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2001. If a,b,c > 0 and abc(a + b + ¢) = 3 then prove that :
a+b+c 1

va?+3++vb2+3+Vcz2+3 2
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

at+b+c CBS a 21
> Leye >

2 2 2 = -2
vaz +3++vb2+3+Vc2+3 JB(chca2+9)

@4<za>2_3zaz;27

cyc cyc

5 2
s | 4 Za —BZaZ > 243abc Za + abc Za =3
cyc cyc cyc cyc
N Z a* + 162 a’b + 162 ab?® + 662 a’b? > 99abc <Z a> — true

cyc cyc cyc cyc cyc

AM-GM
Z a* + 162 a’b + 162 ab?® + 66Za2b2 >

cyc cyc cyc cyc

Z a’b? + 322 a’b? + 662 a’b? > 99abc <z a>

cyc cyc cyc cyc

atbtc > vabc>o|abc(@a+b+o) =3
=5Vab,c abc(a c) =3,
va?+3+vb2+3++Vc2+3 2
"="iffa=b=c=1(QED)

2002.If a,b,c > 0anda+ b + c = ab + bc + ca then prove that :

3 3 3 4
+ + - =
1+a 1+b 14+c (1+a)(1+b)(1+c)

Proposed by Nguyen Hung Cuong-Vietnam

4

Solution by Soumava Chakraborty-Kolkata-India

S_Schc((1+b)(1+C))—4_3(3+22Cyca+zcycab)—4
S = A+ A+ 1+abc+gea+ o.ab
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Yeye@ = Yeycab 5+9Z a ? ?
ver 9 e 24(:)1+Za24abc
1+abc+23a
cyc

Yeyc@ = Ycycab Z ab ? Z a 2
s SE Z a = 4abc < =
cyc

chc a chc ab

-(z) (3] (3 2e(ze)

o Z a*b? + Z a’b* + 32 a3b3 > Zabcz a?® + abc (Z a’b + Zab2> +

cyc cyc cyc cyc cyc cyc

AM—GM
3a?b?c? - true Z a*b? + Z a*c? > Zabcz a® and 2 Z a’h?

cyc cyc cyc cyc
Schur + AM—GM AM-GM
> abc Z a’b + Z ab? | and Z a’b® > 3a?’b?c?
cyc cyc cyc

3 3 3 4
>4V b =ab+b
1+a+1+b+1+c 1+a)@+b)(1+c) atb+c=ab+bectca,

"="iffa=b=c=1(QED)
2003. For a,b, c > 0 prove that :
a® b3 3 1 1> 153

56
§+C_3+ 3_—(a+b+c)< +b+C —T

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Let ~a b ¢ dth Z +153756Z Zl
e A VA A T a
cyc cyc

cyc

‘:’Z +153’56 z +Z Z +97’56 +Z
x* =15 x gzl ) xt )y

cyc cyc cyc cyc cyc cyc

(v xyz=1) and z xy < —(2 x) - it suffices to prove :

cyc cyc
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2

97| ? |56 1 oo .
Z x3+— 5 > 15 Z x+ 3 Z X and as a preliminary trivial
cyc cyc cyc

observation, we note that : when x =y = z = 1, (x) becomes an equality
and now, we split our subsequent analysis into 2 cases :

Holder t3 97 ? 56 t?
Case 1] Y x> 13 and then : LS of () "2 —+?2E<t+§> =)

cyc cyc

& 5t3 - 56t2—168t+873 >0 < (t—3)((t—13)(5t+24) +21) >0
- true + t > 13 = (%) is true

56 13 896
Zx<13 then : RHSof(>ls)<1—5 Zx+? Zx =5 Zx

cyc cyc cyc cyc
xyz=1896 97 xyz = 145 .,.x3 +873xyz
=~ a5 Z Valy? ZZ<Z BT
cyc cyc
3 3

o 452 x3 + 873xyz 3 802816x2y?z? Z x
cyc (+) cyc

Assigningy+z=Xz+x=Y,x+y=Z>X+Y-Z=2z>0,Y+Z-X=2x
>0andZ+X-Y=2y>0=2X+Y>ZY+Z>X,Z+X>Y=>X,Y,Z form
sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r (say)
and then : Z X =S,XyZ = rzs,z x3 = s —12Rrs and so, (*) &
cyc cyc

?
(45(s® — 12Rrs) + 873r?%s)3 — 802816r*s%(s)> >0and = P =
91125s3(s? — 16Rr + 5r%)3 + 4rs3(273375R + 984150r)(s?> — 16Rr + 5r?)? +

Gerretsen

16r2s3(273375R? + 1968300Rr + 3492764r%)(s? — 16Rr + 5r?) >
?
-~ in order to prove (x*), it suffices to prove : LHS of (xx) > P
?
& 641r3s3(91125R3 + 984150R?r + 334—2236Rl‘2 + 4314248r3) > 0 - true
a3 b3_|_c3 ( b4 )( +1+1) 153
wreateZ" ¢ b
Yab,c> 0,” ” iff a = b = ¢ (QED)

= (x¥x) = (x) is true - 5
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2004. If a,b,c > 0 and a? + b? + ¢? < 3 then prove that :

(b% + c¢®)%. (c2 + a®)*.(a? +b?)° < 8
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Via Weighted AM — Weighted GM inequality,

chc (a(bz + CZ)) ; )
chc a

@;3<Za>;(za><zab>_3abcand...3Zzaz

cyc cyc cyc cyc

P — (z ) (z ) L (z ) (z ab> oate

cyc cyc cyc cyc

(02 + c2)e. (e + a?)b. (a2 + b2)E <

o Zz:a3 > Zazb +Z:ab2 — true via Schur + AM — GM
cyc cyc cyc

2 02 + D)o (e + a?)P. (a? + b2)° < 2 = (b + ¢2)% (c? + a?)b. (a? + b?)"

CBS
< 2Xcye '-'Za>0 <23=8 '-'Zas 3)Ya2=3and~2>1
cyc cyc cyc

n(b2+c2)“S8Va,b,c>0| Zaz <3, =" iffa=b=c=1(QED)

cyc cyc

2005. If a,b,c > 0 and abc = 1 then :

a4.\/E+b4.\/B> 2
JVea++Vab

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

Via Walter Janous,V A’,B’,C, x",y’,z' > 0,

xl yl zl
B'+C')+ C+A)+ A'+B') > BZA’B’ i
e B HC) o (€AY b (A B /cyc (via) » @
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Now,z:a‘l\/_-l-b4 Z\/_ ( )

N 1
vea + e +%
Bl 1A 1A I BI
y+ - ( C)+,+,(C )+,+y,( +B’)
( 1 1 1 ct a* >V1a@ <c4 a4>
= =— A=—B=—,C=—] > 32 ——
Ve JVa Vb Ve o Vva Vb
= "3vab,c>0|abc=1"=" iffa=b=c=1(QED)

2006.If a,b > 0,ab = 1 then:
a b
>1

P+l aZt1-

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

2 p2  BERGSTROM
~

a 4 b _ a 4 S
b2+1 a®?+1 ab?’+a ba®?+b =

(a + b)* (@+b)? _a+b™™
ab?’ ta+ba’+b b+ata+b 2 -

vab =1

Equality holds fora = b = 1.

2007.1fa,b > 0,a® + b> < 2a3b3 then:
a’ + b%>2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

AM~GM
a® + b> < 2a®b® or 2J/a’h® < 2a®b®orvab>=>1orab=>1(1)

AM—-GM D
a’?+b> > 2ab>2

Equality holds fora=b = 1.
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2008. If a, b, c > 0 then:

Va2 + b2 Vb%2+c2 VJc? + a?
—t———+— > 32

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

vaz + b2 Vb% +c2 V2 + a? Va? + b? a? b2 cBs
+ + Z Z =
c a b c? c2
Z 1(a+b>2_1z(a+b>_1z(a+ AMGM1ZZ_ _
2\c ¢/ 2 c ¢/ 2 c B

Equality holds for a=b=c.

2009.If a,b,c > 0and a + b + ¢ < 3 then prove that :

1 1 1
b+ c\a /c+a\b /a+ b\c
Co) () () =8
a b C

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Via Weighted GM — Weighted HM inequality,
+%+1 1 1 11 1
‘''/b+c\a /c+a\b /a+ b\c a + b Reverse Bergstrom chc_
. . =
( a ) ( b ) ( c )
b

+
R SIS

1
b+c\e c+a\b ja+bye  1.1.1 1
:z:>( a) ( ) ( ) > 2a*b*e "'ZE>0 >23=8

cyc

g e

cyc cyc cyc

1
b+ c\e /c+ a\b
( ) ( ) ( ) >8vVabc>0la+b+c<3,

” =" 1ffa—b=c=1(QED)

Q=
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2010. For a,b,c = 0,ab + bc + ca > 0 prove that :

1 1 1 15V3
+ + >
atb b+c c+a /g(a?+b2+c2)+92(ab + bc + ca)

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Since a,b,c >0 A ab + bc + ca > 0,hence only 2 cases are possible.
Exactly 1 variable equals zero and WLOG we may assume a = 0
(b, c > 0) and then, main inequality becomes :

1 1 1 15V3
—+ +-=
b b+c ¢ /8(b2+c2)+ 92bc

& (8(b? + ¢2) + 92bc)(be + (b + ¢)2)2 — 675b%c2(b+ ¢)2 > 0
& 8b% + 140b5¢c — 27b*c? — 242b3¢3 — 27b%c* + 140bc5 + 8c® > 0

& (b —¢)%(8b* + 156b3c + 277b%c? + 156bc3 + 8¢*) > 0 - true =~ b,c > 0
1 1 1 15V3
+ + >
at+b b+c c+a” /g(aZ+b?+c2)+92(ab + be + ca)
[Case 2]a,b,c > 0 and assigningb+c=x,c+a=y,a+b=z=>x+y—z=2c
>0,y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x2+x>Yy
= x,y,z form sides of a triangle XYZ with semiperimeter, circumradius and inradius

=s,R,r (say); then : Z ab = 4Rr + rz,z a? = s> — 8Rr — 2r? and then,

cyc cyc
- Lt b (Zacxy\’ _ (s*+4Rr+r12)?
main inequality necomes : xyz - 16R2r2s2

675
8(s2 — 8Rr — 2r2) + 92(4Rr + r?)

