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5825. Let f(n)S2, be the Fibonacci sequence; i.e., fo =0, f1 = 1, fryo = fat1+ fn
for n > 0. Prove that for all n > 1:

8 (Z frsin ]1€> (Z fr cos ]1€> <nfri
p k=1

Proposed by Daniel Sitaru - Romania

Solution by Angel Plaza, Universidad de Las Palmas de Gran Canaria, Spain.
By the AM-GM inequality,

n n n 2 n 2
2(2]0’“31]“/1) <kacos]1>§ (kasinllc> +<kacos]1€> .
k=1 k=1 k=1 k=1

Now, by the Cauchy - Schwartz inequality,

(1) (£ ()

k=1 k=1

n 2 n n
<Z fr cos ;) < (Z f;?) : <Z cos? ;) :
k=1 k=1 k=1

From where, the left-hand side of the proposed inequality, say LHS verifies
LHS <4 2. sin? = + cos® = | = 4dnfnfn

because sin? % + cos? % =land >}, /7 = fufnt1
Since 4fp fns1 < (fo + fug1)? = fiio by the AM-GM inequality, the conclusion
follows. [l

Solution 2 by Brian D. Beasley, Simpsonville, SC.
For each n > 1, let S, = > _p_; fesin and Cp, = >, ficos ;.
Since >~} _y fr = fn+2 — 1, we have

Sn < fne2 —1land Cp < fryo — 1.
For n € {1, 2}, direct calculations show that
85,C, < nf,ZH_Q.
For n € {3,4,5,6,7}, direct calculations show that
8Sn,Cr < 85, (frta — 1) <nfrs.
For n > 8, we have

85,Cy < 8(fri2 —1)? <8f2 o <nfr.,.
1
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Addendum. Calculations:

n| 88,Cn | 88, (fura—1) | nf2es
1| 3.637 (6.732) 4
2 14.983 (21.134) 18
3| 52.271 63.209 75
4| 135.104 152.180 256
5| 329.964 356.241 845
6 | 765.940 806.082 2646
7| 1756.468 |  1818.655 | 8092

Solution 3 by Jose Luis Diaz-Barrero, Barcelona, Spain.
Let A=Y} | fesint and B =7 _, frcos +.
From (A — B)? > 0 we obtain 8AB < 4(A? 4+ B?) and

A2+ B? = Zf2s1n *—l—kaCOb -

1
Z fzf](smfsmf—&—cos—cos )
J

1<i<j<n

_ka(sm E%—cos %)—1—2 Z f,fj(sm%smf—l—cos%cos;)

1<i<j<n

Using the well-known formulae sin® z + cos? z = 1 and
sinasinb 4 cosacosb = cos(a — b), we get

A1 B2 = ka+2 Z fzfjcos(f—f> ka—l-Z Z fifj.

<D 1<i<j<n
Thus
A2+ B2 < <Z fk> , and therefore 8AB < 4(2 fk> :
= k=1

Since ZZ=1 fr = fnio — 1, as it is well-known, then 8AB < 4(f,12 — 1)%2. So it
suffices to show
2
) <n.

A fnp2 =12 <nfii, & 4(1 -

To do that we will distinguish the following cases:

fn+2

e For n =1 we have 8sin1cos1 =4sin2 < 4 = f3.
e For n = 2 we have 8(sin1+sin%>(cosl+cos ) <18 =2f?

e For n = 3 we have
8(Sin1+sin%+2sin%)<cosl+cosf+2cos )<7573f5
For n > 4, we have f,,+2 > 3, so

0<1-—

2
<1¢4(1f ) <d4<n

fn+2 fn+2
Thus the inequality holds for all n > 4.

Finally, we conclude that the inequality holds for every n > 1. ([
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Solution 4 by Michael Bataille, Rouen, France.
Let S, =Y ,_, frsing and C, = >_;_, fx cos +. The general inequality
dxy < (z + y)? yields

n 2
(1) 4S,C, < (Z fk(sin% + cos ]i))
k=1

and the Cauchy - Schwarz inequality gives

2) (ka(sm +cos)> (ka> <Z<sin;+cosé)2>

Now, we have > }'_, f# = fufn+1 (by an easy induction) and

n

zn:(sin% +cos%)2 = Z(l—&—sin%) <2n

k=1 k=1

(since sin £ < 1 for k =1,2,...,n). From (1) and (2), we now deduce

1
8‘9 C < 4fn.fn+1 2n < n(fﬂ =+ fn+1) nf72L+2
and the desired 1nequahty 85,Cn < nf? o follows. O
Solution 5 by Ulrich Abel, Technische Hochschule Mittelhessen, Friedberg, Germany.

Taking advantage of the well-known formula Y7 _ -1 ft = fnte — 1 and the obvi-
ous relations 0 < sm <sinl ~ 0.84 and 0 < cos <1 for all £ > 1, we conclude
that

(Z frsin > (Z fx cos ) < (sin1) (Z fk> <Z fk> (sin1)(fri2—1)% < (sinl)f7,,
k=1

Observing that 8sinl ~ 6.73 we see that this implies the inequality of Problem
#5825, for all n > 7. The finitely many cases n < 6 follow by direct computation.
Remark. The quantity

(o o)

satisfies the (rough) asymptotic relation
logSj ~ 2log ¢ (n — o),
where ¢ = (1 ++/5)/2 is the Golden Ratio. From

(sin %) (cos1) (1 - fn1+2)2 2 §(sin %) (cos1) (; fk> < S,
2
< (sin 1)(005 7) <Z fk> <fi.,

it follows that )
a(n) + 10gn+2 logS < - log‘ f72L+27
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where

1 1\ 1 1 1 \2
a(n) = - log(sin E) + - log(cos 1) + - log(l — ) =o(1)

f7L+2
log ( sin %)

1 1
—log S, = —log 2,5 +o(1) (n — o0).
n n

as n — oo. For the first term we used that ~logn = o(n) as n — oc.

Therefore,

It is a consequence of the Moivre-Binet representation that f,, ~ ¢™/ V5 asn — oo.
We infer that

1 1 1 2 2
Elogsn = Elog¢2”+2 _ Elog\/5_|_0(1) = nt

log + o(1) = 2log ¢ + o(1)
as n — 0o, which proves our claim. [

Solution 6 by proposer.
By induction we prove that:

(1) 13+t fr= fafar
fo=fot+tfi=0+1=1
For n =11n (1 )'f12—f1f2<:>12—1-1(true)
P(n): [+ 3+ = fnfnt1 (suppose true)
P(n+1): fi+ f3 + ~~~+f3 + [0 = fat1fas2 (to prove)

P 4 24 20 fufu 4 2 =
= fn—i-l(fn + fn+1) = fn+1 . fn+2
P(n) = P(n+1)

(1) Yop_y(sin® £ + cos? 1)
- 2 fnfn+1
AM-GM n n
LGM (%)

2 2

(St (S )
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