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NEW IDENTITIES AND INEQUALITIES IN TRIANGLE-(II) 

Bogdan Fuștei-Romania 

We consider ABC triangle , and: na-cevian of Nagel from A; ga-cevian of Gergonne from A; 

pa-cevian of Spieker from A ;  p=
1

2
 (a+b+c) 

2𝐫𝐚𝐡𝐚 (
𝐑

𝐫
− 𝟏) = 𝐧𝐚

𝟐 + 𝐫𝐚
𝟐 (and analogous)(1)[1] 

𝐫𝐚

𝐫
=

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogous)(2)[2] 

𝐩𝟐 = 𝐧𝐚
𝟐 +2𝐫𝐚𝐡𝐚 (and analogous)(3)[1] 

𝐧𝐚 ≥ 𝐩𝐚√
𝐥𝐚

𝐠𝐚
 (and analogous)(4)[3] 

2
ra

r
ha(R − r) = na

2 + ra
2 →2ha

na(R−r)

na−√4r2+(b−c)2
= na

2 + ra
2 

2𝐡𝐚
(𝐑−𝐫)

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
= 𝐧𝐚 +

𝐫𝐚
𝟐

𝐧𝐚
 (and analogous)(5) 

From (5) after summation : 

2(𝐑 − 𝐫) ∑
𝐡𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
= 𝐧𝐚 + 𝐧𝐛 + 𝐧𝐜 +

𝐫𝐚
𝟐

𝐧𝐚
+

𝐫𝐛
𝟐

𝐧𝐛
+

𝐫𝐜
𝟐

𝐧𝐜
 (6) 

From (4) and (6) → 

2𝐡𝐚
(𝐑−𝐫)

𝐩𝐚√
𝐥𝐚
𝐠𝐚

−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥ 𝐧𝐚 +

𝐫𝐚
𝟐

𝐧𝐚
 (7) 

From(7) after summation: 

2(𝐑 − 𝐫) ∑
𝐡𝐚

𝐩𝐚√
𝐥𝐚
𝐠𝐚

−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥ 𝐧𝐚 + 𝐧𝐛 + 𝐧𝐜+

𝐫𝐚
𝟐

𝐧𝐚
+

𝐫𝐛
𝟐

𝐧𝐛
+

𝐫𝐜
𝟐

𝐧𝐜
 (8) 

From Bergstrom : 

𝐫𝐚
𝟐

𝐧𝐚
+

𝐫𝐛
𝟐

𝐧𝐛
+

𝐫𝐜
𝟐

𝐧𝐜
≥

(𝐫𝐚+𝐫𝐛+𝐫𝐜)𝟐

𝐧𝐚+𝐧𝐛+𝐧𝐜
 (9) 

From (8) and (9) : 

𝟐(𝑹 − 𝒓) ∑
𝒉𝒂

𝒑𝒂√
𝒍𝒂
𝒈𝒂

− √𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐

≥ 𝒏𝒂 + 𝒏𝒃 + 𝒏𝒄  +
(𝒓𝒂 + 𝒓𝒃 + 𝒓𝒄)𝟐

𝒏𝒂 + 𝒏𝒃 + 𝒏𝒄

 (𝟏𝟎) 
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From (4) :na
2 ≥ napa√

la

ga
 and (3) : 

p2 ≥ napa√
la

ga
+2raha or : 

p ≥ √𝐧𝐚𝐩𝐚√
𝐥𝐚

𝐠𝐚
+ 𝟐𝐫𝐚𝐡𝐚(and analogous) (11) 

From 
p

ha
=

a

2r
 (and analogous) and (11): 

𝐚

𝟐𝐫
≥ √

𝐧𝐚𝐩𝐚

𝐡𝐚
𝟐 √

𝐥𝐚

𝐠𝐚
+

𝟐𝐫𝐚

𝐡𝐚
 (and analogous) (12) 

From (12) after summation: 

𝐩

𝐫
≥ ∑ √

𝐧𝐚𝐩𝐚

𝐡𝐚
𝟐 √

𝐥𝐚

𝐠𝐚
+

𝟐𝐫𝐚

𝐡𝐚
 (13) 

