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3701. In AABC the following relationship holds:

h, _ 4R+
2~ 2
(s —a)? - (na —J4r2 + (b - c)Z) 2r

Proposed by Bogdan Fustei-Romania
Solution by Tapas Das-India

n 41?2 + (b — ¢)?
—a=\/ ( ) ,n% =s?—-2r,h,
h, 2r
(Refference: Bogdan Fustei
— ABOUT NAGEL AND GERGONNE CEVIANS ,www.ssmrmh.ro)

1 4R+ 1 F
Known results: Z = g =
s—a ST s—a

n ay ny,(s—a)
_ 2 — M2 — __a — )= -
Jart + (b—c)? =n, ha.Zr—na(l s)_ p
2 2(c _ m\2
(s—a)z—(na—\/4r2+(b—c)2) =(S_a)2_na(ss—2a)=
_(s—a)? (s—a)2
= (s? —n3) = 2r,h,
h, ha _s? 1 st 1

2 — )2 T 9 (e _ N2 “ore_
(s—a)z—(na—\/4r2+(b—c)2) (s—ar Sza) 2r,h, 2~ @fre 2Fs—a

Z h, s 4R + 1 4R +r
2 _ 2
(s—a)? - ( —J4r2 + (b - 2Flis-a 2r

1

3702. If I - incenter in any A ABC and I(x,y) = (xZ)y ,0<x <

r, |r, 2R — r + Al + BI + CI
ZI Ta b o

ha hb r
cyc

Proposed by Bogdan Fustei-Romania

y, then :
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Solution by Soumava Chakraborty-Kolkata-India
1

1/yY"\v-x x+y
F f h (¢4 =—(—)
or 0 < x <y,we have : I(x,y) s < >

Reference
(Article titled "Geometric Inequalities with Classical Means" by Bogdan Fustei,>
published at : www. ssmrmh.ro

T, Iy
r, |n h_i+ hy stan%.4Rcos%sin§—\
2 <z—H=z
h,” |hy 2 2rs
cyc

cyc cyc

ZRZ_A ZR 2A+2 A _ B

= _ 4 . — — J—

r sin 2 hb sm 2 sin 2 sin 2
cyc cyc cyc cyc

2R 2R—r B 2R—-r+AI+BI+CI
=T 2R - smzsmz— -

cyc

A B B 2
& 16R? Zsm Esm E+Zsm—smzsm— Zsm— =ZAIZ+ZZAI.BI

cyc cyc cyc cyc
2

r A
16RZZCSC E+ 16R%2. — R z:sm—=

cyc cyc

ZZ A+ 21'2 Z o 8R Z A_Zr 4RZ A
r csc? 5 c sm r. ) sin 7= sin 5

cyc Sln Sln cyc cyc cyc

sin
ra Ty 2R—r+ Al +BI+CI
- true - he v A ABC (QED)
b
cyc

3703. In AABC the following relationship holds:
2

Z (sin2 (A) + cos? (g)) % + %

cyc

& 16R?,

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

Z <sin2 (4) + cos? (g)) = ; (sin?(@)) + ; <cos2 (g)) _

cyc

SZ _ 1‘2 — ARr (2 s r )Gerrétsen
2R? 2R -
4R? + 4Rr + 31r% — 12 —4Rr+z+ ro
2R? 2R

4 RMM-TRIANGLE MARATHON 3701-3800
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4R2+4R2+2r2+Rr_8R2+2r2+Rr_

2R?2 - 2R?
4+ +(r)2E1i<l“er4+1+(r)2 - 17+r2
2R \R/ ~ 4 \R/ 4 R?

Equality holds if thetriangle is an equilateral one.

3704. In AABC holds:

72r? h, 8(R* — 7r)
R = Z A Rr?
cyc Sin? (7)
Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

Z ha Chebéshev 1 Z . Z 1
LA T 3L L A
cyc Slnz (7) 3 cyc cyc Slnz (7)
Z Z 2Rh, 1p + 12+ 4Rr 2R T h, E'ier
3 r.r, 2R r o lar, T
cyc cyc cyc
Chebyshev
127r2+r2+8r2 \~h, "™ 1 36r2 1 1
! DN L S o A
3 r T, 3 r 3 T,
C}’C cyc cyc
p*+ 12+ 4Rr 175" 36r2  72r?
4r. — = 2 =
2R r R R

Here the conditions of Chebyshev's theorem
are taken into account: a<b<c; h,=>h,>h,
_(A><_(B><_(C> 1>1>1 1 - 1 - 1
sin|z)<sin|Z])<sin|z|; —=>—=>—;
2) " 2]~ 2) rg Ty 1. i (AT (B i (C
S @) s (E) ()

Z h, _ h,.bc _ Z h,.2F _
sin? (%) Lilp-b)p—c) Lisin(4).(p-b)(p -0

cyc

Z h,.2F.2R h..2F.2R.h, 2R-B  _

ap-b)(p—c) L 2F(p = b)(p — ) B Lp-bD)p-o "
p(p a) _ (p - (l) . chc(p - a)Z N

2 Z P-D-0 PLG-HE-0 T yp-a)

5 | RMM-TRIANGLE MARATHON 3701-3800
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—n2 2 2
2rp P Zoe® RPN |
l_[cyc(p - a) F?
cyc
Zsz ) ) . 2R ) ) Gerr’f‘tsen
o ((—p )+ 2p% — 212 — 8Rr) =@ -2r*-8Rr) <
2R 2R
= (4R? + 4Rr + 31r* — 2r? — 8Rr) = r—2(4R2 —4Rr +71?) =
2R? 5 . _ 8R*—8R*r + 2R*r?
W(‘I-R —4-R1'+T)= R2
Showing that the inequality is true
8R* — 8R3r + 2R?*r? - 8(R*-71rY)
R12 - R1?2
8R* — 8R3r + 2R*r2 < 8(R* — 7r%)
8R3r + 2R*r> —56r* >0

4R3r + R*r2 —28r* >0
2

4(53)2(2) 2020

() =)+ (B +a0
) 122 0) (5 om0
5—220 - 222 — R > 2r (Euler) (true)

r
Equality holds for an equilateral triangle.

3705. In AABC the following relationship holds:

Z bc R? z a? 3R*
< <
b2+ c¢2 = 4r2 Lub% +c* ~ 32rt

Proposed by Nguyen Van Canh-Vietnam

Solution by Tapas Das-India

_ ZS(SZ - 31"2 — 6R1") Gerrétsen

Z a’ AM;GM z a’ 1 Z 3
b2 +c2 2bc  2abc .t T 8Rrs =
- 4R? — 2Rr R 1
=~ 4Rr r 2

RMM-TRIANGLE MARATHON 3701-3800
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th R? Z a? R2 (R 1) 3 R?® R?
en 4712 b% + ¢%2 — 4-r2 2/ 4r3 8r2

We need to show:

< 3R*
472 b% + ¢%2 ~ 32r*

or

R3 R? 3R*% Rx=2
— < 2 _ 4 > _2 —2) > 1
43 8rz 3212 7 3x° —8x + > 0or(x—2)(3x—2) =0 true (4)

AM- GM1 bc 3 B
Zb2+c2 < 22 2®
Nesbltt3 R?2 Euler 3 C

> —_
élrzz:b2+c2 = 2412 2()

. bc R? a? 3R*
From (A4),(B), (C)we have : b T 2 < 2 b T &2 < 32,4

Equality holds for an equilateral triangle.

3706. In AABC the following relationship holds:

2026 A 2026 B 2026 C
2026\/ sinA + 2026\/ sinB + 292¢/sin C < /cos E + /cos E + /cos E

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

A-B
A+B A— = z = C
sin A4 + sin B = 2 sin > .COS 2 < Zcosi

. . Cc
2026\/— zozw 2 2026\/(smA + sin B) < 22026 2 cosy

2 2
2026 2026
= cos— then coSs — >

7 RMM-TRIANGLE MARATHON 3701-3800
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2026 A 2026 B 2026 C 1
’cosi + ICOSE + /cos— > EZ(ZOZG\'/sinA + **sinB) =

— ZOZW + ZOZW + ZOZVSiTC

Equality holds for an equilateral triangle.

3707. If n = 3 then in AABC the following relationship holds:

R" n VYabc
+rn_122 r+ 3

QIR
S| =
alm

+ 3+

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

1 1 1 cBs 1 1 1 Steining 3 \/§ (1)
— — — < J— J— —_ < —_—
a+b+c_ (a2+b2+c2) - 4r2  2r
Euler & Mitrinovic R 3v3R 3
abc = 4Rrs < 4R ——= (V3R) (2)
We need to show:
1 R" o on Yabc
1+1+1+rn—1— r+
a b c
1 R __ V3R 2r R" ___ 3R
E-FFZZ r+T0rﬁ+T"_122 T+T
2r
2 n §=x22 Euler

R
\/_§+(F> =2 +§or\/§(x -2 - (x—-2) = 0

V3(x —2)(x" 14 2x" 2 4 44" 3 42" 1)~ (x—-2)>0
(x—2)(V3(x™ 1 +2x" 2 +4.x"3 . +2" 1) -1) >0
true asx>2and forn>3,(x"1+2x" 2 +4.x"3 .. +2"1)-1>0

Equality holds for an equilateral triangle.

8 RMM-TRIANGLE MARATHON 3701-3800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3708.

In any A ABC the following relationship holds :

Z Jmpm. (mg(m, + my,)? + m¢ (m, + m,)?)
2
T m;.,/m,m, + m2.,/m.m,

Proposed by Zaza Mzhavanadze-Georgia

> 3-(18r?)?

Solution by Soumava Chakraborty-Kolkata-India
VA,B,C,x"y,z' >0,

x’ y’ VA Walter Janous
—— (B’ +C') t o (C’ +A') + -(A" +B’) > SZA’B’
y t+z ty T cyc

Jmymc. (m¢(m, + my)? + m¢(m, + m,)?)
2
T m;.,/m,my, + m2.,/m.m,

mym; (m?m? mZm?
c.< £ 2 a(mc + ma)z +#b(ma+mb)2

-y e :
cyc \/mcma + \/mamb
m? m?
! ! I
=2 (B +C)+— (€ +A) + (A’ B')
y' +z’ z' +x'
/ x,_,/mbmc , _Jmm, z,_Jmamb \
| mZ m? m2 ' Vi“>®
2.2 2.2 2.2 =
m;m mZm m
\A’ == 2 - (mb + mc)z' B' = - 2 . (mc + ma)zf ¢ = ~ 2 : (ma + mb)z/
a my c
m m? mZm3 AM_GM
js > ( (my + me)2 =" (m + ma>2> j > m. ((4m,m,). (4mem,)
m2 m?
cyc cyc

AM- GM Lascu + AM-GM

\/\/46(m m,m,)3 > 12.(\/s(s— a).\/s(s—b).\/s(s—c))

4 Mitrinovic

4

=12.(rs?)3 > 12.(27r3)3 =12(3r)* = 3.(18r?)? and so,
Z vV mpme. (mﬁ(ma + Inb)2 + mg(mc + ma)z)
o m?../m,my, + mZ.,/m.m,

" =" iff A ABC is equilateral (QED)

Wl

> 3.(18r%)2 v A ABC,

9 RMM-TRIANGLE MARATHON 3701-3800
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3709. In AABC the following relationship holds:

> () >
>
hbhc 9T3

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

Letx=—,y=-,z=~ th +y+z=1
ex—ha,y—hb,z—hc enx+y+z=1as
1 r r
Zi_l ha _ hyhe _1hy he _1 yz
h, r'hh, 1 r I —r «x
h, h,

h, 31 yz\3 1 y®z% + zx® + x6y® vab,c>0 Y a?>Y ab
—_ — —_— —_— — >
Z (hbhc> r3 Z ( x ) r3 x3y3z3

1x3y323(x3+y3+23)eBs 11
> > =
r3 x3y3z3 r39

3 _
x+y+2z) 973

Equality holds for an equilateral triangle.
3710. In acute AABC the following relationship holds:

a’?+b* b2 +c%: %+ a?

> 36R?
cosC i cosA * cosB

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

a’+b%> b +c*? c*+a* a? + p2 MM
e
cosC cosA cosB

cosC
cyc
b 2F 1 1
a inC
zzz =zzs"1 =8FZ_—=8FZ >
cosC cosC 2sinCcosC sin2C
cyc cyc cyc cyc
BERGSTROM (1+1+1)2 72F
= 8F

"Sin2A + sin2B + sin2C _ 4sinAsinBsinC

10 RMM-TRIANGLE MARATHON 3701-3800
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___18F _18F-8R® __ .,
e b ¢ 4RF
2R 2R 2R

Equality holds for an equilateral triangle.
3711. In AABC the following relationship holds:

a N b N c -
Jb+co)?2—a? J(c+a)?2-b2 J(a+h)Z—c?

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania
a b c

\/(b+c)2—a2-I_\/(c+a)2—b2-I_\/(a+b)2—c2=

z:\/(b+c)2—a2 Z\/(b+c—a)(b+c+a)

cyc cyc

abc

AM - GM1 \
ZJZS(ZS—Za 221/5(5— 2 3\/3-\/s(s—a)(s—b)(s—c)_

3 =
_3 :[4RF _3 s |4RMTEIOVC 3 _3:/8 32 =
2 |s'F 2 (s - 2 2 03v3 2 43

Equality holds for an equilateral triangle.

3712. In acute AABC the following relationship holds:

A B C
tan?%2% 4 + tan?°2° B + tan?%2° ¢ > (cot2026 > + cot?2026 > + cot20%6 E)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

sinA sinB sm(A + B) A+B+C=n

tanA +tanB = +
cosA cosB cosAcosB

11 RMM-TRIANGLE MARATHON 3701-3800
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_ sinC _ 2sinC A+B+C=m&co s(A-B)s1
~ cosAcosB  cos(A+ B) + cos(A— B)

. C c

2sinC 4 sin5 cOS 5 C

~1—_cosC . C 2=2€0tf
- o2 (L
2sin (2)

CBS 2
tan®**® 4 + tan®"** B > 5 (tan A + tan B)*%%¢ >

2 2026 2026 € 2026 € _ 1 202 202
> (Zcot—) = 2 cot?026 = or cot?26 = < =~ (tan?2%% 4 + tan???¢ B)
22026 2 2 22

A B C
2026 <2 2026 — 2026 | —
(cot > + cot > + cot 2)

c 1
= Z cot2026 3 < Ez:(tanz"26 A + tan?%26 B) = tan?%26 4 + tan2°2¢ B + tan?%26 ¢

Equality holds for an equilateral triangle.

