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TEN APPLICATIONS FOR IONESCU- WEITZENBÖCK’S INEQUALITY 

 

By Neculai Stanciu-Romania 
 

     Abstract. This paper presents refinements and new solutions for some problems  - published 
by  math journals from all over the   world related to Ionescu-Weitzenböck inequality . 
      

INTRODUCTION 
 
      Ion Ionescu discovered with 22 years before Weitzenböck the inequality 

Scba 34222      

     The author of this paper along with prof. D. M. Bătineţu-Giurgiu demonstrated in 
Romanian Mathematical Gazette , No. 1/2013, pp. 1-10, that the Weitzenböck’s inequality 
must be named the  Ionescu-Weitzenböck’s inequality.  
     Our proof is based on: Romanian Mathematical Gazette, Vol. III (15 September 1897 – 15 
August 1898), No. 2 , 15 October 1897, on page 52, Ion Ionescu, the founder of Romanian 
Mathematical Gazette, published problem 273: prove that there is no triangle for which the 

inequality 22234 cbaS   can be satisfied. The solution of the problem 273, apperead in 

Romanian Mathematical Gazette, Vol. III (15 September 1897 – 15 August 1898), No. 12 , 15 
August 1898, on pages 281, 282 and 283. In the year 1919, Roland Weitzenböck  publishead in 
Mathematische Zeitschrift, Vol. 5, No. 1-2, pp. 137-146  the article Uber eine Ungleichung in 
der Dreiecksgeometrie, where he proof that: In any triangle ABC , with usual notations holds 

the inequality: Scba 34222  .    

 
MAIN RESULTS 

 
    Application 1 (D.M. Bătineţu-Giurgiu , N. Stanciu - La Gaceta de la RSME, No. 2/2020, 
problem 397).  

Prove that  in any triangle ABC  with  the area F , the  medians cba mmm ,, ( am is the 

mediane from the vertex A , bm is the mediane from the vertex B , cm is the mediane from 

the vertex C ) and usual notations is true the following inequality  

                                      Fcmbmamcba cba 6)(
2

3 222  . 

      

Solution.   First we prove that  
amacba  32222 ,  (1). Indeed,  
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      amacba 32222  22222222 4312)( aa mamacba )22(3 2222 acba   
42222222222444 366222 aacbaaccbbacba   

02444 222222224  cbacbacba  

0)2()2( 22222222  acbcba , true. Therefore, 
amacba  32222 ; 

bmbcba  32222 and 
cmccba  32222  which by adding up yielding that  

)(32)(3 222

cba cmbmamcba  , (2). Next we have  

Fchbhahcmbmam cbacba 312)(32)(32  , (3), where we denote ah  the altitude 

from the vertex A , bh  the altitude from the vertex B , ch  the altitude from the vertex C . From 

(2) and (3) we obtain the desired inequality. 
     
Application 2. (D.M. Bătineţu-Giurgiu , N. Stanciu- Refinement of Ionescu-Weitzenböck 
inequality).  
 

 Prove that  in any triangle ABC  with  the area F , the  medians cba mmm ,, ( am is the 

mediane from the vertex A , bm is the mediane from the vertex B , cm is the mediane from 

the vertex C  and usual notations is true the following inequality      

                           Fcmbmamcba cba 34)(
3

2222  . 

      

Solution.   First we prove that  
amacba  32222 ,  (1).  Indeed,  

      amacba 32222  22222222 4312)( aa mamacba )22(3 2222 acba   
42222222222444 366222 aacbaaccbbacba   

02444 222222224  cbacbacba  

0)2()2( 22222222  acbcba , true. 

Therefore,  
amacba  32222 ;   

bmbcba  32222 ;  
cmccba  32222  

which by adding up yielding that   )(32)(3 222

cba cmbmamcba  , (2). 

Next we have Fchbhahcmbmam cbacba 312)(32)(32  , (3),  

where we denote ah  the altitude from the vertex A , bh  the altitude from the vertex B , ch  the 

altitude from the vertex C . From (2) and (3) we obtain the desired inequality. 
      
Application 3. (D.M. Bătineţu-Giurgiu , N. Stanciu - Other refinement of Ionescu-Weitzenböck 
inequality).  
 

Prove that  in any triangle ABC  with  the area F , the  altidudes cba hhh ,, , the interior angles 

bisectors cba www ,, and usual notations is true the following inequality          



 

3 

 

                                  F
h

w

h

w

h

wF
cba

c

c

b

b

a

a 34
3

4222 









 . 

 Solution.   WLOG we can assume that cba  , then cba www   and cba hhh  . 

