? > % (8r — R) © R = 2r (Euler’s inequality)

Equality holds if and only if the triangle is equilateral.
RHS inequality. Using the Lemma the inequality can be written:

[1 + 4R+r) ] > % & s2(R? — r?) > r?(4R + r)?, which follows from Gerretsen’s

r(4R+r)?

. . 2 _ 2
inequality s* = 16Rr — 5r* > -

(4-R+r) (RZ

It remains to prove that ———— r?) = r?(4R +r)? & R > 2r (Euler’s inequality)

Equality holds if and only if the triangle is equilateral.
Remark. Let’s interchange h, with r,.

3) In AABC the following relationship holds:

1 T, T T R
< + + <
r~ hyh, h.h, hsh,  2r?

Proposed by Marin Chirciu - Romania
Solution We prove the following lemma:
Lemma.

4) In AABC the following relationship holds:

T, T T 1 4R + 1r\*
b= 1 ()
hy,h, h.h, h,h, 4r

Proof.

. S S .
Using the formulas h, = 2: and r, = — we obtain:

r, _Z B z s+ (4R+1)? 1 1_|_<4R+r)2
hyh, Z£u28 25_48 s—a 4rs s T 4r s

b ¢
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s?2+(4R+1)2

which follows from }; Sb_—: = -

Let’s get back to the main problem. LHS inequality.

Using the Lemma the inequality can be written:

S

2
i [1 + (4R+r) ] > % & (4R +r)? > 3s2 (Doucet’s inequality)

Equality holds if and only if the triangle is equilateral. RHS inequality

Using the Lemma the inequality can be written:

2
= [1 + (4Rs+r) ] < % & s?(2R —r) = r(4R + r)?, which follows from Gerretsen’s
2> r(4R+r)?

inequality s> > 16Rr — 5r v,

2
It remains to prove that% (2R—=r) = r(4R+r)? © R = 2r (Euler’s inequality)

Equality holds if and only if the triangle is equilateral.

Remark.

h h h r r
Between the sums —* + 2 + —~and 2+ —2 +
rpfc Icla  TI'alp hyhe  hchy hyhy

holds:

I'c

the following relationship

5) In AABC the following relationship holds:

ha hb hc rq + ry + re
rpre rerq rqTp N hbhc hcha hahb

Proposed by Marin Chirciu - Romania

Using the following Lemmas, the inequality holds:

1 4R+1\? 1 4R+1)2 . .
R [1 + ( r) ] = [1 + ( r) ] & R = 2r (Euler’s inequality)

S S
Equality holds if and only if the triangle is equilateral.
Remark.The following sequence of inequalities can be written:

6) In AABC the following relationship holds:

4r h, h, h, T, T T, R
— < + + < + + <
R2 " ryr., r.or, 7Turp,  hyh. h,h, hgh, ™~ 2r2

Solution See inequalities 1) and 3) Equality holds if and only if the triangle is equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY MARIAN URSARESCU-VII
By Marin Chirciu — Romania

1) In AABC the following relationship holds:

—+ +6Z—>16

Proposed by Marian Ursdrescu - Romania

Solution We prove the following lemma:

Lemma.
2) In AABC the following relationship holds:
Z 2 2R(4R +71) — s?
bc 2Rr
Proof.
SZ
2 2 _c2
Usingr, = é we obtain Zﬁ =2 % = %Z (s_aa)z = 4R(4l::sr) °_ which follows from

Z a _ 4R(4R+r)—2s?
(s—a)2 r2s

. Let’s get back to the main problem.

Using Lemma the inequality from enunciation can be written:

2R(4R+r1)-s?
2Rr
inequality: s? < 4R? + 4Rr + 3r2. It remains to prove that:

% + % +6- > 16 & 3s% < 25R? — 10Rr + r? which follows from Gerreten’s

3(4R? + 4Rr + 3r?) < 25R? — 10Rr+r? © 13R? - 22Rr—-8r’ > 0
< (R—2r)(13R + 4r) = 0, obviously from Euler’s inequality R > 2r.
Equality holds if and only if the triangle is equilateral.
Remark.We can develop the inequality:
3) In AABC the following inequality holds:
§+£+n22—§2 ;+i—",wheren > 0.
Proposed by Marin Chirciu - Romania

Solution

We prove that: % = g (1) and Z z (2)
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Indeed — +% g & 2R2—5Rr+2r2 >0 © (R—2r)(2R + r) = 0, obviously from
Euler’s inequality R > 2r.

For the inequality Z we use the following Lemma and we write the inequality:

2R(4R+1)—s?

P z & 2s? < 16R? + 4Rr — 9r?, which follows from Gerretsen’s inequality

s?2 < 4R? + 4Rr + 3r2. It remains to prove that:
2(4R? + 4Rr + 3r?) < 16R> + 4Rr— 9r? © 8R? — 13Rr—6r2 > 0 &
< (R —2r)(8R + 3r) = 0, which follows from Euler’s inequality R > 2r.
From (1), (2) and the condition from hypothesis n = 0 it follows the conclusion:
E+ r_l_nz:ra 5+9n
R bc ™2 4
Equality holds if and only if the triangle is equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro

ABOUT AN INEQUALITY BY MARTIN LUKAREVSKI-I

By Marin Chirciu-Romania

Let a, b, c be the sides of a triangle ABC, m,, m;, m,. the corresponding medians and R, r
its circumradius and inradius respectively. Prove that:

a? 4r
E T 22 R
my;+mZ — R

Proposed by Martin Lukarevski - Macedonia

Solution
. . 2b%+2c%-a?
Using the median formula m? = ————— we have:
- 2 2 = 2a2+2c2-b? _ 2a2+2b?—cZ
mg + mg . + :

B . Y N PR L
432 + b? + 2 a%2(4a2 + b2 +c2) — > a%(4a% + b2 + c2)

71| ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

4 b2c2 4 p2e2 @ .
=4- 4Zzaa:+zzzz bzccz =2 f; aﬁg bzzz > % = RHS, where (1) follows from Berstrom’s

inequality, and (2) is equivalent to
Ya*+2Y b%c? 2r

> — 4 _ 2 2>
22a4+2bzcz— R'{:(R zr)za +(2R Zr)Zb cc>0

We distinguish the following cases:
Case 1). If inequality is obvious.
Case 2). If (R — 4r) < 0 inequality rewrites itself:
(2R —2r) ¥ b%c? = (4r — R) Y a*, true from the identities known in triangle:

Y a* = 2[s* —s?(8Rr + 6r?) + r2(4R + r)?] and
Z b2c? = s* + s?(2r? — 8Rr) + r2(4Rr + r)?

We showed that:
(2R — 2r)[s* + s?(2r? — 8Rr) + r?(4R + r)?] >
> (4r — R) - 2[s* — s?(8Rr + 61%) + r?(4R + r)?]
& (R—r)[s* +s?(2r? — 8Rr) + r?(4R + R)?] >
> (4r — R)[s* — s?(8Rr + 6r?) + r?(4R + r)?]
& s?[(2R — 5r)s? + r(—16R? + 36Rr + 22r?)] + r?(4R + r)2(2R—-5r) > 0

r(4R+r)?

True from Gerretsen’s inequality s> > 16Rr — 5r? > .

[t remain to prove that:

r(4R + r)?

R+r [(2R — 5r)(16Rr — 5r%) + r(—16R? + 36Rr + 22r?)] +

+r?(4R +r)?(2R—5r) > 0

= RiT [(2R—5r)(16R — 51) + (—16R? + 36Rr + 22r?)] + 2R—-5r) > 0 &

© [(2R—=5r)(16R — 5r) + (—16R? + 36Rr + 22r*)] + (R+r)2R—-5r) > 0
© 18R?2 —57Rr+42r* > 0 © 6R> — 19Rr+ 14r2 > 0 & (R—2r)(6R—7r) = 0

True from Euler’s inequality R > 2r. Equality holds if and only if the triangle is
equilateral.

Remark.

Let’s find an inequality having an opposite sense:
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JP.267. In AABC the following relationship holds:

Y e 52
ms +mZ "~

Proposed by Nguyen Viet Hung - Vietnam,
Romanian Mathematical Magazine , Number 18, Autumn 2020

Solution We prove the following lemma.

Lemma.
In AABC the following relationship holds:
m, > /s(s — a)
Proof.

2b?4+2c?—a®> a+b+4+c b+c—a
m, =>.s(s—a)em2=>s(s—a) e 2 > > . > PN

o 2b2+2c?—-a?>(@+b+co)(b+c—a)e2b?+2c?2-at>(b+c)?-a% e

& 2b%2 + 2¢?2 > (b+¢)? & (b —c)? = 0, obviously with equality from b = c.
Let’s get back to the main problem.

Using Lemma we obtain:

Z a® <Z a® _Z a? _Zaz_za_z
m2+mZ- Lus(s—b)+(s—c) ZLus(s—b+s—c) ZLusa Lus

Equality holds if and only if the triangle is equilateral.

Remark.We can write the double inequality:
In AABC the following relationship holds:

4r a?

—< ) 5 —5=<

R my, + mg
Solution See inequalities 1) and 3) from above.

Equality holds if and only if the triangle is equilateral.

Reference:

Romanian Mathematical Magazine-www.ssmrmh.ro
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ABOUT AN INEQUALITY BY SEYRAN IBRAHIMOV-I
By Marin Chirciu-Romania

1) Prove that in any AABC the following relationship holds:
(Vab + Vbc + ca)R? = 24V3(R — r)r?
Proposed by Seyran Ibrahimov - Azerbaijan
Solution: We prove the following lemma:

2) In AABC the following relationship holds:
Vab + Vbc + +ca > 6rV3

Proof. From means inequality we have:

Vab + vVbc +vca > 33/,/(abc)2 = 3%/ (abc)? g Y (12r2)3 = 3y/12r? = 6rv3

where (1) is equivalent with (abc)? > (12r?)3 & (4Rrs)? > (12r?)% &

© 16R?r?s? > 144 - 12r® © R2s? > 27r? - 4r?, which follows from R? > 4r? (Euler)
and s? > 27r? (Mitrinovic). Equality holds if and only if the triangle is equilateral.

Let’s get back to the main problem.

Using Lemma it suffices to prove that:

6rv3R2 > 24/3(R —)r?2 & R? > 4r(R—r) © (R — 2r)? > 0, obviously, with equality if
R = 2r, namely for equilateral triangle.

Remark.Let’s find an inequality having an opposite sense for vab + v/bc + vca
3) In AABC the following relationship holds:

Vab +Vbc ++ca < 2s

Solution:From means inequality we have

\/E+\/E+\/asaz—b+%+%=a+b+c= 2s. Equality holds if and only if the

triangle is equilateral.
Remark.We can write the double inequality:
4) In AABC the following inequality holds: 6r\/3 < vab +/bc + Vca < 2s

Solution: See inequalities 2) and 3).Equality holds if and only if the triangle is
equilateral.

Reference: Romanian Mathematical Magazine-www.ssmrmh.ro
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PROBLEMS FOR JUNIORS

o Romanian

z Magazine

o
'Illlllllll
‘
‘
4
’

J.3161 Let ABC be a triangle and its side lengths be a, b, c. Let the area of the triangle with
side Iengths\/a(b +c— a),\/b(c +a—Db), \/c(a + b — c¢) be F* and the area of the

triangle ABC be F. Prove that:
F > e r R
F*— (R) r

Proposed by Mehmet Sahin-Turkiye

J.3162 Let ABC be a triangle and its side lengths be a, b, c. Prove that:
1872 < \Jab(s — a)(s — b) + \/bc(s — b)(s — ¢) + \[ca(s — c)(s — @) < 2r(Tg+7y+7,)

Proposed by Mehmet Sahin-Turkiye

J.3163 Letn = 2, xq,X,, ..., X, are positive real numbers. Prove that:

n (dyayn 11
D T

Proposed by Mehmet Sahin-Turkiye
J.3164 Prove that:

e iz e

Proposed by Vasile Mircea Popa-Romania

J.3165 Let M be an interior point in AABC with the area F and F, = area MBC, F;,, = area MCA,
F, = area MAB. Prove that:

a4+b4+c4>48F
F, F R

Proposed by D.M. Bdtinetu - Giurgiu-Romania

J.3166 If m = 0, M is an interior point in AABC the area F and F, = area MBC, F;, = area MCA,
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F, = area MAB then:

ab m+1 bC m+1 ca m+1 1
L T
[4 a b

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

J.3167 Let be m = 0 and ABC a triangle with the area F and the semiperimeter s, then:

s™m . (am+2 + pmt2 4 Cm+2) > om+2 (\/g)m+1 . Fm+1
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

J.3168 If m = 0 and ABC is a triangle with the area F then the following inequality holds:

a™ + b™ 4 ™ 4 g3MHE 4 p3m+4 4 33m+4 > 22m+3(\/§)1_m . Fmtl
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3169 Let be m = 0, M an interior point in triangle ABC with the area F and d,, d},, d the distances
of point M to the sides BC, CA respectively AB. Prove that:

m+1 .  m+2 m+1 ., pm+2 m+1 ., ;m+2

x a N y N z -
Y +2)m 1 dm " (z4+ )™ dr T (x4 y)mrl.dm =

2(V3)™ ' F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3170 Let be M an interior point in AABC with the area F and d, d}, d. the distances of point M to
the sides BC, CA, AB then:
a3+b3+c3 > 24F
da db dc B
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3171If x,y,z > 0 and M is an interior point in AABC with the area F and d, d}, d. are the
distances of point M to the sides BC, CA, AB, then:

3 2753 2.3

a b z°c X Z zX
+ X2y > 8F - yc+ 4 —+—

dg dp dc sinzg sinzg sinzg

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3172 Let be m = 0, M an interior pointin AABC with the area F and F, = area MBC,

F, = area MCA, F, = area MAB. Prove that:

m+1 ., ,2m+2 m+1, p2m+2 m+1 ., .2m+2

X a y z c

+1
+ + > 2m1(V3)" L F
(y + Z)m+1 . Fl;n (Z + x)m+1FCm (x + y)m+1 . Fam (\/_)

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti-Romania
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J.3173 Let be x,y,z > 0 and M an interior point in AABC with the area F and F, = area MBC,

F, = area MCA, F, = area MAB, then:

2 4 21.4 2 .4

xca b z“c X Z zX
Y2 42 sqer [ 2 X 2

Fy E, F, sinZE sinZE sinzg

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

J.3174 If x,y,z > 0 and ABC is a triangle of area F, then:

x2 a4 N y2b4 N y2b4- N ZZC4- N Z2C4 N x2a4- - 2 \/g F
(y+2)?2 (z+x)? (z+x)? (x+y)? x+y)? (+2)?2~

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3175 If m = 0, then in any AABC with the area F the following inequality holds:

(@™ + b™ + ¢™)(a3™H4 + p3MmF4 4 (3mEe) > 16m+1(\/§)1_m . f2m+2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3176. Let be x,y,z > 0 and M an interior point in AABC with the area F and F, = area MBC,