?
r2(2060R? — 320Rr — 40r?)s? + r3(1216R3 + 912R?r + 228Rr? + 19r3)0
()

& 2s5% + (92Rr + 23r?)s* —

and - P = 2(s? — 16Rr + 5r?)3 + r(188R — 7r)(s? — 16Rr + 5r?)? +

Gerretsen

and
rZ(R — 2r)> Rouche + Euler
_ >

R-—r -
Rouche
w(R—1)(s2—16Rr+5r2) > (R-r) (ZR2 — 6Rr + 4r2 — 2(R — 2r)V/R? — 2Rr)

2 Euler 1‘2 R-2r
= (R-2r) ((R—r—\/R2 —ZRr) +r2> > r2(R-2r) = s? > 16Rr — 5r? +(Rfr)

4r?(605R? — 206Rr — 10r?) <s2 — 16Rr + 5r% — 0

9 | RMM-CYCLIC INEQUALITIES MARATHON 2001-2100
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?
-~ in order to prove (*), it suffices to prove : LHS of (x) > P

? R ?
© 560t3 — 1299t% + 366t— 16 >0 (t = ;) o (t—2)(560t2 —179t+8) >0

Euler . 1 1 1
—>true -t > 2> (x)istrue - + + >
a+b b+c c+a

153 1 1 1
and so, + + >
V/8(a? + b% + ¢2) + 92(ab + bc + ca) atb bt+c cta
15v3

Va,b,c20|ab+bc+ca>0,
\/B(az + b2 +c%2) +92(ab + bc + ca)

=" iff (b—:go) or (czc=1>00) or (ai;go) or(a=b=c>0)(QED)

2011. If x,y,z > 0,xy + yz+ zx + xyz =4 and A > 1 then :
1 1 1
DEIESIE
X X xy
cyc cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z((2+y)(2+z))—(2+x)(2+y)(2+z)=4—(xy+yz+zx+xyz)

cyc

0 Z 1 1 - (m) and 1 xzol ¢ 1 1

=0 - —_—=1- L — —_— =
2t x m) an Tt 5 - Wecanse 22" 2 a

cyc

> x=

1
(a >0anda < E) Lx+2= — (1) and similarly, we set :

1-2a %—a
1 1 o1 1 ew 111
2+y 2 "M T2 T 2xx T2y T 2+2
L a+lpgl Fbtc=so (i) (1) and () 20 nd
= — — —_ — —_— —1 = = oo = =
2 a 2 2 C a C 2 1 an 1 X b+can
I lyy =22 andz=—_(ab e(o 1)
analogously,y = ——andz=——{ab,c '3
=0
1 221
AZ +Z——(x+1)z _AZ Z Z—— —">
xy x xy
cyc cyc cyc cyc cyc cyc
Z Z Z z (b+c)2+ b+c (b+c)(c+a)
xy xy 4a?
cyc cyc cyc cyc cyc cyc

10 | RMM-CYCLIC INEQUALITIES MARATHON 2001-2100
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1
~ a?bZe? Z(bzcz(b +0%) +2 Z(bc(b +¢)) -2 Z(c(b +c)(c+a))
cyc cyc cye
1
~ aZb2c?’ Z a*b? + Z a*b* + ZZ a’*b’ — Zabcza3 —6a?b%c? | >0
a C cyc cyc cyc oye

AM—GM
- true = Z a*b? + Z a*c? > (a*.2bc) = Zabcz a3 and

cyc cyc cyc cyc
AM-GM 1 1 1
22a3b3 >  6a’b*c? .-.AZ—Z+Z—2(A+1)Z—
x x xy
cyc cyc cyc cyc
VXyz> O|xy+yz+zx+xyz =4," =" iff( x=y=2z=1) (QED)

2012. If x,y,z > 0, then prove that :

1 N 1 N 1 - 2 N 1
x2+2yz y2+2zx z:+2xy xy+yz+izx x%+y?+z?

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c>a+b-c=22>0b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>>b
= a,b, c form sides of a triangle with semiperimeter, circumradius and inradius
=s,Rr (say) = Zx =S,XyZ = rzs,ny = 4Rr + r? z x? = s? — 8Rr — 2r?,
cyc cyc cyc
Z x3 =s3— 12Rrs,z x?y? =r?((4R +r)? — 2s?) and
cyc cyc

Z x%y3 = (4Rr +r?)3 — 12Rr3s? and now,z .
cyc

cyc

1 ; 2 N 1
242y2 " XeyeXy  XeyeX?
2 (chc xY) (chc xz) + 2xyz chc X+ chc x2y2 ; 2 chc x% + chc XY via transformation

4xyz chc x3+2 chc x3y3 + 9x2y2z2 h (chc xY)(chc xZ)
2(4Rr +r?)(s? — 8Rr — 2r?) + 2r?s? + r?((4R + r)? — 2s?) 7 2(s? — 8Rr — 2r?) + 4Rr + r?

>
4r2s2(s2 — 12Rr) + 2((4Rr + r2)3 — 12Rr3s2) + 9r4sZ — (4Rr +r?)(s2 — 8Rr — 2r2)
& —2s° + (8R? + 52Rr — r?)s* — r(176R3 + 348R?r + 60Rr? — 4r3)s? +

?
3r2(4R +r)*| >|0 and now,
()

P = —2(s? — 16Rr + 5r%)(s* — s2(4R? + 20Rr — 2r?) + r(4R +r)3) —

11 RMM-CYCLIC INEQUALITIES MARATHON 2001-2100
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Gerretsen
and
Double—Rouche

r(20R — 13r)(s* — s2(4R? + 20Rr — 2r?) + r(4R +1)3) > 0 and
LHS of (x) — P =0 = LHS of (*) =P > 0 = (%) is true

1 4 1 4 1 S 2 + 1
Tx2+2yz y2+2zx z2+2xy  xy+yz+zx x%+y?+z2

vVxyz>0"="iff x=y=1z(QED)

2013.If x,y,z > 0 and xy + yz + zx + xyz = 4,then prove that :
X Z X+y+z
y - y

y+z+z+x+x+y_ 2
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India
Exactly one variable equals zero and WLOG we may assume

_ _ sty _ytz_y*+zt y+z
x=0&thenyz =4 (y,z> 0) & LHS — RHS - y 2 4 2

(Y+Z)2 v+z y+zZ y+1z yz=14
> — > — > = = >
> 2 : (vy+z22Jyz = 4)=0-LHS > RHS

[Case 2]x,y,z > 0 and Z((z +Y2+2)-2+02+yY2+2) =

cyc

4 0 LI dv-—— 21
— (xy +yz+zx + xyz) = --Zm— — (m) an i x < 3
cyc
ol (asvanda<d)xras
. wWe can se 2 +x —2 ala ana a 2 S X —1_2a
22, (1) and similar] ¢t =1 pond——=1
= = - _— —_—
X 1 . and similar y,we se 2+ y 2 an 241z 2 C
2
dew 11 1 1 1 1 ibictom
= ==— - —-——C= ==-
2+x 2+y 2+z 2 %72 2 74 €c=z7H
2c

2a 2
~(@)and (i) > x = bTec and analogously,y = T a and z = P

2
Bergstrom ? x
ab,ceE ( > ; NOW, E > (ZCYC ) > chc
yt+z ny+zx 2 Yeye XY 2

@ZPEW@X Z(b+c)(c+a)

cyc cyc cyc

12 RMM-CYCLIC INEQUALITIES MARATHON 2001-2100
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e Z (a(a2 + ab)) é 2 Z(ab(a +b))

cyc cyc

@Za3 +§:azb+§:ab2 + 3abc > 2§:a2b+2§:ab2
cyc cyc cyc cyc cyc
o Z a3 + 3abc > Z a’b + Z ab? - true via Schur and so,

cyc cyc cyc
X y y/ X+y+z

+ + = mezzohy+ﬂ+1x+nm=&
y+z z+x Xx+Yy 2

"o s x=0 y:O z=20 o
=it (202, or (272 ,)or (25 2,) orx=y=2=1)(aED)

2014.If a,b,c > 0 and a + b + ¢ = 3 then prove that :
a’b? + b%c? + c?a®? + 5(ab + bc + ca) < 18
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

18—Za2b2—52ab=

cyc cyc

alge)-g-slege) (2
() geo{ze)lz

cyc cyc

1
=§<22a4+32a3b+32ab3—7Za2b2—abc2a>

cyc cyc cyc cyc cyc

AM-GM 1
> §<ZZa4 +6Z a’b? — 7Za2b2 - acha) >

cyc cyc cyc cyc

1 1
§<ZZa2b2 —Zazb2 — abcz a) = §<Za2b2 —acha) >0

cyc cyc cyc cyc cyc

13 | RMM-CYCLIC INEQUALITIES MARATHON 2001-2100
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Z a’b? > ab.bc + bc.ca + ca.ab = abcz a and so,

cyc cyc
a’b? + b%c? + c?a? + 5(ab + bc + ca) < 18
Va,b,c>0|a+b+c=3,”=” iffa=b=c=1(QED)
2015. If a,b,c > 0 and a? + b? + c? = 1 then prove that :

3 —5(ab+bc+ca) + 6abc(a+b+c¢c) >0
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Exactly two variables equal zero and WLOG we may assume
b=c=0(a=1)andthen: LHS=3 >0
Exactly one variable equals zero and WLOG we may assume a = 0

and then b? + c2 = 1 (b,c > 0) and then : LHS = 3 — 5bc
AM;GMB 5(b2+ 2) = 3 5_1>0
= 2 €)=27273