By Chebyshev’s inequality we get that 


























 

cyclic acyclic

a

cyclic a

a

h
w

h

w 1

3

1
 , (1);                                    


cyclic ah

1

F

s
cba

Fah

a

cyclic a

 )(
2

1
, (2),  and, 

    )()(
2

2
)(

2)(2

2
cos

2
assass

bc

bc
ass

cb

bc

bc

ass

cb

bcA

cb

bc
wa 










  , (3) 

 and other two similar. Using the inequality  
3

)( 2
222 zyx

zyx


  , (*) , and (3) we 

deduce that 































 


 3)()(3
3

)(

)(

2

2

2

sassasss

ass

ass
cycliccyclic

cyclic

cyclic

 

3sw
cyclic

a   , (4). From (1), (2) , (4) and (*) we obtain that  

             
34

)(3

34

)(
3

3

11

3

1 2222

F

cba

F

cba

F

s
s

h
w

h

w

cyclic acyclic

a

cyclic a

a 































  , (5). 

Since aa hw  , bb hw  , cc hw  from (5) we get  

         


 
34

)(3
3

222

F

cba

h

w

cyclic a

a
F

h

w

h

w

h

wF
cba

c

c

b

b

a

a 34
3

4222 









 , Q.E.D. 

      
Application 4. (D.M. Bătineţu-Giurgiu , N. Stanciu - Math Problems, Volume 3, Issue 1,  Junior 
MathProblems, Problem 1, 2013).  
 
 Prove that in all triangle ABC , with usual notations, holds: 

                                 S
rRrbRa

c

raRc

b

rcRb

a












34333

. 

 

  Solution. We have 









cyccyccyc rcaRba

a

acrabR

a

rcRb

a
V

)()(

)(
2

2222

2243

, 

where we apply  Bergström ‘s inequality and we deduce that: 
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rR

a

arR

a

carbaR

a

V
cyc

cyc

cyc

cyccyc

cyc















































 2

2

2

2

2222

2

2

)(2
2

)()(
2 . 

Then applying  Ionescu- Weitzenböck’ s inequality, i.e 342 Sa
ciclic

 ,  
rR

S
V




34
, and we are 

done. 
     
Application 5. (D.M. Bătineţu-Giurgiu , N. Stanciu  - Revista Escolar de la Olimpiada 
Iberoamericana de Matematica, Numero 49 (julio-agosto 2013), Problema 242).  
 

  If  Rm , then in all triangle ABC , with usual notations (i.e. R  - circumradius, r - inradius, 

the lengths of the sides  are cba ,,  and S - the area of triangle ABC ) the following inequality 

holds: 

                      S
rRrbRa

c

raRc

b

rcRb

a
mm

m

m

m

m

m

)(

34

)()()(

222














. 

 

 Solution.  











cyc
m

m
m

cyc
m

m

cyc
m

m

rcaRba

a

acrabR

a

rcRb

a
W

))()((

)(
2

)()( 2222

12)1(22

,  

and applying the inequality of  J. Radon we obtain 
                                 

m

ciclic

m

ciclic

mm

m

ciclicm

m

ciclicciclic

m

ciclicm

rR

a

arR

a

carbaR

a

W
)()()(2

2
))()((

2

2

2

1

2

2222

1

2








































. 

By Ionescu- Weitzenböck’s inequality, i.e. 342 Sa
cyc

 , we get  
mrR

S
W

)(

34


 , and the proof 

is complete.   
      
Application 6. (D.M. Bătineţu-Giurgiu , N. Stanciu  - Math Problems, Volume 3, Issue 1,  Junior 

MathProblems, Problem 14, 2013) .  If   ,0m ,   ,0,,, tzyx , then in any triangle ABC , 

with usual notations holds 
 
 

S
tz

yx

twzw

ymxm
m

m

cyclic
m

ba

m

ba

)(

)(
33

1

22

122








 

 . 

      

Solution. )()(
2

asswass
cb

bc
w aa 


 )(2 asswa  , and other two similar. 
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So,   2222 )23()( sssscsbsasswww cba  

222222
2

)(
4

3

4

)(
cba mmmcba

cba



   ,  (1);  by  

cycliccyclic

a am 22

4

3
,  J. Radon’s 

inequality and (1), we obtain 
 
 









































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



m
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m
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m

ba

m
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twzw

ymxm

twzw

ymxm

)(

)(

22

1

22

22
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














































































m

cyclic

a

m

m

cyclic

a

m

m

cycclic

a

m

cyclic

a

mtz

myx

wtz

myx

2

1

21

2

1

2

)(

)(

)(

)(

 




























cyclic
m

m

m

cyclic

a

m

a
tz

yx

tz

myx
2

1

21

)(

)(

4

3

)(

)(

,  (2), 

by  Ion Ionescu – Weitzenböck inequality we have  Scba 34222  ,  (3).  By (2) and (3) we 

obtain  

 
 
 

S
tz

yx

twzw

ymxm
m

m

cyclic
m

ba

m

ba

)(

)(
33

1

22

122








 

   ,  q.e.d. 

