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3701. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒉𝒂

(𝒔 − 𝒂)𝟐 − (𝒏𝒂 − √𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐)
𝟐
=
𝟒𝑹 + 𝒓

𝟐𝒓𝟐
 

 
Proposed by Bogdan Fuștei-Romania 

Solution by Tapas Das-India 
 

𝒏𝒂
𝒉𝒂

=
√𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐

𝟐𝒓
, 𝒏𝒂

𝟐 = 𝒔𝟐 − 𝟐𝒓𝒂𝒉𝒂  

(𝑹𝒆𝒇𝒇𝒆𝒓𝒆𝒏𝒄𝒆: 𝑩𝒐𝒈𝒅𝒂𝒏 𝑭𝒖𝒔𝒕𝒆𝒊
− 𝑨𝑩𝑶𝑼𝑻 𝑵𝑨𝑮𝑬𝑳 𝑨𝑵𝑫 𝑮𝑬𝑹𝑮𝑶𝑵𝑵𝑬 𝑪𝑬𝑽𝑰𝑨𝑵𝑺 , 𝒘𝒘𝒘. 𝒔𝒔𝒎𝒓𝒎𝒉. 𝒓𝒐) 

𝑲𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕𝒔:∑
𝟏

𝒔 − 𝒂
=
𝟒𝑹 + 𝒓

𝒔𝒓
, 𝒓𝒂 =

𝑭

𝒔 − 𝒂
 

𝒏𝒂 − √𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐 = 𝒏𝒂 −
𝒏𝒂
𝒉𝒂
. 𝟐𝒓 = 𝒏𝒂 (𝟏 −

𝒂

𝒔
) =

𝒏𝒂(𝒔 − 𝒂)

𝒔
  

(𝒔 − 𝒂)𝟐 − (𝒏𝒂 − √𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐)
𝟐

= (𝒔 − 𝒂)𝟐 −
𝒏𝒂
𝟐(𝒔 − 𝒂)𝟐

𝒔𝟐
= 

=
(𝒔 − 𝒂)𝟐

𝒔𝟐
(𝒔𝟐 − 𝒏𝒂

𝟐) =
(𝒔 − 𝒂)𝟐

𝒔𝟐
𝟐𝒓𝒂𝒉𝒂 

𝒉𝒂

(𝒔 − 𝒂)𝟐 − (𝒏𝒂 −√𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐)
𝟐 =

𝒉𝒂
(𝒔 − 𝒂)𝟐

𝒔𝟐
𝟐𝒓𝒂𝒉𝒂

=
𝒔𝟐

𝟐

𝟏

(𝒔 − 𝒂)𝟐𝒓𝒂
=
𝒔𝟐

𝟐𝑭

. 𝟏

𝒔 − 𝒂
 

 

∑
𝒉𝒂

(𝒔 − 𝒂)𝟐 − (𝒏𝒂 − √𝟒𝒓𝟐 + (𝒃 − 𝒄)𝟐)
𝟐 =

𝒔𝟐

𝟐𝑭
∑

𝟏

𝒔 − 𝒂
=

𝒔

𝟐𝒓

𝟒𝑹 + 𝒓

𝒔𝒓
 =

𝟒𝑹 + 𝒓

𝟐𝒓𝟐
 

 

3702.  𝐈𝐟 𝐈 → 𝐢𝐧𝐜𝐞𝐧𝐭𝐞𝐫 𝐢𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 𝐈(𝒙, 𝐲) =
𝟏

𝐞
(
𝐲𝐲

𝒙𝒙
)

𝟏

𝐲−𝒙
, 𝟎 < 𝑥 <

𝐲, 𝐭𝐡𝐞𝐧 ∶ 

∑𝐈(√
𝐫𝒂
𝐡𝒂
, √
𝐫𝐛
𝐡𝐛
)

𝐜𝐲𝐜

< √
𝟐𝐑 − 𝐫 + 𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈

𝐫
 

  Proposed by Bogdan Fuștei-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐅𝐨𝐫 𝟎 < 𝑥 < 𝐲,𝐰𝐞 𝐡𝒂𝐯𝐞 ∶ 𝐈(𝒙, 𝐲) =
𝟏

𝐞
(
𝐲𝐲

𝒙𝒙
)

𝟏
𝐲−𝒙

<
𝒙 + 𝐲

𝟐
 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶

𝐀𝐫𝐭𝐢𝐜𝒍𝐞 𝐭𝐢𝐭𝐥𝐞𝐝 ′′𝐆𝐞𝐨𝐦𝐞𝐭𝐫𝐢𝐜 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐰𝐢𝐭𝐡 𝐂𝒍𝒂𝐬𝐬𝐢𝐜𝒂𝒍 𝐌𝐞𝒂𝐧𝐬′′ 𝐛𝐲 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢,
𝐩𝐮𝐛𝒍𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 ∶ 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨

) 

∴ ∑𝐈(√
𝐫𝒂
𝐡𝒂
, √
𝐫𝐛
𝐡𝐛
)

𝐜𝐲𝐜

<∑
√
𝐫𝒂
𝐡𝒂

+ √
𝐫𝐛
𝐡𝐛

𝟐
𝐜𝐲𝐜

=∑√𝐬 𝐭𝒂𝐧
𝐀
𝟐 . 𝟒𝐑 𝐜𝐨𝐬

𝐀
𝟐 𝐬𝐢𝐧

𝐀
𝟐

𝟐𝐫𝐬
𝐜𝐲𝐜

 

= √
𝟐𝐑

𝐫
.∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

⇒ (∑𝐈(√
𝐫𝒂
𝐡𝒂
, √
𝐫𝐛
𝐡𝐛
)

𝐜𝐲𝐜

)

𝟐

<
𝟐𝐑

𝐫
.(∑𝐬𝐢𝐧𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟐∑𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐜𝐲𝐜

) 

=
𝟐𝐑

𝐫
.
𝟐𝐑 − 𝐫

𝟐𝐑
+
𝟒𝐑

𝐫
.∑𝐬𝐢𝐧

𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐜𝐲𝐜

=
? 𝟐𝐑 − 𝐫 + 𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈

𝐫
 

⇔ 𝟏𝟔𝐑𝟐(∑𝐬𝐢𝐧𝟐
𝐀

𝟐
𝐬𝐢𝐧𝟐

𝐁

𝟐
𝐜𝐲𝐜

+ 𝟐𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
.∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

) =
?
∑𝐀𝐈𝟐

𝐜𝐲𝐜

+ 𝟐∑𝐀𝐈.𝐁𝐈

𝐜𝐲𝐜

 

⇔ 𝟏𝟔𝐑𝟐.
𝐫𝟐

𝟏𝟔𝐑𝟐
∑𝐜𝐬𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟏𝟔𝐑𝟐.
𝐫

𝟐𝐑
.∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

=
?

 

𝐫𝟐.∑𝐜𝐬𝐜𝟐
𝐀

𝟐
𝐜𝐲𝐜

+
𝟐𝐫𝟐

𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

.∑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

⇔ 𝟖𝐑𝐫.∑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

=
? 𝟐𝐫𝟐. 𝟒𝐑

𝐫
.∑𝐬𝐢𝐧

𝐀

𝟐
𝐜𝐲𝐜

 

→ 𝐭𝐫𝐮𝐞 ∴∑𝐈(√
𝐫𝒂
𝐡𝒂
, √
𝐫𝐛
𝐡𝐛
)

𝐜𝐲𝐜

< √
𝟐𝐑 − 𝐫 + 𝐀𝐈 + 𝐁𝐈 + 𝐂𝐈

𝐫
 ∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

3703. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑(𝒔𝒊𝒏𝟐(𝑨) + 𝒄𝒐𝒔𝟐 (
𝑨

𝟐
))

𝒄𝒚𝒄

≤
𝟏𝟕

𝟒
+
𝒓𝟐

𝑹𝟐
 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 

∑(𝒔𝒊𝒏𝟐(𝑨) + 𝒄𝒐𝒔𝟐 (
𝑨

𝟐
))

𝒄𝒚𝒄

=∑(𝒔𝒊𝒏𝟐(𝑨))

𝒄𝒚𝒄

+∑(𝒄𝒐𝒔𝟐 (
𝑨

𝟐
))

𝒄𝒚𝒄

= 

𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
+ (𝟐 +

𝒓

𝟐𝑹
) ≤⏞
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓

𝟐𝑹𝟐
+ 𝟐 +

𝒓

𝟐𝑹
= 
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𝟒𝑹𝟐 + 𝟒𝑹𝟐 + 𝟐𝒓𝟐 +𝑹𝒓

𝟐𝑹𝟐
=
𝟖𝑹𝟐 + 𝟐𝒓𝟐 +𝑹𝒓

𝟐𝑹𝟐
= 

𝟒 +
𝒓

𝟐𝑹
+ (

𝒓

𝑹
)
𝟐

≤⏞
𝑬𝒖𝒍𝒆𝒓

𝟒 +
𝟏

𝟒
+ (

𝒓

𝑹
)
𝟐

=
𝟏𝟕

𝟒
+
𝒓𝟐

𝑹𝟐
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒊𝒇  𝒕𝒉𝒆 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆 𝒊𝒔 𝒂𝒏 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 𝒐𝒏𝒆. 

 
3704. 𝑰𝒏  ∆𝑨𝑩𝑪  𝒉𝒐𝒍𝒅𝒔: 
 

𝟕𝟐𝒓𝟐

𝑹
≤∑

𝒉𝒂

𝒔𝒊𝒏𝟐 (
𝑨
𝟐
)𝒄𝒚𝒄

≤
𝟖(𝑹𝟒 − 𝟕𝒓𝟒)

𝑹𝒓𝟐
 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒉𝒂

𝒔𝒊𝒏𝟐 (
𝑨
𝟐)𝒄𝒚𝒄

≥⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

𝟏

𝟑
∑𝒉𝒂
𝒄𝒚𝒄

.∑
𝟏

𝒔𝒊𝒏𝟐 (
𝑨
𝟐)𝒄𝒚𝒄

= 

𝟏

𝟑
∑𝒉𝒂
𝒄𝒚𝒄

.∑
𝟐𝑹𝒉𝒂
𝒓. 𝒓𝒂

𝒄𝒚𝒄

=
𝟏

𝟑

𝒑𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹
.
𝟐𝑹

𝒓
.∑

𝒉𝒂
𝒓𝒂

𝒄𝒚𝒄

≥⏞
𝑬𝒖𝒍𝒆𝒓

 

𝟏

𝟑
.
𝟐𝟕𝒓𝟐 + 𝒓𝟐 + 𝟖𝒓𝟐

𝒓
.∑

𝒉𝒂
𝒓𝒂

𝒄𝒚𝒄

≥⏞

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗
𝑬𝒖𝒍𝒆𝒓 𝟏

𝟑
.
𝟑𝟔𝒓𝟐

𝒓
.
𝟏

𝟑
∑𝒉𝒂
𝒄𝒚𝒄

.∑
𝟏

𝒓𝒂
𝒄𝒚𝒄

= 

𝟒𝒓.
𝒑𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹
.
𝟏

𝒓
≥⏞

𝑬𝒖𝒍𝒆𝒓

𝟐.
𝟑𝟔𝒓𝟐

𝑹
=
𝟕𝟐𝒓𝟐

𝑹
 

𝑯𝒆𝒓𝒆  𝒕𝒉𝒆  𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔  𝒐𝒇  𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗′𝒔  𝒕𝒉𝒆𝒐𝒓𝒆𝒎   
𝒂𝒓𝒆  𝒕𝒂𝒌𝒆𝒏  𝒊𝒏𝒕𝒐  𝒂𝒄𝒄𝒐𝒖𝒏𝒕 ∶   𝒂 ≤ 𝒃 ≤ 𝒄  ;   𝒉𝒂 ≥ 𝒉𝒃 ≥ 𝒉𝒄 

𝐬𝐢𝐧 (
𝑨

𝟐
) ≤ 𝐬𝐢𝐧 (

𝑩

𝟐
) ≤ 𝐬𝐢𝐧 (

𝑪

𝟐
) ;  

𝟏

𝒓𝒂
≥
𝟏

𝒓𝒃
≥
𝟏

𝒓𝒄
 ;  

𝟏

𝐬𝐢𝐧 (
𝑨
𝟐)

≥
𝟏

𝐬𝐢𝐧 (
𝑩
𝟐)

≥
𝟏

𝐬𝐢𝐧 (
𝑪
𝟐)

 

∑
𝒉𝒂

𝒔𝒊𝒏𝟐 (
𝑨
𝟐)𝒄𝒚𝒄

=∑
𝒉𝒂. 𝒃𝒄

(𝒑 − 𝒃)(𝒑 − 𝒄)
𝒄𝒚𝒄

=∑
𝒉𝒂. 𝟐𝑭

𝐬𝐢𝐧(𝑨) . (𝒑 − 𝒃)(𝒑 − 𝒄)
=

𝒄𝒚𝒄

 

∑
𝒉𝒂. 𝟐𝑭. 𝟐𝑹

𝒂(𝒑 − 𝒃)(𝒑 − 𝒄)
𝒄𝒚𝒄

=∑
𝒉𝒂. 𝟐𝑭. 𝟐𝑹. 𝒉𝒂

𝟐𝑭(𝒑 − 𝒃)(𝒑 − 𝒄)
𝒄𝒚𝒄

=∑
𝟐𝑹. 𝒉𝒂

𝟐

(𝒑 − 𝒃)(𝒑 − 𝒄)
𝒄𝒚𝒄

≤ 

𝟐𝑹∑
𝒑(𝒑 − 𝒂)

(𝒑 − 𝒃)(𝒑 − 𝒄)
= 𝟐𝑹𝒑

𝒄𝒚𝒄

∑
(𝒑− 𝒂)

(𝒑 − 𝒃)(𝒑 − 𝒄)
𝒄𝒚𝒄

= 𝟐𝑹𝒑
∑ (𝒑 − 𝒂)𝟐𝒄𝒚𝒄

∏ (𝒑 − 𝒂)𝒄𝒚𝒄
= 
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𝟐𝑹𝒑
(−𝒑𝟐) + ∑ 𝒂𝟐𝒄𝒚𝒄

∏ (𝒑 − 𝒂)𝒄𝒚𝒄
=
𝟐𝑹𝒑𝟐

𝑭𝟐
((−𝒑𝟐) +∑𝒂𝟐

𝒄𝒚𝒄

) = 

𝟐𝑹𝒑𝟐

𝒑𝟐𝒓𝟐
((−𝒑𝟐) + 𝟐𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) =

𝟐𝑹

𝒓𝟐
(𝒑𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) ≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

𝟐𝑹

𝒓𝟐
(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓) =

𝟐𝑹

𝒓𝟐
(𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐) = 

𝟐𝑹𝟐

𝑹𝒓𝟐
(𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝒓𝟐) =

𝟖𝑹𝟒 − 𝟖𝑹𝟑𝒓 + 𝟐𝑹𝟐𝒓𝟐

𝑹𝒓𝟐
 

𝑺𝒉𝒐𝒘𝒊𝒏𝒈  𝒕𝒉𝒂𝒕  𝒕𝒉𝒆  𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒊𝒔  𝒕𝒓𝒖𝒆  
𝟖𝑹𝟒 − 𝟖𝑹𝟑𝒓 + 𝟐𝑹𝟐𝒓𝟐

𝑹𝒓𝟐
≤
𝟖(𝑹𝟒 − 𝟕𝒓𝟒)

𝑹𝒓𝟐
 

𝟖𝑹𝟒 − 𝟖𝑹𝟑𝒓 + 𝟐𝑹𝟐𝒓𝟐 ≤ 𝟖(𝑹𝟒 − 𝟕𝒓𝟒) 
𝟖𝑹𝟑𝒓 + 𝟐𝑹𝟐𝒓𝟐 − 𝟓𝟔𝒓𝟒 ≥ 𝟎 
𝟒𝑹𝟑𝒓 + 𝑹𝟐𝒓𝟐 − 𝟐𝟖𝒓𝟒 ≥ 𝟎 

𝟒(
𝑹

𝒓
)
𝟑

+ (
𝑹

𝒓
)
𝟐

− 𝟐𝟖 ≥ 𝟎 

𝟒((
𝑹

𝒓
)
𝟑

− 𝟖) + (
𝑹

𝒓
)
𝟐

+ 𝟒 ≥ 𝟎 

𝟒(
𝑹

𝒓
− 𝟐)((

𝑹

𝒓
)
𝟐

+ 𝟐(
𝑹

𝒓
) + 𝟒) + (

𝑹

𝒓
)
𝟐

+ 𝟒 ≥ 𝟎 

𝑹

𝒓
− 𝟐 ≥ 𝟎 →   

𝑹

𝒓
≥ 𝟐  →   𝑹 ≥ 𝟐𝒓  (𝑬𝒖𝒍𝒆𝒓)  (𝒕𝒓𝒖𝒆) 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 𝒂𝒏  𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍 𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆.   
 

3705. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒃𝒄

𝒃𝟐 + 𝒄𝟐
≤
𝑹𝟐

𝟒𝒓𝟐
∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝟑𝑹𝟒

𝟑𝟐𝒓𝟒
 

 
Proposed by Nguyen Van Canh-Vietnam 

Solution by Tapas Das-India 
 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤

𝑨𝑴−𝑮𝑴
 ∑

𝒂𝟐

𝟐𝒃𝒄
 =

𝟏

𝟐𝒂𝒃𝒄
∑𝒂𝟑 =

𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓)

𝟖𝑹𝒓𝒔
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 

 

≤
𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝟒𝑹𝒓
=
𝑹

𝒓
−
𝟏

𝟐
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𝒕𝒉𝒆𝒏 
𝑹𝟐

𝟒𝒓𝟐
∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝑹𝟐

𝟒𝒓𝟐
(
𝑹

𝒓
−
𝟏

𝟐
 ) =

𝑹𝟑

𝟒𝒓𝟑
−
𝑹𝟐

𝟖𝒓𝟐
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

 
𝑹𝟐

𝟒𝒓𝟐
∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝟑𝑹𝟒

𝟑𝟐𝒓𝟒
  𝒐𝒓 

 

𝑹𝟑

𝟒𝒓𝟑
−
𝑹𝟐

𝟖𝒓𝟐
≤
𝟑𝑹𝟒

𝟑𝟐𝒓𝟒
 𝒐𝒓 𝟑𝒙𝟐 − 𝟖𝒙 + 𝟒 ≥

𝑹
𝒓
=𝒙≥𝟐

𝟎 𝒐𝒓(𝒙 − 𝟐)(𝟑𝒙 − 𝟐) ≥ 𝟎  𝒕𝒓𝒖𝒆 (𝑨) 

 

∑
𝒃𝒄

𝒃𝟐 + 𝒄𝟐
≤

𝑨𝑴−𝑮𝑴 𝟏

𝟐
∑

𝒃𝒄

𝒃𝒄
=
𝟑

𝟐
 (𝑩) 

 

𝑹𝟐

𝟒𝒓𝟐
∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥

𝑵𝒆𝒔𝒃𝒊𝒕𝒕 𝟑

𝟐

𝑹𝟐

𝟒𝒓𝟐
≥

𝑬𝒖𝒍𝒆𝒓 𝟑

𝟐
 (𝑪) 

 

𝑭𝒓𝒐𝒎 (𝑨), (𝑩), (𝑪)𝒘𝒆 𝒉𝒂𝒗𝒆 ∶  ∑
𝒃𝒄

𝒃𝟐 + 𝒄𝟐
≤
𝑹𝟐

𝟒𝒓𝟐
∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝟑𝑹𝟒

𝟑𝟐𝒓𝟒
 

 
Equality holds for an equilateral triangle. 

 

3706. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

√𝐬𝐢𝐧𝑨
𝟐𝟎𝟐𝟔

+ √𝐬𝐢𝐧𝑩
𝟐𝟎𝟐𝟔

+ √𝐬𝐢𝐧𝑪
𝟐𝟎𝟐𝟔

≤  √𝐜𝐨𝐬
𝑨

𝟐

𝟐𝟎𝟐𝟔

+ √𝐜𝐨𝐬
𝑩

𝟐

𝟐𝟎𝟐𝟔

+ √𝐜𝐨𝐬
𝑪

𝟐

𝟐𝟎𝟐𝟔

 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

𝐬𝐢𝐧 𝑨 + 𝐬𝐢𝐧𝑩 = 𝟐𝐬𝐢𝐧
𝑨 + 𝑩

𝟐
. 𝐜𝐨𝐬

𝑨 − 𝑩

𝟐
≤

𝑨+𝑩+𝑪=𝝅 & 𝐜𝐨𝐬
𝑨−𝑩
𝟐

≤𝟏

𝟐𝐜𝐨𝐬
𝑪

𝟐
 

 √𝐬𝐢𝐧𝑨
𝟐𝟎𝟐𝟔

+ √𝐬𝐢𝐧𝑩
𝟐𝟎𝟐𝟔

≤
𝑪𝑩𝑺

 𝟐 √(
𝐬𝐢𝐧𝑨 + 𝐬𝐢𝐧𝑩

𝟐
)

𝟐𝟎𝟐𝟔

≤ 𝟐 √(
𝟐𝐜𝐨𝐬

𝑪
𝟐

𝟐
)

𝟐𝟎𝟐𝟔

= 

= 𝟐 √𝐜𝐨𝐬
𝑨

𝟐

𝟐𝟎𝟐𝟔

 𝒕𝒉𝒆𝒏 √𝐜𝐨𝐬
𝑨

𝟐

𝟐𝟎𝟐𝟔

≥
𝟏

𝟐
( √𝐬𝐢𝐧𝑨
𝟐𝟎𝟐𝟔

+ √𝐬𝐢𝐧𝑩
𝟐𝟎𝟐𝟔

) 
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√𝐜𝐨𝐬
𝑨

𝟐

𝟐𝟎𝟐𝟔

+ √𝐜𝐨𝐬
𝑩

𝟐

𝟐𝟎𝟐𝟔

+ √𝐜𝐨𝐬
𝑪

𝟐

𝟐𝟎𝟐𝟔

≥
𝟏

𝟐
∑( √𝐬𝐢𝐧 𝑨

𝟐𝟎𝟐𝟔
+ √𝐬𝐢𝐧𝑩

𝟐𝟎𝟐𝟔
) = 

 

= √𝐬𝐢𝐧 𝑨
𝟐𝟎𝟐𝟔

+ √𝐬𝐢𝐧𝑩
𝟐𝟎𝟐𝟔

+ √𝐬𝐢𝐧𝑪
𝟐𝟎𝟐𝟔

  
 

Equality holds for an equilateral triangle. 
 

3707. If 𝒏 ≥ 𝟑 then in ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏

𝟏
𝒂
+
𝟏
𝒃
+
𝟏
𝒄

+
𝑹𝒏

𝒓𝒏−𝟏
≥ 𝟐𝒏𝒓 +

√𝒂𝒃𝒄
𝟑

𝟑
 

Proposed by Nguyen Van Canh-Vietnam 
Solution by Tapas Das-India 
 

𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
≤
𝑪𝑩𝑺

√𝟑(
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) ≤
𝑺𝒕𝒆𝒊𝒏𝒊𝒏𝒈

 √
𝟑

𝟒𝒓𝟐
=
√𝟑

𝟐𝒓
 (𝟏) 

 

𝒂𝒃𝒄 = 𝟒𝑹𝒓𝒔 ≤
𝑬𝒖𝒍𝒆𝒓 & 𝑀𝑖𝑡𝑟𝑖𝑛𝑜𝑣𝑖𝑐

 𝟒. 𝑹.
𝑹

𝟐
.
𝟑√𝟑𝑹

𝟐
= (√𝟑𝑹)

𝟑
 (𝟐) 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

𝟏

𝟏
𝒂 +

𝟏
𝒃 +

𝟏
𝒄

+
𝑹𝒏

𝒓𝒏−𝟏
≥ 𝟐𝒏𝒓 +

√𝒂𝒃𝒄
𝟑

𝟑
 

𝟏

√𝟑
𝟐𝒓 

+
𝑹𝒏

𝒓𝒏−𝟏
≥ 𝟐𝒏𝒓 +

√𝟑𝑹

𝟑
 𝒐𝒓 

𝟐𝒓

√𝟑
+

𝑹𝒏

𝒓𝒏−𝟏
≥ 𝟐𝒏𝒓 +

√𝟑𝑹

𝟑
 

𝟐

√𝟑
+ (

𝑹

𝒓
)
𝒏

≥ 𝟐𝒏 +
𝑹

𝒓√𝟑
 𝒐𝒓 √𝟑(𝒙𝒏 − 𝟐𝒏) − (𝒙 − 𝟐) ≥

𝑹
𝒓
=𝒙≥𝟐 𝑬𝒖𝒍𝒆𝒓

 𝟎 

 

√𝟑(𝒙 − 𝟐)(𝒙𝒏−𝟏 + 𝟐𝒙𝒏−𝟐 + 𝟒. 𝒙𝒏−𝟑…+ 𝟐𝒏−𝟏) − (𝒙 − 𝟐) ≥ 𝟎 
 

 (𝒙 − 𝟐)(√𝟑(𝒙𝒏−𝟏 + 𝟐𝒙𝒏−𝟐 + 𝟒. 𝒙𝒏−𝟑…+ 𝟐𝒏−𝟏) − 𝟏) ≥ 𝟎 

 
𝒕𝒓𝒖𝒆  𝒂𝒔 𝒙 ≥ 𝟐 𝒂𝒏𝒅 𝒇𝒐𝒓 𝒏 ≥ 𝟑, (𝒙𝒏−𝟏 + 𝟐𝒙𝒏−𝟐 + 𝟒. 𝒙𝒏−𝟑…+ 𝟐𝒏−𝟏) − 𝟏 > 0 

 
Equality  holds  for an equilateral triangle. 
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3708. 

𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
√𝐦𝐛𝐦𝐜. (𝐦𝐛

𝟒(𝐦𝒂 +𝐦𝐛)
𝟐 +𝐦𝐜

𝟒(𝐦𝐜 +𝐦𝒂)
𝟐)

𝐦𝐛
𝟐. √𝐦𝒂𝐦𝐛 +𝐦𝐜

𝟐. √𝐦𝐜𝐦𝒂𝐜𝐲𝐜

≥ 𝟑 ∙ (𝟏𝟖𝐫𝟐)𝟐 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’, 𝒙′, 𝐲′, 𝐳′ > 𝟎, 

𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ +𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) ≥

𝐖𝒂𝒍𝐭𝐞𝐫 𝐉𝒂𝐧𝐨𝐮𝐬

⏟      
①

√𝟑∑𝐀′𝐁′

𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑
√𝐦𝐛𝐦𝐜 . (𝐦𝐛

𝟒(𝐦𝒂 +𝐦𝐛)
𝟐 +𝐦𝐜

𝟒(𝐦𝐜 +𝐦𝒂)
𝟐)

𝐦𝐛
𝟐 . √𝐦𝒂𝐦𝐛 +𝐦𝐜

𝟐. √𝐦𝐜𝐦𝒂𝐜𝐲𝐜

 

= ∑

√𝐦𝐛𝐦𝐜

𝐦𝒂
𝟐 . (

𝐦𝐜
𝟐𝐦𝒂

𝟐

𝐦𝐛
𝟐 (𝐦𝐜 +𝐦𝒂)

𝟐 +
𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐦𝐜
𝟐 (𝐦𝒂 +𝐦𝐛)

𝟐)

√𝐦𝐜𝐦𝒂

𝐦𝐛
𝟐 +

√𝐦𝒂𝐦𝐛

𝐦𝐜
𝟐

𝐜𝐲𝐜

 

=
𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ + 𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) 

(

 
 

𝒙′ =
√𝐦𝐛𝐦𝐜

𝐦𝒂
𝟐

, 𝐲′ =
√𝐦𝐜𝐦𝒂

𝐦𝐛
𝟐 , 𝐳′ =

√𝐦𝒂𝐦𝐛

𝐦𝐜
𝟐

,

𝐀′ =
𝐦𝐛
𝟐𝐦𝐜

𝟐

𝐦𝒂
𝟐

(𝐦𝐛 +𝐦𝐜)
𝟐, 𝐁′ =

𝐦𝐜
𝟐𝐦𝒂

𝟐

𝐦𝐛
𝟐

(𝐦𝐜 +𝐦𝒂)
𝟐, 𝐂′ =

𝐦𝒂
𝟐𝐦𝐛

𝟐

𝐦𝐜
𝟐

(𝐦𝒂 +𝐦𝐛)
𝟐

)

 
 

≥
𝐯𝐢𝒂 ①

 

√𝟑∑(
𝐦𝐛
𝟐𝐦𝐜

𝟐

𝐦𝒂
𝟐

(𝐦𝐛 +𝐦𝐜)𝟐.
𝐦𝐜
𝟐𝐦𝒂

𝟐

𝐦𝐛
𝟐

(𝐦𝐜 +𝐦𝒂)𝟐)

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

√𝟑∑𝐦𝐜
𝟒. ((𝟒𝐦𝐛𝐦𝐜). (𝟒𝐦𝐜𝐦𝒂))

𝐜𝐲𝐜

 

≥
𝐀𝐌−𝐆𝐌

𝟑.√√𝟒𝟔(𝐦𝒂𝐦𝐛𝐦𝐜)𝟖
𝟑

≥
𝐋𝒂𝐬𝐜𝐮 + 𝐀𝐌−𝐆𝐌

𝟏𝟐. (√𝐬(𝐬 − 𝒂).√𝐬(𝐬 − 𝐛). √𝐬(𝐬 − 𝐜))

𝟒
𝟑

 

= 𝟏𝟐. (𝐫𝐬𝟐)
𝟒
𝟑 ≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟏𝟐. (𝟐𝟕𝐫𝟑)
𝟒
𝟑 = 𝟏𝟐(𝟑𝐫)𝟒 = 𝟑. (𝟏𝟖𝐫𝟐)𝟐 𝒂𝐧𝐝 𝐬𝐨, 

∑
√𝐦𝐛𝐦𝐜. (𝐦𝐛

𝟒(𝐦𝒂 +𝐦𝐛)
𝟐 +𝐦𝐜

𝟒(𝐦𝐜 +𝐦𝒂)
𝟐)

𝐦𝐛
𝟐. √𝐦𝒂𝐦𝐛 +𝐦𝐜

𝟐. √𝐦𝐜𝐦𝒂𝐜𝐲𝐜

≥ 𝟑. (𝟏𝟖𝐫𝟐)𝟐 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

 
 



 
www.ssmrmh.ro 

10 RMM-TRIANGLE MARATHON 3701-3800 

 

3709. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑(
𝒉𝒂
𝒉𝒃𝒉𝒄

)

𝟑

≥
𝟏

𝟗𝒓𝟑
 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒙 =
𝒓

𝒉𝒂
, 𝒚 =

𝒓

𝒉𝒃
, 𝒛 =

𝒓

𝒉𝒄
 𝒕𝒉𝒆𝒏 𝒙 + 𝒚 + 𝒛 = 𝟏 𝒂𝒔 

 ∑
𝟏

𝒉𝒂
=
𝟏

𝒓
,
𝒉𝒂
𝒉𝒃𝒉𝒄

=

𝟏
𝒉𝒃𝒉𝒄
𝟏
𝒉𝒂

=
𝟏

𝒓

𝒓
𝒉𝒃
.
𝒓
𝒉𝒄
𝒓
𝒉𝒂

=
𝟏

𝒓
∙
𝒚𝒛

𝒙
 

 

∑(
𝒉𝒂
𝒉𝒃𝒉𝒄

)
𝟑

=
𝟏

𝒓𝟑
∑(

𝒚𝒛

𝒙
)
𝟑

=
𝟏

𝒓𝟑
𝒚𝟔𝒛𝟔 + 𝒛𝟔𝒙𝟔 + 𝒙𝟔𝒚𝟔

𝒙𝟑𝒚𝟑𝒛𝟑
≥

∀𝒂,𝒃,𝒄>0 ∑ 𝒂𝟐≥∑𝒂𝒃

 

 

≥
𝟏

𝒓𝟑
𝒙𝟑𝒚𝟑𝒛𝟑(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)

𝒙𝟑𝒚𝟑𝒛𝟑
≥
𝑪𝑩𝑺 𝟏

𝒓𝟑
𝟏

𝟗
(𝒙 + 𝒚 + 𝒛)𝟑 = 

𝟏

𝟗𝒓𝟑
 

 
Equality holds for an equilateral triangle. 

 

3710. In acute  ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂𝟐 + 𝒃𝟐

𝒄𝒐𝒔𝑪
+
𝒃𝟐 + 𝒄𝟐

𝒄𝒐𝒔𝑨
+
𝒄𝟐 + 𝒂𝟐

𝒄𝒐𝒔𝑩
≥ 𝟑𝟔𝑹𝟐 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝒂𝟐 + 𝒃𝟐

𝒄𝒐𝒔𝑪
+
𝒃𝟐 + 𝒄𝟐

𝒄𝒐𝒔𝑨
+
𝒄𝟐 + 𝒂𝟐

𝒄𝒐𝒔𝑩
=∑

𝒂𝟐 + 𝒃𝟐

𝒄𝒐𝒔𝑪
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟐∑
𝒂𝒃

𝒄𝒐𝒔𝑪
𝒄𝒚𝒄

= 𝟐∑

𝟐𝑭
𝒔𝒊𝒏𝑪
𝒄𝒐𝒔𝑪

𝒄𝒚𝒄

= 𝟖𝑭∑
𝟏

𝟐𝒔𝒊𝒏𝑪𝒄𝒐𝒔𝑪
𝒄𝒚𝒄

= 𝟖𝑭∑
𝟏

𝒔𝒊𝒏𝟐𝑪
𝒄𝒚𝒄

≥ 

 

≥⏞
𝑩𝑬𝑹𝑮𝑺𝑻𝑹𝑶𝑴

𝟖𝑭 ∙
(𝟏 + 𝟏 + 𝟏)𝟐

𝒔𝒊𝒏𝟐𝑨 + 𝒔𝒊𝒏𝟐𝑩 + 𝒔𝒊𝒏𝟐𝑪
=

𝟕𝟐𝑭

𝟒𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪
= 
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=
𝟏𝟖𝑭

𝒂
𝟐𝑹 ∙

𝒃
𝟐𝑹 ∙

𝒄
𝟐𝑹

=
𝟏𝟖𝑭 ∙ 𝟖𝑹𝟑

𝟒𝑹𝑭
= 𝟑𝟔𝑹𝟐 

 
Equality holds for an equilateral triangle. 

 

3711. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒂

√(𝒃 + 𝒄)𝟐 − 𝒂𝟐
+

𝒃

√(𝒄 + 𝒂)𝟐 − 𝒃𝟐
+

𝒄

√(𝒂 + 𝒃)𝟐 − 𝒄𝟐
≥ √𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
𝒂

√(𝒃 + 𝒄)𝟐 − 𝒂𝟐
+

𝒃

√(𝒄 + 𝒂)𝟐 − 𝒃𝟐
+

𝒄

√(𝒂 + 𝒃)𝟐 − 𝒄𝟐
= 

 

=∑
𝒂

√(𝒃 + 𝒄)𝟐 − 𝒂𝟐𝒄𝒚𝒄

=∑
𝒂

√(𝒃 + 𝒄 − 𝒂)(𝒃 + 𝒄 + 𝒂)
𝒄𝒚𝒄

= 

 

=∑
𝒂

√𝟐𝒔(𝟐𝒔 − 𝟐𝒂)
𝒄𝒚𝒄

=
𝟏

𝟐
∑

𝒂

√𝒔(𝒔 − 𝒂)
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴 𝟏

𝟐
∙ 𝟑√

𝒂𝒃𝒄

𝒔 ∙ √𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑
= 

 

=
𝟑

𝟐
∙ √

𝟒𝑹𝑭

𝒔 ∙ 𝑭

𝟑

=
𝟑

𝟐
∙ √

𝟒𝑹

𝒔

𝟑

≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪𝑰 𝟑

𝟐
∙
√
𝟒 ∙

𝟐

𝟑√𝟑
∙ 𝒔

𝒔

𝟑

=
𝟑

𝟐
√

𝟖

𝟑√𝟑

𝟑

=
𝟑

𝟐
∙
𝟐

√𝟑
= √𝟑 

Equality holds for an equilateral triangle. 
 

3712. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑨 + 𝐭𝐚𝐧𝟐𝟎𝟐𝟔𝑩 + 𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑪 ≥ (𝐜𝐨𝐭𝟐𝟎𝟐𝟔
𝑨

𝟐
+ 𝐜𝐨𝐭𝟐𝟎𝟐𝟔

𝑩

𝟐
+ 𝐜𝐨𝐭𝟐𝟎𝟐𝟔

𝑪

𝟐
) 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

𝐭𝐚𝐧 𝑨 + 𝐭𝐚𝐧𝑩 =
𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
+
𝒔𝒊𝒏𝑩

𝒄𝒐𝒔𝑩
=
𝐬𝐢𝐧(𝑨 + 𝑩)

𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩
=

𝑨+𝑩+𝑪=𝝅
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=
𝒔𝒊𝒏𝑪

𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩
=

𝟐𝒔𝒊𝒏𝑪

𝐜𝐨𝐬(𝑨 + 𝑩) + 𝐜𝐨𝐬(𝑨 − 𝑩)
=

𝑨+𝑩+𝑪=𝝅&𝐜𝐨 𝐬(𝑨−𝑩)≤𝟏
 

 

=
𝟐𝒔𝒊𝒏𝑪

𝟏 − 𝐜𝐨𝐬𝐂
=
𝟒 𝐬𝐢𝐧

𝑪
𝟐 𝐜𝐨𝐬

𝒄
𝟐

𝟐𝐬𝐢𝐧𝟐 (
𝑪
𝟐) 

= 𝟐 𝐜𝐨𝐭
𝑪

𝟐
 

 

𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑨 + 𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑩 ≥
𝑪𝑩𝑺 𝟐

𝟐𝟐𝟎𝟐𝟔
(𝐭𝐚𝐧𝑨 + 𝐭𝐚𝐧𝑩)𝟐𝟎𝟐𝟔 ≥ 

 

≥
𝟐

𝟐𝟐𝟎𝟐𝟔
(𝟐 𝐜𝐨𝐭

𝑪

𝟐
)
𝟐𝟎𝟐𝟔

= 𝟐𝐜𝐨𝐭𝟐𝟎𝟐𝟔
𝑪

𝟐
  or 𝐜𝐨𝐭𝟐𝟎𝟐𝟔

𝑪

𝟐
≤

𝟏

𝟐
(𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑨 + 𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑩) 

 

(𝐜𝐨𝐭𝟐𝟎𝟐𝟔
𝑨

𝟐
+ 𝐜𝐨𝐭𝟐𝟎𝟐𝟔

𝑩

𝟐
+ 𝐜𝐨𝐭𝟐𝟎𝟐𝟔

𝑪

𝟐
) = 

 

=∑𝐜𝐨𝐭𝟐𝟎𝟐𝟔
𝑪

𝟐
≤
𝟏

𝟐
∑(𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑨 + 𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑩) = 𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑨 + 𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑩 + 𝐭𝐚𝐧𝟐𝟎𝟐𝟔 𝑪 

Equality holds for an equilateral triangle. 
 