[Case 3]a,b,c > 0 and assigningb+c=x,c+a=y,a+b=z=>x+y—z=2c
>0,y+z—x=2a>0andz+x—-y=2b>0=>x+y>zy+z>x,z2+x>Yy
= x,y,z form sides of a triangle XYZ with semiperimeter, circumradius and inradius
= s,R,r (say); then : Z a =s,abc = rzs,z ab = 4Rr + r?,

cyc cyc

Z a? = s? — 8Rr — 2r? and then, main inequality becomes | since Z a’=1

cyc cyc
2

? via transformation
3 Zaz -5 Zaz Zab + 6abc Za >0 PR

cyc cyc cyc cyc
?
3(s?2 — 8Rr — 2r?)2 — 5(s? — 8Rr — 2r?)(4Rr + r2) + 6r2s2 >0

[
& 3s* — (68Rr + 11r?)s? + 22r2(4R +r)? > OEO and - P =
()

r’(R-2r
3(s? — 16Rr + 5r?)? — (28Rr — 41r?) <s2 — 16Rr + 5r% — %)
Gerretsen
and
Rouche + Euler
>

14 RMM-CYCLIC INEQUALITIES MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
uche

R
+(R—1)(s2—16Rr +5r2) > (R—r) (2R2 — 6Rr + 4r2 — 2(R — 2r)J/R? — 2Rr)

2 Euler I‘Z R-2r
= (R-2r) ((R— r—+R2%— 2Rr) + r2> > r?(R-2r) = s? > 16Rr — 5r? +(Rfr)
-~ in order to prove (*), it suffices to prove : LHS of (x) >P
4 R ?
& 32t3 — 144t + 195t - 70> 0 (t = ;) e (t-2)((t-2)(32t—16)+3) >0

Euler
Strue~t > 2= (¥)istrue~3-5 Zab + 6abc Za > 0 and so,

cyc cyc
3—5(ab+bc+ca)+6abc(a+b+c)20Va,b,c20|a2+b2+c2=1,
1
"="iff a=b=c=— (QED
\/§(Q )

2016. If a’b + b%c + c?a + 16 = ab? + bc? + ca? then prove that :
a’? +b%?+c%2>8
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2 2
? ? 512
2 < Z 2| = _ Z 2 _ 2
Za >8 o a > 512 256 ab a“b
cyc cyc cyc cyc
16=Zab2—2a2b @Za6+2a4b2+Za2b4+4abc2a3+
cyc cyc cyc cyc cyc cyc

?
42 a3b3 + 18a%b?c? > 4abc Z a’b + Z ab?
cyc () cyc cyc

Now, if A = Z a’b + Z ab?  then A2 = Z a*b? + Z a’b* + Zabcz a3+

cyc cyc cyc cyc cyc

2 Z a3b3 + 6a?b?c? + 2abc Z a’b + z ab? | and so, (*) can be written as :

cyc cyc cyc

?
Z ab + ZZ a’b? | + Zabcz a® + 12a?b%c? + A2 > 6abc) &

cyc cyc cyc
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2
(Z ad| + Zabcz a3 + a’b%c? |+ (A% — 6abch + 9a%b%c?) + 2a?b%c? > 0
cyc cyc

2

?
= Z a3 +abc | + (A —3abc)? + 2a?b?c? > 0 - true = (x) is true
cyc

~a’+b%?+c2>8Vab,ceR|a’b+b%c+cla+ 16 = ab? + bc? + ca?,
a=0 b=0 c=0
"= iff<b=2)or<c=2)or(a=2>(QED)
c=-2 a=-2 b=-2

2017.If m >0 and a,b,c,x,y > 0 and abc =1 then:
1 1 1 3

>
a’™*1(bx + cy)™ * b2m+1(cx + ay)™ " c2mtl(ax + by)™ ~ (x + y)™

Proposed by D.M.Batinetu-Giurgiu, Mihaly Bencze-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

1 1 1
aq2m+1 (bx + Cy)m + b2m+1(cx + ay)m + c2m+1(ax + by)m -
1 1 1
_ am+1 N bm+1 n cm+1 _
~am(bx+cy)™  b™m(cx+ay)™ cm(ax + by)™
1 m+1 1 m+1 1 m+1 Rad 1 1 1 m+1
__ @ N () N (c) w (atp+o) _
(abx + acy)™ ' (bex + aby)™ * (acx + bcy)™ ~  ((ab + be + ac)(x +y))"
1
ab + bc + ac)™*! ab + bc + ac*™-M 3((abc)?)3 3
_ ( _ & _
~ (ab + bc + ac)™(abc)™t1(x + y)m  (x +y)™ = (x+y)m (x+y)m

Equality holds for: a=b=c=1.

2018. If a,b,c = 0 then prove that :
(a+ b+ c)?(a? + b% + c?)? > 27abc(a® + b3 + ¢3)
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

If exactly three variables equal to zero or if exactly two variables equal
to zero or if exactly one variable equals to zero, RHS = 0 and LHS > 0 and now,
we focus on the case when a, b, c > 0 and assigningb+c=x,c+a=y,
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a+b=z=>x+y—-z=2c>0,y+z—x=2a>0andz+x—-y=2b >0
=>x+y>zy+z>x,z2+x>y= xYyZformsides of a triangle XYZ
with semiperimeter, circumradius and inradius = s,R, r (say); then : Z a=s,

cyc
abc = rzs,z a’ = s> — 8Rr — Zrz,z a3 = s3 — 12Rrs and then, main inequality

cyc cyc

?
becomes : s?(s? — 8Rr — 2r?)? > 27r%s%(s? — 12Rr)

?
& s* — (16Rr + 31r?)s? + 4r?(16R? + 89Rr + r?) >10 and
(*)
Gerretsen
v (s? —16Rr+5r?)2 > 0. inorder to prove (x), it suffices to prove :

?

LHS of (¥) > (s — 16Rr + 5r2)? & (16R — 41r)s?| > [r(192R? — 516Rr + 21r?)

—
(%)
Gerretsen

16R — 41r > 0 and then : (16R — 41r)s? >
(16R — 41r)(16Rr — 5r2) > RHS of (+*) & 2r(R — 2r)(16R — 23r) > 0

Euler )
- true * R > 2r = (**) is true

Gerretsen

[Case 2]16R — 41r < 0 and then : (16R 41r)s? >
(16R — 41r)(4R? + 4Rr + 3r?) > RHS of (+%)
& 16R3 — 73R%r + 100Rr? — 36r3 > 0< (R-2r)?2(16R - 9r) > 0 — true

Euler
“R = 2r = (*x)is true .. combining both cases, (+*) = (x) is true

~(a+b+c)?(a®+b?%+c?)? > 27abc(a® + b3+ c®) Vab,c> 0 and so,
(a+b+c)?(a®? +b?%+c?)? >27abc(a® +b3+c®)Vab,c=>0,
" =" iff a=b = c > 0 (QED)

2019. If a,b, c = 0 then prove that :
(a? + b% + c®)?%(a® + b3 + ¢3) > 9abc(a* + b* + ¢
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

If exactly three variables equal to zero or if exactly two variables
equal to zero or if exactly one variable equals to zero, RHS = 0 and LHS > 0
and now we focus on the case when a,b,c > 0 and assigning b + ¢ = x,
ct+ta=ya+b=z=>x+y—-z2=2c>0,y+z—x=2a>0andz+x—-y=
2b>0=>x+y>zy+z>x,z2+x>y=xyYyZformsides of a triangle XYZ
with semiperimeter, circumradius and inradius = s,R,r (say); then :

17 RMM-CYCLIC INEQUALITIES MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Z a = s,abc = rzs,z a? = s> — 8Rr — ZrZ,Za?’ = s3 — 12Rrs,

cyc cyc cyc
z a* = (s> — 8Rr — 2r?)? — 2r?((4R + r)? — 2s?) and then, the main inequality
cyc

(s? — 8Rr — 2r?)% — )

2r2((4R +r)? — 2s?%)
s® — (28Rr + 13r?)s* + r2(256R? + 224Rr + 4r?)s? —

?
becomes : (s — 8Rr — 2r?)2(s3® — 12Rrs) > 9rzs(

?
r3(768R3 + 672R?*r + 192Rr? + 18r3)EO and - P = (s? — 16Rr + 5r%)3 +
)
Gerretsen

(20Rr — 28r?)(s? —16Rr + 5r?)2 > 0 .. in order to prove (*), it suffices to

v -

prove : LHS of (x) > P & (128R% — 392Rr + 209r2)s?

~
*

*)

r(1792R3 — 5856R?r + 3972Rr? — 557r3)
128R?% — 392Rr + 209r? > 0 and then : LHS of (xx) sengeen
(128R? — 392Rr + 209r%)(16Rr — 5r?) > RHS of (+%)
& 64t3 — 264t% + 333t — 122 é 0 (t = %)

? Euler
s (t- 2)((t —2)(64t—8) + 45) >0-true~t > 2= (x%)istrue
Rouche

128R? — 392Rr + 209r? < 0 and then : LHS of (+x) >

?
(128R?% — 392Rr + 209r?) (ZR2 + 10Rr —r? + 2(R — 2r).\/R% — ZRI‘) >
r(1792R3 — 5856R?r + 3972Rr? — 557r3)

?
< 2(R — 2r)(128R3 — 392R?r + 329Rr? — 87r3) >

Euler

—2(128R?% — 392Rr + 209r2)(R — 2r)./RZ —2Rrand ~R—2r > Oand
128R3 — 392R?r + 329Rr? — 87r3 > 0 .. to prove (x*), it suffices to prove :

?
(128R3 — 392R%r + 329Rr? — 87r3)2 > (R? — 2Rr)(128R? — 392Rr + 209r2)?
?
& 16(2048t5 — 10624t + 1862413 — 1218412 + 1882t + 473) + 4t +1 > 0
=16 ((t — 2) ((t—2)(2048t% — 2432t? + 704t + 360) + 506) + 45) +4t+1

? Euler
>0 > true vt > 2= (xx)istrue .. combining both cases, (+*) = (%)

is true V AXYZsg . - (@ + b? + ¢?)?(a® + b3 + ¢3) = 9abc(a* + b* + ¢*)
V a,b,c > 0 and so, (a? + b? + c?)?(a® + b3 + ¢?) > 9abc(a* + b* + ¢*)
Vab,c>0,"="iff a=b=c=>0(QED)

18 RMM-CYCLIC INEQUALITIES MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2020. If a,b,c = 0 and a + b + ¢ = 3abc then prove that :

(@3 + b3 +c3)(a* +b* +¢*) = 3(a® + b + ¢°)
Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

