ROMANIAN MATHEMATICAL MAGAZINE

In any A ABC the following relationship holds :

R—-2r |128

—c¢| < mi : 2s2 —27R
|b — c| < min<s R 135(5 r)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
L . . A B—-C
Let sy = semiperimeter (for own convenience), s = sinz, ¢ = cos—;

] ? R -2r 16R%.s?2(1—-c%) > 5
and we first prove : [b — c| < s,. e o2 <1-—4sc+4s
16R2. (1 — s2) 2=

© 4s3(c® —s3) + 4cs*(c—s) — (4¢3s — 4s*) — s%(s? + ¢ — 2¢cs) +
?

(c2 +2cs —3s2) > 0 © 4s3(c% +s% + cs) + 4cs* — 4s(c? +s% + ¢s) —
B—C b+c A A)

?
sz(c—s)+c+3520(n'c>sas cos = .sin—= > sin—
2 a 2 2

& (4s —4s3)c? — (8s* — 552 +1)c+ 3s3 — 3s — 4s° é 0 and - discriminant

()
8 = (8s* — 552 + 1)? — 4(4s — 4s%)(3s® — 3s — 4s°)

=(32s2(s>?-1)2+ (3s2+1)>) >0and4s —4s3 >0 (as 0< sin% < 1)

. in order to prove (*), it suffices to prove :
?

2(4s — 4s3)c8s4 —5s2+1++/8 AND 2(4s — 4s3)c > 8s*—5s2+1—-8
(*)

(e°)
<cs1

0
Now,2(4s —4s3)c— (8s*—5s2+1) < 2(4s—4s3)—(8s*—-5s2+1)
and if it's < 0, it's trivially < V8 and when it's > 0, then in order to prove (¢),

? 2
it suffices to prove : § > (2(45 —4s3) — (8s* — 552 + 1))

?
& 16(1—s)(s+1)*(2s —1)? > 0 - true = () is true
Again, since 2(4s — 4s3)c > 0 and 8s* — 55?2 + 1 > 0 . in order to prove (s°),

?
it suffices to prove : § > (8s* — 5s% + 1)?
?

& 16s2(1 — s2)((2s%2 — 1)% + s2 4+ 2) > 0 - true (strict inequality) and so,

R—-2r
(¢) and (e¢) are both true = () is true . |b — c| < s,. / R

? (128
Again,|b —c| < \/— (2s% — 27Rr)

135
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16R2%.s%2(1 — c?) 2256 128 4R2.s.7

(=1 < — .
16R2. (1 — 52)@ 135 5 "46R2.(1-— SZ)@

& (7152 + 64)c? — (128s3 + 304s)c + 361s2 — 64s* 5 0 and -

~
*
—

discriminant §, = (128s3 + 304s)? — 4(71s? + 64)(361s? — 64s%)

77
= 108s*(320s% — 77) which is clearly < 0fors €| 0, ,ﬁ‘

77
-~ we now focuson s € /m 1 | and then, in order to prove (xx),

it suffices to prove : 2(71s2 + 64)c < 128s3 + 304s — /108s4(320s2 — 77) and
v ¢ <1 . itsuffices to prove :

J/108s4(320s2 — 77) < 128s3 + 304s — 2(71s? + 64)
© 4(64s3 — 71s% + 1525 — 64)% > 108s*(320s2 — 77)

’77
.. 3 _ 2 _
- 64s 71s“ +152s—-64 >0V s € 320,1
77

& 64(1—-5)(s+4)(2s—1)%2(71s2+ 64) > 0 > true ' s € 220" 1

128
135

.

(2s2 — 27Rr) and so, whenever "'s"” is

= (xx) istrue . |b—c| < \/

R—-2r (128
the semiperimeter,|b — c| <s. R 135 (2s2—-27Rr) ~|b—¢| <

R—-2r |[128
min s.\/ = ,J135 (2s2 — 27Rr) ; VA ABC,"” =" iff A ABC is equilateral (QED)