3713. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝐚𝐜𝐨𝐬(𝑨) + 𝒃𝒄𝒐𝒔(𝑩) + 𝒄𝒄𝒐𝒔(𝑪)

𝐚𝐬𝐢𝐧(𝑨) + 𝒃𝒔𝒊𝒏(𝑩) + 𝒄𝒔𝒊𝒏(𝑪)
≤
√𝟑

𝟑
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mirsadix Muzefferov-Azerbaijan 

𝐚𝐜𝐨𝐬(𝑨) + 𝒃𝒄𝒐𝒔(𝑩) + 𝒄𝒄𝒐𝒔(𝑪) =∑𝐚𝐜𝐨𝐬(𝑨)

𝒄𝒚𝒄

= 𝟐𝑹∑𝒔𝒊𝒏𝑨𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

= 

= 𝑹∑𝒔𝒊𝒏𝟐𝑨

𝒄𝒚𝒄

= 𝟒𝑹𝒔𝒊𝒏𝑨𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪 =
𝟐𝑭

𝑹
=
𝟐𝒓𝒔

𝑹
 

𝐚𝐬𝐢𝐧(𝑨) + 𝒃𝒔𝒊𝒏(𝑩) + 𝒄𝒔𝒊𝒏(𝑪) =∑𝒂 ∙
𝒂

𝟐𝑹
𝒄𝒚𝒄

=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐𝑹
 

𝐚𝐜𝐨𝐬(𝑨) + 𝒃𝒄𝒐𝒔(𝑩) + 𝒄𝒄𝒐𝒔(𝑪)

𝐚𝐬𝐢𝐧(𝑨) + 𝒃𝒔𝒊𝒏(𝑩) + 𝒄𝒔𝒊𝒏(𝑪)
=

𝟐𝒓𝒔
𝑹

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝟐𝑹

= 

=
𝟒𝒓𝒔

𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐
≤⏞

𝑰𝑶𝑵𝑬𝑺𝑪𝑼−𝑾𝑬𝑰𝑻𝒁𝑬𝑵𝑩𝑶𝑪𝑲

≤
𝟒𝑭

𝟒√𝟑𝑭
=

𝟏

√𝟑
=
√𝟑

𝟑
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶ 𝒂 = 𝒃 = 𝒄. 
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3714. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐
+ 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟑𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

=∑
𝐬𝟐(𝟑𝐫𝐛

𝟐 + 𝐬𝟐)(𝟑𝐫𝐜
𝟐 + 𝐬𝟐)

(𝟑𝐫𝒂𝟐 + 𝐬𝟐)(𝟑𝐫𝐛
𝟐 + 𝐬𝟐)(𝟑𝐫𝐜𝟐 + 𝐬𝟐)

𝐜𝐲𝐜

 

=
𝟗𝐬𝟐∑ 𝐫𝐛

𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜 + 𝟔𝐬𝟒∑ 𝐫𝒂
𝟐

𝐜𝐲𝐜 + 𝟑𝐬𝟔

𝟐𝟕𝐫𝒂𝟐𝐫𝐛
𝟐𝐫𝐜𝟐 + 𝟗𝐬𝟐∑ 𝐫𝐛

𝟐𝐫𝐜𝟐𝐜𝐲𝐜 + 𝟑𝐬𝟒∑ 𝐫𝒂𝟐𝐜𝐲𝐜 + 𝐬𝟔
≥
? 𝟑

𝟐
 

⇔ 𝟑𝐬𝟒∑𝐫𝒂
𝟐

𝐜𝐲𝐜

+ 𝟑𝐬𝟔 ≥
?
𝟗𝐬𝟐∑𝐫𝐛

𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜

+ 𝟖𝟏𝐫𝟐𝐬𝟒 

⇔ 𝐬𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐬𝟒 ≥
?
𝟑(𝐬𝟒 − 𝟐𝐬𝟐𝐫(𝟒𝐑+ 𝐫)) + 𝟐𝟕𝐫𝟐𝐬𝟐 

⇔ 𝐬𝟐 ≤
?
𝟒𝐑𝟐 + 𝟖𝐑𝐫 − 𝟓𝐫𝟐 ⇔ (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐) − 𝟒𝐫(𝐑 − 𝟐𝐫) ≤

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟒𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝒍𝐞𝐫

𝟎 

∴∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3715. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝟑𝐜𝐨𝐭𝟐 𝐀 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝟑𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

=∑
𝐬𝟐(𝟑𝐫𝐛

𝟐 + 𝐬𝟐)(𝟑𝐫𝐜
𝟐 + 𝐬𝟐)

(𝟑𝐫𝒂𝟐 + 𝐬𝟐)(𝟑𝐫𝐛
𝟐 + 𝐬𝟐)(𝟑𝐫𝐜𝟐 + 𝐬𝟐)

𝐜𝐲𝐜

 

=
𝟗𝐬𝟐∑ 𝐫𝐛

𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜 + 𝟔𝐬𝟒∑ 𝐫𝒂
𝟐

𝐜𝐲𝐜 + 𝟑𝐬𝟔

𝟐𝟕𝐫𝒂𝟐𝐫𝐛
𝟐𝐫𝐜𝟐 + 𝟗𝐬𝟐∑ 𝐫𝐛

𝟐𝐫𝐜𝟐𝐜𝐲𝐜 + 𝟑𝐬𝟒∑ 𝐫𝒂𝟐𝐜𝐲𝐜 + 𝐬𝟔
≥
? 𝟑

𝟐
 

⇔ 𝟑𝐬𝟒∑𝐫𝒂
𝟐

𝐜𝐲𝐜

+ 𝟑𝐬𝟔 ≥
?
𝟗𝐬𝟐∑𝐫𝐛

𝟐𝐫𝐜
𝟐

𝐜𝐲𝐜

+ 𝟖𝟏𝐫𝟐𝐬𝟒 
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⇔ 𝐬𝟐((𝟒𝐑+ 𝐫)𝟐 − 𝟐𝐬𝟐) + 𝐬𝟒 ≥
?
𝟑(𝐬𝟒 − 𝟐𝐬𝟐𝐫(𝟒𝐑+ 𝐫)) + 𝟐𝟕𝐫𝟐𝐬𝟐 

⇔ 𝐬𝟐 ≤
?
𝟒𝐑𝟐 + 𝟖𝐑𝐫 − 𝟓𝐫𝟐 ⇔ (𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐) − 𝟒𝐫(𝐑 − 𝟐𝐫) ≤

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 𝟒𝐫(𝐑 − 𝟐𝐫) ≥
𝐄𝐮𝒍𝐞𝐫

𝟎 

∴∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝐀
𝟐 + 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
 ∀ ∆ 𝐀𝐁𝐂, 𝒂𝐧𝐝 𝐢𝐦𝐩𝒍𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐰𝐢𝐭𝐡 𝒂𝐧𝐠𝒍𝐞𝐬 ∶ 

(𝛑 − 𝟐𝐀), (𝛑 − 𝟐𝐁), (𝛑 − 𝟐𝐂), 𝐰𝐞 𝐠𝐞𝐭 ∶ ∑
𝟏

𝟑 𝐭𝒂𝐧𝟐
𝛑 − 𝟐𝐀
𝟐 + 𝟏𝐜𝐲𝐜

≥
𝟑

𝟐
 

⇒∑
𝟏

𝟑𝐜𝐨𝐭𝟐 𝐀 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
 𝒂𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐭𝐡𝐞 𝒍𝒂𝐭𝐭𝐞𝐫 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐢𝐬 𝒂𝐧 𝒂𝐜𝐮𝐭𝐞 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞, 

∴ ∑
𝟏

𝟑 𝐜𝐨𝐭𝟐 𝐀 + 𝟏
𝐜𝐲𝐜

≥
𝟑

𝟐
 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3716. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐬𝐞𝐜𝟐 𝐀 + 𝐬𝐞𝐜𝟐 𝐁 + 𝐬𝐞𝐜𝟐 𝐂 ≥ 𝐜𝐬𝐜𝟐
𝐀

𝟐
+ 𝐜𝐬𝐜𝟐

𝐁

𝟐
+ 𝐜𝐬𝐜𝟐

𝐂

𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝐬𝐞𝐜𝟐𝐀

𝐜𝐲𝐜

≥
?
∑𝐜𝐬𝐜𝟐

𝐀

𝟐
𝐜𝐲𝐜

⇔∑𝐭𝒂𝐧𝟐𝐀

𝐜𝐲𝐜

≥
?
∑𝐜𝐨𝐭𝟐

𝐀

𝟐
𝐜𝐲𝐜

 

⇔ (∏𝐭𝒂𝐧𝐀

𝐯𝐲𝐜

)

𝟐

− 𝟐(∏𝐭𝒂𝐧𝐀

𝐯𝐲𝐜

)(∑𝐜𝐨𝐭 𝐀

𝐜𝐲𝐜

) ≥
? 𝐬𝟐

𝐫𝟐𝐬𝟒
(𝐬𝟒 − 𝟐𝐬𝟐𝐫(𝟒𝐑+ 𝐫)) 

⇔ (
𝟐𝐫𝐬

𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
)
𝟐

− 𝟐(
𝟐𝐫𝐬

𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐
) (
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟒𝐫𝐬
) 

≥
? 𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐

𝐫𝟐
 

⇔ −𝐬𝟔 + (𝟖𝐑𝟐 + 𝟏𝟔𝐑𝐫 + 𝟐𝐫𝟐)𝐬𝟒 − (𝟏𝟔𝐑𝟒 + 𝟗𝟔𝐑𝟑𝐫 + 𝟗𝟔𝐑𝟐𝐫𝟐 + 𝟐𝟒𝐑𝐫𝟑 − 𝟑𝐫𝟒)𝐬𝟐 + 

𝐫(𝟏𝟐𝟖𝐑𝟓 + 𝟐𝟖𝟖𝐑𝟒𝐫 + 𝟐𝟐𝟒𝐑𝟑𝐫𝟐 + 𝟕𝟐𝐑𝟐𝐫𝟑 + 𝟖𝐑𝐫𝟒) ≥
?
⏟
①

𝟎 𝒂𝐧𝐝 ∵ 𝐏 = 

−(𝐬𝟒 − 𝐬𝟐(𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐) + 𝐫(𝟒𝐑+ 𝐫)𝟑)(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) ≥
𝐃𝐨𝐮𝐛𝒍𝐞−𝐑𝐨𝐮𝐜𝐡𝐞

𝟎  
(∵ ∆ 𝐀𝐁𝐂 → 𝒂𝐜𝐮𝐭𝐞 ⇒ 𝐬 > 2𝑅 + 𝑟) ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ①, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝐋𝐇𝐒 𝐨𝐟 ① ≥
?
𝐏 ⇔ −(𝟖𝐑 − 𝟑𝐫)𝐬𝟒 + (𝟔𝟒𝐑𝟑 + 𝟐𝟖𝐑𝟐𝐫 + 𝟐𝐫𝟑)𝐬𝟐 − 
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(𝟏𝟐𝟖𝐑𝟓 + 𝟏𝟔𝟎𝐑𝟒𝐫 + 𝟖𝟎𝐑𝟑𝐫𝟐 + 𝟐𝟖𝐑𝟐𝐫𝟑 + 𝟖𝐑𝐫𝟒 + 𝐫𝟓) ≥
?
⏟
②

𝟎 𝒂𝐧𝐝 ∵ 𝐐 = 

−(𝟖𝐑− 𝟑𝐫)(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝟑𝐫𝟐)(𝐬𝟐 − 𝟒𝐑𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ②, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 ② ≥
?
𝐐 ⇔ 

𝟐𝟒𝐑𝟒 + 𝟒𝟎𝐑𝟑𝐫 + 𝟐𝐑𝟐𝐫𝟐 − 𝟏𝟔𝐑𝐫𝟑 − 𝟓𝐫𝟒 ≥
?
⏟
③

(𝟔𝐑𝟐 + 𝟒𝐑𝐫 − 𝟕𝐫𝟐)𝐬𝟐 𝒂𝐧𝐝 𝐧𝐨𝐰, 

𝐑𝐇𝐒 𝐨𝐟 ③ ≤
𝐑𝐨𝐮𝐜𝐡𝐞

(𝟔𝐑𝟐 + 𝟒𝐑𝐫 − 𝟕𝐫𝟐) (𝟐𝐑𝟐 + 𝟏𝟎𝐑𝐫 − 𝐫𝟐 + 𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫) 

≤
?
𝐋𝐇𝐒 𝐨𝐟 ③ ⇔ 𝟐(𝐑 − 𝟐𝐫)(𝟔𝐑𝟑 − 𝟐𝐑𝟐𝐫 − 𝟏𝟑𝐑𝐫𝟐 + 𝟑𝐫𝟑) ≥

?
⏟
(∗)

 

𝟐(𝐑 − 𝟐𝐫).√𝐑𝟐 − 𝟐𝐑𝐫. (𝟔𝐑𝟐 + 𝟒𝐑𝐫 − 𝟕𝐫𝟐) 𝒂𝐧𝐝 ∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝒍𝐞𝐫

𝟎 𝒂𝐧𝐝 

𝟔𝐑𝟑 − 𝟐𝐑𝟐𝐫 − 𝟏𝟑𝐑𝐫𝟐 + 𝟑𝐫𝟑 = (𝐑 − 𝟐𝐫)(𝟔𝐑𝟐 + 𝟏𝟎𝐑𝐫 + 𝟕𝐫𝟐) + 𝟏𝟕𝐫𝟑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟏𝟕𝐫𝟑 > 0 
∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟔𝐑𝟑 − 𝟐𝐑𝟐𝐫 − 𝟏𝟑𝐑𝐫𝟐 + 𝟑𝐫𝟑)𝟐 >
?
(𝐑𝟐 − 𝟐𝐑𝐫)(𝟔𝐑𝟐 + 𝟒𝐑𝐫 − 𝟕𝐫𝟐)𝟐 

⇔ 𝐫𝟐(𝟏𝟐𝐑𝟒 + 𝟔𝐑𝟑𝐫 + 𝟐𝐑𝟐𝐫(𝐑 − 𝟐𝐫) + 𝟐𝟎𝐑𝐫𝟑 + 𝟗𝐫𝟒) >
?
𝟎 → 𝐭𝐫𝐮𝐞 ⇒ (∗) ⇒ ③⇒② 

⇒① 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐬𝐞𝐜𝟐𝐀 + 𝐬𝐞𝐜𝟐 𝐁 + 𝐬𝐞𝐜𝟐 𝐂 ≥ 𝐜𝐬𝐜𝟐
𝐀

𝟐
+ 𝐜𝐬𝐜𝟐

𝐁

𝟐
+ 𝐜𝐬𝐜𝟐

𝐂

𝟐
 

∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3717. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝐬𝐢𝐧𝑨(𝐜𝐨𝐭𝑩 + 𝐜𝐨𝐭 𝑪)

 

 

≥ 𝟑 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Sarkhan Adgozalov-Georgia 
 

∑𝐬𝐢𝐧𝑨(𝐜𝐨𝐭 𝑩 + 𝐜𝐨𝐭𝑪)

 

 

=∑𝐬𝐢𝐧𝑨(
𝐜𝐨𝐬𝑩

𝐬𝐢𝐧𝑩
+
𝐜𝐨𝐬𝑪

𝐬𝐢𝐧𝑪
)

 

 

= 

=∑(
𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝑩
⋅ 𝐜𝐨𝐬𝑩 +

𝐬𝐢𝐧𝑨

𝐬𝐢𝐧𝑪
⋅ 𝐜𝐨𝐬𝑪)

 

 

=∑(
𝒂

𝒃
⋅
𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐

𝟐𝒂𝒄
+
𝒂

𝒄
⋅
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒂𝒃
)

 

 

= 

 

∑(
𝒂𝟐 + 𝒄𝟐 − 𝒃𝟐

𝟐𝒃𝒄
+
𝒂𝟐 + 𝒃𝟐 − 𝒄𝟐

𝟐𝒃𝒄
)

 

 

=∑
𝒂𝟐

𝒃𝒄

 

 

≥
(𝒂 + 𝒃 + 𝒄)𝟐

𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂
≥ 𝟑 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓:  𝒂 = 𝒃 = 𝒄.   
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3718. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝐜𝐨𝐬𝐀 + √𝐜𝐨𝐬 𝐁 + √𝐜𝐨𝐬 𝐂 ≤ √𝐬𝐢𝐧
𝐀

𝟐
+ √𝐬𝐢𝐧

𝐁

𝟐
+ √𝐬𝐢𝐧

𝐂

𝟐
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

√𝐜𝐨𝐬𝐀 + √𝐜𝐨𝐬𝐁 + √𝐜𝐨𝐬 𝐂 =
𝟏

𝟐
∑(√𝐜𝐨𝐬𝐁 + √𝐜𝐨𝐬𝐂)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

 

≤
𝟏

𝟐
.∑(√𝟐(𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬𝐂))

𝐜𝐲𝐜

=
𝟏

√𝟐
.∑(√𝟐 𝐜𝐨𝐬

𝐁 + 𝐂

𝟐
. 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
)

𝐜𝐲𝐜

 

= ∑√𝐬𝐢𝐧
𝐀

𝟐
. 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
𝐜𝐲𝐜

≤∑√𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

 (∵ 𝟎 < 𝐜𝐨𝐬
𝐁 − 𝐂

𝟐
≤ 𝟏 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬) 

𝒂𝐧𝐝 𝐬𝐨,∑√𝐜𝐨𝐬𝐀

𝐜𝐲𝐜

≤∑√𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐲𝐜

 ∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3719. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑𝒂𝟐𝒄𝒐𝒔
𝑩

𝟐
𝒄𝒐𝒔

𝑪

𝟐
𝒄𝒚𝒄

≥ 𝟐𝟕𝒓𝟐 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Daniel Sitaru-Romania 

∑𝒂𝟐𝒄𝒐𝒔
𝑩

𝟐
𝒄𝒐𝒔

𝑪

𝟐
𝒄𝒚𝒄

=∑𝒂𝟐√
𝒔(𝒔 − 𝒃)

𝒂𝒄
∙ √
𝒔(𝒔 − 𝒄)

𝒂𝒃
𝒄𝒚𝒄

= 

 

=∑𝒂𝒔

𝒄𝒚𝒄

√
(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒃𝒄
= 𝒔∑𝒂𝒔𝒊𝒏

𝑨

𝟐
𝒄𝒚𝒄

≥⏞
𝑪𝑬𝑩𝒀𝑺𝑯𝑬𝑽
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≥
𝒔

𝟑
∑𝒂

𝒄𝒚𝒄

∑𝒔𝒊𝒏
𝑨

𝟐
𝒄𝒚𝒄

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

𝒔

𝟑
∙ 𝟐𝒔 ∙ 𝟑𝒔𝒊𝒏(

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
) = 

 

= 𝟐𝒔𝟐𝒔𝒊𝒏
𝑨 + 𝑩 + 𝑪

𝟔
= 𝟐𝒔𝟐𝒔𝒊𝒏

𝝅

𝟔
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪𝑰

𝟐 ∙ (𝟑√𝟑𝒓)
𝟐
∙
𝟏

𝟐
= 𝟐𝟕𝒓𝟐 

 
Equality holds for an equilateral triangle. 

 
3720. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒔𝒊𝒏𝟐𝑨

𝟏 + 𝒄𝒐𝒔𝑨
+

𝒔𝒊𝒏𝟐𝑩

𝟏 + 𝒄𝒐𝒔𝑩
+

𝒔𝒊𝒏𝟐𝑪

𝟏 + 𝒄𝒐𝒔𝑪
≥
𝟑

𝟐
 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Daniel Sitaru 
 

∑
𝒔𝒊𝒏𝟐𝑨

𝟏 + 𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

=∑
𝟏− 𝒄𝒐𝒔𝟐𝑨

𝟏 + 𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

=∑(𝟏 − 𝒄𝒐𝒔𝑨)

𝒄𝒚𝒄

= 

 

= 𝟑 −∑𝒄𝒐𝒔𝑨

𝒄𝒚𝒄

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

𝟑 − 𝟑𝒄𝒐𝒔 (
𝑨 + 𝑩 + 𝑪

𝟑
) = 𝟑 − 𝟑𝒄𝒐𝒔

𝝅

𝟑
= 𝟑 −

𝟑

𝟐
=
𝟑

𝟐
 

 
Equality holds for an equilateral triangle. 

 
3721. In ∆𝑨𝑩𝑪 the following relationship holds: 

(
𝒓𝒂

𝒘𝒃𝒘𝒄
)
𝟐

+ (
𝒓𝒃

𝒘𝒄𝒘𝒂
)
𝟐

+ (
𝒓𝒄

𝒘𝒂𝒘𝒃
)
𝟐

≥ (
𝟑

𝒔
)
𝟐

 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Qurban Muellim-Azerbaijan 
 

𝑳𝒆𝒎𝒎𝒂 𝟏:  
𝒓𝒂𝒓𝒃𝒓𝒄
𝒘𝒂𝒘𝒃𝒘𝒄

=
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒂 + 𝒄)

𝟖𝒂𝒃𝒄
≥
𝟖𝒂𝒃𝒄

𝟖𝒂𝒃𝒄
= 𝟏 

𝐏𝐫 𝒐𝒐𝒇:  𝒓𝒂 =
𝑭

𝒔 − 𝒂
,  𝒓𝒃 =

𝑭

𝒔 − 𝒃
,  𝒓𝒄 =

𝑭

𝒔 − 𝒄
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𝒘𝒂 =
𝟐

𝒃 + 𝒄
√𝒃𝒄𝒔(𝒔 − 𝒂),  𝒘𝒃 =

𝟐

𝒂 + 𝒄
√𝒂𝒄𝒔(𝒔 − 𝒃),  𝒘𝒄 =

𝟐

𝒂 + 𝒃
√𝒂𝒃𝒔(𝒔 − 𝒄) 

∏𝒘𝒂

 

 

=
𝟖𝒔𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
⋅ √𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

=
𝟖𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
⋅ 𝑭𝒔…(𝟏). 

∏𝒓𝒂

 

 

=
𝑭𝟑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
= 𝑭𝒔… (𝟐). 

(𝟏)  ∧  (𝟐)  ⇒  ∏𝒘𝒂

 

 

=
𝟖𝒂𝒃𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)
⋅∏𝒓𝒂

 

 

  ⇒  
∏ 𝒓𝒂
 
 

∏ 𝒘𝒂
 
 

=
(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒄 + 𝒂)

𝟖𝒂𝒃𝒄
 

𝑳𝒆𝒎𝒎𝒂 𝟐:  𝒘𝒂
𝟐 ≤ 𝒔(𝒔 − 𝒂) 

𝐏𝐫 𝒐𝒐𝒇:  𝒘𝒂
𝟐 =

𝟒𝒃𝒄

(𝒃 + 𝒄)𝟐
⋅ 𝒔(𝒔 − 𝒂) ≤

𝟒𝒃𝒄

𝟒𝒃𝒄
⋅ 𝒔(𝒔 − 𝒂) = 𝒔(𝒔 − 𝒂) 

𝑳𝑯𝑺 =∑(
𝒓𝒂

𝒘𝒃𝒘𝒄
)
𝟐

 

 

≥ 𝟑 ⋅ √(
 𝒓𝒂𝒓𝒃𝒓𝒄

( 𝒘𝒂𝒘𝒃𝒘𝒄)𝟐
)
𝟐𝟑

= 𝟑√(
𝒓𝒂𝒓𝒃𝒓𝒄
𝒘𝒂𝒘𝒃𝒘𝒄

)
𝟐

⋅
𝟏

(𝒘𝒂𝒘𝒃𝒘𝒄)

𝟑

≥ 

≥ 𝟑√
𝟏

𝒔𝟑(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

=
𝟑

𝒔
√

𝟐𝟕

𝟐𝟕(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

≥
𝟗

𝒔
√

𝟏

(𝟑𝒔 − 𝒂 − 𝒃 − 𝒄)𝟑
𝟑

=
𝟗

𝒔𝟐
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   
 

3722. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑

√𝐜𝐨𝐭
𝐁
𝟐
𝐜𝐨𝐭

𝐂
𝟐
(𝐜𝐨𝐭𝟒

𝐁
𝟐
(𝐜𝐨𝐭

𝐀
𝟐
+ 𝐜𝐨𝐭

𝐁
𝟐
) + 𝐜𝐨𝐭𝟒

𝐂
𝟐
(𝐜𝐨𝐭

𝐂
𝟐
+ 𝐜𝐨𝐭

𝐀
𝟐
))

𝐜𝐨𝐭𝟐
𝐁
𝟐
.√𝐜𝐨𝐭

𝐀
𝟐
𝐜𝐨𝐭

𝐁
𝟐
+ 𝐜𝐨𝐭𝟐

𝐂
𝟐
.√𝐜𝐨𝐭

𝐂
𝟐
𝐜𝐨𝐭

𝐀
𝟐

𝐜𝐲𝐜

≥ 𝟏𝟎𝟖 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’, 𝒙′, 𝐲′, 𝐳′ > 0, 

𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ +𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) ≥

𝐖𝒂𝒍𝐭𝐞𝐫 𝐉𝒂𝐧𝐨𝐮𝐬

⏟      
①

√𝟑∑𝐀′𝐁′

𝐜𝐲𝐜
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𝐍𝐨𝐰,∑

√𝐜𝐨𝐭
𝐁
𝟐 𝐜𝐨𝐭

𝐂
𝟐 (𝐜𝐨𝐭

𝟒 𝐁
𝟐 (𝐜𝐨𝐭

𝐀
𝟐 + 𝐜𝐨𝐭

𝐁
𝟐) + 𝐜𝐨𝐭𝟒

𝐂
𝟐(𝐜𝐨𝐭

𝐂
𝟐 + 𝐜𝐨𝐭

𝐀
𝟐))

𝐜𝐨𝐭𝟐
𝐁
𝟐
.√𝐜𝐨𝐭

𝐀
𝟐
𝐜𝐨𝐭

𝐁
𝟐
+ 𝐜𝐨𝐭𝟐

𝐂
𝟐
. √𝐜𝐨𝐭

𝐂
𝟐
𝐜𝐨𝐭

𝐀
𝟐

𝐜𝐲𝐜

 

= ∑

√𝐜𝐨𝐭
𝐁
𝟐 𝐜𝐨𝐭

𝐂
𝟐

𝐜𝐨𝐭𝟐
𝐀
𝟐

(
𝐜𝐨𝐭𝟐

𝐂
𝟐 𝐜𝐨𝐭

𝟐 𝐀
𝟐

𝐜𝐨𝐭𝟐
𝐁
𝟐

(𝐜𝐨𝐭
𝐂
𝟐 + 𝐜𝐨𝐭

𝐀
𝟐)

𝟐

+
𝐜𝐨𝐭𝟐

𝐀
𝟐 𝐜𝐨𝐭

𝟐 𝐁
𝟐

𝐜𝐨𝐭𝟐
𝐂
𝟐

(𝐜𝐨𝐭
𝐀
𝟐 + 𝐜𝐨𝐭

𝐁
𝟐)

𝟐

)

√𝐜𝐨𝐭
𝐂
𝟐
𝐜𝐨𝐭

𝐀
𝟐

𝐜𝐨𝐭𝟐
𝐁
𝟐

+
√𝐜𝐨𝐭

𝐀
𝟐
𝐜𝐨𝐭

𝐁
𝟐

𝐜𝐨𝐭𝟐
𝐂
𝟐

𝐜𝐲𝐜

 

=
𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ + 𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) 

(

 
 
 
 
 𝒙′ =

√𝐜𝐨𝐭
𝐁
𝟐
𝐜𝐨𝐭

𝐂
𝟐

𝐜𝐨𝐭𝟐
𝐀
𝟐

, 𝐲′ =
√𝐜𝐨𝐭

𝐂
𝟐
𝐜𝐨𝐭

𝐀
𝟐

𝐜𝐨𝐭𝟐
𝐁
𝟐

, 𝐳′ =
√𝐜𝐨𝐭

𝐀
𝟐
𝐜𝐨𝐭

𝐁
𝟐

𝐜𝐨𝐭𝟐
𝐂
𝟐

, 𝐀′ =
𝐜𝐨𝐭𝟐

𝐁
𝟐
𝐜𝐨𝐭𝟐

𝐂
𝟐

𝐜𝐨𝐭𝟐
𝐀
𝟐

(𝐜𝐨𝐭
𝐁

𝟐
+ 𝐜𝐨𝐭

𝐂

𝟐
)
𝟐

,

𝐁′ =
𝐜𝐨𝐭𝟐

𝐂
𝟐 𝐜𝐨𝐭

𝟐 𝐀
𝟐

𝐜𝐨𝐭𝟐
𝐁
𝟐

(𝐜𝐨𝐭
𝐂

𝟐
+ 𝐜𝐨𝐭

𝐀

𝟐
)
𝟐

, 𝐂′ =
𝐜𝐨𝐭𝟐

𝐀
𝟐 𝐜𝐨𝐭

𝟐 𝐁
𝟐

𝐜𝐨𝐭𝟐
𝐂
𝟐

(𝐜𝐨𝐭
𝐀

𝟐
+ 𝐜𝐨𝐭

𝐁

𝟐
)
𝟐

)

 
 
 
 
 

 

≥
𝐯𝐢𝒂 ①

√𝟑∑(
𝐜𝐨𝐭𝟐

𝐁
𝟐 𝐜𝐨𝐭

𝟐 𝐂
𝟐

𝐜𝐨𝐭𝟐
𝐀
𝟐

(𝐜𝐨𝐭
𝐁

𝟐
+ 𝐜𝐨𝐭

𝐂

𝟐
)
𝟐

.
𝐜𝐨𝐭𝟐

𝐂
𝟐 𝐜𝐨𝐭

𝟐 𝐀
𝟐

𝐜𝐨𝐭𝟐
𝐁
𝟐

(𝐜𝐨𝐭
𝐂

𝟐
+ 𝐜𝐨𝐭

𝐀

𝟐
)
𝟐

)

𝐜𝐲𝐜

 

≥
𝐀𝐌−𝐆𝐌

√𝟑∑𝐜𝐨𝐭𝟒
𝐂

𝟐
. ((𝟒 𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐨𝐭

𝐂

𝟐
) . (𝟒 𝐜𝐨𝐭

𝐂

𝟐
𝐜𝐨𝐭

𝐀

𝟐
))

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑.√√𝟒𝟔 (𝐜𝐨𝐭
𝐀

𝟐
𝐜𝐨𝐭

𝐁

𝟐
𝐜𝐨𝐭

𝐂

𝟐
)
𝟖𝟑

 

= 𝟏𝟐. (
𝐬

𝐫
)

𝟒
𝟑

≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟏𝟐. (𝟑√𝟑)
𝟒
𝟑 = 𝟏𝟎𝟖 𝒂𝐧𝐝 𝐬𝐨, 

∑

√𝐜𝐨𝐭
𝐁
𝟐 𝐜𝐨𝐭

𝐂
𝟐(𝐜𝐨𝐭

𝟒 𝐁
𝟐 (𝐜𝐨𝐭

𝐀
𝟐 + 𝐜𝐨𝐭

𝐁
𝟐) + 𝐜𝐨𝐭

𝟒 𝐂
𝟐(𝐜𝐨𝐭

𝐂
𝟐 + 𝐜𝐨𝐭

𝐀
𝟐))

𝐜𝐨𝐭𝟐
𝐁
𝟐 .
√𝐜𝐨𝐭

𝐀
𝟐 𝐜𝐨𝐭

𝐁
𝟐 + 𝐜𝐨𝐭𝟐

𝐂
𝟐 .
√𝐜𝐨𝐭

𝐂
𝟐 𝐜𝐨𝐭

𝐀
𝟐

𝐜𝐲𝐜

≥ 𝟏𝟎𝟖 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3723. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂

√𝒃 + 𝒄 − 𝒂
+ 

𝒃

√𝒂 + 𝒄 − 𝒃
+ 

𝒄

√𝒂 + 𝒃 − 𝒄
≥ √𝒂 + √𝒃 + √𝒄 
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Proposed by Gheorghe Crăciun-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝒂

√𝒃 + 𝒄 − 𝒂
+ 

𝒃

√𝒂 + 𝒄 − 𝒃
+ 

𝒄

√𝒂 + 𝒃 − 𝒄
≥ √𝒂 + √𝒃 + √𝒄 

∑
𝒂

√𝒃+ 𝒄 − 𝒂
𝒄𝒚𝒄

=∑
𝒂

√𝟐.√𝒑 − 𝒂
=

𝟏

√𝟐
∑𝒂√

𝒓𝒂
𝑭

𝒄𝒚𝒄

=

𝒄𝒚𝒄

 

=
𝟏

√𝟐
∑𝒂√

𝒓𝒂
𝑭

𝒄𝒚𝒄

=
𝟏

√𝟐𝑭
∑𝒂√𝒓𝒂
𝒄𝒚𝒄

=
𝟏

√𝟐𝑭
∑√𝒂  .  √𝒂𝒓𝒂
𝒄𝒚𝒄

 

 
𝑰𝒏  ∆ 𝑨𝑩𝑪  𝒘𝒍𝒐𝒈  𝒂 ≤ 𝒃 ≤ 𝒄  , 𝒓𝒂 ≤ 𝒓𝒃 ≤ 𝒓𝒄   𝑩𝒚  𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

′𝒔  𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚 ∶ 

𝟏

√𝟐𝑭
∑√𝒂  .  √𝒂𝒓𝒂
𝒄𝒚𝒄

≥⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

 

≥
𝟏

𝟑
.
𝟏

√𝟐𝑭
(√𝒂 + √𝒃 + √𝒄)(√𝒂𝒓𝒂 + √𝒃𝒓𝒃 +√𝒄𝒓𝒄) ≥⏞

𝑨𝑴−𝑮𝑴

 

≥
𝟏

𝟑
.
𝟏

√𝟐𝑭
(√𝒂 + √𝒃 + √𝒄). 𝟑√√(𝒂𝒃𝒄)(𝒓𝒂𝒓𝒃𝒓𝒄)

𝟑

= 

=
𝟏

√𝟐𝑭
(√𝒂 + √𝒃 + √𝒄). (√(𝟒𝑹𝑭). (𝒓𝑺𝟐)

𝟔
) ≥⏞
𝑬𝒖𝒍𝒆𝒓

 

≥  
𝟏

√𝟐𝑭
(√𝒂 + √𝒃 + √𝒄). (√𝟒. 𝟐𝒓. 𝑭. (𝒓𝑺𝟐)

𝟔
) = 

=
𝟏

√𝟐𝑭
(√𝒂 + √𝒃 + √𝒄) (√𝟖. 𝒓𝟐𝑺𝟐. 𝑭

𝟔
) = 

=
𝟏

√𝟐𝑭
(√𝒂 + √𝒃 + √𝒄)(√𝟖𝑭𝟑

𝟔
) =  √𝒂 + √𝒃 + √𝒄  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓:  𝒂 = 𝒃 = 𝒄 
 

3724. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
𝒔𝒊𝒏𝟐(𝑨)

𝒔𝒊𝒏𝟐(𝑩) + 𝒔𝒊𝒏𝟐(𝑪)
≤
𝟐𝑹 − 𝒓

𝟐𝒓
𝒄𝒚𝒄

 

Proposed by Kostantinos Geronikolas-Greece 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒔𝒊𝒏𝟐(𝑨)

𝒔𝒊𝒏𝟐(𝑩) + 𝒔𝒊𝒏𝟐(𝑪)
=

𝒄𝒚𝒄

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
𝒄𝒚𝒄

≤⏞
𝑨𝑴−𝑮𝑴𝟏

𝟐
∑

𝒂𝟐

𝒃𝒄
𝒄𝒚𝒄

=∑
𝒂𝟑

𝟐𝒂𝒃𝒄
𝒄𝒚𝒄

= 

=
𝟐(𝒔𝟑 − 𝟑𝒔𝒓𝟐 − 𝟔𝒔𝑹𝒓)

𝟐. 𝟒𝑹𝒔𝒓
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟒𝑹𝒓
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
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≤
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟒𝑹𝒓
=
𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝟒𝑹𝒓
=
𝟐𝑹 − 𝒓

𝟐𝒓
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓:  𝑨 = 𝑩 = 𝑪. 

3725. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒘𝒂
𝟐

𝒓𝒃 + 𝒓𝒄
+

𝒘𝒃
𝟐

𝒓𝒄 + 𝒓𝒂
+

𝒘𝒄
𝟐

𝒓𝒂 + 𝒓𝒃
≥
𝟗𝒓𝟐

𝑹
 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Qurban Muellim-Azerbaijan 
 

𝑳𝒆𝒎𝒎𝒂 𝟏:  𝒘𝒂 =
𝟐𝒃𝒄

𝒃 + 𝒄
⋅ 𝒄𝒐𝒔

𝑨

𝟐
 

𝑳𝒆𝒎𝒎𝒂 𝟐:  𝒓𝒃 + 𝒓𝒄 = 𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨

𝟐
 

𝐏𝐫 𝒐𝒐𝒇:  𝒓𝒃 + 𝒓𝒄 = 𝒔 (𝐭𝐚𝐧
𝑩

𝟐
+ 𝐭𝐚𝐧

𝑪

𝟐
) = 𝒔(

𝐬𝐢𝐧
𝑩
𝟐

𝐜𝐨𝐬
𝑩
𝟐

+
𝐬𝐢𝐧

𝑪
𝟐

𝐜𝐨𝐬
𝑪
𝟐

) = 

=
𝒔 ⋅ 𝐬𝐢𝐧 (

𝑩 + 𝑪
𝟐 ) ⋅ 𝐜𝐨𝐬

𝑨
𝟐

∏ 𝐜𝐨𝐬
𝑨
𝟐

 
 

=
𝒔 ⋅ 𝐜𝐨𝐬𝟐

𝑨
𝟐

𝒔
𝟒𝑹

= 𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨

𝟐
 

𝑳𝒆𝒎𝒎𝒂 𝟑:  ∑
𝟏

𝒂𝟐

 

 

≤
𝟏

𝟒𝒓𝟐
 

𝐏𝐫 𝒐𝒐𝒇:  𝒓 =
𝑭

𝒔
,  𝒓𝒂 =

𝑭

𝒔 − 𝒂
 

𝒓𝒓𝒂 =
𝑭𝟐

𝒔(𝒔 − 𝒂)
= (𝒔 − 𝒃)(𝒔 − 𝒄) ≤

(𝒔 − 𝒃 + 𝒔 − 𝒄)𝟐

𝟒
=
𝒂𝟐

𝟒
  ⇒  𝒓𝒓𝒂 ≤

𝒂𝟐

𝟒
  ⇒  𝒂𝟐 ≥ 𝟒𝒓𝒓𝒂 

∑
𝟏

𝒂𝟐

 

 

≤∑
𝟏

𝟒𝒓𝒓𝒂

 

 

=
𝟏

𝟒𝒓
∑

𝟏

𝒓𝒂

 

 

=
𝟏

𝟒𝒓𝟐
 

𝑳𝑯𝑺 =∑
(
𝟐𝒃𝒄
𝒃 + 𝒄)

𝟐

⋅ 𝒄𝒐𝒔
𝑨
𝟐

𝟒𝑹 ⋅ 𝐜𝐨𝐬𝟐
𝑨
𝟐

 

 

=
𝟏

𝟒𝑹
⋅∑(

𝟐𝒂𝒄

𝒂+ 𝒄
)
𝟐 

 

=
𝟏

𝑹
⋅∑(

𝒂𝒄

𝒂 + 𝒄
)
𝟐

 

 

=
𝟏

𝑹
⋅∑

𝟏

(
𝟏
𝒂 +

𝟏
𝒄)

𝟐

 

 

≥ 

 

≥
𝟏

𝑹
⋅

𝟗

∑ (
𝟏
𝒂 +

𝟏
𝒄)

𝟐
 
 

≥
𝟏

𝑹
⋅

𝟗

𝟐∑
𝟐
𝒂𝟐
 
 

=
𝟏

𝑹
⋅

𝟗

𝟒∑
𝟏
𝒂𝟐
 
 

≥
𝟏

𝑹
⋅

𝟗

𝟒 ⋅
𝟏
𝟒𝒓𝟐

=
𝟗𝒓𝟐

𝑹
 

 



 
www.ssmrmh.ro 

22 RMM-TRIANGLE MARATHON 3701-3800 

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.   

