A FEW NON-ELEMENTARY GEOMETRICAL PROOFS

DANIEL SITARU - ROMANIA

VOLUME OF THE TETRAHEDRON
D

A B

Let be A(1,1,1); B(1,2,3); C(2,3,1); D(4,4,4).
Find the volume of the tetrahedron ABCD.

_>
AB = (s —24) T + (s —ya)J + (25— 2a) k =
- =
(1—1)2 +(2—1)j +@B-1Dk=j+2k
- —
AC = (CUC*fEA)Z +(yc*yA)J+(ZC*ZA)k‘:
— - =
=2-1)i +(3—1)j+(1—1)k i +2j
77
ABxAC=|0 1 2|=27 - K -47=-474+27-%
1 2 0
— -
AD = fL'D*‘TA)Z Jr(yD*yA)] Jr(ZD*ZA)k—

1

=(4- 1)z+(4 )j+(—1)k:3z+3]+3k
AD- (ABx AC) = —4-34+2-3—-1-3=—12 46— 3_—9

V[ABCD] = \E (AB x @)|_f|—9|



DANIEL SITARU - ROMANIA

VOLUME OF THE RIGHT PARALLELIPIPED
A

z

<y

AA = (0-L)7 +(0-0)F + (h—0)

H'(B+ﬁ):
— (“L7T +RE)O0- T +0-F +LIK) =
= L-0+0-04+h-L-1=Llh
V[ABCDA'B'C'D'| = Lih

=

— LT +hE

VOLUME OF THE PARALLELIPIPED
P N

=
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Let be A(1,1,1); B(1,2,3);C(2,3,1); D(4,4,4).
Find the volume of the parallelipiped build on the vectors 1@ ; @ ; E

- = -
AB = xB—xAn +(yp—ya)J +(ze—za) kK =

— —
2-1)7+B-1k =7 +2F

—(1-1)7 +(
o —
AC = (30 —2a) T + (o —ya) T + (e —24) & =
—2-DT+B-)T+(0-Dk=7+27
T 7%
ABxAC=|0 1 2|=27 -F—4i=—47+27-%
1 2 0
— - -
AD = (D*‘TA) Jr(yD*yA)] +(2p—2za)k =

—A4-DTH@A-1)T+@-1)E =37 +37 +3%

AD - (ABx AC)=—4-3+2-3—1-3=—1246— = -9
VIABMCDQNP)] = |AD - (AB x AC)| = 9

VOLUME OF THE CUBE

A
z

<

—
AA = (0-1)7 +07

AA' . (AB + AD) =
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— —
— (07 407 +C2F)- (7407 +1FK)=
=0-(-0)+0-04+012-1=1°
VIABCDA'B'C'D'| =1?

THE MEDIATOR PLAN OF A SEGMENT
Let be A(1,5,1); B(2,3,4).
Find the mediator plan of AB.
Let M be the middle of AB.
M(1+2' 5+3 1+4)
2 7 2 7 2
E =(zp—xa
AB=(2-17

~—

.
_|_
—~
N
sy]

|

<
b

Let P be the mediator plan of AB.
Pi(z—zy) - 1+(y—ym) (-2)+(z—2p)-3=0

P:(x—%)+(y—4)-(—2)+<z—g)-3=O

3 15
P:x—=——-2y+8+432——=0
S R
P:z—-2y+32—-1=0

THE DISTANCE FROM A POINT TO A REAL PLAN
1. Let be A(2,1,3) and the real plan:
P:3x+4y+52-10=0
Find the distance from A to P.
4 -1
d(A, P) = 134 + 4ya + 524 — 10|
VE i
3-24+4-14+5-3-10] [6+4+ 15— 10
V9416 + 25 V50
1 2
qap L8 3
V2 V2o 2
2. Let be A(1,1,0); B(0,1,0); C(0,1,1); D(8,8,8).
Find the distance from D to the real plan (ABC).

d(A, P) =

(ABC) : =0

1
1
1
1

— O O W

— z—1
0 —1
0 —1
1 1

(ABC) :

— o O O
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r y—1 z—-1
(ABC):|1 0 -1

=0
0 0 -1
(ABC):y—1=0
8 — 1]
d(D,(ABC)) = ————= =
Ve

THE DISTANCE FROM A POINT TO A LINE
Let be A(2,-1,1); B(0,1,3); C(-1,2,2).
Find the distance from the point A to the line BC.