3713. In AABC the following relationship holds:
acos(A) + bcos(B) + ccos(C) _ V3
asin(4) + bsin(B) + csin(C) ~— 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

acos(4) + bcos(B) + ccos(C) = Z acos(4) = ZRZ sinAcosA =

cyc cyc

2F 2rs
=R sin2A4 = 4RsinAsinBsinC = — = —

R R
cyc

a a*+b*+c?
asin(4) + bsin(B) + csin(C) = z a—=—"—-———

cyc

2rs
acos(A4) + bcos(B) + ccos(C) B R B
asin(A4) + bsin(B) + csin(C) ~ a? + b% +c%

2R
Ars IONESCU—W’EITZENBOCK AF 1 \/§
RPNy Y = = RT3
a’+b*+c 4\/3F /3

Equality holds for:a=Db=rc.

12 RMM-TRIANGLE MARATHON 3701-3800
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3714. In any A ABC the following relationship holds :

z 1 >3
cyc3tan2%+1_2

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

DSy v

Z s2(3rg +52)(3r¢ + 52)
(3r2 + s2)(3r + 52)(3r2 + s2)
9s2 chc ry r2 +65* Yy 1 + 3s° ; 3
27r2rb rZ +9s2 Yoy rb 212 + 35 Yoy 12 +56 2

o 3st Z r? + 3s° 2 9s? Z r’r? + 81r?s*

cyc cyc

& s2((AR+1)2 —2s2) +s*>3 (54 — 2s’r(4R + r)) + 27r?s?
& s2 < 4R? + 8Rr — 5r2 & (s2 — 4R? — 4Rr — 3r2) — 4r(R — 2r) < 0 - true
Gerretsen Euler
+s2—4R? —4Rr—-3r? < 0Oand4r(R-2r) > 0
1 3
Z — = > - VAABC," =" iff A ABC is equilateral (QED)
2 A 2

3715. In any acute A ABC the following relationship holds :

Z 1 >3
3cot2A+1 2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z 1 B s2(3r? + s%)(3r¢ + s2)
& 3 tan? % +1 & (3rz + sz)(SrE + 52)(3r¢2 + s2)
982 Y ey IoTZ + 65* Yoy 12 + 3s° 7 3

>—
271'21'b r2 +9s2 ¥y rb 212 + 354 Yoy 12 +56 2
& 3st Z r? + 3s° 2 9s? z r2r? + 81r2s*

cyc cyc

13 RMM-TRIANGLE MARATHON 3701-3800
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& s2((4R+1)2 —2s2) +s* >3 (54 — 2s’r(4R + r)) + 27r?s?

2 ?
& s2 < 4R? 4+ 8Rr — 512 © (s? —4R? — 4Rr — 3r?) — 4r(R — 2r) < 0 - true
Gerretsen Euler
vs2—4R* —4Rr—-3r?> < 0Oand4r(R-2r) > 0

1 3
Z —Fs = 2 vV A ABC, and implementing it on a triangle with angles :

e 3 tan? % +1

>
2A+1

1 3

= Z 3cotl?A+1>2 and since the latter triangle is an acute triangle,

cyc
3

> — V acute A ABC," =" iff A ABC is equilateral (QED)

3716. In any acute A ABC the following relationship holds :

A B C
sec? A + sec? B + sec? C > csc? > + csc? > + csc? 5

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

? A ? A
ZseczA22csc2§®2tan2AZZcotZE

cyc cyc cyc cyc
2
| | | | E ? s? 4 2
=3 tanA| —2 tanA CotA | > W(S —2s“r(4R + r))

vyc vyc cyc

( 2rs )2 5 ( 2rs ) 2(s?2 — 4Rr —r?)
@ J—
s2 —4R2 — 4Rr —r? sZ2 — 4R%Z — 4Rr — r? 4rs

? s2 — 8Rr — 2r?
>

r2
& —s° + (8R?% + 16Rr + 2r?)s* — (16R* + 96R3r + 96R?r? + 24Rr3 — 3r*)s? +

?
r(128R° + 288R*r + 224R%r? + 72R%r? + 8Rr4)o and - P =
®

Double—Rouche
—(s* —s2(4R? + 20Rr — 2r?) + r(4R + r)3)(s? — 4R? — 4Rr — r?) > 0

(~ AABC - acute = s > 2R +r) .. in order to prove (1), it suffices to prove :
?
LHS of (1) > P & —(8R — 3r)s* + (64R3 + 28R?r + 2r3)s? —

14 RMM-TRIANGLE MARATHON 3701-3800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

(128R® + 160R*r + 80R3r? + 28R%r3 + 8Rr* + r°)|>(0and ~ Q =

Gerretsen

—(8R—3r)(s? —4R?> —4Rr — 3r?)(s?—4R*>—-4Rr-r?) > 0
?
- in order to prove (2), it suffices to prove : LHSof 2) > Q &
?
24R* + 40R3r + 2R?r? — 16Rr3 — 51‘4(6R2 + 4Rr — 7r?)s? and now,
®

Rouche
RHSof 3 < (6R?+4Rr— 7r?) (ZRZ +10Rr — r? + 2(R — 2r)./R% — 2Rr)

< LHS of 3 & 2(R - 2r)(6R® — 2R?r — 13Rr? + 3r%) >
®

Euler

2(R—-2r).4/R%2 —2Rr.(6R?> +4Rr—7r?) and ~R—2r > Oand

Euler
6R3 — 2R?’r — 13Rr?2 4+ 3r® = (R-2r)(6R? + 10Rr + 7r2) + 17r3 > 17r3 >0
. in order to prove (x), it suffices to prove :

(6R3 — 2R?r — 13Rr? + 3r3)% > (R — 2Rr)(6R2 + 4Rr — 7r?)?
& r2(12R* + 6R3r + 2R?r(R — 2r) + 20Rr3 + 9r%) > 0 - true = (*) = @ ©)

,A
= (D is true - sec? A + sec? B + sec? C > csc? §+csc E+csc E

V acute A ABC," =" iff A ABC is equilateral (QED)

3717. In AABC the following relationship holds:
Z sin A(cotB + cotC) > 3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Sarkhan Adgozalov-Georgia

cosB cosC
ZsinA(cotB+cotC)=ZsinA(_ + — )=

sinB sinC

_Z(sinA B+sinA C)_Z a a2+c2—b2+a a? + b% — ¢? 3
N sinB °° sinc %Y%)~ b 2ac c 2ab -

Z a2+cz—b2+a +b2—c z (a+b+c)2 S 3
2bc bc — ab + bc+ca

Equality holds for: a=b = c.

15 RMM-TRIANGLE MARATHON 3701-3800
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3718. In any acute A ABC the following relationship holds :

A B C
Vcos A + VcosB + Vcos C < sinE+ sinE+ sinE

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 CBS
VcosA + VcosB + VeosC = EZ(\/COSB ++VcosC) <

cyc

Sl, (\/2(cosB+cosC))=%.Z<\[ZCOSB-2FC_COSB;(:>

cyc cyc

2
= in B_C<Z 'A(°-0< B_C<1 d l )
= sin;.cos——< sin | cos—— =< 1and analogs
cyc

cyc

A
and so, Z Vcos A < Z sinf YV acute A ABC,
cyc cyc

" =" iff A ABC is equilateral (QED)

3719. In AABC the following relationship holds:

Z , B C S 27y2
a“cos—cos—=27r
2 2
cyc
Proposed by Sarkhan Adgozalov-Georgia
Solution by Daniel Sitaru-Romania

Z ) B C_Z , |S(s—b) |[s(s—c)
a‘cos5cos; = ) a pop b

cyc cyc

CEBYSHEV
AT

:Zas\/(s_bzis_c)zszasini =

cyc cyc
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A B C
32,90, AT g asim[ 25212
_3 Sln = 3 S sin 3 =

cyc cyc

A+B+C  MITRINOVICI , 1
= 2s2sinT = Zszsing > 2-(3V3r) Sk 27r?

Equality holds for an equilateral triangle.
3720. In AABC the following relationship holds:

sin?A sin’B sin?C 3

+ + >
1+cosA 1+cosB 1+ cosC 2

Proposed by Sarkhan Adgozalov-Georgia
Solution by Daniel Sitaru

sin?A — cos’A Z(l 4 =
1 + cosA 1 + cosA cos
cyc cyc cyc
_, Z A’E’gE”B ; (A+B+C)_3 2eos®_3_3_3
= cosA > cos 3 = cosz = 5=3

cyc

Equality holds for an equilateral triangle.

3721. In AABC the following relationship holds:
r, \2 rp, \2 r. \2 3\ 2
o) * o) o) 26)
WpW, w.Ww, w,wy, s

Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

Tal'pTc (a+b)(b+c)(a+c) - 8abc

W Ww, 8abc ~ 8abc
F F
Proof: Te= =5 =5 ¢

Lemma 1:
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2 2 2
w, = b—_l_c,/bcs(s —a), w, = P cw/acs(s -b), w, = oy b\/abs(s -0

8sabc
[ [wa= @bt oera VE-6E-bhi -0

B 8abc
“(a+b)(b+o)(c+a)
3

F
ﬂra MR e Fs..(2).
8abc [[7q
WA @ = nw“z(a+b)(b+c)(c+a)' T Mw,
_(a+b)(b+c)(c+a)

Fs ..(1).

8abc
Lemma2: w? < s(s—a)
4bc 4bc
. 2 —_ . — < —. f— = —_
Proof: w; b+ o) s(s—a) < 2be s(s—a)=s(s—a)

2 2 2 1
LHS=Z( Ta ) >3 (—rarbrc 2) =3 (r“r”rc) : >
WpW, ( wawbwc) WaWpW, (Wawbwc)

>33 1 _33 27 >93 1 _ 9
= [s3(s—a)(s—-b)(s—¢c) s |27(s—a)(s—b)(s—c) " s |3s—a—b—c)3 s
Equality holds fora=b = c.

3722. In any A ABC the following relationship holds :

B _C/ .B;/ .A B LCr . C A
cot= cot = <cot 5 (cotf + cot 7) + cott5 (coti + cot 7))

2 2 2
B / A B C / C A
22 2 cot= 2> = cot=
cyc cot” . [cots cots + cot® 5. [cotscots

Proposed by Zaza Mzhavanadze-Georgia

> 108

Solution by Soumava Chakraborty-Kolkata-India
VA,B,C,x'y,z' >0,

x’ y’ z' Walter Janous
(B’ +C) + (C'+A)+ (A +B) > 3ZA'B'
y'+z' z' +x' x'+y’ _«—’CD
cyc
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/ c/ ..B/ A B .Cr .C A
cot cot= (cot 5 (coti + cot 7) + cot* > (coti + cot7)>
Now, Z

cyc cot2 fcot cot + cot2 /cot cot

B C C A A B
cots cots [ cot? =cot? 5 2 cot?5cot?s 2
2 - 2 2 = 2(cot%+cot%) 44— 2 2 C 2 (cot%+cotg)
2 2 2
Z cotZ= cot? = cotZ =
C A A B
cyc \[coti cot \[cotf cots
tZ E + tZ E
cot? > cot? =

! ! I

Y

(C’ A) +

xz B +C)+—>— 5 (A +B)

Y
C C
cot coti cot cot cot cot cot2 cotz cot® 5 cot? 5 ( B C\2
x' cot- + cot —) ,
i cot2 o:ot2 c:ot2 cot2 é\ 2 2 i
| cot? %cot2 % C A2 cot? %cot2 g A B\ 2 |
B' = — B (COt— + COt-) ,C'= —C(cot— + cot—)
via (D COtZ gCOtZ % B C 2 COtZ %cotz % C A 2
> 3 — A (coti + cot i) —g5 (cotz + cot E)
cyc cot? 7 cot? >

AM-GM 3 ,C A B C A C A\ AM-GM 3 3 46 A B 8
> =, —cot=]). —cot— > 3. —cot—cot—
= z cot 2 ( cot 2 cot 2) ( cot 2 cot 2) = (COt 2 cot 2 cot 2)

cyc

wm

4
S\ 3 Mitrinovic
= 12.(;) > 12.(3V3)% =

108 and so,
B ¢/ ..B/ .A B .Cr . C A
COtECOti <C0t 7 (COtE + cot 7) + cot 7 (coti + cot 7))
Z > 108 v A ABC,
cyc cot? g fcot%cotg + cot? % fcotgcot%
" =" iff A ABC is equilateral (QED)
3723.In AABC the following relationship holds:
b c
> Va+Vb ++ec

Vvb+c—a \/a+c—b \/a+b—c
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Proposed by Gheorghe Craciun-Romania

Solution by Mirsadix Muzefferov-Azerbaijan
c

+ + > Va+Vb++c
Vvb+c—-a +Va+c—-b Va+b-c

1 a
D L LN
1 - 1 1
R DX ORCRC

In AABC wlog a<b<c, r,<r,<r. By Chebyshev's inequality :
Chebyshev

1 ~
ﬁz\/&‘/‘?“ =

cyc
AM-GM

(Va + Vb +e)(Jarg + \bry + Jer,) =

wlp-\

\/:
% \/:(\/_+\/_+\/_) BJJ(abC)(rarbrc) =
Euler

—(\/_+\/_+\/") (Y@rP).GsD)) 2
> ? (Va + Vb +c).(Y4.2r.F.(rsD)) =
J%wa 4B+ Ve) (Y/8.1752.F) =

1 6
ﬁ(\/a+\/3+\/2)(\/81?3) = Va+Vb++c
Equality holds for: a=b=c

j

3724. In AABC the following relationship holds:
Z sin?(A) _ 2R —r
sin?(B) + sin%(C) ~ 2r

cyc
Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

Z San(A) AM GM z Z
sin2(B) + sin? (C) b2 + ¢2 = 2/L.bc 2abc

e cyc cyc
B 2(s® —3s1r? — 6er) B s2 — 372 — 6Rr Gerrétsen
B 2.4Rsr B 4Rr =
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<4R2+4Rr+3r2—3r2—6Rr_4R2—2Rr_2R—r
= ART " 4Rr = 2r

Equality holds for: A=B =C.
3725. In AABC the following relationship holds:

w2 wi w? - 9r?

+ + =
rp+1r. rct+r, T,+1T R

Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

L : _ 2bc A
emmal: w, =~ cos )
Lemma?2: r, + 1, = 4R - cos? 2

B C sing sin%
Proof: rb+rc=s<tan5+tani>=s B+ C
Cos5 COSy

. (B+C A A
s-sm( 2 )'COSZ S COS" &

A
= = 5 2 _ 4R - cos?=
A S 2
[Tcoss 4R
L 3_21< 1
emma 3: g
Proof: r = -t
roof.r—zs,ra—s_a 2 2 2
F (s—b+s—c) a a
L )—(s—b)(s—c)< T::»rraST:aZZLITra
Z DR o™
a? ~ Lidrr, " 4r 4r?
2bc

(e oo N e B O et I Y
LHS = . =_. - >
T 4R a+c (a+c) R 1+12_
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Equality holds fora = b = c.