 
 
 
3726. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐𝐧𝒂 ≥ √
𝐰𝒂

𝒈𝒂
. (𝐩𝒂 +𝐦𝒂. √

𝐰𝒂

𝒈𝒂
) 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐦𝒂𝐧𝒂 ≥
?
𝐩𝒂
𝟐 +

(𝐛 − 𝐜)𝟐

𝟏𝟖
⇔

𝐅𝐮𝐬𝐭𝐞𝐢
𝒂𝐧𝐝
𝐀𝐣𝐢𝐛𝒂

 

(𝐬(𝐬 − 𝒂) +
(𝐛 − 𝐜)𝟐

𝟒
)(𝐬(𝐬 − 𝒂) +

𝐬(𝐛 − 𝐜)𝟐

𝒂
) ≥

?
(𝐬(𝐬 − 𝒂) +

𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
)

𝟐

 

+
(𝐛 − 𝐜)𝟒

𝟑𝟐𝟒
+
(𝐛 − 𝐜)𝟐

𝟗
. (𝐬(𝐬 − 𝒂) +

𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
) 

⇔ 𝐬(𝐬 − 𝒂)(𝐛 − 𝐜)𝟐 (
𝐬

𝒂
+
𝟏

𝟒
) +

𝐬(𝐛 − 𝐜)𝟒

𝟒𝒂
≥
? 𝐬𝟐(𝟑𝐬 + 𝒂)𝟐(𝐛 − 𝐜)𝟒

(𝟐𝐬 + 𝒂)𝟒
+ 

𝟐𝐬(𝐬 − 𝒂).
𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
+
(𝐛 − 𝐜)𝟒

𝟑𝟐𝟒
+ 𝐬(𝐬 − 𝒂).

(𝐛 − 𝐜)𝟐

𝟗
+
𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟒

𝟗(𝟐𝐬 + 𝒂)𝟐
 

⇔ 𝐬(𝐬 − 𝒂) (
𝐬

𝒂
+
𝟏

𝟒
−
𝟐𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
−
𝟏

𝟗
) + 

(
𝐬

𝟒𝒂
−
𝐬𝟐(𝟑𝐬 + 𝒂)𝟐

(𝟐𝐬 + 𝒂)𝟒
−

𝟏

𝟑𝟐𝟒
−
𝐬(𝟑𝐬 + 𝒂)

𝟗(𝟐𝐬 + 𝒂)𝟐
) (𝐛 − 𝐜)𝟐 ≥

?
𝟎(∵ (𝐛 − 𝐜)𝟐 ≥ 𝟎) 

(∵ (𝐛 − 𝐜)𝟐 ≥ 𝟎) ⇔
𝐬(𝐬 − 𝒂)(𝟏𝟒𝟒𝐬𝟑 − 𝟓𝟐𝐬𝟐𝒂 − 𝟏𝟔𝐬𝒂𝟐 + 𝟓𝒂𝟑)

𝟑𝟔𝒂(𝟐𝐬 + 𝒂)𝟐
+ 

𝟏𝟐𝟗𝟔𝐬𝟓 − 𝟕𝟕𝟐𝐬𝟒𝒂 − 𝟔𝟎𝟖𝐬𝟑𝒂𝟐 + 𝟒𝟖𝐬𝟐𝒂𝟑 + 𝟑𝟕𝐬𝒂𝟒 − 𝒂𝟓

𝟑𝟐𝟒𝒂(𝟐𝐬 + 𝒂)𝟒
. (𝐛 − 𝐜)𝟐 ≥

?
𝟎 

⇔
𝐬(𝐬 − 𝒂) ((𝐬 − 𝒂)(𝟏𝟒𝟒𝐬𝟐 + 𝟗𝟐𝐬𝒂+ 𝟕𝟔𝒂𝟐) + 𝟖𝟏𝒂𝟑)

𝟑𝟔𝒂(𝟐𝐬 + 𝒂)𝟐
+ 

(𝐬 − 𝒂) ((𝐬 − 𝒂)(𝟏𝟐𝟗𝟔𝐬𝟑 + 𝟏𝟖𝟐𝟎𝐬𝟐𝒂+ 𝟏𝟕𝟑𝟔𝐬𝒂𝟐 + 𝟏𝟕𝟎𝟎𝒂𝟑) + 𝟏𝟕𝟎𝟏𝒂𝟒)

𝟑𝟐𝟒𝒂(𝟐𝐬 + 𝒂)𝟒
. (𝐛 − 𝐜)𝟐 

≥
?
𝟎 → 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) ∴ 𝐦𝒂𝐧𝒂 ≥ 𝐩𝒂

𝟐 +
(𝐛 − 𝐜)𝟐

𝟏𝟖
≥ 𝐩𝒂

𝟐 ⇒ 𝐦𝒂𝐧𝒂 ≥ 𝐩𝒂
𝟐 → (𝟏) 
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𝒂𝐧𝐝 𝐧𝒂𝒈𝒂 ≥
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐦𝒂𝐰𝒂 → (𝟐) ∴ (𝟏)⦁(𝟐) ⇒ (𝐦𝒂𝐧𝒂)(𝐧𝒂𝒈𝒂) ≥ 𝐩𝒂
𝟐.𝐦𝒂𝐰𝒂  

⇒ 𝐧𝒂 ≥ √
𝐰𝒂

𝒈𝒂
. 𝐩𝒂 𝒂𝐧𝐝 (𝟐) ⇒ 𝐧𝒂 ≥ √

𝐰𝒂

𝒈𝒂
.𝐦𝒂 . √

𝐰𝒂

𝒈𝒂
 

∴ 𝟐𝐧𝒂 ≥ √
𝐰𝒂

𝒈𝒂
. 𝐩𝒂 + √

𝐰𝒂

𝒈𝒂
.𝐦𝒂 . √

𝐰𝒂

𝒈𝒂
 𝒂𝐧𝐝 𝐬𝐨, 𝟐𝐧𝒂 ≥ √

𝐰𝒂

𝒈𝒂
. (𝐩𝒂 +𝐦𝒂. √

𝐰𝒂

𝒈𝒂
) 

∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

3727. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜

𝐬
)
𝟐

+ 𝟐(
𝐡𝒂
𝐫𝐛
+
𝐡𝐛
𝐫𝐜
+
𝐡𝐜
𝐫𝒂
) ≤ 𝟏 +

𝟒𝐑

𝐫
 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑𝐧𝒂
𝐜𝐲𝐜

=∑(
𝐧𝒂

√𝐡𝒂
. √𝐡𝒂)

𝐜𝐲𝐜

≤
𝐂𝐁𝐒

√∑
𝐧𝒂𝟐

𝐡𝒂
𝐜𝐲𝐜

. √∑𝐡𝒂
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

 

√𝐬
𝟐∑

𝟏

𝐡𝒂
𝐜𝐲𝐜

− 𝟐∑𝐫𝒂
𝐜𝐲𝐜

. √
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑
 

∴ (
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜

𝐬
)
𝟐

≤
(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐑𝐫𝐬𝟐
→① 𝒂𝐧𝐝 𝐧𝐨𝐰, 𝐟𝐨𝐫 𝒂𝒍𝒍 

𝒙, 𝐲, 𝐳 > 0,∑
𝒙

𝐲
𝐜𝐲𝐜

=∑
𝒙𝟐

𝒙𝐲
𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 (∑ 𝒙𝐜𝐲𝐜 )

𝟐

∑ 𝒙𝐲𝐜𝐲𝐜

 𝒂𝐧𝐝 𝐩𝐮𝐭𝐭𝐢𝐧𝐠𝒙 ≡ 𝐬 − 𝒂, 𝐲 ≡ 𝐬 − 𝐛, 

𝐳 ≡ 𝐬 − 𝐜 𝐢𝐧 ∑
𝒙

𝐲
𝐜𝐲𝐜

≥
(∑ 𝒙𝐜𝐲𝐜 )

𝟐

∑ 𝒙𝐲𝐜𝐲𝐜

, 𝐰𝐞 𝐠𝐞𝐭 ∶ ∑
(𝐬 − 𝒂)(𝐬 − 𝐛)𝟐

(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
𝐜𝐲𝐜

≥
𝐬𝟐

𝟒𝐑𝐫 + 𝐫𝟐
 

⇒ ∑((𝐬 − 𝒂)(𝐬𝟐 − 𝟐𝐬𝐛 + 𝐛𝟐))

𝐜𝐲𝐜

≥
𝐫𝐬𝟑

𝟒𝐑 + 𝐫
 

⇒ 𝐬𝟑 − 𝟐𝐬𝟐(𝟐𝐬) + 𝟐𝐬∑𝒂𝐛

𝐜𝐲𝐜

+ 𝐬∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛𝟐

𝐜𝐲𝐜

≥
𝐫𝐬𝟑

𝟒𝐑 + 𝐫
 

⇒ 𝐬𝟑 − 𝟒𝐬𝟑 + 𝐬.𝟒𝐬𝟐 −∑𝒂𝐛𝟐

𝐜𝐲𝐜

≥
𝐫𝐬𝟑

𝟒𝐑 + 𝐫
⇒∑𝒂𝐛𝟐

𝐜𝐲𝐜

≤
𝟒𝐑𝐬𝟑

𝟒𝐑 + 𝐫
→② 𝒂𝐧𝐝 𝐧𝐨𝐰, 
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(
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜

𝐬
)
𝟐

+ 𝟐(
𝐡𝒂

𝐫𝐛
+
𝐡𝐛

𝐫𝐜
+
𝐡𝐜

𝐫𝒂
) = (

𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜

𝐬
)
𝟐

+∑(
𝟒𝐫𝐬

𝒂
.
𝐬 − 𝐛

𝐫𝐬
)

𝐜𝐲𝐜

 

= (
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜

𝐬
)
𝟐

+
𝟏

𝐑𝐫𝐬
.∑(𝐛𝐜(𝐬 − 𝐛))

𝐜𝐲𝐜

= 

(
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜

𝐬
)
𝟐

+
𝟏

𝐑𝐫𝐬
. (𝐬∑𝒂𝐛

𝐜𝐲𝐜

− (𝟐𝐬∑𝒂𝐛

𝐜𝐲𝐜

− 𝟏𝟐𝐑𝐫𝐬) +∑𝒂𝐛𝟐

𝐜𝐲𝐜

) ≤
𝐯𝐢𝒂 ① 𝒂𝐧𝐝 ②

 

(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟐𝐑𝐫𝐬𝟐
−
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝐑𝐫
+ 𝟏𝟐 +

𝟒𝐬𝟐

𝐫(𝟒𝐑 + 𝐫)
≤
?
𝟏 +

𝟒𝐑

𝐫
 

⇔ (𝟑𝟐𝐑𝟑 − 𝟑𝟐𝐑𝟐𝐫 + 𝟐𝐑𝐫𝟐 + 𝟑𝐫𝟑)𝐬𝟐 + 𝟐𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(∗)

(𝟒𝐑 − 𝐫)𝐬𝟒 

𝐍𝐨𝐰, (𝟒𝐑 − 𝐫)𝐬𝟒 ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟒𝐑 − 𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐)𝐬𝟐 ≤
?
𝐑𝐇𝐒 𝐨𝐟 (∗) 

⇔ (𝟖𝐑𝟑 − 𝟐𝟐𝐑𝟐𝐫 − 𝟑𝐑𝐫𝟐 + 𝟑𝐫𝟑)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′ 𝐬𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞  

𝐢𝐟 ∶ 𝟖𝐑𝟑 − 𝟐𝟐𝐑𝟐𝐫 − 𝟑𝐑𝐫𝟐 + 𝟑𝐫𝟑 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟖𝐑𝟑 − 𝟐𝟐𝐑𝟐𝐫 − 𝟑𝐑𝐫𝟐 + 𝟑𝐫𝟑

< 0, 

𝐭𝐡𝐞𝐧 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟖𝐑𝟑 − 𝟐𝟐𝐑𝟐𝐫 − 𝟑𝐑𝐫𝟐 + 𝟑𝐫𝟑)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 

𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 ≥
?
𝟎 ⇔ 𝟑𝟐𝐭𝟓 − 𝟓𝟔𝐭𝟒 − 𝟏𝟐𝐭𝟑 − 𝟏𝟖𝐭𝟐 + 𝟏𝟓𝐭 + 𝟏𝟎 ≥

?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐)(𝟑𝟐𝐭𝟒 + 𝟖𝐭𝟑 + 𝟒𝐭𝟐 − 𝟏𝟎𝐭 − 𝟓) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐 ⇒ (∗∗)

⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜

𝐬
)
𝟐

+ 𝟐(
𝐡𝒂

𝐫𝐛
+
𝐡𝐛

𝐫𝐜
+
𝐡𝐜

𝐫𝒂
) ≤ 𝟏 +

𝟒𝐑

𝐫
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3728. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∏(𝐰𝒂
𝟐 + 𝐰𝒂𝐰𝐛 +𝐰𝐛

𝟐)

𝐜𝐲𝐜

≥ (
𝟐𝐫

𝐑
)
𝟐

(
𝟗𝐫𝒂𝐫𝐛𝐫𝐜

𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
)
𝟑

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 
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∏(𝐰𝒂
𝟐 +𝐰𝒂𝐰𝐛 +𝐰𝐛

𝟐)

𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

∏(𝟑𝐰𝒂𝐰𝐛)

𝐜𝐲𝐜

= 𝟐𝟕.
𝟐𝟓𝟔𝐑𝟐𝐫𝟒𝐬𝟒

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐
 

≥
?
(
𝟐𝐫

𝐑
)
𝟐

(
𝟗𝐫𝒂𝐫𝐛𝐫𝐜

𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
)
𝟑

⇔ 𝟔𝟒𝐑𝟒(𝟒𝐑+ 𝐫)𝟑 ≥
?
𝟐𝟕𝐬𝟐𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐 𝒂𝐧𝐝 

∵ (𝟒𝐑 + 𝐫)𝟑 ≥

𝐄𝐮𝒍𝐞𝐫
𝒂𝐧𝐝

𝐃𝐨𝐮𝐜𝐞𝐭 𝐨𝐫 𝐓𝐫𝐮𝐜𝐡𝐭

𝟗𝐫. 𝟑𝐬𝟐 ∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟔𝟒𝐑𝟒 ≥
?
(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝟐 

⇔ 𝐬𝟐 ≤
?
𝟖𝐑𝟐 − 𝟐𝐑𝐫 − 𝐫𝟐 ⇔ 𝐬𝟐 − (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) − 𝟐(𝐑 − 𝟐𝐫)(𝟐𝐑 + 𝐫) ≤

?
𝟎 

→ 𝐭𝐫𝐮𝐞 ∵ 𝐬𝟐 − (𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) ≤
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 𝒂𝐧𝐝 − 𝟐(𝐑− 𝟐𝐫)(𝟐𝐑+ 𝐫) ≤
𝐄𝐮𝒍𝐞𝐫

𝟎 

∴∏(𝐰𝒂
𝟐 + 𝐰𝒂𝐰𝐛 +𝐰𝐛

𝟐)

𝐜𝐲𝐜

≥ (
𝟐𝐫

𝐑
)
𝟐

(
𝟗𝐫𝒂𝐫𝐛𝐫𝐜

𝐫𝒂 + 𝐫𝐛 + 𝐫𝐜
)
𝟑

  ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3729. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐡𝒂
𝟑 − 𝟗𝐫𝟑

𝐡𝒂
𝟐

𝐜𝐲𝐜

≥ 𝟔𝐫 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐡𝒂
𝟑 − 𝟗𝐫𝟑

𝐡𝒂𝟐
𝐜𝐲𝐜

=∑𝐡𝒂
𝐜𝐲𝐜

−
𝟗𝐫𝟑

𝟒𝐫𝟐𝐬𝟐
.∑𝒂𝟐

𝐜𝐲𝐜

=
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐑
−
𝟗𝐫(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐬𝟐
 

=
𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟗𝐑𝐫(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝟐𝐑𝐬𝟐
≥
?
𝟔𝐫 

⇔ 𝐬𝟒 − (𝟏𝟕𝐑𝐫 − 𝐫𝟐)𝐬𝟐 + 𝟗𝐑𝐫𝟐(𝟒𝐑 + 𝐫) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟏𝟓𝐑− 𝟗𝐫)𝐬𝟐 ≥
?
⏟
(∗∗)

𝐫(𝟐𝟐𝟎𝐑𝟐 − 𝟏𝟔𝟗𝐑𝐫 + 𝟐𝟓𝐫𝟐) 𝒂𝐧𝐝 𝐢𝐧𝐝𝐞𝐞𝐝, 

(𝟏𝟓𝐑− 𝟗𝐫)𝐬𝟐 − 𝐫(𝟐𝟐𝟎𝐑𝟐 − 𝟏𝟔𝟗𝐑𝐫 + 𝟐𝟓𝐫𝟐) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 
(𝟏𝟓𝐑 − 𝟗𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟐𝟐𝟎𝐑𝟐 − 𝟏𝟔𝟗𝐑𝐫 + 𝟐𝟓𝐫𝟐) = 𝟏𝟎𝐫(𝐑 − 𝟐𝐫)(𝟐𝐑− 𝐫) 

≥
𝐄𝐮𝒍𝐞𝐫

𝟎 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ ∑
𝐡𝒂
𝟑 − 𝟗𝐫𝟑

𝐡𝒂
𝟐

𝐜𝐲𝐜

≥ 𝟔𝐫 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3730. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐫𝒂
𝟑 − 𝟗𝐫𝟑

𝐫𝒂
𝟐

𝐜𝐲𝐜

≥ 𝟔𝐫 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐫𝒂
𝟑 − 𝟗𝐫𝟑

𝐫𝒂𝟐
𝐜𝐲𝐜

=∑𝐫𝒂
𝐜𝐲𝐜

−
𝟗𝐫𝟑

𝐫𝟐𝐬𝟐
.∑(𝐬 − 𝒂)𝟐

𝐜𝐲𝐜

 

= 𝟒𝐑 + 𝐫 −
𝟗𝐫

𝐬𝟐
. (𝟑𝐬𝟐 − 𝟐𝐬(𝟐𝐬) + 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)) 

=
(𝟒𝐑+ 𝐫)𝐬𝟐 − 𝟗𝐫(𝐬𝟐 − 𝟖𝐑𝐫 − 𝟐𝐫𝟐)

𝐬𝟐
≥
?
𝟔𝐫 ⇔ (𝟐𝐑− 𝟕𝐫)𝐬𝟐 + 𝟗𝐫𝟐(𝟒𝐑 + 𝐫) ≥

?
⏟
(∗)

𝟎 

𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 𝟐𝐑 − 𝟕𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟐𝐑 − 𝟕𝐫 < 0, 𝑡ℎ𝑒𝑛 ∶ 

𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟐𝐑 − 𝟕𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝟗𝐫𝟐(𝟒𝐑 + 𝐫) 

= 𝟐(𝐑 − 𝟐𝐫)(𝟒𝐑𝟐 − 𝟐𝐑𝐫 + 𝟑𝐫𝟐) ≥ 𝟎 ∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ ∑
𝐫𝒂
𝟑 − 𝟗𝐫𝟑

𝐫𝒂𝟐
𝐜𝐲𝐜

≥ 𝟔𝐫 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3731. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑(
𝒓𝒂

𝒓𝒃 + 𝒓𝒄
)
𝒏

≥
𝟑

𝟔𝒏
(
𝟒𝑹 + 𝒓

𝒔
)
𝟐𝒏

, 𝒏 ∈ 𝑵 

Proposed by Marin Chirciu-Romania 
Solution by Tapas Das-India 

𝑲𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕 ∑
𝟏

𝒔 − 𝒂
=
𝟒𝑹 + 𝒓

𝒔𝒓
 

𝒓𝒂
𝒓𝒃 + 𝒓𝒄

=

𝑭
𝒔‐ 𝒂

𝑭
𝒔 − 𝒃 +

𝑭
𝒔 − 𝒄

=
(𝒔 − 𝒃)(𝒔 − 𝒄)

𝒂(𝒔 − 𝒂)
= (𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

(
𝟏

𝒔 − 𝒂)
𝟐

𝒂
 

∑
𝒓𝒂

𝒓𝒃 + 𝒓𝒄
= (𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)∑

(
𝟏

𝒔 − 𝒂)
𝟐

𝒂
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎
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≥ (𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
(∑

𝟏
𝒔 − 𝒂)

𝟐

𝒂 + 𝒃 + 𝒄
= 

=
(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) (

𝒓(𝟒𝑹 + 𝒓)
(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄) 

)
𝟐

𝒂 + 𝒃 + 𝒄
=
(𝒓(𝟒𝑹 + 𝒓))

𝟐

𝟐𝒔. 𝒔𝒓𝟐
=
𝟏

𝟐
(
𝟒𝑹 + 𝒓

𝒔
)
𝟐

 

∑(
𝒓𝒂

𝒓𝒃 + 𝒓𝒄
)
𝒏

≥
𝑪𝑩𝑺 𝟏

𝟑𝒏−𝟏
(∑

𝒓𝒂
𝒓𝒃 + 𝒓𝒄

)
𝒏

≥
𝟏

𝟑𝒏−𝟏
(
𝟏

𝟐
(
𝟒𝑹 + 𝒓

𝒔
)
𝟐

)

𝒏

=
𝟑

𝟔𝒏
(
𝟒𝑹+ 𝒓

𝒔
)
𝟐𝒏

 

 
Equality holds for an equilateral triangle. 

 

3732. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑(
𝒓𝒂
𝒓𝒃𝒓𝒄

)
𝟑

≥
𝟏

𝟗𝒓𝟑
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝑳𝒆𝒕 𝒙 =
𝒓

𝒓𝒂
, 𝒚 =

𝒓

𝒓𝒃
, 𝒛 =

𝒓

𝒓𝒄
 𝒕𝒉𝒆𝒏 𝒙 + 𝒚+ 𝒛 = 𝟏 𝒂𝒔  

∑
𝟏

𝒓𝒂
=
𝟏

𝒓
,

𝒓𝒂
𝒓𝒃𝒓𝒄

=

𝟏
𝒓𝒃𝒓𝒄
𝟏
𝒓𝒂

=
𝟏

𝒓

𝒓
𝒓𝒃
.
𝒓
𝒓𝒄
𝒓
𝒓𝒂

=
𝟏

𝒓

𝒚𝒛

𝒙
 

 

∑(
𝒓𝒂
𝒓𝒃𝒓𝒄

)
𝟑

=
𝟏

𝒓𝟑
∑(

𝒚𝒛

𝒙
)
𝟑

=
𝟏

𝒓𝟑
𝒚𝟔𝒛𝟔 + 𝒛𝟔𝒙𝟔 + 𝒙𝟔𝒚𝟔

𝒙𝟑𝒚𝟑𝒛𝟑
≥

∀𝒂,𝒃,𝒄>0 ∑ 𝒂𝟐≥∑𝒂𝒃

 

 

≥
𝟏

𝒓𝟑
𝒙𝟑𝒚𝟑𝒛𝟑(𝒙𝟑 + 𝒚𝟑 + 𝒛𝟑)

𝒙𝟑𝒚𝟑𝒛𝟑
≥
𝑪𝑩𝑺 𝟏

𝒓𝟑
𝟏

𝟗
(𝒙 + 𝒚 + 𝒛)𝟑 = 

𝟏

𝟗𝒓𝟑
  

Equality holds for an equilateral triangle. 
 

3733. If 𝒏 ≥ 𝟒 then in ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒎𝒂

𝒎𝒃 +𝒎𝒄
+

𝒎𝒃

𝒎𝒂 +𝒎𝒄
+

𝒎𝒄

𝒎𝒃 +𝒎𝒂
+ (

𝑹

𝟐𝒓
)
𝒏

≥ 𝟏 +
𝒘𝒂

𝒘𝒃 + 𝒘𝒄
+

𝒘𝒃

𝒘𝒂 + 𝒘𝒄
+

𝒘𝒄

𝒘𝒃 +𝒘𝒂
 

 
Proposed by Nguyen Van Canh-Vietnam 

Solution by Tapas Das-India 
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𝒎𝒂

𝒎𝒃 +𝒎𝒄
+

𝒎𝒃

𝒎𝒂 +𝒎𝒄
+

𝒎𝒄

𝒎𝒃 +𝒎𝒂
≥

𝑵𝒆𝒔𝒃𝒊𝒕𝒕 𝟑

𝟐
 

 

𝒘𝒂

𝒘𝒃
+
𝒘𝒃

𝒘𝒄
+
𝒘𝒄

𝒘𝒂
≤
𝑪𝑩𝑺

√(∑𝒘𝒂
𝟐) (∑

𝟏

𝒘𝒂
𝟐
) ≤ √(∑𝒔(𝒔 − 𝒂)) (∑

𝟏

𝒉𝒂𝟐
) = 

= √(𝒔𝟐) (∑
𝒂𝟐

𝟒𝑭𝟐
) ≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛

 √
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

 
𝒘𝒂

𝒘𝒃 + 𝒘𝒄
+

𝒘𝒃

𝒘𝒂 + 𝒘𝒄
+

𝒘𝒄

𝒘𝒃 +𝒘𝒂
=∑

𝒘𝒂

𝒘𝒃 + 𝒘𝒄
≤

𝑨𝑴−𝑯𝑴 𝟏

𝟒
∑(

𝒘𝒂

𝒘𝒃
+
𝒘𝒂

𝒘𝒄
) = 

 

=
𝟏

𝟒
(∑

𝒘𝒂

𝒘𝒃
+∑

𝒘𝒃

𝒘𝒂
) ≤

𝟏

𝟒
. 𝟐
𝟑𝑹

𝟐𝒓
=
𝟑𝑹

𝟒𝒓
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 

𝟑

𝟐
+ (

𝑹

𝟐𝒓
)
𝒏

≤ 𝟏 +
𝟑𝑹

𝟒𝒓
 𝒐𝒓, 𝟐𝒙𝒏 − 𝟑𝒙 + 𝟏 ≥

𝑹
𝟐𝒓
=𝒙≥𝟏 𝑬𝒖𝒍𝒆𝒓

 𝟎  

 
𝒐𝒓 (𝒙 − 𝟏)(𝟐𝒙𝒏−𝟏 + 𝟐𝒙𝒏−𝟐 +⋯  𝟐𝒙𝟐 + 𝟐𝒙 − 𝟏) ≥ 𝟎 

 

 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟏 𝒂𝒏𝒅 (𝟐𝒙𝒏−𝟏 + 𝟐𝒙𝒏−𝟐 +⋯  𝟐𝒙𝟐 + 𝟐𝒙− 𝟏) > 0 𝑠𝑖𝑛𝑐𝑒 𝑛 ≥ 4 
 

Equality holds for an equilateral triangle. 
 

3734. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

√𝟑∑
𝒂

𝒃
+
𝑹𝟐

𝒓𝟐
≥ 𝟒+𝐦𝐚𝐱 {∑

𝒂

𝒃
,∑

𝒃

𝒂
} 

 
Proposed by Nguyen Van Canh-Vietnam 

Solution by Tapas Das-India 
 

∑
𝒂

𝒃
≤
𝑪𝑩𝑺

 √((∑𝒂𝟐) (∑
𝟏

𝒃𝟐
)) ≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒛 & 𝑆𝑡𝑒𝑖𝑛𝑖𝑔

 √
𝟗𝑹𝟐

𝟒𝒓𝟐
=
𝟑𝑹

𝟐𝒓
 

 𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒚:∑
𝒃

𝒂
≤
𝑪𝑩𝑺

 
𝟑𝑹

𝟐𝒓
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𝐦𝐚𝐱 {∑
𝒂

𝒃
,∑

𝒃

𝒂
} ≤

𝟑𝑹

𝟐𝒓
, √𝟑∑

𝒂

𝒃
≥

𝑨𝑴−𝑮𝑴
 √𝟑 × 𝟑 = 𝟑  

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 
 

 √𝟑∑
𝒂

𝒃
+
𝑹𝟐

𝒓𝟐
≥ 𝟒 +𝐦𝐚𝐱 {∑

𝒂

𝒃
,∑

𝒃

𝒂
} 

 𝒐𝒓 𝟑 +
𝑹𝟐

𝒓𝟐
≥ 𝟒 +

𝟑𝑹

𝟐𝒓
 𝒐𝒓 𝟐𝒙𝟐 − 𝟑𝒙 − 𝟐 ≥

𝑹
𝒓
=𝒙≥𝟐  𝑬𝒖𝒍𝒆𝒓

𝟎 𝒐𝒓 (𝒙 − 𝟐)(𝟐𝒙 + 𝟏) ≥ 𝟎  

𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟐 
 

Equality holds for an equilateral triangle. 
 

3735. If 𝒏 ≥ 𝟑 then in ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝐦𝐢𝐧 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} + (

𝑹

𝟐𝒓
)
𝒏

≥ 𝟏 +𝐦𝐚𝐱 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} 

 
Proposed by Nguyen Van Canh-Vietnam 

Solution by Tapas Das-India 

∑
𝒂

𝒂+ 𝒃
≤

𝑨𝑴−𝑯𝑴 𝟏

𝟒
∑(𝟏 +

𝒂

𝒃
) =

𝟑

𝟒
+
𝟏

𝟒
∑

𝒂

𝒃
≤
𝑪𝑩𝑺

 

≤
𝟑

𝟒
+
𝟏

𝟒
√(∑𝒂𝟐) (∑

𝟏

𝒂𝟐
) ≤
𝑳𝒆𝒊𝒃𝒏𝒊𝒛 & 𝑺𝒕𝒆𝒊𝒏𝒊𝒏𝒈 𝟑

𝟒
+
𝟏

𝟒
.
𝟑𝑹

𝟐𝒓
=
𝟑

𝟒
+
𝟑𝑹

𝟖𝒓
 

 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚:∑
𝒃

𝒂 + 𝒃
≤

𝑨𝑴−𝑯𝑴 𝟏

𝟒
∑(𝟏 +

𝒃

𝒂
) =

𝟑

𝟒
−
𝟏

𝟒
∑

𝒂

𝒃
≤
𝟑

𝟒
+
𝟑𝑹

𝟖𝒓
 

 

𝐦𝐚𝐱 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} ≤

𝟑

𝟒
+
𝟑𝑹

𝟖𝒓
 

 

∑
𝒂

𝒂+ 𝒃
=∑(𝟏 −

𝒃

𝒂 + 𝒃
 ) = 𝟑 −∑

𝒃

𝒂 + 𝒃
 

 

𝑺𝒊𝒎𝒊𝒍𝒂𝒓𝒍𝒚:∑
𝒃

𝒂 + 𝒃
=∑(𝟏−

𝒂

𝒂 + 𝒃
 ) = 𝟑 −∑

𝒂

𝒂 + 𝒃
 

𝑻𝒉𝒆𝒏:𝐦𝐢𝐧 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} ≥ 𝟑 −𝐦𝐚𝐱 {∑

𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘: 
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𝐦𝐢𝐧 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} + (

𝑹

𝟐𝒓
)
𝒏

≥ 𝟏 +𝐦𝐚𝐱 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} 

 

𝒐𝒓 𝟑 − 𝐦𝐚𝐱 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} + (

𝑹

𝟐𝒓
)
𝒏

≥ 𝟏 +𝐦𝐚𝐱 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} 

 

𝒐𝒓 𝟐 + (
𝑹

𝟐𝒓
)
𝒏

≥ 𝟐.𝐦𝐚𝐱 {∑
𝒂

𝒂 + 𝒃
,∑

𝒃

𝒂 + 𝒃
} 

𝒐𝒓 𝟐 + (
𝑹

𝟐𝒓
)
𝒏

≥ 𝟐. (
𝟑

𝟒
+
𝟑𝑹

𝟖𝒓
)𝒐𝒓, 𝟐𝒙𝒏 − 𝟑𝒙 + 𝟏 ≥

𝑹
𝟐𝒓
=𝒙≥𝟏 𝑬𝒖𝒍𝒆𝒓

𝟎 

𝒐𝒓(𝒙 − 𝟏)(𝟐𝒙𝒏−𝟏 + 𝟐𝒙𝒏−𝟐 +⋯+ 𝟐𝒙− 𝟏) ≥ 𝟎 
 

𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟏 𝒂𝒏𝒅 (𝟐𝒙𝒏−𝟏 + 𝟐𝒙𝒏−𝟐 +⋯+ 𝟐𝒙 − 𝟏) > 0 𝑎𝑠 𝑛 ≥ 3 
 

Equality holds for an equilateral triangle. 

 
3736. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝑨𝑯

𝒂 ⋅ 𝒓𝒂
+

𝑩𝑯

𝒃 ⋅ 𝒓𝒃
+

𝑪𝑯

𝒄 ⋅ 𝒓𝒄
≥

𝒔

𝟗𝒓𝟐
 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Qurban Muellim-Azerbaijan 
 
𝑳𝒆𝒎𝒎𝒂 𝟏:  𝑨𝑯 = 𝟐𝑹. 𝐜𝐨𝐬 𝑨 

𝑳𝒆𝒎𝒎𝒂 𝟐:  𝒓𝒂 = 𝒔 ⋅ 𝐭𝐚𝐧
𝑨

𝟐
,   𝐭𝐚𝐧

𝑨

𝟐
=

𝒓

𝒔 − 𝒂
 

𝑳𝒆𝒎𝒎𝒂 𝟑:  𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚:  𝒔𝟐 ≥ 𝟏𝟔𝒓𝑹 − 𝟓𝒓𝟐 
 

𝑳𝑯𝑺 =∑
𝑨𝑯

𝒂 ⋅ 𝒓𝒂

 

 

=∑
𝟐𝑹 ⋅ 𝐜𝐨𝐬𝑨

𝟐𝑹 ⋅ 𝐬𝐢𝐧 𝑨 ⋅ 𝒓𝒂

 

 

=∑
𝐜𝐨𝐭𝑨

𝒓𝒂

 

 

=∑
𝐜𝐨𝐭𝑨

𝒔 ⋅ 𝐭𝐚𝐧
𝑨
𝟐

 

 

=
𝟏

𝟐𝒔
∑

𝟏− 𝐭𝐚𝐧𝟐
𝑨
𝟐

𝐭𝐚𝐧𝟐
𝑨
𝟐

 

 

= 

 

=
𝟏

𝟐𝒔
((∑

𝟏

𝐭𝐚𝐧𝟐
𝑨
𝟐

 

 

) − 𝟑) =
𝟏

𝟐𝒔
((∑

(𝒔 − 𝒂)𝟐

𝒓𝟐

 

 

) − 𝟑) = 

 

=
𝟏

𝟐𝒔
(
𝟑𝒔𝟐 − 𝟐𝒔(𝒂 + 𝒃 + 𝒄) + 𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒓𝟐
− 𝟑) = 
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=
𝟏

𝟐𝒔
(
−𝒔𝟐 + 𝟐𝒔𝟐 − 𝟖𝑹𝒓 − 𝟐𝒓𝟐

𝒓𝟐
− 𝟑) =

𝟏

𝟐𝒔
⋅
𝒔𝟐 − 𝟖𝑹𝒓 − 𝟓𝒓𝟐

𝒓𝟐
 

 
𝟏

𝟐𝒔
⋅
𝒔𝟐 − 𝟖𝑹𝒓 − 𝟓𝒓𝟐

𝒓𝟐
≥?

𝒔

𝟗𝒓𝟐
  ⇒  𝟗𝒔𝟐 − 𝟕𝟐𝑹𝒓 − 𝟒𝟓𝒓𝟐 ≥? 𝟐𝒔𝟐  ⇒ 

 

 𝟕𝒔𝟐 ≥?𝟕𝟐𝑹𝒓 + 𝟒𝟓𝒓𝟐 (to prove) 
 

𝟕𝒔𝟐 ≥ 𝟕(𝟏𝟔𝒓𝑹 − 𝟓𝒓𝟐) = 𝟏𝟏𝟐𝑹𝒓 − 𝟑𝟓𝒓𝟐 = 
 

= 𝟕𝟐𝑹𝒓 + 𝟒𝟎𝑹𝒓 − 𝟑𝟓𝒓𝟐 ≥ 𝟕𝟐𝑹𝒓 + 𝟖𝟎𝒓𝟐 − 𝟑𝟓𝒓𝟐 = 𝟕𝟐𝑹𝒓 + 𝟒𝟓𝒓𝟐 (𝒕𝒓𝒖𝒆) 
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓:  𝒂 = 𝒃 = 𝒄.   

 

3737. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐦𝒂

𝐡𝒂 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝟑𝐑

𝐫
 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐦𝒂

𝐡𝒂 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝐋𝒂𝐬𝐜𝐮

∑
𝒂(𝐛 + 𝐜) 𝐜𝐨𝐬

𝐀
𝟐

𝟒𝐫𝐬 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

=∑
𝐬𝒂(𝟐𝐬 − 𝒂)(𝐬 − 𝒂)

𝟒𝐫𝟐𝐬𝟐
=

𝐜𝐲𝐜

 

=
𝟏

𝟒𝐫𝟐𝐬
.∑(𝒂(𝟐𝐬𝟐 − 𝟑𝐬𝒂+ 𝒂𝟐))

𝐜𝐲𝐜

= 

=
𝟏

𝟒𝐫𝟐𝐬
. (𝟐𝐬𝟐(𝟐𝐬) − 𝟔𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐)) =

𝟏𝟐𝐑𝐫𝐬

𝟒𝐫𝟐𝐬
=
𝟑𝐑

𝐫
 

𝒂𝐧𝐝 𝐬𝐨,∑
𝐦𝒂

𝐡𝒂 𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝟑𝐑

𝐫
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3738. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒉𝒂 + 𝒉𝒃
𝒓𝒄

𝒄𝒚𝒄

= 𝟔 

Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Daniel Sitaru-Romania 
 

∑
𝒉𝒂 + 𝒉𝒃
𝒓𝒄

𝒄𝒚𝒄

=∑

𝟐𝑭
𝒂 +

𝟐𝑭
𝒃

𝑭
𝒔 − 𝒄𝒄𝒚𝒄

= 𝟐∑
(𝒂 + 𝒃)(𝒔 − 𝒄)

𝒂𝒃
𝒄𝒚𝒄

= 

 

=∑
(𝒂 + 𝒃)(𝒂 + 𝒃 − 𝒄)

𝒂𝒃
𝒄𝒚𝒄

=∑
𝒂𝟐 + 𝟐𝒂𝒃 + 𝒃𝟐 − 𝒂𝒄 − 𝒃𝒄

𝒂𝒃
𝒄𝒚𝒄

= 

=∑(𝟐 +
𝒂

𝒃
+
𝒃

𝒂
−
𝒄

𝒃
−
𝒄

𝒂
)

𝒄𝒚𝒄

= 

 

= 𝟔 +
𝒂

𝒃
+
𝒃

𝒄
+
𝒄

𝒂
+
𝒃

𝒂
+
𝒄

𝒃
+
𝒂

𝒄
−
𝒄

𝒃
−
𝒂

𝒄
−
𝒃

𝒂
−
𝒄

𝒂
−
𝒂

𝒃
−
𝒃

𝒄
= 𝟔 

 
3739. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
𝒔𝒊𝒏(𝑨) + 𝐬𝐢𝐧(𝑪)

(𝒔𝒊𝒏(𝑨) + 𝒔𝒊𝒏(𝑩))(𝐬𝐢𝐧(𝑩) + 𝐬𝐢𝐧(𝑪))
≥ √𝟑 (

𝟐𝒓

𝑹
)
𝟑

𝒄𝒚𝒄

 

Proposed by Kostantinos Geronikolas-Greece 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒔𝒊𝒏(𝑨) + 𝐬𝐢𝐧(𝑪)

(𝒔𝒊𝒏(𝑨) + 𝒔𝒊𝒏(𝑩))(𝐬𝐢𝐧(𝑩) + 𝐬𝐢𝐧(𝑪))
=

𝒄𝒚𝒄

 

=∑
𝟐𝑹(𝒂 + 𝒄)

(𝒂 + 𝒃)(𝒃 + 𝒄)
= 𝟐𝑹.∑

𝒂 + 𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)
𝒄𝒚𝒄

=

𝒄𝒚𝒄

 

= 𝟐𝑹
∑ (𝒂 + 𝒄)𝟐𝒄𝒚𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒂 + 𝒄)
= 𝟒𝑹

∑ 𝒂𝟐 + ∑ 𝒂𝒃𝒄𝒚𝒄𝒄𝒚𝒄

(𝒂 + 𝒃)(𝒃 + 𝒄)(𝒂 + 𝒄)
= 

= 𝟒𝑹.
𝟐(𝒑𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐) + 𝒑𝟐 + 𝟒𝑹𝒓 + 𝒓𝟐

𝟐𝒑(𝒑𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐)
= 𝟐𝑹.

