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Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—c;then:a=y+zb=z+x,c=x+y

y/ yZ
=mand—2=n
X

and s = x + y + z and furthermore, we denote : y o
and then, we have the following set "’S" of relations : y? + z? = x*(m? — 2n),
y3 +z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),
y®> + 2% =« (m((m2 —2n)% + n? — nmz)),y6 + z% = x6((m® — 3nn)? — 2n3),

2a® + bc
2
(Reference : Solution to Inequality in Triangle — 316 by Dang Ngoc Minh; )
_4s(s—b) + (c— a)’> +4s(s—c) + (a—b)? + 2(2a? + be) ;
= 2 <
s?2 —7Rr + 3r? h +h)2_s3—7Rrs+3rzs A2 (1 N 1 N 2)
16r2 b T Ted 16r2 "S\b2 "2 " be

and now, (my, + m.)? < m? + m? +

?

o 4(y+1z) Zx +(Z-—x)%+(x—y)? +2(2(y+z)2 + (z+x)(x+y)) <
cyc
(x+y+z)(2x+y +2)? s 7
Z+ 02+ )2 ((x +y+z) — Z(y +z)(z+x)(x+y)+ 3xyz)
o 4x5(y+z) —4x*(y+2)? + 16x*.yz — 3x3(y + 2)% + 4x3.yz(y + z) +
26x%(y% +22)? — 112x2.y?2? + 4x%. yz(y? + z%) + 25x(y® + z°) +
30xyz(y3 +z3) — 51x.y%z%(y + z) + 4(y® + z%) + 17yz(y* + z*) — 4y?z%(y + z)3

?
—26y3z3|>|0 and via set of relations "’S”, to prove (1), suffices to prove,
®

o1 02

(36m2 + 16m + 16) n?> + (7m* + 95m3 + 100m2 — 4m — 16) n —

03

(4m® + 25m> + 26m* — 3m3 — 4m?2 + 4m)=O; now, discriminant,@ =

®

n

0% + 46,063 = (m + 1)2(m + 2)2 (625m* + 1436m3 — 716m? — 96m + 64) &

1 379
n= E((1875m2 +5558m + 1349)(3m — 1) + 379 — 56m) > 0form < 2
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379
&p=(625m? + 2686m + 4031)(m — 1)? + 5280m — 3967 > 0 when : m > 6

[6]> 0V m > 0 and so, in order to prove (2), it suffices to prove :

? ?

261.0| < |- 6, + V8 AND 26110 > |- 6, — V8

(m) (n)
AM-GM m? m?z ?

Sincen < =" to prove (m), it suffices to prove : o;. > <-o0,+V8

& (m+2)2(25m? + 3m — 4) < V8 and it’s trivially true if :
25m? + 3m — 4 < 0 and when : 25m? + 3m — 4 > 0, then it suf fices to prove :

(m+2)*(25m? +3m—-4)2 < (m + 1)?2(m + 2)*p &

4m(m + 2)%2(m — 2)2(9m? + 4m + 4) > 0| - true; also,26,.n+ V8 > /8

A=-128<0
jog +4(36m? + 16m + 16). m(m + 1)2 <4m3 +17m? — 12m + 4) > |o2

my, + m, (™ Vs2 — 7Rr + 3r2
> —0, = 264.n > —0; — V8 =~ (m), (n) true - b £ <

hb'i‘hC - 4r
Vs2 — 7Rr + 51r2 5 ! ) 5 ! )
Let O = ar and then : 84 > 4 © s“ — 7Rr + 51r“ > 64r
mb+mc

- true via Gerretsen and Euler . 6 > 2 > (mm) and lett = ———
hy + h,
1~ ? ?
and then : t+¥S 0 @2t§9+\/92 —4AND 2t > 6 — 0z -4

O] (ii)

via(m) +/s2 —7Rr+3r2 ? Vs2— 7Rr+ 51r2 VsZ — 7Rr — 13r2
Now,2t < 2. < +

4r 4r 4r

squaring

?
&  s%2—7Rr —13r? <./(s2 — 7Rr — 13r2)(s2 — 7Rr + 51r2)

? Gerretsen and Euler
& s?2 — 7Rr — 13r? < s? — 7Rr + 51r? ( s?2 —7Rr — 13r? > 0)
? ?

- true = (i) is true; again,2t >2>0-/02-40>-4>02-40+4 -
. . 1 Wy + W, my + m,
truevia (mm) = (ii) true ~t+-<0&let ——=a=>21& ——=3=>1

t hb+hc Wb+Wc
1 1 1 . 1.
then:(a+&>,<ﬁ+ﬁ>£t+¥ '-'ﬂ,BSththa,B,tZ1&k+ElsTon[1,00)
( +1>( +1)<t+1& { 1 +1}<t+1<\/sz—7Rr+51r2
~la a'B g) < ¢ SO, max a,B B = i ar

VAABC," =" iffa=b = c(QED)