From ra =
S

p−a
 (and analogous) and S= pr,  

ra

r
=

p

p−a
=

p2

p(p−a)
 (and analogous); 

Also is well-known that :rbrc = p(p − a) (and analogous); 

ra

r
=

p

p−a
=

p2

p(p−a)
=

2p2

2rbrc
 and from (3): 

ra

r
=

nc
2+2rchc+nb

2 +2rbhb

2rbrc
≥

2(nbnc+rchc+rchc)

2rbrc
 (and analogous) 

𝐫𝐚

𝐫
≥

𝐧𝐛𝐧𝐜+𝐫𝐜𝐡𝐜+𝐫𝐛𝐡𝐛

𝐫𝐛𝐫𝐜
=

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
 (and analogous) (14) 

From (14) and (2) : 

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
≥

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
 (and analogous) (15) 

From rarbrc = p2r (well-known) and (14): 

(
𝐩

𝐫
)

𝟐
≥ ∏ (

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
) (16) 

From 
ra

r
=

p

p−a
=

p2

p(p−a)
=

p2

rbrc
 and (3) : 

ra

r
=

nb
2

rbrc
+

2rbhb

rbrc
=

nb
2

rbrc
+

2hb

rc
 (and analogous). From ra + rb + rc = 4R + r (well-known) ; 
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 rbrc + rarc + rarb = p2 (well-known) and using Bergstrom Inequality : 

1+
𝟒𝐑

𝐫
≥ (

𝐧𝐚+𝐧𝐛+𝐧𝐜

𝐩
)

𝟐
+2(

𝐡𝐚

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
+

𝐡𝐜

𝐫𝐚
)(17) 

We consider :p−b and p−c. For AM-GM : p−b+ p−c≥2√(p − c)(p − b) 

√(p − c)(p − b) = √rra (and analogous) (well-known, p−b+ p−c=a 

a≥2√rra→
a

2r
≥ √

ra

r
 and 

ra

r
=

na

na−√4r2+(b−c)2
 (and analogous): 

𝐚

𝟐𝐫
≥ √

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogs)(18) 

From (18) and (4) : 

𝐚

𝟐𝐫
≥ √

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogous) (19) 

From (18) after summation : 

p

r
≥ ∑ √

na

na−√4r2+(b−c)2
 (20) 

From (19) after summation : 

𝐩

𝐫
≥ ∑ √

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (21) 

From 
a

2r
≥ √

ra

r
 and (14) : 

𝐚

𝟐𝐫
≥ √

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
 (and analogous) (22) 

From (22) after summation : 

𝐩

𝐫
≥ ∑ √

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
  (23) 

From 
ra

r
=

nb
2

rbrc
+

2rbhb

rbrc
=

nb
2

rbrc
+

2hb

rc
 (and analogous)  and 

a

2r
≥ √

ra

r
 we obtain : 

𝐚

𝟐𝐫
≥ √

𝐧𝐛
𝟐

𝐫𝐛𝐫𝐜
+

𝟐𝐡𝐛

𝐫𝐜
 (and analogous) (24) 
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From (24) and (4): 

𝐚

𝟐𝐫
≥

√(𝐩𝐛√
𝐥𝐛
𝐠𝐛

)
𝟐

𝐫𝐛𝐫𝐜
+

𝟐𝐡𝐛

𝐫𝐜
 (and analogous) (25) 

From (25) after summation: 

𝐩

𝐫
≥ ∑ √(𝐩𝐛√

𝐥𝐛
𝐠𝐛

)

𝟐

𝐫𝐛𝐫𝐜
+

𝟐𝐡𝐛

𝐫𝐜
 (26) 

From (2) and na
2 ≥ napa√

la

ga
∶ 

𝐫𝐚

𝐫
≥

√𝐧𝐚𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogous) (27) 

From (27) and ra + rb + rc = 4R + r: 

1+
𝟒𝐑

𝐫
≥ ∑

√𝐧𝐚𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (28) 

Is well-known that :AI=
r

sin
A

2

 (and analogous); bc=p(p−a)+ (p − c)(p − b)(and analogous); 