3726. In any A ABC the following relationship holds :

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Fustei
and

? — 2 Ajiba
mgn, > p2 + b-o” n BC) e 2
— )2 _ M2\ o AV
<s(s —a)+ ® 4C) )(s(s —a)+ —S(b a ©) ) > <s(s —a)+ S(SS(ZSaj(Z)Z ©) >
(b—c)* (b-c)? s(3s+ a)(b — ¢)?
T322 T o '<S(S_a)+ 2s + a)? >
s 1\ s(b-0)*?s?(3s+a)?(b-c)*
= s(s—a)b-o (E + Z) + 4a = (2s + a)*
sB3s+a)(b—c)? (b-oc)* (b—c)? s(Bs+a)(b-c)*
2s(s — a). +s(s — a).

(2s + a)? + 324 9 + 9(2s + a)?
s 1 2sBs+a)(b—-0c)? 1
e S(S_“)<E+Z_ @s + a)? ‘6)
s s’Bs+a)? 1 s(3s+ a) ?
(E_ 2sta)? 324 9@2s+ a)2> (b—¢)2>0(- (b—c)?>0)
s(s — a)(144s3 — 52s%a — 16sa? + 5a?)
(«(b-0c)?=>0) e 36a(2s 1 a)?
1296s° — 772s*a — 608s3a? + 48s%a® + 37sa* — a®
324a(2s + a)*
s(s—a) ((s — a)(144s? + 92sa + 76a?) + 81a3)
< 36a(2s + a)? +

(s—a) ((s —a)(1296s3 + 1820s%a + 1736sa? + 1700a3) + 1701a4)
324a(2s + a)*

(b-0)2=>0

.(b—1c¢)?

(b — ©)?

?
> 0 - true (strict inequality) - m,n, > p2 +
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Bogdan Fustei

and n, g, = m,w, — (2) -~ (1De(2) = (mana)(naga) = pg- mg,w,

w, w w,
> ’—a.pa and (2) > n, > ’—a.ma. /—a
da
wa Wa wa
—2 and so, 2n, > +m,
’ga Pat ’ga / }g <p“ /ga>

Vv AABC,” =" iff b = ¢ (QED)

3727. In any A ABC the following relationship holds :

n, + n, + ng\? h, h, h, 4R
(“ b C) +2< +24 )31+—
s r, I. I, r

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

CBS n2 Bogdan Fustei
2. m =\ Gea) = 2 (2

cyc cyc cyc cyc
5 sz+4Rr+r2
S Z—-ZZ
cyc cyc
n, + n, +n.\? (s?—8Rr — 2r?)(s? + 4Rr + r?
( b ) ( ZRiiz ) — (1) and now, for all
2Bergstrom x
xy,z>OZ 2 > (chc ) and puttingx =s—a,y =s— Db,
chc
cyc cyc
x x s —a)(s —b)? s?
ZEs—cinE—ZM,weget: ( ) ) > >
Y YeyeXy (s—a)(s—b)(s—c) 4Rr +r
cyc
3
= - — 2sb + b?
Z((s a)(s? —2sb + ))_4R+r
cyc
S 252(2s) 425 Y ab sy a?— Y ab? >
S s<(2s s ) a s) a a = TR
cyc cyc cyc
) 2 4Rs3
= s3 — 4s3 + s5.4s2 —Zab >4R+ =>Zab <IRir — (2) and now,

cyc cyc
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(na+nb+nc)2+2(ﬁ+&+ﬁ)=<na+nb+nc>2+z<ﬂ s—b>
s , T, I, s a’ rs

cyc

_(na+nb+nc

. )2+Rirs.2(bc(s—b)) =

cyc

n, +n, +nn\2 1 , | vie@and @
+ S’ S ab — | 2s ab — 12Rrs | + ab <

S Rr o
cyc cyc cyc
(s? —8Rr — 2r?)(s® + 4Rr +r?) s? 4+ 4Rr +r? 4s? 4R
> — +12+———<1+—
2Rrs Rr r(4R +r) r

?
& (32R3 — 32R%r + 2Rr? + 3r3)s? + 2r2(4R + r)3(4R —r)s*
()

Gerretsen

?
Now,(4R —r)s* < (4R —r)(4R? + 4Rr + 3r?)s? < RHS of (%)

?

< (8R3 — 22R%*r — 3Rr? + 3r®)s? + r?(4R +r)3 > |0 and it’ strivially true

(%)

if : 8R3 — 22R?r — 3Rr? + 3r® > 0 and when : 8R3 — 22R?r — 3Rr? + 3r3
<0,

Gerretsen

then : LHS of (*x) >  (8R3—22R%r — 3Rr? + 3r3)(4R? + 4Rr + 3r%) +
? ? R
r’(4R+r)? >0 o 32t> —56t* — 12t3 —18t2 + 15t + 10> 0 (t = —)

r
? Euler
& t—-2)32t* +8t3+4t2-10t—-5) >0 > true~t > 2= (¥%)

= (*) is true

n, + np + ne\? h, h, h 4R
( a b C) +2(_a+_b+_c)gl+—VAABC,
S I, Ic Iq r

" =" iff A ABC is equilateral (QED)

3728. In any A ABC the following relationship holds :

2r\ 2 Or, r;,r
n(w§+wawb+w§)2(i) (—abc )

| oM + I, + |
cyc

3

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
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) 5y AM-GM 256R?r*s*
n(wa +Wowp + W) = 1_[(3wawb) = 27. (5Z 1 2Rr + 1272
cyc cyc
7 12r\2 or, 1T 3 ?
> (—) (“—‘”) & 64R*(4R + r)3 > 27s2r(s? + 2Rr + r?)2 and
R I+, + 1
Euler
and
Doucet or Trucht ?
(4R +1)3 > 9r.3s? .. it suffices to prove : 64R* > (s? + 2Rr + r?)?

7 ?
©s?<8R*-2Rr-r?’e s> —(4R*+4Rr+3r?) -2(R-2r)2R+r) <0
Gerretsen

Euler
- true s> —(4R?+4Rr+3r?) < 0and—-2(R-2r)(2R+r) < 0

2r\ 2 or, 13T 3
| |(w§ + w,wy, + wﬁ) > (—) (a—bc) Vv A ABC,
R I, +1, +r¢
cyc

" =" iff A ABC is equilateral (QED)

3729. In any acute A ABC the following relationship holds :
Z h3 — 9or3 -~ 6
— r
h2 -
cyc a
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Zh3—9r3_z 9r3 Z , S2+4Rr+r? 9r(s® —4Rr —r?)
2 e arzsz L% T 2R 252

cyc cyc cyc

s?(s? + 4Rr +r?) — 9Rr(s?> —4Rr — r?)
= = 6r

2 =
ZRS? Gerretsen
©s*— (17Rr—r*)s? + 9Rr’(4R+1) 2 0 and = (s* - 16Rr+ 5r)> > 0
()

?
- in order to prove (*), it suffices to prove : LHS of (x) > (s? — 16Rr + 5r?)?
?
& (15R — 9r)s? > r(220R? — 169Rr + 25r?) and indeed,

(**)
Gerretsen

(15R — 9r)s? — r(220R? — 169Rr + 25r2) >
(15R — 9r)(16Rr — 5r?) — r(220R? — 169Rr + 25r?) = 10r(R—2r)(2R—r)

Euler h¢31 — 91‘3
570 o (+%) = (+) is true - ZT > 61V A ABC,
a

cyc

" =" iff A ABC is equilateral (QED)
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3730. In any acute A ABC the following relationship holds :
3 3
r; —9r
TE S 6
ra
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

3 3 3
r, —9r 9r )
D 2 =D Nz ) 5- @)

cyc cyc cyc

Or
=4R+r- . (3s2 — 25(2s) + 2(s? — 4Rr — rz))
4R 4+ r)s? — 9r(s? — 8Rr — 2r?) » ?
=( ) ( )26r=>(2R—7r)sz+9r2(4R+r)§0
()
and it's trivially true when : 2R — 7r > 0 and when : 2R — 7r < 0, then :

Gerretsen

LHSof (*) > (2R—"7r)(4R? + 4Rr + 3r?) + 9r?(4R + 1)

Euler
=2(R—2r)(4R? = 2Rr+3r?) >0+ R > 2r= (x)istrue
r3 — 9r3
Z “ 2 > 6rVv AABC," =" iff A ABCis equilateral (QED)
a

cyc

SZ

3731. In AABC the following relationship holds:

re \* 3 /4R+n*™"
V) = S e
rp,t+r. 6™ s

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
_ 4R + 1

ST

1
Known result Z
s—a

r _F (s—b)(s—o¢) ( 1 )z
e L r =G - —co) s —a/
Trp +rC Bl L_FL o a(s _ a) - (S a)(s b)(s C) —
s—bTs—c
1 )2 5 t
Zrb:l‘lrcz(s_a)(s_b)(S—C) E (S_Ta 9
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1 \2
> (s—a)(s—b)(s—c)u=

a+b+c
4R +
~ (s—a)(s—b)(s—c) ((s — ar)'gs — b)r()s - C)) _(r(4R+ r))2 B 1(4R + r)z
a a+b+c ~ 2s.sr2 2\ s

Z ( T, )n cBs 1 (Z Ta )" 1 /1 (4R + r)z "3 (4R + r)Z"
> > — = —
r,+r.,) — 371 ry,+r.,/] —3n1\2 s 6" s
Equality holds for an equilateral triangle.

3732. In AABC the following relationship holds:

2 =5
=
TpTc 973

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

r r r
Letx =—,y=—,z=—thenx+y+z=1as

Tq Tp re
1 rr
1_1 T, _rbrc_lrb'rc_lyz
rey T’ ryre 1 r T rXx
L L

z( Ty )3 1 Z (yz)3 1 y%2z% + z6x% + x6y® Va,b,c>0§a222 ab
ryre) 13 x/ 13 x3y3z3

1x3y323(x3+y3+23)cBs 11

= — = —==
r3 x3y3z3 39
Equality holds for an equilateral triangle.

(x+y+2)3=

9r3

3733.If n = 4 then in AABC the following relationship holds:

Wq Wy W,

m, my, m, R\"
+ + + (—) >1+
m,+m, mg+m, my,+m, 2r wpt+w, w,t+tw, w,+w,
Proposed by Nguyen Van Canh-Vietnam

Solution by Tapas Das-India
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m, my m, Nesbitt 3

+ + =
m,+m, mg+m, m,+m, 2
et = () (X = (se-a) (X
- —_ — < 2 — ) < — — | =
Wb+wc+wa < \[( wa) wi) = ( s(s a)) nZ

a? \ Leibniz |9R?2 3R
= (Y 25) < am=a
4F? 4rz  2r

w, 4 wp 4 we w, AM;HM 1 (wa wa)
wptw, wetw, wptw, Liw,+w, ~ 4 w, w.)
1 w, wy, 1 3R 3R
EIEDEIEE
4 wp w, 4 2r 4Ar
We need to show:
3 R n 3R %:xal Euler
—+<—> <1l+-—or2x"-3x+1 = 0
2 2r 4r

or(x—1)x" 1 +2x"2+.-2x2+2x—-1)>0
trueasx > 1and 2x" 1+ 2x" 2 + ... 2x2 +2x—1) > 0 sincen > 4
Equality holds for an equilateral triangle.

3734. In AABC the following relationship holds:

By G arman(3 2 Y
b 1r2— max b'L.a

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

a CBS 5 1 Leibniz & Steinig 9R2 3R
— < — < R
b ~ <(Z @ ) (z b2>> - 4r2  2r

b cBs 3R
Similary: P < 2
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AMGM
max{z Z }_ 3 a4 > VY3x3=3
2r’ b

We need to show :

D) LIS

2 —x>2 Euler

R 3R )
or3+ﬁ24+zor2x —3x—-2 > Oor(x—2)2x+1)=>0

trueasx > 2

Equality holds for an equilateral triangle.

3735. If n = 3 then in AABC the following relationship holds:

m“‘{z“bz“b} (5) >1+max{ a+b’ a+b}

Proposed by Nguyen Van Canh-Vietnam

Solution by Tapas Das-India

a AM-HEHM 1 1 a 3 1 a CBS
< —_ —_) = — — - <
Za+b < 2.+ =3+323 =

3 1 1 \ Leibniz & Steining 3 1 3R 3 3R
T R e ML
=212 (Za) a2 = 273 2r 2" 8r

L. b amM-HM 1 b 3 1 a 3 3R
Slmllarly:zm < 1 (1+—)

a
D rari =it
max a+b’ a+b 4 8r
PN (B EE I
a+b b/ a+b

a
Slmllarlyz +b Z a+b 3_z:a+bb
a
. > _
Then'mln{2a+b'2a+b}_3 max{2a+b'2a+b}

We need to show:

< -
4-4-b48r
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n

L ) Y LN
or 2r) — -max a+b'Lia+b
)

R n 3 Er=x21 Euler

3R
— ) >2.|=-4+— n _ >
or2+<2r> _2<4+8r)0r,2x 3x+1 > 0

or(x—1)2x" 1 +2x" 24+ ... +2x—-1)>0

trueasx>1land x* 1 +2x" 2+ ...42x—-1)>0asn>3

Equality holds for an equilateral triangle.

3736. In AABC the following relationship holds:

AH BH CH s

+ + >
a-r, b-r, c-r. 9r?

Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

Lemma1l: AH = 2R.cos A

L 2:r,=s-t 4 t a__r
emma2: 1T, =s-tang, tang = _—
Lemma 3: Gerretsen inequality: s> > 16rR — 51?2
2 A
LHS—Z AH 2R - cosA _ZCOtA_Z cotA _1zl—tan 7
a-r, 2R -sinA-r, T s~tan% 2s tanzg

A{(Zka)2) (255 ) -

1 <3$2—25(a+b+c)+az+b2+c2 3)

"~ 2s r2
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1 —s2 + 2s%2 — 8Rr — 2r? 3 1 s2 — 8Rr — 512
" 2s r2 T 2s r2

1 s%2—8Rr — 512 s
—. >?
2s r2 ~or2

= 952 —72Rr — 4512 >72s% =

7s% >?72Rr + 4572 (to prove)
7s% > 7(16rR — 5r%) = 112Rr — 3512 =
= 72Rr + 40Rr — 351r% > 72Rr + 801% — 3512 = 72Rr + 4572 (true)

Equality holds for: a =b = c.

