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In any A ABC the following relationship holds :

3r W,. /1 m,../I
2 —_ a a a a 3 (_3

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

?  s%2 squaring ((b—c)?2+4s(s—a)\ rs ? s*
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ma'\/r_a_S\/B_r < < 4 S—a>27r
(b—c)?+4s(s—a) ; st(s—a)
4 ~27(s—a)(s—b)(s—0¢)

e 4(x+y+z)t 227yz((y—z)2+4x(x+y+z))
x=s—ay=s—-bz=s—-c2a=y+zb=z+x,c=x+y
( ands=x+y+z )
e 4x* +16x3(y + z) + 24x%*(y + 2)? — 108x%.yz + 16x(y + z)3 — 108xyz(y + z)

+4((y + 2)? — 2yz)? + 70x%y2z% — 11yz((y + )% — 2yz) = 0
& 4x* + 16x3(mx) + 24x*(mx)? — 108x%. nx? + 16x(mx)3 — 108x. nx?(mx)

+4((mx)? — 2nx?)? + 70x%.n2x* — 11nx%((mx)? — 2nx?) > 0

+z z ?
(y = m and % = n) < 108n%? - 27(m+2)%.n+ 4(m + 1)40
O)

Now, LHS of (1) is a quadratic polynomial in "'n” with discriminant, § =
729(m + 2)* — (16)(108)(m + 1)*
=—-27(37m* + 40m3 — 264m? — 608m — 368) < 0 if :
37m* + 40m* — 264m? — 608m — 368 > 0 and then (1) is definitely true
and when : [37m* + 40m3 — 264m? — 608m — 368 < 0| then : § > 0

?
and then, in order to prove @ it suffices to prove : 216n < 27(m + 2)% — NG

AM-GM m? ?
and sincen < T - it suffices to prove : 54m? < 27(m + 2)% — N6
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<:>\/5£ 27(4 + 4m — m?)
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Now,37m* + 40m3 — 264m? — 608m — 368
= (m? — 4m — 4)(37m? + 188m + 636) + 2688m + 2176
<0

(37m* + 40m3 — 264m? — 608m — 368) — 2688m — 2176

37m? + 188m + 636
< 0= 4+ 4m — m? > 0 and so, following squaring, (2) becomes :

>m?—-4m-—-4 =
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729(4 + 4m — m?)2 >— 27(37m* + 40m3 — 264m? — 608m — 368)

& (432(m+1)(4m+ 1)(m —2)2 > 0| - true * m > 0 = 2) = (1) is true

s2 3R squaring
L (my. Jr, < T and again,wa.\/_a> 3r. |- &

(( ) 4bc> rs ?923abc
S8 a'(b+c)2 ‘s—a

©32(x+y+2)3>227(y+2)2x +y + 2)?
o 32x3 —12x%(y+2z) - 12x(y+2)2 + 5(y+2)3 >0

" 8rs

& 3223 — 12x%2(mx) — 12x(mx)? + 5(mx)3 > 0 & [(5m + 8)(m — 2)2 > 0

R
- true *m > 0 . ||w,.,/r, = 3r. and ~ w, < m, hence :

3R
3r. /7 S Wy /T <My /T, <
rn = = = n 144 3R
=" form,..,/r, < iff A ABCis equilateral,” =" for w,.,/r, = 3r. >

iff b+ c=2aand” =" for w,.,/r, < m,../r, iff b = c (QED)



