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In any A ABC the following relationship holds :
rb+rc+ 2w, - 2s
2w, I, +r. 3+3r
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Letx=s—ay=s—b,z=s—c&then:a=y+zb=z+xc=x+y

yA Z
and s = x + y + z and furthermore, we denote : y = m and % = n and

then, we have the following set ’S” of relations : y? + z2 = x*(m? — 2n),
y3 +z3 = x3(m3 — 3nn),y* + z* = x*((m? — 2n)? — 2n?),

y®> + 2% =« (m((m2 —2n)? +n? - nmz)),y6 + 2% = x6((m3 — 3nn)? — 2n3),

y’+27 =x7 (m((m3 —3nn)? — 2n3) — mn((m? — 2n)? + n? — nmz)),

rsa(s—a)
Iy + I¢ (s=b)(s—c)(s—a)
8, .8 _ .8 2 _ 2 _902V2 _ 94 _
y® + 2% = x°(((m* — 2n)? — 2n*)* — 2n*) and now, 2w, s

b+c

rs.a(s — a) I, + I\ 2 a’(s — a)?
T, avhe :(Zwa> :rzsL"c(s_a)
r s.m.\/s(s—a) “bro?”

a’(s — a)?

T (s-a)(s—-b)(s— c).(;il:; G-a) ( 2w,

.A/s(s—a)

m+ 1o\ a?(b + c)?
) " 16bc(s —b)(s — ¢)

r, +r 2w, ? 2s squaring /p, + r.\2 2w, \2
b c+ a < o (b c) ( a) +2

2w, I, +r.” 3v3r 2w, 1, + I
é 452 3 4s3
—27r2 27(s—a)(s—b)(s—c)

a’?(b + c)? 16bc(s —b)(s — ¢) 2 4s3
S lebcs_b)G-0 "  @bro? 277G aG-bG-0

y+2)?’Qx+y+2z)? 16yz(z+x)(x+y) 2 4(x+y+z)3
16yz(z+ x)(x+y) (y+2)?2(2x+y+z)? - 27xyz

© 256x7(y +z)? + 1280x°(y + z)% + 2192x5(y? + z%)? — 4544x5y?z? +
5568x°yz(y? + z%) + 1952x*(y> + z%) + 3872x*yz(y® + z%) —

and so,
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11968x*y%z%(y + z) + 1016x3(y® + z°) + 3376x3yz(y* + z*) —
6008x3y%z%(y? + z%) — 30560x3y%z3 + 296x2(y” + z7) + 2424x%yz(y® + z°) +

4520x%y?z2(y3 + z3) — 10312x%y3z3(y + z) + 37x(y® + z8) + 744xyz(y® + z°)
+2860xy2%z%(y* + z*) + 5336xy323(y? + z%) — 546xy*z* + 64yz(y + z)7z*| > |0
®

& via set of relations "’S”, to prove (1), suffices to prove, following simplification

0
(6912 + 13824m + 10368m? + 3456m3 + 864m*) n? —
Q3
(64m7 + 448m® + 352m> — 2720m* — 5888m3 — 3200m?2) n —
Q3

(37mé8 + 296m7 + 1016m° + 1952m> + 2192m* + 1280m3 + 256m?) +

6912n* + 13824(m + 1)n30 and ~ 6912n* + 13824(m + 1)n3
@

2
> ~ in order to prove @

4
(m ) + 13824(m + 1)n? < 2

?

MM 691202
<
< n’| ¢
it suffices to prove : Q;.n? — Q,.n — Q; + 432n’m* + 3456(m + 1)m?n? < 0

o1

& (6912 + 13824m + 13824m? + 6912m3 + 1296m*) n? —

02

(64m7 + 448m° + 352m° — 2720m* — 5888m3 — 3200m?) n —

03

(37mé8 + 296m7 + 1016m° + 1952m> + 2192m* + 1280m3 + 256m2)0

@OLUA -~

Now, LHS of (3) is a quadratic polynomial in 'n”’ with discriminant,

[8] = 62 + 40,03 (+ 64,03 > 0) and so, in order to prove (3),
?
6, + V8 AND 26,.1| > |0, — V3

~
—

n

g {A -~

—

it suffices to prove : 20,.n

~

] AM-GM m? _ _
Now,sincen < —— . inorder to prove (m), it suffices to prove :
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m2 ? ?
0.5 <0z + V8 © —8m2%(m + 2)2(8m3 — 57m? — 192m — 208) < V8

and it's trivially true if : 8m3 — 57m? — 192m — 208 > 0 and when :

8m3 — 57m? — 192m — 208 < 0, then it suffices to prove :

64m*(m + 2)*(8m3 — 57m? — 192m — 208)? < o2 + 40,0,

& 16912m2(4m + 1)(3m? + 4m + 4)(m + 2)(m — 2)2 > 0| - true ~ m > 0

= (m) is true and also,26;.n + V8 > V8 = /a% + 406,05 > /a% = |o,| = o,

= 264.n > 6, — V8 = (n) is true (strict inequality) - (m) and (n) are both true
Ip + I + 2w,

= = = is true - <
@ @ @ 2w, r, +r.” 3/3r

" =""iff A ABC is equilateral (QED)

vV A ABC,



