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In this short paper, an inequality regarding concave and positive
Sfunctions — applied to some convex combinations on an interval is presented .

By particularizing this inequality to different functions, numerous
applications are obtained.
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In what follows we will consider several times the notion of a weighted linear combination ,
i.e. a quantity of the form Z w, X, , with the property Z w, =1 where w, 20, x,elcR .
k=1 k=1

We will call such quantities convex combinations . For these types of combinations let us
point out an useful and interesting property , captured in the following ,

1. Remark

If TcR isainterval ,x,€l, w, 20, (‘v’)ke{l,2,...,n}, such that Zwk=1,
=1

then Z w,x, € I- 1)
k=1
Indeed , if for example I =[a,b] , then:
x, €l = a<x,<b = wasw,x,<wb = D was<dwx <D wb =
k=1 k=1 k=1

= a-iwkSiwkkab-iwk = aSiwkkab = iwkxke I
k=1 k=1 k=1 k=1 k=1

Similar justifications in cases : I1=[a,b) , I=(a,b] , 1=(a,b).
The statement remains true even in borderline cases.: ¢ — —00 , b — +00 .

The most well-known and used case in which convex combinations appear is that
of Jensen's inequality. This inequality will play an essential role in obtaining the following
results. More precisely, we will use Jensen's weighted inequality, (for the case of concave
functions), which we recall in the statement :



2. Proposition (Jensen's weighted inequality for concave functions)
= Lroposuion 4 q

If f:IcR ——>R isaconcave function , 1 an interval , then ,
f[Zwkxkj 2 > wif(x,) (J)
k=1 k=1

* n
where, neN", w, >0, x, €l |, > w, =1
k=

The equality in (J) occurs if and only if x; =x, =+++=Xx, , or when the function f
is a linear function (or so-called affine function) .

From a previous work - [1] ( Lemma 2 ) - we resume the version for concave functions
applied to convex combinations :

3. Proposition
If p:IcR —>R isaconcave function I is an interval and

x€I, p20, (VMkell,2,. Z p; =1, then holds the inequality ,

@ (Px+p% +.t P, )+ @ (P + Py X, +...+pnxl)+...+(o(plxn+p2xl Fot Py ) =
2 @(x)+(x)+..+0(x,) - )

The following statement 1s similar to that in Proposition 3, with the difference that - relative
to operations with functions - the additive form 1s changed to their multiplicative form.

4. Theorem , |2]

If f:IcR ——> R0 isaconcave function , 11s an interval and

- n
neN |, w20, x, €l , ke{l,2,..,n}, D w, =1, then holds the inequality
k=1

f(w1x1+w2x2 +...+wnxn)-f(w1x2+w2x3 +...+wnx1) f(wlx +w, X, +... W, n—l) >
2 f(x)-flx)- flx,) - 3
Proof 1

Using (n times ) Jensen's inequality— for concave functions , and then the weighted
AM-GM inequality (wAM-GM ) we have successively :



WAM—GM [ _» Y n , " ,
2 ( f(x) k}'(nf(xkﬂ) ol Hf(xk+n—|) kj =
k=1

:f(xl)wl+wz+. +w,,.f(x2)w1+w2+...+wn. -f(xn)w1+w2+ +w, —
= f(x1 )-f(xz)- -f(x,,) .
Proof?2

In Proposition 3, we consider the composite function, ¢ =In O f (which is also a concave
function) and obtain :

(Inof ) (wx,+wy X, +.ctw,x, ) +(Ino f) (W, +mwy X3+t w,x) )+ (InO ) (wx, +wy x; +otw,x, ) 2

2 (Inof )(x )+(Inof)(x,)+...+(Inof)(x,) <
< In [f(wlx1 +w, X, ot w, X, ) f(mx, +wy X5+, )-...-f(wlxn+w2x1 +...+wnxn_1)] >

> In[f(x) (%) f(x)],

from which the inequality (3) results

By particularizing the function fin Theorem 4 above, numerous inequalities can be obtained.