𝟑𝒑𝟐 − 𝟒𝑹𝒓 − 𝒓𝟐

𝒑(𝒑𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐)
≥⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 

≥ 𝟐𝑹.
𝟑(𝟏𝟐𝑹𝒓 + 𝟑𝒓𝟐) − 𝟒𝑹𝒓 − 𝒓𝟐

𝟑√𝟑
𝟐 𝑹(𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝟐𝑹𝒓 + 𝒓𝟐)

= 𝟐
𝟑𝟐𝑹𝒓 + 𝟖𝒓𝟐

𝟑√𝟑(𝟐𝑹𝟐 + 𝟑𝑹𝒓 + 𝟐𝒓𝟐)
≥⏞

𝑬𝒖𝒍𝒆𝒓

 

≥
𝟐(𝟔𝟒𝒓𝟐 + 𝟖𝒓𝟐)

𝟑√𝟑 (𝟐𝑹𝟐 +
𝟑
𝟐𝑹

𝟐 +
𝟏
𝟐𝑹

𝟐)
=

𝟏𝟒𝟒𝒓𝟐

𝟑√𝟑 . 𝟒𝑹𝟐
= √𝟑  .

𝟒𝒓𝟐

𝑹𝟐
≥⏞

𝑬𝒖𝒍𝒆𝒓

√𝟑(
𝟐𝒓

𝑹
)
𝟑
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𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶   𝑨 = 𝑩 = 𝑪. 

3740. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒉𝒃
𝟐

𝒉𝒂

 

 

≥ 𝟗𝒓 

Proposed by Marin Chirciu-Romania 
Solution by Sarkhan Adgozalov-Georgia 
 

∑
𝒉𝒃
𝟐

𝒉𝒂

 

 

≥
(∑ 𝒉𝒂

 
  )𝟐

∑ 𝒉𝒂
 
 

=∑𝒉𝒂

 

 

= 𝟐𝑭(
𝟏

𝒂
+
𝟏

𝒃
+
𝟏

𝒄
) ≥ 𝟐𝒓𝒔 ⋅

𝟗

𝟐𝒔
= 𝟗𝒓 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓:  𝒂 = 𝒃 = 𝒄.   

 
3741. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒎𝒂
𝒉𝒂𝒎𝒃

𝒉𝒃𝒎𝒄
𝒉𝒄 ≥ (𝟑𝒓)𝟗𝒓 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 

∑𝒉𝒂 ≥
𝑨𝑴≥𝑯𝑴 𝟗

∑
𝟏
𝒉𝒂

=
𝟗

𝟏
𝒓

= 𝟗𝒓 

 

∑
𝒉𝒂
𝒎𝒂

≤
𝑪𝒉𝒆𝒃𝒔𝒉𝒆𝒗 𝟏

𝟑
(∑𝒉𝒂) (∑

𝟏

𝒎𝒂
) 

 

∑
𝟏

𝒎𝒂
≤∑

𝟏

𝒉𝒂
=
𝟏

𝒓
 

 

𝒎𝒂
𝒉𝒂𝒎𝒃

𝒉𝒃𝒎𝒄
𝒉𝒄 ≥

𝑮𝑴−𝑯𝑴
 (
(∑𝒉𝒂)

∑
𝒉𝒂
𝒎𝒂

)

∑𝒉𝒂

≥  (
(∑𝒉𝒂)

𝟏
𝟑
(∑𝒉𝒂) (∑

𝟏
𝒎𝒂

) 
)

∑𝒉𝒂

≥ (
𝟑

𝟏
𝒓

)

𝟗𝒓

= (𝟑𝒓)𝟗𝒓 

Equality  holds for an equilateral triangle. 

3742.𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐬𝐢𝐧
𝟑𝐀

𝟐
+ 𝐬𝐢𝐧

𝟑𝐁

𝟐
≤ 𝟐𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
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  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐬𝐢𝐧
𝟑𝐀

𝟐
+ 𝐬𝐢𝐧

𝟑𝐁

𝟐
= 𝟐𝐬𝐢𝐧

𝟑𝐀 + 𝟑𝐁

𝟒
𝐜𝐨𝐬

𝟑𝐀 − 𝟑𝐁

𝟒
≤ 𝟐𝐜𝐨𝐬

𝟑𝐀− 𝟑𝐁

𝟒
  

 

(∵ 𝟎 < 𝐬𝐢𝐧
𝟑𝐀 + 𝟑𝐁

𝟒
≤ 𝟏 𝒂𝐬 𝟎 <

𝟑𝐀 + 𝟑𝐁

𝟒
<
𝟑𝛑

𝟒
) ≤

?
𝟐𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
= 𝟐𝐜𝐨𝐬𝟐

𝐀 − 𝐁

𝟒
− 𝟏 

⇔ 𝟒𝐜𝐨𝐬𝟑 𝛉 − 𝟑𝐜𝐨𝐬𝛉 ≤
?
𝟐 𝐜𝐨𝐬𝟐 𝛉 − 𝟏 (𝛉 =

𝐀 − 𝐁

𝟒
) 

⇔ (𝐭 − 𝟏)(𝟐𝐭𝟐 − 𝟏 + 𝟐𝐭𝟐 + 𝟐𝐭) ≤
?
𝟎 (𝐭 = 𝐜𝐨𝐬 𝛉) → 𝐭𝐫𝐮𝐞 ∵ −

𝛑

𝟒
< 𝜽 =

𝐀 − 𝐁

𝟒
<
𝛑

𝟒
 

⇒
𝟏

√𝟐
< 𝐭 ≤ 𝟏 ⇒ 𝟐𝐭𝟐 − 𝟏 > 0 ∴ 𝐬𝐢𝐧

𝟑𝐀

𝟐
+ 𝐬𝐢𝐧

𝟑𝐁

𝟐
≤ 𝟐 𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 𝐜𝐨𝐬
𝐀 − 𝐁

𝟒
= 𝟏 ∧  𝐬𝐢𝐧

𝟑𝐀 + 𝟑𝐁

𝟒
= 𝟏 ⇒ 𝐢𝐟𝐟 𝐀 = 𝐁 𝒂𝐧𝐝 𝐬𝐮𝐛𝐬𝐞𝐪𝐮𝐞𝐧𝐭𝒍𝐲 𝐢𝐟𝐟 

𝐬𝐢𝐧
𝟑𝐀

𝟐
= 𝟏 𝒂𝐧𝐝 ∵ 𝟎 <

𝟑𝐀

𝟐
<
𝟑𝛑

𝟐
∴ 𝐬𝐢𝐧

𝟑𝐀

𝟐
= 𝟏 𝐢𝐟𝐟 

𝟑𝐀

𝟐
=
𝛑

𝟐
⇒ 

𝐢𝐟𝐟 𝐀 =
𝛑

𝟑
 𝒂𝐧𝐝 𝐬𝐨, 𝐢𝐧 𝐜𝐨𝐧𝐜𝒍𝐮𝐬𝐢𝐨𝐧, ′′ =′′  𝐢𝐟𝐟 𝐀 = 𝐁 =

𝛑

𝟑
(𝐐𝐄𝐃) 

3743. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝐬𝐢𝐧𝟐𝐀 + 𝐬𝐢𝐧𝟐𝐁

𝐜𝐨𝐬 𝐂
+
√𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂

𝐜𝐨𝐬 𝐀
+
√𝐬𝐢𝐧𝟐𝐂 + 𝐬𝐢𝐧𝟐𝐀

𝐜𝐨𝐬𝐁
≥ √𝟓𝟒 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
√𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂

𝐜𝐨𝐬𝐀
𝐜𝐲𝐜

≥
𝟏

√𝟐
.∑

𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂

𝐜𝐨𝐬𝐀
𝐜𝐲𝐜

 

=
𝟏

√𝟐
.∑((𝐬𝐢𝐧𝐀) (

𝟏

𝐜𝐨𝐬𝐁
+

𝟏

𝐜𝐨𝐬𝐂
))

𝐜𝐲𝐜

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦 𝟏

√𝟐
.∑((𝐬𝐢𝐧𝐀) (

𝟒

𝐜𝐨𝐬𝐁 + 𝐜𝐨𝐬 𝐂
))

𝐜𝐲𝐜

 

= 𝟐√𝟐.∑
𝟐𝐬𝐢𝐧

𝐀
𝟐 𝐜𝐨𝐬

𝐀
𝟐

𝟐 𝐬𝐢𝐧
𝐀
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐𝐜𝐲𝐜

= 𝟒√𝟐.∑
𝐜𝐨𝐬𝟐

𝐀
𝟐

𝟐𝐬𝐢𝐧
𝐁 + 𝐂
𝟐 𝐜𝐨𝐬

𝐁 − 𝐂
𝟐𝐜𝐲𝐜

= 𝟒√𝟐.∑
𝐜𝐨𝐬𝟐

𝐀
𝟐

𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂
𝐜𝐲𝐜

 

≥
𝐁𝐞𝐫𝐠𝐬𝐭𝐫𝐨𝐦

𝟒√𝟐.
(∑ 𝐜𝐨𝐬

𝐀
𝟐𝐜𝐲𝐜 )

𝟐

𝟐∑ 𝐬𝐢𝐧𝐀𝐜𝐲𝐜
= 𝟐√𝟐.

𝐑

𝐬
. (∑𝐜𝐨𝐬𝟐

𝐀

𝟐
𝐜𝐲𝐜

+ 𝟐∑(𝐜𝐨𝐬
𝐁

𝟐
𝐜𝐨𝐬

𝐂

𝟐
)

𝐜𝐲𝐜

) 
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= 𝟐√𝟐.
𝐑

𝐬
.(
𝟒𝐑 + 𝐫

𝟐𝐑
+
𝟐𝐬

𝟒𝐑
.∑𝐬𝐞𝐜

𝐀

𝟐
𝐜𝐲𝐜

) ≥
𝐉𝐞𝐧𝐬𝐞𝐧 √𝟐

𝐬
. (𝟒𝐑 + 𝐫 + 𝐬. 𝟑.

𝟐

√𝟑
) ≥
𝐃𝐨𝐮𝐜𝐞𝐭 𝐨𝐫 𝐓𝐫𝐮𝐜𝐡𝐭

 

√𝟐

𝐬
. (𝐬. √𝟑 + 𝟐𝐬.√𝟑) = 𝟑. √𝟔 = √𝟓𝟒 𝒂𝐧𝐝 𝐬𝐨,∑

√𝐬𝐢𝐧𝟐𝐁 + 𝐬𝐢𝐧𝟐𝐂

𝐜𝐨𝐬 𝐀
𝐜𝐲𝐜

≥ √𝟓𝟒 

 
∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3744. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒄𝒐𝒔
𝑨
𝟐

𝒔𝒊𝒏
𝑩
𝟐

+
𝒄𝒐𝒔

𝑩
𝟐

𝒔𝒊𝒏
𝑪
𝟐

+
𝒄𝒐𝒔

𝑪
𝟐

𝒔𝒊𝒏
𝑨
𝟐

≥  𝟑√𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

∑
𝒄𝒐𝒔

𝑨
𝟐

𝒔𝒊𝒏
𝑩
𝟐𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟑√
𝒄𝒐𝒔

𝑨
𝟐

𝒔𝒊𝒏
𝑩
𝟐

𝒄𝒐𝒔
𝑩
𝟐

𝒔𝒊𝒏
𝑪
𝟐

∙
𝒄𝒐𝒔

𝑪
𝟐

𝒔𝒊𝒏
𝑨
𝟐

𝟑

= 𝟑√
𝒔√𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟑

= 

 

𝟑√
𝒔𝟐𝑭

𝑭𝟐

𝟑

= 𝟑√
𝒔𝟐

𝒓𝒔

𝟑

= 𝟑√
𝒔

𝒓

𝟑
≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪𝑰

𝟑√
𝟑√𝟑𝒓

𝒓

𝟑

= 𝟑√(√𝟑)
𝟑𝟑

= 𝟑√𝟑 

Equality holds for 𝑨 = 𝑩 = 𝑪. 
 

3745. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

(𝐧𝐛 + 𝐧𝐜)
𝟐

∑ 𝐡𝒂𝐡𝐛𝐜𝐲𝐜
>
𝐑

𝟐𝐫
≥
𝟓𝐑 − 𝐫 + ∑

𝐧𝒂𝒈𝒂
𝐡𝒂

𝐜𝐲𝐜

𝟐∑ 𝐡𝒂𝐜𝐲𝐜
 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐧𝒂𝒈𝒂
𝐡𝒂

𝐜𝐲𝐜

≤
𝐀𝐌−𝐆𝐌

∑
𝒂(𝐧𝒂

𝟐 + 𝒈𝒂
𝟐)

𝟒𝐫𝐬
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

∑
𝒂(𝟒𝐦𝒂

𝟐 − 𝟐𝐬(𝐬 − 𝒂))

𝟒𝐫𝐬
𝐜𝐲𝐜
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=
𝟏

𝟒𝐫𝐬
.

(

 
 
∑(𝒂(𝟐∑𝒂𝟐

𝐜𝐲𝐜

− 𝟑𝒂𝟐))

𝐜𝐲𝐜

− 𝟐𝐬 (𝐬(𝟐𝐬) − 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐))

)

 
 

 

=
𝟖𝐬(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) − 𝟔𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) − 𝟒𝐬(𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐫𝐬
=
𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐

𝟐𝐫
 

∴ 𝟓𝐑 − 𝐫 +∑
𝐧𝒂𝒈𝒂
𝐡𝒂

𝐜𝐲𝐜

≤ 𝟓𝐑 − 𝐫 +
𝐬𝟐 − 𝟔𝐑𝐫 + 𝟑𝐫𝟐

𝟐𝐫
=
𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐫
=
𝐑

𝐫
.∑𝐡𝒂
𝐜𝐲𝐜

 

⇒
𝐑

𝟐𝐫
≥
𝟓𝐑 − 𝐫 + ∑

𝐧𝒂𝒈𝒂
𝐡𝒂𝐜𝐲𝐜

𝟐∑ 𝐡𝒂𝐜𝐲𝐜
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,

(𝐧𝐛 + 𝐧𝐜)
𝟐

∑ 𝐡𝒂𝐡𝐛𝐜𝐲𝐜
>

𝐬𝟐

∑ 𝐡𝒂𝐡𝐛𝐜𝐲𝐜
  

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 → ′′𝐍𝒂𝐠𝐞𝐥′𝐬 𝐂𝐞𝐯𝐢𝒂𝐧𝐬 𝐑𝐞𝐯𝐢𝐬𝐢𝐭𝐞𝐝 (𝐢𝐢)′′  𝐛𝐲 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢;

𝐩𝐮𝐛𝒍𝒊𝐬𝐡𝐞𝐝 𝒂𝐭 ∶ 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨
) 

=
𝐬𝟐

𝟒𝐑𝐫𝐬(𝟐𝐬)
𝟒𝐑𝟐

=
𝐑

𝟐𝐫
 𝒂𝐧𝐝 𝐬𝐨,

(𝐧𝐛 + 𝐧𝐜)
𝟐

∑ 𝐡𝒂𝐡𝐛𝐜𝐲𝐜
>
𝐑

𝟐𝐫
≥
𝟓𝐑 − 𝐫 + ∑

𝐧𝒂𝒈𝒂
𝐡𝒂

𝐜𝐲𝐜

𝟐∑ 𝐡𝒂𝐜𝐲𝐜
 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3756. In ∆𝑨𝑩𝑪 the following relationship holds: 

(𝟑 +∑
𝒂𝟐 + 𝒃𝟐

𝒄𝟐
𝒄𝒚𝒄

)(∑𝒓𝒓𝒂
𝒄𝒚𝒄

) ≤ (
𝟗

𝟒
.
𝑹𝟐

𝒓
)

𝟐

 

Proposed by Kostantinos Geronikolas-Greece 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝟑 +∑
𝒂𝟐 + 𝒃𝟐

𝒄𝟐
𝒄𝒚𝒄

=
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒂𝟐
+
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒃𝟐
+
𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐

𝒄𝟐
= 

= (𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) (
𝟏

𝒂𝟐
+
𝟏

𝒃𝟐
+
𝟏

𝒄𝟐
) ≤⏞

𝑳𝒆𝒊𝒃𝒏𝒊𝒛
𝑺𝒕𝒆𝒊𝒏𝒊𝒏𝒈 

𝟗𝑹𝟐.
𝟏

𝟒𝒓𝟐
=
𝟗𝑹𝟐

𝟒𝒓𝟐
 (𝟏)  

∑𝒓𝒓𝒂
𝒄𝒚𝒄

= 𝒓∑𝒓𝒂
𝒄𝒚𝒄

= 𝒓(𝟒𝑹 + 𝒓) ≤⏞
𝑬𝒖𝒍𝒆𝒓 𝟗𝑹𝟐

𝟒
  (𝟐) 

𝑭𝒓𝒐𝒎  (𝟏)  𝒂𝒏𝒅  (𝟐)  𝒘𝒆  𝒉𝒂𝒗𝒆  

(𝟑 +∑
𝒂𝟐 + 𝒃𝟐

𝒄𝟐
𝒄𝒚𝒄

)(∑𝒓𝒓𝒂
𝒄𝒚𝒄

) ≤⏞

(𝟏)

(𝟐)

(
𝟗

𝟒
.
𝑹𝟐

𝒓
)

𝟐

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶ 𝒂 = 𝒃 = 𝒄 



 
www.ssmrmh.ro 

37 RMM-TRIANGLE MARATHON 3701-3800 

 

3747. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏

𝒔
(
𝟒𝑹

𝒓
− 𝟓) ≤∑

𝑨𝑯

𝒂𝒓𝒂
≤
𝟏

𝒔
(
𝟐𝑹𝟐

𝒓𝟐
− 𝟓) 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝑲𝒏𝒐𝒘𝒏 𝑹𝒆𝒔𝒖𝒍𝒕𝒔: 𝟏)𝑨𝑯 = 𝟐𝑹𝐜𝐨𝐬𝑨 , 𝟐)𝒓𝒂 = 𝒔 𝐭𝐚𝐧
𝑨

𝟐
 

 𝟑) ∑𝐭𝐚𝐧𝟐
𝑨

𝟐
. 𝐭𝐚𝐧𝟐

𝑩

𝟐
=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒔𝟐
 𝟒) ∏𝐭𝐚𝐧𝟐

𝑨

𝟐
= (

𝒓

𝒔
)
𝟐

 

 

 ∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=
∑𝐭𝐚𝐧𝟐

𝑨
𝟐
. 𝐭𝐚𝐧𝟐

𝑩
𝟐

∏ 𝐭𝐚𝐧𝟐
𝑨
𝟐

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
  

𝑨𝑯

𝒂𝒓𝒂
=

𝟐𝑹 𝐜𝐨𝐬𝑨

𝟐𝑹𝒔𝒊𝒏𝑨. 𝒔 𝒕𝒂𝒏
𝑨
𝟐

=
𝒄𝒐𝒕𝑨

𝒔 𝐭𝐚𝐧
𝑨
𝟐

=

𝐜𝐨𝐭𝟐
𝑨
𝟐 − 𝟏

𝟐𝐜𝐨𝐭
𝑨
𝟐

𝒔 𝐭𝐚𝐧
𝑨
𝟐

=
𝟏

𝟐𝒔
(𝐜𝐨𝐭𝟐

𝑨

𝟐
− 𝟏)  

 

∑
𝑨𝑯

𝒂𝒓𝒂
=
𝟏

𝟐𝒔
∑(𝐜𝐨𝐭𝟐

𝑨

𝟐
− 𝟏) =

𝟏

𝟐𝒔
(
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
− 𝟑) = 

 

=
𝟏

𝟐𝒔

𝒔𝟐 − 𝟓𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≤

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏
 
𝟏

𝟐𝒔

𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟓𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
= 

 

=
𝟏

𝟐𝒔
(
𝟒𝑹𝟐

𝒓𝟐
−
𝟒𝑹

𝒓
− 𝟐) ≤

𝑬𝒖𝒍𝒆𝒓
 
𝟏

𝟐𝒔
(
𝟒𝑹𝟐

𝒓𝟐
− 𝟒 × 𝟐 − 𝟐) =

𝟏

𝒔
(
𝟐𝑹𝟐

𝒓𝟐
− 𝟓) 

 

∑
𝑨𝑯

𝒂𝒓𝒂
=
𝟏

𝟐𝒔

𝒔𝟐 − 𝟓𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏

𝟐𝒔

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟓𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
=
𝟏

𝒔
(
𝟒𝑹

𝒓
− 𝟓) 

 
Equality holds for an equilateral triangle. 
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3748. 𝐈𝐧 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐧𝒂, 𝐧𝐛, 𝐧𝐜 → 𝐍𝒂𝐠𝐞𝒍 𝐜𝐞𝐯𝐢𝒂𝐧𝐬 𝐭𝐡𝐞𝐧 ∶ 

𝐧𝒂
𝐡𝒂

+
𝐧𝐛
𝐡𝐛

+
𝐧𝐜
𝐡𝐜
≥ √

𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+ 𝟔 ≥ √

𝟒𝐑

𝐫
+ 𝟏 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

 ∑
𝐧𝒂
𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

∑
𝒂𝟐𝐬𝟐 −

𝐫
𝐑 . 𝐬

𝟐 𝐬𝐞𝐜𝟐
𝐀
𝟐 . 𝟏𝟔𝐑

𝟐𝐜𝐨𝐬𝟐
𝐀
𝟐 𝐬𝐢𝐧

𝟐 𝐀
𝟐

𝟒𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

 

=
𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐 − 𝟖𝐑𝐫.

𝟐𝐑 − 𝐫
𝟐𝐑

𝟐𝐫𝟐
∴ ∑

𝐧𝒂
𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

=
① 𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐

𝟐𝐫𝟐
 

𝐍𝐨𝐰,
𝐧𝒂
𝟐 − 𝐡𝒂

𝟐

𝐡𝒂𝟐
=
𝐬(𝐬 − 𝒂) +

𝐬
𝒂
(𝐛 − 𝐜)𝟐 − (𝐬(𝐬 − 𝒂) −

𝐬(𝐬 − 𝒂)
𝒂𝟐

(𝐛 − 𝐜)𝟐)

𝐡𝒂𝟐
 

=

𝐬𝟐

𝒂𝟐

𝟒𝐫𝟐𝐬𝟐

𝒂𝟐

. (𝐛 − 𝐜)𝟐 =
(𝐛 − 𝐜)𝟐

𝟒𝐫𝟐
∴
𝐧𝒂
𝐡𝒂

= √𝟏 +
(𝐛 − 𝐜)𝟐

𝟒𝐫𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ 𝟐∑(

𝐧𝐛
𝐡𝐛
.
𝐧𝐜
𝐡𝐜
)

𝐜𝐲𝐜

= 

𝟐∑√(𝟏 +
(𝐜 − 𝒂)𝟐

𝟒𝐫𝟐
) . (𝟏 +

(𝒂 − 𝐛)𝟐

𝟒𝐫𝟐
)

𝐜𝐲𝐜

≥
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒

𝟐∑(𝟏 +
|𝐜 − 𝒂||𝒂 − 𝐛|

𝟒𝐫𝟐
)

𝐜𝐲𝐜

 

= 𝟔 +∑
|𝒂 − 𝐛|. (|𝐛 − 𝐜| + |𝐜 − 𝒂|)

𝟒𝐫𝟐
𝐜𝐲𝐜

≥
𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

 

𝟔 +∑
|𝒂 − 𝐛|. (|𝐛 − 𝐜 + 𝐜 − 𝒂|)

𝟒𝐫𝟐
𝐜𝐲𝐜

= 𝟔 +∑
(𝒂 − 𝐛)𝟐

𝟒𝐫𝟐
𝐜𝐲𝐜

= 𝟔 +
𝟏

𝟐𝐫𝟐
. (∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

) 

∴ 𝟐∑(
𝐧𝐛
𝐡𝐛
.
𝐧𝐜
𝐡𝐜
)

𝐜𝐲𝐜

≥
②

𝟔 +
𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐫𝟐
∴ ∑

𝐧𝒂
𝟐

𝐡𝒂
𝟐

𝐜𝐲𝐜

+ 𝟐∑(
𝐧𝐛
𝐡𝐛
.
𝐧𝐜
𝐡𝐜
)

𝐜𝐲𝐜

≥
𝐯𝐢𝒂 ① + ②

 

𝐬𝟐 − 𝟏𝟐𝐑𝐫 + 𝟑𝐫𝟐

𝟐𝐫𝟐
+ 𝟔 +

𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐

𝟐𝐫𝟐
=
𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+ 𝟔 

∴ (∑
𝐧𝒂
𝐡𝒂

𝐜𝐲𝐜

)

𝟐

≥
𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+ 𝟔 ⇒∑

𝐧𝒂
𝐡𝒂

𝐜𝐲𝐜

≥ √
𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+ 𝟔 ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
 

√
𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+ 𝟔 = √

𝟒𝐑

𝐫
+ 𝟏 𝒂𝐧𝐝 𝐬𝐨, 
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𝐧𝒂
𝐡𝒂

+
𝐧𝐛
𝐡𝐛

+
𝐧𝐜
𝐡𝐜
≥ √

𝐬𝟐 − 𝟏𝟐𝐑𝐫

𝐫𝟐
+ 𝟔 ≥ √

𝟒𝐑

𝐫
+ 𝟏 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 
3749. 𝐈𝐧 ∆ 𝐀𝐁𝐂 𝐰𝐢𝐭𝐡 𝐧𝒂, 𝐧𝐛, 𝐧𝐜 → 𝐍𝒂𝐠𝐞𝒍 𝐜𝐞𝐯𝐢𝒂𝐧𝐬 𝐡𝐨𝐥𝐝𝐬 ∶ 

𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

≥
𝟑𝐑

𝐑 + 𝟒𝐫
 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

≥
√𝟗𝐬𝟐 − 𝟖𝟎𝐑𝐫 − 𝟐𝐫𝟐

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐
. 𝟐𝐑 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟕𝟒;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨
) ≥

? 𝟑𝐑

𝐑 + 𝟒𝐫
 

⇔
𝐬𝐪𝐮𝒂𝐫𝐢𝐧𝐠

− 𝟗𝐬𝟒 + (𝟑𝟔𝐑𝟐 + 𝟐𝟏𝟔𝐑𝐫 + 𝟓𝟓𝟖𝐫𝟐)𝐬𝟐 − 

𝐫(𝟑𝟐𝟎𝐑𝟑 + 𝟐𝟕𝟏𝟐𝐑𝟐𝐫 + 𝟓𝟐𝟓𝟔𝐑𝐫𝟐 + 𝟏𝟑𝟕𝐫𝟑) ≥
?
⏟
(∗)

𝟎 

𝐍𝐨𝐰, 𝐬𝐢𝐧𝐜𝐞 𝐏 = −𝟗(𝐬𝟒 − (𝟒𝐑𝟐 + 𝟐𝟎𝐑𝐫 − 𝟐𝐫𝟐)𝐬𝟐 + 𝐫(𝟒𝐑 + 𝐫)𝟑) ≥
𝐃𝐨𝐮𝐛𝒍𝐞−𝐑𝐨𝐮𝐜𝐡𝐞

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
?
𝐏 

⇔ (𝟗𝐑 + 𝟏𝟒𝟒𝐫)𝐬𝟐 + 𝟔𝟒𝐑𝟑 − 𝟓𝟕𝟎𝐑𝟐𝐫 − 𝟏𝟐𝟖𝟕𝐑𝐫𝟐 − 𝟑𝟐𝐫𝟑 ≥
?
⏟
(∗∗)

𝟎 

𝐀𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝟗𝐑 + 𝟏𝟒𝟒𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) + 

𝟔𝟒𝐑𝟑 − 𝟓𝟕𝟎𝐑𝟐𝐫 − 𝟏𝟐𝟖𝟕𝐑𝐫𝟐 − 𝟑𝟐𝐫𝟑 ≥
?
𝟎 ⇔ 𝟑𝟐𝐑𝟑 − 𝟐𝟏𝟑𝐑𝟐𝐫 + 𝟒𝟖𝟔𝐑𝐫𝟐 − 𝟑𝟕𝟔𝐫𝟑 ≥

?
𝟎 

⇔ (𝐑 − 𝟐𝐫)(𝟑𝟐𝐑𝟐 − 𝟏𝟒𝟗𝐑𝐫 + 𝟏𝟖𝟖𝐫𝟐) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 − 𝟐𝐫 ≥

𝐄𝐮𝒍𝐞𝐫
𝟎 𝒂𝐧𝐝  

𝐝𝐢𝐬𝐜𝐫𝐢𝐦𝐢𝐧𝒂𝐧𝐭 𝐨𝐟 𝟑𝟐𝐑𝟐 − 𝟏𝟒𝟗𝐑𝐫 + 𝟏𝟖𝟖𝐫𝟐 = 𝟏𝟒𝟗𝟐. 𝐫𝟐 − 𝟏𝟐𝟖. 𝟏𝟖𝟖. 𝐫𝟐 = −𝟏𝟖𝟔𝟑𝐫𝟐 < 0 

⇒ 𝟑𝟐𝐑𝟐 − 𝟏𝟒𝟗𝐑𝐫 + 𝟏𝟖𝟖𝐫𝟐 > 0 ⇒ (∗∗) ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴
𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜
𝐡𝒂 + 𝐡𝐛 + 𝐡𝐜

≥
𝟑𝐑

𝐑 + 𝟒𝐫
  

∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3750. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐦𝒂

𝐡𝒂
+
𝐦𝐛

𝐡𝐛
+
𝐦𝐜

𝐡𝐜
≥
𝟑

𝟐
.√
𝐑

𝐫
+ 𝟐 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐦𝒂
𝟐 − 𝐡𝒂

𝟐

𝐡𝒂𝟐
=
𝐬(𝐬 − 𝒂) +

(𝐛 − 𝐜)𝟐

𝟒 − (𝐬(𝐬 − 𝒂) −
𝐬(𝐬 − 𝒂)
𝒂𝟐

(𝐛 − 𝐜)𝟐)

𝐡𝒂𝟐
  

=

𝟒𝐬𝟐 − 𝟒𝐬𝒂 + 𝒂𝟐

𝟒𝒂𝟐

𝟒𝐫𝟐𝐬𝟐

𝒂𝟐

. (𝐛 − 𝐜)𝟐 =
(𝟐𝐬 − 𝒂)𝟐(𝐛 − 𝐜)𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
=
(𝐛 + 𝐜)𝟐(𝐛 − 𝐜)𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
=
(𝐛𝟐 − 𝐜𝟐)𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
 

∴
𝐦𝒂

𝐡𝒂
= √𝟏 +

(𝐛𝟐 − 𝐜𝟐)𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴ 𝟐∑(

𝐦𝐛

𝐡𝐛
.
𝐦𝐜

𝐡𝐜
)

𝐜𝐲𝐜

= 

𝟐∑√(𝟏+
(𝐜𝟐 − 𝒂𝟐)𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
) . (𝟏 +

(𝒂𝟐 − 𝐛𝟐)𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
)

𝐜𝐲𝐜

≥
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒

 

𝟐∑(𝟏 +
|𝐜𝟐 − 𝒂𝟐||𝒂𝟐 − 𝐛𝟐|

𝟏𝟔𝐫𝟐𝐬𝟐
)

𝐜𝐲𝐜

= 𝟔 +∑
|𝒂𝟐 − 𝐛𝟐|. (|𝐛𝟐 − 𝐜𝟐| + |𝐜𝟐 − 𝒂𝟐|)

𝟏𝟔𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

 

≥
𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

𝟔 +∑
|𝒂𝟐 − 𝐛𝟐|. (|𝐛𝟐 − 𝐜𝟐 + 𝐜𝟐 − 𝒂𝟐|)

𝟏𝟔𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

= 𝟔 +∑
(𝒂𝟐 − 𝐛𝟐)𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

 

= 𝟔 +
𝟐(𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − 𝟏𝟔𝐫𝟐𝐬𝟐) − 𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜

𝟏𝟔𝐫𝟐𝐬𝟐
= 𝟔 +

𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − 𝟑𝟐𝐫𝟐𝐬𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
 𝒂𝐧𝐝 𝐬𝐨, 

∑
𝐦𝒂
𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

+ 𝟐∑(
𝐦𝐛

𝐡𝐛
.
𝐦𝐜

𝐡𝐜
)

𝐜𝐲𝐜

≥∑
𝒂𝟐(𝟐∑ 𝒂𝟐𝐜𝐲𝐜 − 𝟑𝒂𝟐)

𝟏𝟔𝐫𝟐𝐬𝟐
𝐜𝐲𝐜

+
𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟔𝟒𝐫𝟐𝐬𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
 

=
𝟐(∑ 𝒂𝟐𝐜𝐲𝐜 )

𝟐
− 𝟑(𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 − 𝟏𝟔𝐫𝟐𝐬𝟐) + 𝟐∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 + 𝟔𝟒𝐫𝟐𝐬𝟐

𝟏𝟔𝐫𝟐𝐬𝟐
 

=
𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)𝟐 − ((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) + 𝟐𝟖𝐫𝟐𝐬𝟐

𝟒𝐫𝟐𝐬𝟐
≥
? 𝟗

𝟒
.
𝐑 + 𝟐𝐫

𝐫
 

⇔ 𝐬𝟒 − (𝟏𝟕𝐑𝐫 − 𝟒𝐫𝟐)𝐬𝟐 + 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐 ≥
?
⏟
①

𝟎 𝒂𝐧𝐝 ∵ (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ①, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 ① ≥
?
(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 

⇔ (𝟓𝐑 − 𝟐𝐫)𝐬𝟐 ≥
?
⏟
②

𝐫(𝟖𝟎𝐑𝟐 − 𝟓𝟔𝐑𝐫 + 𝟖𝐫𝟐) & 𝐧𝐨𝐰, (𝐑 − 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

 

(𝐑 − 𝐫) (𝟐𝐑𝟐 − 𝟔𝐑𝐫 + 𝟒𝐫𝟐 − 𝟐(𝐑 − 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫) 

= (𝐑 − 𝟐𝐫) ((𝐑 − 𝐫 − √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

+ 𝐫𝟐) ≥ 𝐫𝟐(𝐑 − 𝟐𝐫) (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎) 

⇒ 𝐬𝟐 ≥ 𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 +
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 − 𝐫
∴ (𝟓𝐑− 𝟐𝐫)𝐬𝟐 ≥ 
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(𝟓𝐑− 𝟐𝐫) (𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 +
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 − 𝐫
) ≥

?
𝐫(𝟖𝟎𝐑𝟐 − 𝟓𝟔𝐑𝐫 + 𝟖𝐫𝟐) 

⇔ 𝐫𝟐(𝐑 − 𝟐𝐫)(𝟒𝐑− 𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐𝐫 ⇒② ⇒① 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝐦𝒂

𝐡𝒂
+
𝐦𝐛

𝐡𝐛
+
𝐦𝐜

𝐡𝐜
≥
𝟑

𝟐
.√
𝐑

𝐫
+ 𝟐 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3751. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒄𝒐𝒔𝑨

(𝟏 + 𝒕𝒂𝒏𝟐𝑨)𝟐
𝒄𝒚𝒄

≥
𝟑

𝟑𝟐
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Tapas Das-India 
 

∑𝐜𝐨𝐬𝟐𝑨 = 𝟑 −∑𝐬𝐢𝐧𝟐𝑨 = 𝟑 −
∑𝒂𝟐

𝟒𝑹𝟐
≥

𝑳𝒆𝒊𝒃𝒏𝒊𝒛
 𝟑 −

𝟗𝑹𝟐

𝟒𝑹𝟐
=
𝟑

𝟒
 

 

∑
𝒄𝒐𝒔𝑨

(𝟏 + 𝒕𝒂𝒏𝟐𝑨)𝟐
𝒄𝒚𝒄

=∑
𝐜𝐨𝐬𝑨

.(𝐬𝐞𝐜𝟐 𝑨)𝟐
=∑𝐜𝐨𝐬𝟓𝑨 = 

=∑(𝐜𝐨𝐬𝟐𝑨)
𝟓
𝟐 ≥
𝑪𝑩𝑺

 𝟑. (
∑ 𝐜𝐨𝐬𝟐𝑨

𝟑
)

𝟓
𝟐

≥  𝟑. (

𝟑
𝟒
𝟑
)

𝟓
𝟐

=
𝟑

𝟑𝟐
 

Equality holds for an equilateral triangle. 
 

3752. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝒔𝒊𝒏

𝑨
𝟐

(𝟏 + 𝒄𝒐𝒕𝟐
𝑨
𝟐
)
𝟐

𝒄𝒚𝒄

≥
𝟑

𝟑𝟐
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

∑𝐬𝐢𝐧𝟐
𝑨

𝟐
 = 𝟏 −

𝒓

𝟐𝑹
≥

𝑬𝒖𝒍𝒆𝒓
 𝟏 −

𝟏

𝟒
=
𝟑

𝟒
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∑
𝒔𝒊𝒏

𝑨
𝟐

(𝟏 + 𝒄𝒐𝒕𝟐
𝑨
𝟐)

𝟐

𝒄𝒚𝒄

=∑
𝐬𝐢𝐧

𝑨
𝟐

(𝒄𝒔𝒄𝟐
𝑨
𝟐)

𝟐 =∑𝐬𝐢𝐧𝟓
𝑨

𝟐
 = 

=∑(𝐬𝐢𝐧𝟐
𝑨

𝟐
 )

𝟓
𝟐
≥
𝑪𝑩𝑺

 𝟑. (
∑ 𝐬𝐢𝐧𝟐

𝑨
𝟐 

𝟑
)

𝟓
𝟐

≥  𝟑. (

𝟑
𝟒
𝟑
)

𝟓
𝟐

=
𝟑

𝟑𝟐
 

 
Equality holds for an equilateral triangle. 