3737. In any A ABC the following relationship holds :
2 —y 2 =
cyc hg sin > r

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

A
m, Lascux—a(b+c)coss sa(2s—a)(s—a)
a 3 2 _ § —
z : A ~ z : A 4r?s?

cyc ha Sin 7 cyc 4-l'S Sin 7 cyc

= 41'125'2 (a(Zs2 —3sa+ az)) =

cyc

1 12Rrs 3R
= s’ (252(25) — 6s(s? — 4Rr — r?) + 2s(s? — 6Rr — 3r2)) = =

4r2s r

ma 3R 17 = = =
and SO’Z A >— V AABC," =" iff A ABC is equilateral (QED)
Cyc ha Sin 7 r

3738. In AABC the following relationship holds:

Z M -6
rC
cyc

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

2F 2F
Zha+hb_27+7_2 (a+b)(s—c)
re F ab B
cyc e s ”¢ cyc

_Z(a+b)(a+b—c)_Za2+2ab+b2—ac—bc
B ab B ab

cyc cyc

3739. In AABC the following relationship holds:
sin(A4) + sin(C 21\ 3
z | | (4) | (©) | >3 (_)
e (sin(A) + sin(B))(sin(B) + sin(C)) R

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

sin(A) + sin(C) _
; (sin(A) + sin(B))(sin(B) + sin(C))

_ 2R(a+c) - a+c _
“Li(a+b)(b+co) T Li(a+b)(b+c)
cyc cyc
— 2R chc(a + C)Z _ chc a? + chc ab _
(a+b)(b+c)(a+c) (a+b)(b+c)(a+c)

Gt_err.etsew.t
4R z(pZ —4Rr — 1‘2) + pZ + 4Rr + 7.2 R 3p2 — 4Rr — 1"2 Mltr:z\wmc
o 2p(p? + 2Rr +712) T o+ 2Rr 1Y) T

3(12Rr + 3r%) — 4Rr —r? 32Rr + 812 Euler
RV = 23V3@RZ 1 3Rr+ 217)
=SS R(4R% + 4Rr + 312 + 2Rr +12) (2R? + 3Rr + 217%)
2(64r2 + 8r2 14472 gr2Euler 5.3
> ( - )1 _ 2:\/??2\/5<F)
3V3(2R2 +5R? +5R?) 3V3.4R
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Equality holds for: A= B =C.
3740. In AABC the following relationship holds:

hi
—2>9
Zha_ ’

Proposed by Marin Chirciu-Romania
Solution by Sarkhan Adgozalov-Georgia

hi (X hy)? 1 1 1 9
2> = SEpE——— —=
h,~ 3 h, Zh“ ZF(a+b+c)_2rs 2s "

Equality holds for: a=b = c.
3741. In AABC the following relationship holds:

mhemPmpe > (3r)°"

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AMzHM 9 9
Zha = —1=T=9T
Zh_a T

h. Chebshev 1 1
2 () (D)
a a

1 Zl 1
—< - =
m, h, r

Yhg Y hg

9r
mf;am{,‘bmfc GMéHM 0> :a) > (1 QX hy) . > (%) = (3r)°"
S 3Ch) (Sao) "

Equality holds for an equilateral triangle.

3742.In any A ABC the following relationship holds :

L 3A 3B __ A-B
Slll2 Slll2 S 2 COS 2
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

L 3A 3B 3A+3B 3A-3B__ 3A-3B
sin—-+ sin—- = 2 sin— ——cos —, < 2cos—
. 3A+3B 3A+3B 3m\ ? A-B A—-B
('.'0<sm—S1asO<—<—)S2cos = 2 cos? -1
4 4 4
? A—-B
@4cos36—3cosBS2coszﬂ—1(9=T)
? i A-B =«
<:>(t—1)(2t2—1+2t2+2t)S0(t=cos())—>true°-'—1<0=—4 <Z
1 3A 3B A-B
> —<t<1=2>2t2-1>0 . sin— 4+ sin— < 2 cos v A ABC,
2 2 2
_ A-B . 3A+3B _ _
" =""iff cos 1 =1/\smT:1=>1ffA=Bandsubsequentlylff
. 3A 1 d 0<3A<31'[ . 3A 1'ff3A i
el <. — = — ===
sm21t an > 5 - sin— i Zﬂ >
iff A = 3 and so, in conclusion,” =" iff A =B = E(QED)

3743. In any acute A ABC the following relationship holds :

Vsin2A + sin?B  Vsin?B + sin?2C  Vsin2C + sin2A
+ +
cosC COS A cosB

> V54

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Z Vsin?B + sin2C Z sin B + sin C
cosA \/— cosA

cyc

- L (i (o)) T L > >(m>)

cyc

A A A
N 2 sm coso a3 cos? 2 43 cos?
-2y -y s
B — ; B
cye 2 sm > COS 2 oe 2 n 2 cos T sinB + sin C
An2
Bergstrom <2cyc cos 7) R A B C
> 42— L2 92—, z 2 22( B _)
V2 2 Y, SinA V2 S cos 2 + cos 2 cos 2
cyc cyc
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2\/2 R [4R+T1r 2s A ]el;en \/E AR 3 2 \ Doucet or Trucht
= .;. oR +ﬁ' secE = ?( +r+s. ﬁ) =
cyc
V2 Vsin2B + sin2C
—.(s.\/§+25.\/§)=3.\/€=V54andso,z = V54
S COos A
cyc
V acute A ABC," =" iff A ABC is equilateral (QED)
3744. In AABC the following relationship holds:
CcoSs é CcoS E cos g
Z % + fl > 3vV3

BT _CT A
smz Sln2 smz

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

= 3
. B . B . C . A (s—a)(s—b)(s—0)
cye Sinz sin siny sins

3 SZF 3 S2 SMITRIﬁI\.I‘OVICI 3 3\/§T 3 3
3/—2=3/—=3$ > 3 =3[(V3) =3V3
F rs r r

Equality holds for A = B = C.

A A B Cc
cos 5 AMZGM 3 €053 €057 C0Sy _ 3\/3\/3(3 —a)(s—b)(s—c) _

3745. In any A ABC the following relationship holds :

n.g9
(nb+nc)2 5> 5R—I‘+chC ﬁaa
chc hahb 2r 2 chc ha

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

n,g, AM;GM a(ng + gg) Bogdan Fustei a (4'm¢21 - ZS(S - a))
h, ~— Z 4rs B z 4rs

cyc cyc cyc
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a2 \

=—|Z a ZZaZ—SaZ —Zs(s(Zs)—Z(sz—4Rr—r2))|

4rs \
cyc cyc

3 8s(s? — 4Rr — r?) — 6s(s? — 6Rr — 3r?) — 4s(4Rr + r?) 3 s? — 6Rr + 3r?
B 4rs - 2r
n,g, s?—6Rr+3r? s’ +4Rr+r? R
.°.5R—r+z <5R-r+ = =—.Zha
h 2r 2r r

a
cyc cyc

naga
R SR-r+ Deye h, (ny, + n,)? 52

> —> and again, >
2r 2 chc ha chc hahb chc hahb
(Reference — ""Nagel’s Cevians Revisited (ii)"” by Bogdan Fustei;)

published at : www. ssmrmh. ro

n,g
52 R a (n, +n)? R N S5R—r+ chc ﬁaa v A ABC
=————=—andso,——F— > —> )
4Rrs(2s) 2r Yeychghp — 21 2Yychg

4R?

" =" iff A ABC is equilateral (QED)

3756. In AABC the following relationship holds:

3+ Z a? + b? Z _ 9 R?
c2 Ma | =\3 7
cyc cyc

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

2

a?+b%> a’?+b%> +c: a’?+b% +c%: a*+b%+ c?
3+z = + +

a? b2 c?
cyc
Leibniz
Steining 2
1 1 - 1 9R
= (a? +b2+c2)( tor T ) < 9R%.— yr iy (1)
El:‘l-\er 9R2
eraerrazr(4R+r) < T (2)

cyc cyc
From (1) and (2) we have
¢)]

a? + b? (2) 9 R? 2
3+z c? z"a (4 r)

cyc cyc

Equality holds for:a=b=c

36 RMM-TRIANGLE MARATHON 3701-3800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
3747. In AABC the following relationship holds:

1 /4R AH 1 /2R?
—(——s)s —<—|—-5
s\r ar, ~ s\ r?

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

A
Known Results:1)AH = 2RcosA,2)r, = stanE

3 ,A 2B_s2—2r2—8Rr4 ,A 2
)Ztan E.tan 2= 2 )Htan E_(E)

cot? - =
2
2 ] tan? %4 r

wﬁ%—l

A B
Z A Ztanzi.tanzi_sz_zﬂ_g}zr

A
AH 2R cos A cotA 2coty 1 (
2s

A
cot? — — 1)

ar, 2

, A A A
2RsinA.s tani S tanf S tanf

ZAH_lz( 24 1)_1 s*—2r —8Rr __\ _
ar, 2s ot - 2s r2 B

_ 1 s2 —5r%2 —8Rr Gerrétsen 1 4R? + 4Rr + 3r% — 5r2 — 8Rr _
"~ 2s r2 = 2s r2 N

_1(4R® 4R \muer 1 (4R N 1(2R*
- 2s\ r? r = 2s\ r2 T s\ r2

Z AH 1 s2 —5r2 —8Rr Gerr;tsen 1 16Rr — 5r2 — 5r%2 — 8Rr 1 <4R )
ar, 2s r2 - 25 r2 B

Equality holds for an equilateral triangle.
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3748. In A ABC with n,, n,, n. - Nagel cevians then :

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

r A A . ,A
n2 Bogdan Fuste Z a?s? — R sZ sec? 5 16R?cos? Esm2 5

h2 4r2s?
cyc cyc
2R—r
_ s? — 4Rr — r? —8Rr.T:' n_tzl(;) s? — 12Rr + 3r?
2r? h2 2r?

cyc
wzpz SG-@+Eb -0~ (st-a) -8 m - o)

Now, h2 = h2

SZ

a2 (b-0)? n, (b - ¢)? n, n
— _ 2 _ . — = =
41‘2 5. (b—¢)* = a2 h, a2 and analogs .- 2 E ( c)

cyc

(c— a)2 (a — b)?) Reverse CBS lc — al|a — b]
zz j( ).(H_W) 253 (14 ezl b)

cyc oye
|a — b|.(|b — c| + |c — a]) Triangle Inequality
>

42 -

cyc

la—b|l.(lb-—c+c—al) (a —b)? 1 5
412 _6+Z 4r? _6+F' Za —Zab

cyc cyc cyc cyc
. n, n.\ @ s —12Rr — 3r? n, v1a®+®
..zZ(h—b.h—>26+ — - 22( )
cyc ¢ cyc C
52—12Rr+3r2+6+s2—12Rr 3r2 _s —12Rr+6
%rz 2r2 N r2
Z n, > s? —12Rr 16 Z n, S s2 —12Rr 46 Gerl;tsen
J—— — ﬁ [—— —
h,| — r2 h, — r2 =
cyc cyc

J16Rr —5r2 —12Rr

4R
3 +6=\/—+1andso,
r r
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Mg My M |S"-12Rr o 4R, 1vaaBc
h, hy, h,— r2 —r ’

" =" iff A ABC is equilateral (QED)

3749. In A ABC with n,, n,, n. — Nagel cevians holds :
n, +ny + n, - 3R
h, +h, +h, ~ R+ 4r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

ng+np +n._ V9s® — 80Rr — 2r’
h,+h,+h.,~ s?2+4Rr+r?
(Reference : Inequality in Triangle by Mohamed Amine Ben Ajiba — 74;) ; 3R

published at www. ssmrmh.ro “R+4r
squaring

& —9s*+ (36R? + 216Rr + 558r%)s? —
r(320R3 + 2712R?r + 5256Rr? + 137r3) % 0

O]
Double—Rouche
Now, since P = —9(s* — (4R? + 20Rr — 2r?)s? + r(4R +r)3) > 0

.2R

?
. in order to prove (x), it suffices to prove : LHS of (x) > P
< (9R + 144r)s? + 64R3 — 570R?*r — 1287Rr? — 32r3 >0

()
(%)
Gerretsen

Again, LHS of (*x) > (9R + 144r)(16Rr — 5r?) +
7 ?
64R3 — 570R?r — 1287Rr? — 32r3 > 0 & 32R3 — 213R?r + 486Rr? — 376r3 > 0

Euler

?
& (R—2r)(32R? — 149Rr + 188r2) >0 > true * R—2r > 0Oand
discriminant of 32R%? — 149Rr + 188r% = 149%2.r2 — 128.188.r%2 = —1863r2 < 0
= 32R% — 149Rr + 188r% > 0 = (x+) = (¥) is t o+ M tne 3R

— %k k E 3 o
r r e +hy +h, — R+ 4r
v AABC," =" iff A ABC is equilateral (QED)

3750. In any A ABC the following relationship holds :

m m m 3
R e
h, hy h, 2

R
—+2
r

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco
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Solution by Soumava Chakraborty-Kolkata-India

2 _p2 s(s—a)+%—(s(s a) — s(s — a)(b ))

mll
hZ hZ
4s% — 4sa + a? ) ) ) ) s 2z
a2 (b_c)z_(ZS—a) (b—2c¢) _(b+c) (b—2c¢) _(b —c?)
4r2g2 ' N 16r2s2 B 16r2s? ~ 16r2s?
a2

Mg (b2 — c2)? c\ _
“h, —\[1+ Tor2s2 and analogs - 22( c)—

cyc

) 1 ) 1 (az — bZ)Z Reverse CBS
. _— >
Z + 16r2s2 + 16r2s2 -

cyc

N L\ WP N e (L S A )
Z + 16r2s? B +Z 16r2s?

cyc cyc
Triangle Inequality |a2 — b2|_ (lbz —c? +¢%2-q? (a — bz)z
> 6+ Z —6+ Z
16r2s2 16r2s?
cyc cyc
2(2Y .. a’b? — 16r?s?) —2Y...a’b? 2y ..a’b? — 32r%s?
=6+ ( e ) e =6+ e and so,
16r2s2 16r2s?
o Z (mb mc> Z a*(2 Yy a? — 3a?) N 2 Y cyc a?b? + 64r?s?
16r2s? 16r2s?
cyc cyc cyc
z(zcyc aZ) — 3(2 Xy a?b? — 16r%s?) + 23, a?b? + 64r?s?
B 16r2s?
_ 2(s? —4Rr —r?)? — ((s® + 4Rr + r?)? — 16Rrs?) + 28r?s? ? 9 R +2r
B 4r2s2 L

Gerretsen

& s* — (17Rr — 4r¥)s? + r?(4R + r)20 and - (s —16Rr+5r?)2 > 0
@

?
- in order to prove (1), it suffices to prove : LHS of (1) > (s? — 16Rr + 5r2)2

Rouche

?
& (5R — 21')s2r(80R2 — 56Rr + 8r%) &now, (R —r)(s? — 16Rr + 5r%) >
@

(R—r) (ZR2 — 6Rr + 4r2 — 2(R — 2r)y/R? — 2Rr)
— (R—2r) ((R —r—+RZ- 2Rr)2 + r2> > r2(R — 2r) ( R—2r > 0)

r2(R — 2r)

= s2 > 16Rr — 5r2 +
R—-r

~ (5R—2r)s? >
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2 —_ ?

