
 
In 𝚫𝑨𝑩𝑪 the following relationship holds: 

𝒉𝒂 + 𝒉𝒃
𝒂

+
𝒉𝒃 + 𝒉𝒄

𝒃
+
𝒉𝒄 + 𝒉𝒂

𝒄
≥ 𝟔√𝟑 ⋅

𝒓

𝑹
 

Proposed by Nguyen Hung Cuong – Vietnam  

Solution by Daniel Sitaru – Romania  

Lemma: In 𝚫𝑨𝑩𝑪 holds: 

𝒉𝒂𝒉𝒃𝒉𝒄 ≥ 𝟐𝟕𝒓𝟑 

Proof: 

𝒉𝒂𝒉𝒃𝒉𝒄 =
𝟖𝑭𝟑

𝒂𝒃𝒄
=
𝟖𝑭𝟑

𝟒𝑹𝑭
=
𝟐𝑭𝟐

𝑹
=
𝟐𝒓𝟐𝒔𝟐

𝑹
 

𝟐𝒓𝟐𝒔𝟐

𝑹
≥ 𝟐𝟕𝒓𝟑 ⇔

𝟐𝒔𝟐

𝑹
≥ 𝟐𝟕𝒓 ⇔ 𝟐𝒔𝟐 ≥ 𝟐𝟕𝑹𝒓 

𝟐𝒔𝟐 ≥
𝑮𝑬𝑹𝑹𝑬𝑻𝑺𝑬𝑵

𝟐(𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐) ≥ 𝟐𝟕𝑹𝒓 

𝟑𝟐𝑹𝒓 − 𝟏𝟎𝒓𝟐 ≥ 𝟐𝟕𝑹𝒓 ⇔ 𝑹 ≥ 𝟐𝒓   (Euler) 

Back to the problem: 

∑
𝒉𝒂 + 𝒉𝒃

𝒂
𝒄𝒚𝒄

≥
𝑨𝑴−𝑮𝑴

𝟑√
(𝒉𝒂 + 𝒉𝒃)(𝒉𝒃 + 𝒉𝒄)(𝒉𝒄 + 𝒉𝒂)

𝒂𝒃𝒄

𝟑

≥ 

≥
𝑪𝑬𝑺𝑨𝑹𝑶

𝟑√
𝟖𝒉𝒂𝒉𝒃𝒉𝒄
𝟒𝑹𝑭

𝟑

≥
𝑳𝒆𝒎𝒎𝒂

𝟑√
𝟖 ⋅ 𝟐𝟕𝒓𝟑

𝟒𝑹𝒓𝒔

𝟑

= 𝟑 ⋅ 𝟐 ⋅ 𝟑𝒓 ⋅ √
𝟏

𝟒𝒓𝒔

𝟑

=
𝟏𝟖𝒓

√𝟐𝑹𝟐𝒔
𝟑 ≥

𝑬𝑼𝑳𝑬𝑹
 

≥
𝟏𝟖𝒓

√𝟒𝑹 ⋅
𝑹
𝟐 ⋅ 𝒔

𝟑
=

𝟏𝟖𝒓

√𝟐𝑹𝟐𝒔
𝟑 ≥

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪
 

≥
𝟏𝟖𝒓

√𝟐𝑹𝟐 ⋅
𝟑√𝟑
𝟐 ⋅ 𝑹

𝟑
=

𝟏𝟖𝒓

√(𝑹√𝟑)
𝟑𝟑
=
𝟏𝟖𝒓

√𝟑𝑹
=
𝟏𝟖√𝟑𝒓

𝟑𝑹
= 𝟔√𝟑 ⋅

𝒓

𝑹
 

Equality holds for 𝒂 = 𝒃 = 𝒄. 


