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5810. If z,y,z € (0,1) and zy + yz + zx = 1, then show that:
8
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Daniel Sitaru
Solution 1 by Songen Tang (undergraduate student) and the Eagle Problem Solvers,
Georgia, Southern University, Savannah, GA and Statesboro, GA.

We begin by proving the following lemmas.
Lemma 1: If z,y and z are real numbers, then

(@ 4y )+ 2 (A 4t > S(J“A oyt Y (@t + gt 4 2.
Proof.
9@t +y) (" + 2N +a) = 8@t +y' + 2NNy +ytet + 2"
— 9ty 4yt 2t ) (4 o) — (a4 gt 2 (a4 gt )
— 9y 4 )+ (@ 4yt 4 2 o) — 8yt ety et 2t
=yt +ah) + (2 +yt + 2N (et +2t) — sty
= (2" +y") (" + 2N (" +a) - 8atyt
> (20%52)(22) (2:%0%) — Syt
=0.

Lemma 2: If a,b, and c are real numbers, then a? + b? + ¢ >

Proof.

3(a® 4% 4c*)—(a+b+c)? = 2(a> +b*+c*)—2(ab+bc+ca) = (a—b)2+(b—c)?+(c—a)? > 0

From Lemma 1, using 22, y2, and 22 for a,b, and ¢, we have
(P +y*+2%)* 1 (:c2 ty? et 2 a?

4 4 4
> —
vy 2 3 3V 2 2 2

Meanwhile, using Lemma 1 twice more, we get

(a+b+c)2
—s

)2>1(x + z—&—zx)2—1
=3 YTy 3

2,2 2,2 ,2,2\2 2, 2
syt byt it > (z%y +y§ +2°a7) Z%(W) :%%:%
Finally, using Lemma 2, we have
8 8 1 8
L N B N N A oo ST SUR O A S B0 SR o N B S
(@ 4y + (e +ah) 2 STy + )@y YT aTT) 2 oo o = o
|



2 DANIEL SITARU - ROMANIA

Solution 2 by Henry Ricardo, Westchester Area Math Circle, Purchase, NY.
We apply the Power Mean inequality (P) and Maclaurin’s inequality (M):

(m4—2ky4>% g m—;yl\z/[ $y+ygz+zx ¢x4+y422(%32+m)2:;

It follows that

2\3 8
4 Ay 4 | Ay A 4 >(7) __°
(@)t + N ) 2(5) = o
We note that only x,y,z > 0 is required and that equality holds if and only if
xTr = y =z = %. |:|

Solution 3 by Michel Bataille, Rouen, France.
For any real numbers a,b, we have 2(a® + b?) — (a + b)?> = (a — b)? > 0, hence
a2+b2 2
at £ bt > ( . )
It follows that the required inequality will certainly hold if
(2 + 2y + 22) (22 + 2%) > 77

Again we have 22 + y2 > %, etc, hence the latter will hold if

Now, from

(x+y+2)?2 =22 +y*+ 22+ 2wy +yz + 2x) > 3(xy +yz + 22) = 3

and
=zy+yz+z2x > 3xy - yz - zx = 3/ (2y2)?

we obtain z +y + z > /3 and zyz < ﬁ We deduce that

75
1 8
T+ +z)(z+x) = (r+y+=z :r—l—z—i—zx—acz:x—i——&-z—sz\f——:—.
(z+y)(y+2)(z+2) = (2+y+2)(zy+yz+zz)—ry y y 373" 373
Thus, (1) holds and the proof is complete. O
Solution 4 by Moti Levy, Rehovot, Israel.
For u,v > 0,
ut+ o\t _u+tw 4 4 (utv)?
> > — .
() 2 =t etz T

Applying this to the pairs (z,y), (v, 2), (z,2) and multiplying yields
((z+y)(y+2)(z+2)*

(@ +y)y' + 2 +at) 2

512
Thus it suffices to show
8
1 T+ +2)(z4+2x2) > ——
(1 @+ e+ >

(@+y)y+2)(z+2)=(2+y+2)(zy +yz+22) —2yz.
Write p = + y + z and r = zyz, and because zy + yz + zx = 1, then:
@+y)ly+2)(z+a)=p—r

%ay:%,zz % so that ab 4+ bc + ca = 3 and

pfr::%(a+b+cf%bc).

Let x =
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We claim that

(2) a+b+c—%bczg

Indeed, from ab + bc + ca = 3 we have
a?+ b+ > ab+ bc+ ca = 3,
whence
(a+b+c)=a*+b*+c*+2(ab+bct+ca)>3+6=9=
(4) a+b+c>3
Also, by AM-GM applied to ab, b, ca,

1= PR b be)(ea) = (abe)’

S0
(4) abc <1
Combining (3) and (4) gives,

Finally,

(z* + oy + 2N (2t + 2t >

Solution 5 by proposer.
First, we prove by induction that:

(1) (z+y)" < 2" Ha" +y")
Forn=1=x+4+y <z +y (true)

P(n): (z +y)" <27 (2™ 4+ y") (suppose true)
Pn+1): (x4 y)"tt <2n(at 4+ y"F1) (to prove)

@)™ = @) € @4y 2N ) <2 E 4y o
(z+y) (" +y") <2 +y"Th) &
& 2 oyl gl gyt gy g >0
" gy 4y Ty >0
sa(z—y) -y (z-y) =0
& @-y@"-y") =0
S @—y? @ " Py a2y Ly ) >0
P(n) = P(n+1)
xz,y,z€ (0,1);zy+yz+z2e=1=

= I, 8,y 6(0,%);1‘ =tana,y = tan 3,z = tan~y

1—
zy+z)=1—-yz= Y

y+z

1 —tan B tan~y

tana =
tan 8 + tan -y

= tana = cot(8 + )
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(w+y)4

By (1):2* +y* > 7(w+y)4 =

H(x +yh) >H& 83Hx+y

= 219~:011(tan;1+tan§)4
4
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Equality holds for A = B = Z%:>x=y:z:
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