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5834. Evaluate

:E—|—2 smx
Q= ——d
/ 1+ 3cos?2zx v

Proposed by Daniel Sitaru - Romania

Solution 1 by Zuming Bi, Academy of Mathematics and Science, Hays,KS; and
Paul Flesher, Fort Hays State University, Hays, KS; and Jonathan Rehmert, Fort.

Hays State University, Hays, KS
Method 1: Partial Fraction Decomposition

Q:/Tr (:r+2)sin:cdx:/” (x+2)sinmdx
0 0

14+ 3cos?zx 4—3sin’z

:/7r (x+2)sinz i
0 (2+3sinz)(2 —3sinz)

which we re-express as

[T 1 —(z+2)(2—V3sinz) + (z+2)(2+ V3sinz)
h= 0 2\/§< 4 —3sin’*z )dx
_/”_(m+2)(2—\/§sinw) n (x+2)(2+\/§sinac)dx

Jo 2v/3(4 — 3sin® z) 2v/3(4 — 3sin® z)

_/’T_ x+2 n x+2 de
o 2V3(2++3sinz)  2v3(4 - 3sinx)

/ i T+ 2 N z+2 i
= — T
0 4/3 + 6sinz 43 — 6sinz
Look at the latter separately, we have

/”xiﬂdx_/”LdH/”#dx
0o 4v3—6sinz 0 4v3—6sinz 0 4v/3—6sinz ’

g T
k= —dx
/0 44/3 — 6sinz
g 2
= 7dl‘.
P /0 44/3 — 6sinz

Uu=mT7—x

Let

Do a u substitution:

0 ™
m™T—Uu T—U
/7r 4v/3 — 6sin(m — u) (=du) 0 4v/3 — 6sin(u)
Note the trig identity
sin(m — u) = sin(u).
1
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Change to equivalent integral
T—u g T—x
k= / —du z/ ———dx
44/3 — 6sin(u) 0 4V/3—6 sin(x)
T—2x g T g ™
2k::/ —da:—i—/ 7d$:/ ———dx
0 4\/5—6511&(95) 0 4vV3—6sinzx 0 4vV3 —6sinz

™ 1
dk=r| —— dx
/0 44/3 — 6sinzx

i 7T/7T 1 d T p 0w
= — —_—ar = — _ = —
2 Jo 43 —6sinz 2 97 4F
T
k= —p.
4p
So
T T +2 T T+ 4
———dr=—-p+p= .
/0 44/3 — 6sinz gPre 1 P
Let .
T
= ——dx
/0 4\/§+6sinx

— " 2 d
ni/o 4y/3 + 6sinx o
Do a u substitution
U=7T—T

0 T™—1u g T—u
:/7r 4/3 + 6sin(m — u)(_du) :/0 44/3 + 6sin(u) du-

Change to equivalent integral
O Al v e
= [ e [ [
o= [

7r/7r 1 p T n_T
m = — —_—ar = — — = —n
0 43— 6sinz 2 2 4
T
m= —n.
4

Then

/” t+2 744 / 2
0o 4V3+6sinz 4 Jo 4/3+6sinz
Deal with the other term in (1):

q T+4 /’T 2 p /’T 2 p
= T — —aX
4 0 43 —6sinz 0o 4V3+6sinz

T+ 4 /W 1 d /7T 1 d
= i - dz
4 0 4vV3+6sinz 0o 4vV3+6sinz
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We have
/7r 1 dx—/ﬂ 1 dx:/ﬂ 1251n.:r e
0 4v3—6sinz 0 4vV3+6sinz o 48 —36sin’zx
Let
U = COS X
Then

4 12sinx 4 sinx -1 —du ! 1
.2 d‘r = ) d.r = 72 = 72 du
o 48 —36sin“x o 4—3sin“zx 1 4-301—-u?) 114 3u

= % amtan(\/gu)‘l,l = %(arctan(\/g) — arctan(—V/3)) = % (g—( — g))
2m

3V3

7r+4>< 2r  w(m+4)
2 T3v3 33

Then
Q =

Method 2: Direct u Substitution

Let
™
U=——2x
2
Then
Q—/_g (g—u—|—2)sm(g—u)(_du)_/§ (g—u+2)sm(g—u)du
x 1+3c052(g—u) _x 1+3COS2<%—U

Note

sin(% - u) = cos(u).

