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In any A ABC the following relationship holds :
hb+hC+ 2r, ,rb+rc+ Zh“}SE
Zra hb + hc Zha I, + I

max{
r

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

11 1
h, +h,  2r, é5@3+;+ —a ; abc
2r, hy,+h, " r 1 1,17 4(s—a)(s—b)(s—c)
s—a b c
b%c? + (s — a)?(b +¢)? ? abc

bc(s —a)(b+¢) _4(s—a)(s—b)(s—c)=)

(Z+x)2(x+y)2(y+2)2x+y +2) > 4yz((z + x)2(x + )% + 22(2x + y + 2)?)
(x=s—ay=s—-bz=s—-c=2a=y+zb=z+x,c=x+Yy)
© 2x5(y + z) + 5x*(y + 2)% — 20xtyz + 4x3(y + 2)3 — 20x3yz(y + z) +
x*((y + 2)? — 2yz)? — 8x%y?z?% + 2x%yz((y + 2)? — 2yz) +
?
2Xxyz ((y +2)3 —3yz(y + z)) +y?z2%3(y—z)>>0and - y*z*(y—2)> > 0
- it suffices to prove : 2m + 5m? — 20n + 4m3 — 20mn + (m? — 2n)? — 8n? +

? +z yA
2n(m? —2n) + 2n(m?® —3mn) > 0 (mzyx ’nz%)

?
& (6m + 8)n? — (2m3 — 2m? — 20m — 20)n — (m* + 4m3 + 5m? + 2m)0
0
Now, LHS of () is a quadratic polynomial in 'n” with discriminant, § =
(2m3 — 2m? — 20m — 20)? + 4(6m + 8)(m* + 4m3 + 5m? + 2m)
= 4(m° + 4m® + 13m* + 62m3 + 172m? + 216m + 100) > 0 and so,

in order to prove (*), it suffices to prove :
?

2(6m + 8)n 5 2m3 — 2m? — 20m — 20 + V5 AND

®

?
2(6m + 8)n2m3 —2m? — 20m — 20 — V38
©)

AM-GM m?
Now,sincen < T - in order to prove (1), it suffices to prove :

? ?

(3m +4)m? < 2m3 — 2m? — 20m — 20 + V8 © m3 + 6m? + 20m + 20 < V3§
?
& 4(m® + 4m°® + 13m* + 62m? + 172m? + 216m + 100) >

(m3 + 6m? 4+ 20m + 20)? © |/m(3m + 4)(m + 2)?(m — 2)2 é 0| true~m>0
= (1) is true and also,2(6m + 8)n + V8 > V8
=/(2m3 — 2m? — 20m — 20)2 + 4(6m + 8)(m* + 4m3 + 5m? + 2m) >
V(2m3 — 2m? — 20m — 20)? = |2m? — 2m? — 20m — 20| >
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2m3 — 2m? — 20m — 20 = 2(6m + 8)n > 2m3 — 2m? — 20m — 20 — V&
= (2) is true (strict inequality) .. (1) and (2) are both true = (*) is true

hy, +h 2r, R I, + T, 2h, ? R
e B Y <= agnd again,—+——% <—
2r, hy+h, r 2h, I, +r. r
1.1 4 )
PN s—=b  s—c + a < abc
4 1,1 7 4(s-a)(s—b)(s—c)
a s—=b  s—c
a* +16(s —b)?(s — ¢)? z abc

4a%2(s—b)(s—c) ~“4(s—a)(s—b)(s—0¢)
o (y+2)3(2 + x(y +2) + yz) = x((y + 2)* + 16y2z2)

? ?
& (mx)3(x? + x(mx) + nx?) > x((mx)* + 16n%x*) e m3*(n + 1) > 16n?
(+%)
Now,via AM — GM, m? > 4n - m*(n + 1) > 4n(2vn)(2vn) = 16n?
. I, + I 2h, R
= (*x*) is true - + < — and so,
2h, n,+r. r
h 2 2h R
h, + h, r, ,rb+rc a }S—VAABC,
2r, hy,+h. 2h, n,+r. r
" =""iff A ABC is equilateral (QED)
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