AB = (B — JUA)—Z'> + (Yo — yA)7 + (2B — ZA)? =
—(0-2T+(1+1)T+B-DF =27 +27 +2%
AC = (w0 —2a) T + (o —ya) T + (0 — 2a) K
S (1= 4R+ DT 2 - DK =37 437+ k

- = >
ABxAC= |2 5:27—67—6?+6?—67+27
3 3 1

AB x AC = —47 — 47

AIABC) = /(A T (P = 3 =23

BC = \/(zc —2B)? + (yo —yB)? + (2c — 28)? =
=/(-1-02+(2-12+(2-32=3
d(A BC) = 2A[ABC] _ 2-2\@: 42 _ 4/6

BC V3 V3 3
THE ANGLE BETWEEN TWO LINES

Let be the lines:

r=2+1 r=3+1
dy : y:3+2t ; do : y:1+3t
z=1+3t z=4+42t
uj
dl
.
u
\2i
r—2=t r—3 =
dy:{ U3 =t ; dg : 3/;1: ; teR

|
N
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d x—2_y—3_z—1.d2.x—3:y—1:z—4
1 2 3 1 3 2
W(1,2,3) =7 +27 +3K
us(1,3,2) = 7 +37 +2K
ul-up=1-142-343-2=13
[ufl = V12 +22 +32 =14

|
[u) = V12 + 32 +22 =14
— =
: 13 13
COS(Z(’[TL’[TQ))) _ ‘Ul Uz

Wl Jus|  Vid-v14 14

) = arccos(%)

Sb

(£ (uf,

PERPENDICULAR LINE ON THE REAL PLAN
Let be A(1,1,1) and the real plan:

P:x+2y+32—-4=0
Find the equations of the perpendicular line from A to the real plan P.

fa
l

1
1
1
1
d|

(1,2,3)
_>
U =17+2] +3%
d.x_xA:y_yA_Z_ZA

1 2 3
-1 -1
diz—1=4"-_Z%
2 3
Let’s find also the parametrical equations of d:

y—1 z—1
—l=t;>—— =t =t
* ) '3
r=1+1
d:sy=1+2t ;teR

z=1+3t
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AREA OF THE TRIANGLE
Let be A(1,1,0); B(0,1,1); C(2,2,2).
Find the area of AABC.

AB = (rB — SEA)_Z‘> +(yB — Z/A)?> + (2B — ZA)?
AB=0-1)7+1-D7+(1-0K=-7T+k
AC = (e — l'A)7 + (yo — yA)7 + (z¢ — ZA)?
AC=2-1D7T+2-1)T+@-0k=7+7 +2%
- 5P
TBxAC— |1 0 1| =F-F-T+27
11 2
AB x AC = —7+37—?
AL x AC| = /(12 + 32 + (—1)? = V11
Area (AABC) = 4@ x AC| = g

Let be A(1,1,1) and the real plan:
P:z4+2y+32—-4=0
Find the equations of the perpendicular line from A to the real plan P.

fa
l

1
1
1
1
d|

w(1,2,3)
_)
T=74+2] +3%K
d- r—TA _ Yy—ya _ Z—ZA
| 2 3
y—1 z-1
diz—1=27— =
v 2 3
Let’s find also the parametrical equations of d:

y—1 z—1
—1l=t;=— =1t
’ T '3
r=1+t
d:{y=1+2t ;teR

z=143t

=1
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THE AREA OF THE PARALLELOGRAM
Let be A(2,0,0); B(0,1,0); C(1,2,2).

Find the area of the parallelogram builded on ﬁ and 1@ .

Cc

— - -
AB = (ep —2) T +(wp —ya) ] + (5p — 2a)
AB=(0-27+(1-07 +0-0F =27 +7

= - —
ﬁ:(fc—ﬂm)l + (Ye—ya)j +(zc—2a)k

AC=(1-27T+2-07+C-0F=-7+27 +2%

T 7%
ABxAC=|-2 1 o=
12 2
S —
— 97 AR+ K447 =27 447 — 3K

Area (ABCD) = |ﬁ X 1@| =22 1421 (=3)2=V29

THE ANGLE BETWEEN TWO REAL PLANS
Let be the real plans:

Pr:z+2y—324+1=0

Py:bxr—3y+42—2=0

The normal vectors of Py, P, are:
— — —
ui(1,2,-3)= 4 +24 — 3k

%
(5, -3,4) =57 — 3] + 4K
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151

P,

u -y =1-54+2-(-3)—3-4=5-6-12=—13

w) =12+ 224 (32 =V1+4+9=V14
[us| = /524 (=3)24+42 = /25 + 9+ 16 = V50 = 52
(

Z(Py, Py)) = cos(£(u1,u3)) =

COS

w-uy 0 —13 —13  —13V7
wil-lw|  Vid-5v2  10v7 70

THE ANGLE BETWEEN A LINE AND A REAL PLAN
Let be the line:

r=14+1
d:{y=2+3t it €R
z=—2+4+5t

Let be the real plan:
P:2x+3y+2—-—4=0
Find the angle between d and P.

r—1=t 1 5 )
du=2 g P _Yy—a 2
d: = =1 id = 3 = 3
242 — ¢

5

The line d has the directory vector:

%
T(1,3,5)= 7 +37 +5k
The normal vector of the real plan P is:
_)
(2,3,1) =27 +37 + K
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1
P

el

U-U=1-243-345-1=16
) =V22+32+12=V14
T = V12 +32+52= V35
WY 16 16 8V2I0
S W V14-V15 V210 105
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