(SR - 21) <16Rr sty M) -

> r(80R? — 56Rr + 8r?)
R—r
? Euler
©r’(R-2r)(4R—-r) = 0 > true =
ma

‘R > 2r= @) = (1 is true

Mo My M 3 R ) VAABC” =" iff A ABCis equilateral (QED
“h, Th,  h. 22T =" is equilateral (QED)
3751. In acute AABC the following relationship holds:

cosA - 3
(1 + tan?4)%? — 32

cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

4
cosA cos A

[ — 5A
.(sec2 A)? Z cos

(1 + tan?A)? -
cyc

5

5 3\ 2
5 CBS 24\2 = 3
ZZ(coszA)f > 3.<2“;S ) > 3.<i> ==

3 32
Equality holds for an equilateral triangle.

3752. In acute AABC the following relationship holds:

A
sinz . i
27— 32
cyc (1 + cot? '%)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

) A 1 T Euler
L2 TR
Z S 3 2R =

1 3
4 4

41
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A A

siny _ siny _ sﬂ _
i Tz sin > =

cyc (1 + cot? 7) (csc2 7)
5

2

5 . 2 A 3
_ Y (22 Y 2 3 iy ) L (2] _3
= Sll‘l2 = . 3 = . 3 =

Equality holds for an equilateral triangle.

3753. In acute AABC the following relationship holds:
(2 — cos? A)(2 — cos? B)(2 — cos®C) > 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

c0s2A + cos2B + cos2C = 2cos(A+ B) cos(A—B) + 2cos’C—1 =

ArBre=m_ 2c0sCcos(A—B) +2cos?C—1= -1+ 2cosC(cosC — cos(A— B)) =

ArBre=m 2cosC(—cos(A+ B) —cos(A— B)) —1 = —1 — 4cosAcosBcosC

sin? A + sin? B + sin? C = Z sin? A =

1 . 1 3 — (cos2A + cos2B + cos2C)
=522s1n A ZEZ(l—COSZA)Z > =

1
= 2 (3+ 1+ 4cosAcosBcosC) = 2 + 2cosAcosBcosC >

> 2 (in acute cosAcosBcosC > 0)
Letsin? A = x,sin? B=y,sin?C=zandx+y +z > 2
as x? = sin*fA<sin?A=xas0<sinA < 1forthisx? +y2+z2<x+y+z(1)
(2 — cos?A)(2 — cos?B)(2 — cos?C) = (1 +sin? A)(1 + sin? B)(1 + sin? C) =

=1+x)A+y)A+2)=1+Kx+y+2)+ (xy+yz+2zx)+xyz>

42 RMM-TRIANGLE MARATHON 3701-3800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(x+y+2)?—(x*+y*+2%)
2

>1+(x+y+2)+(xy+yz+zx) =1+ (x+y+2)+

(x+y+z)2—(x+y+z)_2+(x+y+z)+(x+y+z)2>

€))
>1 =
+x+y+2z)+ > >

2+2+22

2
3754. In any acute A ABC the following relationship holds :

=4asx+y+z>2

cosAcosB cosBcosC cosCcosA
+4cosAcosBcosC> 2

+ +
cos C cos A cos B

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

r
+ 4 sin—sin—sin—- = +§

A 2 2 2

B C 2B 5 C
sin+ sin A B _C Z sin 2sm >
. A B

C
2
YL T SV zb 12Rr | + 1
“16RZ T ATRT arr R 4Rr ¢ TITR

cyc s1n2 cyc cyc

B C
S — 8Rr + r? + 4r? Gerretsen 8Rr SlnESln ) A B C
> 2-'-Z—+4sm—sm sin—> 2
4Rr 4Rr

L sind 27202
and implementing it on a triangle with angles : (m — 2A), (m — 2B), (t — 20C),
T — 2B in T —2C
sin 2 4 T 2A . mM-2B  m-2C_
we get : Z . 5A + 4 sin 5 sin— —sin—-—2
cyc 2

cosBcosC . . .
= Z cosA + 4 cos AcosB cos C > 2 and since the latter triangle is an
cyc
cosAcosB cosBcosC cosCcosA
acute one, hence : + + +4cosAcosBcosC =2
cos C cos A cosB

V acute A ABC,” =" iff A ABC is equilateral (QED)

3755. In acute AABC the following relationship holds:
A B C
atan (E) VsinA + b tan (E) vsinB + ctan (E) vsinC > 4r

Proposed by Vasile Mircea Popa-Romania
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Solution by Amin Hajiyev-Azerbaijan

Z atan (;) sin(4) > 4r

cyc
Lemma 1 (The Relationship between Inradius and Tangent):
tan () =g tan () =5 e (3) =5
an(=) = ,tan| =) = Jtan| =) =
2 s—a 2 s—b 2 s—¢cC
Lemma 2 (Inequality of Sine in Acute Triangles):

T Vsind > sinA
interval (O;E) 0<sinA <1 <{+/sinB > sinB
vVsinC > sinC

Lemma 3 (Convexity and Jensen’s Inequality):
2
fla) =

Since its second derivative f'(a) =

forace (0;s)

2s% . . . o
(s_sa)s is strictly positive, the function is

s—a

2
. o o a~ . ¢ e .
strictly convex. By Jensen’s Inequality, the cyclic sum chc; is minimized whena=b =g,

corresponding to an equilateral triangle.
Lemma 1 r
LHS 2= Z a(—)VsinA
s—a

cyc

Lemma 2 _)rz (é)\/m> T‘Z (Sila)sinA

cyc cyc
Th ine sind = ~= sinB = 2 sinC = —
eorem sine sin =R sin =R sin =R
> e >
"s—a’™ TR s—a
cyc cyc
a a+b+c 3a a
Lemma 3: Z > a=b=cs=—=—,5s—a=—
s—a 2 2 2
ye min
Z a >3 a 6 LHS > r 6 Sar
= - R e p—
s—a  s—a a 2R a R

cyc

3ar
a=b=c=R\/§LHS>T:3r\/§

3V3>4- z atan (g) sin(4) > 4r

cyc
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3756. In any A ABC the following relationship holds :

= A - 3C - 3A
z smf(sm §+sm 7)

> 24
B C A B -

in2 =<in=( sin2 =gin2 = i 04
cyc Sin 2smz(sm > SIn“ = + sin 2)

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C,x'y,z' >0,

x’' y’ VA Walter Janous
(B’ +C) + € +A)+ (A +B) > 3ZA’B’
y' +2z' z' +x x' +y’ —v—/®
cyc

. Ar . 3C . 3A
smi(sm 7+sm 7)

Now
’ B C A B C
in2 D s Yo A a2 D e

cyc Sin 2smz(sm 2sm 2+sm 2)

C A
i3 in3
sin” 5 + sin” 5

. ,A . C
sin ZSIHZ.

- C_. A
=Z SanSlnz
B.C/.,A_.,B c)

- Z - - 2 - 2 - 4
SIN“ =5 SIN 5 | SIN“- -5 SINn“ 5 SIN* &
cyc 2 Siny ( 2 2 +sint5

A C A A
sin?% [ sin® 3 + sin®5 sin? =
g 22 g : ct : A
2 3l L3 ) 3 .3
Z sin?z \ sin®3sin®> sin?7 \sin’3 sin®3
- . ,A . B _..,C :Z . ,B . . C
cye s1n2731n27+sm47 cye sm27+sm27
C A C . 5, A
sin? 5 sin? & sin2 5 sin?5
2 2 2 2
xl yl z/
— BI CI CI AI AI BI
y’+z’( + )+z’+x’( + )+x’+y’( +B')
LA . ,B . ,C
. sin*z - sin*z 0 osins 1 , 1 , 1
B Tt T oAt TP T e T A
sin? 5 sin? 5 sin? sin® 5 sin? sin3 5
Via®\/3 1 AM—GM36\/ 1 12R Euler 94
> - __ > = >
- . . B . - ) ..A . B . .C r -
3b . 3L 62 6D o 6l
ove sin’ 5 sin’ 5 sin® 7 sin® 5 sin® 3
sin % (sin3 % + sin3 %)
Z > 24V A ABC,

B C A B
= 2 = = -~ = 2 el = 2 = = 4 >~
cye sin? > sinz (sm 5 sin? 5 + sin* 35
" =" iff A ABC is equilateral (QED)
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3757. In acute AABC the following relationship holds:

tanB sin’B
= = b=c

tanC sin2C

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

tanB sin’B  sinB cosC sinzB cosC sinB

tanC ~ sin?C _ sinC cosB _ sin®C  cosB _ sinC
sinBcosB = sinCcosC = 2sinBcosB = 2sinCcosC
sin2B = sin2C = sin2B — sin2C =0
2sin(B—C)cos(B+C)=0=sin(B—-C) =0

B-C=0=B=C=b=c
3758. In acute AABC the following relationship holds:

BC+CA+AB>3\/§
HA HB HC

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

BC CA AB Z z 2RsmA
HA HB HC HA 2RcosA 2RcosA
cyc cyc cyc
sinA JENSEN A+B+C T
= Z = Z tanA = 3tan (—) = 3tan— = 3V3
cosA 3 3
cyc cyc

Equality holds for an equilateral triangle.

3759. If I —incenter in AABC then:

m: m; m? 27

>
1A2 +IBZ +IC2 4

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

CEBYSHEV

mg  m me m; z
= = m?2 sin® — =2
IA%2  IB%? " IC? 1A? @
cyc cyc — n cyc
2
sin 2

1 A 1 3 r
> T 2 22 2 2N 2 (1T
=392 (Zm“> (Z stn 2) 312 4/4.° (1 ZR)

cyc cyc cyc

IONESCU—-WEITZENBOCK EULER B
2 i.4\/§p.(1_L) N i'4\/§1’$' 1_L —
- 472 T 42 2R

2R

_\/§S (1 1>MITR£§VOVIC\/§_3\/’§T 3_27
= — 4

T = T r 4 4
Equality holds for an equilateral triangle.
3760. If I —incenter then in AABC the following relationship holds:

IA-IB-IC <R3

Proposed by Nguyen Hung Cuong
Solution by Daniel Sitaru-Romania

r
IA-IB-IC=1_[IA=1_[ — =

cyc cyc SN+ 2

J(s— b)(s—¢) |[(s- C)(s —a) \/(S — a)(s b

r3 abcsr? 4RFsr
" G-—a-b(s-0 sG-a(s-b)(s—c)  F?
abc
4Rsr3 _ 4Rsr? s RE
= = =4Rr* < 4R-— =R
F rs 4

Equality holds for an equilateral triangle.
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3761. In AABC the following relationship holds:

1+sinA 1+ sinB 1+ sinC

> 6+ 3V3
cosA i cosB + cosC +3V3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

f(On) R £(x) 1+ sinx 1 by
H0,=)- R, f(x) = = anx
2 coSX cosx
) 1+sinx sin’x + 2sinx + 1
f(X)=———.f'(x)= > >0=
coSs*x cos*x

f —convexe. By Jensen’s inequality:

yLY (5 () -

cyc cyc
1+sin§ 1+\/2—§
=3- 7o =3 —7=6+3V3
COS§ 2

Equality holds for an equilateral triangle.

3762. In AABC the following relationship holds:
2R?(sin3A + sin3B + sin®C) > 3F

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

2R%(sin3A + sin®B + sin3C) = 2R? Z sin3A4 =

cyc

a\3 2R? AMZGM 4
_ 2 Y 3 _— .no3 3 _
= 2R Z(ZR) _—8R3Za > iR 3V (abc)3 =
cyc cyc
_3abc_3-4RF_3F
" 4R 4R

Equality holds for an equilateral triangle.
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3763. In AABC the following relationship holds:

\/1+tan2é \/1+tan2§ \/1+tan2£
2 2 2
+ + > 443
— B —C
sinz sin sinz

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

\/1+tan2';1 \[1+tanzg \[1+tan2 1+tan2
A e s
sm

A B
sm2 sin+ > sm cye
1

e .
cye sini cye sm cosA cye Zsm cosé cyc § mA
_ 4R iR Z 1 AM’_;GM iR 3 12R MITRINOVICI
= _— = — = . 3 = 3

e 5 a Vabc VA4Rrs

12R _ 12R "% 12R 12_ .1
—_— 3 = ——— | e—

3 3-V2R?r 3 R V3

4Rr - —3‘2/§R V3 V3- [2R?-5

Equality holds for an equilateral triangle.

3764. In AABC the following relationship holds:

27r<z . 2A<27R2
R =L TS A=Ter

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

., 1 , F F a? F 4s s?
Zrasm A:4R22a 's—a:4RZZS—a:4R2'?(R_r):F(R_r)

We need to show :
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2 2

s R
72 (R—-1) < - or 16s*r(R —r) < 27R*

Mitrinovic

27
16TRZ.r(R -7r) < 27R*or R> —4Rr + 4r* > 0 or (R — 21)? > 0 true

We need to show :
27Rr
52 27r  27Rr 25— 27y
F(R -r) > R TSRz (R-1r) = R or,2(R—r) = Ror,R > 2r true

Equality holds for an equilateral triangle.

3765. In AABC the following relationship holds:

3 AH 3R
Sy A 3k
s ah, — 2rs

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

Z zZRcosA R A = R (1+r) Etier 3R
cosA =% R/ — 2rs

2RcosA R R r R + 1 Euler 2r + ro 3
Z cosA = (1 + R) > —

Y.,

rs =~ r.s s
Equality holds for an equilateral triangle.
3766. In AABC the following relationship holds:

2712 h, A< 27r
R sin? 2

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

Zh 'ZA—ZFZSinA _A_Fz 'A—F s _s’r
2Sin%? A = o Sind =5 ) sind=o.o=—13
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h 4= s T Mitrinovic 27 R? r
E = < —_ —_— = —
Sln s ) )

27Rr

Zh A= 2 27Rr 1 2717
sin4 = = T2 R® 2R

Equality holds for an equilateral triangle.