 

3753. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

(𝟐 − 𝐜𝐨𝐬𝟐 𝑨)(𝟐 − 𝐜𝐨𝐬𝟐 𝑩)(𝟐 − 𝐜𝐨𝐬𝟐 𝑪) > 4 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Tapas Das-India 
 

𝒄𝒐𝒔𝟐𝑨 + 𝒄𝒐𝒔𝟐𝑩 + 𝒄𝒐𝒔𝟐𝑪 = 𝟐𝐜𝐨𝐬(𝑨 + 𝑩) 𝐜𝐨𝐬(𝑨 − 𝑩) + 𝟐𝐜𝐨𝐬𝟐 𝑪 − 𝟏 = 
 

=
𝑨+𝑩+𝑪=𝝅

− 𝟐𝒄𝒐𝒔𝑪𝒄𝒐𝒔(𝑨 − 𝑩) + 𝟐𝐜𝐨𝐬𝟐 𝑪 − 𝟏 = −𝟏 + 𝟐𝒄𝒐𝒔𝑪(𝒄𝒐𝒔𝑪 − 𝐜𝐨𝐬(𝑨 − 𝑩)) = 
 

=
𝑨+𝑩+𝑪=𝝅

𝟐𝒄𝒐𝒔𝑪(−𝐜𝐨𝐬(𝑨 + 𝑩) − 𝐜𝐨𝐬(𝑨 − 𝑩)) − 𝟏 = −𝟏 − 𝟒𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪  
 

𝐬𝐢𝐧𝟐 𝑨 + 𝐬𝐢𝐧𝟐 𝑩+ 𝐬𝐢𝐧𝟐 𝑪 =∑𝐬𝐢𝐧𝟐 𝑨 = 

 

=
𝟏

𝟐
∑𝟐𝐬𝐢𝐧𝟐 𝑨 =

𝟏

𝟐
∑(𝟏 − 𝐜𝐨𝐬𝟐𝑨) =

𝟑 − (𝒄𝒐𝒔𝟐𝑨 + 𝒄𝒐𝒔𝟐𝑩 + 𝒄𝒐𝒔𝟐𝑪)

𝟐
= 

=
𝟏

𝟐
(𝟑 + 𝟏 + 𝟒𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪 ) = 𝟐 + 𝟐𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪 > 

 
> 2 ( 𝒊𝒏 𝒂𝒄𝒖𝒕𝒆 𝒄𝒐𝒔𝑨𝒄𝒐𝒔𝑩𝒄𝒐𝒔𝑪 > 0) 

 

 𝑳𝒆𝒕 𝐬𝐢𝐧𝟐 𝑨 = 𝒙, 𝐬𝐢𝐧𝟐 𝑩 = 𝒚, 𝐬𝐢𝐧𝟐 𝑪 = 𝒛 𝒂𝒏𝒅 𝒙 + 𝒚 + 𝒛 > 2  
 
𝒂𝒔 𝒙𝟐 =  𝒔𝒊𝒏𝟒𝑨 < 𝐬𝐢𝐧𝟐 𝑨 = 𝒙 𝒂𝒔 𝟎 < 𝐬𝐢𝐧𝐀 < 1 𝐟𝐨𝐫 𝐭𝐡𝐢𝐬 𝐱𝟐 + 𝐲𝟐 + 𝐳𝟐 < 𝒙+ 𝒚 + 𝒛 (𝟏) 

 
(𝟐 − 𝐜𝐨𝐬𝟐 𝑨)(𝟐 − 𝐜𝐨𝐬𝟐𝑩)(𝟐 − 𝐜𝐨𝐬𝟐 𝑪) = (𝟏 + 𝐬𝐢𝐧𝟐 𝑨)(𝟏 + 𝐬𝐢𝐧𝟐𝑩)(𝟏 + 𝐬𝐢𝐧𝟐 𝑪) = 

 
= (𝟏 + 𝒙)(𝟏 + 𝒚)(𝟏 + 𝒛) = 𝟏 + (𝒙 + 𝒚 + 𝒛) + (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) + 𝒙𝒚𝒛 > 
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> 1 + (𝒙 + 𝒚 + 𝒛) + (𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙) = 𝟏 + (𝒙 + 𝒚 + 𝒛) +
(𝒙 + 𝒚 + 𝒛)𝟐 − (𝒙𝟐 + 𝒚𝟐 + 𝒛𝟐)

𝟐
 

 

>
(𝟏)

𝟏 + (𝒙 + 𝒚 + 𝒛) +
(𝒙 + 𝒚 + 𝒛)𝟐 − (𝒙 + 𝒚 + 𝒛)

𝟐
=
𝟐 + (𝒙 + 𝒚 + 𝒛) + (𝒙 + 𝒚 + 𝒛)𝟐

𝟐
> 

 

>
𝟐 + 𝟐 + 𝟐𝟐

𝟐
= 𝟒 𝒂𝒔 𝒙 + 𝒚 + 𝒛 > 2 

3754. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁

𝐜𝐨𝐬 𝐂
+
𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂

𝐜𝐨𝐬 𝐀
+
𝐜𝐨𝐬 𝐂 𝐜𝐨𝐬𝐀

𝐜𝐨𝐬 𝐁
+ 𝟒 𝐜𝐨𝐬 𝐀 𝐜𝐨𝐬 𝐁 𝐜𝐨𝐬 𝐂 ≥ 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

+ 𝟒𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
=∑

𝐬𝐢𝐧𝟐
𝐁
𝟐 𝐬𝐢𝐧

𝟐 𝐂
𝟐

𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐𝐜𝐲𝐜

+
𝐫

𝐑
 

=
𝐫𝟐

𝟏𝟔𝐑𝟐
.
𝟒𝐑

𝐫
.∑

𝟏

𝐬𝐢𝐧𝟐
𝐀
𝟐𝐜𝐲𝐜

+
𝐫

𝐑
=

𝟏

𝟒𝐑𝐫
∑𝐀𝐈𝟐

𝐜𝐲𝐜

+
𝐫

𝐑
=

𝟏

𝟒𝐑𝐫
(∑𝐛𝐜

𝐜𝐲𝐜

− 𝟏𝟐𝐑𝐫) +
𝐫

𝐑
 

=
𝐬𝟐 − 𝟖𝐑𝐫 + 𝐫𝟐 + 𝟒𝐫𝟐

𝟒𝐑𝐫
≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧 𝟖𝐑𝐫

𝟒𝐑𝐫
= 𝟐 ∴∑

𝐬𝐢𝐧
𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

𝐬𝐢𝐧
𝐀
𝟐𝐜𝐲𝐜

+ 𝟒𝐬𝐢𝐧
𝐀

𝟐
𝐬𝐢𝐧

𝐁

𝟐
𝐬𝐢𝐧

𝐂

𝟐
≥ 𝟐 

𝒂𝐧𝐝 𝐢𝐦𝐩𝒍𝐞𝐦𝐞𝐧𝐭𝐢𝐧𝐠 𝐢𝐭 𝐨𝐧 𝒂 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐰𝐢𝐭𝐡 𝒂𝐧𝐠𝒍𝐞𝐬 ∶ (𝛑 − 𝟐𝐀), (𝛑 − 𝟐𝐁), (𝛑 − 𝟐𝐂), 

𝐰𝐞 𝐠𝐞𝐭 ∶ ∑
𝐬𝐢𝐧

𝛑 − 𝟐𝐁
𝟐 𝐬𝐢𝐧

𝛑 − 𝟐𝐂
𝟐

𝐬𝐢𝐧
𝛑 − 𝟐𝐀
𝟐𝐜𝐲𝐜

+ 𝟒 𝐬𝐢𝐧
𝛑 − 𝟐𝐀

𝟐
𝐬𝐢𝐧

𝛑 − 𝟐𝐁

𝟐
𝐬𝐢𝐧

𝛑 − 𝟐𝐂

𝟐
≥ 𝟐 

⇒∑
𝐜𝐨𝐬 𝐁𝐜𝐨𝐬 𝐂

𝐜𝐨𝐬𝐀
𝐜𝐲𝐜

+ 𝟒𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂 ≥ 𝟐 𝒂𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 𝐭𝐡𝐞 𝒍𝒂𝐭𝐭𝐞𝐫 𝐭𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐢𝐬 𝒂𝐧 

𝒂𝐜𝐮𝐭𝐞 𝐨𝐧𝐞, 𝐡𝐞𝐧𝐜𝐞 ∶  
𝐜𝐨𝐬𝐀 𝐜𝐨𝐬𝐁

𝐜𝐨𝐬 𝐂
+
𝐜𝐨𝐬𝐁 𝐜𝐨𝐬 𝐂

𝐜𝐨𝐬𝐀
+
𝐜𝐨𝐬 𝐂𝐜𝐨𝐬 𝐀

𝐜𝐨𝐬𝐁
+ 𝟒𝐜𝐨𝐬 𝐀𝐜𝐨𝐬 𝐁𝐜𝐨𝐬 𝐂 ≥ 𝟐 

∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3755. In acute ∆𝑨𝑩𝑪 the following relationship holds: 

𝒂 𝐭𝐚𝐧 (
𝑨

𝟐
)√𝐬𝐢𝐧𝑨 + 𝒃 𝐭𝐚𝐧 (

𝑩

𝟐
)√𝐬𝐢𝐧𝐁 + 𝐜 𝐭𝐚𝐧 (

𝑪

𝟐
)√𝐬𝐢𝐧𝐂 > 4𝒓 

 
Proposed by Vasile Mircea Popa-Romania 
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Solution by Amin Hajiyev-Azerbaijan 

∑𝒂𝐭𝐚𝐧 (
𝑨

𝟐
) 𝐬𝐢𝐧(𝑨)

𝒄𝒚𝒄

> 4𝒓 

Lemma 1 (The Relationship between Inradius and Tangent): 

𝐭𝐚𝐧 (
𝑨

𝟐
) =

𝒓

𝒔 − 𝒂
, 𝐭𝐚𝐧 (

𝑩

𝟐
) =

𝒓

𝒔 − 𝒃
, 𝐭𝐚𝐧 (

𝑪

𝟐
) =

𝐫

𝐬 − 𝐜
 

Lemma 2 (Inequality of Sine in Acute Triangles): 

𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 (𝟎;
𝝅

𝟐
)      𝟎 < 𝐬𝐢𝐧𝑨 < 1   {

√𝒔𝒊𝒏𝑨 > 𝑠𝑖𝑛𝐴

√𝒔𝒊𝒏𝑩 > 𝑠𝑖𝑛𝐵

√𝒔𝒊𝒏𝑪 > 𝑠𝑖𝑛𝐶

 

Lemma 3 (Convexity and Jensen’s Inequality): 

𝒇(𝒂) =
𝒂𝟐

𝒔 − 𝒂
  𝒇𝒐𝒓 𝒂 ∈ (𝟎; 𝒔) 

                 Since its second derivative 𝒇′′(𝒂) =
𝟐𝒔𝟐

(𝒔−𝒂)³
 is strictly positive,  the function is  

strictly convex. By Jensen’s Inequality, the cyclic sum ∑
𝒂𝟐

𝒔−𝒂𝒄𝒚𝒄  is minimized when a = b = c, 

                corresponding to an equilateral triangle. 

𝑳𝑯𝑺 =⏞
𝑳𝒆𝒎𝒎𝒂 𝟏

∑𝒂(
𝒓

𝒔 − 𝒂
)√𝒔𝒊𝒏𝑨

𝒄𝒚𝒄

  

________𝑳𝒆𝒎𝒎𝒂 𝟐  → 𝒓∑(
𝒂

𝒔− 𝒂
)√𝒔𝒊𝒏𝑨 > 𝑟∑(

𝒂

𝒔− 𝒂
)𝒔𝒊𝒏𝑨

𝒄𝒚𝒄𝒄𝒚𝒄

 

𝑻𝒉𝒆𝒐𝒓𝒆𝒎 𝒔𝒊𝒏𝒆  𝒔𝒊𝒏𝑨 =
𝒂

𝟐𝑹
  𝒔𝒊𝒏𝑩 =

𝒃

𝟐𝑹
   𝒔𝒊𝒏𝑪 =

𝒄

𝟐𝑹
 

𝒓∑
𝒂

𝒔 − 𝒂
𝒄𝒚𝒄

𝒔𝒊𝒏𝑨 =
𝒓

𝟐𝑹
∑

𝒂𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

 

𝑳𝒆𝒎𝒎𝒂 𝟑:  ( ∑
𝒂

𝒔 − 𝒂
𝒄𝒚𝒄

)

𝒎𝒊𝒏

→   𝒂 = 𝒃 = 𝒄  𝒔 =
𝒂 + 𝒃 + 𝒄

𝟐
=
𝟑𝒂

𝟐
, 𝒔 − 𝒂 =

𝒂

𝟐
 

∑
𝒂𝟐

𝒔 − 𝒂
𝒄𝒚𝒄

≥ 𝟑
𝒂𝟐

𝒔 − 𝒂
= 𝟔𝒂 →  𝑳𝑯𝑺 >

𝒓

𝟐𝑹
 𝟔𝒂 =

𝟑𝒂𝒓

𝑹
 

𝒂 = 𝒃 = 𝒄 = 𝑹√𝟑  𝑳𝑯𝑺 >
𝟑𝒂𝒓

𝑹
= 𝟑𝒓√𝟑 

𝟑√𝟑 > 4 →  ∑𝒂𝐭𝐚𝐧 (
𝑨

𝟐
) 𝐬𝐢𝐧(𝑨)

𝒄𝒚𝒄

> 4𝒓 
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3756. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐬𝐢𝐧

𝐀
𝟐
(𝐬𝐢𝐧𝟑

𝐂
𝟐
+ 𝐬𝐢𝐧𝟑

𝐀
𝟐
)

𝐬𝐢𝐧𝟐
𝐁
𝟐
𝐬𝐢𝐧

𝐂
𝟐
(𝐬𝐢𝐧𝟐

𝐀
𝟐
𝐬𝐢𝐧𝟐

𝐁
𝟐
+ 𝐬𝐢𝐧𝟒

𝐂
𝟐
)𝐜𝐲𝐜

≥ 𝟐𝟒 

  Proposed by Zaza Mzhavanadze-Georgia 

Solution by Soumava Chakraborty-Kolkata-India 

∀ 𝐀’, 𝐁’, 𝐂’, 𝒙′, 𝐲′, 𝐳′ > 𝟎, 

𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ +𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) ≥

𝐖𝒂𝒍𝐭𝐞𝐫 𝐉𝒂𝐧𝐨𝐮𝐬

⏟      
①

√𝟑∑𝐀′𝐁′

𝐜𝐲𝐜

 

𝐍𝐨𝐰,∑
𝐬𝐢𝐧

𝐀
𝟐 (𝐬𝐢𝐧

𝟑 𝐂
𝟐 + 𝐬𝐢𝐧𝟑

𝐀
𝟐)

𝐬𝐢𝐧𝟐
𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐 (𝐬𝐢𝐧

𝟐𝐀
𝟐 𝐬𝐢𝐧

𝟐 𝐁
𝟐 + 𝐬𝐢𝐧

𝟒 𝐂
𝟐)𝐜𝐲𝐜

=∑

𝐬𝐢𝐧𝟐
𝐀
𝟐 𝐬𝐢𝐧

𝐂
𝟐 .
(
𝐬𝐢𝐧𝟑

𝐂
𝟐 + 𝐬𝐢𝐧

𝟑 𝐀
𝟐

𝐬𝐢𝐧
𝐂
𝟐 𝐬𝐢𝐧

𝐀
𝟐

)

𝐬𝐢𝐧𝟐
𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐 (𝐬𝐢𝐧

𝟐𝐀
𝟐 𝐬𝐢𝐧

𝟐 𝐁
𝟐 + 𝐬𝐢𝐧𝟒

𝐂
𝟐)𝐜𝐲𝐜

 

= ∑

𝐬𝐢𝐧𝟐
𝐀
𝟐

𝐬𝐢𝐧𝟐
𝐁
𝟐

. (
𝐬𝐢𝐧𝟑

𝐂
𝟐 + 𝐬𝐢𝐧𝟑

𝐀
𝟐

𝐬𝐢𝐧𝟑
𝐂
𝟐
𝐬𝐢𝐧𝟑

𝐀
𝟐

)

𝐬𝐢𝐧𝟐
𝐀
𝟐 𝐬𝐢𝐧

𝟐 𝐁
𝟐 + 𝐬𝐢𝐧

𝟒 𝐂
𝟐

𝐬𝐢𝐧𝟐
𝐂
𝟐 𝐬𝐢𝐧

𝟐 𝐀
𝟐

𝐜𝐲𝐜

=∑

𝐬𝐢𝐧𝟐
𝐀
𝟐

𝐬𝐢𝐧𝟐
𝐁
𝟐

. (
𝟏

𝐬𝐢𝐧𝟑
𝐂
𝟐

+
𝟏

𝐬𝐢𝐧𝟑
𝐀
𝟐

)

𝐬𝐢𝐧𝟐
𝐁
𝟐

𝐬𝐢𝐧𝟐
𝐂
𝟐

+
𝐬𝐢𝐧𝟐

𝐂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐

𝐜𝐲𝐜

 

=
𝒙′

𝐲′ + 𝐳′
(𝐁′ + 𝐂′) +

𝐲′

𝐳′ + 𝒙′
(𝐂′ + 𝐀′) +

𝐳′

𝒙′ + 𝐲′
(𝐀′ + 𝐁′) 

(𝒙′ =
𝐬𝐢𝐧𝟐

𝐀
𝟐

𝐬𝐢𝐧𝟐
𝐁
𝟐

, 𝐲′ =
𝐬𝐢𝐧𝟐

𝐁
𝟐

𝐬𝐢𝐧𝟐
𝐂
𝟐

, 𝐳′ =
𝐬𝐢𝐧𝟐

𝐂
𝟐

𝐬𝐢𝐧𝟐
𝐀
𝟐

, 𝐀′ =
𝟏

𝐬𝐢𝐧𝟑
𝐁
𝟐

, 𝐁′ =
𝟏

𝐬𝐢𝐧𝟑
𝐂
𝟐

, 𝐂′ =
𝟏

𝐬𝐢𝐧𝟑
𝐀
𝟐

) 

≥
𝐯𝐢𝒂 ①

√𝟑∑
𝟏

𝐬𝐢𝐧𝟑
𝐁
𝟐 𝐬𝐢𝐧

𝟑 𝐂
𝟐𝐜𝐲𝐜

≥
𝐀𝐌−𝐆𝐌

𝟑. √
𝟏

𝐬𝐢𝐧𝟔
𝐀
𝟐 𝐬𝐢𝐧

𝟔 𝐁
𝟐 𝐬𝐢𝐧

𝟔 𝐂
𝟐

𝟔 =
𝟏𝟐𝐑

𝐫
≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝟒 

∴∑
𝐬𝐢𝐧

𝐀
𝟐 (𝐬𝐢𝐧

𝟑 𝐂
𝟐 + 𝐬𝐢𝐧

𝟑 𝐀
𝟐)

𝐬𝐢𝐧𝟐
𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐 (𝐬𝐢𝐧

𝟐𝐀
𝟐 𝐬𝐢𝐧

𝟐 𝐁
𝟐 + 𝐬𝐢𝐧𝟒

𝐂
𝟐)𝐜𝐲𝐜

≥ 𝟐𝟒 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3757. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒕𝒂𝒏𝑩

𝒕𝒂𝒏𝑪
=
𝒔𝒊𝒏𝟐𝑩

𝒔𝒊𝒏𝟐𝑪
⟹ 𝒃 = 𝒄 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝒕𝒂𝒏𝑩

𝒕𝒂𝒏𝑪
=
𝒔𝒊𝒏𝟐𝑩

𝒔𝒊𝒏𝟐𝑪
⟹

𝒔𝒊𝒏𝑩

𝒔𝒊𝒏𝑪
∙
𝒄𝒐𝒔𝑪

𝒄𝒐𝒔𝑩
=
𝒔𝒊𝒏𝟐𝑩

𝒔𝒊𝒏𝟐𝑪
⟹

𝒄𝒐𝒔𝑪

𝒄𝒐𝒔𝑩
=
𝒔𝒊𝒏𝑩

𝒔𝒊𝒏𝑪
 

 
𝒔𝒊𝒏𝑩𝒄𝒐𝒔𝑩 = 𝒔𝒊𝒏𝑪𝒄𝒐𝒔𝑪 ⟹ 𝟐𝒔𝒊𝒏𝑩𝒄𝒐𝒔𝑩 = 𝟐𝒔𝒊𝒏𝑪𝒄𝒐𝒔𝑪 

 
𝒔𝒊𝒏𝟐𝑩 = 𝒔𝒊𝒏𝟐𝑪 ⟹ 𝒔𝒊𝒏𝟐𝑩 − 𝒔𝒊𝒏𝟐𝑪 = 𝟎 

 
𝟐𝒔𝒊𝒏(𝑩− 𝑪)𝒄𝒐𝒔(𝑩 + 𝑪) = 𝟎 ⟹ 𝒔𝒊𝒏(𝑩 − 𝑪) = 𝟎 

 
𝑩− 𝑪 = 𝟎 ⟹ 𝑩 = 𝑪⟹ 𝒃 = 𝒄 

3758. In acute ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝑩𝑪

𝑯𝑨
+
𝑪𝑨

𝑯𝑩
+
𝑨𝑩

𝑯𝑪
≥  𝟑√𝟑 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
 

𝑩𝑪

𝑯𝑨
+
𝑪𝑨

𝑯𝑩
+
𝑨𝑩

𝑯𝑪
=∑

𝑩𝑪

𝑯𝑨
𝒄𝒚𝒄

=∑
𝒂

𝟐𝑹𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

=∑
𝟐𝑹𝒔𝒊𝒏𝑨

𝟐𝑹𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

= 

 

=∑
𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

=∑𝒕𝒂𝒏𝑨

𝒄𝒚𝒄

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

𝟑𝒕𝒂𝒏 (
𝑨 + 𝑩+ 𝑪

𝟑
) = 𝟑𝒕𝒂𝒏

𝝅

𝟑
= 𝟑√𝟑 

Equality holds for an equilateral triangle. 

3759. If 𝑰 −incenter in ∆𝑨𝑩𝑪 then: 
 

𝒎𝒂
𝟐

𝑰𝑨𝟐
+
𝒎𝒃
𝟐

𝑰𝑩𝟐
+
𝒎𝒄
𝟐

𝑰𝑪𝟐
≥
𝟐𝟕

𝟒
 

 
Proposed by Nguyen Hung Cuong-Vietnam 
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Solution by Daniel Sitaru-Romania 
 

𝒎𝒂
𝟐

𝑰𝑨𝟐
+
𝒎𝒃

𝟐

𝑰𝑩𝟐
+
𝒎𝒄

𝟐

𝑰𝑪𝟐
=∑

𝒎𝒂
𝟐

𝑰𝑨𝟐
𝒄𝒚𝒄

=∑
𝒎𝒂

𝟐

𝒓𝟐

𝒔𝒊𝒏𝟐
𝑨
𝟐

𝒄𝒚𝒄

=
𝟏

𝒓𝟐
∑𝒎𝒂

𝟐

𝒄𝒚𝒄

𝒔𝒊𝒏𝟐
𝑨

𝟐
≥⏞

𝑪𝑬𝑩𝒀𝑺𝑯𝑬𝑽

 

≥
𝟏

𝟑𝒓𝟐
(∑𝒎𝒂

𝟐

𝒄𝒚𝒄

)(∑𝒔𝒊𝒏𝟐
𝑨

𝟐
𝒄𝒚𝒄

) =
𝟏

𝟑𝒓𝟐
∙
𝟑

𝟒
∑𝒂𝟐

𝒄𝒚𝒄

∙ (𝟏 −
𝒓

𝟐𝑹
) ≥ 

 

≥⏞
𝑰𝑶𝑵𝑬𝑺𝑪𝑼−𝑾𝑬𝑰𝑻𝒁𝑬𝑵𝑩𝑶𝑪𝑲 𝟏

𝟒𝒓𝟐
∙ 𝟒√𝟑𝑭 ∙ (𝟏 −

𝒓

𝟐𝑹
) ≥⏞
𝑬𝑼𝑳𝑬𝑹 𝟏

𝟒𝒓𝟐
∙ 𝟒√𝟑𝒓𝒔 ∙ (𝟏 −

𝑹
𝟐
𝟐𝑹

) = 

 

=
√𝟑𝒔

𝒓
∙ (𝟏 −

𝟏

𝟒
) ≥⏞
𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪

√𝟑 ∙ 𝟑√𝟑𝒓

𝒓
∙
𝟑

𝟒
=
𝟐𝟕

𝟒
 

 
Equality holds for an equilateral triangle. 

3760. If 𝑰 −incenter then in ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝑰𝑨 ∙ 𝑰𝑩 ∙ 𝑰𝑪 ≤ 𝑹𝟑 
 

Proposed by Nguyen Hung Cuong 
Solution by Daniel Sitaru-Romania 
 

𝑰𝑨 ∙ 𝑰𝑩 ∙ 𝑰𝑪 =∏𝑰𝑨

𝒄𝒚𝒄

=∏
𝒓

𝒔𝒊𝒏
𝑨
𝟐𝒄𝒚𝒄

= 

= 𝒓𝟑 ∙
𝟏

√(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒃𝒄 ∙ √

(𝒔 − 𝒄)(𝒔 − 𝒂)
𝒄𝒂 ∙ √

(𝒔 − 𝒂)(𝒔 − 𝒃)
𝒂𝒃

= 

 

=
𝒓𝟑

(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
𝒂𝒃𝒄

=
𝒂𝒃𝒄𝒔𝒓𝟑

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
=
𝟒𝑹𝑭𝒔𝒓𝟑

𝑭𝟐
= 

 

=
𝟒𝑹𝒔𝒓𝟑

𝑭
=
𝟒𝑹𝒔𝒓𝟑

𝒓𝒔
= 𝟒𝑹𝒓𝟐 ≤⏞

𝑬𝑼𝑳𝑬𝑹

𝟒𝑹 ∙
𝑹𝟐

𝟒
= 𝑹𝟑 

 
Equality holds for an equilateral triangle. 
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3761. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏 + 𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
+
𝟏 + 𝒔𝒊𝒏𝑩

𝒄𝒐𝒔𝑩
+
𝟏 + 𝒔𝒊𝒏𝑪

𝒄𝒐𝒔𝑪
≥ 𝟔 + 𝟑√𝟑 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Daniel Sitaru-Romania 
 

𝒇: (𝟎,
𝝅

𝟐
) → ℝ, 𝒇(𝒙) =

𝟏 + 𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝒙
=

𝟏

𝒄𝒐𝒔𝒙
+ 𝒕𝒂𝒏𝒙 

 

𝒇′(𝒙) =
𝟏 + 𝒔𝒊𝒏𝒙

𝒄𝒐𝒔𝟐𝒙
, 𝒇′′(𝒙) =

𝒔𝒊𝒏𝟐𝒙 + 𝟐𝒔𝒊𝒏𝒙 + 𝟏

𝒄𝒐𝒔𝟐𝒙
≥ 𝟎 ⟹ 

 
𝒇 −convexe. By Jensen’s inequality: 

 

∑
𝟏+ 𝒔𝒊𝒏𝑨

𝒄𝒐𝒔𝑨
𝒄𝒚𝒄

=∑𝒇(𝑨)

𝒄𝒚𝒄

≥ 𝟑𝒇(
𝑨 + 𝑩+ 𝑪

𝟑
) = 𝟑𝒇(

𝝅

𝟑
) = 

= 𝟑 ∙
𝟏 + 𝒔𝒊𝒏

𝝅
𝟑

𝒄𝒐𝒔
𝝅
𝟑

= 𝟑 ∙
𝟏 +

√𝟑
𝟐

𝟏
𝟐

= 𝟔 + 𝟑√𝟑 

 
Equality holds for an equilateral triangle. 

3762. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟐𝑹𝟐(𝒔𝒊𝒏𝟑𝑨 + 𝒔𝒊𝒏𝟑𝑩 + 𝒔𝒊𝒏𝟑𝑪) ≥ 𝟑𝑭 
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
 

𝟐𝑹𝟐(𝒔𝒊𝒏𝟑𝑨 + 𝒔𝒊𝒏𝟑𝑩+ 𝒔𝒊𝒏𝟑𝑪) = 𝟐𝑹𝟐∑𝒔𝒊𝒏𝟑𝑨

𝒄𝒚𝒄

= 

= 𝟐𝑹𝟐∑(
𝒂

𝟐𝑹
)
𝟑

𝒄𝒚𝒄

=
𝟐𝑹𝟐

𝟖𝑹𝟑
∑𝒂𝟑

𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴 𝟏

𝟒𝑹
∙ 𝟑√(𝒂𝒃𝒄)𝟑

𝟑
= 

=
𝟑𝒂𝒃𝒄

𝟒𝑹
=
𝟑 ∙ 𝟒𝑹𝑭

𝟒𝑹
= 𝟑𝑭 

 
Equality holds for an equilateral triangle. 
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3763. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

√𝟏 + 𝒕𝒂𝒏𝟐
𝑨
𝟐

𝒔𝒊𝒏
𝑨
𝟐

+
√𝟏 + 𝒕𝒂𝒏𝟐

𝑩
𝟐

𝒔𝒊𝒏
𝑩
𝟐

+

√𝟏 + 𝒕𝒂𝒏𝟐
𝑪
𝟐

𝒔𝒊𝒏
𝑪
𝟐

≥  𝟒√𝟑 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Daniel Sitaru-Romania 
 

√𝟏+ 𝒕𝒂𝒏𝟐
𝑨
𝟐

𝒔𝒊𝒏
𝑨
𝟐

+
√𝟏 + 𝒕𝒂𝒏𝟐

𝑩
𝟐

𝒔𝒊𝒏
𝑩
𝟐

+
√𝟏+ 𝒕𝒂𝒏𝟐

𝑪
𝟐

𝒔𝒊𝒏
𝑪
𝟐

=∑
√𝟏+ 𝒕𝒂𝒏𝟐

𝑨
𝟐

𝒔𝒊𝒏
𝑨
𝟐𝒄𝒚𝒄

= 

=∑

√
𝟏

𝒄𝒐𝒔𝟐
𝑨
𝟐

𝒔𝒊𝒏
𝑨
𝟐𝒄𝒚𝒄

=∑
𝟏

𝒔𝒊𝒏
𝑨
𝟐 𝒄𝒐𝒔

𝑨
𝟐𝒄𝒚𝒄

=∑
𝟐

𝟐𝒔𝒊𝒏
𝑨
𝟐 𝒄𝒐𝒔

𝑨
𝟐𝒄𝒚𝒄

=∑
𝟐

𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

= 

=∑
𝟒𝑹

𝒂
𝒄𝒚𝒄

= 𝟒𝑹∑
𝟏

𝒂
𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

𝟒𝑹 ∙
𝟑

√𝒂𝒃𝒄
𝟑 =

𝟏𝟐𝑹

√𝟒𝑹𝒓𝒔
𝟑 ≥⏞

𝑴𝑰𝑻𝑹𝑰𝑵𝑶𝑽𝑰𝑪𝑰

 

≥
𝟏𝟐𝑹

√𝟒𝑹𝒓 ∙
𝟑√𝟑
𝟐 𝑹

𝟑
=

𝟏𝟐𝑹

√𝟑 ∙ √𝟐𝑹𝟐𝒓
𝟑 ≥⏞

𝑬𝑼𝑳𝑬𝑹 𝟏𝟐𝑹

√𝟑 ∙ √𝟐𝑹𝟐 ∙
𝑹
𝟐

𝟑
=
𝟏𝟐

√𝟑
= 𝟒√𝟑 

Equality holds for an equilateral triangle. 
 

3764. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟐𝟕𝒓

𝑹
≤∑𝒓𝒂 𝐬𝐢𝐧

𝟐 𝑨 ≤
𝟐𝟕𝑹𝟐

𝟏𝟔𝒓
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

𝑲𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕 ∶ ∑
𝒂𝟐

𝒔 − 𝒂
=
𝟒𝒔

𝒓
(𝑹 − 𝒓) 

 

∑𝒓𝒂 𝐬𝐢𝐧
𝟐 𝑨 =

𝟏

𝟒𝑹𝟐
∑𝒂𝟐.

𝑭

𝒔 − 𝒂
=

𝑭

𝟒𝑹𝟐
∑

𝒂𝟐

𝒔 − 𝒂
=

𝑭

𝟒𝑹𝟐
.
𝟒𝒔

𝒓
(𝑹 − 𝒓) =

𝒔𝟐

𝑹𝟐
(𝑹 − 𝒓) 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 
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𝒔𝟐

𝑹𝟐
(𝑹 − 𝒓) ≤   

𝟐𝟕𝑹𝟐

𝟏𝟔𝒓
 𝒐𝒓 𝟏𝟔𝒔𝟐𝒓(𝑹 − 𝒓) ≤ 𝟐𝟕𝑹𝟒 

𝟏𝟔
𝟐𝟕

𝟒
𝑹𝟐. 𝒓(𝑹 − 𝒓) ≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄
𝟐𝟕𝑹𝟒 𝒐𝒓 𝑹𝟐 − 𝟒𝑹𝒓 + 𝟒𝒓𝟐 ≥ 𝟎 𝒐𝒓 (𝑹 − 𝟐𝒓)𝟐 ≥ 𝟎 𝒕𝒓𝒖𝒆 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 

𝒔𝟐

𝑹𝟐
(𝑹 − 𝒓) ≥

𝟐𝟕𝒓

𝑹
 𝒐𝒓,

𝟐𝟕𝑹𝒓

𝟐𝑹𝟐
(𝑹 − 𝒓) ≥

𝒔𝟐≥
𝟐𝟕𝑹𝒓
𝟐 𝟐𝟕𝒓

𝑹
 𝒐𝒓, 𝟐(𝑹 − 𝒓) ≥ 𝑹 𝒐𝒓,𝑹 ≥ 𝟐𝒓 𝒕𝒓𝒖𝒆 

 
Equality holds for an equilateral triangle. 

 

3765. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟑

𝒔
≤∑

𝑨𝑯

𝒂𝒉𝒂
≤
𝟑𝑹

𝟐𝒓𝒔
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∑
𝑨𝑯

𝒂𝒉𝒂
=∑

𝟐𝑹𝒄𝒐𝒔𝑨

𝒂
𝟐𝑭
𝒂

=
𝑹

𝑭
∑𝒄𝒐𝒔𝑨 =

𝑹

𝒓. 𝒔
(𝟏 +

𝒓

𝑹
) ≤
𝑬𝒖𝒍𝒆𝒓

 
𝟑𝑹

𝟐𝒓𝒔
 

 

∑
𝑨𝑯

𝒂𝒉𝒂
=∑

𝟐𝑹𝒄𝒐𝒔𝑨

𝒂
𝟐𝑭
𝒂

=
𝑹

𝑭
∑𝒄𝒐𝒔𝑨 =

𝑹

𝒓. 𝒔
(𝟏 +

𝒓

𝑹
) =

𝑹 + 𝒓

𝒓. 𝒔
≥

𝑬𝒖𝒍𝒆𝒓 𝟐𝒓 + 𝒓

𝒓. 𝒔
=
𝟑

𝒔
 

 
Equality holds for an equilateral triangle. 

 

3766. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟐𝟕𝒓𝟐

𝟐𝑹
≤∑𝒉𝒂 𝐬𝐢𝐧

𝟐 𝑨 ≤
𝟐𝟕𝒓

𝟒
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

∑𝒉𝒂 𝐬𝐢𝐧
𝟐 𝑨 = 𝟐𝑭∑

𝒔𝒊𝒏𝑨

𝒂
. 𝒔𝒊𝒏𝑨 =

𝑭

𝑹
∑𝒔𝒊𝒏𝑨 =

𝑭

𝑹
.
𝒔

𝑹
=
𝒔𝟐𝒓

𝑹𝟐
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∑𝒉𝒂 𝐬𝐢𝐧
𝟐 𝑨 =

𝒔𝟐𝒓

𝑹𝟐
≤

𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄 𝟐𝟕

𝟒
𝑹𝟐.

𝒓

𝑹𝟐
=
𝟐𝟕𝒓

𝟒
 

 

∑𝒉𝒂 𝐬𝐢𝐧
𝟐 𝑨 =

𝒔𝟐𝒓

𝑹𝟐
≥

𝒔𝟐≥
𝟐𝟕𝑹𝒓
𝟐 𝟐𝟕𝑹𝒓

𝟐
.
𝒓

𝑹𝟐 
=
𝟐𝟕𝒓𝟐

𝟐𝑹
 

 
Equality holds for an equilateral triangle. 

 
3767. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

∑
𝑨𝑯

𝒂𝒉𝒂
≤∑

𝑨𝑯

𝒂𝒓𝒂
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 

𝑲𝒏𝒐𝒘𝒏 𝒓𝒆𝒔𝒖𝒍𝒕𝒔: 𝟏)𝑨𝑯 = 𝟐𝑹𝐜𝐨𝐬𝑨 , 𝟐)𝒓𝒂 = 𝒔 𝐭𝐚𝐧
𝑨

𝟐
 

𝟑) ∑𝐭𝐚𝐧𝟐
𝑨

𝟐
. 𝐭𝐚𝐧𝟐

𝑩

𝟐
=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒔𝟐
 𝟒) ∏𝐭𝐚𝐧𝟐

𝑨

𝟐
= (

𝒓

𝒔
)
𝟐

 

 

∑𝐜𝐨𝐭𝟐
𝑨

𝟐
=
∑𝐭𝐚𝐧𝟐

𝑨
𝟐 . 𝐭𝐚𝐧

𝟐 𝑩
𝟐

∏ 𝐭𝐚𝐧𝟐
𝑨
𝟐

=
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
 

𝑨𝑯

𝒂𝒓𝒂
=

𝟐𝑹𝐜𝐨𝐬 𝑨

𝟐𝑹𝒔𝒊𝒏𝑨. 𝒔 𝒕𝒂𝒏
𝑨
𝟐

=
𝒄𝒐𝒕𝑨

𝒔 𝐭𝐚𝐧
𝑨
𝟐

=

𝐜𝐨𝐭𝟐
𝑨
𝟐 − 𝟏

𝟐𝐜𝐨𝐭
𝑨
𝟐

. 𝒔 𝐭𝐚𝐧
𝑨
𝟐

=
𝟏

𝟐𝒔
(𝐜𝐨𝐭𝟐

𝑨

𝟐
− 𝟏) 

∑
𝑨𝑯

𝒂𝒓𝒂
=
𝟏

𝟐𝒔
∑(𝐜𝐨𝐭𝟐

𝑨

𝟐
− 𝟏) =

𝟏

𝟐𝒔
(
𝒔𝟐 − 𝟐𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
− 𝟑) = 

=
𝟏

𝟐𝒔

𝒔𝟐 − 𝟓𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
≥

𝑮𝒆𝒓𝒓𝒆𝒔𝒕𝒏 𝟏

𝟐𝒔

𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 − 𝟓𝒓𝟐 − 𝟖𝑹𝒓

𝒓𝟐
=
𝟏

𝒔
(
𝟒𝑹

𝒓
− 𝟓) 

 

∑
𝑨𝑯

𝒂𝒉𝒂
=∑

𝟐𝑹 𝒄𝒐𝒔𝑨

𝒂.
𝟐𝑭
𝒂

=
𝑹

𝑭
∑𝒄𝒐𝒔𝑨 =

𝑹

𝒓. 𝒔
(𝟏 +

𝑹

𝒓
) ≤
𝑬𝒖𝒍𝒆𝒓 𝟑𝑹

𝟐𝒓𝒔
 

𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘 ∶ 
𝟏

𝒔
(
𝟒𝑹

𝒓
− 𝟓) ≥

𝟑𝑹

𝟐𝒓𝒔
  𝒐𝒓,

𝟒𝑹

𝒓
−
𝟑𝑹

𝟐𝒓
≥ 𝟓 𝒐𝒓,

𝟓𝑹

𝟐𝒓
≥ 𝟓 𝒐𝒓, 𝑹 ≥ 𝟐𝒓 𝒕𝒓𝒖𝒆 𝒃𝒚 𝑬𝒖𝒍𝒆𝒓. 