      
Application 7. (D.M. Bătineţu-Giurgiu , N. Stanciu  - Recreaţii Matematice, 2/2013).  
 
Prove that in all triangle ABC , with usual notations, holds   

                      S
rRmrmR

m

mrmR

m

mrmR

m

ba

c

ac

b

cb

a












33
333

. 

 
      

Solution. 





 
cyc caba

a

cyc cb

a

mmrmmR

m

mrmR

m
U

223 )(
 

   



cyc caba

a

mmrmmR

m

)()(

)(
2

2222

22

,  where we apply Bergström’s inequality and well-known 

formula )(
4

3 222222 cbammm cba  .  We obtain that 













































cyc

a

cyc

a

cyc

a

cyc

ca

cyc

ba

cyc

a

mrmR

m

mmrmmR

m

U
22

2

2

2222

2

2

22

2

)()(
2  
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rR

cba

rR

m
cyc

a









 222

2

4

3
,  where we use the Ionescu – Weitzenböck inequality, i.e. 

34222 Scba  , and we deduce that S
rR

S
rR

U






33

34
1

4

3
, and we are done. 

      
Application 8. (D.M. Bătineţu-Giurgiu , N. Stanciu - The College Mathematics Journal (CMJ), 
Vol. 45, No. 5, November 2014, Problem 1038).  
 

 If *,,   RyxRm , then in any triangle ABC holds 

areaABC
yxybxa

c

yaxc

b

ycxb

a
mm

m

m

m

m

m















)(

34

)()()(

222

. 

                       

Solution.  






























m

cyclic

m

cyclic

RADON

m

m

cyclic
m

m

yacxab

cba

yacxab

a

ycxb

a
E

)(

)(

)()(

1222)()1(22

 

           
mm

m

cabcabyx

cba

)()(

)( 1222








, and by cabcabcba  222 ,  we deduce 

                
mmm

m

yx

cba

cbayx

cba
E

)()()(

)( 222

222

1222













 , (1). 

 Ionescu-Weitzenböck inequality   areaABCcba  34222 ,  (2) 

From  (1) and (2)  we obtain the desired inequality. 
      
Application 9. (D.M. Bătineţu-Giurgiu , N. Stanciu  - The College Mathematics Journal (CMJ), 
Vol. 46, No. 2, March 2015, Problem 1050). 
 

 Let nAAA ...21 , ,3n be a convex polygon with ka the length of the side  1kk AA , ,,1 nk   

,11 AAn  and let S be the area of the polygon. Prove that  

                                           
n

tgS
a

a
n

k
m

k

n

k

m

k

22

1
2

1

42 16
1

























 ,  Rm . 

 Solution. By J. Radon’s inequality we deduce that:  

2

1

2

1
1

42 1
















 

m
n

k

km

n

k

m

k a
n

a ,  Rm  ,  (1), 

and also by J. Radon’s inequality we obtain that 


















n

k
m

n

k

k

m

m

k
a

n

a1

1

2

1

2

1
,  Rm ,  (2). 
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So, (1) and (2) yields that  

2

1

2

1
2

1

42 1



























 




n

k

k

n

k
m

k

n

k

m

kn a
a

aU ,
 Rm  , (3). 

By E. Just and N. Schaumberger’ s inequality (The Problem 1634 from AMM, 70(1963)) we have 

that 
n

tgSa
n

k

k






4
1

2 ,  (4). Therefore, from (3) and (4) we obtain that 
n

tgSU n

2216 ,

 Rm  and we are done. 

      
Application 10. (D.M. Bătineţu-Giurgiu , N. Stanciu  -  Revista Escolar de la Olimpiada 
Iberoamericana de Matematica, Problem 277, August 2016) . Show that in any triangle ABC  
(with usual notations) holds the following inequality   

                                rscbacabcab  322222 316)(2)( .                               

      

Solution. For any ,1w ,2w Rw 3  we have 133221

2

3

2

2

2

1 wwwwwwwww  ,  (1),  with 

equality iff 321 www   . If ,m ,n
*

Rp , then pnm
n

mp

m

pn

p

nm









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