(@® + b3 + c3)(a* + b* + ¢*) > 3(a® + b® + )

()
o Za Za3 Za“ >3 Zas .3abc '-'Za=3abc

cyc cyc cyc cyc cyc

If any one variable equals to zero, then : Z a=3abc=>a=b=c=0&then:
cyc
LHS = RHS = 0 and now we focus on the case when a, b, ¢ > 0 and assigning
b+c=x,c+a=ya+b=z=>x4+y—-z2=2c>0,y+z—x=2a>0and
z+x—-y=2b>0=>x+y>zy+z>x,2+x>y=xYy,zformsides of
a triangle XYZ with semiperimeter, circumradius and inradius = s, R, r (say);

then : Z a=s,abc = rzs,z ab = 4Rr + rz,z a? = s> — 8Rr — 2r?,
cyc cyc cyc
Z a’b? =r?((4R+r)% - 252),2 a® = s3 — 12Rrs,
cyc cyc
Z a* = (s? — 8Rr — 2r?)? — 2r?((4R +r)? — 2s?),

cyc
5

Zasz Za —5(@a+b)(b+c)(c+a) Za2+zab

cyc cyc cyc cyc
= s% — 20Rrs(s? — 4Rr — r2) and then, (+) becomes :

?
s(s3 — 12Rrs) ((s2 — 8Rr — 2r?)2 — 2r?((4R +r)? — Zsz)) >
9r2s (ss — 20Rrs(s? — 4Rr — rz)) & s% — (28Rr + 9r?)s* +

?
r?(224R? + 196Rr + 2r?)s? — r3(384R3 + 912R?r + 204Rr2)EO and P =
()

Gerretsen

(s? —16Rr + 5r%)3 + (20Rr — 24r?)(s? —16Rr + 5r2)2 > 0 - to prove (%),
? ?

it suffices to prove : LHS of (x) > P © (96R? — 292Rr + 167r?)s?| >

)

r(1408R3 — 4592R?r + 3344Rr? — 475r3)
Gerretsen
96R? — 292Rr + 167r% > 0 and then : LHS of (¥x) >
?
(96R? — 292Rr + 167r2)(16Rr — 5r?) > RHS of (%)
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? R
 32t3 — 140t + 197t —90 > 0 (t = ;)

? Euler
o (t- 2)((t —-2)(32t—12) + 21) >0-true~t > 2= (xx)istrue
Rouche

96R% — 292Rr + 167r% < 0 and then : LHS of (x+) >
(96R? — 292Rr + 167r?) (ZRZ + 10Rr — r2 + 2(R — 2r)./R% — 2Rr) z
r(1408R3 — 4592R?r + 3344Rr? — 475r3)
2(R — 2r)(96R3 — 324R?r + 307Rr? — 77r3) 2 iy
uler

—2(96R? — 292Rr + 167r?)(R— 2r)./R2 —2Rrand * R—2r > 0and
96R3 — 324R?r + 307Rr? — 77r3 > 0 - in order to prove (*x), suffices to prove :

(96R3 — 324R2r + 307Rr? — 77r3)2 > (R% — 2Rr)(96R? — 292Rr + 167r2)2
& 16(768t5 — 4096t* + 7404t3 — 4925t + 531t + 370) + 4t +9 > 0
o 16 ((t ~2) ((t — 2)(768t3 — 1024t% + 236t + 115) + 47) + 4) +4t+9>0

Euler
- true wt > 2 = (xx)istrue -~ combining both cases, (xx) = (x) is true V

AXYZsg, - (a® + b3 + c3)(a* + b* + ¢*) = 3(a® + b® + ¢®) Va,b,c > 0 and so,
(@®+b3+c®)(a*+b*+c*) > 3(a5+b5+c5)\7’a,b,c20|a+b+c= 3abc,
"="iffa=b=c=00ora=b=c=1(QED)

2021.1fa,b > 0,a+ b + a™bh™ = 3,n € N then:
a®+ b" > 2

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
2\" sy—
(a+b) > AMZGM 3

a+b+a”b”=3:>(a+b)+< 2

t=a+b>0
>4"a+b)+(a+bh)*">3.4"=> t?"+4"t—-3.4" > 0

th _

2n
—+4">20

> " -4 +4"(t-2) >0 :>(t—2)< —

=@ —-2)( 1+ 2.2 2 2223 4221 4 4 > 0 = (E-2) 2001t > 2

n n n n
g + bt — a N b Ragon (a+b) t=a+b>0 t
1n—1 1n—1 - Zn—l zn—l Zn—l

Equality holds for a=b=1.
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2022. If x,y > 0,%+§ < 2,n € N then:

Va3 + (M2 — 1)y +y3 + (n2 — 1)a2 = 2n

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

1 1 AaM-6M  (x +y)?
;+;S20r(x+y)£2xyor(x+y) < 2( Y)

orx+y=>2(1)

3 3
2 Rad x4+ v)z @D
y a>0n ( y) S

N| W

3
X 2 =

+y +

:IHl ﬁm

=2

i~
=
Nel Ne

N[ =

2

Va3 + M2 —1)y2 +y3 + (n2 — a2 =

3 2 3 2 Minkowski
= <x2> + (n? -1)y% + (yz) + M2 -1Dx%2 >

3 3\ 2 2

zj(x2+y2> +(Vn2 = 1x + /n2 - 13')2 B j(x§+y§) +m* - D(x+y)? =

> /22 + (n2 - 1)(2)2 = 2n

Equality holds for x=y=1.

2023.If a,b,c > 0 and ab + bc + ca + abc = 4 then prove that :

ab + c bc + a ca+b 3
4 4 T3 4 T3 4 o =-1
a*+b*+c b*+c*+a c*+a*+b abc

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

AM-GM
4—abc=2ab > 3.3a?b2c? = t3 + 3t2 — 4 < 0 (t = Vabc)

cyc

ab > 3
cyc
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d Z ab +c Z (ab +¢)(2 + ¢3)
ananow. L at bt + ¢ (a*+b*+c)(1+1+c3)
cyc

cyc

Reverse CBS (ab+¢)(2 + C3)
)

(a? + b? + c?)?

cyc

2
=ﬁ. ZZab+ZZa+achaz+<Za2> —ZZaZbZ
cyc@

cyc cyc cyc cyc

cgs (chcla_z)z. Zﬂ:ab——<;ab> + 2. ’3;a2+;a +<Z >z
w abc VIa<® 1>

/ZZ b——3< ab>+2 (Za2>2+2a2+<2a2>2\|

(zcyc a?)’ \ T T W& 5 \& /

via @ 34+, a% 3 ab + ¢ 3
2>Z b > 3|=2"129% 4 _Z _
( Z @ Yeye@® T +3 a*+b*+c abc

cyc cyc cyc

<2 <23—1dzab+c 3<1
- abc ~ T TLandso g wt ib*+c abec

cyc
Va,b,c>0|ab+bc+ca+abc=4,”=" iffa=b =c=1(QED)

2024. Prove that in any A ABCif a + b + ¢ = 3,then:

4+4+4 1 1 1
a+b b+c c+a a b c

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-KoIkata-lndia

Y as3-g
b+c a” _chca

cyc cyc

4 Z(( Fb)(c+ @) sz+4Rr+rzi9
= : - —
2s(s2 + 2Rr +r?) ¢ cra 4Rrs ~ 2s

cyc
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4 Z 2"'22 b +z b sz+4Rr+rzé9
PR . - —
2s(s? + 2Rr +r?2) a a a 4Rrs ~ 2s

cyc cyc cyc

s?2+4Rr+r? 4(5s®>+4Rr +r?) 2
2Rr s2+2Rr+r? — ,
& s* — (16Rr — 2r?)s? 4+ r?(12R? + 16Rr + r?) 5 0

()
Gerretsen
Now,LHSof (*) > (16Rr — 5r?) — s?(16Rr — 2r?)s? +
Gerretsen

r?(12R? + 16Rr + r?) = r?(12R?> + 16Rr + r? — 3s2) >

Euler
r2 (12R2 + 16Rr + r? — 3(4R? + 4Rr + 3r2)) =4r3(R—2r) > 0= (x)istrue

4 4 4 1 1 1
+ b= <3VAABC|a+b+c—3
a+b b+c c+a a b

"= iffa=b—c—1(QED)

<94

2025. If a,b,c > 0 and abc = 1 then :
5 VaTb. (Vb + %)
e Jab(c+ a) ++/ca(b + c)

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

Via Walter Janous,V A’,B’,C, x",y’,z' > 0,

x' ! z'
y,_l_z,(B’+C’)+z,i’_x,(C’+A’)+ Ty A B = /32;\'3' wia) » @
cyc

1 1 a+b (1 1
Z (\/—+\/—) :Z 'Va+b.<ﬁ+\/—5> :Z a (\/_B-i_ﬁ)
T Jab(c+a) +/ca(b + c) o Ja(c+a)+Ja(b+c) T Jb;—c_i_\/c-i;a
= ,+ ,(B’ CI)_l_ (CI AI)_I_ ,+ ,(A’ B/)
/a+ b+c c+a 1 1 | vie®
y = _'C’:_ =
i i AM-GM 3 abe =1 Ja +b. (\/B+\/E)
\/3;(\/5'\/5> = 3 fabe Czyc:\/ab(c+a)+\/ca(b+c)_
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Vab,c>0 |abc=1"=" iffa=b =c=1(QED)

2026.If a,b,c > 0,n € N and abc = 1 then :

a(b* + ¢*) + /c(c* + a*
ZJ ( ) + /el ) 33
cyc va +( ) .vVbc
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

Via Walter Janous, V A’, B,C,x",y',z' >0,

x’ !
T B Ot (€AY y,(A’+B’)2 /32;\'3' (via) > D
cyc

ow'zx/ai)bi+c4)+\/:(:4+a4)=ZJb4+c4 \/C —
S O e () vhe G (B) By o
zﬁi (J"4i°4 +J+)
o f Gl

! I

X
= B'+C')+ C'+A)+ A"+ B’
yI_I_zI( ) I_I_ I( ) I_I_ I( )

a" b" a* + b4 b* + c4 ct +at V“‘®
X =—y =—7,2' =—
Y " v
a* +b* [b* +c*)\AmM-em _ [3/(a* +b*)(b* + c*)(c* + a?) cesaro _ ¢/8atb*ct
3 z . > 3. = 3.
b c abc abc
cyc