F, = area MCA, F, = area MAB. Prove that:

x2 . gt y2 . p* 72 . c4

+ +
v +2)?2F  (z+x%*F  (x+y)32F

>12-F?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.3177 Let M be an interior point in AABC with the area F and d, d}, d the distances of point M to
the sides BC, CA respectively AB then:

1 1
e +b%+c®)|—=+—5+—5)=576F2
@zt gt
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania
J.3178 Let be m = 0, M an interior pointin AABC with the area F and F, = area MBC,

2m+2 2m+2 2m+2
F, = area MCA, F, = area MAB, then: &2 (be) (ca)

F} F* Fr

> 16m+1 . Fm+2

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

J.3179 In any AABC with the area F the following relationship holds:

1 1 1
e +b6+c®)|5+5+-5)=64-F?
@t et (G

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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J.3180 If M is an interior point in AABC with the area F and F, = area MBC, F;, = area MCA,
F, = area MAB then:

a*b* b*c* c*a*
> 256 - F3
2 + F, + F, =

Proposed by D.M. Bdtinetu - Giurgiu-Romania
J.3181 Let be x,y > 0, then in any AABC the following inequality holds:

a* b* ct 48
>

+ + > r?
x(nﬂ% +'ynﬂ%) xrbn:+'ynﬂh X1y +'ynﬂ% Xf+'y

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.3182 Let MABC be a pyramid having the apex M and the base the triangle ABC with the area F. If
dg,, dp,d. are the distances of the point M to the sides BC, CA respectively AB and S is the lateral
area of the pyramid then:

a*h® b*c® c*ad F3

> 128 —
4, "o ta ® 5

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.3183 If M is an interior point in AABC with the area F and d,, d}, d. the distances of point M to
the sides BC, CA, respectively AB, then:

a’b b?c c?a
— —+

>
d, d. dq 24k

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

J.3184 In any AABC the following inequality holds:

a* bt ct

> 48r2

+
TpTe eha TaTp

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

J.3185 If m = 0 and ABC is a triangle with the area F, then:

gm+lpm pm+i.m  m+1l;m 1—
+ + > 22m+t . (y3) . pm
hb hc ha

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3186 Letbe m = 0,x,y,z > 0 and ABC a triangle and M an interior point in the triangle. If
d,, dp,d. are the distances of point M to the sides BC, CA respectively AB then:

m+1 | ,m+2 m+1, pm+2 m+1, cm+2

x a + y N z
G+ 2™ dm " (Z+0m Al (x + y)H gl

>2(v3)" " F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
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J.3187 Let be x,y = 0, M an interior point in AABC with the area F and F, = area MBC,
F, = area MCA, F, = area MAB, then:

a®b? b?c? c?a? 48
+ + > -F
xF, +yF, xF,+yE. xF.+yF, x+y

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

J.3188 Let be t = 0 and M an interior point in the convexe polygon A; 4, ... A, n = 3 with the area
F and the length sides a;, = AyAk41,k = 1,1, 4,41 = A; and d the distance of point M to the
sides AgAg41, k = 1,1, then:

t+2  t+2 t+2

a a a n
1t n 2t +"'+n—t22t+2~F~tant+1 (_)
dj d; dy n

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3189 If x, y > 0 then in any triangle ABC the following inequality holds:

a’b? b%c? c?a? 48

+ > .
X1atpy + Y1ty  XTpty + Y1y XVlg + Y11y x+y

TZ

Proposed by D.M. Bdtinetu - Giurgiu-Romania
J.3190 If x,y > 0, M is an interior point in triangle ABC with the area F and F, = area MBC,

F, = area MCA, F, = area MAB, then:
a* b* c* 48

+ + > -F
xF, +yF. xF.+yF, xF,+yF, x+y

Proposed by D.M. Bdtinetu - Giurgiu-Romania
J.3191 Let be ABC a triangle with the area F and F a point in space such that
M ¢ [AB] U [BC] U [CA] and let be F, = area MBC, F;, = area MCA, F, = area MAB and

S = F, + F, + F,. Prove that:

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3192 Letbe £t = 0,x,y > 0 and M an interior point in the convexe polygon A4, ... A,,,n = 3 with
the area F with the sides having the lengths ay = AxAx+1,k = 1,n, A1 = A; and F, = area
MA Ay 41, Vk = 1,7, then:

2t+2 2t+2 2t+2 2t+2 4t+1

l o o 1 P > - F - tan®*? (E)
(xFy + yF)t  (xFy + yF3)t (XFp_p +yE)t  (xF, +yF)t — (x +y)t n

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti-Romania
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J.3193 Let be t = 0 and M an interior point in the convexe polygon A4, ... A,,n = 3 with the area
F with the sides having the lengths a;, = AyAk4+1,k = 1,n,4,,41 = 4, and

F,, = area MAAy.1,Vk = 1,7, then:

2t+2 2t+2 2t+2

a? a2 a? T
ot 2 4P Fotant ()
FETTH E n

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

J.3194 If t = 0 then in any convexe polygon A; A, ... A,,n = 3 with the area F and the sides with the
length ay = AxAk+1, Ant1 = A1 the following inequality holds:

4t+1 . pt+1 -
Q242 4 qBtH2 4 g g2042 > ~ ,tant+11_l

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
J.3195 In any AABC the following inequality holds:

a’b? b?*c? c?a?

TpTc Teha TaTp

> 48712

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

J.3196 In any AABC the following inequality holds:
AH N BH N CH .S
a-t, b-r, c-r.” 3r?

Proposed by Sarkhan Adgozalev-Georgia

J.3197 In any AABC the following inequality holds:
Al BI CI 3R

_|_ < —
bc-r, ca-r, ab-r.,” 4r

Proposed by Sarkhan Adgozalev-Georgia
J.3198 If x, y, z are positive real numbers then in AABC the following relationship holds:

x ) y ) z s
we” + wp“ + we" =2
y+z zZ+x x+y 2

Equality holds if and only if x =y = z and AABC is equilateral.
Proposed by Mehmet Sahin-Turkiye
J.3199 In AABC, I — incenter, 04, Og, O; — circumcenters of ABIC, AAIC, AAIB.

S b+c c+a a+b 3V3
— > + + >
2r?2 — A0, -Al BOg-BI CO.-CI R

Proposed by Sarkhan Adgozalev-Georgia
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J.3200 In acute AABC the following relationship holds:

a? 2p\?
Qv ()
b% + c? — a? 3R

Proposed by Marin Chirciu - Romania

J.3201 In AABC the following relationship holds:

zw/a(b+c—a) > 613

Proposed by Marin Chirciu - Romania

J.3202 In AABC the following relationship holds:

Za /LZ&'\@
b+c—a

Proposed by Marin Chirciu - Romania

J.3203 In acute AABC the following relationship holds:

z:\/a(b2 +c2—a?) > 61'\/5

Proposed by Marin Chirciu - Romania

J.3204 In acute AABC the following relationship holds:

a n 2p n
z(b2+cz—a2) \/a(b2+02—a2)2(ﬁ) 3R./2p,n € N*

Proposed by Marin Chirciu - Romania

J.3205 In AABC, (hg, hy, h,) can represent the lengths of a the sides of a triangle. Then:

Z( g )n\/h(h+h hy) = 9r,n €N
hy + he — hy) Ved T e T a) =TT

Proposed by Marin Chirciu - Romania

J.3206 In AABC, (1., 1, 1) can represent the lengths of the sides in a triangle. Then:

T n
Z (—a) JraGy +1.— 1) 29r,n €N

1y

Proposed by Marin Chirciu - Romania

J.3207 In AABC the following relationship holds:

m n
Z(_a) Jmg(my, + me—mg) = 9r,n €N

my + m, —mg

Proposed by Marin Chirciu - Romania
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J.3208 In AABC the following relationship holds:

cos >
E B C 723
COS—+ cos— —cos—
2 2 2

Proposed by Marin Chirciu - Romania

J.3209 In AABC the following relationship holds:

1 2\ _ 2+ 1)?
Y (L) L2,
r, T 3Rr

Proposed by Marin Chirciu - Romania

J.3210 In AABC the following relationship holds:

1 A\ 40+ 1)?
Ty SHALE 5,
m, me 3R?

Proposed by Marin Chirciu - Romania
J.3211 Prove that the number 4%2 + 6190 + 3200 j5 3 perfect square.
Proposed by Mdadalina Panduru - Romania

J.3212 In AABC the following relationship holds:

B C R
\/ESZ tan?—+ tan? =< 6(——1)
2 2 T

Proposed by Marin Chirciu - Romania

J.3213 Let be n € N*. Prove that:

n
n+2

n—1 -
al-2+2-3+-+n(n+1)= M b.nl<(n+ 1)7(7)2. In which case do we have
inequality ?

Proposed by Dorina Goiceanu, Camelia Dand -Romania

J.3214 In AABC the following relationship holds:

B C 2R
3\/ESZ\/COt2§+COtZES (7—1)\/6

Proposed by Marin Chirciu - Romania
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J.3215If x,y,z > 0 and A = 8 then:

%3 . y3 s 73 . 3
y3 4+ Axyz  |z3 +Axyz x4+ Axyz A+ 1
Proposed by Marin Chirciu - Romania

J.3216 In AABC the following relationship holds:

B C R R
6\/532 csc2—+csc2=<3— [—
2 2 r.r

Proposed by Marin Chirciu - Romania

J.3217 Prove that the numbers 10017,100117,1001117,...,10011...17, ... k € N* can be divided

k times

by 53.
Proposed by Dan Grigorie -Romania

J.3218 In AABC the following relationship holds:

(1 +%)\/§SZ ’sin2§+sinzgs /6-(1—%)

Proposed by Marin Chirciu - Romania

J.3219 In AABC the following relationship holds:

3 mg 3 mf; 3 m? 3
2 + 2 + 2 > 34/3r?
mg + me(mg + my) mé + mg(my + m,) mé + my,(m, + mg)
Proposed by Marin Chirciu - Romania

J.3220 In AABC the following relationship holds:

4 4 4
3 Ty, 3 4% 3 e 3
+ + > 34/3r2
\/rbz +7.(r, + 1) \/rcz + 1,0, +7) \/raz +1,(r, + 1)

Proposed by Marin Chirciu - Romania

J.3221 Find the prime numbers p such that p? + 2000 to be square of a natural number.

Proposed by Dan Grigorie -Romania
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J.3222 In AABC the following relationship holds:

1 A\ 4+ 1)?
D) = s
Sp S 3R?

Proposed by Marin Chirciu - Romania

J.3223 Find all natural numbers n such that vn + 1 + V4n — 3 to be natural number
Proposed by Gabriela Militaru Cismaru-Romania
J.3224 Compare the numbers A = 2V10822024 54 B = 20241082024 2
Proposed by Ionut Ivanescu, Mihaela Mirea -Romania
J.3225 Letbe a,b,c € Z. The number A = (7a+ b —2c + 1) - (3a — 5b + 4c + 10) is odd or even.
Proposed by Horia Musat -Romania
J.3226 Find n € N* such that A = n'! + n + 1 to be prime number.

Proposed by Mihaela Stancele, Monica Stanca -Romania

1.3227 Let be n € N and x4, x5, ..., X, real numbers such that x; + x, + -+ x,, = nT_l Find the

smallest value of the expression E(y, ., . x) =% + X5+ 4 x2
Proposed by Lucian Tutescu, Neculai Stanciu -Romania
J.3228 Find the real numbers x and y such that:
(xy +9)% + (y? + xy)? = 18y?
Proposed by Dan Grigorie, Lavinia Trincu -Romania
J.3229 Find the real numbers x and y such that:
(xy +4)? + (xy — y*)? = 8y?
Proposed by Luiza Cremeneanu, Constantina Prunaru -Romania

J.3230 a. Solve in the set (1, ) the equation log, ;1 x + log, . (x + 1) = logs 2 + log, 3

b. Solve in the set (0,1) the equation log, 1 x +10g,4,(x + 1) = logE% + loggz
2 2

Proposed by Dan Lucian Grigorie, Mihai Calugdru -Romania

. 1+2M43M
J.3231 Find n € N such that A = ——————to be natural number.
142n-143n-1

Proposed by Loredana Surcel, Cosmin Alexandru-Romania
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J.3232 Find the functions f: R = R continuous in x, = 0 which verify the relationship:
fFO)fBx)f(9x) =33*,vx eR
Proposed by Cezar Ozun, Felicia Ozun-Romania

J.3233 Let be x,y > 0 such that x? + xy + y? = 3. Prove that

V3x2 + 14 /3xy +2++/3y2+3<3V5

Proposed by Felicia Ozun-Romania
J.3234 a. Find the general term of the sequence (x,,),>1 defined through 5x,,1 = x,, + 10,
vn € Nandx; = 1.

b. Find lim x,

n—ooo
Proposed by Cezar Ozun-Romania
J.3225Prove that if x4, x5, ..., x, € R}, n,k € N,n > 1suchthat x; - x5 ...x, = 1, then
43 4 a3 < a4+ xpE
Proposed by Ovidiu Gabriel Dinu-Romania
J.3226 Let ¢(m) be the Euler exponent of the natural number m, that is, the number of prime
numbers with m and less than m.Show that there exists an infinity of natural numbers n such that

2n

p(m) = =
Proposed by Simona Chiritd, Gilena Dobricd -Romania

J.3227 Solve the equation in the set of real numbers:

i/x3—-|-1+\/x—1+\/x—2>5—x
Proposed by Eugenia Turcu, Carmen Terheci -Romania
J.3228 Solve in R the equation log;(6* + 1) =loge(7* — 1)
Proposed by Cezar Ozun, Gabriel Tica-Romania
J.3229 Find x € Z such that x? + 8x + 3 to be the square of an integer.
Proposed by Gigi Zaharia-Romania

J.3230 In AABC the following relationship holds:

4 4 4
3 S 3 S 3 S
—* + |2 + |5 > 31/3r2
St + sc(sq + sp) sZ + sq(sp + sc) Sé + sp(se + sq)

Proposed by Marin Chirciu - Romania
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J.3231 In AABC the following relationship holds:

3 cot‘*g ,
Z t2§+ tg( té_}_ tE)ZX/§
Cco 2 Cco 2 Cco 2 Cco >

Proposed by Marin Chirciu - Romania
J.3232 In AABC the following relationship holds:

3 sin‘*g N
Z B 2(1+E)

. ,B . Cf . A .