0= / ffu+2 cosud :<7r+2)/g cos.u2 du—/j ucos.u2 du
1+ 3sin’u 2 —z 1+ 3sin“u —x 1+ 3sin"u

COS U
1+3sin2u

Notice since coswu is an even function, then is an even function and

—2ost is an odd function. Hence
143 sin? u
3 wcosu
-z 1+ 3sin“u
Therefore

Q :(g n 2) /72r _ %Y :(g + 2) % arctan(v/3 sin ) %”

—z 1+ 3sin?u

(77+ ) 2r  w(m+4)

2 3vV3  3V3
Method 3: Integration by Parts
Let
u=x+2,du=dzr.
So )
dv = %dm,v = —% arctan(v/3 cos z).
Then

Q=—(z+ 2)% arctan(v/3 cos ) Z +

1 /7T
— arctan(v/3 cos z)dz.
V3 Jo
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Calculate the second part:

u=——uz,

T
2
du = —dz.
Note
i .
cos(g - u) = sin(u).

s
2

\[/ arctan(v/3 cos z)dz = \f/garctan \/gcos(g—u))(—du) = —%/_ arctan(v/3 sin u)du.

[NE]

Since

f(z) = arctan(v/3sinw), f(—z) = —f(z)
f(x) is an odd function, then — —/ arctan(v/3sinu)du = 0,

Then
1 ™
Q = —(24+2)—= arctan(v/3 cos z) .

7 = (742) (—L arctan(—\/g)) —2(—L arctan(\/g))

V3 V3

_m+2 Ty l T m(r+4)
/3 3 \/3 3 3V3
In conclusion
Q_ﬂ(ﬂ+4)

3V3

Solution 2 by Prakash Pant, The University of Vermont, Bariya, Nepal.
Use the substitution x — 7 — x,
_ /7r (x+2) si;(a:) dr — /7r (m—x+ 2)23in(7r —x) dr — /7r (m—x+ 2)zsin(m) i
o 14 3cos?(z) 0 1+ 3cos?(m —x) 0 1+ 3cos?(x)
Adding the first and third expression expressions

(m + 4) sin(x)
20 = -~ d
/ 1+ 3cos?(x) *

Use the substitution cos(x) — z,
29/* (m+4)(—dx) /1 (7 + 4)(d)
1 1+322 ), 14322

Since the integrand is even,

4 1 4 1 4)/3
G_Tt / T an(Vn) _ m(m+4)V3
3 Jo 22+14 3 0 9

which solves the given problem. O

Solution by Péter Fulop, Gyomro, Hungary.
Integration by parts:

,  sin(x)
~ 1+ cos?(z)

u =1 v = /%dx
1+ cos?(x)

u=x+2 v
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Calculation of v(x):
Substitution: ¢ = cos(z)

x = cos” ! (t) de 1
B d  J1-
1 V1—t2 tan~!(1/3t)

- dt =
V1—t2\/1-3¢2 V3

v(z) =

t=cos(x)

Calculation of €:

_ Stan'(V3) tan~1(—/3)
0 = 27\/g (m+ 2)7\/g

Substitution at the second term: z = /3 cos(z):

B tan"'(V3)  wv3(r+4)
= (7m+4) 7 = 9 .

x = cos ! (i) du V3

V3

m -1 1 +V3 -1
Qy — / tan (\/gcos(at))dx _ g/ tan (Z>dz _0
0

V3 —ﬁ\/@

As the function to be integrated is odd, and its integral in a symmetric domain is
zero. So ) = Q.

_ w(m+4)
3v3
O

Solution 4 by Albert Stadler, Herrliberg, Switzerland.
Apply the change of variable © — 7 — . Since sin(m — x) = sinz and
cos(m — x) = — cos z, we obtain

Q:/ﬂ (7r—x+2)sinxdx

0 1+ 3cos?x

Adding the original and transformed expressions yields

90) — / (7r+4)smxdz

o 1+4+3cos?x
Since the integrand is symmetric about 7, we write
/7r (7r+4)sinxdx _ 2/5 (7T+4)sinxdx
o 1-+3cos?x o 1+3cos?zx

Hence,

20 — 2/g (r+dsime,

o 1+3cos?x
Let y = cosx. Then dy = — sin zdx, and as x goes from 0 to 5, Y goes from 1 to 0.
Therefore,
st . 1
2 sinx 1 1 1 1 s
————dx = —dy = — arctan(v/3 = — arctan(v/3) = ——.