\/a(b‘* +ct) ++/c(ct + a%)

abe=1 3.9/8 = 3v2 and SO'Z >3V2
cyc () .va +( ) \/ﬁ
Vab,c>0|abc=1An€eN,” =" iffa=b = c=1(QED)
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2027. For x,y € (0, g] prove that :
1 1 1 1

) ) + . + - S2+f
sin“ x + sin y sSin x Slny SlIlXSlny

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

> 1 and so we

T
Sincex,yE(O,—] ~0<sinx,siny<1=>-—,—
2 sinx’siny

1 1
can assign: ——=1+4+aand —— =1 + b; where a,b > 0 and then :
sin x siny

1 1 1 2 1
- - +——+t—<2+—
sin? x + sin’y sinx siny sinx.siny
1 ?
& st1+a+1+b<2+(1+a)(1+b)

(%a) + (%)

o (@t DI04 D 1 b+ ab? — a?b? — 2ab+ 1% 0
@r1?2+m+D2 " “ “ “ “ &

Now, a3b + ab?® — a?b? — 2ab + 1 = ab(a? + b?) — a’b? —2ab +1 >
ab(2ab) — a’b? —2ab+1 (~ a? +b? >2abVa,beRand~ ab>0=ab>0)

= a’b? — 2ab + 1 = (ab — 1)? > 0 = (x) is true with equalityiffa=b A ab=1

= iffa=b =1 = iff

= =2:>iffx=y=E('-' x,yE(O,ED and so,
sinx siny 6 2
1 1 1 1
=2 =2 + - + - S 2 +f
sin“x + sin“y sinx siny sinx.siny

Vxye€E (0;]

(|
"="iffx =y = (QED)
2028.

For a,b,c = 0 prove that :
1 1 1 144
+ + >
1+a 1+b 1+4+c 96+4(a+b+c)+ 3abc

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India
144 _ _
Ifa=b=c=0,then: LHS —RHS =3 — 96 > 0; if exactly 2 variables
equal to zero and WLOG we may assume b = ¢ = 0 (a > 0),then : LHS — RHS =
1 144 1 12424 ndif exactly 1 variabl I
1+ a 9%6+4a_1+a 24+a and if exactly 1 variable equals
to zero and WLOG we may assume a = 0 (b,c > 0), then : LHS — RHS =
14 1 N 1 36 _ b%c+bc? +15b + 15¢ + 36 + 2b? + 2¢? — 8hc
1+4b 14+c 24+b+c (1+b)(1+c)(24+b+c¢)
AM-GM
>0+b?c+bc2+4b+4c > 4../16b*c* = 8bc and we now focus on the
1 1 144
h hen : >
case whena,b,c >0 & then 1+a+1+b+1+c_96+4(a+b+c)+3abc
o 3abcz ab + 6acha+4z a’b +4Z ab? + 8§:a2 + 6OZa+ 144
cyc cyc
AM-GM

cyc cyc
=

cyc cyc
Z ab &now,4Z(a2b + ab? + 4a + 4b)

123abc + 32
) cyc cyc

16 Z 16a%b* = 32 Z ab and so,in order to prove (*), it suffices to prove :
5 123abc

cyc

cyc
3abcz ab +6acha+8z a’ + 282a+ 144
cyc (%)

cyc cyc

cyc
We have via AM — GM, LHS of (xx) — RHS of (xx) >
9t5 + 18t* + 24t + 84t + 144 — 123t (t = Vabc)

=3(t—2)2(3t3 +18t2 +19t+12) > 0 (~ t > 0) = (**) = (%) is true
144
VYab,c=0,

1 1 1
>
1+a+1+b+1+c_96+4(a+b+c)+3abc
"="iffa=b=c=2(QED)

2029. For a,b,c = 0 prove that :
1 1 1 abc
Ara? a+pZ aroz 4 =1
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
Ifa=b=c=0,then: LHS — RHS = 3 — 1 > 0; if exactly 2 variables

equal to zero and WLOG we may assume b = ¢ = 0 (a > 0),then : LHS — RHS =
+ 2 —1 > 0 and if exactly 1 variable equals to zero and WLOG we may

1
(1+a)?
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assumea =0 (b,c > 0),then: LHS—RHS =1 + 1>0

A+bZ T a+oz”
and we now focus on the case when : a,b,c > 0 and then :
1 N 1 N 1 N abc
1+a)? (1+b)?2 (1+c)? 4

>1 < a®b3c® + 2a?b?c? z ab |+

cyc

abc Z a’b? | + 4a®b?c? Z a + 2abc z a’b + z ab? | + 4a?b?c? +

cyc cyc cyc cyc

abcz a? +4Z a? +82a+ 84achab + 14acha+31abc
(*)

cyc cyc cyc cyc cyc

and now, 2a?b?c? Z ab | +2 Z a’ — 4abcz ab > 2a?b?c? Z ab | +

cyc cyc cyc cyc

22ab—4abc2ab=2 Zab (abc—1)2>0

cyc cyc cyc

@
~ 2a*b?c? Z ab | +2 Z a® 4abcz ab

cyc cyc cyc

abc 1
We have : abc Z:azb2 +4a2b2c22a+T Za2b+2ab2 +§Za2

cyc cyc cyc cyc cyc

AM-GM
+Z(a2b2c2 + a3bc+ a) + SZ a-— 14abcz a > 5a’b?c? Z a+

cyc cyc cyc cyc

3 1 AM-GM
Eazbzcz+EZa2+3Za2bc+SZa—14acha > 5a2b2c22a+

cyc cyc cyc cyc cyc

1
E'Z 2a2bc+32a2bc— 14acha + SZa

cyc cyc cyc cyc

=5 Za (a’b?*c? —2abc+1) =5 Za (abc—1)2>0

cyc cyc

abc 1
= abc Zazbz +4a2b2c22a+T Za2b+zab2 +§Za2+

cyc cyc cyc cyc cyc

@
3a’b%c? + ach a’ + 62 a 14abcz a . (D) and (2) > to prove (x),

cyc cyc cyc
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7abc 3
it suffices to prove : a3b3¢c3 + 2 Z a’b + Z ab2> + a?b?c? + 52 a? +

cyc cyc cyc

? AM-GM
2 Z a + 8 — 31abc > 0 and indeed, LHS of () >

cyc (+x

—

21 9
O+t +ot? +6t+8- 316 (t= Vabc)

(2t7 + 4¢° + 6t° + 31t* + 56t% + 81t2 + 44t + 16) = 0 (~ t > 0)
1 1 abc

‘At aA+bZ Atz a
"="iffa=b=c=1(QED)

_ -1
2

= (¥*) = (%) is true -

>1Vab,c>0,

2030.Ifa,b,c >0, a+ b+ c =1 then:
3a 3b 3c

+ + +a*+b*+c*>a+b+c+ab
4—3a 4-3b 4-3c ©=a crane

Proposed by Gheorghe Craciun-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

LHS ( t 1)-( 3a +1)+( 3b +1)+( 3¢ +1)
par ‘\2-3a 4—3b 4—-3c

Bergstrom

4 4 4 o (2+2+2)2 36

> =— =
4—3a+4-—3b+4-—36 o 12-3(a+b+c) 9

3a+3b+ >4-3=1 +b+c (%)
—_ = = *
4-3a 4-3b 4-3c- @ ¢
Chebyshev
LHS (part—2)a*+b* +c* = §(a+b+c)(a3+b3+c3)=
A-G

1 o |
§(a3 +b3+c3) > 5.3abc = abc
a* + b* + ¢* > abc (**)
From (x) and (xx) we get :

3a + 3b + +a*+b*+c*>a+b+c+ab
4-3a"4-3b 4-3c ¢ ¢ =a . ¢Tane.

Equality holds for:a=b=c= 3
2031. If a,b,c>0,a+b+c=3and A > 5,then:

z:azb2 +AZ ab<3(A+1)

cyc cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

2
Zazbz +Az ab <3+ 1) @Zazbz +%<Zab> <za> <

cyc cyc cyc cyc cyc

(3 (3e)
@A<za> (z) 5 an +<za> 27 b > 0ana

cyc cyc cyc cyc cyc

2
“A=5A (Z a) -3 Z ab > 0 .. it suffices to prove :

cyc cyc

5<za>z (Za>2_3zab +<za>4_27zazbz;o

cyc cyc cyc cyc cyc

@22a4+32a3b+32ab3 > 7Za2b2+abc2a—>true

cyc cyc cyc cyc cyc

AM—GM
'-'22a4+32a3b+32ab3 > 2 a2b2+62a2b2

cyc cyc cyc cyc cyc
> Z a’b? + abcz a+ 62 a’b? = 72 a’b? + abcza and so,
cyc cyc cyc cyc cyc

Za2b2+12abs3(l+ 1)Va,b,c>0| a+b+c=3andA>5,
cyc cyc

"="iffa=b=c=1(QED)

2032. f Va2 + 1+ y2 + 1+ x + y = 22 + 2 then:

Xy +14+yJx2 +1<2V2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Letu=+yx2+1+xv=y*+1+ythenu+v=2v2+2=2(+vV2+1)(1)
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uz -1
2u

1 1
u= x2+1+x,a=\/x2+1—xthenu—a=2xorx= and

u? +1
Vx2+1l=u—x=
2 Zu 2
v-—1 v +1
Similarly: y = o AYE+H1= v
w?—1v*°+1 v*-1 u2+1_u2v2—1

2u | 2v + sz' 2u 2uv
aM-6M u+mn2: @ (2(V2+1
2 ( ) ) = (% —3+2V2(3)

We need to show:

Y2+ 1+ /a2 +1<2V2
w?v? -1
or WSZ\/E or u*v? —4\2uv-1<0

or (uv —(2v2 + 3)) (uv —(2v2 - 3)) <0
which implies 2V2 — 3 < uv < 22 + 3 this is true by (3)

xyP+1+yx2+1= (2)

uv

Equality holds for x=y=1.