2

in“=+sin-(sin= + sin—
sty s z(s 2 TS 2)

Proposed by Marin Chirciu - Romania

J.3232 In AABC the following relationship holds:

2

44 2

zs Ccos 2 3(1 r \3
> -+—)

cos2Z cosg(cosé + cos E) 4 2R

2 2 2 2

Proposed by Marin Chirciu - Romania

J.3233 In AABC the following relationship holds:

3 3 3
m3 mj m3 or
> >
\/ma+/1mb + \/mb+/1mc + \/mc+/1ma — Va+1 120

Proposed by Marin Chirciu - Romania

J.3234 In AABC the following relationship holds:

3 3
Wg wj, Wee3 or
> >
\/wa+lwb + \/Wb+lwc + wetdw, — VA+1’ 420
Proposed by Marin Chirciu - Romania

J.3235 In AABC the following relationship holds:

3 3 3
sd sp sé 9r
> >
\/sa+lsb + \/sb+lsc + \/sc+lsa — Va+1 420

Proposed by Marin Chirciu - Romania

J.3236 Prove that for any point M on the incircle in AABC the following relationship holds:

MA?> MB? MC? MA?> MB? MC?
+ + >
Ta Tp Te ha hb hc
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Proposed by Marin Chirciu - Romania
J.3237 In AABC the following relationship holds:
cos3 2 cos3Z cos3 < 3W3 /1 1
2 -+ —t—+ ——> (—+—>, >0
cos§+/1cos§ cos>+Acoss  |cos~+Acos> vi+1\4 2R
Proposed by Marin Chirciu - Romania
J.3238 In AABC the following relationship holds:
34 3B 3¢
sec® - N sec® - . sec® - - 243 150
sec§+/1$ec§ sec§+)lsecg sec§+lsec§_\/l+1 N
Proposed by Marin Chirciu - Romania
J.3239 In AABC the following relationship holds:
2p . N b N ¢ 3R T
R — Al BI CI— 2R
Proposed by Marin Chirciu - Romania
J.3240 In AABC the following relationship holds:
4p b+c c+a a+b 2p
—< + + <—
R Al BI Cl T
Proposed by Marin Chirciu - Romania
J.3241 In AABC the following relationship holds:
2p b+c—a c+a—-b a+b-c p
— < + + <-
R Al BI Cl r
Proposed by Marin Chirciu - Romania
J.3242 In AABC the following relationship holds:
cot32 cot32 cot3E 33
2 2 2 > >
\/cot§+/1 cotg + \/cot§+l cotg + \/cot§+l cot? —Va+? A20
Proposed by Marin Chirciu - Romania
J.3243 In AABC the following relationship holds:
A Bf:p A 3\/5 B
2 2 (3L Ytvan=—=21\>
Ztan 2tan 2(\/;tan2+ rtanz 2120
Proposed by Marin Chirciu - Romania
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J.3244 In AABC the following relationship holds:

Z(ma sin4)? < (%)2

Proposed by Marin Chirciu - Romania

J.3245 In AABC the following relationship holds:

2A ZB 3|7 A 3|7 B
zcot ECOtE ;cot5+ ECOtE_Z >0

Proposed by Marin Chirciu - Romania

J.3246 In AABC the following relationship holds:

9R\?
Z(sa sinA4)? < (—)
4
Proposed by Marin Chirciu - Romania

1.3247 If aq,a,, ...,a, > O0suchthata; +a, +-+a, =1+ Zinthen:

a, 4 a, P an <1
2a1+1 4a,+1 2"a, +17 2

Proposed by Marin Chirciu - Romania

J.3248 If ), > 0 Vk = 1,n, then prove that:

=@ +n—-1)

Cr,a)r 1

Proposed by Neculai Stanciu - Romania

J.3249 If x,y,z € R, then prove that:
8(x2+y?+z) —4(x+y+2z)+3=4(xy+yz+ zx)
Proposed by Neculai Stanciu - Romania

J.3250 If x;, > 0(k = 1,2, ...,n), then prove that:
X2 + xyx, + x2 3 1
1 1X2 2 _Z L
(e +2) (2 +x35) — 4k_1x,c

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
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J.3251If a;, > 0 (k = 1,2, ...,n) then prove that:

a,a;(a; + ay) a? + a3 -
162 +y +—2<3 Z ax
(3a1 + az)(al + 3a2) aq + a, =

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3252 If ABCDEFGHIJKLM is a regular 13 — gon, then prove that: AE(AC — AB) = AF(AD — AC)

Proposed by Neculai Stanciu - Romania
J.3253 Prove that any triangle ABC with usual notations is true the following:

z a3(b? + c?) > (12Rr)?s

Proposed by Neculai Stanciu - Romania

J.3254 Prove that the sum:
(n?+2n+1)3 4+ (n* + 8n + 16)® + (9n? + 42n + 49)3 + (9n? + 48n + 64)3

is divisible by 2n? + 10n + 13 foralln € N.

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3255 If a, b, c > 0, then prove that:

6a3
) e
J2a(a + b)3 +/2b2(a? + b?)
Proposed by Neculai Stanciu - Romania

J.3256 If ABCDEFGIJK is aregular 11 — gon, then prove that:

AE? — AD? = AB - AE (AD AE)
N AB AC

Proposed by Neculai Stanciu - Romania

J.3257 Let ABC be a triangle, the altitude h, interscts the circumcircle in point E, the bisector of
angle £EAC intersects the circumcircle in point D. The tangent line to circle in point D intersects the
lines AE and BC in points M and N.

1) Determine all triangles ABC for which BHCE is rhombus.
2) Determine all triangle ABC for which ABMN is cyclic.
Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3258 Let ABC be a triangle, and J denote the midpoint of GH. Prove that the center of Euler circle

lies on the incircle if and only if I] = gIH
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Proposed by Mihaly Bencze, Neculai Stanciu
J.3259 If a;, > 0 (k = 1,2, ...,n), then prove that:

<Z ak)<;ag‘1)—zaﬁ—n(n—l)gak >0

k=1

Proposed by Neculai Stanciu

J.3260 If a, b, c > 0, then prove that:

6(Y ) (Y ar)-(Ya) (Y e2)- (D) = t8ane

Proposed by Neculai Stanciu

13261 1fa, > 0(k =1,2,...,n) and s = X.}_; ay, then:

S

2

() Qo D=

k=1 k=1

Proposed by Neculai Stanciu

1.3262 If x;, > 0 (k = 1,2, ...,n), then:

1 6 3 n
Lyl . LI
n Xy + X+ X3 XXy XXz 4+ X3Xy NRoq X

cyclic
Proposed by Neculai Stanciu

J.3263 If x;, > 0(k = 1,2, ...,n), then prove that:

1
Z \/5-(xf + xix5 +x5) = zxk = z X \/— (2x7 + x2x3)
cyclic cyclic

Proposed by Neculai Stanciu

13264 If a;, > 0(k = 1,2,...,n) and s = X}_, ay, then:

i = ) (i e m)

k=1

Proposed by Neculai Stanciu

J.3265 If a;, > 0 (k = 1,2, ...,n), then prove that:
a, a,

Z \/az + (n? — 2)ayaz + a2 \/a3 + (n? — 2)aza, + a? \l

+ i
cyclic
\ Jai + (n2 — 2)aja, + a2

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania
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Proposed by Neculai Stanciu - Romania

J.3266 If a, b, c > 0, then prove that:

a
>1
va? + 3ab + 3b? + 2bc

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

J.3267 If a,b,c > O suchthata™ + b™ + ¢ = 3,n € N,n € Nand A = 0 then:

1 1 1 3
>
/1+(a+b)“+/’l+(b+c)n+/’l+(c+a)n_/1+2"

Proposed by Marin Chirciu - Romania

J.3268 If a,b,c > 0 suchthat abc = 1andn € N, A = 2 then:

1 + 1 4 1 < 3
a®+A1 b"+A "+17 1+1

Proposed by Marin Chirciu - Romania
J.3269 Let —2 < 1 < 2fixed. If a,b,c > 0,abc = a + b + c then find the maximum of expression:
A = Aab + bc + ca) —a? — b? — ¢?
Proposed by Marin Chirciu - Romania

J.3270 If a, b, ¢ are the dimensions a cuboid with the diagonal d and n € N* then:

d<

21;/3n—1a2n+1 3n-1 p2n+1 3n—-1,2n+1
+

b c a

Proposed by Marin Chirciu - Romania

J.3271Ifa,b,c = 0,abc = 1 and 1 = 0 then:

a* b* ct 3

>
a+/1bc+b+)lca+c+)lab_)l+1

Proposed by Marin Chirciu - Romania
J.3272fa,b,c > O suchthat a® + b?> + c2 =3 andn = 0,1 > 0 then:
n(a+b)(b+c)(c+a)+Aabc <8n+ A
Proposed by Marin Chirciu - Romania
J.3273Ifa,b,c = 0,abc =1and 1 = 0,n € N,n > 3 then:

a™ b" c" 3
- + >
a+Abc b+Aca c+Aab T A+1

Proposed by Marin Chirciu - Romania
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J.3274 In AABC the following relationship holds:

18r2 w2 w?; w?
<—+—+—<A4R+r
R mg, mp, Mmg

Proposed by Marin Chirciu - Romania
J.3275 If a, b, c > 2 such that ﬁ + ﬁ + c—% = 1, then find the minimum of expression
P=(@+A)b+2)(c+2),where 1> 0.

Proposed by Marin Chirciu - Romania

J.3276 In AABC the following relationship holds:

Sq+sp, 7R 1
p< Y setn TR
Sp+s. 4r 2

Proposed by Marin Chirciu - Romania

J.3277 In AABC the following relationship holds:

5 , _ 1(2rs? °
25a5b25a5b2§ R

Proposed by Marin Chirciu - Romania

J.3278 In AABC the following relationship holds:

2

z Sa + sps? - 2rs
2. 2 =
Sy +s¢ R

Proposed by Marin Chirciu - Romania

J.3279 In AABC the following relationship holds:

W‘;‘L-I_—Wgwczzg\/gg

Wi + wk

Proposed by Marin Chirciu - Romania

J.3280 In AABC the following relationship holds:

2

Z S& + sks? - 2rs
2. 2 =
Sy +s¢ R

Proposed by Marin Chirciu - Romania
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J.3281 In AABC the following relationship holds:

s2 9R?
Z 4.2 2 = 2
SqgSpy +s&  8F

Proposed by Marin Chirciu - Romania

J.3282 In AABC the following relationship holds:

18r2  s2  sE  s?
<—+—+—<4R+71
R mg m, mg

Proposed by Marin Chirciu - Romania

J.3283 In AABC the following relationship holds:

a’?+2Ab*> b*+Ac® c*+2a? 3 R\3 1
<—(A+1)(5) ,/125

+ + <
b% + ¢2 ¢z +a? a2+ bz 72

Proposed by Marin Chirciu - Romania

J.3284 In AABC the following relationship holds:

<3>2< 1 N 1 N 1 <(3R)2
zp B (sa + Sb)z (Sb + Sc)z (Sc + Sa)z T \4S§

Proposed by Marin Chirciu - Romania
J.3285 In AABC the following relationship holds:

&) e e i
2R/~ (sec§+ secg)2 (secg+ secg)2 (sec%+ secg)2 4 2R

Proposed by Marin Chirciu - Romania

J.3286 In AABC the following relationship holds:

3
Z(ha sinA4)? < sz
Proposed by Marin Chirciu - Romania

J.3287 In AABC the following relationship holds:

352
Z(ra sinA4)? > e
Proposed by Marin Chirciu - Romania

J.3288 In AABC the following relationship holds:

p2+9r2 < (Al + Bl + CD? < p? + 1% + 4Rr

a3 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch

2026

Proposed by Marin Chirciu

J.3289 In AABC the following relationship holds:

mZ+Amghg+h3 > A+2

—Zhal _ZSASZ

mgthgy
Proposed by Marin Chirciu

J.3290 In AABC the following relationship holds:

wZ+Awghg+hZ _ A+2
Za7faa’ia - _ha’ —2<A1<?2

Wq+thg
Proposed by Marin Chirciu

J.3291 In AABC the following relationship holds:

2 2
2
w>%wwwhere 2<1<?2

mg+wq
Proposed by Marin Chirciu

J.3292 In AABC the following relationship holds:

S2+Asqhg+h3 > A+2

Sothe > he, —2<1<2
Proposed by Marin Chirciu

J.3293 In AABC, I —incentre, Ry, Ry, R, — circumradiiin ABIC,ACIA, AAIB, then:

ool

Proposed by Marin Chirciu

J.3294 In AABC the following relationship holds:

2 2 2
a b c 4
Lttt —— n>2
R R} R T (3rn?

Proposed by Marin Chirciu

J.3295 In AABC the following relationship holds:

—+ 4> n>2

g g T @ T
Proposed by Marin Chirciu

J.3296 In AABC the following relationship holds:

a? b? c? 2\"
—n+—n+—nZB6r2(—),n22
my me mey 3R

Proposed by Marin Chirciu

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania

- Romania
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J.3297 In AABC the following relationship holds:

<4R +r

or < Z mZ + moamy, + mym, + mym,
o 2mg +my +me

Proposed by Marin Chirciu - Romania

J.3298 In AABC the following relationship holds:

<4R +r

or < z W2 + wawy, + wpw, + wew,
- 2w, +wp +w,

Proposed by Marin Chirciu - Romania

J.3299 In AABC the following relationship holds:

A
27Rp z tan?> + 1 _ARAT

- = <
2(4R +1)? 2tan§ + tang + tang p

Proposed by Marin Chirciu - Romania

J.3300 In AABC the following relationship holds:

24 2R
9p <z cot 2+1+T

p
= A B c==
4R + 1 2 cot> + cot =+ cot> r

Proposed by Marin Chirciu - Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR SENIORS

- Romanian

2 Magazine

$.3159 In any acute triangle ABC holds:

a%+Jcos A +b?+/cosB +c?+/cosC < ¥ R?

