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In any A ABC the following relationship holds :

|b — ¢| < min {\/s — 8Rr — 11r2%,— \/3232 437Rr + 101‘2}

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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b —¢| <+/s? — 8Rr — 11r2

o (-2 < (x+y+g - oD@ DxTy)  1lxyz

4(x+y+1z) _x+y+z
(x=s—my=s—hz=s—c:a=y+zb=z+xc=x+ymﬂ)
Ss=x+y+z

ox3+(y+z)x:—Txyz+2yz(y+2z) =0
3 2 2 2 ! y+z yz
e x° + (mx)x* — 7x.nx* + 2nx“(mx) > 0 (m: . 'n:F)

©1+m+n(2m-7) 5 0 and it's trivially true if : 2Zm — 7 > 0 and when :
()

] AM-GM m?
2m—7 < 0,then : sincen < e . in order to prove (x),

m? ? ?
it suffices to prove: 1 + m + e 2m-7)>20 2m+1)(m—-2)2>0

—>true-m>0asx,yz>0= (x)istrue . |b—c| < \/s2 —8Rr — 11r2 - (1)
71
and again, |b — c| < T \/3252 — 437Rr + 10r?
437(y+z)(z+ x)(x+y) 10xyz

4(x+y+1z) x+y+z
© 128x3 — 53(y + z)x? — 117x((y + z)? — 2yz) + 62xyz +

?
64((y +2)3 — 3yz(y + z)) +11yz(y+2z) >0
& 128x3 — 53(mx)x? — 117x((mx)? — 2nx?) + 62x.nx? +
?
64 ((mx)3 - 3nx2(mx)) + 11nx?*(mx) >0

?
©16(y—2)> <32(x+y+1z)?—

?
< 64m3 —117m? — 53m + 128 + n(296 — 181m) % 0
(%)
We shall now prove that : 64m3 —117m? —53m + 128 >0V m > 0 - (i)
761

m < T35 and then : 64m3 —117m? — 53m + 128
2
= 5= ((320m +311)(5m — 7) + 761 — 535m) > 0 o
<1nequallty is strict because "'m’ cannot be simultaneously equal to 3 and 5 35)

761

m > —~ and then : 64m® — 117m? — 53m + 128
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1
= —5((576m + 611)(9m — 13)? + 6993m — 9947) > 0

72
(-- L T6L 9947 (761)(6993) — (535)(9947) = 28 > o) d
"M > &35~ 6993 *° = andso,

combining both cases, (i) is true and hence, (x*) it’s trivially true if :

AM-GM m?
296 —181m > 0 and when : 296 — 181m < 0, then : sincen < 1

. in order to prove (), it suffices to prove :
2

m ?
64m3 — 117m? — 53m + 128 + 1 (296 —181m) >0

& (75m + 128)(m — 2)2 > 0 - true ~ m > 0 as x,y,Z > 0 = (*x) is true
1
~b—cl < Z.\/3ZSZ —437Rr +10r2 -» (2) ». () and 2) =

1
Ib—c| <+/s2 — 8Rr — 11r2,Z.\/3252 — 437Rr + 10r?

1
= |b — ¢| < min {\/s2 — 8Rr — 11r2,Z.\/3252 — 437Rr + 10r2}
VAABC'" =" iffy=zandy+z =2x="=" iff AABC is equilateral (QED)