 
Equality holds for an equilateral triangle. 
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3768. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐩𝒂
𝐡𝒂

+
𝐩𝐛
𝐡𝐛

+
𝐩𝐜
𝐡𝐜
≥
𝟏

𝟓
.√
𝟔𝟒𝐑

𝐫
+ 𝟗𝟕 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

𝐩𝒂
𝟐 − 𝐡𝒂

𝟐

𝐡𝒂𝟐
=

𝐅𝐮𝐬𝐭𝐞𝐢
𝒂𝐧𝐝

𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂
𝐬(𝐬 − 𝒂) +

𝐬(𝟑𝐬 + 𝒂)(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
− (𝐬(𝐬 − 𝒂) −

𝐬(𝐬 − 𝒂)
𝒂𝟐

(𝐛 − 𝐜)𝟐)

𝐡𝒂𝟐
 

=

𝟒𝐬𝟒

𝒂𝟐(𝟐𝐬 + 𝒂)𝟐

𝟒𝐫𝟐𝐬𝟐

𝒂𝟐

. (𝐛 − 𝐜)𝟐 ∴
𝐩𝒂
𝟐

𝐡𝒂𝟐
=
①
𝟏 +

𝐬𝟐

𝐫𝟐
.
(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴∑

𝐩𝒂
𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

=
②
𝟑 + 

𝐬𝟐

𝐫𝟐
. ((∑

𝐛− 𝐜

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

)

𝟐

−
𝟐

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.∑((𝐛 − 𝐜)(𝐜 − 𝒂)(𝟐𝐬 + 𝐜))

𝐜𝐲𝐜

) 

𝐍𝐨𝐰,(∑
𝐛 − 𝐜

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

)

𝟐

=
𝟏

𝟒𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
. (∑((𝐛 − 𝐜)(𝟖𝐬𝟐 − 𝟐𝐬𝒂 + 𝐛𝐜))

𝐜𝐲𝐜

)

𝟐

 

=
𝟏

𝟒𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
. (∑𝐛𝟐𝐜

𝐜𝐲𝐜

−∑𝐛𝐜𝟐

𝐜𝐲𝐜

)

𝟐

 

=
(∑ 𝒂𝟐𝐜𝐲𝐜 )(∑ 𝒂𝟐𝐛𝟐𝐜𝐲𝐜 ) − 𝟏𝟓𝒂𝟐𝐛𝟐𝐜𝟐 − 𝟐𝒂𝐛𝐜∑ 𝒂𝟑𝐜𝐲𝐜 − 𝟐∑ 𝒂𝟑𝐛𝟑𝐜𝐲𝐜 + 𝟐𝒂𝐛𝐜(∑ 𝒂𝐜𝐲𝐜 )(∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟒𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
 

=
(∗)
(∑

𝐛 − 𝐜

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

)

𝟐

 𝒂𝐧𝐝 𝒂𝒍𝐬𝐨,−
𝟐

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.∑((𝐛 − 𝐜)(𝐜 − 𝒂)(𝟐𝐬 + 𝐜))

𝐜𝐲𝐜

=
(∗∗)

 

−𝟐.
𝟐𝐬(∑ 𝒂𝐛𝐜𝐲𝐜 −∑ 𝒂𝟐𝐜𝐲𝐜 ) + 𝟐𝐬(∑ 𝒂𝐛𝐜𝐲𝐜 ) − ∑ 𝒂𝟑𝐜𝐲𝐜 − 𝟐𝟒𝐑𝐫𝐬

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
 𝒂𝐧𝐝 𝐬𝐢𝐧𝐜𝐞 ∶ ∑𝒂𝐛

𝐜𝐲𝐜

= 

𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐,∑𝒂𝟐

𝐜𝐲𝐜

= 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐),∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

= (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐, 

∑𝒂𝟑

𝐜𝐲𝐜

= 𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐),∑𝒂𝟑𝐛𝟑

𝐜𝐲𝐜

= (𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟐𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) 
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∴ ②, (∗), (∗∗) ⇒∑
𝐩𝒂
𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

=
(𝐦)

𝟑 +

𝟏𝟖𝐬𝟔 − (𝟏𝟔𝟖𝐑𝐫 + 𝟏𝟐𝟓𝐫𝟐)𝐬𝟒 −

𝐫𝟐(𝟏𝟏𝟔𝐑𝟐 + 𝟖𝟒𝐑𝐫 + 𝟏𝟔𝐫𝟐)𝐬𝟐 − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
  

𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,① ⇒∑
𝐩𝐛𝐩𝐜
𝐡𝐛𝐡𝐜

𝐜𝐲𝐜

=∑√(𝟏 +
𝐬𝟐

𝐫𝟐
.
(𝐜 − 𝒂)𝟐

(𝟐𝐬 + 𝐛)𝟐
) . (𝟏 +

𝐬𝟐

𝐫𝟐
.
(𝒂 − 𝐛)𝟐

(𝟐𝐬 + 𝐜)𝟐
)

𝐜𝐲𝐜

 

≥
𝐑𝐞𝐯𝐞𝐫𝐬𝐞 𝐂𝐁𝐒

𝟑 +
𝐬𝟐

𝐫𝟐
.

𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.∑(|𝐜 − 𝒂||𝒂 − 𝐛|(𝟐𝐬 + 𝒂))

𝐜𝐲𝐜

≥
𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

 

𝟑 +
𝐬𝟐

𝐫𝟐
.

𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
. (𝟐𝐬 |∑(𝐜 − 𝒂)(𝒂 − 𝐛)

𝐜𝐲𝐜

| + |∑𝒂(𝐜 − 𝒂)(𝒂 − 𝐛)

𝐜𝐲𝐜

|) 

= 𝟑 +
𝐬𝟐 ((𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) + (𝟐𝐑𝐫 − 𝟒𝐫𝟐))

𝐫𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
∴ 𝟐∑

𝐩𝐛𝐩𝐜
𝐡𝐛𝐡𝐜

𝐜𝐲𝐜

+∑
𝐩𝒂
𝟐

𝐡𝒂𝟐
𝐜𝐲𝐜

≥ 𝟗 + 

𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)(𝟐𝐬𝟐 − 𝟐𝟎𝐑𝐫 − 𝟏𝟒𝐫𝟐) + 𝟏𝟖𝐬𝟔 − (𝟏𝟔𝟖𝐑𝐫 + 𝟏𝟐𝟓𝐫𝟐)𝐬𝟒 −

𝐫𝟐(𝟏𝟏𝟔𝐑𝟐 + 𝟖𝟒𝐑𝐫 + 𝟏𝟔𝐫𝟐)𝐬𝟐 − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑

𝐫𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
≥
? 𝟔𝟒𝐑 + 𝟗𝟕𝐫

𝟐𝟓𝐫
 

⇔ 𝟗𝟎𝟎𝐬𝟔 − (𝟏𝟑𝟓𝟖𝟒𝐑𝐫 − 𝟒𝟏𝟒𝟑𝐫𝟐)𝐬𝟒 − 𝐫𝟐(𝟏𝟐𝟖𝟏𝟐𝐑𝟐 − 𝟕𝟗𝟕𝟐𝐑𝐫 − 𝟏𝟓𝟓𝟒𝐫𝟐)𝐬𝟐 − 

𝐫𝟑(𝟑𝟗𝟎𝟒𝐑𝟑 − 𝟐𝟔𝟒𝟎𝐑𝟐𝐫 − 𝟏𝟏𝟕𝟐𝐑𝐫𝟐 − 𝟏𝟎𝟑𝐫𝟑) ≥
(⦁)

𝟎; ∵ 𝐏 = 𝟗𝟎𝟎(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 

+(𝟐𝟗𝟔𝟏𝟔𝐑𝐫 − 𝟗𝟑𝟓𝟕𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 + 

𝟒𝐫𝟐(𝟔𝟎𝟗𝟐𝟓𝐑𝟐 − 𝟑𝟖𝟗𝟎𝟑𝐑𝐫 + 𝟔𝟗𝟎𝟔𝐫𝟐)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 −
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 − 𝐫
) ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝒂𝐧𝐝 𝐑𝐨𝐮𝐜𝐡𝐞
+ 𝐄𝐮𝒍𝐞𝐫

𝟎 

 

(

 
 
 
 
 

∵ (𝐑− 𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐) ≥
𝐑𝐨𝐮𝐜𝐡𝐞

(𝐑 − 𝐫) (𝟐𝐑𝟐 − 𝟔𝐑𝐫 + 𝟒𝐫𝟐 − 𝟐(𝐑− 𝟐𝐫)√𝐑𝟐 − 𝟐𝐑𝐫)

= (𝐑− 𝟐𝐫) ((𝐑− 𝐫 − √𝐑𝟐 − 𝟐𝐑𝐫)
𝟐

+ 𝐫𝟐) ≥ 𝐫𝟐(𝐑 − 𝟐𝐫) (∵ 𝐑 − 𝟐𝐫 ≥
𝐄𝐮𝐥𝐞𝐫

𝟎)

⇒ 𝐬𝟐 ≥ 𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐 +
𝐫𝟐(𝐑 − 𝟐𝐫)

𝐑 − 𝐫 )

 
 
 
 
 

 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
?
𝐏 

⇔ (𝐭 − 𝟐)(𝟑𝟑𝟕𝟓𝐭𝟐 − 𝟏𝟖𝟔𝟗𝐭 + 𝟑𝟎𝟐) ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 ⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴ (∑
𝐩𝒂
𝐡𝒂

𝐜𝐲𝐜

)

𝟐

≥
𝟔𝟒𝐑 + 𝟗𝟕𝐫

𝟐𝟓𝐫
⇒
𝐩𝒂
𝐡𝒂

+
𝐩𝐛
𝐡𝐛

+
𝐩𝐜
𝐡𝐜
≥
𝟏

𝟓
.√
𝟔𝟒𝐑

𝐫
+ 𝟗𝟕 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3769. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟐 (
𝟏

𝐜𝐨𝐬 𝐀
+

𝟏

𝐜𝐨𝐬𝐁
) ≥ √𝟑(𝐭𝒂𝐧 𝐀 + 𝐭𝒂𝐧𝐁) + 𝟐 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution 1 by Soumava Chakraborty-Kolkata-India 

∆ 𝐀𝐁𝐂 𝐛𝐞𝐢𝐧𝐠 𝒂𝐜𝐮𝐭𝐞 ⇒ 𝐜𝐨𝐬𝐀 , 𝐜𝐨𝐬𝐁 > 0 

∴ 𝟐 (
𝟏

𝐜𝐨𝐬𝐀
+

𝟏

𝐜𝐨𝐬 𝐁
) ≥

?

√𝟑. (𝐭𝒂𝐧𝐀 + 𝐭𝒂𝐧𝐁) + 𝟐 

⇔ 𝟐(𝐜𝐨𝐬 𝐀 + 𝐜𝐨𝐬𝐁) ≥
?

√𝟑. (𝐬𝐢𝐧𝐀𝐜𝐨𝐬 𝐁 + 𝐜𝐨𝐬𝐀𝐬𝐢𝐧 𝐁) + 𝟐 𝐜𝐨𝐬𝐀 𝐜𝐨𝐬 𝐁 

= √𝟑. 𝐬𝐢𝐧 𝐂 + 𝐜𝐨𝐬(𝐀 + 𝐁) + 𝐜𝐨𝐬(𝐀 − 𝐁) 

⇔ 𝟒𝐬𝐢𝐧
𝐂

𝟐
𝐜𝐨𝐬

𝐀 − 𝐁

𝟐
≥
?

√𝟑. 𝐬𝐢𝐧𝐂 − 𝐜𝐨𝐬 𝐂 + 𝟐 𝐜𝐨𝐬𝟐
𝐀 − 𝐁

𝟐
− 𝟏 

⇔ 𝟐𝐭𝟐 − 𝟒𝐬𝐢𝐧
𝐂

𝟐
. 𝐭 + √𝟑. 𝐬𝐢𝐧 𝐂 − 𝟐𝐜𝐨𝐬𝟐

𝐂

𝟐
≤
?
⏟
(∗)

𝟎 (𝐭 = 𝐜𝐨𝐬
𝐀 − 𝐁

𝟐
)  𝒂𝐧𝐝 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (∗), 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐭 ≤
?
⏟
①

𝟒 𝐬𝐢𝐧
𝐂
𝟐 +

√𝟏𝟔𝐬𝐢𝐧𝟐
𝐂
𝟐 − 𝟖(√𝟑. 𝐬𝐢𝐧𝐂 − 𝟐 𝐜𝐨𝐬

𝟐 𝐂
𝟐)

𝟒
 𝐀𝐍𝐃  

𝐭 ≥
?
⏟
②

𝟒 𝐬𝐢𝐧
𝐂
𝟐 −

√𝟏𝟔𝐬𝐢𝐧𝟐
𝐂
𝟐 − 𝟖(√𝟑. 𝐬𝐢𝐧 𝐂 − 𝟐𝐜𝐨𝐬𝟐

𝐂
𝟐)

𝟒
; ∵ 𝐭 ≤ 𝟏 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ①, 

𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟏 ≤
?
𝐬𝐢𝐧

𝐂

𝟐
+ √𝟏 −

√𝟑

𝟐
. 𝐬𝐢𝐧 𝐂 ⇔ (𝟏 − 𝐬𝐢𝐧

𝐂

𝟐
)
𝟐

≤
?
𝟏 −

√𝟑

𝟐
. 𝐬𝐢𝐧 𝐂 

⇔ 𝐬𝐢𝐧𝟐
𝐂

𝟐
− 𝟐𝐬𝐢𝐧

𝐂

𝟐
+ √𝟑. 𝐬𝐢𝐧

𝐂

𝟐
𝐜𝐨𝐬

𝐂

𝟐
≤
?
𝟎 ⇔ 𝐬𝐢𝐧

𝐂

𝟐
+ √𝟑. 𝐜𝐨𝐬

𝐂

𝟐
≤
?
𝟐 → 𝐭𝐫𝐮𝐞 

∵ 𝐬𝐢𝐧
𝐂

𝟐
+ √𝟑. 𝐜𝐨𝐬

𝐂

𝟐
≤
𝐂𝐁𝐒

√𝟏 + 𝟑.√𝐬𝐢𝐧𝟐
𝐂

𝟐
+ 𝐜𝐨𝐬𝟐

𝐂

𝟐
= 𝟐 ⇒① 𝐢𝐬 𝐭𝐫𝐮𝐞 𝐰𝐢𝐭𝐡 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟  

𝐂

𝟐
=
𝛑

𝟔
 ∧  𝐀 = 𝐁 ⇒ 𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐟𝐟 𝐀 = 𝐁 = 𝐂 =

𝛑

𝟑
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧, 𝟎 < 𝐴, 𝐵 <

𝛑

𝟐
⇒ 

−
𝛑

𝟒
<
𝐀 − 𝐁

𝟐
<
𝛑

𝟒
⇒ 𝐭 ≥

𝟏

√𝟐
>
?
𝐬𝐢𝐧

𝐂

𝟐
− √𝟏 −

√𝟑

𝟐
. 𝐬𝐢𝐧𝐂 

⇔
𝟏

𝟐
+ 𝟏 −

√𝟑

𝟐
. 𝐬𝐢𝐧 𝐂 + 𝟐.√𝟏 −

√𝟑

𝟐
. 𝐬𝐢𝐧𝐂 >

?
𝐬𝐢𝐧𝟐

𝐂

𝟐
 𝒂𝐧𝐝 ∵ √𝟏 −

√𝟑

𝟐
. 𝐬𝐢𝐧𝐂 > 0 

∴ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝟑 − √𝟑. 𝐬𝐢𝐧 𝐂 >
?
𝟏 − 𝐜𝐨𝐬 𝐂 ⇔ 𝐜𝐨𝐬

𝛑

𝟔
𝐬𝐢𝐧 𝐂 − 𝐬𝐢𝐧

𝛑

𝟔
𝐜𝐨𝐬 𝐂 <

?
𝟏 
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⇔ 𝐬𝐢𝐧 (𝐂 −
𝛑

𝟔
) <

?
𝟏 → 𝐭𝐫𝐮𝐞 ⇒② 𝐢𝐬 𝐭𝐫𝐮𝐞 (𝐬𝐭𝐫𝐢𝐜𝐭 𝐢𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲) 𝒂𝐧𝐝 𝐬𝐨,① 𝒂𝐧𝐝 ②  

𝒂𝐫𝐞 𝐭𝐫𝐮𝐞 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝟐 (
𝟏

𝐜𝐨𝐬 𝐀
+

𝟏

𝐜𝐨𝐬𝐁
) ≥ √𝟑. (𝐭𝒂𝐧𝐀 + 𝐭𝒂𝐧𝐁) + 𝟐 

∀ 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

Solution 2 by Amin Hajiyev-Azerbaijan 

𝒇(𝒙) =
𝟏

𝐜𝐨𝐬(𝒙)
− √𝟑 𝐭𝐚𝐧(𝒙) →  𝒇(𝑨) + 𝒇(𝑩) ≥ 𝟐 

𝑰𝒏𝒗𝒆𝒔𝒕𝒊𝒈𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒆𝒙𝒕𝒓𝒆𝒎𝒆 𝒗𝒂𝒍𝒖𝒆𝒔:  

𝒇(𝒙) = 𝟐 𝐬𝐞𝐜(𝒙) − √𝟑 𝐭𝐚𝐧(𝒙) →
𝒅

𝒅𝒙
𝒇(𝒙) = 𝟐 𝐬𝐞𝐜(𝒙) 𝐭𝐚𝐧(𝒙) − √𝟑𝐬𝐞𝐜𝟐(𝒙) 

𝒅

𝒅𝒙
𝒇(𝒙) =

𝟐 𝐬𝐢𝐧(𝒙) − √𝟑

𝒄𝒐𝒔𝟐(𝒙)
   
𝒅

𝒅𝒙
𝒇(𝒙) = 𝟎 → 𝐬𝐢𝐧(𝒙) =

√𝟑

𝟐
 

𝑻𝒉𝒆 𝒖𝒏𝒊𝒒𝒖𝒆 𝒓𝒐𝒐𝒕 𝒊𝒏 𝒕𝒉𝒆 𝒂𝒄𝒖𝒕𝒆 𝒊𝒏𝒕𝒆𝒓𝒗𝒂𝒍 

(𝟎;
𝝅

𝟐
)  𝒊𝒔  𝒙 =

𝝅

𝟑
 

𝑪𝒉𝒂𝒓𝒂𝒄𝒕𝒆𝒓𝒊𝒛𝒂𝒕𝒊𝒐𝒏 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒂𝒏𝒅 𝒈𝒍𝒐𝒃𝒂𝒍 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 

•  𝒙 ∈ (𝟎;
𝝅

𝟑
) → 𝐬𝐢𝐧(𝒙) <

√𝟑

𝟐
    
𝒅

𝒅𝒙
𝒇(𝒙) < 0  𝑑𝑒𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

•  𝒙 ∈ (
𝝅

𝟑
;
𝝅

𝟐
) → 𝐬𝐢𝐧(𝒙) >

√𝟑

𝟐
  
𝒅

𝒅𝒙
𝒇(𝒙) > 0  𝑖𝑛𝑐𝑟𝑒𝑎𝑠𝑖𝑛𝑔 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 

𝑻𝒉𝒆 𝒎𝒊𝒏𝒊𝒎𝒖𝒎 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒙 =
𝝅

𝟑
 

𝒇(
𝝅

𝟑
) =

𝟏

𝐜𝐨𝐬 (
𝝅
𝟑)

− √𝟑 𝐭𝐚𝐧 (
𝝅

𝟑
) = 𝟏  

𝒙 ∈ (𝟎;
𝝅

𝟐
) →  𝒇(𝒙) ≥ 𝟏 →  {

𝒇(𝑨) ≥ 𝟏

𝒇(𝑩) ≥ 𝟏
  𝒇(𝑨) + 𝒇(𝑩) ≥ 𝟐 

𝟐 (
𝟏

𝐜𝐨𝐬(𝑨)
+

𝟏

𝐜𝐨𝐬(𝑩)
) ≥ √𝟑(𝐭𝐚𝐧(𝑨) + 𝐭𝐚𝐧(𝑩)) + 𝟐    

 

3770. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝐜𝐬𝐜 (
𝑨

𝟐
)(𝟏 + 𝐬𝐢𝐧 (

𝑨

𝟐
))

𝒄𝒚𝒄

≥ 𝟗 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Amin Hajiyev-Azerbaijan 

∑𝐜𝐬𝐜(
𝑨

𝟐
)(𝟏 + 𝐬𝐢𝐧 (

𝑨

𝟐
)) ≥ 𝟗 

𝒄𝒚𝒄

 

∑𝐜𝐬𝐜(
𝑨

𝟐
) +∑𝐜𝐬𝐜 (

𝑨

𝟐
) 𝐬𝐢𝐧 (

𝑨

𝟐
)

𝒄𝒚𝒄𝒄𝒚𝒄

≥ 𝟗 → ∑𝐜𝐬𝐜 (
𝑨

𝟐
) + 𝟑 ≥ 𝟗

𝒄𝒚𝒄
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∑𝐜𝐬𝐜 (
𝑨

𝟐
) ≥ 𝟔

𝒄𝒚𝒄

→  𝑨 + 𝑩 + 𝑪 = 𝝅   𝑨 ∈ (𝟎;  𝝅) → 𝐜𝐬𝐜 (
𝑨

𝟐
) > 0 

𝒇(𝒙) = 𝐜𝐬𝐜 (
𝒙

𝟐
) →

𝒅𝟐

𝒅𝒙𝟐
𝒇(𝒙) =

𝟏

𝟒
𝐜𝐬𝐜 (

𝒙

𝟐
)(𝒄𝒔𝒄𝟐 (

𝒙

𝟐
) + 𝒄𝒕𝒈𝟐 (

𝒙

𝟐
))  

𝒙 ∈ (𝟎;𝝅) →  
𝒅𝟐

𝒅𝒙𝟐
𝒇(𝒙) > 0  

𝟏

𝟑
∑𝐜𝐬𝐜 (

𝑨

𝟐
)

𝒄𝒚𝒄

≥⏞
𝑱𝑬𝑵𝑺𝑬𝑵

𝐜𝐬𝐜(

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
) → ∑𝐜𝐬𝐜 (

𝑨

𝟐
) ≥ 𝟑𝐜𝐬𝐜 (

𝝅

𝟔
)

𝒄𝒚𝒄

= 𝟔 

∑𝐜𝐬𝐜 (
𝑨

𝟐
)(𝟏 + 𝐬𝐢𝐧 (

𝑨

𝟐
)) ≥ 𝟗

𝒄𝒚𝒄

 

Equality holds for an equilateral triangle. 
 

3771. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝐜𝐬𝐜 (
𝑨
𝟐
)

𝟏 + 𝐜𝐨𝐬 (
𝑨
𝟐
)
+

𝐜𝐬𝐜 (
𝑩
𝟐
)

𝟏 + 𝐜𝐨𝐬 (
𝑩
𝟐
)
+

𝐜𝐬𝐜 (
𝑪
𝟐
)

𝟏 + 𝐜𝐨𝐬 (
𝑪
𝟐
)
≥

𝟏𝟐

𝟐 + √𝟑
 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Amin Hajiyev-Azerbaijan 

∑
𝐜𝐬𝐜(

𝑨
𝟐)

𝟏 + 𝐜𝐨𝐬 (
𝑨
𝟐
)𝒄𝒚𝒄

≥
𝟏𝟐

𝟐 + √𝟑
→  𝑳𝑯𝑺 =∑

𝐜𝐬𝐜 (
𝑨
𝟐)

𝟏 + 𝐜𝐨𝐬 (
𝑨
𝟐
)
=∑

𝟏

𝐬𝐢𝐧 (
𝑨
𝟐)(𝟏 + 𝐜𝐨𝐬 (

𝑨
𝟐))

𝒄𝒚𝒄𝒄𝒚𝒄

 

𝑨 + 𝑩+ 𝑪 = 𝝅 →
𝑨

𝟐
+
𝑩

𝟐
+
𝑪

𝟐
=
𝝅

𝟐
   𝒙 ∈ (𝟎;

𝝅

𝟐
) →  {

𝟎 < 𝐬𝐢𝐧(𝐱) < 1
𝟎 < 𝐜𝐨𝐬(𝐱) < 1

 

𝒇(𝒙) =
𝟏

𝐬𝐢𝐧(𝒙)(𝟏 + 𝐜𝐨𝐬(𝒙))
      

𝒅𝟐

𝒅𝒙
𝒇(𝒙) > 0 →  𝐶𝑜𝑛𝑣𝑒𝑥𝑖𝑡𝑦 

𝑱𝒆𝒏𝒔𝒆𝒏′𝒔 𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 
∑ 𝒇(𝒙𝒊)
𝒏
𝒊=𝟏

𝒏
≥ 𝒇(∑𝒙𝒊

𝒏

𝒊=𝟏

) 

𝟏

𝟑
∑

𝟏

𝐬𝐢𝐧 (
𝑨
𝟐)(𝟏 + 𝐜𝐨𝐬 (

𝑨
𝟐))

≥

𝒄𝒚𝒄

𝒇(

𝑨
𝟐 +

𝑩
𝟐 +

𝑪
𝟐

𝟑
) = 𝒇(

𝝅

𝟔
) 

∑
𝐜𝐬𝐜(

𝑨
𝟐)

𝟏 + 𝐜𝐨𝐬 (
𝑨
𝟐)𝒄𝒚𝒄

≥
𝟑

𝐬𝐢𝐧 (
𝝅
𝟔) (𝟏 + 𝐜𝐨𝐬 (

𝝅
𝟔))

=
𝟑

𝟏
𝟐(𝟏 +

√𝟑
𝟐 )
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∑
𝐜𝐬𝐜 (

𝑨
𝟐)

𝟏 + 𝐜𝐨𝐬 (
𝑨
𝟐)𝒄𝒚𝒄

≥
𝟏𝟐

𝟐 + √𝟑
    

Equality holds for an equilateral triangle. 
 

3772. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
𝒄𝒐𝒕𝑩 + 𝒄𝒐𝒕𝑪

𝒔𝒊𝒏𝑨
𝒄𝒚𝒄

≥ 𝟒 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝒄𝒐𝒕(𝑩) + 𝒄𝒐𝒕(𝑪)

𝐬𝐢𝐧(𝑨)
=

𝐜𝐨𝐬(𝑩)
𝐬𝐢𝐧(𝑩)

+
𝐜𝐨𝐬(𝑪)
𝐬𝐢𝐧(𝑪)

𝐬𝐢𝐧(𝑨)
=
𝐬𝐢𝐧(𝑩) 𝐜𝐨𝐬(𝑪) + 𝐬𝐢𝐧(𝑪) 𝐜𝐨𝐬(𝑩)

𝐬𝐢𝐧(𝑨) . 𝐬𝐢𝐧(𝑩) . 𝐬𝐢𝐧(𝑪)
= 

=
𝐬𝐢𝐧(𝑩 + 𝑪)

𝐬𝐢𝐧(𝑨) . 𝐬𝐢𝐧(𝑩) . 𝐬𝐢𝐧(𝑪)
=

𝟏

𝐬𝐢𝐧(𝑩) . 𝐬𝐢𝐧(𝑪)
 

∑
𝟏

𝐬𝐢𝐧(𝑩) . 𝐬𝐢𝐧(𝑪)
𝒄𝒚𝒄

=
𝐬𝐢𝐧(𝑨) + 𝐬𝐢𝐧(𝑩) + 𝐬𝐢𝐧(𝑪)

𝐬𝐢𝐧(𝑨) . 𝐬𝐢𝐧(𝑩) . 𝐬𝐢𝐧(𝑪)
=

𝒔
𝑹
𝑭
𝟐𝑹𝟐

=
𝟐𝒔𝑹𝟐

𝑭𝑹
=
𝟐𝒔𝑹

𝒔𝒓
=
𝟐𝑹

𝒓
=⏞

𝑬𝒖𝒍𝒆𝒓

𝟒  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶ 𝑨 = 𝑩 = 𝑪 

 
3773. In ∆𝑨𝑩𝑪 the following relationship holds: 

𝐬𝐢𝐧(𝑨)

𝐭𝐚𝐧(𝑩) + 𝐭𝐚𝐧(𝑪)
+

𝐬𝐢𝐧(𝑩)

𝐭𝐚𝐧(𝑪) + 𝐭𝐚𝐧(𝑨)
+

𝐬𝐢𝐧(𝑪)

𝐭𝐚𝐧(𝑨) + 𝐭𝐚𝐧(𝑩)
≥
𝟑

𝟒
 

 
Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝐬𝐢𝐧(𝑨)

𝐭𝐚𝐧(𝑩) + 𝐭𝐚𝐧(𝑪)
=∑

𝐬𝐢𝐧(𝑨)

𝐬𝐢𝐧(𝑩 + 𝑪)
𝐜𝐨𝐬(𝑩) . 𝐜𝐨𝐬(𝑪)

=

𝒄𝒚𝒄𝒄𝒚𝒄

 

=∑𝐜𝐨𝐬(𝑨) . 𝐜𝐨𝐬(𝑩) =
𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝟐

𝟒𝑹𝟐
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

𝒄𝒚𝒄

 

≤
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 −𝑹𝟐

𝟒𝑹𝟐
=
𝑹𝒓 + 𝒓𝟐

𝑹𝟐
≤⏞

𝑬𝒖𝒍𝒆𝒓𝑹
𝟐

𝟐
+
𝑹𝟐

𝟒
𝑹𝟐

=
𝟑

𝟒
 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶ 𝑨 = 𝑩 = 𝑪. 
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3774. 𝑳𝒆𝒕 𝑷 𝒃𝒆 𝒕𝒉𝒆 𝑩𝒓𝒐𝒄𝒂𝒓𝒅′𝒔 𝒑𝒐𝒊𝒏𝒕 𝒐𝒇 𝒂𝒄𝒖𝒕𝒆 − 𝒂𝒏𝒈𝒍𝒆𝒅 𝑨𝑩𝑪.  
𝑹𝒂, 𝑹𝒃, 𝑹𝒄 𝒄𝒊𝒓𝒄𝒖𝒎𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 𝑩𝑷𝑪, 𝑨𝑷𝑪, 𝑨𝑷𝑩.  

𝑯 − 𝒐𝒓𝒕𝒉𝒐𝒄𝒆𝒏𝒕𝒆𝒓.𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
𝑹𝒂 • 𝒉𝒂
𝑨𝑯 

+
𝑹𝒃 • 𝒉𝒃
𝑩𝑯 

+
𝑹𝒄 • 𝒉𝒄
𝑪𝑯 

≥ 𝟗𝒓 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Qurban Muellim-Azerbaijan 

𝑳𝒆𝒎𝒎𝒂 𝟏: 𝒄𝒐𝒔𝑨 • 𝒄𝒐𝒔𝑩 • 𝒄𝒐𝒔𝑪 ≤
𝟏

𝟖
 

𝑳𝒆𝒎𝒎𝒂 𝟐: 𝒉𝒂 = 𝟐𝑹 • 𝒔𝒊𝒏𝑩 • 𝒔𝒊𝒏𝑪 
𝒂

𝐬𝐢𝐧(𝟏𝟖𝟎 − 𝑪)
= 𝟐𝑹𝒂 => 𝑹𝒂 =

𝒂

𝟐𝒔𝒊𝒏𝑪
 

𝐋𝐇𝐒 =∑
𝑹𝒂 • 𝒉𝒂
𝑨𝑯

= ∑

𝒂
𝟐𝒔𝒊𝒏𝑪 • 𝟐𝑹𝒔𝒊𝒏𝑩𝒔𝒊𝒏𝑪

𝟐𝑹𝒄𝒐𝒔𝑨 
= ∑

𝒂𝒔𝒊𝒏𝑩

𝟐𝒄𝒐𝒔𝑨
≥
𝟑

𝟐
√
𝒂𝒃𝒄∏𝒔𝒊𝒏𝑨

∏𝒄𝒐𝒔𝑨

𝟑

≥ 𝟑√𝒂𝒃𝒄∏𝒔𝒊𝒏𝑨
𝟑 = 𝟑√𝒂𝒃𝒄 (

𝒂𝒃𝒄

𝟖𝑹𝟑
)

𝟑

= 𝟑√
(𝒂𝒃𝒄)𝟐

𝟖𝑹𝟑

𝟑

= 𝟑√
𝟏𝟔𝑹𝟐𝒓𝟐𝒔𝟐

𝟖𝑹𝟑

𝟑

= 𝟑√
𝟐𝒔𝟐𝒓𝟐

𝑹

𝟑

≥ 𝟑√(
𝟐𝟕𝑹𝒓𝒓𝟐

𝑹
)

𝟑

= 𝟗𝒓 

Equality holds for a=b=c. 
 

3775. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐧𝒂
𝟐 + 𝒈𝒂

𝟐

𝐫𝐡𝒂
+

𝐧𝒂

𝐧𝒂 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
≤ 𝟏+

𝟒𝐑

𝐫
(
𝐫𝐛 + 𝐫𝐜
𝐡𝒂

− 𝟏) 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐫𝐛 + 𝐫𝐜 − 𝐡𝒂 ≥
? 𝐛𝟐 + 𝐜𝟐

𝟒𝐑
⇔ 𝟒𝐑𝐜𝐨𝐬𝟐

𝐀

𝟐
≥
? (𝐛 + 𝐜)𝟐

𝟒𝐑
 

⇔ 𝟒𝐑𝐜𝐨𝐬
𝐀

𝟐
≥
?
𝟒𝐑𝐜𝐨𝐬

𝐀

𝟐
𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
→ 𝐭𝐫𝐮𝐞 ∵ 𝐜𝐨𝐬

𝐁 − 𝐂

𝟐
≤ 𝟏 ∴ 𝐫𝐛 + 𝐫𝐜 − 𝐡𝒂 ≥

𝐛𝟐 + 𝐜𝟐

𝟒𝐑
 

⇒
𝟒𝐑

𝐫
(
𝐫𝐛 + 𝐫𝐜
𝐡𝒂

− 𝟏) ≥
𝟒𝐑

𝐫𝐡𝒂
.
𝐛𝟐 + 𝐜𝟐

𝟒𝐑
=
𝐛𝟐 + 𝐜𝟐

𝐫𝐡𝒂
 

⇒
𝐧𝒂
𝟐 + 𝒈𝒂

𝟐

𝐫𝐡𝒂
+

𝐧𝒂

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
− 𝟏 −

𝟒𝐑

𝐫
(
𝐫𝐛 + 𝐫𝐜
𝐡𝒂

− 𝟏) 
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=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢 (𝐛 − 𝐜)𝟐 + 𝟐𝐬(𝐬 − 𝒂)

𝐫𝐡𝒂
+

𝐧𝒂

𝐧𝒂 −
𝒂𝐧𝒂
𝐬

− 𝟏 −
𝐛𝟐 + 𝐜𝟐

𝐫𝐡𝒂
 

=
𝐛𝟐 + 𝐜𝟐

𝐫𝐡𝒂
−
𝟐𝐑. 𝟐𝐛𝐜

𝐫. 𝐛𝐜
+

𝟐𝐬(𝐬 − 𝒂)𝒂

𝟐(𝐬 − 𝒂)(𝐬 − 𝐛)(𝐬 − 𝐜)
+

𝐬

𝐬 − 𝒂
− 𝟏 −

𝐛𝟐 + 𝐜𝟐

𝐫𝐡𝒂
 

= −
𝟒𝐑

𝐫
+

𝐬𝒂

(𝐬 − 𝐛)(𝐬 − 𝐜)
+

𝒂

𝐬 − 𝒂
= −

𝟒𝐑

𝐫
+

𝒂

𝐫𝟐𝐬
. (𝐬(𝐬 − 𝒂) + (𝐬 − 𝐛)(𝐬 − 𝐜)) 

= −
𝟒𝐑

𝐫
+

𝒂

𝐫𝟐𝐬
. (𝐬𝟐 − 𝐬𝒂 − 𝐬𝟐 + 𝐬𝒂 + 𝐛𝐜) = −

𝟒𝐑

𝐫
+
𝟒𝐑𝐫𝐬

𝐫𝟐𝐬
= 𝟎 

∴
𝐧𝒂
𝟐 +𝒈𝒂

𝟐

𝐫𝐡𝒂
+

𝐧𝒂

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
≤ 𝟏 +

𝟒𝐑

𝐫
(
𝐫𝐛 + 𝐫𝐜
𝐡𝒂

− 𝟏) ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′ 𝐢𝐟𝐟 𝐛 = 𝐜 (𝐐𝐄𝐃) 
 

3776. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟑 +∑
𝐛 + 𝐜

√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
𝐜𝐲𝐜

>
𝟏

𝐫
∑𝐡𝒂
𝐜𝐲𝐜

 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝟑 +∑
𝐛+ 𝐜

√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝟑 +∑
𝐬(𝐛 + 𝐜)

𝒂𝐧𝒂
𝐜𝐲𝐜

 

= 𝟑 +∑
√𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂 + 𝟐𝐡𝒂𝐫𝒂. (𝐛 + 𝐜)

𝒂𝐧𝒂
𝐜𝐲𝐜

=
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝟑 +∑
√𝐧𝒂𝟐 + 𝟐𝐡𝒂𝐫𝒂. (𝐛 + 𝐜)

𝒂𝐧𝒂
𝐜𝐲𝐜

 

> 𝟑 +∑
𝐧𝒂. (𝐛 + 𝐜)

𝒂𝐧𝒂
𝐜𝐲𝐜

=∑(𝟏 +
𝐛 + 𝐜

𝒂
)

𝐜𝐲𝐜

=
𝟏

𝐫
∑

𝟐𝐫𝐬

𝒂
𝐜𝐲𝐜

=
𝟏

𝐫
∑𝐡𝒂
𝐜𝐲𝐜

 

 

∴ 𝟑 +∑
𝐛 + 𝐜

√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐𝐜𝐲𝐜

>
𝟏

𝐫
∑𝐡𝒂
𝐜𝐲𝐜

∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 

3777. If 𝑰𝒂, 𝑰𝒃, 𝑰𝒄 − 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒊𝒏 𝚫𝑨𝑩𝑪 𝒕𝒉𝒆𝒏 𝒑𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
 

𝟐

𝑭
(𝟐 −

𝒓

𝑹
) ≤∑

𝟏

𝑭𝑩𝑪𝑰𝒂𝒄𝒚𝒄

≤
𝟐

𝑭
(
𝑹

𝒓
+
𝒓

𝑹
− 𝟏) 

 
Proposed by Eldeniz Hesenov-Georgia 
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Solution by Tapas Das-India 
 

 𝑭𝑩𝑪𝑰𝒂 =
𝟏

𝟐
. 𝒓𝒂. 𝒂 =

𝑭

𝟐

𝒂

𝒔 − 𝒂
  

 

∑
𝟏

𝑭𝑩𝑪𝑰𝒂𝒄𝒚𝒄

=
𝟐

𝑭
∑

𝒔− 𝒂

𝒂
=
𝟐

𝑭
(𝒔∑

𝟏

𝒂
− 𝟑) =

𝟐

𝑭
(𝒔
𝒂𝒃 + 𝒃𝒄 + 𝒄𝒂

𝒂𝒃𝒄
− 𝟑) = 

 

=
𝟐

𝑭
(
𝒔𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟒𝑹𝒓
− 𝟑) =

𝟐

𝑭
(
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝑹𝒓
) ≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

≥  
𝟐

𝑭
(
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝑹𝒓
) =

𝟐

𝑭
(
𝟖𝑹𝒓 − 𝟒𝒓𝟐

𝟒𝑹𝒓
) =

𝟐

𝑭
(𝟐 −

𝒓

𝑹
) 

 

∑
𝟏

𝑭𝑩𝑪𝑰𝒂𝒄𝒚𝒄

=
𝟐

𝑭
(
𝒔𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝑹𝒓
) ≤
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟐

𝑭
(
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 − 𝟖𝑹𝒓

𝟒𝑹𝒓
) = 

=
𝟐

𝑭
(
𝟒𝑹𝟐 − 𝟒𝑹𝒓 + 𝟒𝒓𝟐

𝟒𝑹𝒓
) =

𝟐

𝑭
(
𝑹

𝒓
+
𝒓

𝑹
− 𝟏)  

 
Equality holds for an equilateral triangle. 

 
3778. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝒓𝒂
𝟒𝒉𝒂

𝒎𝒂 + 𝒉𝒂𝒎𝒂
𝟐 +

𝒓𝒃
𝟒𝒉𝒃

𝒎𝒃 + 𝒉𝒃𝒎𝒃
𝟐 +

𝒓𝒄
𝟒𝒉𝒄

𝒎𝒄 + 𝒉𝒄𝒎𝒄
𝟐 ≥

𝟏𝟗𝟒𝟒𝒓𝟓

𝟒𝑹 + 𝟗𝑹𝟑
 

 
Proposed by Elsen Kerimov, Shirvan Tahirov-Azerbaijan 

Solution by Tapas Das-India 
 

∑
𝒎𝒂

𝒉𝒂
≤

𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗 𝟏

𝟑
(∑𝒎𝒂) (∑

𝟏

𝒉𝒂
) ≤
𝑮𝒐𝒕𝒎𝒂𝒏 𝟏

𝟑
.
𝟗𝑹

𝟐
.
𝟏

𝒓
=
𝟑𝑹

𝟐𝒓
 , 

∑𝒎𝒂
𝟐 =

𝟑

𝟒
(∑𝒂𝟐) ≤

𝑳𝒆𝒊𝒃𝒏𝒊𝒛 𝟐𝟕𝑹𝟐

𝟒
  

 

∑𝒓𝒂
𝟐 = (∑𝒓𝒂)

𝟐

− 𝟐∑𝒓𝒂𝒓𝒃 = (𝟒𝑹 + 𝒓)𝟐 − 𝟐𝒔𝟐 ≥
𝑫𝒐𝒖𝒄𝒆𝒕

 

≥  𝟑𝒔𝟐 − 𝟐𝒔𝟐 = 𝒔𝟐 ≥
𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

𝟐𝟕𝒓𝟐  
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𝒓𝒂
𝟒𝒉𝒂

𝒎𝒂 + 𝒉𝒂𝒎𝒂
𝟐
+

𝒓𝒃
𝟒𝒉𝒃

𝒎𝒃 + 𝒉𝒃𝒎𝒃
𝟐 +

𝒓𝒄
𝟒𝒉𝒄

𝒎𝒄 + 𝒉𝒄𝒎𝒄
𝟐
=∑

𝒓𝒂
𝟒𝒉𝒂

𝒎𝒂 + 𝒉𝒂𝒎𝒂
𝟐
= 

 

=∑
𝒓𝒂
𝟒

𝒎𝒂

𝒉𝒂
+𝒎𝒂

𝟐
≥

𝑩𝒆𝒓𝒈𝒔𝒕𝒓𝒐𝒎 ( ∑𝒓𝒂
𝟐)𝟐

∑
𝒎𝒂

𝒉𝒂
+∑𝒎𝒂

𝟐 
≥

( 𝟐𝟕𝒓𝟐 )𝟐

𝟑𝑹
𝟐𝒓 +

𝟐𝟕𝑹𝟐

𝟒  
=
𝟐𝟒𝟑𝒓𝟓 × 𝟒

𝟐𝑹 + 𝟗𝑹𝟐𝒓
≥

𝑬𝒖𝒍𝒆𝒓
 

 

≥  
𝟐𝟒𝟑𝒓𝟓 × 𝟒

𝟐𝑹 +
𝟗𝑹𝟐𝑹
𝟐

=
𝟏𝟗𝟒𝟒𝒓𝟓

𝟒𝑹 + 𝟗𝑹𝟑
  

Equality holds for an equilateral triangle. 
 

