ROMANIAN MATHEMATICAL MAGAZINE

NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(Il)

Bogdan Fustei-Romania
We consider ABC triangle , and: n,-cevian of Nagel from A; g,-cevian of Gergonne from A;
pa-cevian of Spieker from A; p= % (a+b+c)

2r,h, (% — 1) = n2 + r? (and analogous)(1)[1]

Ia

n,
r ny,—/4r2+(b—c)2
p% = n2 +2r,h, (and analogous)(3)[1]

(and analogous)(2)[2]

> pa\/g (and analogous)(4)[3]

na(R-1)

Ta — 1) = n2 2 _ ma@®1 2, 2
2rha(R r) na+ra%2hana_\m n; +r;

_®n  _o.#
2h, no VA (-0f n, + o (and analogous)(5)

From (5) after summation :

2
2R-1) Y= m =n, + ny, + n, + + b+ (6)
From (4) and (6) >
— 2
2h, o)) >n, +2(7)

pa\/E—,/ 4r2+(b—c)?
8a

From(7) after summation:

h 2 2 2
2R-DY — > n, + 0y, + ng+ 42 4 (8)
pa\[g: —/4r2+(b—c)? Na  Mp N
From Bergstrom :
r2 rlf r2 (ry+rp+1o)?
a4 b e a b of
n, + ny + ne ~  ny+np+ng (9)

From (8) and (9) :

2
2(R—r)z o >n,+n,+n, + (10)
Pa
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From (4) :n2 > napa\/:;1 and (3) :
p? = napa\/:} +2r,h, or:

p= \/napa\/;z + 2r,h,(and analogous) (11)

From hﬁ = %(and analogous) and (11):

From (12) after summation:

ry p p?

Fromr, = S (and analogous) and S= pr, == — = (and analogous);
a p-a p r

p-a  p(p-a)
Also is well-known that :r,r. = p(p — a) (and analogous);

r 2 2p?
R P - P P ghdfrom (3):
r p-a p(p-a) 2rprc

ra _ nZ+2rche+ng+2rphy > 2(npne+rehetrche)

(and analogous)
2rpre 2rpre

npnctrche+rphy — npne

a he h
b + =< + -2 (and analogous) (14)
r Iple Iple Iy Ic

From (14) and (2) :

Ny > npne

n,—/4r2+(b—c)2 = rpI¢

From r,ryr. = p?r (well-known) and (14):

(3)2 > [T (2 + 75+ 2) (16)

r I'ple Iy

+ % T ? (and analogous) (15)
b c

r 2 2
From2=L=_F P 5nq(3):
r p-a p(p-a) TIprc

2h
== = —2 4 ~P (and analogous). From ry +ry, + r. = 4R + r (well-known) ;
r Iprc Iprc I'pl'c Irc
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ryre + rare + rarp = p? (well-known) and using Bergstrom Inequality :

2
FCLSQLRLRTE YL RS
p I'p Ic Ia

r

We consider :p—b and p—c. For AM-GM : p—b+ p—c=2,/(p — c)(p — b)

\/(p —c)(p — b) = ,/rr, (and analogous) (well-known, p—b+ p—c=a

a ra ra n,
a=2./rr,»>— = |[—and = = ————=(and analogous):
392r \’ r r  ng—/4r2+(b—c)2 ( gous)

a n
= |—a
or = \/WTW (and analogs)(18)
la
ay s
2r

I v s (and analogous) (19)

From (18) and (4) :

From (18) after summation :

p _ Da
r = Z n,—/4r2+(b—c)?2 (20)

From (19) after summation :

la
.
- n,—/4r2+(b—c)2

= s

From — > Fand (14):
2r r

a5 [mne e hy
- > - + ™ + y (and analogous) (22)

From (22) after summation :

By [ty lei i (23)

r I'pIc Iy

2 2
r n 2rph n 2h a r .
From 2 =—2 4 =2b - b 4 Zb(5n4 analogous) and — > /—a we obtain :
r I'plc I'plc I'prc Ic 2r r

2
i I'lb Zhb
o = /rbrc + e (and analogous) (24)
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From (24) and (4):

2
Pb 2
@ + Zr—h" (and analogous) (25)

From (2) and nZ > napa\/;;:

napa\/g
fa> (and analogous) (27)
r — n,—/4r2+(b—c)?
From (27)andry + 1, + 1. = 4R + 1!
la
1+B > Z L\/g: (28)
r = “n,-/4r2+(b-c)?
Is well-known that :AI=% (and analogous); bc=p(p—a)+ (p — ¢)(p — b)(and analogous);
Sin—

2

(p — c)(p — b) = rry(and analogous); p(p—a)= rpr, (and analogous);