2033.If Va2 + 1+ y2 +1—x—y = 2/2 — 2 then:

Vo2 + 12 +1) +xy >3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Leta=+yx?+1—x,b=y?+1—y

1 1 1 1— a?
r——————l 241 th ——=-2 =
a =1 x Vvx2+1+x thena . xorx 7a
1—a? 1+ a?
Vx2+1l=x+a= +a=

2a 2a

1 - b? 1+ b?
Similary: y = b AYE+1= b

1+ a? 1+b2_|_1—azl—b2_1+a2b21
2a ~ 2b 2a Zb_Zab()

\/(x2 +1D)O@?+1)+xy=
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Va2 +1+y?+1-x—-y=2v2-2 ora+b=2(vV2-1)

2
AM—-GM + b\?2 2(vV2 -1
ab < (az ) =<¥> =3-2V2 or 2Vy2<3-—ab

- 2
or, (2\/5)2 < (3 —ab)?or 8 <9 —6ab + a’b? or a’b* —6ab+1 >0 (2)

We need to show: /(x2 + 1)(y2 + 1) + xy > 3
1+ a*b? _ o
or — b = 3 (using (1)) or a®b? — 6ab + 1 > 0 this is true by (2)

Equality holds fora=b=v2—-1orx=y=1.

2034. If x,y € (0, 7] then:
2 1

<1+
(sin? x —sinx + 1)(sin?y —siny + 1) sin? x sin? y

Proposed by Dang Ngoc Minh-Vietnam

Solution by Tapas Das-India
AM—GM
sin?x —sinx+ 1= (sin?x+1) —sinx > 2sinx—sinx=sinx

Similarly:
sin?y —siny + 1 > siny then (sin? x — sinx + 1)(sin? y —siny + 1) > sinxsiny

We need to show:
2

<14+—F——
(sin?x —sinx + 1)(sin?2y —siny + 1) + sin? x sin? y

- < 1+ﬁ
sinxsiny sSin“ x sin“y

+ = 2 = 2 - = - 2 0
sin“xsin“y sinxsiny

1 2
(1 — —) > 0true
sinxsiny

Equality holds forx =y = g
2035.

For a,b > 0 prove that :

1 1 2
<1
@+at+1? MFbt1Z2- " Tlar D+t 1"
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Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

1 1 2 2
+ = + <
(a2+a+1)?%2 (b2+b+1)2 1+(a+1D*+a* 1+ (b+1)*+b?
2 2 ? 2

<1
1+(a+1)4+1+(b+1)4_ +(a+1)4+(b+1)4
2 2 2

?

= <1
1+(1+x)+1+(1+y)_ +(x+1)+(y+1)
( (a+1*>1-wecanset: (a+1)* =1+ xwithx > 0)

and similarly,we can set : (b+1)4—1+yw1thy>0
24+x+y) 24+x+y

T 0ty S21x+y
1

(:)4+xy+2x+2y>4+2x+2y(:>xy>0

1 2
t <1 Yab >0,
—true (a2+a+1)2+(b2+b+1)2_ +(a+1)4+(b+1)4 a

=" iff a = b = 0 (QED)

2036.If x,y,z> 0,x+y+z=3and A > 3 then :

Zx3y+3()\—1)212xy

cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Assigningy+z=a,z+x=b,x+y=c>a+b-c=22>0b+c—a
=2x>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b = a,b,c
form sides of a triangle with semiperimeter, circumradius and inradius

=s,R,r(say):>Zx=s,2xy=4Rr+r2 and Zx3y+ 3(1—1)—12xy

cyc cyc cyc cyc

4 2
x+y:=32x:’i’3+3()231 1)<Zx> _%(ny><2x>
e cyc cyc

cyc

Radon Dcye X ’ 4
= ((ch—c);)+27<2x>. (Zx) —Sny ——.(Zx)

cyc cyc cyc cyc

x>3(él:ccyyc—cx);)+9<zx>. <zx> -3 xy —%<2x>

cyc cyc cyc
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2

Zx ZBny >0

cyc cyc
3 4 2 6 .
via
? transformation
27 ny +3 Zx . Zx —Sny — Zx >0 s
cyc cyc cyc cyc cyc

Gerretsen
2s® — 9(4Rr + r?)s* + 27(4Rr + r2)3 Oand ~ 2(s?—16Rr+5r?)3 > 0
(*)
~ in order to prove (x), it suffices to prove : LHS of (*) > 2(s2 — 16Rr + 5r2)3
& (60R — 39r)s* — r(1536R% — 960Rr + 150r?)s? +

r2(9920R3 — 6384R?r + 2724Rr? — 223r3) 5 0 and
(+)

Gerretsen

 (60R — 39r)(s? — 16Rr + 5r?)2 > 0 - to prove (*x), it suffices to prove
: LHS of (+%) > (60R — 39r)(s? — 16Rr + 5r2)2

< (48R%? — 111Rr + 30r?)s? 5 r(680R3 — 1650R?r + 627Rr? — 94r3) and
(***)

Gerretsen

finally, (48R2 —111Rr + 30r?)s? >  (48R? — 111Rr + 30r?)(16Rr — 5r?)
R
> RHS of (x**) © 44t3 — 183t + 204t — 28 > 0 (t = ;)

ler
<:>(t—2)2(44t—7)>0—>true t u> 2 = (xxx) = (xx) > (*) is true
Zx y+3(A—1)ZAnyVx,y,z>0|x+y+z=3and123,

cyc cyc

"="iff x=y=2z=1(QED)

1 1 1 1

2037.Ifa,b,c,d > 0, e + 3 + 3 + T3 1 then:

Vab + vVac + Vad + Vbc + Vbd + Ved < 6

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Let x; =vVa,x, =Vb, x5 =c,x, =Vd
vab ++ac +Vad +Vbc+ Vbd +Ved = x1x5 + X1X3 + X1X4 + X2X3 + XX, + X3X4
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Gi 1 N 1 N 1 N 1 _ 1 z 1 _z 1 _4
a3 " b+3 c+3 d+3 M La+3 Lx+3
x5 3 1
x5 +3 x5+ 3 x1+3
/ F \ Cauchy- Schwarz
x = x7+3 z Zx +3
2
or (le) Slx(3x4+2x1 or (le) —Zx3312
1 2 1
__ _ 2 - _
Zx1x2—2<(2x1) ZX1>S2X12—6

vab + vac + Vad + Vbc + Vbd + Ved =

= X1X2 + X1X3 + X1X4 + X2X3 + XXy + X3Xg4 <6

Equality holds for a=b=c=d=1.
2038.1f x,y,z>0, x +y+z+ 2 =xyz

1 1 1 3
Vx + 4 \/y+4 \/Z+4 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

PRI
x+1 y+1 z+1

x+y+z+2=xyz can be written as

1 N 1 N 1 CES 3( 1 4 1 N 1 )<
Vx+4 Jy+4 Jz+4 xt4 y+4 z+4/

_ 1 1 1 AM—-HM
B 3((x+1)+3+(y+1)+3 (z+1)+3) Z(x+1)+3 =
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< () B X - fuen-

Equality holds for x=y=z=1.

2039.Ifa,b,c > 0, a+ b + ¢ = 3 then:
Z a3 >3
a? + bz~ 2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

3 2

a a 1 b? AM—-GM
_— = _— = _ >
Z:a2+b2 Z:a'a2+b2 Za a? + b? -
>Z L b? _Z 12 _3 3 3
=L T 2ap) T LT 2L2TT272

Equality holds for a=b=c=1.

2040.If a,b,c > 0, ab + bc + ca = 3 then:
a b c

+ + <
al+7 bE+7 247

3
8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Qurban Mueelim-Azerbaijan

LHS—Z a _z a _Z a B
T Liat+7 Liat+3+4 Lia’+ab+bc+ca+4d

:Z a <Z a :12 2a <
(@a+c)a+b)+4~ Lugf(a+b)a+c) 84 [(a+rb)a+c)

<1 Z(a N a)_l za+b_13_3
-8 a+b a+c/ 8 a+b 8 ° 8
=c=1.

Equality holds for: a=>b
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2041.If a,b,c = 0 and ab + bc + ca = then prove that :

a b c
+ + >1
V4a +5bc V4b +5ca +4c+ 5ab
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Since a,b,c >0 A ab + bc + ca > 0,hence only 2 cases are possible.
Exactly 1 variable equals zero and WLOG we may assume a = 0
(b, c > 0 with bc = 3) and then, LHS of main inequality becomes :

b2 [ | AM-GM , e
_ - = > =
/4b+/4c Wb+ve) " Ybe = 43 21

[Case 2]a,b,c > 0 and assigningb+c=x,c+a=y,a+b=z=>x+y—z=2c
>0,y+z—x=2a>0andz+x-y=2b>0=>x+y>zy+z>xz2+x>Yy
= x,y,Z form sides of a triangle XYZ with semiperimeter, circumradius and inradius
=s Rr (say);z a=s,abc = rzs,z ab = 4Rr + r?,

cyc cyc
3

a az
a’? = s> — 8Rr — 2r? and then,Z— = Z—
Z o 4a + 5bc T 4a? + 5abc

cyc

3 3
Radon 2 a,7 ? ?
> (Zeyea) >1 e Za —15abcz4za2

\/4- Dicye a? + 15abc cyc cyc
3 2 2
?
o3 Za —15abc | > 16 Zab Zaz '-'Zab=3
cyc cyc cyc cyc

via transformation

?
PN 3(s3 —15r%s)? — 16(4Rr + r?)(s?> — 8Rr — 2r2)20 and
()

Gerretsen
+3(s? —16Rr +5r?)> > 0. inorder to prove (x), it suffices to prove :
?
LHS of () > 3(s? — 16Rr + 5r?)3 & (80R — 151r)s* —
r(1280R? — 1952Rr — 514r?)s? + r?(8192R3 — 14592R?r + 2832Rr? — 439r3)

? Gerretsen
> |0 and  (80R — 151r)(s? — 16Rr + 5r?)> > 0 - in order to prove (xx),

[
(*9)