(p − c)(p − b) = rra(and analogous); p(p−a)= rbrc (and analogous); 

cos
A

2
= √

rbrc

bc
  (and analogous); sin

A

2
= √

rra

bc
 (and analogous) ; S=pr ; rrarbrc=S2; 

Now 
AI

r
=√

bc

rra
=

1

sin
A

2

=√1 +
rbrc

rra
 ; After simple simplifications: cot

A

2
=

p

ra
 (and analogous); 

Is also well-known : ra(p−a)=S;  ra(p−a)= pr→
p

ra
=

p−a

r
 

→ 
AI

r
=√

bc

rra
=

1

sin
A

2

=√1 +
rbrc

rra
=√1 + (

p

ra
)

2
=√1 + (

p−a

r
)

2
 (and analogous); 

→AI=√𝐫𝟐 + (𝐩 − 𝐚)𝟐 (and analogous)(29) 

From :
ra

sin
A

2

=√p2 + ra
2 (and analogous) and (3) : 

𝐫𝐚

𝐬𝐢𝐧
𝐀

𝟐

= √𝐫𝐚
𝟐 + 𝐧𝐚

𝟐 + 𝟐𝐫𝐚𝐡𝐚 (and analogous) (30) 
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Because na ≥ ha and (30): 

𝐧𝐚 + 𝐫𝐚 ≥
𝐫𝐚

𝐬𝐢𝐧
𝐀

𝟐

 (and analogous) (31) 

From (31) and 
AI

r
=

1

sin
A

2

 → 

1+
𝐧𝐚

𝐫𝐚
≥

𝐀𝐈

𝐫
 (32) 

From (31) and (2) : na + ra ≥
na

na−√4r2+(b−c)2
AI 

1+
𝐫𝐚

𝐧𝐚
≥

𝐀𝐈

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogous) (33) 

From (33) after summation: 

3+
𝐫𝐚

𝐧𝐚
+

𝐫𝐚

𝐧𝐚
+

𝐫𝐚

𝐧𝐚
≥ ∑

𝐀𝐈

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (34) 

From (2) : 
na

ra
=

na−√4r2+(b−c)2

r
 (and analogous) and (32): 

1+
𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐫
≥

𝐀𝐈

𝐫
 (and analogous) (35) 

From (35) : 

r+𝐧𝐚 ≥AI+√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 and analogous) (36) 

From (36) after summation: 

3r+𝐧𝐚 + 𝐧𝐛 + 𝐧𝐜 ≥ 𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈 + ∑ √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐 (37) 

From (11) and (30): 

𝐫𝐚

𝐬𝐢𝐧
𝐀

𝟐

≥ √𝐫𝐚
𝟐 + 𝐧𝐚𝐩𝐚√

𝐥𝐚

𝐠𝐚
+ 𝟐𝐫𝐚𝐡𝐚 (and analogous) (38) 

After summation: 

∑
𝐫𝐚

𝐬𝐢𝐧
𝐀

𝟐

≥ ∑ √𝐫𝐚
𝟐 + 𝐧𝐚𝐩𝐚√

𝐥𝐚

𝐠𝐚
+ 𝟐𝐫𝐚𝐡𝐚 (39) 

From (38) : 

𝐀𝐈

𝐫
≥ √𝟏 +

𝐧𝐚𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐫𝐚
𝟐 + 𝟐

𝐡𝐚

𝐫𝐚
 (and analogous) (40) 
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From (40) after summation: 

𝐀𝐈+𝐁𝐈+𝐂𝐈

𝐫
≥ ∑ √𝟏 +

𝐧𝐚𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐫𝐚
𝟐 + 𝟐

𝐡𝐚

𝐫𝐚
  (41) 

From (30) : 
AI

r
= √1 +

na
2

ra
2 + 2

ha

ra
 and 

AI

r
=√1 + (

p−a

r
)

2
 : 

𝐧𝐚
𝟐

𝐫𝐚
𝟐

+ 𝟐
𝐡𝐚

𝐫𝐚
= (

𝐩 − 𝐚

𝐫
)

𝟐

 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟒𝟐) 

From 
na

ra
=

na−√4r2+(b−c)2

r
 (and analogous) and (42): 

𝟐
𝐡𝐚

𝐫𝐚
=

(𝐩−𝐚)𝟐−(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)
𝟐

𝐫𝟐
 (and analogous) (43) 