Proposed by Vasile Mircea Popa-Romania
$.3160 Let be m = 0, M an interior point in triangle ABC with the area F and F, = area MBC,

F, = area MCA, F, = area MAB, then:

2m+2 b2m+2 C2m+2

+1
n + > 4m+1(3)" LR

a

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

$.3161 Let be x, y > 0 and M an interior point in triangle ABC with the area F and d, dj,, d the
distances of point M to the sides BC, CA respectively AB Prove that:

a*b?® b*c3 c*ad 128

+ + > -F3
xd, +yhy, xd.+yh. xdg+yh,  x+3y

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

$.3162 Let be x,y > 0,x = y and M an interior point in AABC with the area F and F; = area MBC,
and F,, F, tha analogs. Prove that:
a’b? b?c? c?a? 48
+ + >
xF—yF, xF—yF, xF—-yF, 3x-y

-F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

$.3163 In any AABC with the area F the following inequality holds:

Ja* + b* +b* + ¢* ++/c* + a* = 4/6F

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
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$.3164 In any AABC with the area F the following inequality holds:

Va® + b8 + /b8 +c8 ++/c8 +a® =16 V2 - F?
Proposed by D.M. Bdtinetu - Giurgiu-Romania
$.3165 Let be m = 0 and M an interior point in AABC with the area F and F, =area MBC,

F, = area MCA, F, = area MAB. Prove that:
xm+1a2m+2 ym+1b2m+2 Zm+1CZm+2

+1
> 2m+1 A/ m - F
(y + Z)m+1an + (Z + x)m+1FCm + (x + y)m+1Fam = ( 3)

Proposed by D.M. Bdtinetu - Giurgiu-Romania

$.3166 Let be x,y,z > 0,m = 0 and ABC a triangle with the area F then:

m+1 | ,2m m+1 ., p2m m+1 . .2m

x a y z c 1-m
+ + > 2m-1(V/3 . Fm-1
(y+2)™1h2  (z+x)™hE  (x+y)™+1-h2 ( )

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania

$.3167 Let be M the interior bisector’s leg of the angle BAC of triangle ABC with the area F and
dp, d. the distances of point M to the sides AC respectively AB. Prove that:
a’-b b*-c c*-a

>12-F
4, 4 T °

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania

$.3168 In any AABC the following inequality holds:

a b ¢
—+—+—2>2V3
ha hb hc \/_
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3169 With the usual notations in AABC and x,y = 0,x + y = 4 the following inequality holds:

1 1 1 1 1 1
et iie) Gt i) 2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
$.3170 If x > 0 then in any triangle ABC with the area F the following inequality holds:
3x2 4+ a* +b* +c*>8xV3-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
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$.3171 In any triangle ABC with the semiperimer s and area F the following inequality holds:
25 + ab? + bc? + ca? =2 8V3 - F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
$.3172 Let M be an interior point in AABC with the area F and F, = area MBC, F;, = area MCA,
F. = area MAB, then:

(ab + bc + 2F,)? (bc+ ca+ 2F,)?> (ca+ ab + 2F.)?
ca+F, ab + F, bc + F,

> 4(4V3 + 1)F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3173 If x, v,z > 0 then in any triangle ABC with the area F the following inequality holds:

3 2 4

xa xa vb zc

- +2- + + > 43 F
y+z y+z z+x x+y x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
$.3174 In any AABC with the area F the following inequality holds:

1+1+1>\/§
h2 R hETF

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3175 In any tetrahedron having the sum of the squares of the averages m and the total area F the
following inequality holds:

m > 2V3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3176 In any AABC with the area F the following inequality holds:

) ) ) bc ca ab
a“b + b“c + c“a = 2F - -+ ] =
(02 (02 (02
sin?— sin® sin® -

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

$.3177 Letbe m = 0,x,y,z > 0 and M an interior point in triangle ABC with the area F and
d,, dp,d. the distances of point M to the sides BC, CA respectively AB. Prove that:
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m+1
2
V4 - C

m+2 F xy
+ + > : Z
(hg +d )™ = (hy +dp)™  (h, +d)m — 22m-1 Sinzg

cyc

xm+1 . am+2 ym+1 . bm+2 m+1

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze-Romania

$.3178 Letbe m = 0,x,y,z > 0 and ABC a triangle with the area F, then:
m+1

X

m+1 | am+2 ym+1 . bm+2 Zm+1 . Cm+2 - 2F xy
hm + hm + hm = 3_m . 2C
a b c cyc sin 2

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu-Romania

$.3179If x,y,z > 0 and ABC is a triangle with the area F, and the other notations are the usual
ones, then:

xa yb zc xy vz zZx
—+—t—> +
ha hb hc \[ S

L C T . AT __B
in2= sin?-= sin?-—
2 2 2

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

$.3180 Letbe s,t = 0,s +t =4,x,y,z > 0 and ABC is a triangle with the area F, then:

2

16 «x Z V44
((a2)* + (bD" + (2e2))((xa?)! + (b?)° + (2eD)) 2 | g+ —g + —
81\ sin? 3 sin? 3 sin? S

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
$.3181 If ABC is a triangle with the area F and the other notations are the usual ones, and

x,y,z > 0, then:

X
+

y z 1 xy vz zx
nz = J
a

[ + JR— —_
2 2= _ C " . AT __B
hy he 2 [sin2 5 sin? 3 sin? >

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

$.3182If t,u,v,x,y,z=0and t + x,u + y,v + z = 4 then in AABC with the area F the following
inequality holds: at + b* + c” + a* + bY + c* > 83 - F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
$.3183 In any AABC with the semiperimeter s and the area F the following inequality holds:
2s +adb* + b3c* + c3a* > 32 - F?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
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$.3184 In any triangle ABC with the semiperimeter s and the area F the following inequality holds:
2s+a®+b3+c3>8-V3-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3185 In any AABC with the area F the following inequality holds:
a*+b*+c*+3=28-V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
$.3186 In any triangle ABC with the semiperimeter s and the area F the following inequality holds:
2s+a’ +b” +c7 =232 F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
$.3187 In any AABC with the area F the following inequality holds:
a?b? + b2c? + c%a? + 3 = 8V3F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3188 If in triangle ABC c,, ¢}, . three concurrent cevians, then:

Ca(cb + Cc) N Cb(cc + Ca) n Cc(ca + Cb) > ﬁ
hé + hyh, hlz, + h.h, hg +hshy, R

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

$.3189 If x,y = 0,x + y = 3 and ABC is a triangle with the area F and semiperimeter s, then:

2s + a*b? + b*c¥ + c*a¥ >8-V3-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
$.3190 In any AABC with the area F and the semiperimeter s the following inequality holds:

2s +a® +b% + 3 > 8V3F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3191 In any AABC with the area F and the semiperimeter s the following inequality holds:
25+ ab? + bc? +ca?=8-V3-F
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

$.3192 Let ABC be an acute triangle and | be the center of the incircle . X,Y,Z are outside the triangle
ABCand X € CI ,Y € Al,Z € Bl, m(XAC) = m(YBA) = m(BCZ) = 90°
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Prove that:

a(s—a)

b(s—b) +C(s—c)+

s—c s—a s—b

a)Area(XYZ) = %[ ] b)Area(XYZ) = Area(ABC)

where r and s are the inradius and semiperimeter of the triangle ABC respectively.

Proposed by Mehmet Sahin-Turkiye

$.3193 If x, y, z are positive real numbers then in AABC the following relationship holds:

x+y( a )2+y+z< b )2+z+x( c )2>27(sz+r2—2Rr)

z \b+c x \c+a y ‘a+b 16s2
Equality holds if and only if x =y = z and AABC is equilateral.

Proposed by Mehmet Sahin-Turkiye

$.3194 In acute AABC the following relationship holds:

<R 3r
Py = 2

where py, R and r are inradius of orthic triangle,circumradius of AABC and inradius of AABC.

Proposed by Mehmet Sahin-Turkiye

$.3195 The points D, E, F are taken on the sides [BC], [CA], [AB] of the triangle ABC
respectively,such that |[BD| = [CE] = [AF]. Show that the smallest value of the area of the ADEF is

4(a + b + c)abc — (ab + bc + ca)?
32Rs

Proposed by Mehmet Sahin-Turkiye

$.3196 Let ABC be a triangle and [AD] be its interior bisector . Let the of the inscribed circles of
triangles ABD and ACD be r; and 1, ,respectively. Prove that

n<nrnec<b

Proposed by Mehmet Sahin-Turkiye

$.3197 If x, y, z are positive real numbers then in AABC the following relationship holds:

x 5 y 5 z , _ 16Fs —27R?
mg° + my° + mez2————

y+z zZ+x x+y 8R

Equality holds if and only if x =y = z and AABC is equilateral.

Proposed by Mehmet Sahin-Turkiye

S.3198 If p,, vy, pc — Spieker cevians in AABC then:
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3Z(h,, + 1) (py — wy) = 4s(hy + by + hy — 97).

cyc

Proposed by Mohamed Amine Ben Ajiba-Morocco

S.3199 If p,, pp, P — Spieker cevians in AABC then:

16 a4+ b*>+c?>—ab—bc—ca
15° s

pa+pb+pc Wa+Wb+Wc+

Proposed by Mohamed Amine Ben Ajiba-Morocco

$.3200 In AABC, M € Int(ABC) the following relationship holds:

b-AM+c-BM+a-CM2\/a2b2+b202+cza2
Proposed by Bogdan Fustei-Romania

$.3201 In AABC, I —incenter, the following relationship holds:

mg ﬂ+&<5\/§—AI—Bl—C1

hy  hy  hy r

Proposed by Bogdan Fustei-Romania

$.3202 In AABC, x,y, z > 0 the following relationship holds:

A
Yz cos>

ye /1 + sin%

Proposed by Bogdan Fustei-Romania

x24+y2+22>42-

$.3203 In AABC the following relationship holds:

\/—Z ’1+sm—>3(2 \/§)+¥ Z A

2

cos—
2

cyc cyc
Proposed by Bogdan Fustei-Romania

$.3204 In AABC, x,y, z > 0 the following relationship holds:

A (x+y+2)3
Cyc y+ z E x+y)y+2)(z+x)
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Proposed by Bogdan Fustei-Romania

$.3205 In non-obtuse AABC the following relationship holds:
mg+my +m. = 2R + 51

Proposed by Bogdan Fustei-Romania

$.3206 In AABC, I —incenter, the following relationship holds:

1 _AI+BI+Cl+s
Z_ <> - +3(V2+V6-+v3-2)
Sin —

Proposed by Bogdan Fustei-Romania

$.3207 In AABC, M € Int(ABC) the following relationship holds:
RZ
AM -my+BM -my + CM - m, ZZ(ZRZ—-I—TZ)(ma +my + mg)?

Proposed by Bogdan Fustei-Romania

$.3208 Solve in R the following system:

11(x% + y?) + 4xy + 9yz + zx = (3x + 2y + z)*
11(y? +2z%) + 4yz + 9zx + xy = By + 2z + x)*?
11(z> +x?)+ 4z +9xy +yz = 3z + 2x + y)?

Proposed by Mihaly Bencze, Neculai Stanciu - Romania
$.3209 Prove that:

n
X2HH2 | y2k+2 AN
2K 1 2K xi|=1
1 2 :

cyclic

wherex; >0 (i=1,n)andk €N

$.3210 Solve in (0, ) the following system:

(x2 2 2 4(x — y)?
— y—+—=y+z+t+ 4
y z x+y+z
2 2 2 2
z 4(y — z)
A —+—=z+t+x+ 4
) z t y+z+t
72 t? x? 4(z —t)?
—t+—+—=t+x+y+
t z+t+x
t?  x? 2 4(t — x)?
—F+—+—=x+y+z+
X y t+x+y
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Proposed by Neculai Stanciu, Mihaly Bencze - Romania

$.3211 If x;, > 0(k = 1,2, ...,2023) and %2943 x;, = 2023, then prove that:
2023
Z x29%* > 2023
k=1

Proposed by Neculai Stanciu - Romania
$.3212 Prove that:
((@®=2a)?+ (2a® - 13 - ((a® = 2a® + 2a)? + (2a* — 2a® + 1)?) -
(a7 = 2a® + 2a® — 2a)? + (2a® — 2a* + 2a%? — 1)?):
((@®+ D@ +1)(@*+1))=1Va€eC
Proposed by Neculai Stanciu - Romania

$.3213 If a, b, c are positive real numbers such that a + b + ¢ = 3, then prove that:

32( 1 4 1 4 1 )>1
3\a(b+c¢)®> blc+a)> cla+b)s/)—

Proposed by Neculai Stanciu - Romania

X2 4 yn+2 3| x2y?
(Zw>26ﬂ g yr oY e >0

Proposed by Neculai Stanciu - Romania

S$.3214 Prove that:

S$.3215If a, b, c,d € C, then compute:

(Z((a +b? + (a+ 0 +(@+d)? +(@—b) +(@—0)* + (a—d)?)): ((z a) (Z a2)>

Proposed by Neculai Stanciu - Romania
$.3216 Prove that:
(((@® = 2a)? + (2a% = 1D?)((a® — 2a?)? + (2a* — D?)((a® — 2a®)? + (2a® — 1)?)):
((@®+D@?+1)(a®+1))=1VaecC
Proposed by Neculai Stanciu - Romania

$.3217 Prove that for all n > 2 exist a4, ay, ..., a, € N such that:

1

3
ag 2

NgE

&
Il

1
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Proposed by Mihaly Bencze, Neculai Stanciu - Romania
$.3218 Prove that the following equations:
(@) x +x3+x3+x3+x2=0and (b)x] +x +x] +x] +xI+x+x+x5=0
has an infinitely solutions in Z
Proposed by Neculai Stanciu - Romania

$.3219If a, b, c > 0, then prove that:

2
Z- 2a >2
b Yab
Proposed by Neculai Stanciu - Romania

$.32201fx; > 0 (i = 1,2,...,n) and k € N, then prove that:

n

ZinZk” > z x1%, (2% + x3%) > z xix? (x2K72 + x2k72) > >

i=1 cyclic cyclic

> z xkxk(x? 4+ x2) =2 z xltlyk+l

cyclic cyclic
Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.3221Ifx; > 0 (i = 1,2, ...,n) and k € N*, then prove that:

n

szizml > z xlxz(x%k—l + x%k—l) > z x%x%(x%k—3 + x%k_3) > >

i=1 cyclic cyclic

> > xdab Gy +x)

cyclic
Proposed by Neculai Stanciu - Romania

$.3222 If a, b, c are three positive real numbers, then prove that:

1 1
- > -
Z_ 2Q2a+b+c) Z 3(a+b) + 2c
cyclic cyclic

Proposed by Neculai Stanciu - Romania

S$.3223If a, b, c > 0, then prove that :

36 (Y ar =Y ab) = (Yla-bl)

Proposed by Mihaly Bencze, Neculai Stanciu - Romania

$.3224 Solve for positive real numbers the following system:
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( x3 6y —x —z—2
A+y(1+2) 8

< y3 _bz—y—x—2
1+2(1+x) 8

z3 bx—z—y—2
\(1+0d+y) 8

Proposed by Neculai Stanciu - Romania

$.3225 Prove that in all triangle ABC holds the inequality:
72 a* + 64s?Rr > 5(s? + 2 + 4Rr)?

Proposed by Neculai Stanciu - Romania
$.3226 If a, b, c > 0, then prove that:

2a2+c(b—1c¢) -
b+c)la+b+c)

Proposed by Neculai Stanciu - Romania

$.3227 In AABC the following relationship holds:

z 1 - 2V3
T (a+b)(myg +my —m )%~ 9R3

Proposed by Daniel Sitaru - Romania
$.3228 f(x) = x*" sinh (i) ,x>0,ne€e N*,f(") — “n” —th derivative
Find:

Q= lim f®™(x)

n—-oo

Proposed by Daniel Sitaru - Romania

S.3229

XEMZ(R),X:(Z Z),st(i g)

Find:Q=a—-b+c—d
Proposed by Daniel Sitaru - Romania

$.3230 In AABC the following relationship holds:

m2m? - 93
(a + b)a2b? ~ 32R
cyc

Proposed by Daniel Sitaru - Romania
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$.3231 In AABC the following relationship holds:

Zt 24 26+27 Z tZA
an’> 2 oo o3

cyc cyc

-3

Proposed by Daniel Sitaru - Romania

$.3232 Find:

-1

1 v (k — 1k -
Q= lim —- : Vk
noe ;\[Zk—1+2w/(k—1)k <kz=1 >

Proposed by Daniel Sitaru - Romania

$.3233 In AABC the following relationship holds:
2
z T,1pa%b > gr
(rg + rpy)mZm}
Proposed by Daniel Sitaru - Romania

S.3224Ifa,b,c=0,anda+b +c = gthen:

a+b 4 b+c c+a
(b+c)8 (c+a)8 (a+b)8—

> 4(a? + b? + ¢?)