?
it suffices to prove : LHS of (**) > (80R — 151r)(s? — 16Rr + 5r?)?
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& (160R? — 460Rr + 253r2)s2| > |r(1536R3 — 4608R2r + 2916Rr2 — 417r3)

o]
(***)

erretsen

G
160R? — 460Rr + 253r2 > 0 and then : LHS of (++*) >
(160R? — 460Rr + 253r2)(16Rr — 5r2) > RHS of (+x*)

? R ?
& 128t3 — 444t% + 429t — 106 > 0 (t = ;) & (t—2)(128t2 - 188t+53) >0
Euler
> true vt = 2 = (xxx)istrue
Gerretsen

160R? — 460Rr + 253r2 < 0 and then : LHS of (x++) >
(160R? — 460Rr + 253r2)(4R? + 4Rr + 3r2) > RHS of (x*%)
& 160t* — 68413 + 1065t — 821t +294 > 0
Euler

o (t—2) ((t — 2)(160t2 — 44t + 249) + 351) >0-true~t > 2

= (**x) is true - combining both cases, (x+*) = (¥x) = (x) istrue V A XYZ,p ,
a b

+ +
v4a + 5bc +4b+5ca +4c+ 5ab
"="iffa=b=c=1(QED)

21Va,b,c20|ab+bc+ca=3,

2042. If k > 0 then prove that :

n(kaz +(b—-0)?) > (k+1)2 H(a _p)?
cyc cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

n(kaz +(b-0?) = (k+1)2 H(a _ b)?

cyc cyc
o k3a?b?c? + k? z:(azb2 (a—b)?) + kZ(az(a —b)?(c—a)?) + l_[(b —¢)?
cyc cyc cyc
?
> l_[(a _b)? + kz.l_[(a _b)? 42k ﬂ(a _b)e
cyc cyc cyc

K2a?b2c? + k[ Y (@b @-b)?) - | [@-1)? |+ (@ (@-b)2(c-a?) -

cyc cyc cyc

?
2 l_[(a —b)? > 0 © k%a?b?c? + k.2abc z a® + 3abc — Zazb —Z ab? | +

cyc cyc cyc cyc
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z:(a2 (a—b)?(c—a)?) -2 n(a —b)? % 0 and now, LHS of () isa
cyc cyc ()
quadratic polynomial in "kabc” with discriminant =

2
4 Za3+3abc—2a2b—2abz —

cyc cyc cyc

4 Z(az(a —b)2(c—a)?) — 2 1_[((1— b)2 | = 0 = LHS of (+) > 0 = (x) is true

cyc cyc

l_I(ka2 + (b—0¢)?) = (k+ 1)% ﬂ(u -b)2 vk=>0,"=" iff k=0 (QED)

cyc cyc
2043. If a,b, c = 0 then prove that :
a*b + b*c + c*a < (a® + b% + ¢®)((a + b + c¢)(ab + bc + ca) — 8abc)
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

If a = b = c = 0 orif exactly 2 variables equal to zero, then LHS = RHS
= 0 and if exactly 1 variable equals to zero, (WLOG a = 0; b,c > 0) then:
RHS — LHS = bc(b? + ¢2?)(b + ¢) — b*c = b3c? + b?%c3 + bc* > 0 and now we
focus on the case when a,b,c > 0 and assigningb+c=x,c+a=y,a+b=1z
>x+y—-2=2c>0,y+z—x=2a>0andz+x—-y=2b>0=>x+y >z
y+z>x,Z+ x>y = x,y,zformsides of a triangle XYZ with semiperimeter,

circumradius and inradius = s,R, r (say); then : Z a = s,abc = r?s,

cyc

Z ab = 4Rr + rz,z a? = s> — 8Rr — Zrz,z a’b? = r?((4R +r)? — 2s2),
cyc cyc cyc
b4

Za3=s3—12Rrs;then:LHS—RHS=Z ab Za3—c3 — abc be

cyc cyc cyc cyc

Bergstrom

s(s?—8Rr —2r?)(4Rr—-7r?) <  (4Rr+r?)(s® —12Rrs) —
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(s? — 8Rr — 2r?%)?

TR —s(s?2 — 8Rr — 2r2)(4Rr — 7r2) < 0

r?s(s? — 8Rr — 2r?) —r?s.

& s* — (44Rr + 11r?)s? + r(64R3 + 288R?r + 132Rr? + 16r3)EO and
)

Gerretsen . . .
v (s? —16Rr+5r?)2 > 0. inorder to prove (x), it suffices to prove :

LHS of () > (s — 16Rr + 5r2)2

?
 64R® + 32R?r + 292Rr? — 9r®| > [(12R + 21r)s?
**)

~

Now, (12R + 21r)s? =" (12R + 21r) | 2K T1ORr—r'+
| - 2(R - 2r). R — 2Rr

< 64R3 + 32R?r + 292Rr? — 9r3

& 2(R = 2r)(20R? — 25Rr — 3r2) > 2(R — 2r)(12R + 21r).v/R2 — 2Rr and

Euler
+R—=2r > 0 - itsuffices to prove :

?
(20R? — 25Rr — 3r%)2 > (R? — 2Rr)(12R + 21r)?

? R
o 256t* — 1216t3 + 1072t + 1032t +9 > 0 (t = F)

Euler

1 ?
S E((768t2 + 448t + 144)(3t — 8)% + 6104t — 8973) >0->true-t > 2

= (xx) = (x) is true
~ a*b +b*c+ c*a < (a® + b% + ¢*)((a+ b+ c)(ab + be + ca) — 8abc)
Vab,c=>0,"="iff (@a=b=0<c)or(b=c=0<a)or(c=a=0<b)
ora=b=c>0(QED)
2044.

If a,b,c > 0,ab + bc + ca > 0 then prove that :
1 1 1 15
+ + > 3
at+b b+c c+a 3(a+b+c)+ Vabe

Proposed by Dang Ngoc Minh-Vietnam
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Solution by Soumava Chakraborty-Kolkata-India

If exactly 1 variable equals to zero, (WLOG a = 0;b,c > 0) then : LHS =
1 1 1 Bergstrom 4 1 5 15 ( 0)
=

b+c b+c b+c 3(a+b+c)+ Vabe

b ¢ b+c

and now we focus on the case when a, b, c > 0 and assigningb+c=x,c+a =y,
a+b=z=>x4+y—-z=2c>0,y+z—x=2a>0andz+x—-y=2b>0
=>x+y>zy+z>x,z2+x>y=xYyZformsides of a triangle XYZ

with semiperimeter, circumradius and inradius = s,R, r (say); then : Z a=s,
cyc
abc = rzs,z ab = 4Rr + r? and then,via GM — HM : LHS — RHS =

cyc
2

1 Z N Z b 5
4Rrs a a abc

cyc cyc chc a-+ S ab
cyc

s? + 4Rr + r? SRr+r%) 7 0 © (2R + r)s? > r(32R? + 4Rr — 12)
= - < -
4Rrs s(4Rr +r2) + r2s — el T

Gerretsen
— true ~ 2R+ r)s? —-r(32R?+4Rr—-r?) >
Euler

(2R+r1r)(16Rr — 5r?) —r(32R> + 4Rr—r?) = 2r2(R—-2r) > 0

1 1 1 15

oo + + 2 3
a+b b+c c+a 3(a+b+c)+ Vabe
"="iff @=0<b=c)or(b=0<c=a)or(c=0<a=D>b)
ora=b=c>0(QED)

VYab,c=0,

2045. In any A ABC the following relationship holds :
a b C 3v2
/ + + / <
3a + 5b 3b + 5c¢ 3c+ 5a 4

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

>l
3a+5b

cyc
z Ja@Bb+5c)(3c+ 5a) <

cyc

1
~ J/Ba+5b)(3b +503c + 5a)
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CBS 1
- : 3b +50)). 3c+5a) =
= JBa+5b)(3b + 50)(3c + 5a) jZW +50)) Jz( c+5a)

cyc cyc

1
- JMoe@a+sm) (82 ab) (82 a)

_ 64(chc a’b + Y, ab? + 3abc) ; 32
|45 chc a’b + 75 chc ab2 + 152abc =~ 4

= 1072 a’b + 168abc < 163 Z ab? & 1072 ((y +2)%(z + x)) +

cyc cyc cyc

168(y+z)(z+ x)(x +y) ; 163 z ((y +2z)(z+ x)z)

cyc
(x=s—ay=s—-bz=s—-¢c) o 562x3 + 107Zx2y— 1632xy20
cyc cyc cyc ()

LetF(X\Y,Z) = 562 X3+ 1072 X%Y — 163 E:XY2 VX Y,Z > 0 and then :
cYc cYc cYc
F(1,1,1) =0- @ and F(X,Y,0) = 56(X3 + Y3) + 107X%Y — 163XY?

(504X + 1523Y)(9X — 5Y)% + 5643XY? + 2749Y3
— 9 >0=FXY,0) >0-(2)

~@Oand 2 =>FXY,Z) 20VXY,Z=>0= (x)is true

. \/T LI € _3V2 Vv ABC
“\N3a+5b ' [3b+5c V3c+5a 4 '
" =""iff A ABC is equilateral (QED)

2046. In any A ABC 0 < k < 55 the following relationship holds :
ka+b kb+c kc+a 3k+1)
+ + >
a+c b+ a c+b 2
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India
ka+b Kkb+c kc+a;3(k+1)

+ + >
a+c b+a c+b 2
@Z(k(y+z)+(z+x))(2z+x+y)(2x+y+z);3(k+ 1)
2x+y+z2)2y+z+x)2z+x+Yy) - 2
cy