/0 1+ 3cos?x /0 1+ 3y? Y V3 ( y)o V3 (v3) 3V3
Thus,

(m+4)7

Q=27
3v3
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d

Solution 5 by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain.
Using the identity f: f(x)dr = fb fla+b— x)dx, we assert

(m— 2+ 2)sin(m — x)
2= / 1+ 3cos?(m — x) de

Since sin(m — x) = sinz and cos(r — z) = — cosz, then
Q:/’T (7r—x+2)sm:rdx
o 1+ 3cos?x
So

1+ 3cos?x

:/7r (7r+4)sinxdx

o 1+3cos?x
77r+4 T _\/3sinz dx
V3 Jo 14 (V3cosx)?

w44 V@

V3 J_ozl+1t2

_r+4 V3
= [arctan 1%]7\/§

V3

-5 G-(3))
_ 2m+4)m
33

QQ:/W (3(;—i—2—|—7r—ac—i—2)singcdaj

In short,

2
4
Q=" T 43178,
3\/3

Solution 6 by Brian D. Beasley, Simpsonville, SC.
Using the substitution w = cos z, we note that

sinx dw
/1+3c082x o /1+3w2 fl)+¢,

where f(x) = (—1/v/3)tan"'(v/3cosx). This result allows us in turn to apply
integration by parts with u = z + 2, du = dz,v = f(z), and
dv = sinzdz /(1 + 3 cos® z) to yield
Q:uv’g—/ vdu = (x4 2)f /f
0

We claim that the definite integral in this expression equal zero, since

fl/2—2)=—f(x/2+x):
f(g — m) = —% tan~! (\/gcos(;r - x)): —% tan™!(v/3sin z)
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and

f(g—i—x) = —% tan™! (\/gcos(g—i-x)) = —% tan—l(—\/gsinx) = %tan

In particular, we obtain

[ sarta == [ 15 -w)an= [T 1(5 -
o G [

x)dx = 0, so we conclude

and

Hence fo

Q= (r+2)f(r) —2f(0) = -

V3 3v3

Solution 7 by Devis Alvarado ,UNAH and UPNFM, Tegucigalpa, Hoduras.

[T (z+2)sin(x) .
_/0 1 + 3cos?(x) d
:/” (m =y +2)sin(m —y)
o 1+ 3cos?(m —y)
[T (m4+4—-2—y)sin(y)
_/o 1+ 3cos?(y) dy

B T sin(y) " (2 +y)sin(y)
—(7r+4)/0 HTOSQ@)CZZ/—/O H_T()S’Q(y)dy

B T sin(y)
= (7r—|—4)/0 mdy—ﬁ

dy,y=m—uw

w+4/f 1 du

= 0= =3

2 f1+u2f cos(y)
V3 T+42n  w(r+4)

4
_rte arctan(u)‘ = — =

2v/3 -v3 23 3 33

Therefore the solution is:
(w4 4)

3V3

Solutoin 8 by Jose Luis Diaz-Barrero, Barcelona, Spain.

To evaluate
q- /7r (:1:—|—2)sinxdaC
o 14+3cos?z
we make the substitution x — 7 — x. Then

0_ / (m—x+2) smxdx
1+ 3cos2zx

Add the two expressions for € yields

200 = / @+2)+(r—z+2) sinxd;v:/ xi—’_élsinxdx
1+ 3cos?z o 1+3cos?x

(7r+2)(_7r)+ 2 (7‘(‘) _ 7r(7r—|—4).

L(V/3sinz)
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Thus Q = T2 [ 52L,—dz. Now, we evaluate

3 cos?
g sin
= 72dx
o 14+ 3cosz

Using the substitution u = cos z, du = — sin xdx, we have

| |
1= ——du=| ——a
/1 1+ 32" /_11+3u2 "

Since the integrand is even, then

L |
I=2 —  qu
/01+3u2 u

Since [ jmzdu = Tarctan(\fu) then

2

I= 2 arctan(v/3) = 33

V3

on account that arctan(y/3) = 5. Finally,
T+4 T+4 2 m(m +4)
Q == I = =
2 2 33 3v3

O

Solution 9 by Luke Paluso, Blinn College, Brenham, TX.
Using the substitution method (U) with u = \/3cosz and properties of definite

integrals one has
Q:/ﬂ (x4 2)sinz s
o 1+ (V3cosz)?
v 1 V3 arccos(\[) +2
NEW AW 1+wu?

