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In any A ABC holds :

I, — Il S4\/R2— (V2 + 1)Rr + 2(V2 — 1)r2

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Via (r, — )% = ss—a) abe and
RN 4Js(s—a)(s—b)(s—c)

\/s(s—a)(s—b)(s—c)(b r)? < R% — (V2 +1)Rr +2(vV2 - 1)r?

16(sabc — 85(5 —a)(s —b)(s — c¢))(sabc + 4s(s — a)(s — b)(s — c))
4s.4s.s(s—a)(s—b)(s—c)
s’2(s—a)’(b—-c)? ~» P \/_ F sabc — 8s(s —a)(s —b)(s —¢)
s(s—a)(s—b)(s—c¢c) 4s.F
& 16x8 +32x7(y +z) — 256x°.yz — 32x5 ((y +z)3 —3yz(y + z)) +
+128x5yz(y + z) — 12x*(((y + 2)? — 2yz)? — 2y?z?) + 248x*.yz((y + z)? — 2yz)
—504x*. y?z% + 8x3(y + z)(((y + 2)? — 2yz)? — yz(y + )% + y?z?) —
160x3.yz ((y +2)3 - 3yz(y + z)) + 248x3.y%2%(y +z) +
4x*((y + 2)? — 2yz)(((y + 2)? — 2yz)® — 3y?z?) +
12x%. yz(((y + 2)? — 2yz)? — 2y%z?) — 68x2%.y?z%(y + z)? — 16x%.y3z3 +
4x.yz(y + 2)(((y + 2)* — 2y2)* —yz(y + 2)* + y?z%) +
12x.y?z? ((y +2)3 - 3yz(y + z)) +16x.y3z3(y + z) +

?

222(((y + 2)? — 2yz)? — 2y*z%) + 4y323((y + 2)* - 2yz) + 6y*z* 2 0
( x=s—ay=s—-bz=s—c> )
a=y+zb=z+xc=x+yands=x+y+z

61
o (m“ — 8m3 — 80m?2 + 768m — 1024) n? +

[ p)
<4m5 —12m* — 200m3 + 296m? + 224m — 256) n+

03

? +z Z

4m® + 8m> — 12m* — 32m3 + 32m + 16 > 0 (m=yx ,n=%)
®

and *: LHS of (*) = (m — 8)?(m? + 8(m — 8) + 48)n? +
(m—8) ((m — 8)(4m3 +52m? + 376m + 2984) + 23904) n+
4((m - 8)(m® + 10m* + 77m® + 608m? + 4864m + 38920) + 311364) > 0
whenever m > 8 .. we now focus on the case when: m < 8
m* —8m3 — 80m? + 768m — 1024 > 0 (and m < 8) and then,

8 = 6% — 40,03 = 128(m + 1)?(m — 2)*(m — 8)% > 0 - in order to prove (*),
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it suffices to prove : 26;.n <— 0, —V8and v n < 2 it suffices to prove :

>0
2V/8 <— 20, —m?0; = (m —2)%(8 — m) (m3 + 12m? + 4m + 16)

& (m—2)*(m — 8)2(m3 + 12m? + 4m + 16) > 512(m + 1)2(m — 2)*(m — 8)2
& (m—2)*(m — 8)?(m® + 24m°® + 152m* + 128m> — 112m? — 896m — 256)
(m4 — 8m3 — 80m? +) ( m* + 16m3 + )
768m — 1024 40m” + 64m + 16/ .
(m — 8)2 h
- true ~ m* — 8m3® — 80m? + 768m — 1024 > 0and m < 8
6; = m* - 8m3 — 80m? + 768m — 1024 < 0 (and m < 8) and then :

é 0 © (m-2)*(m — 8)2. 0

?
(*) © (-04)n? — o,n — 03 =10 and then - discriminiant = 63 — 46,0; =8 > 0
**)

7 ?
. to prove (xx), suffices to prove : —20;. naz +V8 AND — 20;. n0'2 -8
® @

mZ - - 7
v —07>0andn < e - to prove (1), it suffices to prove : —20, — m?6, < 2V8

~

>0

o (m-2)2(8-—m)(m3+12m? + 4m + 16) < 2V8 &

(m —2)*(m — 8)2(m® + 12m? + 4m + 16)? < 512(m + 1)*(m — 2)*(m — 8)?
(m4 — 8m3 — 80m? +) ( m* + 16m3 + )
o (m—2)*(m — 8)2. 768m — 1024 40m? + 64m + 16/
(m — 8)?
+ m* —8m3 — 80m? + 768m — 1024 < 0 and m < 8 = (1) is true
and again, since : —26,.n > 0 .. in order to prove @ it suffices to prove :

< 0 - true

?
V8 > 0, and it’s trivially true if 6, < 0 and when : o, > 0, it suffices to prove :

128(m + 1)%(m — 2)*(m — 8)2 2 <4m5 —12m* — 200m? + 296m? +)2
- 224m — 256

& —16(m + 1)?(m — 8)*(m® + 8m® — 20m* — 32m® + 68m? + 32m — 64) >0

(m* — 8m? — 80m? + 768m — 1024)(m? — 2)? 2

(m — 8)2 =

- true * m* — 8m® — 80m? + 768m — 1024 < 0 and m < 8 = (2) is true
- combining cases (1) and (2), (+) is true V m,n > 0 | m? > 4n and so,

© —16(m + 1)?(m — 8)2. 0

Iy — 1| < 4.JR2 —(V2+1)Rr+2(v2 —1)r2 v A ABC,
"="iffy=zandy+z=2x>="="iff AABCis equilateral (QED)



