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In any A ABC holds :
b — | | Vs2 —-27r%? [2(2s% - 27Rr)
< min ,
a S 27r?

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
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Let s, = semiperimeter (for own convenience), s = sin-, ¢ = cos—
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& (27c*s? — 54c¢3s® + 31c?s* + 8cs® + 4s°) — (35¢%s? — 65¢s® + 62s%) +

(4c%? —19cs + 31s2)|> |0 © s°(27t* — 54t3 + 31t2 + 8t + 4) —
)
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s*(35t2 — 65t + 62) +s?(4t? —19t+31) >0 (t = g)

& s*(27t2(t— 1)% + 4(t + 1)%) — s2(35t2 — 65t + 62) + 4t2 — 19t + 31| > |0
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Now, LHS of (xx) is a quadratic polynomial in "'s?” with discriminant § =
(35t%2 — 65t + 62)% — 4(27t* — 54¢3 + 31t% + 8t + 4)(4t> — 19t + 31)
=—27(t— 123t —2)2((t— 2)(16t +20) +9) < 0 (~ t = 2) = (*x) = () is true

1
Case2(a)|{lc<2sands < 2 and then, to prove (*x), it suffices to prove :

? 1
2s2(27t* —54t3 + 31t2 + 8t + 4) < 35t2 — 65t + 62 — V8 & ~ s2 < Z,it suffices
?
to prove : 2(35t% — 65t + 62) — (27t* — 54t3 + 31t2 + 8t + 4) > 2V
?
302 -t)(9t3 - 13t + 20)2\/5 and now, 9t3 — 13t + 20 =
©)

(45t + 63)(10t — 7)%2 + 115t + 6913
500 ,
9(2 — t)%(9t3 — 13t + 20)? >— 108(t— 1)2(2 — t)?(16t% — 12t — 31)
(8 evaluated earlier) & (9t3 — 13t + 20)% + 12(t — 1)2(16t% — 12t — 31) é 0
((t—1)%(1296t% + 3888t + 6780) + 6960t — 5135)(2t — 1) + 14412t + 147 2 0
64 -

>0andc<2s=>2-t>0andso,(1)
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Case 2(b)||lc < 2s A SZE;Let:c—s:u=>c=s+u&then:(*)(:)27szu4+

54s3u® + (31s* — 35s% + 4)u? + (16s° — 55° — 11s)u + 16s° — 32s5* + 16SZHO
®

+27s%(u—1+s)* > 0 - to prove (+), it suffices to prove : LHS of (¢) >
27s?(u—1+s)* © 54s2(2 —s)u® — (131s* — 324s3 + 197s? — 4)u? —
(9255 — 324s* + 3295 — 108s? + 11s)u + 108s® — 11s® — 194s* + 108s3

7
—11s? > 0; 54s%(2 —s)u(u—1+s)? > 0 .. to prove (++),suffices to prove :
(e°)
? factoring out (1-s)
LHS of (s¢) > 54s%2(2 —s)u(u—1 +s)? =N (1 +5s)(23s%2 +4)u? +

{v -

(38s* — 70s3 — 1152 — 11s)u + 11s°> — 97s* + 97s3 — 1152 0

(se9)
Discriminant of LHS of (ee¢) = (38s* — 70s3 — 11s? — 115)%? —
4(1 +s)(23s? + 4)(11s5 — 97s* + 97s% — 11s?)
[=]27(4s*+ 2853+ 6352 + 25+ 11)(2s —1)2 > 0& - u > 0 - to prove (ses),
it suffices to prove : 2(1 +s)(23s2 + 4)u <— (38s* — 70s3 — 11s2 — 11s) — ./§,
&= u=c—s<1-s - suffices to prove : ,/§, <— (38s* — 70s3 — 1152 — 115)
—2(1+5s)(23s>+4)(1—s)=(2s—1)(4s3+37s>+5s+8) &
27(4s* + 28s3 + 63s2 4+ 2s + 11)(2s — 1)% < (2s — 1)2(4s3 + 37s2 + 5s + 8)2
1 ?
( s > E) ©4(1-s5)(s+4)(23s2+4)(s+1)%2(2s —1)? > 0 - true = (ee¢)true
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& finally, <

27r? a -~ So

27SZ(C — S)2 ? 1 — ¢2 factoring out (c—s) ?
= <1-—-— =% 3 >27 2 _
(1-s2)(c+s)2 ™ 1—s2 (c+5)° 2 27s%(c—s)

b —c| Vs2 — 27r? \/2(252 — 27Rr)

< min 2712

o b — c|
~ combining all cases, p <

?
& (c+ 7s)(c —2s)? > 0 - true; so,

S

2

A
Vv A ABC, where s = semiperimeter,”’ =" iff cos =2 sinE (QED)