A rpr . A T
cos> = % (and analogous); sin~ = /b—;‘ (and analogous) ; S=pr ; rr rpre=S%;
Al bc 1 Iy, . . e A
Now —= /—=ﬁ= /1 + 2. After simple simplifications: cot==2 (and analogous);
r ITy su]; ITy 2 1y

p_p-a

rpy r

AL fE_L_ Tble_ )% p-a\? _
> o st 1+ oy -\/1 + (ra) —\/1 +( - ) (and analogous);
SAl=,/r2 + (p — a)?2 (and analogous)(29)

From :—_r""A=,/p2 + rZ (and analogous) and (3) :
SIn—
2

Is also well-known : ry(p—a)=S; r,(p—a)=pr->

Ia

sin? = /12 + n2 + 2r,h, (and analogous) (30)
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Because n, = h, and (30):
n, + r, > —;(and analogous) (31)
Sin;
2

From (31) and % = %9
S

1+— > —(32)

a
Na

n —,/4r2+(b—c)2AI

1+5>

From (31)and (2) :n; + 1, =

—Jm (and analogous) (33)

From (33) after summation:
3+ + +— X-

n, ,/4r2+(b c)z(
From (2) Na—y4r*+(b-0) +(b ki (and analogous) and (32):

n,—/ 4r2+(b—c)?2 >

1+ . > % (and analogous) (35)

From (35) :

r+n, >Al+,/4r2 + (b — )2 and analogous) (36)

From (36) after summation:

3r+n, + n, + n, > Al + BI + CI + X \/4r2 + (b — )2 (37)
From (11) and (30):

sin;
2

> \[r} + napa\/:;Z + 2r,h, (and analogous) (38)

After summation:

smE

=3 [ n [ +2u 08

From (38) :

Al

la
napa\/% h,
- > 1+ 2 +2 - (and analogous) (40)

5
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From (40) after summation:

2
r Iy

2 —\2
From(30):%= /1+%+2%and§= 1+(p—ra) :

n? h — a2
42 (DT) (and analogous)(42)

wepa
AI+BI+C122 1+ ga+z% (a1)

fa , ,1a
A

n ny—/4r2+(b—c)?2
From =% = 2——«n—~
r

. (and analogous) and (42):

by (p-a)—(n, a7+ (o-02)

T, r2

From (43) and Al=,/r? + (p — a)? (and analogous) :
h, A—(n—/ar2+(b-0)?) 12

ra r2

2 (and analogous) (43)

2

142 ha A12—(na—,/m~2+(b—c)2)2
=

2
a r

(and analogous)(44)

From (44) : Al >n, — \/4r2 + (b —c)?

Al+,/4r2 + (b — ¢)%>n, (and analogous) (45)
From (45) and (36) :

r+n, >Al+,/4r2 + (b — c¢)2>n, (and analogous) (46)
From (43) :

) By

r (p—a)z—(na—\/4r2+(b—c)2)

From (47) after summation :

5 (and analogous) (47)

4R+r h,

22 2 (pa)e(ny— /e (b-02)

2 (48)

From (47) and (2) :
na ha

=2r
ng — /4r? + (b - ¢)? (p —a)? —(na—\/llr2+(b—c)2)2

6
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—./4yr2 —c)2
Ja —r L i U > (and analogous) (49)
h, (p—a)z—(na—\/4r2+(b—c)2)
b _2 p-a _ a )
From h o (and analogous) éha_ZF = because p>a; h, > 2r

2S=hya=2pr=(a+b+cr-h, = (1 + %) r > 2r because b+c>a (triangle inequality);

2p=a+b+c>2a—>b+c>a(triangle inequality);

a

(p-2) _
hy — 2r = 2r-2=2 > a(h, — 2r) = 2r(p - a)ehz_; =2

. bpma _ a .
From: oz (and analogous)and (12) :
p—a NaPa l_a Zra
— > ’—hg ’ga + T (and analogous)(50)
From: 2= =2 (and analogous)and (18):
"hy,—-2r 2r )
p-a ’ n,
>
ho2r = Va2 i o) (and analogs)(51)
. bma _ a .
From : bz o (and analogous)and(19):
’ [fa
_ Pa |5
p—a 8a
>
ho2r = \| A b0 (and analogous) (52)
. pma _ & .
From : oo o (and analogous) and (22):
pa %4_&4_&( d anal )(53)
ho2r 2 T T (@nd analogous
From : 2—— =2 (and analogous) and (24):
"hy,-2r 2r )
2
p-a ny 2hy,
— = /_rbrc + o (and analogous)(54)
From: 2= =2 (and analogous) and (25):
"hy-2r 2r ’
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] 2
b
p—a > (pb gb)

+ Zr—h" (and analogous)(55)

h,-2r — I'pTe
p-a a .
From : = — (and analogous) after summation:
h,—2r 2r
p-a _p
Z h,—2r Tr (56)

From (56) and (13):

From (56) and (16):

(Z22) > (e 4 ey 2)(s8)

I'pIc I'p

p—a ’ Na
> - ¢
Z h,-2r — Z n,—/4r2+(b—c)?2 (59)

From (56) and (20):

From (56) and (21):

’la
_ Pa [,
p—a 8a
>
) h,-2r = ) n,—/4r2+(b—c)? (60)

From (56) and (23):

p-a /% he | by
Z h,—2r = Z I'pTc + 'y + Ic (61)

From (56) and (26):

lbz
Zﬂ>z M_ﬂ_“b(sz)

h,—2r — I'pTe I¢

p—a _ & .
From oz (and analogous) and (12):
a(p—a) npy [la | 2r,
2r(ho—2r) = h2 /ga + s (and analogous)(63)
p—a _ & .
From hoor (and analogous) and (18):
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a(p—a) n,
2r(h, —2r) ", - J4r2 + (b —¢)?