3779. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝟑𝒓

𝑹
≤∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝟐𝑹 − 𝒓

𝟐𝒓
 𝒄𝒚𝒄

 

Proposed by Kostantinos Geronikolas-Greece 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤⏞

𝑨𝑴−𝑮𝑴

 𝒄𝒚𝒄

∑
𝒂𝟐

𝟐𝒃𝒄
=∑

𝒂𝟑

𝟐𝒂𝒃𝒄
=

𝒄𝒚𝒄𝒄𝒚𝒄

 

=
𝟐(𝒔𝟑 − 𝟑𝒔𝒓𝟐 − 𝟔𝒔𝑹𝒓)

𝟐. 𝟒𝑹𝒔𝒓
=
𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟒𝑹𝒓
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏

 

≤
𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓

𝟒𝑹𝒓
=
𝟒𝑹𝟐 − 𝟐𝑹𝒓

𝟒𝑹𝒓
=
𝟐𝑹 − 𝒓

𝟐𝒓
   (∗) 

∑
𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≥⏞

𝑵𝒆𝒔𝒃𝒊𝒕𝒕

 𝒄𝒚𝒄

𝟑

𝟐
≥⏞

𝑬𝒖𝒍𝒆𝒓 𝟑𝒓

𝑹
  (∗∗) 

𝑭𝒓𝒐𝒎  (∗)  𝒂𝒏𝒅  (∗∗)  𝒘𝒆  𝒉𝒂𝒗𝒆 ∶    
𝟑𝒓

𝑹
≤∑

𝒂𝟐

𝒃𝟐 + 𝒄𝟐
≤
𝟐𝑹− 𝒓

𝟐𝒓
 𝒄𝒚𝒄

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶ 𝒂 = 𝒃 = 𝒄 

 
 
 
3780. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑(𝒂𝟐 𝐭𝐚𝐧 (
𝑩

𝟐
) . 𝐭𝐚𝐧 (

𝑪

𝟐
))

𝒏

≥ 𝟑(𝟒𝒓𝟐)𝒏 ,   𝒏 ∈ 𝑵

𝒄𝒚𝒄
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Proposed by Marin Chirciu-Romania 
 
Solution by Mirsadix Muzefferov-Azerbaijan 

𝒂𝟐 𝐭𝐚𝐧 (
𝑩

𝟐
) . 𝐭𝐚𝐧 (

𝑪

𝟐
) = 𝒂𝟐

∏ 𝐭𝐚𝐧 (
𝑨
𝟐)𝒄𝒚𝒄

𝐭𝐚𝐧 (
𝑨
𝟐)

= 𝒂𝟐.
𝒓

𝒔
.

𝟏

𝐭𝐚𝐧 (
𝑨
𝟐)

 

∑(𝒂𝟐 𝐭𝐚𝐧 (
𝑩

𝟐
) . 𝐭𝐚𝐧 (

𝑪

𝟐
))

𝒏

=

𝒄𝒚𝒄

∑(𝒂𝟐.
𝒓

𝒔
.

𝟏

𝐭𝐚𝐧 (
𝑨
𝟐
)
)

𝒏

𝒄𝒚𝒄

≥⏞
𝑨𝑴−𝑮𝑴

 

≥ 𝟑((𝒂𝒃𝒄)𝟐. (
𝒓

𝒔
)
𝟑

.
𝟏

∏ 𝐭𝐚𝐧 (
𝑨
𝟐)
)

𝒏
𝟑

= 𝟑((𝟒𝑹𝑭)𝟐. (
𝒓

𝒔
)
𝟑

.
𝟏

(
𝒓
𝒔)
)

𝒏
𝟑

= 

= 𝟑(𝟏𝟔𝑹𝟐𝑭𝟐. (
𝒓

𝒔
)
𝟐

)

𝒏
𝟑

= 𝟑(𝟏𝟔𝑹𝟐. 𝒔𝟐𝒓𝟐. (
𝒓

𝒔
)
𝟐

)

𝒏
𝟑

≥⏞
𝑬𝒖𝒍𝒆𝒓

𝟑(𝟏𝟔. 𝟒𝒓𝟐. 𝒓𝟐. 𝒓𝟐)
𝒏
𝟑 = 𝟑(𝟒𝒓𝟐)𝒏 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶ 𝒂 = 𝒃 = 𝒄 
 

3781. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑
𝟐𝒓𝒂

𝟐 − 𝟗𝒓𝟐

𝒓𝒂
≥ 𝟗𝒓

𝒄𝒚𝒄

 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

∑
𝟐𝒓𝒂

𝟐 − 𝟗𝒓𝟐

𝒓𝒂
= 𝟐∑𝒓𝒂

𝒄𝒚𝒄

− 𝟗𝒓𝟐∑
𝟏

𝒓𝒂
𝒄𝒚𝒄

=

𝒄𝒚𝒄

𝟐(𝟒𝑹+ 𝒓) − 𝟗𝒓𝟐.
𝟏

𝒓
= 

= 𝟖𝑹 − 𝟕𝒓 ≥⏞
𝑬𝒖𝒍𝒆𝒓

𝟏𝟔𝒓 − 𝟕𝒓 = 𝟗𝒓 
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚  𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶ 𝒂 = 𝒃 = 𝒄. 
 

3782. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

 

∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+ 𝛌∏
𝐰𝒂

𝐫𝒂
𝐜𝐲𝐜

≥ 𝛌 +
𝟑

𝟐
, 𝛌 ≤

𝟏

𝟐
 

  Proposed by Marin Chirciu-Romania 
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Solution by Soumava Chakraborty-Kolkata-India 

𝐰𝒂 ≤ √𝐫𝐛𝐫𝐛 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ⇒∏
𝐰𝒂

𝐫𝒂
𝐜𝐲𝐜

≤ 𝟏 ∴∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

−
𝟑

𝟐
− 𝛌(𝟏 −∏

𝐰𝒂

𝐫𝒂
𝐜𝐲𝐜

) 

≥
𝛌 ≤ 

𝟏
𝟐
∑

𝒂(𝒂𝟐 +∑ 𝒂𝐛𝐜𝐲𝐜 )

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
𝐜𝐲𝐜

−
𝟑

𝟐
−
𝟏

𝟐
(𝟏 −

𝟏𝟔𝐑𝐫𝟐𝐬𝟐

(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)𝐫𝐬𝟐
) 

=
𝟐𝐬(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) + 𝟐𝐬(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) − 𝟑𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
− 

𝟏

𝟐
.
𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐

𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐
=
𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
−

𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
=

𝟒𝐫(𝐑 − 𝟐𝐫)

𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
 

≥
𝐄𝐮𝒍𝐞𝐫

𝟎 ∴ ∑
𝒂

𝐛 + 𝐜
𝐜𝐲𝐜

+ 𝛌∏
𝐰𝒂

𝐫𝒂
𝐜𝐲𝐜

≥ 𝛌 +
𝟑

𝟐
 ∀ ∆ 𝐀𝐁𝐂 𝒂𝐧𝐝 ∀  𝛌 ≤

𝟏

𝟐
, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3783. In ∆𝑨𝑩𝑪 the following relationship holds: 
 

𝟏𝟑

𝟒
−

𝒓

𝟐𝑹
≤∑

𝒓𝒃𝒓𝒄
𝒘𝒂
𝟐 ≤

𝟑𝑹

𝟐𝒓
 

 
Proposed by Marin Chirciu-Romania 

Solution by Tapas Das-India 
 

𝒘𝒂
𝟐 =

𝟒𝒃𝒄𝒔(𝒔 − 𝒂)

(𝒃 + 𝒄)𝟐
  

𝒓𝒃𝒓𝒄
𝒘𝒂
𝟐
=

𝑭𝟐

(𝒔 − 𝒃)(𝒔 − 𝒄)

𝟒𝒃𝒄𝒔(𝒔 − 𝒂)
(𝒃 + 𝒄)𝟐

=
𝑭𝟐

𝒔(𝒔 − 𝒂)(𝒔 − 𝒃)(𝒔 − 𝒄)
.
(𝒃 + 𝒄)𝟐

𝟒𝒃𝒄
=
(𝒃 + 𝒄)𝟐

𝟒𝒃𝒄
 

 
𝒓𝒃𝒓𝒄
𝒘𝒂
𝟐
=
(𝒃 + 𝒄)𝟐

𝟒𝒃𝒄
=
𝒂(𝒃 + 𝒄)𝟐

𝟒𝒂𝒃𝒄
=
𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) + 𝟐𝒂𝒃𝒄 − 𝒂𝟑

𝟒𝒂𝒃𝒄
= 

=
𝟏

𝟒
(
𝒂(𝒂𝟐 + 𝒃𝟐 + 𝒄𝟐) − 𝒂𝟑

𝒂𝒃𝒄
+ 𝟐) 

 

 ∑
𝒓𝒃𝒓𝒄
𝒘𝒂
𝟐
=
𝟏

𝟒
(
(∑𝒂 .∑𝒂𝟐 − ∑𝒂𝟑)

𝒂𝒃𝒄
+ 𝟔) = 
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=
𝟏

𝟒
(
𝟐𝒔. 𝟐(𝒔𝟐 − 𝒓𝟐 − 𝟒𝑹𝒓) − 𝟐𝒔(𝒔𝟐 − 𝟑𝒓𝟐 − 𝟔𝑹𝒓)

𝟒𝑹𝒓𝒔
+ 𝟔) = 

=
𝟏

𝟒
(
𝒔𝟐 + 𝒓𝟐 + 𝟏𝟎𝑹𝒓

𝟐𝑹𝒓
) ≥
𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟏

𝟒
(
𝟏𝟔𝑹𝒓 − 𝟓𝒓𝟐 + 𝒓𝟐 + 𝟏𝟎𝑹𝒓

𝟐𝑹𝒓
) = 

=
(𝟐𝟔𝑹𝒓 − 𝟒𝒓𝟐)

𝟖𝑹𝒓
=
𝟏𝟑

𝟒
−

𝒓

𝟐𝑹
 

 

∑
𝒓𝒃𝒓𝒄
𝒘𝒂
𝟐
=
𝟏

𝟒
∑

(𝒃 + 𝒄)𝟐

𝒃𝒄
=
𝟏

𝟒
∑(

𝒃

𝒄
+
𝒄

𝒃
+ 𝟐) ≤

𝑩𝒂𝒏𝒅𝒊𝒍𝒂 & 𝐸𝑢𝑙𝑒𝑟
 
𝟏

𝟒
∑(

𝑹

𝒓
+
𝑹

𝒓
) =

𝟑𝑹

𝟐𝒓
 

 
Equality holds for an equilateral triangle. 

 

3784. In ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝒉𝒂𝒔𝒊𝒏
𝟐𝑨 ≤∑𝒓𝒂𝒔𝒊𝒏

𝟐𝑨

𝒄𝒚𝒄𝒄𝒚𝒄

 

Proposed by Marin Chirciu-Romania 
Solution by Mirsadix Muzefferov-Azerbaijan 
 

𝑰𝒏  ∆𝑨𝑩𝑪   𝒘𝒍𝒐𝒈  𝒂 ≤ 𝒃 ≤ 𝒄  , 𝒉𝒂 ≥ 𝒉𝒃 ≥ 𝒉𝒄 
𝒂𝒏𝒅  𝒓𝒂 ≤ 𝒓𝒃 ≤ 𝒓𝒄 

𝑳𝑯𝑺 = ∑𝒉𝒂𝒔𝒊𝒏
𝟐𝑨

𝒄𝒚𝒄

≤⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

𝟏

𝟑
∑𝒉𝒂
𝒄𝒚𝒄

.∑𝒔𝒊𝒏𝟐𝑨

𝒄𝒚𝒄

  (∗) 

𝑹𝑯𝑺 =∑𝒓𝒂𝒔𝒊𝒏
𝟐𝑨

𝒄𝒚𝒄

≥⏞
𝑪𝒉𝒆𝒃𝒚𝒔𝒉𝒆𝒗

𝟏

𝟑
∑𝒓𝒂
𝒄𝒚𝒄

.∑𝒔𝒊𝒏𝟐𝑨

𝒄𝒚𝒄

  (∗∗) 

𝑳𝒆𝒕′𝒔 𝒑𝒓𝒐𝒗𝒆  𝒕𝒉𝒂𝒕:  ∑𝒉𝒂
𝒄𝒚𝒄

≤∑𝒓𝒂
𝒄𝒚𝒄

  

𝑭𝒐𝒓  𝒕𝒉𝒊𝒔 ∶  

∑𝒉𝒂
𝒄𝒚𝒄

=
𝑺𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹
≤⏞

𝑮𝒆𝒓𝒓𝒆𝒕𝒔𝒆𝒏 𝟒𝑹𝟐 + 𝟒𝑹𝒓 + 𝟑𝒓𝟐 + 𝒓𝟐 + 𝟒𝑹𝒓

𝟐𝑹
= 

=
𝟒𝑹𝟐 + 𝟖𝑹𝒓 + 𝟒𝒓𝟐

𝟐𝑹
=
𝟐(𝒓 + 𝑹)𝟐

𝑹
 ;  ∑𝒓𝒂 = 𝟒𝑹 + 𝒓

𝒄𝒚𝒄

 

𝟐(𝒓 + 𝑹)𝟐

𝑹
≤⏞
? 

𝟒𝑹 + 𝒓 →   𝟐𝑹𝟐 + 𝟒𝑹𝒓 + 𝟐𝒓𝟐≤⏞
? 

𝟒𝑹 + 𝒓 →  

𝟐𝑹𝟐 − 𝟑𝑹𝒓 − 𝟐𝒓𝟐≥⏞
?

𝟎  →   (𝑹 − 𝟐𝒓)(𝟐𝑹+ 𝒓) ≥ 𝟎 →   𝑹 ≥ 𝟐𝒓 (𝑬𝑼𝑳𝑬𝑹) 
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚   𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓 ∶   𝒂 = 𝒃 = 𝒄 
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3785. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝟏

𝟐𝐑𝟐𝐫
≤∑

𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

≤
𝐑

𝟏𝟔𝐫𝟒
 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

=∑
𝟏

𝐛𝐜 (
𝟐𝐫𝐬
𝒂 − 𝐫)𝐜𝐲𝐜

=∑
𝒂𝟐

𝐫𝒂𝐛𝐜(𝐛 + 𝐜)
𝐜𝐲𝐜

 

=
𝟏

𝟒𝐑𝐫𝟐𝐬
.

𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.∑(𝒂𝟐 (𝒂𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

))

𝐜𝐲𝐜

 

=
𝟏

𝟖𝐑𝐫𝟐𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.(𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐 +(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)) 

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐫𝟐𝐬𝟐 + 𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝟐

𝟒𝐑𝐫𝟐𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≤
? 𝐑

𝟏𝟔𝐫𝟒
 

⇔ (𝐑𝟐 − 𝟖𝐫𝟐)𝐬𝟐 + 𝐫(𝟐𝐑𝟑 + 𝐑𝟐𝐫 + 𝟑𝟐𝐑𝐫𝟐 + 𝟐𝟒𝐫𝟑) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 

𝐑𝟐 − 𝟖𝐫𝟐 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝐑𝟐 − 𝟖𝐫𝟐 < 0, 𝐋𝐇𝐒 𝐨𝐟 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝐑𝟐 − 𝟖𝐫𝟐)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫(𝟐𝐑𝟑 + 𝐑𝟐𝐫 + 𝟑𝟐𝐑𝐫𝟐 + 𝟐𝟒𝐫𝟑) ≥
?
𝟎 

⇔ 𝟐𝐑𝟐(𝐑 − 𝟐𝐫)(𝟐𝐑+ 𝟕𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝐫 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴∑
𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

≤
𝐑

𝟏𝟔𝐫𝟒
 𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,∑

𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

≥
? 𝟏

𝟐𝐑𝟐𝐫
⇔ 

(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐫𝟐𝐬𝟐 + 𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝟐

𝟒𝐑𝐫𝟐𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≥
? 𝟏

𝟐𝐑𝟐𝐫
 

⇔ (𝐑 − 𝐫)𝐬𝟐 ≥
?
⏟
(∗∗)

𝐫(𝟒𝐑𝟐 + 𝟓𝐑𝐫 + 𝐫𝟐) 

𝐈𝐧𝐝𝐞𝐞𝐝, (𝐑 − 𝐫)𝐬𝟐 ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

(𝐑 − 𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) ≥
?
𝐫(𝟒𝐑𝟐 + 𝟓𝐑𝐫 + 𝐫𝟐) 

⇔ 𝟐𝐫(𝐑 − 𝟐𝐫)(𝟔𝐑− 𝐫) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐑 ≥

𝐄𝐮𝒍𝐞𝐫
𝟐𝐫 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 

∴
𝟏

𝟐𝐑𝟐𝐫
≤ ∑

𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

≤
𝐑

𝟏𝟔𝐫𝟒
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
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3786. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

≥∑
𝟏

𝐛𝐜(𝐫𝒂 − 𝐫)
𝐜𝐲𝐜

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

=∑
𝟏

𝐛𝐜 (
𝟐𝐫𝐬
𝒂 − 𝐫)𝐜𝐲𝐜

=∑
𝒂𝟐

𝐫𝒂𝐛𝐜(𝐛 + 𝐜)
𝐜𝐲𝐜

= 

=
𝟏

𝟒𝐑𝐫𝟐𝐬
.

𝟏

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.∑(𝒂𝟐 (𝒂𝟐 +∑𝒂𝐛

𝐜𝐲𝐜

))

𝐜𝐲𝐜

 

=
𝟏

𝟖𝐑𝐫𝟐𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
.(𝟐∑𝒂𝟐𝐛𝟐

𝐜𝐲𝐜

− 𝟏𝟔𝐫𝟐𝐬𝟐 +(∑𝒂𝐛

𝐜𝐲𝐜

)(∑𝒂𝟐

𝐜𝐲𝐜

)) 

=
(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐 − 𝟖𝐫𝟐𝐬𝟐 + 𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝟐

𝟒𝐑𝐫𝟐𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
≥
?
∑

𝟏

𝐛𝐜(𝐫𝒂 − 𝐫)
𝐜𝐲𝐜

 

= ∑
𝟏

𝐛𝐜 (
𝐫𝐬

𝐬 − 𝒂 −
𝐫𝐬
𝐬 )𝐜𝐲𝐜

=∑
𝐬 − 𝒂

𝐫. 𝟒𝐑𝐫𝐬
𝐜𝐲𝐜

=
𝟏

𝟒𝐑𝐫𝟐
⇔ 𝐬𝟐(𝐬𝟐 − 𝟏𝟎𝐑𝐫 − 𝟕𝐫𝟐) ≥

?
𝟎 

⇔ 𝐬𝟐 (𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 + 𝟔𝐫(𝐑− 𝟐𝐫)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐 ≥

𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧
𝟎 

𝒂𝐧𝐝 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ∴ ∑
𝟏

𝐛𝐜(𝐡𝒂 − 𝐫)
𝐜𝐲𝐜

≥∑
𝟏

𝐛𝐜(𝐫𝒂 − 𝐫)
𝐜𝐲𝐜

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3787. In acute ∆𝑨𝑩𝑪 the following relationship holds: 

∑
𝐬𝐞𝐜(𝑨)

𝟏 + 𝐭𝐚𝐧(𝑨)
≥

𝟔

𝟏 + √𝟑
𝒄𝒚𝒄

 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

∑
𝐬𝐞𝐜(𝑨)

𝟏 + 𝐭𝐚𝐧(𝑨)
=

𝒄𝒚𝒄

∑

𝟏
𝐜𝐨𝐬(𝑨)

𝟏 + 𝐭𝐚𝐧(𝑨)
=

𝒄𝒚𝒄

∑
𝟏

𝐬𝐢𝐧(𝑨) + 𝐜𝐨𝐬(𝑨)
 →

𝒄𝒚𝒄
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𝑨 ∈ (𝟎;
𝝅

𝟐
)   =  

𝟏

√𝟐
∑

𝟏

𝐬𝐢𝐧 (
𝝅
𝟒 + 𝑨)𝒄𝒚𝒄

 

𝑳𝒆𝒕  𝒇(𝒙) =
𝟏

𝐬𝐢𝐧(𝒙)
 , 𝒙 ∈ (

𝝅

𝟒
;
𝟑𝝅

𝟒
) , 𝒇′(𝒙) = −

𝐜𝐨𝐬(𝒙)

𝒔𝒊𝒏𝟐(𝒙)
, 

𝒇′′(𝒙) =
𝟏 + 𝒄𝒐𝒔𝟐(𝒙)

𝒔𝒊𝒏𝟑(𝒙)
> 0   𝑆𝑜, 𝑓(𝒙)  𝒊𝒔  𝒄𝒐𝒏𝒗𝒆𝒙𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏   

𝑩𝒚  𝑱𝒆𝒏𝒔𝒆𝒏′𝒔  𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 

∑
𝟏

𝐬𝐢𝐧(𝑨) + 𝐜𝐨𝐬(𝑨)
≥ 𝟑.

𝒄𝒚𝒄

𝟏

𝐬𝐢𝐧 (
𝑨 + 𝑩 + 𝑪

𝟑 ) + 𝐜𝐨𝐬 (
𝑨+ 𝑩 + 𝑪

𝟑 )
=

𝟑

√𝟑
𝟐 +

𝟏
𝟐

=
𝟔

𝟏 + √𝟑
 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚   𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂𝒏  𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍   𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

 
3788. In acute ∆𝑨𝑩𝑪 the following relationship holds: 

∑𝐜𝐬𝐜 (
𝑨

𝟐
) (𝟏 + 𝐭𝐚𝐧 (

𝑨

𝟐
)) ≥ 𝟔 + 𝟐√𝟑

𝒄𝒚𝒄

 

Proposed by Nguyen Hung Cuong-Vietnam 
Solution by Mirsadix Muzefferov-Azerbaijan 

∑𝐜𝐬𝐜(
𝑨

𝟐
) (𝟏 + 𝐭𝐚𝐧 (

𝑨

𝟐
)) =

𝒄𝒚𝒄

∑(
𝟏

𝐬𝐢𝐧 (
𝑨
𝟐)

+
𝟏

𝐜𝐨𝐬 (
𝑨
𝟐)
)

𝒄𝒚𝒄

 

𝑳𝒆𝒕   𝒇(𝒙) =
𝟏

𝐬𝐢𝐧(𝒙)
+

𝟏

𝐜𝐨𝐬(𝒙)
 ,    

𝑨

𝟐
= 𝒙,   𝒙 ∈ (𝟎;

𝝅

𝟐
) 

𝒇′(𝒙) = (
𝟏

𝐬𝐢𝐧(𝒙)
+

𝟏

𝐜𝐨𝐬(𝒙)
)
′

= −
𝐜𝐨𝐬(𝒙)

𝒔𝒊𝒏𝟐(𝒙)
+
𝐬𝐢𝐧(𝒙)

𝒄𝒐𝒔𝟐(𝒙)
, 

𝒇′′(𝒙) =
𝟏 + 𝒄𝒐𝒔𝟐(𝒙)

𝒔𝒊𝒏𝟑(𝒙)
+
𝟏 + 𝒔𝒊𝒏𝟐(𝒙)

𝒄𝒐𝒔𝟑(𝒙)
> 0 

𝒇(𝒙)  𝒊𝒔  𝒄𝒐𝒏𝒗𝒆𝒙𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏.  𝑩𝒚   𝑱𝒆𝒏𝒔𝒆𝒏′𝒔  𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚: 

∑(
𝟏

𝐬𝐢𝐧 (
𝑨
𝟐)

+
𝟏

𝐜𝐨𝐬 (
𝑨
𝟐)
) ≥ 𝟑.

𝒄𝒚𝒄

𝟏

𝐬𝐢𝐧 (
𝑨+ 𝑩 + 𝑪

𝟔 ) + 𝐜𝐨𝐬 (
𝑨 + 𝑩 + 𝑪

𝟔 )
= 

 𝟑(
𝟏

𝐬𝐢𝐧 (
𝝅
𝟔)

+
𝟏

𝐜𝐨𝐬 (
𝝅
𝟔)
) = 𝟑(𝟐 +

𝟐

√𝟑
) = 𝟔 + 𝟐√𝟑 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚   𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂𝒏 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍  𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

 
3789. In ∆𝑨𝑩𝑪 the following relationship holds: 
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∑√
𝒘𝒂 +𝒘𝒃

𝒘𝒄
+
𝟏𝟎𝟏𝟑𝑹𝟑

𝟒𝒓𝟑
≥ 𝟐𝟎𝟐𝟔 +∑√

𝒎𝒂 +𝒎𝒃

𝒎𝒄
 

Proposed by Nguyen Van Canh-Vietnam 
Solution by Tapas Das-India 
 

∑√
𝒘𝒂 +𝒘𝒃

𝒘𝒄
≥

𝑨𝑴−𝑮𝑴
 ∑

√𝟐√𝒘𝒂𝒘𝒃
𝟒

√𝒘𝒄

≥
𝑨𝑴−𝑮𝑴

 𝟑√𝟐 

( 𝒎𝒂 +𝒎𝒃)

𝒎𝒄
=
𝒎𝒂

𝒎𝒄
+
𝒎𝒃

𝒎𝒄
≤

𝑷𝒂𝒏𝒂𝒊𝒕𝒐𝒑𝒐𝒍 & 𝒎𝒄≥𝒉𝒄
𝑹𝒉𝒂
𝟐𝒓
𝒉𝒄

+

𝑹𝒉𝒃
𝟐𝒓
𝒉𝒄

=
𝑹

𝟐𝒓
(
𝒉𝒂
𝒉𝒄
+
𝒉𝒃
𝒉𝒄
) =

𝑹

𝟐𝒓
(
𝒄

𝒂
+
𝒄

𝒃
) 

 

∑√
𝒎𝒂 +𝒎𝒃

𝒎𝒄
≤ √

𝑹

𝟐𝒓
∑√(

𝒄

𝒂
+
𝒄

𝒃
) ≤
 𝑪𝑩𝑺

 √
𝑹

𝟐𝒓
√𝟑∑(

𝒄

𝒂
+
𝒄

𝒃
) = 

= √
𝑹

𝟐𝒓
√𝟑∑(

𝒄

𝒂
+
𝒂

𝒄
) ≤
𝑩𝒂𝒏𝒅𝒊𝒍𝒂

√
𝑹

𝟐𝒓
√
𝟗𝑹

𝒓
=
𝟑√𝟐𝑹

𝒓
 

 
𝑾𝒆 𝒏𝒆𝒆𝒅 𝒕𝒐 𝒔𝒉𝒐𝒘:  

∑√
𝒘𝒂 + 𝒘𝒃

𝒘𝒄
+
𝟏𝟎𝟏𝟑𝑹𝟑

𝟒𝒓𝟑
≥ 𝟐𝟎𝟐𝟔 +∑√

𝒎𝒂 +𝒎𝒃

𝒎𝒄
 

  𝟑√𝟐 +
𝟏𝟎𝟏𝟑𝑹𝟑

𝟒𝒓𝟑
≥ 𝟐𝟎𝟐𝟔 +

𝟑√𝟐𝑹

𝒓
  

𝟏𝟎𝟏𝟑𝒙𝟑 − 𝟔√𝟐𝒙 + 𝟏𝟐√𝟐− 𝟖𝟏𝟎𝟒 ≥

𝑹
𝒓
=𝒙≥𝟐 𝑬𝒖𝒍𝒆𝒓

 𝟎 

(𝒙 − 𝟐)(𝟏𝟎𝟏𝟑(𝒙𝟐 + 𝟐𝒙 + 𝟒) − 𝟔√𝟐) ≥ 𝟎 𝒕𝒓𝒖𝒆 𝒂𝒔 𝒙 ≥ 𝟐 

Equality holds for an equilateral triangle. 
 

3790. 
𝑰𝒏 𝚫𝑨𝑩𝑪: 𝑰𝒂, 𝑰𝒃, 𝑰𝒄 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 𝚫𝑨𝑩𝑪 

(𝑯𝑨, 𝑹𝒂) (𝑯𝑩, 𝑹𝒃) (𝑯𝑪, 𝑹𝒄) 𝒐𝒓𝒕𝒉𝒐𝒄𝒐𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒂𝒏𝒅 𝒄𝒊𝒓𝒄𝒖𝒎𝒓𝒂𝒅𝒊𝒖𝒔 𝒐𝒇 
(𝚫𝑰𝒂𝑩𝑪), (𝚫𝑰𝒃𝑨𝑪) 𝒓𝒆𝒔𝒑𝒆𝒄𝒕𝒊𝒗𝒆𝒍𝒚 (𝚫𝑰𝒄𝑨𝑩). 𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 

𝑰𝒂𝑯𝑨

𝑹𝒂
+
𝑰𝒃𝑯𝑩

𝑹𝒃
+
𝑰𝒄𝑯𝑪

𝑹𝒄
≤ 𝟑 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Amin Hajiyev-Azerbaijan 
 
𝑳𝒆𝒎𝒎𝒂 𝟏:      𝑰𝒏 𝚫𝑨𝑩𝑪 𝒘𝒊𝒕𝒉 𝒐𝒓𝒕𝒉𝒐𝒄𝒆𝒏𝒕𝒆𝒓 𝑯 𝒂𝒏𝒅 𝒄𝒊𝒓𝒄𝒖𝒎𝒓𝒂𝒅𝒊𝒖𝒔 𝑹 
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 𝑨𝑯 = 𝟐𝑹|𝐜𝐨𝐬(𝑨)| 

𝑳𝒆𝒎𝒎𝒂 𝟐:   ∠𝑩𝑰𝒂𝑪 = 𝟗𝟎° −
𝑨

𝟐
 , ∠𝑰𝒂𝑩𝑪 = 𝟗𝟎° −

𝑩

𝟐
, 𝑰𝒂𝑪𝑩 = 𝟗𝟎° −

𝑪

𝟐
 

𝑳𝒆𝒎𝒎𝒂 𝟑:  𝒇(𝒙) = 𝐬𝐢𝐧 (
𝒙

𝟐
)    𝒙 ∈ (𝟎;𝝅) →  𝐬𝐢𝐧 (

𝒙

𝟐
) > 𝟎 

 
𝒅𝟐

𝒅𝒙𝟐
𝒇(𝒙) = −

𝟏

𝟒
𝐬𝐢𝐧 (

𝒙

𝟐
) →   𝒇"(𝒙) < 𝟎 𝒄𝒐𝒏𝒄𝒂𝒗𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒐𝒏 (𝟎;𝝅)  

𝐬𝐢𝐧 (
𝑨
𝟐) + 𝐬𝐢𝐧 (

𝑩
𝟐) + 𝐬𝐢𝐧 (

𝑪
𝟐)

𝟑
≤⏞

𝑱𝑬𝑵𝑺𝑬𝑵

𝐬𝐢𝐧 (
𝑨 + 𝑩 + 𝑪

𝟔
) = 𝐬𝐢𝐧 (

𝝅

𝟔
) 

𝐬𝐢𝐧 (
𝑨

𝟐
) + 𝐬𝐢𝐧 (

𝑩

𝟐
) + 𝐬𝐢𝐧 (

𝑪

𝟐
) ≤

𝟑

𝟐
 

𝑰𝒂𝑯𝑨 = 𝟐𝑹𝒂|𝐜𝐨𝐬(∠𝐁𝐈𝐚𝐂)| =⏞
𝑳𝒆𝒎𝒎𝒂 𝟐

𝟐𝑹𝒂 𝐜𝐨𝐬 (𝟗𝟎°−
𝑨

𝟐
) = 𝟐𝑹𝒂 𝐬𝐢𝐧 (

𝑨

𝟐
) 

𝑰𝒂𝑯𝑨

𝑹𝒂
= 𝟐𝐬𝐢𝐧 (

𝑨

𝟐
) →  ∑

𝑰𝒂𝑯𝑨

𝑹𝒂
𝒄𝒚𝒄

= 𝟐∑𝐬𝐢𝐧 (
𝑨

𝟐
)

𝒄𝒚𝒄⏟      

≤⏞
𝑳𝒆𝒎𝒎𝒂 𝟑

𝟐 ∙
𝟑

𝟐
= 𝟑 

𝑰𝒂𝑯𝑨

𝑹𝒂
+
𝑰𝒃𝑯𝑩

𝑹𝒃
+
𝑰𝒄𝑯𝑪

𝑹𝒄
≤ 𝟑    

3791. 𝑰𝒏 𝚫𝑨𝑩𝑪 𝒉𝒐𝒍𝒅𝒔 : 

𝟏

𝒃𝒄(𝒓𝒂 − 𝒓)
+

𝟏

𝒂𝒄(𝒓𝒃 − 𝒓)
+

𝟏

𝒂𝒃(𝒓𝒄 − 𝒓)
≤ (

𝟏

𝟐𝒓
)
𝟑

 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by Amin Hajiyev-Azerbaijan 
 
𝑳𝒆𝒎𝒎𝒂 𝟏.  𝑺 = 𝒑𝒓 = (𝒑 − 𝒂)𝒓𝒂 = (𝒑 − 𝒃)𝒓𝒃 = (𝒑 − 𝒄)𝒓𝒄, 𝒂𝒃𝒄 = 𝟒𝑹𝑭 

𝑳𝒆𝒎𝒎𝒂 𝟐.      𝒓𝒂 − 𝒓 =
𝒂𝒓

𝒑 − 𝒂
 , 𝒓𝒂 =

𝑺

𝒑 − 𝒂
, 𝒓 =

𝑭

𝒑
, 𝒓𝒂 − 𝒓 =

𝒂𝑭

𝒑(𝒑 − 𝒂)
 

𝑳𝒆𝒎𝒎𝒂 𝟑.    𝑹 ≥⏞
𝑬𝒖𝒍𝒆𝒓

𝟐𝒓 ⟶𝑳𝒆𝒎𝒎𝒂 𝟐   

{
  
 

  
 

𝟏

𝒃𝒄(𝒓𝒂 − 𝒓)
=
𝒑 − 𝒂

𝒂𝒃𝒄𝒓
𝟏

𝒂𝒄(𝒓𝒃 − 𝒓)
=
𝒑 − 𝒃

𝒂𝒃𝒄𝒓
𝟏

𝒂𝒃(𝒓𝒄 − 𝒓)
=
𝒑 − 𝒄

𝒂𝒃𝒄𝒓

   

 

𝑳𝑯𝑺 =∑
𝟏

𝒃𝒄(𝒓𝒂 − 𝒓)
𝒄𝒚𝒄

=
𝟑𝒑 − (𝒂 + 𝒃 + 𝒄)

𝒂𝒃𝒄𝒓
=
𝟑𝒑 − 𝟐𝒑

𝒂𝒃𝒄𝒓
=

𝒑

𝒂𝒃𝒄𝒓
 

𝑳𝑯𝑺 =⏞
𝑳𝒆𝒎𝒎𝒂 𝟏;𝟐

   

𝒔
𝒓

𝟒𝑹𝑺𝒓
=

𝟏

𝟒𝑹𝒓𝟐
    𝑹 ≥⏞

𝑬𝒖𝒍𝒆𝒓

𝟐𝒓  
𝟏

𝑹
≤
𝟏

𝟐𝒓
→

𝟏

𝟒𝑹𝒓𝟐
≤

𝟏

𝟖𝒓𝟑
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∑
𝟏

𝒃𝒄(𝒓𝒂 − 𝒓)
𝒄𝒚𝒄

≤ (
𝟏

𝟐𝒓
)
𝟑

 

 

 
3792. 𝑰𝒇 𝑰𝒂, 𝑰𝒃, 𝑰𝒄 − 𝒆𝒙𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒕𝒉𝒆𝒏 𝒊𝒏 𝜟𝑨𝑩𝑪 𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏𝒔𝒉𝒊𝒑 𝒉𝒐𝒍𝒅𝒔: 

 
𝑨𝑰𝒂

𝐬𝐢𝐧
𝑨
𝟐

+
𝑩𝑰𝒃

𝐬𝐢𝐧
𝑩
𝟐

+
𝑪𝑰𝒄

𝐬𝐢𝐧
𝑪
𝟐

≥ 𝟑𝟔𝒓 

 
Proposed by Sarkhan Adgozalov-Georgia 

Solution by Ertan Yildirim-Turkiye 

𝑳𝒆𝒎𝒎𝒂: 𝑨𝑰𝒂 =
𝒔

𝐜𝐨𝐬 
𝐀
𝟐

 

𝑷𝒓𝒐𝒐𝒇: 𝑾𝒆 𝒌𝒏𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕𝒔 𝑨, 𝑰 𝒂𝒏𝒅 𝑰𝒂 𝒂𝒓𝒆 𝒄𝒐𝒍𝒍𝒊𝒏𝒆𝒂𝒓. 𝑻𝒉𝒆𝒓𝒆𝒇𝒐𝒓𝒆, ∠𝑰𝒂𝑨𝑪 =
𝑨

𝟐
 

𝑳𝒆𝒕 𝑭 𝒃𝒆 𝒕𝒉𝒆 𝒑𝒐𝒊𝒏𝒕 𝒘𝒉𝒆𝒓𝒆 𝒕𝒉𝒆 𝒆𝒙𝒄𝒊𝒓𝒄𝒍𝒆 𝒐𝒑𝒑𝒐𝒔𝒊𝒕𝒆 𝑨 𝒊𝒏 𝒕𝒂𝒏𝒈𝒆𝒏𝒕 𝒕𝒐 𝑨𝑪. 𝑻𝒉𝒆𝒏 

𝐜𝐨𝐬
𝐀

𝟐
=
𝑨𝑭

𝑨𝑰𝒂
. 𝑺𝒊𝒏𝒄𝒆: 𝑨𝑭 = 𝒃 + 𝒔 − 𝒃 = 𝒔, 𝒊𝒕 𝒇𝒐𝒍𝒍𝒐𝒘𝒔 𝒕𝒉𝒂𝒕 𝑨𝑰𝒂 =

𝒔

𝐜𝐨𝐬
𝑨
𝟐

 

𝑳𝑯𝑺 = ∑
𝑨𝑰𝒂

𝐬𝐢𝐧 (
𝑨
𝟐)

= ∑(
𝟐𝒔

𝒔𝒊𝒏𝑨
) = 𝟐𝒔∑

𝟐𝑹

𝒂
= 𝟒𝑹𝒔∑(

𝟏

𝒂
) ≥ 𝟒𝑹𝒔. (

√𝟑

𝑹
) = 

≥ 𝟒√𝟑𝒔 ≥ 𝟒√𝟑. 𝟑√𝟑𝒓 = 𝟑𝟔𝒓.  

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄.  

3793. 𝑰𝒏 𝚫𝑨𝑩𝑪, 𝑰 − 𝒊𝒏𝒄𝒆𝒏𝒕𝒆𝒓. 𝑶𝑨, 𝑶𝑩, 𝑶𝑪 𝒄𝒊𝒓𝒄𝒖𝒎𝒄𝒆𝒏𝒕𝒆𝒓𝒔 𝒐𝒇 𝚫𝑩𝑰𝑪, 𝚫𝑨𝑰𝑪, 𝚫𝑨𝑰𝑩.  