Proposed by Sidi Abdallah Lemrabott-Mauritania

S$.3225 Let a, b, c > 0. Prove that:

3
abc

4
Vabc
Proposed by Phan Ngoc Chau-Vietnam

$.3226 If A, u > 0 then in AABC the following relationship holds:

r Aa+ub 3R(A+
4\/§(A+u)-ESZ r“ < (F #)-\/9R2—52
c

cyc

Proposed by Mehmet Sahin - Turkiye

S$.3227Ifa,b,c = 0,(n >0)anda+b +c¢ =;then:

a+b 4 b+c 4 c+a +ab+bc+ca > 3. (1+ 1)
Yb+c Ne+a Wa+b n 4n

Proposed by Sidi Abdallah Lemrabott-Mauritania
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$.3228 In AABC the following relationship holds:

ma - 9/3
(b + c)b%c? ~ 32R
cyc

Proposed by Daniel Sitaru - Romania

$.3229 In AABC, AA' = w,, BB’ = hy,,CC' = m.,AA' N BB’ N CC’ # ®. Prove that:

sinB+sinC+t B sin? B - sinC
—  +tanB=—m+—+——
cosC cos B - cos? C

Proposed by Daniel Sitaru - Romania

$.3230 In AABC the following relationship holds:

z a* - 83
et (b+ c)mimZ — 9R

Proposed by Daniel Sitaru - Romania
$.3231 In AABC the following relationship holds:
(a+b)2c+b)+ (2b+c)(2a+c)+ (2c + a)(2c + b) < 81R?
Proposed by Daniel Sitaru - Romania

$.3232 In AABC the following relationship holds:

a b c
A —5t ¢ <18R
sin= sin— sin-
3 3 3

Proposed by Daniel Sitaru - Romania

S$.3233If a,b,c,x,y,z > 0 then:

a‘*_l_2 b4+2 c4+2 >3(a+b+c)4
x2 y? z?2 T (x+y+2)?

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

S$.3234 Ifa,x € Rand b,b + x > 0. Find x such that:

) 2l 65 =G d) i
a+x 2\a+x b b+x/ " \b+x b/\a+x b 2

Proposed by Sidi Abdallah Lemrabott-Mauritania

$.3235 Find all value of @, B € R such that |a — b| + a(a + b) = /B(a? + b?),Va,b = 0

Proposed by Nguyen Van Canh-Vietnam
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S.3236 Let a, b, ¢ = 0:Vab + Vbc + V/ca = 3. Prove that:

1 1 1 1
+ + <=
a+b+4 b+c+4 c+a+4 2

Proposed by Phan Ngoc Chau-Vietnam

2 4 6
5.3237 Let x € R. Prove that: 2022** > 1+ x + "7 + "T + "?

Proposed by Nguyen Van Canh-Vietnam

S.3238 If ] —incenter in AABC then holds:

ZAI > z ’ —
cyc cyc cyc

Proposed by Bogdan Fustei - Romania

$.3239 In AABC the following relationship holds:

22‘/— Zz\/—+\/— NCE 8r2(ZR+r)2 Z\/—

cyc
Proposed by Daniel Sitaru - Romania

$.3240 In any AABC the following relationship holds:

mg 4
2. > g
my (S(ma + m}) + my(6m, + 11mc)) 81R

cyc
Proposed by Zaza Mzhavanadze - Georgia

S.3241 letbet > 0;n € N,n > 2,a,b,x, € R} = (0,00),Vk = 1,n, then:

n n

1
a2-2x£+1+b2-z —5 =2ab-n
x

k=1 k=1"k
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.3242 In any AABC and Yn, m € N, the following relationship holds:

G2+ 1) () RGE A+ - 3n-m+3  pn-m+2
(Tb + Tc)m (rc + ra)m (ra + rb)m - 2m—1

Proposed by Zaza Mzhavanadze - Georgia

$.3243 Compare (without computer): 20232022" and 20222023V
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Proposed by Nguyen Van Canh-Vietnam

$.3244 In AABC the following relationship holds:

Zha(rb +1.—2my) =0
cyc

Proposed by Bogdan Fustei - Romania

$.3245 If x,y,z > 0 then:

“ra) (L) (L) (LY o) s a6
o) \Et ) et ) e T8

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru - Romania

$.3246 If a,b,c > 0,a + b + ¢ = 1 then:
1
Z(a +b) - (a®b?)*** < a? + b% + c2 + a?bPc”
cyc
Proposed by Daniel Sitaru - Romania

$.3247 Let A = 0 fixed. Solve for real numbers equation

V2x — A +Vx + 1 =V5x + 21
Proposed by Marin Chirciu - Romania
$.3248 Let a > 0,1 = 2 fixed. If x > 0 find the maximum of

£ x3 +x
Caxttax3+ A2+ 2)x2+ax+1

Proposed by Marin Chirciu - Romania

$.3249 Ifa,b,c > Osuchthat a+ b + c = Aand A > 0 then find max P

p ab N bc N ca
Vab+Ac +bctlda ~ea+ab

Proposed by Marin Chirciu - Romania

$.32501fx > 0,a > 0,b > 0 solve

ab
V2ax + a2 + +/2bx + b? =(x+7)(

1 N 1 )+ b 4 a
Va+1 Vb+1/ Va+1 Vb+1

Proposed by Marin Chirciu - Romania

$.3251 If x,y,z > 0 and n = 0 then:
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x 3n—-2 +y+
R B UL A A
y Z X 2 y+z

Proposed by Marin Chirciu - Romania

$.3252Ifx,y,z > 0andn = 0,1 = 0 then:

X y z 3nd nx+y+ Az
n<—+—+—)+32 +Z—
y z X A+1 y+Az

Proposed by Marin Chirciu - Romania
$.3253 If x1, X5, ..., X, € R such that x? + x% + ---x2 = 1 find:
max(x1 +2V2x, + - + n\/ﬁxn)
Proposed by Marin Chirciu - Romania

S$.3254 Ifa,b,c > Osuchthata+b+c=3and A > _73then:

z @ +/1>2/1+3(b+b+ )?
Ztp2 = T1g T T

Proposed by Marin Chirciu - Romania

$.3255 If x4, x5, ..., X, > 0 find the minimum of

E=" fip
— VAXz e Tn X, 2x,  4xs 2n-1x,

Proposed by Marin Chirciu - Romania

$.3256 If x4, x5, ..., X, > 0 such that x; + x, + -+ 4+ x;, = 1 find minimum of

2 1 2 1 2 1
P = x1+—2+ X2+—2+"'+ Xn+—2
x? x5 x2

Proposed by Marin Chirciu - Romania

$.3257 If a4,a,, ...,a, = 0andn € N,n > 2 then:

Qay .y + A +aDA+ad)..(1+ah) =1
Proposed by Marin Chirciu - Romania
S.3258Ifa,b,c > 1ora,b,c € (0,1),a,b,c —sides AABC andn € N, then:

(logg, )"> 9
b+c—a a+b+c
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Proposed by Marin Chirciu - Romania
$.3259 If @, b, ¢ > 0 such that — + 2+ = 1and 1> 0then find the maximum of abc.
a+A  b+A  c+A

Proposed by Marin Chirciu - Romania

$.3260If a,b,c = 1 and 1 = 0 then:

z3bc+2a+1> 18
b+ Ac T A+1

Proposed by Marin Chirciu - Romania

$.3261 Let I, I, I be the excenters in AABC. Prove that:

L1.)2 (I.1)% (I,1,)2 R\?
8p£<(bc) +(ca) +(ab) <p( )

R~ b+c c+a a+b " \r

Proposed by Marin Chirciu - Romania

S$.3262 Let a > 1 fixed. Solve for real numbers:

2a 3 )_2a(a+1)

(ax+a)( a—1

a—1
Proposed by Marin Chirciu - Romania

$.3263 If x,y,z > Osuchthatx + y+z =1and 6n = k > 0 then:

y+z
nzT+3k2y226n+k

Proposed by Marin Chirciu - Romania

S$.3264 If a,b,c > 1ora,b,c € (0,1),a,b,c —sides AABCand n € N, then:

log€ n n
(=) =3 (o)
b+c—a a+b+c

Proposed by Marin Chirciu - Romania

S$.3265 Let A > 0 fixed. If a, b, ¢ > 0 such that Vab + Vbc + Vca = 1, find the minimum value of
the expression:
a? b? c?

E=sm hrac T oraa

Proposed by Marin Chirciu - Romania

$.3266 If x,y,z = 1 and a > 1 then
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leoga(ay +a%) <2(xy +yz+ zx)

Proposed by Marin Chirciu - Romania

$.3267 If a4, a3, ...,a, = 0andn € N,n > 2 then:

a,a, ...a, + r{/(l +a)1+a}).A+a}) =21
Proposed by Marin Chirciu - Romania

$.3268 In AABC the following relationship holds:

ah ar,
a <p Sz a
hb+hc Ty +TC

Proposed by Marin Chirciu - Romania

$.3269 In AABC the following relationship holds:

in*Z42 sin4
sin 2+)Lsm 2 3(1+1)

3 7
o= = (———),WhereAZOandnSA}.
14n sinzz 4n+4)\2 R

Proposed by Marin Chirciu - Romania
$.3270If a,b,c, t,v,x,y > 0 then:

a’t+u bit+u c*t+u _ 6tu
+ + >
xb+yc xc+ya xa+yb x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.3271 In any triangle with the area F the following inequality holds:
(a? +2)(a?b? +2) - (b?c* +2) > 144 - F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.3272If x,y,z > 0 then in AABC with the area F the following inequality holds:

x-ad N y - b3 N z-c3 - 6F
(y+2)?2-hy (@Z+x)?%-hy (x+y)>-h. x+y+z

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.3273 If m = 0 and ABC is any triangle then:

a- bm+1 b- Cm+1 c- am+1

>4,32—m, 2
@t2b)™  Brzom  Cr2am s r

Proposed by D.M. Badtinetu - Giurgiu, Claudia Nanuti - Romania
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$.3274 If m = 0 and a is the hypothesis lenght of a right triangle ABC, then:

1 1 1 ) 10m+1

2m+2 2m+2 2m+2y
(a +b tc ) (a2m+2 + pam+z + cZm+z

32m
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania
$.3275 In any AABC having the area F the following inequality holds:
(m§+1)-(mf;+1)~(m§+1)zi—1~F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania
$.3276 Lebe m = 0,x,y,z > 0, then in AABC with the area F the following inequality holds:

Zm+1 . Cm+2

xm+1 . am+2 ym+1 . bm+2
+ + >
y+z2)mt1-hy o (z+ )™ byt (x4 y)mt .

2(V3) " F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.3277 Let ABC be a triangle with the area F, then:

a’ b7 c’ 64

+ + > -F3
xr+y-h, xr+y-h, xr+y-h. x+3y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.3278 If x,y,z > 0, then:

(x?y? +2) - (y?z% + 2) - (z%x* +2)-<ﬁ+ 1).((y+;z)4+ 1)-(ﬁ+ 1) 2%

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.3279 In any AABC with the area F the following inequality holds:
(a?b? + 1)(b?%c? + 1) + (b%c? + 1)(c?a? + 1) + (c?a? + 1)(a?b? + 1) > 64 - F?
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.3280 Let be m = 0 and ABC a triangle with the area F, then:

a- bm+1 b - Cm+1 c- am+1

Y CEY R CEY D

>22-m. (V3)" . F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.3281 In any AABC with the area F and semiperimeter s the following inequality holds:

16
4 4 4 2 2
r,-a*+r,-b*+r.-c*=> -s°-F
a b ¢ 4R + 7

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
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$.3282 If x,y,z > 0 then in any triangle ABC with the area F the following inequality holds:
xa3 yb3 zc3
+ +
y+2hs (@+x)h, (x+y)h.

> 4F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

$.3283 Let be M an interior point in AABC with the area F and d, d,, d. the distances M to the
sides BC, CA respectively AB, then:

a5-b4 bS, 05~a4
> 512F3
ha-d§+hc~d2 he -d2 =

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

S$.3284 Letbem € Nym > 2and a;, > 1,Vk = 1, m. Find:

lim (3@ + 3 + -+ fam —m)n

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.3285 In any AABC with the area F the following inequality holds

1 1 12r
cscBcscC +FCSCC -cscA +ﬁcscAcscB > 7

2
hZ 2 :

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.3286 In any AABC with the area F the following inequality holds:

cotA+cotB+cotC> 3
a? b2 ¢ T 4F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania

$.3287 let ben € N,n > 3,a; € R} = (0,),Vk = 1,n,5, = X.p_; ax and t,u, v,w = 0 such that
t+tu=v+w=2andx,y > 0 withxs, > y max dj. Prove that:
<ksn

n n
ay 2n
2oyt 2 ;
£ (xsy — yak)” & (xsp —ya)” ~nx —y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

$.3288 letben € N,n > 3,a;, € R} = (0,0),Vk =1,nand t,u > 0,t +u=2,x,y >0,

XSp >y MaxX ay where s,, = X}, ay, then:

n n
Z Z ak" - 2n
£ (xsy — yak)“ & (xsp —ya)t ~ nx —y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
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$.32891Ifa,b,c > 0,t,u=0,x,y > 0int +u = 2, then:

at bt ct a* bt c* 6

>
(bx + cy)* + (cx + ay)v + (ax + by)* + (bx + cy)t + (cx + ay)t + (ax +by)t " x+y

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania

$.3290 In any AABC with the area F the following inequality holds:

(ot 2) (v 2) (= +2)>9V§
hohy, hyhe h.hg -~ F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti - Romania

$.3291f a,b,c,x,y,z > 0 then:

a2+b2+cz+ a N b N c - 6
x+y b(bx + cy) ca(cx+ay) ab(ax+by) x+y

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze - Romania
$.3292 If a,b,c > 0,t,u = 0,x,y > 0 with t + u = 4 then

at N bt N ct N at N b* N ct - 6
(bx + cy)*  (ex+ay)*  (ax +by)*  (bx+cy)t (cx+ay)t  (ax+by)t — (x + y)?

