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In any A ABC the following relationship holds :
VsZ — 11r?

4r ‘e

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
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< a?(2b? + 2¢? — a?) < s?(s? —11r?)

m, <

& 16a2(2b%2 +2¢2 —a?) < (a+b+c)*-11 ZZaZbZ —Za“

cyc cyc
& 7a* + 3b* + 3c¢* + Z a3b + Z ab3 — 12a?(b? + ¢?) — 4b%c? +
cyc cyc
3abcz a>0o7(y+2)*+3z+x)*+3(x+y)? +Z(y+ z2)3(z+x) +
cyc cyc

Z(y +2)(Zz+x)3-12(y+2)?*(z+x)?*+ (x+y)?) -4z + x)*(x + y)? +

cyc

6(y+z2)z+x)(x+y)(x+y+1z) >0 ( substituting : )

a=y+zb=z+x,c=x+y
o x* + 4x3(y + z) + 2x2(y + 2)? — 11x%yz — 11xyz(y + z) + 4yz(y + 2)2 > 0
& x* + 4x3. mx + 2x2. m2x? — 11x%. nx? — 11x. nx%. mx + 4nx2. m?x2 > 0

+z yA !
(m:yx m:%)@(4n+2)m2—(11n—4)m+1—11nHO

()
Now, LHS of () is a quadratic expression in 'm" with discriminant § =
(11n-4)2-4(4n+2)(1—11n) [=]297n* - 16n+8 > 0
(8¢ = 256n% — 32(297n?%) < 0) & so,in order to prove (x), it suffices to prove :
(y +7)* Amcu 4yz

?
2(4n+2)m > 11n-4 +V8 and - ——; > —-.m?>4n
X X

?
= m > 2v/n and so, it suffices to prove : 2(4n + 2)(2v/n) |[>|11n — 4 + NG
?
& 4t(4t% +2) + 4 — 11t% > /297t* — 16t2 + 8 (Vn = t)
?
& 16t3 — 11t2 + 8t + 4 > /297t* — 16t2 + 8

?
o (163 —11t2 + 8t +4)% > 297t* — 16t%2 + 8
( discriminant of 16t> — 11t+ 8 =121 —-512< 0 = 16t3 — 11t%2 + 8t > 0)
=16t - 11t2+8t+4>0

?
© 8(2t+1)(8t+1)(2t2 + 1)(t—1)% |>| 0 - true = (*) is true

Vs2 —11r? . _
T.haVAABC, =" iffy = zand yz = x?

= " =" iff A ABC is equilateral (QED)
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