3767. In AABC the following relationship holds:
AH AH

Y.y

ah, ar,

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

A
Known results: 1)AH = 2Rcos A, 2)r, = stani

3 Zt 2At 2B_sz—2r2—8Rr4 1—[t 2A_(r)2
) anz.anz— ) anz—s

Sz

2 A B
A Ytan? z.tanzf_ s% — 2r%2 — 8Rr

2c0t2 =
2
2 l—[tanzg r
A
24
cot 2 1
A
AH  2RcosA  cotA _ Z2cotz 1, A 1
ar, , A~ A A _E<COt 2 )
a 2RsinA. stanf stani .stani

Z Z( t2A 1) 1 (s*—2r? —8Rr 3) =
ar, ot 2s r2 B

1 s%2—-5r%— 8Rr Gerrestn 1 16Rr — 512 — 51 — 8Rr 1 /4R
> s -3)
2s T2 2s r2 T s\r

AH 2R cosA R R
Sy AR ot
ah r.s

We need to show :

1 /4R 3R 4R 3R 5R
—(——5>>— or,——gz50r,§250r,R22rtruebyEuler.

s\r - 2rs r

R\ Euler 3R
(1+—) <20
r 2rs

Equality holds for an equilateral triangle.
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3768. In any A ABC the following relationship holds :

Pa Pb Pc_ 1 |[64R
L2+ > [—+97
ha+hb+hc_5 r +

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

Fustei
s(3s+ a)(b —c)? s(s—a)

p2 — h? Beriz?iba s(s—a) + (25 + a)Z - (S(S —a)— — gz (b— C)Z)

h h2

_ 4st , , , ,
_a%(2s + a)? , Pa® s? (b—o¢) _ p2 @
= 4r2252 (b—0c)* - hZ 1+ 2s T a) and analogs - 2 hz - 3+

a

2

s? b-c 2

rz’ ( 25+a> —25(952+6Rr+rz).Z((b—c)(c—a)(Zs+c))
cyc

cyc

2 2
b—c 1
_ _ 2 _
Now,( 2s + a) "~ 4s2(9s? 4+ 6Rr +r2)?’ <Z ((b ©)(8s” — 2sa + bc))>
cyc

cyc

2
1
= 2. _ 2
4s2(9s? +6Rr+r2)2'<zb ¢ Zbc >

cyc cyc

B (Zeye %) (Zeye a?b?) — 15a?b?c? — 2abe T ye a® — 2 ¥y a®b3 + 2abc(Teye a) (T eyc ab)
B 4s2(9s2 + 6Rr + r2)2

2

() b—c 2 -

= < P a) and also, — 25(95Z 1 6Rr 1 19) .Z((b —o)(c—a)(2s + c)) —
cyc

cyc

) 25(Xeycab — Yoy a?) + 25(Teyc ab) — Xy a® — 24Rrs
' 2s(9s% + 6Rr + r2)

and since : Z ab =
cyc
s? +4Rr + rz,z a? = 2(s? —4Rr — rz),z a’b? = (s? + 4Rr + r?)? — 16Rrs?,
cyc cyc
Z a® = 2(s? — 6Rr — 31'2),2 a3b® = (s? + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + r?)

cyc cyc
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18s°® — (168Rr + 125r2)s* —

P [(m) r?(116R? + 84Rr + 16r?)s? —r3(4R +r)3
“ @, 00, () = h2 =13+ r2(9s? + 6Rr + r2)2
cyc

. PyPc Z s? (c—a)? s? (a—hb)?

= 1+——— . |l1+—=.—

and again, @ = hyh. \[( + 2 (25 1 b)Z + 2 (25 1 02

cyc cyc
Reverse CBS SZ 1 Triangle Inequality
> —. . - - 2 >
- 3-I_rz 2s(9s% + 6Rr + r?) Z(lc alla —bi( s+a)) -
cyc
3+5, : 25| (c~a)a—b)| + | a(c—a)a—b)
r2 2s(9s? + 6Rr +r?)’ S c-ala ac-ajia
cyc cyc

52 ((s2 — 12Rr — 3r2) + (2Rr — 4r2) z pupe Z
hZ =

=3+ r2(9s? + 6Rr + r?)
cyc cyc
s2(9s? + 6Rr + r?)(2s? — 20Rr — 14r?) + 18s® — (168Rr + 125r2)s -
r?(116R? + 84Rr + 16r%)s? — r3(4R +r)3 2 64R + 97r
r2(9s2 + 6Rr + r?)2 - 25r

© 900s® — (13584Rr — 4143r2)s* — r2(12812R% — 7972Rr — 1554r%)s? —

(*)
r3(3904R3 — 2640R?*r — 1172Rr? — 103r3) 0; P =900(s? — 16Rr + 5r?)3
+(29616Rr — 9357r%)(s? — 16Rr + 5r%)% +

Gerretsen
and Rouche

2(R-2 + Eul
r%( r)) ;er

0
R-r -

4r%2(60925R? — 38903Rr + 6906r?) <52 — 16Rr + 5r% —

Rouche

“(R=r)(s®2—16Rr +5r2) >
(R—r) (ZR2 — 6Rr + 4r% — 2(R — 2r)/R?% — 2Rr)

2 Euler
=(R- 2r)<(R— r—+R2%— 2Rr) + r2> >r?(R - 2r) ( R —2r “2 0)
r2(R — 2r)
R—-r

?
. in order to prove (), it suffices to prove : LHS of (+) > P
Euler

? R
& (t—2)(3375t2 — 1869t + 302) > 0 (t = F) > true vt > 2= (e)istrue
2

64R+97r p P P 1 |[64R
= >——=— —>—. [—+97VAABC,
Zha 7 25r  h, h, h, -5 +
cyc

" =" iff A ABC is equilateral (QED)

—
~N

= s%2 > 16Rr — 5r2 +
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3769. In any acute A ABC the following relationship holds :

1 1
2( + )2\/§(tanA+tanB)—|—2
cosA cosB

Proposed by Nguyen Hung Cuong-Vietnam

Solution 1 by Soumava Chakraborty-Kolkata-India

A ABC being acute = cosA,cosB >0
1 1 ?
2( + )2x/§.(tanA+tanB)+2
cosA? cos B
& 2(cos A + cosB) > V3. (sin A cos B + cos Asin B) + 2 cos A cos B
= +/3.sin C + cos(A + B) + cos(A — B)
. C A-B> A-B
@4smicos 2 > 1/3.sin C — cos C + 2 cos? > -1
_ )andtoprove (),

C C>
o 2t2 —4sini.t+\/§.sinC—2coszié 0 (t= cos
)

16sin2£— 8(\/§ sinC — 2 coszg)

14 sin% + \/ 2 . 2
it suffices to prove : t AND
63 4

(\/§ sin C — 2 cos? %)

5 4sin%—\/16sin2%—8 .
t ;v t<1 . inorder to prove (1),
(5 4

- » . C V3 G\ V3
ltsufflcestoprove:1Ssmz+ 1—7.smC<:>(1—smE) S1—7.smc
,C C C C~ C C~
& sin ——Zsm2+\/—smzcosz<0(:>sm2+\/_cosz<2—>true

C C cBs C C
sini + /3. cos < V1+ 3.\/sin2 2 + cos? 3= 2 = (1) is true with equality iff

C n 1| i
Ezg/\A=B:>equalityiffA=B=C=§andagain,0<A,B<E:>
n A-B T« 1 2 C V3
_Z < — :>t>—>s1nE— 1——smC

1 / ’
E+1——smC+2 1—— smC>sm—and 1—— sinC >0

. it suffices to prove : 3 —v/3.sin C > 1—cosCe cos sinC — sm cosC < 1
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™ ?
& sin (C - 8) <1 - true = (2) is true (strict inequality) and so, (1) and (2)

+ )2x/§.(tanA+tanB)+2
cosA cosB
V acute A ABC,” =" iff A ABC is equilateral (QED)

are true = (x) is true .. 2 (

Solution 2 by Amin Hajiyev-Azerbaijan
1
f(x) =m—\/§tan(x) - f(A)+f(B) =2

Investigation of extreme values:
d
f(x) = 2sec(x) — V3 tan(x) - Ef(x) = 2 sec(x) tan(x) — V3sec?(x)

d 2sin(x) —V3 d ] V3
Ef(x) = T cost(x) Ef(x) =0 - sinx) = —

The unique root in the acute interval
/4

(O;E) is x=—
2 3
Characterization of the function and global minimum

V3

T . d . .
e X E (OE) - sin(x) < 53 af(x) < 0 decreasing function

T T . V3 d _ . .
e XE (E'E) - sin(x) > 53 af(x) > 0 increasing function

/4
The minimum point of the function x = 3

T 1 T
)= P (3) =
x € (O;g) - fx)=1 - {;Eg% i i

1 1
2 (cos(A) + cos(B)) > /3(tan(4) + tan(B)) + 2

f(A)+f(B) =2

3770. In AABC the following relationship holds:

S d) 1+ sn() =5

cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

> esc (g) <1 + sin (g)) >9

cyc

5 exll) e o(d)sn(d) 23~ T o325

cyc cyc cyc
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A A
ZCSC(E>Z6—> A+B+C=m A€ (0 n)%csc(5)>0

cyc
2

1= x(3) = gt = ose§) [ )+t ()

dZ
x € (0;m) > dzf(x)>0

JENSEN A"'g"'g " N T
3Z:csc<—> = CSC T %chc(i)_Scsc(g)—6

cyc cyc

> esc(g) (1+sin(3)) 2 9

cyc
Equality holds for an equilateral triangle.

3771. In AABC the following relationship holds:

() ee(®) e 1

1+cos(g)+1+cos(g)+1+cos(2) 2+v3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

Z csc(g) g 12 LHSzz csc(g) :Z 1
Sives® 28 R s Bt (@) 1o (3)

B C_m xe(o_f)_){0<sin(x)<1
2 2 2 "2 0<cos(x) <1

f&x) =

sin(x)(1 + cos(x)) d_f(x) > 0= Convexity

Jensen's inequality: Liz1 f(x) 1f( 2 f(Z )

A
>+

3;sin(g)(1+cos(3))2f< 3
y_oelz) 3 3

v @) 1o+
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A
Z CSC(E) - 12
cycl+cos(%)_2'|'\/§

Equality holds for an equilateral triangle.

3772. In AABC the following relationship holds:
Z cotB + cotC

sinA -
cyc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

cos(B) . cos(C)
cot(B) + cot(C) _sin(B) + sin(C) sin(B) cos(C) + sin(C) cos(B) _

sin(4) - sin(4) B sin(4) .sin(B) .sin(C)
sin(B + C) 1
- sin(4) .sin(B) .sin(C) - sin(B).sin(C)
1 sin(4) + sin(B) + sin(C) % 2sR?> 2sR 2RFEuler
;sin(B).sin(C) - sin(4).sin(B) .sin(C) - 2_1;2 “FR  sr  r 4

Equality holds for:A=B=C

3773. In AABC the following relationship holds:
sin(4) sin(B) sin(C) -

3
tan(B) + tan(C) * tan(C) + tan(A4) * tan(A4) + tan(B) 4

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

sin(4) B sin(4)
tan(B) + tan(C) Z sin(B + C)
e ¢ cos(B) .cos(C)

S2 _ .',.2 _ 4R2 Gerretsen
= Z cos(A).cos(B) = 1R <
cyc
RZ RZ
_4R*+4Rr 4317 + 17 —R? _ Rr+rzE‘L<£"7+T_ 3
B 4R? - R2 T R 4

Equality holds for: A= B =C.
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3774. Let P be the Brocard's point of acute — angled ABC.
R, Ry, R, circumradius of BPC,APC,APB.
H — orthocenter. Prove that:
R,eh Ry, h R.h
a a n b b n c c > or
AH BH CH
Proposed by Sarkhan Adgozalov-Georgia
Solution by Qurban Muellim-Azerbaijan

1
Lemma 1: cosA ¢ cosB ¢ cosC < §
Lemma 2: h, = 2R ¢ sinB ¢ sinC

a
————~=2R,=> R, =
sm(180 () ~ 2sinC

LHS — Z h, _ ZSlnC e 2RsinBsinC _y asinB - Es abc[[sinA
AH 2RcosA 2cosA 2 [[cosA
3 abc 3|(abc)? 3|16R%r2s?
3/abc[]sinA abc (8R3) 3 8R3 3 “8R®

232 r2 2 7Rrr2

3
=3

Equallty holds for a=b=c.

3775. In any A ABC the following relationship holds :

Na + ga n, <1+ﬁ(rb+rc_1)
rh, n, — \/4-1‘2 + (b — C)Z B r h,
Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

? b? + ¢? ,A 2 (b+c)?
r, +r.—h, > IR < 4R cos 52 IR
A A B-C B-C b? + ¢?
<:>4RcosEZ4RcosEcos - true * cos <l-.r,+r.—h,=> iR

AR [Ty + 1, 4R b%2+c¢? b?+c?
:>—( —1)2 =

r \ h, rh,” 4R  rh,
g, n, CfRme
rh,  n,—./4r2 + (b—-c)? r \ h,
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Bogdan Fustei (b—c)? +2s(s—a) n, b? + ¢?
rh, na_% rh,
_b2+c2 2R.2bc+ 2s(s—a)a N S 1 b? + c2
" rh, rrbc 2(s—a)(s—b)(s—c) s—a rh,
4R sa a 4R a
=== = —(s(s - —b)(s—
- +(s—b)(s—c)+s—a - +rzs (s(s a)+ (s )(s c))
4R a 4R A4Rrs
=——+—5-.(s*-sa-s*+sa+bc)=——+-—5—=0
, r o r’s R _: r2s
n; + n I T,
I 2 s1+—(" c—l)VAABC,
I'ha na—\/4r2+(b—c)2 r ha

" =" iff b = ¢ (QED)
3776. In any A ABC the following relationship holds :

b+c 1
) I3,
Jarz+(b—-c2 T

cyc cyc

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

b+ c Bogdan Fustei S(b + C)
3+ z = 3+ Z
JarZ + (b —¢)? Wa

4. Z Js% — 2h,r, + 2h,r,. (b + ¢) Bogdan Fustei 34 Z VnZ + 2h,r,. (b + c)
- B an,

cyc cyc

an,
cyc cyc
n,. (b+c) b+c 12rs 1
an, a r a r Z
cyc cyc cyc cyc

b+c 1
234 Z > —Z h, v A ABC (QED)
Jarz+(b—-¢c?2 T

cyc cyc

3777.\f1,,1I,,1. — excenters in AABC then prove that:

2(2 r)<z 1 <Z(R_i_r 1)
F R/ — FBC,a_Fr R

cyc

Proposed by Eldeniz Hesenov-Georgia
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Solution by Tapas Das-India

a

F _1 _F
BCIa_Z'ra'a_Zs_a

F

Z 1 _2 s—a_Z( Zl 3)_2( ab + bc + ca
Fper, Fii a  F\° S
cyc

a F abc 3) -
2

s2 + 1%+ 4Rr 3 2 (s*+1r%—8Rr Gerr;tsen
" F 4Rr - =

F 4Rr
- 2 <16Rr —5r%2 +r2 — 8Rr

2 (8Rr — 4r? 2 r
: H{Emer) 2
4Rr F 4Rr F R

Z 1 2 s2 +1r% — 8Rr Gerrétsen 2 (4R? + 4Rr + 31% + r* — 8Rr 3
Fper, F 4Rr F 4Rr
cyc

2

B 4R?% — 4Rr + 41* _Z(R_I_r 1)
"~ F 4ART " F

™

r R
Equality holds for an equilateral triangle.

