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In any A ABC the following relationship holds :

b% — bc + c?
bc
Proposed by Dang Ngoc Minh-Vietnam

sZ > 27r2-

Solution by Soumava Chakraborty-Kolkata-India

b? — bc + ¢?
bc

o Z+x)x+yY)x+y+2)3>27xyz(z+ 22— Z+20)(x+y) + (x +y)?)
(x=s—a,y=s—b,z=s—c:a=y+z,b=z+x,c=x+y)
ands=x+y+z

e x°+4(y+2z)x* + 6x3(y + 2)? — 26x3yz + 4x? ((y +z)3 — 3yz(y + z)) -

s2 > 27r2. & be.s3 > 27(s— a)(s — b)(s — ¢)(b% — bc + ¢2)

12x2yz(y + z) + x((y + 2)? — 2yz)? + 77xy%z% — 20xyz(y + 2)? + yz(y +2)3 > 0
& x° 4+ 4mx. x* + 6x3. m%x? — 26x3. nx? + 4x2(m3x3 — 3nx%. mx) —

12x2. nx%. mx + x(m?x? — 2nx?)% + 77x.n*x* — 20x. nx?. m?x? + nx%. m3x3
+z Z ?

(m = yx ,n = %) < 81n% + (m? — 24m? — 24m - 26)n+ (m + 1)40

()
and it's trivially true when : m3 — 24m? — 24m — 26 > 0 and so,

we now focus on the case when : m? — 24m? — 24m — 26 < 0, that is,

when : m < m, | m3 — 24m2 — 24m, — 26 = 0
(~ m3 —24m? — 24m — 26 has only one zero : m, ~ 25)

Now, LHS of (*) is a quadratic expression in 'n” with discriminant § =

(m3 — 24m? — 24m — 26)% — 324(m + 1)* [5]
(m—2)?2(m - 2)(m3 — 24m? — 24m — 26 — 18(m + 1)?) and
m3—-24m? —-24m—-26<0:-.8<0ifm > 2 (andm < m,)
and in that case, LHS of (*) > 0 = (x) istrueand if m < 2,then: § > 0
and then, in order to prove (x), it suffices to prove :

’ + z)% AM-GM 4yz
162n <— (m3 — 24m? — 24m — 26) — V8 and G+2)° 4

x2 = Xz
~ m? > 4n and so, it suffices to prove :
m? ?
162.— - <— (m3 — 24m? — 24m — 26) — /8

?
& 2,/(m —2)2(m — 2)(m3 — 24m? — 24m — 26 — 18(m + 1)2) <
(2-m)(2m? + 37m + 26)
?
© (m—2)2(2m? +37m + 26)% >
4(m - 2)?(m - 2)(m?® - 24m? —24m -26 -18(m+1)?) (~ 2 —m > 0)

? b? — bc + c?
& 81(4m + 1)(m? — 4)2 > 0 > true = () is true . s2 > 27r2.T

VAABC " =" iffy=zandy+z=2x>="=" iff AABCis equilateral (QED)