From (43) and AI=√r2 + (p − a)2 (and analogous) : 

2
ha

ra
=

AI2−(na−√4r2+(b−c)2)
2

−r2

r2
  

1+𝟐
𝐡𝐚

𝐫𝐚
=

𝐀𝐈𝟐−(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)
𝟐

𝐫𝟐
 (and analogous)(44) 

From (44) : AI >na − √4r2 + (b − c)2  

AI+√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐>𝐧𝐚 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟒𝟓) 

From (45) and (36) : 

r+𝐧𝐚 ≥AI+√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐>𝐧𝐚 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟒𝟔) 

From (43) : 

𝐫𝐚

𝐫
= 𝟐𝐫

𝐡𝐚

(𝐩−𝐚)𝟐−(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)
𝟐 (and analogous) (47) 

From (47) after summation : 

𝟒𝐑+𝐫

𝟐𝐫𝟐
= ∑

𝐡𝐚

(𝐩−𝐚)𝟐−(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)
𝟐 (48) 

From (47) and (2) : 

na

na − √4r2 + (b − c)2
= 2r

ha

(p − a)2 − (na − √4r2 + (b − c)2)
2 
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𝐧𝐚

𝐡𝐚
=2r 

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

(𝐩−𝐚)𝟐−(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)
𝟐 (and analogous) (49) 

From 
p

ha
=

a

2r
 (and analogous) →

p−a

ha−2r
=

a

2r
 because p>a; ha > 2𝑟 

2S=ha a = 2pr = (a + b + c)r → ha = (1 +
b+c

a
) r > 2𝑟 because b+c>a (triangle inequality); 

2p=a+b+c>2a→b+c>a(triangle inequality); 

ha − 2r = (1 +
b+c

a
) r − 2r = (

b+c−a

a
)r=

2(a+b+c)−2a

a
r = 2

(p−a)

a
 r 

ha − 2r = 2r
(p−a)

a
→ a(ha − 2r) = 2r(p − a)→

p−a

ha−2r
=

a

2r
 

From : 
p−a

ha−2r
=

a

2r
 (and analogous)and (12) : 

𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ √

𝐧𝐚𝐩𝐚

𝐡𝐚
𝟐 √

𝐥𝐚

𝐠𝐚
+

𝟐𝐫𝐚

𝐡𝐚
 (and analogous)(50) 

From : 
p−a

ha−2r
=

a

2r
 (and analogous)and (18): 

𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ √

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogs)(51) 

From : 
p−a

ha−2r
=

a

2r
 (and analogous)and(19): 

𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ √

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogous) (52) 

From : 
p−a

ha−2r
=

a

2r
 (and analogous) and (22): 

𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ √

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
 (and analogous)(53) 

From : 
p−a

ha−2r
=

a

2r
 (and analogous) and (24): 

𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ √

𝐧𝐛
𝟐

𝐫𝐛𝐫𝐜
+

𝟐𝐡𝐛

𝐫𝐜
 (and analogous)(54) 

From : 
p−a

ha−2r
=

a

2r
 (and analogous) and (25): 
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𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥

√(𝐩𝐛√
𝐥𝐛
𝐠𝐛

)

𝟐

𝐫𝐛𝐫𝐜
+

𝟐𝐡𝐛

𝐫𝐜
 (and analogous)(55) 

From : 
p−a

ha−2r
=

a

2r
 (and analogous) after summation: 

∑
𝐩−𝐚

𝐡𝐚−𝟐𝐫
=

𝐩

𝐫
 (56) 

From (56) and (13): 

∑
𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ ∑ √

𝐧𝐚𝐩𝐚

𝐡𝐚
𝟐 √

𝐥𝐚

𝐠𝐚
+

𝟐𝐫𝐚

𝐡𝐚
 (57) 

From (56) and (16): 

(∑
𝐩−𝐚

𝐡𝐚−𝟐𝐫
)

𝟐
≥ ∏ (

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
)(58) 

From (56) and (20): 

∑
𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ ∑ √

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (59) 

From (56) and (21): 

∑
𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ ∑ √

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (60) 

From (56) and (23): 

∑
𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ ∑ √

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
  (61) 