5. Corollary
If a,b>0, w, 20, x, 20, k€{1,2,...,n} , > w, =1, then holds the inequality ,,
k=1

B

> (e, +b)- (e, +b)-...-(ax, +b) - 4

Proo
If in Theorem 4 we consider the linear (or affine) function, f:Rz9g—— Ry ,

f(x)=ax+b , the inequality from the statement is obtained .

6. Corollary

If w,20,x,21, kef{l,2,..,n}, Zwk =1, then holds the inequality ,,
=1

ln(ki W, xkj-ln(kizl w, xkﬂJ-...-ln(k:Zl w, xk+n_|J 2 (Inx;)-(Inx,)-...- (Inx,,) - ®)



Proof

We consider the function f:[1,0) ——> [0,®) , f(x)= Inx, - obviously
concave and postive on [1,0) so with Theorem 4, we immediately obtain the inequality (5) .

7. Corollary
If w,20,x,€[0,n], ke{l,2,..,n}, Zwk =1, then holds the inequality ,
=1

n n n
sin Zwkxk - sin Zkakﬂ “...-Sin Z:wkxkﬂ,_l 2
=1 k=1 k=1

> (sinx,)-(sinx,)-...-(sinx,) - (6)
Proof

Function f:[0,t] ——> [0,1] , f(x) = sinx is a concave and positive function
on [0,7] , so applying the inequality from 7heorem 4 , the inequality from the statement
is obtained .

8. Corollary
If Wy >0 s Xp € [07 7'5/2] 5 kE{l,Z,...,n} 5 zwk =1 , then holds the inequality,
k=1

n n
cos Zwkxk - COS Zkakﬂ ...t COS
=1 =1

>(cosx;)-(cosxy)-...-(cos x,) - )]

k=1

n
Z Wi xk+n—lJ 2

Proof

Function f:[0,m/2] —— [0,1] , f(x)=cosx is a concave and positive function

on [0,7/2] ,so applying the inequality from Theoreme 4 , the inequality from the
statement is obtained .

9. Corollary
If w20, x,€[0,1], k€{1,2,..,n}, D w, =1, then holds the inequality,
k=1

n n n
arccos(z W, xkj-arccos[z w, xkﬂ]-...-arccos{z W, xk+n_|j 2>
=1 k=1 k=1

> (arccos x,)-(arccos x, )-...- (arccos x,,) - ®

Proof

Function f:[0,1] —— [0,7/2] , f(x)=arccos x is a concave and positive function
on [0,1] , so applying the inequality from Theoreme 4 , we obtain inequality (8).



. Corollary
If a,b6>0,w,20, x, €[0,©) , k€{l,2,..,n}, > w,=1, peN,, ,
k=1

then holds the inequality,

[a- P’ D wex, +b]-(a-1’/ Wy X +b]-. .. -{a- 1;/ D W X +b} 2
=1 =1 =1

> (aBfx, +b)-(a%x, +b)-...(a%[x, +b) - ©)

Proof

We consider the function f:[0,0) ——> [0,0) , f(x)=a1{/; +b , - obviously

concave and positive on [0, ) and applying Theorem 4 , we immediately obtain the
inequality (9) .

A slightly more general result than that in Corollary 10 is obtained if we consider the

function f:[0,0) ——[0,©) , f(x)=ax?+b , a,b>0 ,q € (0,1) - function
also concave and positive on [0, 0) .

11. Corollary
If a,b>0,w, >0, x, €[0,) , k€{l,2,..,n}, > w,=1,4g€][0]1] ,
k=1

then holds the inequality,

k=1

n q n q n q
“[Z wkka +b |- “[Z W, Xy | D[ a[z wkxk+n_|} +b| 2
= =
> (] +b)- (@ +b)-....(axi+b) - (10)
12. Remark

For ¢ =1, we obtain the result from Corollary 5 .
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