𝑷𝒓𝒐𝒗𝒆 𝒕𝒉𝒂𝒕: 
 

[𝑨𝑶𝑩𝑪] + [𝑨𝑶𝑪𝑩] + [𝑩𝑶𝑨𝑪] ≥ 𝟑√𝟑𝒓𝟐 
 

Proposed by Sarkhan Adgozalov-Georgia 
Solution by proposer 
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𝑳𝒆𝒕 ∠𝑩𝑶𝑨𝑪 = 𝟏𝟖𝟎 − 𝑨, 𝚫𝑩𝑶𝑨𝑪 ⇒ 𝟐𝑹𝑨 =
𝒂

𝐬𝐢𝐧 (𝟗𝟎 +
𝑨
𝟐)
 ⇒  𝑹𝑨 =

𝒂

𝟐𝐜𝐨𝐬 (
𝑨
𝟐)
. 

[𝑩𝑶𝑨𝑪] =
𝟏

𝟐
.𝑹𝑨

𝟐 . 𝐬𝐢𝐧(𝟏𝟖𝟎 − 𝑨) =
𝟏

𝟐
.

𝒂𝟐

𝟒𝐜𝐨𝐬 (
𝑨
𝟐)

𝟐 . 𝒔𝒊𝒏𝑨 =
𝒂𝟐

𝟒
. 𝐭𝐚𝐧 (

𝑨

𝟐
) 

𝑳𝑯𝑺 = ∑
𝒂𝟐

𝟒
. 𝐭𝐚𝐧 (

𝑨

𝟐
) =

𝟏

𝟒
. ∑𝒂𝟐. 𝐭𝐚𝐧 (

𝑨

𝟐
) =

𝟏

𝟒
∑𝐚𝟐. (

𝐫𝐚
𝐬
) =

𝟏

𝟒𝐬
.∑(

𝐚𝟐

𝟏
𝐫𝐚

) ≥ 

≥
𝟏

𝟒𝒔
.
𝟒𝒔𝟐

𝟏
𝒓

= 𝒔𝒓 ≥ 𝟑√𝟑𝒓𝟐 

 
𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚 𝒉𝒐𝒍𝒅𝒔 𝒇𝒐𝒓 𝒂 = 𝒃 = 𝒄. 

3794. 𝐈𝐧 𝒂𝐧𝐲 𝒂𝐜𝐮𝐭𝐞 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐀𝐇

𝐫
+

𝐧𝒂

𝐧𝒂 − √𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
≥
𝐧𝐛
𝐡𝐛

+
𝐦𝒂

𝐡𝐜
+
𝐦𝐜

𝐡𝒂
+ 𝟐 

  Proposed by Bogdan Fuștei-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧𝒂
𝟐 =
𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢

𝐬𝟐 − 𝟐𝐫𝒂𝐡𝒂 ∴ 𝒂
𝟐𝐧𝒂

𝟐 ≤
?
𝟒(𝐑 − 𝐫)𝟐𝐬𝟐 

⇔ 𝒂𝟐(𝐬𝟐 − 𝟐𝐡𝒂𝐫𝒂) ≤
?
𝟒(𝐑− 𝐫)𝟐𝐬𝟐 

⇔ (𝟒𝐑𝟐 𝐬𝐢𝐧𝟐𝐀)𝐬𝟐 − 𝟒𝐫𝐬 (𝟒𝐑𝐬𝐢𝐧
𝐀

𝟐
𝐜𝐨𝐬

𝐀

𝟐
) (𝐬 𝐭𝒂𝐧

𝐀

𝟐
) ≤

?
𝟒(𝐑𝟐 − 𝟐𝐑𝐫 + 𝐫𝟐)𝐬𝟐 

⇔ 𝐑𝟐(𝟏 − 𝐬𝐢𝐧𝟐𝐀) − 𝟐𝐑𝐫 (𝟏 − 𝟐𝐬𝐢𝐧𝟐
𝐀

𝟐
) + 𝐫𝟐 ≥

?
𝟎 ⇔ 𝐑𝟐 𝐜𝐨𝐬𝟐 𝐀 − 𝟐𝐑𝐫 𝐜𝐨𝐬 𝐀 + 𝐫𝟐 ≥

?
𝟎 

⇔ (𝐑𝐜𝐨𝐬 𝐀 − 𝐫)𝟐 ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∴ 𝐧𝒂 ≤

𝟐(𝐑 − 𝐫)𝐬

𝒂
=
𝐑 − 𝐫

𝐫
.
𝟐𝐫𝐬

𝒂
⇒
𝐧𝒂
𝐡𝒂

≤
𝐑

𝐫
− 𝟏 

𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 ∴
𝐧𝐛
𝐡𝐛

+
𝐦𝒂

𝐡𝐜
+
𝐦𝐜

𝐡𝒂
+ 𝟐 ≤

𝐑

𝐫
+ 𝟏 +

𝐦𝒂

𝐡𝐜
+
𝐦𝐜

𝐡𝒂
≤
𝟐𝐑

𝐫
+ 𝟏 

(

 
∵
𝐑

𝐫
≥
𝐦𝐛

𝐡𝐜
+
𝐦𝐜

𝐡𝐛
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 → 𝐫𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝒂𝐫𝐭𝐢𝐜𝐥𝐞 𝐭𝐢𝐭𝐥𝐞𝐝

 ′′𝐍𝐞𝐰 𝐓𝐫𝐢𝒂𝐧𝐠𝐥𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐢𝐞𝐬 𝐖𝐢𝐭𝐡 𝐁𝐫𝐨𝐜𝒂𝐫𝐝′𝐬 𝐀𝐧𝐠𝒍𝐞′′ 𝐛𝐲 𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢,
𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂; 𝐋𝐞𝐦𝐦𝒂 𝟏𝟐, 𝟔 − 𝟕, 𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 ∶ 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡. 𝐫𝐨)

  

=
? 𝐀𝐇

𝐫
+

𝐧𝒂

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
=

𝐁𝐨𝐠𝐝𝒂𝐧 𝐅𝐮𝐬𝐭𝐞𝐢 𝟐𝐑𝐜𝐨𝐬 𝐀

𝐫
+

𝐧𝒂

𝐧𝒂 −
𝒂𝐧𝒂
𝐬

  

(∵ ∆ 𝐀𝐁𝐂 𝐢𝐬 𝒂𝐜𝐮𝐭𝐞 ⇒ |𝟐𝐑 𝐜𝐨𝐬𝐀| = 𝟐𝐑𝐜𝐨𝐬𝐀) =
𝟐𝐑 𝐜𝐨𝐬𝐀

𝐫
+
𝐬 − 𝒂 + 𝒂

𝐬 − 𝒂
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=
𝟐𝐑 𝐜𝐨𝐬𝐀

𝐫
+ 𝟏 +

𝒂

𝐬 − 𝒂
⇔

𝟐𝐑

𝐫
=
? 𝟐𝐑𝐜𝐨𝐬 𝐀

𝐫
+

𝒂

𝐬 − 𝒂
 

⇔
𝟐𝐑

𝟒𝐑𝐬𝐢𝐧
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

(𝟐𝐬𝐢𝐧𝟐
𝐀

𝟐
) =

? 𝟒𝐑𝐬𝐢𝐧
𝐀
𝟐 𝐜𝐨𝐬

𝐀
𝟐 

𝟒𝐑𝐜𝐨𝐬
𝐀
𝟐 𝐬𝐢𝐧

𝐁
𝟐 𝐬𝐢𝐧

𝐂
𝟐

→ 𝐭𝐫𝐮𝐞 

∴
𝐀𝐇

𝐫
+

𝐧𝒂

𝐧𝒂 −√𝟒𝐫𝟐 + (𝐛 − 𝐜)𝟐
≥
𝐧𝐛
𝐡𝐛

+
𝐦𝒂

𝐡𝐜
+
𝐦𝐜

𝐡𝒂
+ 𝟐 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′ 𝐢𝐟𝐟 𝐜 = 𝒂 (𝐐𝐄𝐃) 

 

3795. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂  𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

√𝟑. (
𝟐𝐫

𝐑
) ≤∑

𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂)(𝐬𝐢𝐧 𝐂 + 𝐬𝐢𝐧 𝐀)
𝐜𝐲𝐜

≤ √𝟑 (
𝐑

𝟐𝐫
)
𝟐

 

  Proposed by Marin Chirciu-Romania 

Solution by Soumava Chakraborty-Kolkata-India 

∑
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧 𝐀)
𝐜𝐲𝐜

= 𝟐𝐑.∑
(𝒂 + 𝐛)𝟐

(𝒂 + 𝐛)(𝐛 + 𝐜)(𝐜 + 𝒂)
𝐜𝐲𝐜

 

=
𝟒𝐑

𝟐𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
. (∑𝒂𝟐

𝐜𝐲𝐜

+∑𝒂𝐛

𝐜𝐲𝐜

) 

∴∑
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)
𝐜𝐲𝐜

=
𝟐𝐑(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)

𝐬(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)
→① 𝒂𝐧𝐝 

∵ 𝐬 ≥
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜

𝟑√𝟑𝐫 ∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∑
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂)(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)
𝐜𝐲𝐜

≤
?

√𝟑. (
𝐑

𝟐𝐫
)
𝟐

, 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟗𝐑(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) ≥
?
𝟖𝐫(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) 

⇔ (𝟗𝐑 − 𝟐𝟒𝐫)𝐬𝟐 + 𝐫(𝟏𝟖𝐑𝟐 + 𝟒𝟏𝐑𝐫 + 𝟖𝐫𝟐) ≥
?
⏟
(∗)

𝟎 𝒂𝐧𝐝 𝐢𝐭′𝐬 𝐭𝐫𝐢𝐯𝐢𝒂𝒍𝒍𝐲 𝐭𝐫𝐮𝐞 𝐰𝐡𝐞𝐧 ∶ 

𝟗𝐑 − 𝟐𝟒𝐫 ≥ 𝟎 𝒂𝐧𝐝 𝐰𝐡𝐞𝐧 ∶ 𝟗𝐑 − 𝟐𝟒𝐫 < 0, 𝐿𝐻𝑆 𝑜𝑓 (∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟗𝐑 − 𝟐𝟒𝐫)(𝟒𝐑𝟐 + 𝟒𝐑𝐫 + 𝟑𝐫𝟐) + 𝐫(𝟏𝟖𝐑𝟐 + 𝟒𝟏𝐑𝐫 + 𝟖𝐫𝟐) ≥
?
𝟎 

⇔ 𝟏𝟖𝐭𝟑 − 𝟐𝟏𝐭𝟐 − 𝟏𝟒𝐭 − 𝟑𝟐 ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) ⇔ (𝐭 − 𝟐)(𝟏𝟖𝐭𝟐 + 𝟏𝟓𝐭 + 𝟏𝟔) ≥

?
𝟎 → 𝐭𝐫𝐮𝐞 

∵ 𝐭 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐 ⇒ (∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∀ ∆ 𝐀𝐁𝐂 ∴ ∑
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧 𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧 𝐂)(𝐬𝐢𝐧 𝐂 + 𝐬𝐢𝐧𝐀)
𝐜𝐲𝐜

≤ √𝟑. (
𝐑

𝟐𝐫
)
𝟐
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𝐀𝐠𝒂𝐢𝐧, 𝐬𝐢𝐧𝐜𝐞 𝐬 ≤
𝐌𝐢𝐭𝐫𝐢𝐧𝐨𝐯𝐢𝐜 𝟑√𝟑𝐑

𝟐
∴ ① ⇒ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

∑
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)
𝐜𝐲𝐜

≥
?

√𝟑. (
𝟐𝐫

𝐑
) , 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

𝟐𝐑(𝟑𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) ≥
?
𝟗𝐫(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐) 

⇔ (𝟔𝐑 − 𝟗𝐫)𝐬𝟐 − 𝐫(𝟖𝐑𝟐 + 𝟐𝟎𝐑𝐫 + 𝟗𝐫𝟐) ≥
?
⏟
(∗∗)

𝟎 𝒂𝐧𝐝 𝐨𝐧𝐜𝐞 𝒂𝐠𝒂𝐢𝐧, 𝐋𝐇𝐒 𝐨𝐟 (∗∗) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

 

(𝟔𝐑 − 𝟗𝐫)(𝟏𝟔𝐑𝐫 − 𝟓𝐫𝟐) − 𝐫(𝟖𝐑𝟐 + 𝟐𝟎𝐑𝐫 + 𝟗𝐫𝟐) = 𝟐𝐫(𝐑 − 𝟐𝐫)(𝟒𝟒𝐑− 𝟗𝐫) ≥ 𝟎 

∵ 𝐑 ≥
𝐄𝐮𝒍𝐞𝐫

𝟐𝐫 ⇒ (∗∗) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴∑
𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)(𝐬𝐢𝐧𝐂 + 𝐬𝐢𝐧𝐀)
𝐜𝐲𝐜

≥ √𝟑. (
𝟐𝐫

𝐑
) 

𝒂𝐧𝐝 𝐬𝐨, √𝟑. (
𝟐𝐫

𝐑
) ≤∑

𝐬𝐢𝐧𝐀 + 𝐬𝐢𝐧𝐁

(𝐬𝐢𝐧𝐁 + 𝐬𝐢𝐧𝐂)(𝐬𝐢𝐧 𝐂 + 𝐬𝐢𝐧𝐀)
𝐜𝐲𝐜

≤ √𝟑. (
𝐑

𝟐𝐫
)
𝟐

 ∀ ∆ 𝐀𝐁𝐂, 

′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

3796. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜 ≤ 𝐩𝒂 + 𝐩𝐛 + 𝐩𝐜 +
𝟒

𝟓
(𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} − 𝐦𝐢𝐧{𝒂, 𝐛, 𝐜}) 

  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

Solution by Soumava Chakraborty-Kolkata-India 

𝐧𝒂 − 𝐩𝒂 ≤
𝐬|𝐛 − 𝐜|

𝟐𝐬 + 𝒂
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟓𝟐;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

∴∑𝐧𝒂
𝐜𝐲𝐜

−∑𝐩𝒂
𝐜𝐲𝐜

≤∑
𝐬|𝐛 − 𝐜|

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

≤
𝐂𝐁𝐒

𝐬.√∑
(𝐛 − 𝐜)𝟐

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

. √∑
𝟏

𝟐𝐬 + 𝒂
𝐜𝐲𝐜

 

= 𝐬. √
𝟏

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
∑((𝟖𝐬𝟐 − 𝟐𝐬𝒂 + 𝐛𝐜) (∑𝒂𝟐

𝐜𝐲𝐜

− 𝒂𝟐 − 𝟐𝐛𝐜))

𝐜𝐲𝐜

. √
𝟐𝟏𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
 

= 𝐬.
√
  
  
  
  
  
 𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)(𝟐𝟒𝐬𝟐 − 𝟒𝐬𝟐 + 𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) −

𝟏𝟔𝐬𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐) + 𝟒𝐬𝟐(𝐬𝟐 − 𝟔𝐑𝐫 − 𝟑𝐫𝟐) −

𝟖𝐑𝐫𝐬𝟐 − 𝟏𝟔𝐬𝟐(𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐) + 𝟒𝟖𝐑𝐫𝐬𝟐 −

𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐)

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
. √

𝟐𝟏𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
 



 
www.ssmrmh.ro 

74 RMM-TRIANGLE MARATHON 3701-3800 

 

∴∑𝐧𝒂
𝐜𝐲𝐜

−∑𝐩𝒂
𝐜𝐲𝐜

≤
①

𝐬. √
(𝟑𝐬𝟒 − (𝟑𝟐𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐)(𝟐𝟏𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
  

𝒂𝐧𝐝 𝒂𝐠𝒂𝐢𝐧,
𝟒

𝟓
(𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} −𝐦𝐢𝐧{𝒂, 𝐛, 𝐜}) =

𝟐

𝟓
∑|𝐛 − 𝐜|

𝐜𝐲𝐜

 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐒𝐨𝒍𝐮𝐭𝐢𝐨𝐧 𝐭𝐨 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟒𝟓;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

=
𝟐

𝟓
. √∑(𝐛 − 𝐜)𝟐

𝐜𝐲𝐜

+ 𝟐∑(|𝐜 − 𝒂||𝒂 − 𝐛|)

𝐜𝐲𝐜

≥
𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲

 

𝟐

𝟓
.√𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) + 𝟐 |∑(𝐜 − 𝒂)(𝒂 − 𝐛)

𝐜𝐲𝐜

| 

=
𝟐

𝟓
. √𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) + 𝟐 |∑𝒂𝟐

𝐜𝐲𝐜

−∑𝒂𝐛

𝐜𝐲𝐜

| =
𝟐

𝟓
.√𝟒(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) 

=
② 𝟒

𝟓
(𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} −𝐦𝐢𝐧{𝒂, 𝐛, 𝐜}) ∴ ① 𝒂𝐧𝐝 ② ⇒ 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 

(𝟑𝐬𝟒 − (𝟑𝟐𝐑𝐫 + 𝟏𝟒𝐫𝟐)𝐬𝟐 − 𝐫𝟐(𝟒𝐑 + 𝐫)𝟐)(𝟐𝟏𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)

𝟒(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
≤
? 𝟏𝟔(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐)

𝟐𝟓
 

⇔ 𝟑𝟔𝟎𝟗𝐬𝟔 − (𝟑𝟖𝟕𝟗𝟔𝐑𝐫 + 𝟕𝟏𝟐𝟓𝐫𝟐) − 𝐫𝟐(𝟔𝟗𝟎𝟒𝟎𝐑𝟐 + 𝟐𝟕𝟑𝟗𝟐𝐑𝐫 + 𝟐𝟓𝟏𝟕𝐫𝟐)𝐬𝟐 − 

𝐫𝟑(𝟐𝟔𝟎𝟒𝟖𝐑𝟑 + 𝟏𝟒𝟗𝟐𝟖𝐑𝟐𝐫 + 𝟐𝟕𝟕𝟐𝐑𝐫𝟐 + 𝟏𝟔𝟕𝐫𝟑) ≥
(⦁)

𝟎 𝒂𝐧𝐝 ∵ 𝐏 =  

𝟑𝟔𝟎𝟗(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟑 + 𝟒𝐫(𝟑𝟑𝟔𝟎𝟗𝐑𝐫 − 𝟏𝟓𝟑𝟏𝟓𝐫)(𝐬𝟐 − 𝟏𝟔𝐑𝐫 + 𝟓𝐫𝟐)𝟐 + 

𝟖𝐫𝟐 (𝟐𝟔𝐑𝟐 −𝐑𝐫 − 𝟔𝐫𝟐 + 𝟑𝟐(𝟓𝟕𝟎𝟕𝐑𝟐 − 𝟔𝟐𝟒𝟗𝐑𝐫 + 𝟏𝟑𝟐𝟔𝐫𝟐)) ≥
𝐆𝐞𝐫𝐫𝐞𝐭𝐬𝐞𝐧

𝟎 

∴ 𝐢𝐧 𝐨𝐫𝐝𝐞𝐫 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 (⦁), 𝐢𝐭 𝐬𝐮𝐟𝐟𝐢𝐜𝐞𝐬 𝐭𝐨 𝐩𝐫𝐨𝐯𝐞 ∶ 𝐋𝐇𝐒 𝐨𝐟 (⦁) ≥
?
𝐏 

⇔ 𝟐𝟔𝐭𝟑 + 𝟏𝟑𝐭𝟐 + 𝟒𝐭 − 𝟏𝟐 + 𝟑𝟐(𝟑𝟔𝟑𝟐𝐭𝟑 − 𝟗𝟑𝟓𝟗𝐭𝟐 + 𝟒𝟒𝟖𝟕𝐭 − 𝟔𝟎𝟐) ≥
?
𝟎 (𝐭 =

𝐑

𝐫
) 

⇔ (𝐭 − 𝟐) (𝟐𝟔𝐭𝟐 + 𝐭 + 𝟔 + 𝟑𝟐(𝟑𝟔𝟑𝟐𝐭𝟐 − 𝟐𝟎𝟗𝟑𝐭 + 𝟑𝟎𝟏)) ≥
?
𝟎 → 𝐭𝐫𝐮𝐞 ∵ 𝐭 ≥

𝐄𝐮𝐥𝐞𝐫
𝟐 

⇒ (⦁) 𝐢𝐬 𝐭𝐫𝐮𝐞 ∴ 𝐧𝒂 + 𝐧𝐛 + 𝐧𝐜 ≤ 𝐩𝒂 + 𝐩𝐛 + 𝐩𝐜 +
𝟒

𝟓
(𝐦𝒂𝒙{𝒂, 𝐛, 𝐜} − 𝐦𝐢𝐧{𝒂, 𝐛, 𝐜}) 

∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 
 

 

3797. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

𝐩𝒂 −𝐦𝒂

𝒂
+
𝐩𝐛 −𝐦𝐛

𝐛
+
𝐩𝐜 −𝐦𝐜

𝐜
<
𝟏

𝟑
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  Proposed by Mohamed Amine Ben Ajiba-Tanger-Morocco 

 

Solution by Soumava Chakraborty-Kolkata-India 

𝐩𝒂 −𝐦𝒂 ≤
𝒂|𝐛 − 𝐜|

𝟐(𝟐𝐬 + 𝒂)
 𝒂𝐧𝐝 𝒂𝐧𝒂𝒍𝐨𝐠𝐬 

(
𝐑𝐞𝐟𝐞𝐫𝐞𝐧𝐜𝐞 ∶ 𝐈𝐧𝐞𝐪𝐮𝒂𝒍𝐢𝐭𝐲 𝐢𝐧 𝐓𝐫𝐢𝒂𝐧𝐠𝒍𝐞 𝐛𝐲 𝐌𝐨𝐡𝒂𝐦𝐞𝐝 𝐀𝐦𝐢𝐧𝐞 𝐁𝐞𝐧 𝐀𝐣𝐢𝐛𝒂 − 𝟓𝟔;

𝐩𝐮𝐛𝐥𝐢𝐬𝐡𝐞𝐝 𝒂𝐭 𝐰𝐰𝐰. 𝐬𝐬𝐦𝐫𝐦𝐡.𝐫𝐨
) 

∴ ∑
𝐩𝒂 −𝐦𝒂

𝒂
𝐜𝐲𝐜

<∑
|𝐛 − 𝐜|

𝟐(𝟐𝐬 + 𝒂)
𝐜𝐲𝐜

⇒ (∑
𝐩𝒂 −𝐦𝒂

𝒂
𝐜𝐲𝐜

)

𝟐

< 

𝟏

𝟒
(∑

(𝐛 − 𝐜)𝟐

(𝟐𝐬 + 𝒂)𝟐
𝐜𝐲𝐜

+ 𝟐∑
|𝐛 − 𝐜||𝐜 − 𝒂|

(𝟐𝐬 + 𝒂)(𝟐𝐬 + 𝐛)
𝐜𝐲𝐜

) < 

𝟏

𝟒
.

(

 
 

𝟏

𝟒𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
.∑((𝐛 − 𝐜)𝟐(𝟐𝐬 + 𝐛)𝟐(𝟐𝐬 + 𝐜)𝟐)

𝐜𝐲𝐜

+

𝟐

𝟐𝐬(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)
.∑(𝒂𝐛(𝟐𝐬 + 𝐜))

𝐜𝐲𝐜 )

 
 

 

∴ (∑
𝐩𝒂 −𝐦𝒂

𝒂
𝐜𝐲𝐜

)

𝟐

<
① 𝟏

𝟒

(

 
𝟏

𝟒𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
. (

∑((𝐛 − 𝐜)𝟐(𝟐𝐬 + 𝐛)𝟐(𝟐𝐬 + 𝐜)𝟐)

𝐜𝐲𝐜

+

𝟖𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 + 𝟏𝟎𝐑𝐫 + 𝐫𝟐)

)

)

  

𝐍𝐨𝐰,∑((𝐛 − 𝐜)𝟐(𝟐𝐬 + 𝐛)𝟐(𝟐𝐬 + 𝐜)𝟐)

𝐜𝐲𝐜

=∑((𝐛 − 𝐜)𝟐(𝟖𝐬𝟐 − 𝟐𝐬𝒂 + 𝐛𝐜)𝟐)

𝐜𝐲𝐜

 

= ∑((𝐛 − 𝐜)𝟐(𝟔𝟒𝐬𝟒 + 𝟏𝟔𝐛𝐜𝐬𝟐 + 𝐛𝟐𝐜𝟐 − 𝟑𝟐𝐬𝟑𝒂− 𝟒𝒂𝐛𝐜𝐬 + 𝟒𝒂𝟐𝐬𝟐))

𝐜𝐲𝐜

 

= 𝟏𝟐𝟖𝐬𝟒(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) + 

𝟏𝟔𝐬𝟐 (𝟐(𝐬𝟒 − (𝟒𝐑𝐫 + 𝐫𝟐)𝟐) − 𝟖𝐑𝐫𝐬𝟐 − 𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐)) + 

𝟐(𝐬𝟐 − 𝟒𝐑𝐫 − 𝐫𝟐)((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟒𝟖𝐑𝟐𝐫𝟐𝐬𝟐 − 

𝟐 ((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟑 − 𝟐𝟒𝐑𝐫𝐬𝟐(𝐬𝟐 + 𝟐𝐑𝐫 + 𝐫𝟐)) − 𝟔𝟒𝐬𝟒(𝐬𝟐 − 𝟏𝟒𝐑𝐫 + 𝐫𝟐) − 

𝟑𝟐𝐑𝐫𝐬𝟐(𝐬𝟐 − 𝟏𝟐𝐑𝐫 − 𝟑𝐫𝟐) + 𝟖𝐬𝟐((𝐬𝟐 + 𝟒𝐑𝐫 + 𝐫𝟐)𝟐 − 𝟏𝟔𝐑𝐫𝐬𝟐) − 𝟔𝟒𝐑𝐫𝐬𝟒  

(∵ (𝐛 − 𝐜)𝟐 =∑𝒂𝟐

𝐜𝐲𝐜

− 𝒂𝟐 − 𝟐𝐛𝐜) 

= 𝟒(𝟏𝟖𝐬𝟔 − (𝟏𝟔𝟖𝐑𝐫 + 𝟏𝟐𝟓𝐫𝟐)𝐬𝟒 − 𝐫𝟐(𝟏𝟏𝟔𝐑𝟐 + 𝟖𝟒𝐑𝐫 + 𝟏𝟔𝐫𝟐) − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑) 
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∴ 𝐯𝐢𝒂 ①,(∑
𝐩𝒂 −𝐦𝒂

𝒂
𝐜𝐲𝐜

)

𝟐

< 

𝟒(𝟏𝟖𝐬𝟔 − (𝟏𝟔𝟖𝐑𝐫 + 𝟏𝟐𝟓𝐫𝟐)𝐬𝟒 − 𝐫𝟐(𝟏𝟏𝟔𝐑𝟐 + 𝟖𝟒𝐑𝐫 + 𝟏𝟔𝐫𝟐)𝐬𝟐 − 𝐫𝟑(𝟒𝐑 + 𝐫)𝟑) +

𝟖𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)(𝐬𝟐 + 𝟏𝟎𝐑𝐫 + 𝐫𝟐)

𝟏𝟔𝐬𝟐(𝟗𝐬𝟐 + 𝟔𝐑𝐫 + 𝐫𝟐)𝟐
<
? 𝟏

𝟗
 

⇔ (𝟐𝟏𝟔𝐑+ 𝟏𝟎𝟏𝟕𝐫)𝐬𝟒 + 𝐫(𝟏𝟎𝟖𝐑𝟐 + 𝟓𝟏𝟔𝐑𝐫 + 𝟏𝟑𝟎𝐫𝟐)𝐬𝟐 + 𝟗𝐫𝟐(𝟒𝐑 + 𝐫)𝟑 >
?
𝟎 → 𝐭𝐫𝐮𝐞 

∴
𝐩𝒂 −𝐦𝒂

𝒂
+
𝐩𝐛 −𝐦𝐛

𝐛
+
𝐩𝐜 −𝐦𝐜

𝐜
<
𝟏

𝟑
 ∀ ∆ 𝐀𝐁𝐂 (𝐐𝐄𝐃) 

 
3798. 𝐈𝐧 𝒂𝐧𝐲 ∆𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐬𝐞𝐜

𝐀
𝟐

𝟏 + 𝐭𝒂𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝟔

𝟏 + √𝟑
 

  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐟(𝒙) =
𝐬𝐞𝐜

𝒙
𝟐

𝟏 + 𝐭𝒂𝐧
𝒙
𝟐

 ∀ ∈ (𝟎, 𝛑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′′(𝒙) = 

𝐬𝐞𝐜𝟑
𝒙
𝟐
+ 𝐬𝐞𝐜

𝒙
𝟐
𝐭𝒂𝐧

𝒙
𝟐
(𝐭𝒂𝐧𝟐

𝒙
𝟐
+ 𝐭𝒂𝐧

𝒙
𝟐
− 𝐬𝐞𝐜𝟐

𝒙
𝟐
)

𝟒 (𝟏 + 𝐭𝒂𝐧
𝒙
𝟐)

𝟐 −
𝐬𝐞𝐜𝟑

𝒙
𝟐
(𝐭𝒂𝐧𝟐

𝒙
𝟐
+ 𝐭𝒂𝐧

𝒙
𝟐
− 𝐬𝐞𝐜𝟐

𝒙
𝟐
)

𝟐 (𝟏 + 𝐭𝒂𝐧
𝒙
𝟐)

𝟑  

=
𝟑 − 𝐬𝐢𝐧 𝒙

𝟒 (𝐬𝐢𝐧
𝒙
𝟐 + 𝐜𝐨𝐬

𝒙
𝟐)

𝟑 ≥ 𝟎 (∵ 𝐬𝐢𝐧𝒙 ≤ 𝟏 < 3 𝑎𝐧𝐝 𝐬𝐢𝐧
𝒙

𝟐
, 𝐜𝐨𝐬

𝒙

𝟐
> 0 𝑎𝐬

𝒙

𝟐
∈ (𝟎,

𝛑

𝟐
)) 

∴ 𝐟(𝒙) =
𝐬𝐞𝐜

𝒙
𝟐

𝟏 + 𝐭𝒂𝐧
𝒙
𝟐

 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 ∀ ∈ (𝟎, 𝛑) 𝒂𝐧𝐝 𝐬𝐨,∑
𝐬𝐞𝐜

𝐀
𝟐

𝟏 + 𝐭𝒂𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑.
𝐬𝐞𝐜

𝛑
𝟔

𝟏 + 𝐭𝒂𝐧
𝛑
𝟔

 

=
𝟔

𝟏 + √𝟑
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

 

3799. 𝐈𝐧 𝒂𝐧𝐲 ∆ 𝐀𝐁𝐂 𝐭𝐡𝐞 𝐟𝐨𝒍𝒍𝐨𝐰𝐢𝐧𝐠 𝐫𝐞𝒍𝒂𝐭𝐢𝐨𝐧𝐬𝐡𝐢𝐩 𝐡𝐨𝒍𝐝𝐬 ∶ 

∑
𝐬𝐞𝐜

𝐀
𝟐

𝟏 + 𝐭𝒂𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝟔

𝟏 + √𝟑
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  Proposed by Nguyen Hung Cuong-Vietnam 

Solution by Soumava Chakraborty-Kolkata-India 

𝐋𝐞𝐭 𝐟(𝒙) =
𝐬𝐞𝐜

𝒙
𝟐

𝟏 + 𝐭𝒂𝐧
𝒙
𝟐

 ∀ ∈ (𝟎, 𝛑) 𝒂𝐧𝐝 𝐭𝐡𝐞𝐧 ∶ 𝐟 ′′(𝒙) = 

𝐬𝐞𝐜𝟑
𝒙
𝟐 + 𝐬𝐞𝐜

𝒙
𝟐 𝐭𝒂𝐧

𝒙
𝟐 (𝐭𝒂𝐧

𝟐 𝒙
𝟐 + 𝐭𝒂𝐧

𝒙
𝟐 − 𝐬𝐞𝐜𝟐

𝒙
𝟐)

𝟒 (𝟏 + 𝐭𝒂𝐧
𝒙
𝟐)

𝟐 −
𝐬𝐞𝐜𝟑

𝒙
𝟐 (𝐭𝒂𝐧

𝟐 𝒙
𝟐 + 𝐭𝒂𝐧

𝒙
𝟐 − 𝐬𝐞𝐜𝟐

𝒙
𝟐)

𝟐 (𝟏 + 𝐭𝒂𝐧
𝒙
𝟐)

𝟑  

=
𝟑 − 𝐬𝐢𝐧 𝒙

𝟒 (𝐬𝐢𝐧
𝒙
𝟐 + 𝐜𝐨𝐬

𝒙
𝟐)

𝟑 ≥ 𝟎 (∵ 𝐬𝐢𝐧𝒙 ≤ 𝟏 < 3 𝑎𝐧𝐝 𝐬𝐢𝐧
𝒙

𝟐
, 𝐜𝐨𝐬

𝒙

𝟐
> 0 𝑎𝐬

𝒙

𝟐
∈ (𝟎,

𝛑

𝟐
)) 

∴ 𝐟(𝒙) =
𝐬𝐞𝐜

𝒙
𝟐

𝟏 + 𝐭𝒂𝐧
𝒙
𝟐

 𝐢𝐬 𝐜𝐨𝐧𝐯𝐞𝒙 ∀ ∈ (𝟎, 𝛑) 𝒂𝐧𝐝 𝐬𝐨,∑
𝐬𝐞𝐜

𝐀
𝟐

𝟏 + 𝐭𝒂𝐧
𝐀
𝟐𝐜𝐲𝐜

≥
𝐉𝐞𝐧𝐬𝐞𝐧

𝟑.
𝐬𝐞𝐜

𝛑
𝟔

𝟏 + 𝐭𝒂𝐧
𝛑
𝟔

 

=
𝟔

𝟏 + √𝟑
 ∀ ∆ 𝐀𝐁𝐂, ′′ =′′  𝐢𝐟𝐟 ∆ 𝐀𝐁𝐂 𝐢𝐬 𝐞𝐪𝐮𝐢𝒍𝒂𝐭𝐞𝐫𝒂𝒍 (𝐐𝐄𝐃) 

3800. In ∆𝑨𝑩𝑪 the following relationship holds: 
𝒓𝒂
𝒏−𝟏(𝒓𝒄

𝒏+𝟏 + 𝒓𝒂
𝒏+𝟏)

𝒓𝒃
𝒏𝒓𝒄(𝒓𝒂

𝒏𝒓𝒃
𝒏 + 𝒓𝒄

𝟐𝒏)
+
𝒓𝒃
𝒏−𝟏(𝒓𝒂

𝒏+𝟏 + 𝒓𝒃
𝒏+𝟏)

𝒓𝒄
𝒏𝒓𝒂(𝒓𝒄

𝒏𝒓𝒃
𝒏 + 𝒓𝒂

𝟐𝒏)
+
𝒓𝒄
𝒏−𝟏(𝒓𝒄

𝒏+𝟏 + 𝒓𝒃
𝒏+𝟏)

𝒓𝒂
𝒏𝒓𝒃(𝒓𝒂

𝒏𝒓𝒄
𝒏 + 𝒓𝒃

𝟐𝒏)
≥
𝟐

𝑹
. (
𝟐

𝟑𝑹
)
𝒏

, 𝒏 ∈ ℕ 

 

Proposed by Zaza Mzhavanadze-Georgia 
Solution by Mirsadix Muzefferov-Azerbaijan 

∑
𝒓𝒂
𝒏−𝟏(𝒓𝒄

𝒏+𝟏 + 𝒓𝒂
𝒏+𝟏)

𝒓𝒃
𝒏𝒓𝒄(𝒓𝒂𝒏𝒓𝒃

𝒏 + 𝒓𝒄𝟐𝒏)𝒄𝒚𝒄

=∑
(
𝒓𝒂
𝒓𝒃
)
𝒏

((
𝒓𝒃
𝒓𝒄
)
𝒏

+ (
𝒓𝒄
𝒓𝒂
)
𝒏

)
.

𝟏

(𝒓𝒂𝒓𝒄)𝒏+𝟏
(𝒓𝒄

𝒏+𝟏 + 𝒓𝒂
𝒏+𝟏)

𝒄𝒚𝒄

= 

=∑
(
𝒓𝒂
𝒓𝒃
)
𝒏

(
𝒓𝒃
𝒓𝒄
)
𝒏

+ (
𝒓𝒄
𝒓𝒂
)
𝒏 (

𝟏

𝒓𝒂𝒏+𝟏
+

𝟏

𝒓𝒄𝒏+𝟏
)

𝒄𝒚𝒄

 

𝑻𝒉𝒆  𝒍𝒆𝒇𝒕   𝒔𝒊𝒅𝒆  𝒐𝒇  𝒕𝒉𝒆  𝒊𝒏𝒆𝒒𝒖𝒂𝒍𝒊𝒕𝒚   𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔   𝒕𝒉𝒆  𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔  
𝒐𝒇   𝑾𝒂𝒍𝒕𝒆𝒓  𝑱𝒂𝒏𝒐𝒖𝒔′   𝒕𝒉𝒆𝒐𝒓𝒆𝒎: 

𝒙, 𝒚, 𝒛, 𝒂′, 𝒃′, 𝒄′  −   𝒑𝒐𝒔𝒊𝒕𝒊𝒗𝒆  𝒓𝒆𝒂𝒍  𝒏𝒖𝒎𝒃𝒆𝒓𝒔:  

𝒙

𝒚 + 𝒛
(𝒃′ + 𝒄′) +

𝒚

𝒙 + 𝒛
(𝒄′ + 𝒂′) +

𝒛

𝒙 + 𝒚
(𝒂′ + 𝒃′) ≥  √𝟑∑𝒂′𝒃′

𝒄𝒚𝒄

 

𝑯𝒆𝒓𝒆:  𝒙 = (
𝒓𝒄
𝒓𝒂
)
𝒏

, 𝒚 = (
𝒓𝒂
𝒓𝒃
)
𝒏

, 𝒛 = (
𝒓𝒃
𝒓𝒄
)
𝒏

, 𝒂′ =
𝟏

𝒓𝒂𝒏+𝟏
, 𝒃′ =

𝟏

𝒓𝒃
𝒏+𝟏 , 𝒄

′ =
𝟏

𝒓𝒄𝒏+𝟏
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𝑳𝑯𝑺 = √𝟑 ((
𝟏

𝒓𝒂𝒓𝒃
)
𝒏+𝟏

+ (
𝟏

𝒓𝒄𝒓𝒃
)
𝒏+𝟏

+ (
𝟏

𝒓𝒂𝒓𝒄
)
𝒏+𝟏

)

𝟏
𝟐

≥⏞
𝑨𝑴−𝑮𝑴

 

√𝟑. √𝟑((
𝟏

𝒓𝒂𝒓𝒃𝒓𝒄
)
𝟐𝒏+𝟐

)

𝟏
𝟔

= 𝟑(
𝟏

𝑺𝟐𝒓
)

𝒏+𝟏
𝟑

≥⏞
𝑬𝒖𝒍𝒆𝒓,𝑴𝒊𝒕𝒓𝒊𝒏𝒐𝒗𝒊𝒄

 

𝟑 (
𝟖

𝟐𝟕𝑹𝟑
)

𝒏+𝟏
𝟑
= (

𝟐

𝟑𝑹
)
𝒏+𝟏

=
𝟐

𝑹
. (
𝟐

𝟑𝑹
)
𝒏

 

𝑬𝒒𝒖𝒂𝒍𝒊𝒕𝒚   𝒉𝒐𝒍𝒅𝒔  𝒇𝒐𝒓  𝒂𝒏 𝒆𝒒𝒖𝒊𝒍𝒂𝒕𝒆𝒓𝒂𝒍  𝒕𝒓𝒊𝒂𝒏𝒈𝒍𝒆. 

 
 
 
 
 
 

 
 

 

It’s nice to be important but more important it’s to be nice. 

At this paper works a TEAM. 

This is RMM TEAM. 

To be continued! 

Daniel Sitaru 

 

 

 

 