1 V3 arccos(%)d V39
=— ———du+ ——dul.
V3l l+u _vil+tu

Do the substitution u = tan 6(A), using the identity arccos(y)+arcsin(y) = 7/2(B),
the Maclaurin series for arcsine (C), and the fact that tan?"*1 6 is odd for n € N(D),
one evaluates the 1st integral:

3 arccos(-%) V3 1
/d Jdu :A/ arccos(— tan9>d6‘

14 u?

3 V3 V3
5T /§ ’ arcsin Ltan G)dﬂ
5 I3 \/§
L ) S B E ) L

/—’5 n:O 2mn)2(2n+ 1) \/3 )

2 (oo} ' ™

=T (2n) " tan®" ! 6o
3 n 9 2n—+1 7(
=0 (2nnN2(2n +1)V/3 -z

D7T2

3
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The 2nd integral is straight forward
V3
2 V3 4
/ ——du = Qarctanu‘ = 2. (arctan v/3 — arctan(—v/3)) = iy
_v3l+u - 3
Substituting these into the original chain of equalities yields the answer:

1 (7772+477r>_7r2+47r_\/§7r2+4\/§7r
3 3/ 33 9 ’
O

=

Solution 10 by Michel Bataille, Rouen, France.

We calculate
g sinx T  gxsinwz
Q= — d d Qy = — dax.
! /0 1+ 3cos2zx v and st /0 1+ 3cos2z v

First, the substitution u = cos z leads to
2

0, /1 du _ i {arctan(u\/g)} 1_1 = ﬁ

1 1+3U2 N \/§

Then we have
T (m—u)sinu

Oy = —————du=7-Q1 — Q

2 /0 1+ 3cos2a @ 0 2

hence Qo = g - = % Finally, we obtain
m+4)

m(
Q=20 +Qy = —F+=
1 2 373
O

Solution 11 by Perfetti Paolo, dipartimento di matematica Universita di ”Tor Ver-
gata”, Roma, Italy '

The integral is
T xsinz ¥ 2sinz
Q= —d ———dz =01+ Q
/0 1+ 3cos?z $+/0 1+ 3cos?z 1
1 1 —iv3coszx v

g sin x g sin x
Oy = dz+/ ——dx = —In——~-——| =
? /0 0 iv3  14iv3cosxlo

1 —4v3cosx 14 iv3cosx

1 1443 1 1—iv3 2 14+iv3
=—=1ILn - —=ILn =—=1ILn

V3 1—-iv3 V3 1+4+iv3 W3 1—iV3

eim/3 2 2w 4w

2
=—FIn——m=—7—=—=+
i3 e /3 /33 33
Q 1/7r rsinx 1/0 rsinx d +1/” rsinx
= — —_— A = — —_— AT —_ —_—ar =
"7 2/ 1+3cos?a 2 J_1+3cos?x 2 Jo 1+4+3cos?x

1/7r —(zfﬂ)sin:cd +1/m xsinx d 7T/7T sin x
—————dz+ - | ————dzx == —————dr =
o 14+3cos?z 2 Jo 14+3cos?zx 2 Jy 14+3cos?z
2r w2

2

T332 33
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7(4+7) . tee A [0 z%dx
VI Now consider this:

Then result is daJo @1,

By passing to the

=3/2
complex variable z, it follows that

. 3 . 3
* z%zx 27 R 2% ‘ 21 1 ir(1—2r)(a—3)
= n es—— i(143k)r — T —€ 4 =
o Tr+1 11— e2ima szo 24+ 1la=e 1 1 —¢2ima szo 4

s L7r(a 3) 3 mk(a 3) T in(a—3) 1 — ei‘n’2k(a—3)
T 901 _ ezina)© > e o0 eimanC | T mam
(I—e k=0 (1-e ) l—e =z
gim(a—3)
oM S5 7 1
27— ™ 2 —2isin 477(114_3)
Doing the derivative and evaluating at a = 3/2 we get
T COoS @ 72 cos 3§T w2 sin % 2 QT*\/E 2 (2 — \/5)3/2 72
4 = =Tz == = —sin
4 sin? @ a3 16 sin? %’T 16 cos? 5 16 2+4x/§ 2 8 9
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