3778. In AABC the following relationship holds:

raha

rihy, rih,
2
m, + h,m;

194415
mb + hbm%

=
m, + h,m2 — 4R + 9R3

Proposed by Elsen Kerimov, Shirvan Tahirov-Azerbaijan
Solution by Tapas Das-India

m,, Chebyshev 1 1\ Gotman1 9R 1 3R
- < —(Em)(é—) < 5 5T =
h, 3 @ h, 3 2 r
3 Leibniz 27 R?
2 _ 2
E mg —4( E a) < 4

2 Doucet
Zrﬁ = (Zra) — ZZrarb = (4R + 1r)? — 2s?

>

2r’

2 2 2 Mitrinovic 2
> 3s°—2s“=s > 27r
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rih, rihy Z
mg + homZ  m, + hym; m, + hcmc m, + hama

— Z T—z Berg;trom (ng)z > ( 277"2 )2 2431"5 X 4 Euler
Ma v mz

Zﬂ+2m2 3R 27R? 2R + 9R?r =
h, 2r T2

24315 X 4 B 1944715

= 2p 3
2R+9RZR 4R + 9R

Equality holds for an equilateral triangle.

3779. In AABC the following relationship holds:
3r a? 2R —r
=< <
R b2 + c? 2r
cyc

Proposed by Kostantinos Geronikolas-Greece
Solution by Mirsadix Muzefferov-Azerbaijan

a2 AM-GM
sz + 2 ZZbc ZZabc
cyc cyc cyc
_2(s®—3sr? — 6sRr) s> —3r?—6Rr Ge"gse"
2.4Rsr B 4Rr =
<4-R2+4-Rr+3r2—32—6Rr 4R? —2Rr 2R-r )
= = *
- 4Rr 2r
Nesbltt 3 Euler 3r
Z S )
b2 + c? 2
cyc
From (¥) and (x+x) we have :
3r a? 2R—1r

< <
R ~ bz +c2~ 2r

cyc

Equality holds for:a=b=c

3780. In AABC the following relationship holds:

Z (az tan (g) .tan (;))" > 3(4r>)", neN

cyc
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Proposed by Marin Chirciu-Romania

Solution by Mirsadix Muzefferov-Azerbaijan

A
2 B C 2 Hcyc tan (E) 2 Tr 1
a tan<_>.tan(_>=a —_—— =a".—.
2 2 tan (é) 5 tan (é)
2 . 2
2 2 Z)) = 2 _ <
Z(a tan(z)'tan(z>) _Z S an (8 =
cyc cyc an (7)

3 1 : 3 1 g
=3 (b)z.Z ———— | =3 (4RF)?%.(-) =< | =
(6 i) ( O )
=3 (16R2F2. (E)Z) =3 (16R2.s2r2. (E)meer

< n
> 3(16.41%.1%2.r%)3 = 3(4r®>)"
Equality holds for:a=b=c

w3

3781. In AABC the following relationship holds:

212 — 9r?
yiot_,

Ta
cyc

Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

212 — 912 1 1
Z“—z ZZra—9rZZ—=2(4R+r)—9r2.—=
T, T, r

cyc cyc cyc
Euler

—8R-7r S 16r—7r=9r

Equality holds for:a=Db=c.

3782. In any A ABC the following relationship holds :

z ? +AHW“>A+3A<1
b+c r, 2 T2

cyc cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

| | E | | Wa
< = —< _— g
1/rbrb and analogs 1. l(l >

cyc cyc cyc

N =

As

a(a®? +Yycab) 3 1 X 16Rr2s?
2s(s2+2Rr+r?) 2 2 (sZ 4+ 2Rr + r?)rs?

cyc

_ 2s(s? — 6Rr — 3r?) + 2s(s” + 4Rr +r?) — 3s(s? + 2Rr + r?)
B 2s(s? + 2Rr + r?)
1 s>—14Rr+r? s*—10Rr—7r? s’—14Rr+r?  4r(R—2r)

2 2+ 2Rr + 12 =2(s F2Rr +12)  2(s? +2Rr+r2)_2(s ¥ 2Rr + 12)
Euler 1
Z +A| |—>A+ vAABCandv A<,
b+c
cyc

cyc

=" iff A ABC is equilateral (QED)

3783. In AABC the following relationship holds:

13 r r,,rc 3R

4 2R 7 2r

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

, “4bcs(s — a)
O F
FZ
ryre  (s—b)(s—c) F? (b + ¢)? _(b+C)2
w2  4bcs(s—a) s(s—a)(s—b)(s—c)' 4bc 4bc
(b + ¢)?

rpre _ (b+c)? alb+c)?* a(a®?+b®+c?)+2abc - a’
w2~ 4bc 4abc 4abc

1 (a(a2 +b* + c?) — a? >
= +2

4 abc

rbrc:%<(2a-2a2—2a3)+6) _

w2 abc
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_1(2s. 2(s> —r%2 — 4Rr) — 2s(s* — 3r> — 6RT) N 6> 3

4 4Rrs
1 <s2 +1r%+ 10Rr> Gerretsen 1 (16Rr —5r2+r? + 10Rr> 3
4 2Rr - 4 2Rr
(26Rr—41*) 13 r
-~ 8Rr 4 2R

rr. 1o (b+c0)? 1 b c Bandila & Euler 1 R R\ 3R
A Y-
wi: 4 bc 4 c b 4 r T 2r

Equality holds for an equilateral triangle.

3784. In AABC the following relationship holds:

z h,sin*A < Z r,sin’A

cyc cyc
Proposed by Marin Chirciu-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

In AABC wlog a<b<c, h, > h, = h,

and ro, <1, <1,
Chebyshev
)

1
LHS = Z h,sin?A < §Z ha-z sin?A (x)
cyc

cyc cyc

Chebyshev

RHS = Z r,Sin*A S §Z Ty Z sin?A (xx)

cyc cyc cyc

Let's prove that: Z h, < Z T,

cyc cyc

For this :
Z p _SiHTIHART FTST 4R% + 4RT + 317 + 77 + 4RT _
. 2R - 2R B

cyc

4R? + 8Rr + 4r* 2(r + R)?
= 2R = R ; Zra=4R+r

cyc
2(r + R)? ., 5 2,31
TS4R+1‘—> 2R“+4Rr + 2r“<4R+1r -

2

2R?2 —3Rr—2r230 > (R—2r)(2R+71)>0- R>2r (EULER)

Equality holds for : a=b=c
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3785. In any A ABC the following relationship holds :

1 1 R
B Y
2R%r bc(h, —r) ~ 16rt

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2

1 1 a
cZyc:bc(ha—r) zzbc(ﬁ—r) - Zrabc(b+c)

cyc a cyc

_ 1 1 Z 2 2+Zb
"~ 4Rr?s 2s(s? 4 2Rr +r?)’ a|e a

cyc cyc

1
_ 212 2.2 2
~ 8Rr2s2(s2 +2Rr +r2)’ Zzab —16ris®+ Zab Za

cyc cyc cyc
_ (s +4Rr +r?)? — 16Rrs? — 8r?s? + s* — (4Rr +r?)? z R
4Rr?s2(s% + 2Rr + r?) ~ 16r*
& (R? —8r?)s? + r(2R3 + R?r + 32Rr? + 24r3) é 0 and it’s trivially true when :

()
Gerretsen

R? — 8r? > 0 and when : R2 — 8r2 < 0,LHS of (*) >
?
(R? — 8r%)(4R% + 4Rr + 3r%) + r(2R3® + R’r + 32Rr? + 24r3) > 0

Euler

?
& 2R?2(R-2r)(2R+7r) >0 > true~ R > 2r = () is true

Z 1 < R and again Z ! ; 1 =N
bc(h, —r) ~ 16r* 'Zibc(h, — 1) = 2R2r
cyc cyc
(s% + 4Rr + r?)? — 16Rrs? — 8r?s? + s* — (4Rr + r?)? ;1
4Rr2s?(s? 4+ 2Rr +r?) = 2R%r
& (R-1)s? 5 r(4R? + 5Rr + r?)

(%)
Gerretsen

?
Indeed,(R—r1)s? > (R-r)(16Rr — 5r?) > r(4R? + 5Rr + r?)
?

? Euler
< 2r(R—2r)(6R—r) >0 - true “ R > 2r = (xx) is true
1 1 R
o< < v AABC," =" iff AABCi ilat l (QED
2R%r ~ Z bc(h, —r) ~ 16r* ! is equilateral (QED)
cyc
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3786. In any A ABC the following relationship holds :
Z bc(h —-r) z bc(r -r)
cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

2

D et = D = D rabe
A 2 =/ Tabce(h + o)
£ bc(h, — 1) be (? _ r) £ rabc(b + ¢)

cyc

1 1 , 2+Z .
~ 4Rr?s 2s(s? 4 2Rr +r?)’ a|e a
cyc

cyc

1
_ 2h2 _ 1ep2o2 2
~ 8Rr2s2(s2 +2Rr +r2)’ ZZ“ b® —16r"s +<Z ab> <Za >

cyc cyc cyc

_ (s +4Rr +r?)? — 16Rrs? — 8r?s? + s* — (4Rr + r?)? 2 Z 1
B 4Rr2s%(s2 + 2Rr + r2) be(r, — 1)

cyc

Z 1 Zs_a 1 2(s2 — 10Rr — 7r%) = 0
f— = = @ J— J—
be (31— I5) ~ Lur 4Rrs 4Rr? SIS =
cyc Ss—a S cyc

Gerretsen

?
o s? (s2 — 16Rr + 5r% + 6r(R — 2r)) >0 true~ s?—16Rr+5r2 > 0

drR 27 2 1 1 A ABC
Sk - SN -y ,
an = 4r Z bcth, —r) — z bc(r, — r)
cyc cyc

" =" iff A ABC is equilateral (QED)

3787. In acute AABC the following relationship holds:
sec(4) 6

1 +tan(A) 1++/3

cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

1
sec(A4) —m z 1 R
£ 1+tan(4) .1+ tan(A) s sin(4) + cos(A4)
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T 1 1
ae(0g) = ﬁzsm(zﬂl)

cyc 4

T 31 cos(x)
Let =, E(—}—); ' =T oy
et f(x) sin(x) *S\3' f) sin2(x)

”()_1+cos2(x)>05 () i "
f(x) = Sin3 () o, f(x) is convexe function

By Jensen's inequality:
Z 1 >3 3 6
sin(A) + cos(4) = . (A+B+C A+B+C\" 3 1 1++3

Equality holds for an equilateral triangle.

3788. In acute AABC the following relationship holds:

Z csc (g) (1 + tan (;)) >6+2V3

cyc
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

D ese(3) (1 +tan(5)) = > (Sinl(f') ’ cosl(A)>

cyc cyc 2 2
1 1 A (4
Let f(x) = sin(x) + cos(x)’ 2 =% xXE (O;E)
s 1\ cos(x) sin(x)
fe) = (sin(x) + cos(x)) ~ sin?(x) ' cos?(x)
ven  1+cos?(x) 1+ sin®(x) 0
fx) = sin3(x) T o (x) >

f(x) is convexe function. By Jensen's inequality:

1 1 1
; <sin (g) " cos (é)> =3 sin (M) + cos (M)

2 6 6

¢ [ —3(2+2)—6+2\/§
(D) “eos(@)) PV
Equality holds for an equilateral triangle.

3789. In AABC the following relationship holds:
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w,+w, 1013R3 m, +my,
O TP LE LR ol T
w, 4r m,

Proposed by Nguyen Van Canh-Vietnam

Solution by Tapas Das-India

Z ’Wa'l'wb AM—GM Z\/_‘/WaWb AM—-GM

Rh
(my + my) _m, m, Panaltopil &mezh, Zr L 2r Zrb _ R (E+ hb) R (c N c)
m, - m, m, - h, h, 2r\h,. h, 2r\a b

Y[ S DY RS-

We need to show:

w, + Wp 1013R3 ot my
Z — >2026 + Z —=_2
C 4r C

1013R3 3V2R

3V2 + > 2026 +
473

R
F—xZZ Euler

1013x3 — 6V2x + 12V2 - 8104 > 0
(x —2)(1013(x% + 2x +4) — 6V2) > 0 true as x > 2
Equality holds for an equilateral triangle.

3790.
In AABC: 1,,1,, 1. excenters of AABC
(Hyq,R,) (Hg,Rp) (Hc, R,) orthococenters and circumradius of

(AI,BC), (AIL AC) respectively (AI_AB). Prove that:
I,H I,H I.H
a A_I_ b*'B n ctic <3

Ra Rb Rc

Proposed by Sarkhan Adgozalov-Georgia
Solution by Amin Hajiyev-Azerbaijan

Lemma 1: In AABC with orthocenter H and circumradius R
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AH = 2R|cos(4)|

A B C
Lemma 2: £BI,C=90°~= ,2I,BC=90°~—,[,CB=90°~

Lemma 3: f(x) = sin (;) x € (0;) > sin (2) >0

d2 x
f(x) = ——sm (2) - f"(x) < 0 concave function on (0; )

A B . (C
sin (7) + smg(f) + sin (7) ]EAEEN sin A+ 16? + C) — sin (g)

in(g) + sin () +sin(3) <
sin 2 sin 2 sin 2) =72

Lemma 2

A A
I,H,; = 2R,|cos(«BI,C)| = 2R,cos (90°— E) = 2R, sin E)

IaHA_Z . (A) I HA_ZZ ( )Lemma32 3_3
R, = 4S8In 2 sin = 2=

cyc cyc

I,H I,H I.H
aA_I_bB_I_cCS
Ra Rb Rc

3791. In AABC holds :
3

1 1 1 1
+ + < (52)
bc(r,—r) ac(r,—r) ab(r,—r) 2r
Proposed by Sarkhan Adgozalov-Georgia
Solution by Amin Hajiyev-Azerbaijan

Lemmal S=pr=p-ar,={@-b)r,=(p-or, abc = 4RF

L 2 ar S F aF
emma2. r,—71= ) r, = ) r=—1r,—1r=——"
¢ p—a “ p-a p p(p —a)
( 1 _p—a
bc(r,—r) abcr
BT 1 p—b
Lemma3. R > 2r —lemmaz | =
ac(r,—r) abcr
1 _p—c

\ab(r.—7r) abcr

LHS—Z 3p—(a+b+c) 3p-2p p
 Libc(ry,—1) abcer " abcr  abcr
cyc
Lemma 1;2 2 Euler
LHS 2 r 1 pg,rt 1t 1 1
4RSTr 4Rr? - R~ 2r A4Rr?~ 8r3
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3
D e, = ()

3792.If 1,,1,,I. — excenters then in AABC the following relationship holds:

Al, BI,, CI.
A + B + ) g > 36r
siny sins  sin

Proposed by Sarkhan Adgozalov-Georgia
Solution by Ertan Yildirim-Turkiye
S

Lemma: Al, = ——=
cos»

A
Proof: We know that the points A,I and I, are collinear.Therefore, LI, AC = 7

Let F be the point where the excircle opposite A in tangent to AC.Then

A AF
cosE = F.Since: AF =b+s—b =s,it follows that Al , =
a

COS >
2

Al, 2s 2R 1 V3
LHS =}, o (g) =2 (Sl.nA) =25y — = 4Rs}. (5) > 4Rs. (T) =

> 4+/3s > 44/3.3V3r = 367,
Equality holds fora=b = c.