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
$.3293If a,b,c,x,y > 0 and abc < 1 then:

1 1 1 3
+ + >
al(xb+yc) b3(xc+ya) c3(xa+yb) x+vy

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti - Romania
$.3294 letbem = 0,a,b,c,d >0anda+ b + ¢ > d, then:

@+d)™  (b+d)™  (c+d)mH
brd™ T erm Taram =4

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania
$.3295If a,b,c,x,y > 0, then:

a b c 3
- + >
bx+cy+th cx+ay+tc ax+by+ta x+y+t

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti- Romania

S$.3296 If m = 0and a, b,c > 0 with abc < 1 then:
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1 1 1 3
+ + >—
a2m+1(b + C)m b2m+1(c + a)m CZm+1(a + b)m —m

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti- Romania
$.3297 If m,n,x,y,z > 0 then:

mx + ny N my + nz N mz + nx
nx+my+(m+n)z (m+n)x+ny+mz mx+ (m+n)y+nz

3
2 —_
2
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu- Romania

S$.3298 If a,b,c > 0, then:

[a+b+[c>2
b+c c+a a+b

Proposed by D.M. Bdtinetu - Giurgiu- Romania
$.3299 In any AABC with the area F and the semiperimeter s the following inequality holds:
(a® + b3+ c3)s >2%.F?
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru- Romania

$.3300 In any AABC with the area F the following inequality holds:

3 3 3 ab bc ca
a®+ b>+c°> = 2F - ct+ v B
(2 02 02
sin> sin?> sin?—

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze- Romania

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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UNDERGRADUATE PROBLEMS

Romanian

Magazine

U.3154

n T n 2n
i J‘m  |sin(x) + sin(3x) + sin(5x) + --- + sin(4051x) p B \/ﬁ .
HTtn—os 1 0 cos(x) + cos(3x) + cos(5x) + --- + cos(405x) x "N &7

=1

Proposed by Amin Hajiyev-Azerbaijan

U.3155 Prove that:

3 (2 (2 sin(2x) sin(2y) sin(2z)
f f f . . . . . . dxdydz =
o Jo Jo 1+ sin?2(x) + sin?(x)sin?(y) + sin?(x)sin?(y)sin?(z)

= Lis (—%) + Lis (g) — Lis G) — Lis (%) + 2Li, (— %) In(2) + %((3)

+ %ln3 (g) + %ln3(2) + %ln2 (g) In(2) — %ln2 (g) In(3)
™ 1n2) + () + 2% (3) — S 1n(2) In?(3
—Zn()+€n( +3n —En( n“(3)

Proposed by Amin Hajiyev-Azerbaijan
U.3156 Find:

Q:TLZ(XZ)dX
0 (x*+1)
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Proposed by Vasile Mircea Popa-Romania

U.3157 Prove:

tanh?(x) A®m25/6 , , , ,
————dx =2ln| ————,A is Glaisher — Kinkelin constant
x cosh(2x) r2 (l) Je
0 4

Proposed by Shobhit Jain — India

U.3158 Find:
1
1
Q= ; dx
28(1-x)" (1+x)
Proposed by Vasile Mircea Popa-Romania
U.3159 Find:
|14
Q=1lim| = [In(L1+e" ) dx
n—o n 0
Proposed by Vasile Mircea Popa-Romania
U.3160 Find:

Q=

x arctan(x) _dx
(x2 +1)(x+1)

o—>38

Proposed by Vasile Mircea Popa-Romania

U.3161 If p,, pp, P — Spieker cevians in AABC then:

16
Pa+vp +0:.<hg+hy+h.+ =3 [max{a,b, c} — min{a, b, c}].

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3162
If p,, pp, P — Spieker cevians in AABC then:

4 a>+b?>+c?—ab—bc—-ca
pa+pb+p62ha+hb+hc+§.

S

Proposed by Mohamed Amine Ben Ajiba-Morocco
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U.3163 If p,, py, pc — Spieker cevians, n,, ny, n, — Nagel cevians in AABC then:

pa_ha+pb_hb+pc_hc>4r (n_a ny neg )

o (Ra Mo e g
Mot hy mp+hy Tm.+h, =35 \h, "R, Th,

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3164 If p,, py, p. — Spieker cevians in AABC then:

2 a?+b*>+c*—ab—bc—-ca
Pa B Pe_ 2
h, " h,  h, 3 F

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3165 If p,, py, p. — Spieker cevians in AABC then:
7
Pa +Dp + 0+ 12r2§(ha+hb + h.)

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3166 If we have the integral, then find a

) E),

() ()

Proposed by Srinivasa Raghava-AIRMC-India

® tanh?(2mx) + 1 sinh(2mx) 7
f 1 ) p dx=3 |5+ ﬁ
-0 cosh(2mx) — 7; sinh (7)

Proposed by Srinivasa Raghava-AIRMC-India

U.3167 Find:

U.3168 Prove the summation:

C (-D"n(@n+3)@n+1) @n+ DI 641
Cn+3)@dn+1) (4n+2)1

40 \/ 2(6409v2 + 9041)

Proposed by Srinivasa Raghava-AIRMC-India

U.3169 If we have the integrals
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es —=

2
3 e dx = glog(P)

X

foo ( 2x 2)2 tanh (g) + tanh(2x)
0

foo< 2x 2)2 tanh (g) + tanh(2x)
0

2
—4x = —l
X e dx =g 0g(Q)

then show that: 2/P Q = ——%—

5x33y/5m2
Proposed by Srinivasa Raghava-AIRMC-India

U.3170 Prove the integral

o (2n_1)n (n-1D" (6n—D!\ J 118 2V3V2 2V2 42
f ;( @)t (4n)! + (6m)!! )x X= e o5

Proposed by Srinivasa Raghava-AIRMC-India

U.3171 Prove the product

, ¢ isthe Golden ratio

- 1 1 2 sin(@) sinh<§(%)>
n=1 (1 B (Zn)4—(2n)2) (1 B (Zn)Z—Zn) TV r(#)p(%z)
Proposed by Srinivasa Raghava-AIRMC-India

U.3172 If we have the sum

n(n+1)

(-1 (1+ 1 1 N 1 )_
L 2n+DZ\ "2n+1 3n+2 4n+3)

then find the value of the expression

i/as —24a7 + 232a® — 1152a® + 3068a* — 39843 + 1328a? + 1536a — 35

Proposed by Srinivasa Raghava-AIRMC-India

U.3173 If we have the integral

foo tanh(mx)+1 smh( )

=32 dx, then evaluate the below expression
— cosh(an)+— smh(7)

i/2430(6 — 14256a* — 31104a3 + 18432«

Proposed by Srinivasa Raghava-AIRMC-India

U.3174 Prove that:
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1f°° cosh(f—zm) 4 :1+\/f—\/§

— X
1+ 2 cosh (Zx \/g) 4

L
Proposed by Srinivasa Raghava-AIRMC-India

U.3175 If we have the integral

B (3)4f°° x3 +x + 1 log3(x)
*= ) Jo x*+x2+1 {x

then prove that 7a? — 2552a — 36491 = 0
Proposed by Srinivasa Raghava-AIRMC-India

U.3176 Prove that:

@ J/tanh(mx) ~ 2 4T
f e ™dx =—— 5
o \4/sinh(mx) + +/cosh(mx) T ¢ (l)
4
Proposed by Srinivasa Raghava-AIRMC-India

U.3177 Prove the integral:

5 2
f (\tanh(x) + 1) (Veoth(rx) + 1) e ™ dx = %Jr w2 (5)
0

3
T2

Proposed by Srinivasa Raghava-AIRMC-India

U.3178 Prove the summation:

- .
Zm(§2)=§ﬁ<3+@—\/ﬁ>

Proposed by Srinivasa Raghava-AIRMC-India

U.3179 Prove the integral:

dx =—

(e2™ + 1) (e% +1) * 2% 5T (3)r (g)2

foo sinh (%x) + sinh(27x) o-mx 1l 3 X 214_3(\/5 — 1)71%
0

Proposed by Srinivasa Raghava-AIRMC-India

U.3180 Prove the Integral:

1 + cosh (”7") 1 + cosh(mx) dx = T 2 T r (1)2

j‘” tanh?(mrx) tanh (%) 2 N 1 log(1 +v2) _ 4r
0
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Proposed by Srinivasa Raghava-AIRMC-India

U.3181 Prove the integral relation:

foo sinh(2mx) — sinh (?) e—n?x \/1_5‘{/51"(%

— dx =log| ———~

S\ iy s e
4

Proposed by Srinivasa Raghava-AIRMC-India

U.3182 Prove that:

cosh( 2—nx>
*® 3 ’277
f dx = (1 - 6) %
- cosh( /3—nx +E>

2 4

Proposed by Srinivasa Raghava-AIRMC-India

U.3183 If we define a through this integral relation:

® tanh?(2mx) + 1 cosh(2mx) ® tanh?(2mx) + 1 cosh(2mx)
f h(2mx) — = cosh (& x=aff h(Zm) + & cosh ()
~o cosh(2mx) — = cos (?) ~e cosh(2mx) + 7 cos (7)

then prove that: a* + 4a3 — 42a? + 36a + 17 =0
Proposed by Srinivasa Raghava-AIRMC-India

U.3184 Prove that:

fo“’ (2 F, (_ rz)

1 ‘x)+ F( 111 _x>+ F(l 11 _x)) xy 5+
;—=ie JFil—=.5.=se Fils —5iose e ¥dx = -+ ——""5——
6 236 27 36 2 257r21"(—§)

N| =
|
[SSRIN T

’

Proposed by Srinivasa Raghava-AIRMC-India
U.3185 Prove the summation:
12
r(3)

o 6D of
Zn(Zn—1)(4n—3)22n_§ —5+1og(8) + NG

n

Proposed by Srinivasa Raghava-AIRMC-India

U.3185 If we define the function 1 (q)
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__ % tanh(4mx)—q .
(@) =[__, Py dx, then prove the relation

Y(q) o*P(q@) ()
o 2q(q—-1) FPE +(2q + DT

Proposed by Srinivasa Raghava-AIRMC-India

U.3186 Prove the integral relation:

foo tanh dx:z:ﬁr(%l)z
° 2w I(3)

Proposed by Srinivasa Raghava-AIRMC-India

U.3187 Prove that:

J-OO tanh (%) + tanh(3mx) cosh (%) e - V2 —

3 V3
— e?mx —1 cosh(2mx) *= NE] +\[4+\/§_7(2+\/§)

Proposed by Srinivasa Raghava-AIRMC-India

1-xye

_ V' _ n_' . _ (11
U.31881f 0, = X%, {(n+ 1) (n! eleJ), %=1y s oG

dx dy
Prove that: Q; — Q, = e, |.]—floor function.
Proposed by Amin Hajiyev-Azerbaijan

U.3189 Find:

3/ tan~lx \°
Q :f — dx
; \x—tan"lx

Proposed by Daniel Sitaru - Romania

U.3190 If

h = fgx n (cosl(x) * sinl(x)) dx; 1, = —[:y In (cosl(y) B sinl(y)) dy

then show that:

Bl

IS
- |

21 9?2
'Ql + 'QZ = a((g) +§11’1(2)

Proposed by Ankush Kumar Parcha-India

U.3191 Find:

124 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

Q=li
e 2n K+ 1
k=0

n+2x (—1)"~2"'k~(2)

Proposed by Daniel Sitaru - Romania

U.3192 Prove the summation:

> ((2n - 1)" 4n—-DM\ 1w log(17 +12v2) VTl G)
Z < 2n) (4n)! >4n 14" 8 " r(3)

n=0 4

Proposed by Srinivasa Raghava-AIRMC-India

U.31931f 0 < a < b then:

) b X2 , .
et +e *+2 dx<e’+e

a In(x +VxZ +1)
Proposed by Daniel Sitaru - Romania

U.3194 Prove the below closed form:

2
f ﬂ ]2 In(sin?(x) + cos?(y)) dx dy = nG — %m 2

Where, G is the Catalan’s constant

Proposed by Ankush Kumar Parcha-India

U.3195 If

® In(x) 1[® n(y) 1(® z2\ In(2)
Q= In(1 2 d —f In{1 j In{1+— d
J;n(+x)x2 x+40 <+4>y xy 90n +9 2 z+

Then show that: Q = 7[{(3) — {'(3)]

Proposed by Ankush Kumar Parcha-India
U.3196 Find a closed form of:

o ((1 — 4x?) sin(mx) — 4 tanh (g) x cos(nx)) csch(rmx)

0= d
_L cos(2mx) — cosh(rm) X

Proposed by Fethi Toubal-Algeria

U.3197 Find:

125| ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

flflfl dx dy dz
Q=
0o Jo Jo Jxyz(1+4x)(1+3x+ 2y + 2)

Proposed by Hikmat Mammadov-Azerbaijan

U.3198 Prove the below closed form:

1 _1-GV2
ZENZ em+n)mw 4 p(m-m)m - 4(1 —e™)
nm

where, G is Gauss’s constant.

Proposed by Ankush Kumar Parcha-India

U.3199 Prove the below closed form

2 (242) __ ™3 3 ., in
fj;o,1]2tan (y+x dx dy 12 +4n3 >

Proposed by Ankush Kumar Parcha-India

U.3200 Prove the below closed form:

V2
ff f+dedy=—(2+w)
[0’1]2 y X 3

where, @ is lemniscate constant.
Proposed by Ankush Kumar Parcha-India

U.3201 Prove the below closed form:
f ee= e oMo dy = —1 + e 1 + y + et
R

where ¢ is Euler — Gmopertz constant, y is Euler — Mascheroni constant, e is Euler’s number.
Proposed by Ankush Kumar Parcha-India

U.3202 Prove the below closed form:

In(x + 2—-1
fff ngxdydz=8\/§1n2—64 (‘/_3 )
0112 =4 VX +Y

Proposed by Ankush Kumar Parcha-India

U.3203 If
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dx d
f f tanh™1 x y) alitd
[0,1]2 (x+y)

Then, show that:

Q:ZIR{LL'2<1+4N§>—L <\/2_\/tl> Li <\/:/;l>}—7lr—;—ln21n3+ln2(2)—inln2

where, R(z) is the real part of complex number, Li,(z) is the dilogarithm of Spence’s function

Proposed by Ankush Kumar Parcha-India
U.3204 If

In(xyz)

Qx,y,2) = vz

Then, show that

ffj;oﬂs Q(xy,z)+m;y’))dxdydz—l<%>\g

Proposed by Ankush Kumar Parcha-India

U.3205 Prove the below closed form:

ff dx dy 7 +1n3 In7 N 5 1 (11)
= - n3 ———+—=sin
[0,1]2 Cc+y)2+x+y)+1 12V3 23 14

Proposed by Ankush Kumar Parcha-India

U.3206 Prove the below closed form:

ff *TYYY xd +2In3
X = — —n
12 x% + (x +y)? +y? Y 12\/_ 4

Proposed by Ankush Kumar Parcha-India

U.3207 Prove the below closed form:

fff N AT —8[\/§—ﬁ+1n<‘/3+\/§—\/§—1>
[0,1]2

Jx+xy +xyz 2

Proposed by Ankush Kumar Parcha-India

U.3208 Prove the below closed form:

LA CRPRLE PP AP PRE
f_];o,l]zl <W+F>dxdy—\/§+21n2 >

Proposed by Ankush Kumar Parcha-India
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U.3209 Prove the below closed form:

3 sinh(x) cosh(x) B
= f 1;0,1]2 In <cosh(y) +— )dx dy =

sinh(y)
1

(B o) () 525

- Z flIn2
gitel\ga)t g T tn

Proposed by Ankush Kumar Parcha-India
U.3210 Prove the below closed form:

f f sinh™(x + y) dxdy = —ln(2 +1/5) — ln(l il \/_) (\/_ V5)
[0,1]2

Proposed by Ankush Kumar Parcha-India

U.3211 Prove the below closed form:

fl nG) 1 f (Z1=iV2)]  In3
o Tt2x+3x2 7 2o P

1 T
— + cos™ 1! (—) ———In3
V2 3 42 3/ 42

Proposed by Ankush Kumar Parcha-India
U.3212 Prove the below closed form:

In(xy) In(x +
ff ne G4y = ST 2@yt 82
[0,1]2 x+y 4 6

Proposed by Ankush Kumar Parcha-India
U.3212 Prove the below closed form:

fff[mf;\/_ \/—dxd dz = 16

\/_+\/_ ——?11’12

Proposed by Ankush Kumar Parcha-India
U.3213 Prove the below closed form:

7 m 1 4 2
ff (x+y)tan‘1(x+y)dxdy=—tan‘1(2)——+—ln(—)——
[0,1]2 3 5/ 3

Proposed by Ankush Kumar Parcha-India
U.3214 If p, — Spieker cevian in AABC then:
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Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3215 If p, — Spieker cevian in AABC then:
64
Pa < h, +E(R —2r)

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3215 If p,, pp, pc — Spieker cevians in AABC then:
25
Pa +Dp + D¢ Sha+hb+hc+?(R—2r)

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3216 If p,, pp, pc — Spieker cevians in AABC then:

PatPpt+Pe _ 3R 2

h, +hy, +h, ~10r 5

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3217 If p, — Spieker cevian, n, — Nagel cevian in AABC then:

s(b —c)? s|lb —c|

S <n —p. <
a(25+a)_na Pa="s1a

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3218 If p, — Spieker cevian in AABC then:

2s(b — c)? 2salb — c|
452 — g2 SPa=Wa= 452 — g2

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3219 If p,, pp, b — Spieker cevians in AABC then:

43

(b+pg + (c+a)pp + (a+ b)p. = Tsz
Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3220 If p,, pp, pc — Spieker cevians in AABC then:
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43

bcp, + capy, + abp, = TS3
Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3221 If p, — Spieker cevian in AABC then:

(b —¢)? - - alb —c|
22s+a) ~Pa" M =500 1)

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3222 If p,, pp, pc — Spieker cevians in AABC then:

s(R—2r)

Po+Pp +DOc=mg+my +m,+ T0R

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3223 If p,, pp, pc — Spieker cevians in AABC then:

9
Pa + Py + e 22 2Rr
Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3224 If p,, pp, pc — Spieker cevians in acute AABC then:

23R 22r

> 4
pa+pb+pc— 10 + 5

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3225 If p,, pp, pc — Spieker cevians in AABC then:

9r(64R — 53r)

(Pa + Py +pc)? = 4s* - =

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3226 Let be AABC with the area F and the other usual notations, and x,y = O withx +y =4
then:

(\/aZX + b2V + b2 4 2 4/ + aZY) : (\/aZV + 2% 4+ /h2Y + 2% +/c?Y + aZx) > 96F2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.3227 In any triangle ABC, with the usual notations the following inequality holds:

a*b?® N b*c3 N c*a’ - 128 g
hy | h, | h, — 3
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Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania
U.3228 In any AABC with the area F the following inequality holds:

3+ a?b? + b%c% + c2a? > 8V3 - F

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania
U.3229 If x,y,z > 0,t = 0 then in AABC with the area F the following inequality holds:

y+z+2t
x+t

Z+x+2t
y+t

x+y+2t
zZ+t

2

T 2

Tp

12 26V3-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania
U.3230 In any AABC with the area F and the semiperimeter s the following inequality holds:

25 +a®b + b%c+c*a = 4V3-F
Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.3231 Let be X and Y be the interior point in AABC with the area F and x, the distance from X to
BC and y, the distances from Y to BC and x;,, x. and y}, y. the analogs of x, respectively y,. Prove
that:

a3 b3 3

+ + > 12F
xa+ya xb+yb xc"‘)’a

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
U.3232 If x, y,z > 0 then in any AABC with the area F the following inequality holds:

(ax+by+cz)2>4( +yz + zx)
ot th) xy +yz + zx

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
U.3233 In any AABC with the area F the following inequality holds:
3s+a*+b*+c*>8V3-F
Proposed by D.M. Bdtinetu - Giurgiu-Romania
U.3234 In any AABC with the area F and semiperimeter s the following inequality holds:
2s+a®+b3+c3=>8V3-F
Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.3235 Let be x,y,z > 0 and ABC a triangle, then:

xa yb zc
+ + >3
+2hs (z+2h, (x+y)h.

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania
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U.3236 In any convexe polygon A4, ... A,,n = 3 with the area F and the sides with the length
ay = ApAii1, k = 1,n,4,,1 = A the following inequality holds:

16F* m
-tan” —
n

ai +a3+-+ap =

Proposed by D.M. Batinetu - Giurgiu, Claudia Ndnuti-Romania

U.3237 If M is an interior point in AABC and d, d}, d are the distances of point M to the sides
BC,CA, AB, then:

a’b b2 b c’a
db dc da

> 24F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Ndnuti-Romania

U.3238 If m = 0, then in any triangle:
(@3M+1 4 p3MHL 4 (3MAL)(gmA3 4 pmA3 | omi3) 5 qemAl, gl-m p2m+2
Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti-Romania

U.3239 If the sequence (a,)ps1 is convergent and lim a, = a € R* and it exist

n—-oo

lim n(a, —a) = b € R* such that:

n—oo
lim (a,41a, —a?) -n = 2ab
n—oo

Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3240 If f: R} - R} = (0, o) is a continuous function such that lim f(;:rl))
X—00

tim (G + DY~ (F@))

a > 0. Find:

Proposed by D.M. Bdtinetu - Giurgiu-Romania

U.3241 Let be (iy)ps1,in = —2Vn + X0 1\/_the sequence of Andrei G. loachimescu with

. , . . 1 -
i, =i, € (—2,—1) where i, is loachimescu constant and H,, = ﬁzlg,Vn € N*. Find:

lim effn - (i,, — iy)?

n—-oo
Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3242 Letbe s,t > 0 and (a,,)ns1, (bn)n>1 Sequences of real strictly positive numbers such that
lim 2 = g > 0, lim Z”“ = b > 0. Find:

n—oo apnstt n—oo bynt
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lim <n+i/an+1bn+1 _ vanbn>

(n + 1)s+t ns+t

n—-oo

Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3243 Let be (in)nay, in = 2V + iy -,

with lim i,, = i, € (—2,—1) where i, is loachimescu constant. Find:

n—oo

vn € N* the sequence of “Andrei G. loachimescu”

lim (i,, — ig) - Vn
n—->oo
Proposed by D.M. Bdtinetu - Giurgiu -Romania

n
U.3244 Let be (a,)n>1,an € RL = (0,00) such that a,.q = a, + g,Vn € N*. Find:

lim < ny1  An )
nooo \ n+1 [_an+1 n[_an
Proposed by D.M. Bdtinetu - Giurgiu -Romania

1

U.3245 Let be (i) a1, in = —2VN + Xk=1 7

the sequence of loachimescu constant

i = lim i, € (—2,—1). Find:

n—oo

lim (i, —iz)? n

n—-oo
Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3246 Let be s,t = 0 and (a,)ns1, (bn)n=1 sequences of real strictly positive numbers such that
lim -2 = g > 0, lim 2L = b > 0. Find:

n—oo apnstt n—oo by'nt -
n+1 n
lim ( \/an+1 : bn+1 _ \/an : bn)

(n + 1)s+t ns+t

n—oo

Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3247 Let be (a,)ps0,an > 0,V € N*,aq = a; suchthata,,; = 3/a$l+1 +a2,,,vn = 1land

(b)ps1 - by > 0,¥n € N* with lim 222 = b > 0. Find:
b

n—-oo NbHn

. an
lim

n—-oo 7Vb—n
Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3248 It is known that “Andrei G. loachimescu sequence” (i,,),,»;With lim i,, = i, = (loachimescu
n—-oo

constant). Find:

lim v - (iypq - iy — i2)

n—-oo
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Proposed by D.M. Bdtinetu - Giurgiu -Romania
U.3249 Let be (i)ps1,in = —2Vn + X0, N < the sequence of the constant i, of loachimescu,

namely lim i, = i,. Find:

n—oo
lim (ln+1 —i3)-An!
Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3250 Let be (Vp)ns1,Vn = —Inn + ZL‘:l%the sequence of the constant y of Euler — Mascheroni
and (a,),s1 a sequence of real numbers such that lim a,, = a € R* and
n—-oo

lim n (a,, —a) = b € R*. Find:

n—oo

lim (apy, —ay)n
n—->oo

Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3251 If (i,,) 51 is loachimescu sequence i, = —2vn + X 1\/_ with 11m iz = loachimescu

constant, find:
Jim (i yln g in = i3)-vn
Proposed by D.M. Bdtinetu - Giurgiu-Romania
U.3252 If (a, )1 is a sequence of real strictly positive numbers such that:

apy1(n+ D™ = q,n", vn € N*. Find:

im (**@rs — /)

n—-oo
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
U.3253 Let (a,)n=1, (bp)ns1 Sequences of real strictly positive numbers such that:

Any1 = Ap + by, Vn € N*and lim b, = b > 0. Find:

n—-oo

lim ( Ant1  Gn >
n—oo \ n+1 /—an+1 n /_an
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3254 If s,t > 0 and (a,)p>1,a, > 0,Vn € N* and lim a’;“ = a > 0. Find:

n—-oo N°An

7%1_{2, “a, - (y, —y)etn where H,, = 71::1%»]% =—Inn+H,

Proposed by D.M. Badtinetu - Giurgiu, Mihaly Bencze -Romania

134| ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

U.3255If a,b > 1 find:

lim ("Va - Vb - 1) - ¥n!

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3256 Let s,t = 0 and (a,)ns1, (bn)n=1 Sequences of real strictly positive numbers such that

lim 522 = g > 0, 1im%= b > 0.Findifs + t = 1, then:
n—oo n n—oo Un

ab -t
lim %/ - ("*Yburs - Vbr) =

n-—-oo e

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3257 If (a)p>1,an € R} = (0,00) and a1 = ap + nsing,Vn € N*. Find:
Ai_r)rgo(an+1 ' n+\1/ An+1 — An - n\/ an)
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3258 Let be s = 0 and (ay)ns1, an € R} = (0,0),¥n € N* with lim a”—zl =a > 0. Find:

n—oo dp'n
n+1 n
lim < VOn+1 o/ an)

n+1)s ns

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3259 If (ay)ps1, @y > 0,¥n € N* and lim 222 = g. Find:
n—-oo

n2a,

lim n+\l/ any1 — 1Va—n
noc L/(2n — 1)1

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania

U.3260 If (a,)ns1,an € RY = (0,00) and apyq = ap + ntan%,‘v’n € N*. Find:

; n+1 n
lim (an+1 N On+1r T An Y an)
n—-oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3261 Let be u, v > 0 and the sequences (a,)ns1, (Hy)ns1, @n > 0,Vn € N*, H,, = }(‘:1%,

lim 2L = g > 0. Find:

n-ooo Ap-n%

1 T
lim e+v)Hn . - sin—
N oo "fa. nv

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
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U.3262 Let be (a,)ns1, (bn)ns1 Sequences of real strictly positive numbers such that

Ap+1 = Ap + by, Vn € N* and lim b, = 1. Find:

n—-oo
rli_r)lgo(an+1 ' n+\1/ An+1 —An - TVa_n)

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania
U.3263 Let be (a,)n>1, an = n! and (by)ns1, (Cn)ns1 Sequences of real strictly positive numbers

such that lim b"—;l =b >0, lim 2 = ¢ > 0. Find:

n—oo N-OHn n—oo N-Cp

. n+1Apiqbpyr (A - by
lim -
n-o Cn+1 Cn

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3264 Let t € R} = (0, ) and the sequences (a,)n>1,a, € R}, Vn € N* with

. ay, 1
T{l_r)rgoﬁ =a>0and (Hy)ns1, Hy = Zﬁﬂz. Find:

e(E+DHny1 _ o(t+1)Hy

lim

n—-oo 7Va_n
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania

U.3265 Let be (a,),>1 a sequence of real strictly positive numbers such that:

lim & = g > 0. Find: T{i_r){)lo(”“,/anﬂ - '{/a—n) - Wn!

n-oo Qan

Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania
U.3266 Let be (a,),>1 a sequence of real strictly positive numbers such that:

lim 22 = ¢ > 0. Find:

n-oo an
Am(“*i/anﬂ —"a,) -\ (@n -1
Proposed by D.M. Bdtinetu - Giurgiu, Neculai Stanciu -Romania

U.3267 If a € (1, ) then find:

lim (asm%7T - 1) - (n)?

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania
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U.3268 Let be (Hy,)ps1, Hy = Ll% and (a,),>1 a sequence of real strictly positive numbers such

that a4 = a,, - e, vn > 1. Find:

_ < n+1 n )
lim -
e n+\1/ An+1 n\/ an
Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3269 If (H,)ps1, Hy = ﬁ=1% and (a,)ns1 is a sequence of real strictly positive numbers such

that a4, = a, - ef,vn € N*. Find:

lim (nH\/ An+1 — ri/a_n)

n—-oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3270 Let be (a,)ns1, an = n!and (by,)ns1, by > 0,Vn € N* with lim % =b > 0,wheret > 0.

n—oo bn'n

Find:
n-o b1 by
Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania
U.3271 Find:

("“ ((n+ D))" - ':/(n!)2>
lim

n—oo n

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3272 Letbe t = 0 and (a,)ns1, (bp)ns1, an = nl, b, = (2n — 1. Find:

1
. n+1 n
7}1—{20( \/an+1'brtz+1_\/an'brtz>'ﬁ

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3273 Let be t € N* fixed. Find:

) (n+1 /—(n n 1)!)t+1 _ (W)t+1
m
noe (",/(Zn — 1)!!)t
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Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3274 Find:

("Va+ 1)!)2 — (Y1)’
lim
neo "[2n — 1)1

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3275 Let be (a,)ps1, an = n!and (by)ns1, by > 0,¥Vn € N* and lim 2Pnt1 — b > (. Find:

n—-oo n

n+1 n
lim a?,, bp1— [aZ-b
N0 n+1 n+1 n n

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3276 Let be (a,)ns1, an = Yn!,¥n € N* and (b,) ns1, (Cn)n=1 With by, ¢, > 0,¥n € N* such that
lim 222 = p > 0, lim 252 = ¢ > 0. Prove that:

n—-oo N0 n-oco Cn
bc
lim (™Y aniq  bpsq Choq — /@y by - Cp) = —
n_)oo( \/ n+1 " On+1 " Cn+1 \/ n " On n) e

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3277 If ()52, @n = 0!, ¥n = 2 and (by)ps1, by > 0,¥n > 1and lim Int1™ — > 0. Find:

n—-oo n

b
lim (af41 "y bns1 — a3 1Vb—n) =3

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

2,
U.3278 Let be a, = ¥n!,¥n = 2 and (b,)) 51, by, > 0,V = 1 with lim 2222 = b > 0. Find:

n—-oo n

lim /b, - (a1 — b})