(and analogous)(64)

From hz:zr = ir (and analogous) and (19):
Ia
2:-1((1:_—212)0 > — \/% (and analogous)(65)
From hI::Zr = % (and analogous) and (22):
2:1((; az)r) > l;::: +—= + = (and analogous) (66)
From hz:zr = % (and analogous) and (24)
2
2:((;:1__612)” > r::c + Z::b (and analogous)(67)
From hz:r = % (and analogous) and (25):
2
a(p — a) (p" fl;l:,> 2h,
2r(h, — 1) > L + r (and analogous) (68)
From —2 ha —_ r2+(b i (and analogous)[4] and -= g(x,y,A,B>0)

—J4ar2+(b—c)2
A>x ;B>y 9— = —obtam Da _ Da—yi4ri+(b-0)®
B-y h, h,—2r

—./ 2 b-—
From :—a :zr_;( © (and analogous) and (4):
—./4r2
;tr—;(rbc p"\/7 (and analogous) (69)
_ _ (btc—a\ _2(p-a) _ 2pr h, _ 2pr a 1
h, 21‘—( a )I‘— a iha = a eha—Zr_ a (b+c—a)r
_ha _ P 1

— 2 2
—(andanalogous) From(69)and =P _fa yMa m\/g

h,—2r p-a —-2r p-a r

,/4r2+(b —-0) \/a

Is well-known that :}; 21 and from 2 — (and analogous) after

Ta

summation:
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z::12,—\/4r2+(b ) \/g> 1(70)

From (1): 2r h, (% — 1) =n2+r12>2n,r, > E —1>m

h
n a—/4r2+(b—c)? 1
From D2 = Ramy4ri+(b-o” (and analogous) and n2 > n,p, [2:
h, h,—-2r ga
(E)Z > (na—\/4r2+(b—C)2)pa l—aand l:_{ _ 1 > E
ha - ha(ha—2r) a r T hy

==

h,(h,—2r)

a_V4 2+(b_ )2 a
>1 +\/(n i - )p \/E(and analogous) (71)

o (and analogous):

From (12) and E—a = “4r +Hb—c)*

+ % (and analogous) (72)

5l

h,(h,-2r)

> \[pa(na—w/ 4r2 +(b—c)2) \/E
8a

From (72) after summation:

= s

h,(h,—2r)

=3) jpa( a4+ (b—c)?) \/; % (73)

From ryr + rare + rarp = p? (well-known) and h, = %(and analogous) (also well-known
bTlc

and easy to prove ) and p? = n2 +2r,h, (and analogous):

Iyl + rare + rary = n2 +2ryh, >n2 = rpre + ry(ry, + ro — 2hy)

4rpr

2 c Ta 2
n; =rpre+ry(rp+re.— =TIyl + (rp—rc)
rp+re Iy +I¢

n;

I
=l + —— . (r,—r1.)? (and analogous)(74)
C

r 2 la
ry,—r =n ’—
Tc( b c) aPa ga

1,
(r,—r.)% = n,p, /g — I (and analogous)(75)
a

Iy

1
From (74) and n2 > n,p, /g—aérbrc +
a

Iy

I'b+

10
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,1 .
From (75): [ry—r¢| ’rrﬁ > |NaPa g—a — rpr¢c (and analogous) and after summation:
bTlc a

Ta la
Zlty=rel [2-> 3 |napa [= - (76

From |b — c| = n, — g, (and analogous)[5] and (2) :

Ta > Na
r n,—/4r2+(ny,—g,)?2

From (77) after summation:

(and analogous)(77)

1+ 2 3 (78)

n,
na—+ 4r2+(na_ga)2

From |b — c| = n, — g, (and analogous)and (18):

a n
Y a
2r = \/na_m (and analogs) (79)

From |b — c| = n, — g, (and analogous)and (19):

a Pa 2a
—_ >
2r — 4| ng—/4r2+(n,—g,)? (and analogous) (80)

From |b — c| = n, — g, (and analogous)and (20):

P n,
r = 2 \/na—,lzlr2+(na—ga)2 (81)

From |b — c| = n, — g, (and analogous)and (21):

3>2J R

r— T\ na—y/4r2+(na—ga)?
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