From (56) and (26): 

∑
𝐩−𝐚

𝐡𝐚−𝟐𝐫
≥ ∑ √(𝐩𝐛√

𝐥𝐛
𝐠𝐛

)

𝟐

𝐫𝐛𝐫𝐜
+

𝟐𝐡𝐛

𝐫𝐜
 (62) 

From 
p−a

ha−2r
=

a

2r
 (and analogous) and (12): 

𝐚(𝐩−𝐚)

𝟐𝐫(𝐡𝐚−𝟐𝐫)
≥

𝐧𝐚𝐩𝐚

𝐡𝐚
𝟐 √

𝐥𝐚

𝐠𝐚
+

𝟐𝐫𝐚

𝐡𝐚
(and analogous)(63) 

From 
p−a

ha−2r
=

a

2r
 (and analogous) and (18): 
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𝐚(𝐩 − 𝐚)

𝟐𝐫(𝐡𝐚 − 𝟐𝐫)
≥

𝐧𝐚

𝐧𝐚 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟔𝟒) 

From 
p−a

ha−2r
=

a

2r
 (and analogous) and (19): 

𝐚(𝐩−𝐚)

𝟐𝐫(𝐡𝐚−𝟐𝐫)
≥

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐
 (and analogous)(65) 

From 
p−a

ha−2r
=

a

2r
 (and analogous) and (22): 

𝐚(𝐩−𝐚)

𝟐𝐫(𝐡𝐚−𝟐𝐫)
≥

𝐧𝐛𝐧𝐜

𝐫𝐛𝐫𝐜
+

𝐡𝐜

𝐫𝐛
+

𝐡𝐛

𝐫𝐜
 (and analogous) (66) 

From 
p−a

ha−2r
=

a

2r
 (and analogous) and (24) 

𝐚(𝐩 − 𝐚)

𝟐𝐫(𝐡𝐚 − 𝟐𝐫)
≥

𝐧𝐛
𝟐

𝐫𝐛𝐫𝐜

+
𝟐𝐡𝐛

𝐫𝐜

 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟔𝟕) 

From 
p−a

ha−2r
=

a

2r
 (and analogous) and (25): 

𝐚(𝐩 − 𝐚)

𝟐𝐫(𝐡𝐚 − 𝟐𝐫)
≥

(𝐩𝐛√
𝐥𝐛

𝐠𝐛
)

𝟐

𝐫𝐛𝐫𝐜
+

𝟐𝐡𝐛

𝐫𝐜
 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟔𝟖) 

From 
na

ha
=

√4r2+(b−c)2

2r
 (and analogous)[4] and 

x

y
=

A

B
 (x,y,A,B>0) 

A>x ;B>y →
x

y
=

A−x

B−y
 obtain: 

na

ha
=

na−√4r2+(b−c)2

ha−2r
 

From 
na

ha
=

na−√4r2+(b−c)2

ha−2r
 (and analogous) and (4): 

𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐡𝐚−𝟐𝐫
≥

𝐩𝐚

𝐡𝐚
√

𝐥𝐚

𝐠𝐚
 (and analogous) (69) 

ha − 2r = (
b+c−a

a
) r =

2(p−a)

a
; ha =

2pr

a
 →

ha

ha−2r
=

2pr

a
(

a

b+c−a
)

1

r
 

ha

ha−2r
=

p

p−a
=

ra

r
 (and analogous); From (69) and 

ha

ha−2r
=

p

p−a
=

ra

r
 →

na−√4r2+(b−c)2

pa
√

ga

la
≥

r

ra
 

Is well-known that :∑
1

ra
=1 and from  

na−√4r2+(b−c)2

pa
√

ga

la
≥

r

ra
 (and analogous) after 

summation: 
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∑
𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐

𝐩𝐚
√

𝐠𝐚

𝐥𝐚
≥ 𝟏 (70) 

From (1): 2raha (
R

r
− 1) = na

2 + ra
2 ≥ 2nara →

R

r
− 1 ≥

na

ha
 

From 
na

ha
=

na−√4r2+(b−c)2

ha−2r
 (and analogous) and na

2 ≥ napa√
la

ga
∶ 

(
na

ha
)