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

n+1 /((n n 1)!)t+1 _n (—(n!)“_l
lim

n-o nt

U.3279 Let be t > O fixed. Find:

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru-Romania

U.3280 Let be (@) ns1, @y > 0,Vn € N* such that lim 222 = g > 0. Find:

n—-oo Qan
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711_1)1;10 <"+1\/((n + 1)!)2 “Any1 — n\/ (n!)zan)

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3281 Let be s > 0 and (@,) 21, a4y > 0,Vn € N* such that lim —2— = g > 0. Find:
n-—

oo nStlq,

1
lim (nH\/ An+1 — rva—n) ns

n—oo

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3282 Let be (H,,) s, Hy = 2;;:1%. Find:

lim (— In Vn! + Hn)

n—-oo

Proposed by D.M. Bdtinetu - Giurgiu, Daniel Sitaru -Romania

U.3283 If m = 0 then in any triangle ABC with the area F the following inequality holds:

m+2 b‘m+2 m+2

a c

Gron T eran tarpm 22 V3F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3284 Let s > 0 and (a,)ps1, @y > 0,¥n € N* such that lim —22 = g > 0. Find:
n—oo

nstia,
n-oow \ (n+ 1)$ ns

Proposed by D.M. Bdtinetu - Giurgiu, Mihaly Bencze -Romania

U.3285 If x, y,z > 0 then in any triangle ABC with the area F the following inequality holds:

a* b* *
x—2+F+Z—2+4(xy+yz+2x)216\/§-F

Proposed by D.M. Bdtinetu - Giurgiu -Romania

U.3286 If a,b,c,x,y > 0 then:

+ +y)b +
xb + yc xc +ya xa +yb

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3287 If x,y > 0 and ABC is a triangle with the area F then:

(xz+yz)-(az+b2+cz)28xy'\/§-F+Z:(xa—yb)2

cyc
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Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.3288 Let be (a,)n>1, (bn)n=1 sequences of real strictly positive numbers such that

N-bpiq

= b > 0. Find:

n+1 n
lim a?. , by, — |aZb
Nooo n+1 n+1 n“n

Proposed by D.M. Bdtinetu - Giurgiu -Romania

lim 22 = ¢ > 0, lim

n—oo N-an n—-oo n

U.3289 Let be s > 0,t = 0 and (a,),>1 a sequence of real strictly positive numbers such that

lim £ = g > 0. Find:

n-oco Qan

lim (nH\/ An+1 — rva_n)

n—oo
Proposed by D.M. Bdtinetu - Giurgiu -Romania
U.3290 In any triangle ABC with the area F, the following inequality holds:

a? b? c?

70 et Tharn

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.3291 Let be x,y > 0 and ABC a triangle, then:

a N b N c - V3
(bx +cy)? (cx+ay)? (ax+by)?  (x+y)*-R

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3292 If m = 0, then in any triangle ABC with the area F the following inequality holds:

m+2 b‘m+2 Cm+2

a
et o 2 4V3-F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania

U.3293 In any triangle ABC with the area F the following inequality holds:

( 1 1 1

(a+b)2+(b+c)2+(c_|_a)2)'(a4+2)'(b4+2)(c4+2)227.\/§,F

Proposed by D.M. Bdtinetu - Giurgiu, Claudia Nanuti -Romania
U.3294 Ifn,, ny,n. — Nagel cevians in AABC then:

Ng—mg Np—m, n.—m, a*+b*>+c?>—ab—bc—ca
+ + >
hy h, h, 2F

Proposed by Mohamed Amine Ben Ajiba-Morocco
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U.3295 If n,, ny, n, — Nagel cevians in AABC then:

ng? +ny? +n % — s?

2s

nNg+ny,+n.z2mg+m,+mg+

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3296 If n,, n,, n. — Nagel cevians in AABC then:
Ng+ny, +n, = 25—3(2\@-3)7’

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3297 If n,, n,, n, — Nagel cevians in AABC then:
(ng, +n, +n.)? = 9s2 — 80Rr — 2r?

Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3298 If n,, n,, n. — Nagel cevians in AABC then:
NgNp + NpNne + neng = 3s? — 32Rr + 1072
Proposed by Mohamed Amine Ben Ajiba-Morocco

U.3299 If n,, n,, n, — Nagel cevians in AABC then:

2v/3 -3
————.(hg+hy +h,) =2s

ng+n, +n,+ 3

Proposed by Mohamed Amine Ben Ajiba-Morocco
U.3300 If n,, ny, n. — Nagel cevians in AABC then:
3(ng +np + n.) +9r = 4(my, + my, + m,)

Proposed by Mohamed Amine Ben Ajiba-Morocco

All solutions for proposed problems can be finded on the
http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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PROBLEMS FOR JUNIORS

JP.586 If a, b, c are sides of acute AABC and

2 1 4 1
a?+c2—b? b +c2—a? c2+a?-b?

then: tan? B > tan A - tan C
Proposed by Daniel Sitaru - Romania
JP.587 If x, y > 1 then:
In(xy) - 2In(xy) +1) > 4(lnx\/m + lny\/m)
Proposed by Daniel Sitaru - Romania
IP.5881f a,b,c,d > 0,abcd = 1then: abtctdpcrdtacdtatbgatbte < q

Proposed by Marin Chirciu - Romania

JP.589Ifa,b,c >0and 1 < A < 2 then:
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a(b + c)? <a2+b2+c2
Aa+b+c™ A-1

Proposed by Marin Chirciu - Romania

JP.590 If a, b, c > 0 then:

(b + c)? 1 1 1
3
2a3+bc(b+c) " a b c

Proposed by Marin Chirciu - Romania

JP591Ifx,y,z>0,x+y+2z=1and A > 26 then:

A+1
x +y +Z +Axyz<7

Proposed by Marin Chirciu - Romania

JP.592 Solve for real numbers:

2 +37 +57 =10

1
{k\/x2+yz+z2 /—+— — - = y——| |z——|

Proposed by Daniel Sitaru - Romania
JP.593 Solve for real numbers:

x2 N 2 _ 4x
X2+4Vx+2 2+x/x+2 5x+2

Proposed by Daniel Sitaru - Romania

2022 2024, — _1

X = 2022

JP.594 Solve for real numbers: sin X - COS

Proposed by Daniel Sitaru - Romania

JP.595 Find x,y,z > 1 such that:

I ST Y
=— 0g, X
i logsx+log3y+log3z 27 B2

cyc
Proposed by Daniel Sitaru - Romania

JP.596 In acute AABC,AA’, BB’,CC' - are altitudes, C' € (AB), B’ € (AC),

{H} = BB' n CC' and E, F are middle points of [BH], [AC] respectively. Prove that:

4EF? > (EC' + EB')?> + (C'F + B'F)?
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Proposed by Marian Ursdrescu, Floricda Anastase - Romania
JP.597 Let ABCD be an convex quadrilateral, A € R and M, N be such that
AN = 1-AB,DN = A- DC,AD = 3 - BC.Find 4 € R such that MN = 7 - BC

Proposed by Marian Ursdrescu, Floricd Anastase - Romania
JP.598 Let n > 4, and let a4, a,, ..., a,, be nonnegative real numbers such that
a, =a, =--=a,anda,a, + aaz + ---+ a,a; = n. Prove that:

t 1 1 _n
2a; +5 2a,+5 2a,+5 7

Proposed by Vasile Cirtoaje - Romania

JP.599 Prove that 3 is the largest positive value of the power k such that the inequality

1 1 1 K X K
—+—+t+—>ak+ak+ - +ak
a; a; a,

holds for n > 2 and any positive real numbers a4, a,, ..., a,, with at most one a; < 1 and
ai + a3+ +a=n.
Proposed by Vasile Cirtoaje - Romania

JP.600 Calculate the limit of sequence (a,),>; defined by the following relationship:

1
12 .
an —_— ln(l + en‘arcsmx) dx
njy

Proposed by Vasile Mircea Popa - Romania

PROBLEMS FOR SENIORS

SP.586 Solve for real numbers:

(Jx+y—+x) (w/xz +xy + 1) = xy

x+y+z=3
k(\/m—\/;)( y2 + yz + 1):xy

Proposed by Daniel Sitaru - Romania
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SP.587 Let a, b, c be sides in AABC. If tan B = 2; tan C = 3 then:
2F
a’ + b? +c% > ?(3\/5+ 3V5 + 210 — 11)

Proposed by Daniel Sitaru - Romania

SP.588 For given n > 3, prove that 2 is the least positive value of k such that:

1 N 1 bt 1 "
ka;+1 ka,+1 ka,+1 k+1

for any positive real numbers a; with at mosttwo a; > 1and aa, ...a,, = 1.

Proposed by Vasile Cirtoaje - Romania

SP.589 Prove that 4 is the largest positive value of k such that the inequality

1 1 1
—+—+—=>ak+ bk +c*
a b c

holds for any positive real numbers a, b, c with at most one of them less than 1 and
a+b=c=a*+b*+c*
Proposed by Vasile Cirtoaje - Romania

SP.590 Solve the following system in integers (x,y,z) € N* X N* X Z

x3-y2+2z=0
x*+y*+22 =179

Proposed by Said Attaoui -Algeria

SP.5911f a, b, c > 0,a® + b8 + ¢® < 768 then:
1 1
Y s
4+a5 2
Proposed by Marin Chirciu - Romania
SP.5921Ifa,b,c > 0and n € N,n > 2 then:
Za" b" + c* > V2(ab + bc + ca)

Proposed by Marin Chirciu - Romania

SP.593 Solve for real numbers:
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(sinx + cos y)? = (sinx + 1)(cosy — 1)
Proposed by Daniel Sitaru - Romania

SP.594 Find x, y > 0 such that:
y
2 _ ) 2
In“(xy) = In(xe) (ln e)
Proposed by Daniel Sitaru - Romania
SP.595 Solve for real numbers:
tan2x + tan 3x + tan 5x = tan 2x - tan 3x - tan 5x

Proposed by Daniel Sitaru - Romania

SP.596 Solve for real numbers:

1
(sin? x = 2 + sin?(y — z)

1
{sin?y = §+ sin?(z — x)

1
\sinz z=¢ + sin?(x — y)

Proposed by Daniel Sitaru - Romania

SP.597 Let a, b, c, d be positive real numbers with Y a > ) i Prove that:

Z a+b+c—d 4(ab+ac+ad+bc+bd+cd)

S —
a*+b*+ c*+ abcd ~ 3 abc + abd + acd + bcd
Proposed by Huseyin Yigit Emekci -Turkey
SP.598 Let x, y, z be positive real numbers. Prove that:

x3 +9xy?  y3 + 9yz? N z3 + 9zx? 12xyz(x + y + z)
z3+x%y  x3+ylz  y3+zix x3y+ydz+ z3x

Proposed by Huseyin Yigit Emekci- Turkey
SP.599 We consider the function f: D - R

3
X+

fx) = xf “tarcsin (%) dt

where D is the maximal domain of the function.

146 ROMANIAN MATHEMATICAL MAGAZINE NR. 48



Romanian Mathematical Society-Mehedinti Branch | 2026

a. Find the domain D
b. Show that the function f(x) is even

c. Calculate lim f(x)

X——00

Proposed by Vasile Mircea Popa - Romania
SP.600 Let a, b,c,d, e, f, g be real numberssuchthata>b>c>d>e > f > g and
a+b+c+d+e+f+ g=0.Prove that:
a’+b*+c*+d*+e*+f*+g*=>2(ab+bc+cd+de+ef +fg+ga)

Proposed by Vasile Cirtoaje - Romania

UNDERGRADUATE PROBLEMS

0

UP.586 If A € M, 1(R); B € M;,(R); A- B = (8

0 .
1) then find B - A.

Proposed by Daniel Sitaru -Romania

UP.587 Let a, b, c be positive real numbers such that at most one of them is less that 1 and
ab + bc + ca = 3. Prove that:

abc(a+ b+ c)? <27
Proposed by Vasile Cirtoaje - Romania

UP.588 If a > 0 then:

ax axz ax3 2 axZ 3
9

Proposed by Daniel Sitaru - Romania

UP.589If X,Y,Z € M,(C) are matrices such that:

X=2Y+Z
{XZ =4Y +4Z then: X20%24 = 22024 .y | 2024 . 22023 . 7
X3 =8Y+12Z

Proposed by Daniel Sitaru - Romania

UP.590If A, B € M,(R); A- B = B - Athen:
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det (A4 + B*+ AB(A% + AB + BZ)) >0

Proposed by Daniel Sitaru - Romania

—,l;lggnz\/ kt1)

Proposed by Daniel Sitaru - Romania

UP.591 Find:

UP.592 Solve for real numbers:

cosx+cosy+cosz=1
cos’x + cos’y+cos?z=1
cos3x+cos3y+cos3z=1

Proposed by Daniel Sitaru - Romania

UP.593 For b > a, prove that:

f”(x+ 1)3 -

x b3 +1
e dxsb—a+ln< >

a at+1
with equality if and only if a = b.
Proposed by Huseyin Yigit Emekci -Turkey

UP.594 Solve the system

(x-2y+z+2=k% with3<k<11

4 x* +y% + 2% = 109659
| —x* + y% 4+ 2% = 80929
k 3<x<y<z x,vy,z€N.

Proposed by Said Attaoui -Algeria

UP.595 We consider the function u: R — R, periodic with period 2. For the period
[0,27] we have: u(x) = 0if x € [O, g);u(x) = —cos(x)ifx € E,g?”);u(x) =0ifx €
[3?”, Zn). Prove the equality:

“ u(x) T e’+1 1
f dx =——+ arctan (E)
0

1+x2 " 4e 2e
Proposed by Vasile Mircea Popa - Romania

UP.596 If x > 0,y > 0,z > 0 prove that there exists u > 0 such as
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sinxsiny +sinysinz +sinzsinx sinu

xy+yz+ zx u
Proposed by Cristian Miu - Romania
UP.597 Find the following limit:

L= 1111_)r5)10< - lim <Z sin(k + 1) ))

0

Proposed by Marian Ursdrescu, Floricd Anastase - Romania

UP.598 Find the following limit:

1 = X
L=lim|- 1lim Y 3k 1sin3—|,aeR
x-0\ X n—»ook_1 3k

Proposed by Marian Ursdrescu, Floricd Anastase - Romania

UP.599 Calculate the integral:

j‘ arccot(x)
A/ —cos(x

In this problem we will consider that definition of the function arccot(x) which has the
image the interval (0, ).

Proposed by Vasile Mircea Popa - Romania
UP.600If 0 < a < b then:

b
a® + Sf sinh x - arcsinh x dx > b3
a

Proposed by Daniel Sitaru - Romania
All solutions for proposed problems can be finded on the

http//:www.ssmrmh.ro which is the adress of Romanian Mathematical
Magazine-Interactive Journal.
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NOTA: Pentru a publica probleme propuse, articole si note matematice in RMM puteti trimite
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