3793. In AABC,I — incenter.0y4, 0,0 circumcenters of ABIC,AAIC,AAIB.
Prove that:

[A05C] + [AOB] + [BO4C] = 3V3r?

Proposed by Sarkhan Adgozalov-Georgia
Solution by proposer
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a a
Let z.BO,C =180 — A, ABO,C 2R, =———— = R,=———
sin (90 + %4) 2cos (g)
1 1 a? _ a? A
[BO,C] = =.R%.sin(180 — A) = - .—————.sinA = —.tan (—)
2 2 A 4 2
4cos(7)
LHS — azt (A)_l 2 ¢ (A)_l 2(ra) 1 a?
—24.an2—4.2a.an2—42a.s 4521_
ra
1 4s?
- _ 2
243. 1 = sr > 3V/3r
T

Equality holds fora=b = c.
3794. In any acute A ABC the following relationship holds :
AH n n m m
+ a > L2412
r n, — \/4-1‘2 + (b — ¢)? hb h, h,

Proposed by Bogdan Fustei-Romania

Solution by Soumava Chakraborty-Kolkata-India

Bogdan Fustei ?
n2 = s? — 2r,h, -~ a?n? < 4(R —r)?s?

?
& a?(s? — 2h,r,) < 4(R—r)?s?

A A A\ ?
& (4R? sin? A)s? — 4rs (4R sinicos E) (s tan E) < 4(R? — 2Rr + r?)s?

A ? ?
& R%*(1 —sin? A) —2Rr(1—ZsinZE> +r2>0< R%2c0os?A—2RrcosA+r2>0

5 7 2(R—r)s R-r2rs n, R
< (RcosA—r)* >0 - true -~ n, < = . :>—_——1
a r a h,
d anal by Ma +2<R+1+m"+ <2R+1
and analogs - hb h, ' h, h, ' h, -
R mb
T >—+ h_ and analogs — reference : article titled
b

"New Triangle Inequalities With Brocard's Angle” by Bogdan Fustei,
Mohamed Amine Ben Ajiba; Lemma 12,6 — 7, published at : www. ssmrmh.ro

2 AH n, Bogdan Fustei 2R cos A n,
=T T 2 2 - r an,
na—J4r +(b—-2c¢) n, ——
. 2RcosA s—a+a
(+ AABCis acute = |2RcosA| = 2RcosA) = +

s—a

71 RMM-TRIANGLE MARATHON 3701-3800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2R cos A a 2R > 2RcosA a
=—+1+ +

o — =
s—a r rA Z—a
2R A\ - 4Rsin7cosf
=N (2 sin? —) = - true
tRsin Agin Bai C 2) T rcos AcinBin C
. sin sin sinz cos 5 sin sinz
n n,b m, m

an—rt a >_P 4 % €1 2VAABC," =" iff c = a (QED)

r n,—Jarz+(-c¢?2 h he hg

3795. In any A ABC the following relationship holds :
2

\/§(£> sinA + sin B 3<R>

< < —
R/~ (sinB + sinC)(sinC + sinA) — 2r
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

sinA + sinB _ R (a +b)?
(sinB +sinC)(sinC +sinA) = Zi(a+b)(b+c)(c+a)
cyc cyc

= bl Z 2+Z b
~ 2s(s2 + 2Rr +r2)’ @ @

cyc cyc
. sinA + sinB 2R(3s? — 4Rr — r?)
" /. (sinB+sinC)(sinC + sinA) __ s(s + 2Rr + r2) ~>@®and
e Mitrinovic
©s > 3v3r-inorderto prove:
sinA + sinB ? 2

R
<+v3.|=—) ,itsuffi t :
(sinB + sin C)(sinC + sinA) ~ V3 (Zr) 1t sutlices to prove
cyc

?
9R(s? + 2Rr + r2) > 8r(3s? — 4Rr — r?)
?
< (9R — 24r)s? + r(18R? + 41Rr + 8r?) > 0 and it’s trivially true when :

()
Gerretsen

9R — 24r > 0 and when : 9R — 24r < 0,LHS of () >
?
(9R — 24r)(4R? + 4Rr + 3r?) + r(18R? + 41Rr + 8r2) > 0

? R ?
& 18t3 — 21t2 - 14t—-32 >0 (t = ;) & (t—2)(18t% + 15t + 16) > 0 — true
2

tElierz (st v A ABC sinA + sinB <\/§<R)
- 1strue (sinB + sinC)(sinC + sinA) — 2

cyc
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Mitrinovic 3\/§R

Again,sinces < T ~ (1) = in order to prove :

Z sinA + sinB 13 ( ) it suffi ¢ )
(sinB + sinC)(sinC + sinA) — 1t sutlices to prove :
cyc

2R(3s2 — 4Rr — r?) > 9r(s? + 2Rr + r?)
Gerretsen

< (6R —9r)s? — r(8R? + 20Rr + 9r?) > 0 and once again, LHS of (xx) >
(**)
(6R — 9r)(16Rr — 5r%) — r(8R? + 20Rr +9r?) = 2r(R—2r)(44R—-9r) > 0
Euler sinA + sinB 2r
> /3. (—)

“R > 2r= is true .
> 2r = (%) is true (sinB + sinC)(sin C + sin A) R
cyc

sinA + sinB \/§(R)2VAABC
(sm B +sinC)(sinC + sinA) — 2r ’

=" iff A ABC is equilateral (QED)

andsof( )

3796. In any A ABC the following relationship holds :
4
Ng +Np + N < Pg + Pp + Pc + ¢ (max{a, b, ¢} —min{a,b, c})

Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

s|b — c|

= 2s+a
(Reference : Inequality in Triangle by Mohamed Amine Ben Ajiba — 52;)

published at www. ssmrmh.ro

Mo = 2s+a ~ 2s+a’ 2s+a
cyc

n, — and analogs

cyc cyc cyc cyc
B 1 8s? — 2sa + bo) z 5 2 _op 21s2 + 4Rr + r2
=S 2s(9s2 + 6Rr + r?) S sa T be a-a “Il 2s(9s2 + 6Rr + r2)
cyc cyc

2(s?2 — 4Rr — r2)(24s2 — 4s% + sZ + 4Rr + r?) —
16s%(s2 — 4Rr — r2) + 4s2(s2 — 6Rr — 3r2) —
8Rrs2 — 16s2(s? + 4Rr + r?) + 48Rrs? —

2((s? + 4Rr + r2)2 — 16Rrs2) 21s2 4+ 4Rr + r?
N 2s(9s% + 6Rr + r2) 2s(9s% + 6Rr + r?)

I
2]
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. z Z CE (3s* — (32Rr + 14r?%)s2 —r2(4R +r)?)(21s%2 + 4Rr + r?)
~ /e Pa =5 4s2(9s2 + 6Rr + r2)2

cyc cyc

4 2
and again,g (max{a,b, c} —min{a,b,c}) = EZIb —c|

cyc

(Reference : Solution to Inequality in Triangle by Mohamed Amine Ben Ajiba — 45;)
published at www. ssmrmh.ro

2 Triangle Inequality
=§.\/Z(b—c)2+ZZ(|c—aIIa—b|) >

cyc cyc

; 2(s2 — 12Rr — 3r2) + 2 Z(c —a)(a—b)

cyc

2
2(s2 — 12Rr — 3r2) + 2 Z a? — Z ab| = g.\/4(52 — 12Rr — 3r2)

cyc cyc

IS v N

4
= (max{a,b,c} — min{a,b,c}) - (1) and 2) = it suffices to prove :
(3s* — (32Rr + 14r?)s? — r?(4R + r)?)(21s%? + 4Rr + r?) ; 16(s? — 12Rr — 3r?)
4(9s% + 6Rr + r2)? - 25
< 3609s° — (38796Rr + 71251‘2) —1r2(69040R? + 27392Rr + 2517r?%)s? —

()
r3(26048R3 + 14928R?r + 2772Rr? + 167r3) Oand P =
3609(s? — 16Rr + 5r?)3 + 4r(33609Rr — 15315r)(s? — 16Rr + 5r2)% +

Gerretsen

8r? (26R2 — Rr — 6r? + 32(5707R? — 6249Rr + 13261‘2)) = 0

?
. in order to prove (¢),it suffices to prove : LHS of (+) > P

? R
& 26t3 + 13t% + 4t — 12 + 32(3632t3 — 9359t% + 4487t — 602) > 0 (t = ;)

Euler

?
s (t—-2) (26t2 +t+ 6 +32(3632t% — 2093t + 301)) >0->true~t > 2

4
= (e)istrue = n, +ny +n, < p,+pp +Pc + 3 (max{a,b, c} — min{a, b, c})
v AABC," =" iff A ABC is equilateral (QED)

3797. In any A ABC the following relationship holds :

pa_ma+pb_mb+pc_mc<1
a b C 3
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Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco

Solution by Soumava Chakraborty-Kolkata-India

alb — c|

— < -

Pa™Ma =507 )

(Reference : Inequality in Triangle by Mohamed Amine Ben Ajiba — 56;)
published at www. ssmrmh.ro

. Pg — M, < Ib— c| Pg — M,
h a 2(2s+a)
cyc cyc cyc

1 (b —¢)? b —cllc —al
Y —+2 <
4 (2s + a)? (2s+a)(2s +b)

cyc cyc

and analogs

1
1 |/4-SZ(9SZ + 6Rr + r2)2 czyc:((b —0)?(2s +b)?(2s + ¢)?) +\|
4 9
\ 2s(9s% + 6Rr + r2) 'Z(“b(ZS +0)) /

cyc

, Po— M, 2@1/ 1 Z((b—6)2(25+b)2(25+C)2)+ \
h ;T <Z\4sz(9sz+6Rr+r2)2' e /

8s2(9s? + 6Rr + r?)(s? + 10Rr + r?)
Now,Z((b —0)?(2s + b)?(2s + ¢)?) = Z((b —¢)?(8s%? — 2sa + bc)?)

cyc cyc
= Z ((b — ¢)?(64s* + 16bcs? + b%*c? — 32s3a — 4abcs + 4a252))
cyc

= 128s*(s? — 12Rr — 3r?) +
16s? (2(s4 — (4Rr +r?)?) — 8Rrs? — 2((s? + 4Rr +r?)? — 16Rrsz)) +
2(s? — 4Rr — r?)((s? + 4Rr + r?)? — 16Rrs?) — 48R?*r?s? —
2 ((52 + 4Rr + r?)3 — 24Rrs?(s? + 2Rr + rz)) — 64s*(s? — 14Rr +r?) —
32Rrs%(s? — 12Rr — 3r?) + 8s%((s? + 4Rr + r?)? — 16Rrs?) — 64Rrs*

( (b—1c¢)? = z a? —a? - 2bc>

cyc

= 4(18s® — (168Rr + 125r?)s* — r2(116R? + 84Rr + 16r%) — r3(4R + r)3)
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o (z &> .

cyc

4(18s® — (168Rr + 125r?)s* — r2(116R? + 84Rr + 16r?)s? —r3(4R +r1)3) +
8s%(9s? + 6Rr + r?)(s* + 10Rr + r?) 21
16s2(9s% + 6Rr + r?)2 9

& (216R + 1017r)s* + r(108R2 + 516Rr + 130r?)s2 + 9r2(4R +r)3 > 0 - true

Pg—Mg  Pp — My Pc— M, 1
<—=VAABC (QED
a + b + C 3 (QED)

3798. In any AABC the following relationship holds :

secs 6
> >
CyC1+tan% 1+v3

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

sec%
Letf(x) = —*=— V€ (0,m) and then : f "(x) =
1+tan§
3X XeanX 2X X _ cecZX 3X 2 X X _ cec2X
sec 2+sec2tan2(tan 2+tan2 sec 2)_sec 2(tan 2+tan2 sec 2)
x\2 x\3
4 (1 + tani) 2 (1 + tani)
3 —sinx . X X X T
= 320 vsinx <1< 3and sm—,cos—>0as—€(0,—)
4 (sinE + cos E) 2 2 2 2
2 2
A i
seci secf Jensen Sng
~ f(x) = ——*— is convex V € (0,m) and so,z A > 3 —
1+tani e 1+tan7 1+tang
6
= v A ABC,” =" iff A ABCis equilateral (QED
T+ 3 q (QED)

3799. In any A ABC the following relationship holds :

sec+ 6
2 >
Z A~ V3
1+tan7 1+

cyc
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Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

sec%
Let f(x) = % V € (0,m) and then : f "(x) =
1+ tani
x 2 X X 2 X
sec3 5 24 secztan2 (tan 5 + tans — sec 2) sec3 5 (tan 5 T tan; — sec 2)
2 3
4 (1 + tan%) 2 (1 + tan%)
3 —sinx . X X X h
= 3=01(~ sinx <1< 3and sm—,cos—>0as—€(0,—)
4 (sm + cos x) 2 2 2 2
2 2

X A i1

seci . secf Jensen Sng
~ f(x) = —*=— is convex V € (0,m) and so,z A > 33—
1+tani cyc1+tan§ 1+tang

6
= v A ABC,” =" iff A ABCis equilateral (QED)
1++3 a ¢
3800. In AABC the following relationship holds:
n—l(rn+1 + rn+1) rn—l(rn+1 + rn+1) n 1(rn+1 + rn+1) 2 \"
(—) neN
r (rir? + 1) rtr (rtr? + r2n) r}l‘rb(rgr? + 12 )

Proposed by Zaza Mzhavanadze-Georgia
Solution by Mirsadix Muzefferov-Azerbaijan

-1 1 1
Z (rrtl 4 pntl) Z 1 (L pnedy =

- rir (ror? +r2n) ) (rgro)™tt

cyc
Tq

(ﬁ)"
Ty 1 1
- Z (F)" + (Ze)” (rzﬂ * r':“)
cyc rc ra
The left side of the inequality satisfies the conditions
of Walter Janous' theorem:
x,y,z,a,b’,c’ — positive real numbers:

y z
- bl ! ! 1A 1A bl 2 32 Ibl
y+ ( c)+x Z(c +a)+x y(a+ ) a

cyc
ro\" ra\" rp\* 1 , 1 , 1
pere x= (2 = (2 1 (2 b = e
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1
1 n+1 1 n+1 1 n+1 iAM':\GM
) 6w ) ) s
Tolh .1 Tore
1

LHS = \/§<(

n+1 pyler Mitrinovic

() ) s

n+1

3 8 \ 3 2\""1 2 /2
(27R3> _(3_12) _E'(S_R)

Equality holds for an equilateral triangle.

n

It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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