2
≥

(na−√4r2+(b−c)2)pa

ha(ha−2r)
√

la

ga
 and 

R

r
− 1 ≥

na

ha
 : 

𝐑

𝐫
≥ 𝟏 + √

(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)𝐩𝐚

𝐡𝐚(𝐡𝐚−𝟐𝐫)
√

𝐥𝐚

𝐠𝐚
 (and analogous) (71) 

From (12) and 
na

ha
=

na−√4r2+(b−c)2

ha−2r
 (and analogous): 

𝐚

𝟐𝐫
≥ √

𝐩𝐚(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)

𝐡𝐚(𝐡𝐚−𝟐𝐫)
√

𝐥𝐚

𝐠𝐚
+

𝟐𝐫𝐚

𝐡𝐚
 (and analogous) (72) 

From (72) after summation: 

𝐩

𝐫
≥ ∑ √

𝐩𝐚(𝐧𝐚−√𝟒𝐫𝟐+(𝐛−𝐜)𝟐)

𝐡𝐚(𝐡𝐚−𝟐𝐫)
√

𝐥𝐚

𝐠𝐚
+

𝟐𝐫𝐚

𝐡𝐚
 (73) 

From rbrc + rarc + rarb = p2 (well-known) and ha =
2rbrc

rb+rc
 (and analogous) (also well-known 

and easy to prove ) and  p2 = na
2 +2raha (and analogous): 

rbrc + rarc + rarb = na
2 +2raha→na

2 = rbrc + ra(rb + rc − 2ha) 

na
2 = rbrc + ra (rb + rc −

4rbrc

rb+rc
) = rbrc +

ra

rb + rc

(rb−rc)2 

𝐧𝐚
𝟐 = 𝐫𝐛𝐫𝐜 +

𝐫𝐚

𝐫𝐛 + 𝐫𝐜

(𝐫𝐛−𝐫𝐜)𝟐 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟕𝟒) 

From (74) and na
2 ≥ napa√

la

ga
→rbrc +

ra

rb+rc

(rb−rc)2 ≥ napa√
la

ga
  

𝐫𝐚

𝐫𝐛 + 𝐫𝐜

(𝐫𝐛−𝐫𝐜)𝟐 ≥ 𝐧𝐚𝐩𝐚√
𝐥𝐚

𝐠𝐚
− 𝐫𝐛𝐫𝐜 (𝐚𝐧𝐝 𝐚𝐧𝐚𝐥𝐨𝐠𝐨𝐮𝐬)(𝟕𝟓) 
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From (75): |rb−rc|√
ra

rb+rc
≥ √napa√

la

ga
− rbrc (and analogous) and after summation: 

∑|𝐫𝐛−𝐫𝐜|√
𝐫𝐚

𝐫𝐛+𝐫𝐜
≥ ∑ √𝐧𝐚𝐩𝐚√

𝐥𝐚

𝐠𝐚
− 𝐫𝐛𝐫𝐜 (76) 

From |b − c| ≥ na − ga (and analogous)[5] and (2) : 

𝐫𝐚

𝐫
≥

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐧𝐚−𝐠𝐚)𝟐
 (and analogous)(77) 

From (77) after summation: 

1+
𝟒𝐑

𝐫
≥ ∑

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐧𝐚−𝐠𝐚)𝟐
 (78) 

From |b − c| ≥ na − ga (and analogous)and (18): 

𝐚

𝟐𝐫
≥ √

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐧𝐚−𝐠𝐚)𝟐
 (and analogs) (79) 

From |b − c| ≥ na − ga (and analogous)and (19): 

𝐚

𝟐𝐫
≥ √

𝐩𝐚√
𝐥𝐚
𝐠𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐧𝐚−𝐠𝐚)𝟐
 (and analogous) (80) 

From |b − c| ≥ na − ga (and analogous)and (20): 

𝐩

𝐫
≥ ∑ √

𝐧𝐚

𝐧𝐚−√𝟒𝐫𝟐+(𝐧𝐚−𝐠𝐚)𝟐
 (81) 

From |b − c| ≥ na − ga (and analogous)and (21): 

p

r
≥ ∑ √

pa√
la
ga

na−√4r2+(na−ga)2
 (82) 
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