(x=s—ay=s—-bz=s—-c=2>a=y+zb=z+x,c=x+Yy)
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=N Zz:x3 + (k+ 1)Zx2y+ (1—k)§:xy2 —12xyz % 0
cyc cyc cyc ()
Let F(X,Y,Z) = szS +(k+ 1)ZX2Y+ 1- k)ZXYZ —12XYZVX,Y,Z > 0
cYc cYc cYc
and then : F(1,1,1) =0 - (1) and F(X,Y,0) =
2(X3+Y3® + (k+ 1DX?Y + (1 — k)XY?
= 2(X3 +Y3) + X%2Y + XY? + k(X?Y — XY?) and it’s trivially > O when : X > Y

and when : X < Y,F(X,Y,0) = 2(X3 + Y3) + X2Y + XY2 — XYK(Y - X) > 0
& (2(X3 +Y3) + X2Y 4+ XY2)2 > k2X2Y2(Y — X)2and ~ 0 < k < 5V5
~ it suffices to prove : (2(X3 + Y3) + X2Y + XY2)2 > 125X2Y2(Y — X)2
& X6 + X5Y — 30X4Y2 + 65X3Y3 — 30X2Y4 + XYS + Y6 > 0
& (X2 —3XY + Y2)2(X2 +7XY+Y2) >0 true =X, Y= 0= F(X,Y,0) >0
VXY>0-2) ~1Dand Q) 2 FX Y, Z) >0VXY,Z> 0= () is true
ka+b kb+c kc+a 3(k+1)
> vV ABCA O <k < 5V5,

+ + =
a+tc b+a c+b 2
" =""iff A ABC is equilateral (QED)

(". X, Y;Z > 0) -

2047. If k > 0 then prove that :

[ [xe?+ ®+ 05 = (k- D@@+Db+) (@b +be + ca) + (1 - 3K)abe)”
cyc

Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

2
l_[(ka2 + b+ > k-1 (Z a> (Z ab> +(1-3Kabc | o

cyc cyc cyc

Kia?b2c? + K2 ) (a?b2(a+ b)) +k Y (@(a+b)2c+ @D + [ [b+0? =

cyc cyc cyc

2 2
(K2 — 2k + 1) (Z a) (Z ab) + (1 — 6k + 9k2)aZb?¢? +

cyc cyc

(8k — 6k? — 2)abc (2 a) (2 ab) o k3a?b?c? +

cyc cyc
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/ Z(azbz (a+1b)?) - (Z )Z (Z ab>2 — 9a?b?c? +\|

cyc cyc cyc |
+

LR S I
i/zy: (a%(a+b)2(c+ a)?) +2 (Z a) (Z ab> + 6a?bc? —

cyc cyc

e
[T+ o2 - (Z ) (z ab> e + 2ame (z ) (z ab> Lo

cyc

)
)

o k?a?b?c? — 2kabc Z a3 + 3abc + Z a’b + Z ab? |+ T 5 0(+k=>0)
cyc cyc cyc ()

2 2
l_[(b +¢)? - (Z a> (Z ab) — a?b?c? + 2abc (Z a> (Z ab) =0
cyc cyc cyc cyc cyc

and now, LHS of (*) is a quadratic polynomial in "kabc” with discriminant =

2
4<Za3+3abc+2a2b+2ab2> —4T=4T-4T=0

cyc cyc cyc

< a +3abc+Za2b+Zab2> =Za6+22a5b+22ab5+32a4b2+
cyc

cyc cyc cyc cyc cyc cyc

| |
| |
k a’b* + 8abcz a® + 42 a®b?® + 10abc (Z a’b + ZZ ab2> + 15a%b?c? = T)

CyC cyc cyc cyc cyc
= LHS of (¥) = 0 = (x) is true .. l_l(ka2 + (M +0c)?) >
cyc
((k—1)(a+ b+ c)(ab + bc + ca) + (1 — 3K)abc) vk > 0,” =" iffk =0
Yeye@® + 3abce + Y a’b + ¥, ab?
abc

ora=b=c=0o0rk= (abc # 0) (QED)
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2048. If a,b,c > 0,k = 1 then prove that :

1 s 1 N 1 N (abc)k+? -
ak¥(1+a?) bk(1+b2) k(1 +c?) 2 .

Proposed by Dang Ngoc Minh-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

Z 1—a +a2b2c2 —abc_zl+a2—a2—a+a2b2c2—abc
a(1+ a?) 2 - a(1l+ a?) 2

cyc cyc

1 a 1 a’b?c? — abc AM-GM
D
a 1+ a? 1+ a? 2

cyc cyc cyc

Zl a Zl_l_azbzcz—abc_l Zl 3 4 2b2c2 b
a 2a 2a 2 T2 a abrct—abe

cyc cyc cyc cyc

AM-GM 1,/ 3 1/m’”—m*-3m+3
— —3+a2b2c2—abc>=—< > +m = Yabc
(o= , (+ m = Yabe)

2 m

_ (m—-1)*(m® + 2m* + 3m® + 3m? + 3m + 3) -
B 2m -

a’b?c? — abc
(* a,b,c >0 = m = Vabc > 0) - Za(1+a2) 5 >0- (1)

cyc

dk>1 1 1 1 (abc)¥*1 Bernoutii
>1=> 0
o a"(1+ad) DA+ b2 k@ +cd) | 2 =

> () (+ (1)) + (F) a ave -

k=1

and
1 N abc Tk z 1-a N a’b?c? — abc Via>®
1+ a2 2 a(1+ a?) 2 -

cyc cyc

Z 1 +abc+z 1—a +a2b2c2—abc_z 1 +a2b2c2
1+a%2 2 a(l+ a?) 2 ~ Lia(1+ a?) 2

cyc cyc cyc

1+a?—a? zbz 2 a?b?c? Aman
B Z a(l+ az) z z a(1 + az) 2

cyc cyc cyc
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szz 3 3 m: ?
=———-+—2>2m -7m+6=>0

\/ab Z Zaz m 2 2

?
& (m— 1)?(m° + 2m* + 3m® + 4m? + 5m + 6) > 0 - true

1 1 1 (abc)k+1
+ + +
ak(1+ a?) bk(1+b2) ck(1+c?) 2
"="iffa=b=c=1(QED)
2049.If a,b,c > 0,a + b + ¢ = 3 then:

>2Vabc>0k>1,

a2+b2+c22abc(\/a+\/3+\/2)

Proposed by Gheorghe Craciun-Romania

Solution by Tapas Das-India
Lemma:

Ifa,b,c>0&a+b+c=3thenva+Vb++c=>ab+bc+ca
Proof:

1
ab+bc+ca=i((a+b+c)2—(a2+b2+c2))=
1 1
(22 (2 b2 a2V — (0 (2 B2 o o2
= (3 (a*+b +c))—2(9 (a*+b +c))

2
We need to show:

\/E+\/B+\/EZ%(9—(a2+b2+cz))
2(x/5+\/5+\/5)+(a2+b2+c2)290r,2(\/5+\/a+a2)29
Z(\/—+\/—+a2)AM GM
a2 +b2+C (\/—) Bergstrom (\/_+\/_+\/_) Lemma
Zbc Z

ab + bc + ca

ZSazB(a+b+C)=3><3=9

Va+b + e
2((\/51\/51\/2)) = (Va+ Vb +e)

a? + b% + ¢ > abc(va + Vb + Vc)
Equality holds for a=b=c=1.

2050.If a, b, c,d > 0 then:
az—bc+cd_|_b2—cd+bc+c2—ad+ba+d2—ab+ad>4
bc cd ad ab -
Proposed by Gheorghe Craciun-Romania
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Solution by Tapas Das-India

az—bc+cd_a2 bc cd a? 1+d
bc " bc bc bc _ bc b
a’? — bc+cd bz—cd+bc c2—ad+ba d?>—-ab+ad a’? —bc+cd
+ + + =Z—
bc ad ab bc

4AM GM 4 a’b?d?c? 44 abcd 4-4
- - — > - — 4 =
Z bc + Z - a’b?d?c? + abcd

Equality holds for a=b=c=d.

2051.1f0 < a,b,c < 1 then:

2a+abc 2b+ abc 2c + abc

<3 b+b
bc+1 i ac+1 + ab + 1 tab+betca

Proposed by Gheorghe Craciun-Romania

Solution by Tapas Das-India

0<abc<lsoa+b+c<3(1)
2a+abc_ 2a abc

bc+1 _1+bc+1+bc

. a c
smcebc>0501+b <2aand1 be < abc < ab
c<
(asabc—abzab(c—l) < 0 :>abc<ab)
2a + abc 2a abc
= < 2a+ ab

bc+1 _1+bc+1+bc
2a+abc 2b +abc 2c + abc

bc+1 ac+1 + ab+1 -

2a + abc 1
= her1 22a+2ab<2x3+ab+bc+ca—6+ab+bc+ca

2052. If a, b, c > 0 then:
9
E (b + ¢)(a® + b? + ab) 2Z| |(a+b)

cyc cyc
Proposed by Craciun Gheorghe-Romania
Solution by Tapas Das-India
Lemma:
3
Vx,y>0,x%+xy+y? 21(x+y)2
Proof:
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AM-GM x+v)2 3
+yr+xy=x+y)?-xy = (x+y)z—%=z(x+y)2

Lemma 3
z (b +c)(a* +b* +ab) = Z(b+c)z(a+b)2 -
3N @+ o " 2@ G et o -

9
= Z(a +b)(b+c)(c+a)
Equality holds for a=b=c.

2053. If x,y,z > 0 then:

4x+y+2)(xX*+y*+ 22 +xy+yz+2zx) >29(x +y)(y + 2)(z + x)

Proposed by Gheorghe Craciun-Romania
Solution by Tapas Das-India

4(x+y+2)(x*+y* + 22+ xy+yz+2zx) =
= 2x+2y+22)(2x% + 2y* + 22% + 2xy + 2yz + 2zx) =
=((x+Y+@+2)+(zZ+x) (x+y)?+ (P +2)?*+(z+x)?) >
AM-GM

> 3 i/(x +y)(y+2)(z+ x) % 31/(x+y)2(y+z)2(z+x)2 =

=9(x+y)(y+2)(z+x)
Equality holds for x=y=z.

2054. If x,y,z > O'xlz+y_12+§ < 3m?and k,n € N*,m > 0 then :

1 3m
z <

cyc \/()LZ + 1)x% + 2(An — Dxy + (n? + 1)y? ~A+n

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

> 1 -

o VA2 + 1)x2 4+ 2(An — Dxy + (n2 + 1)y?

A, n
Weighted AM<We1ghted HM x'y
J( )2+(lx+ )2 )\x+ny - (A +n)?
cyc xX—y ny cyc
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CBS A+n
(x+n)2<z +“Z >_(A+n)2 / xz_l+nvg3
cyc cyc cyc

(-m >0~ Z:\/()L2 + 1)x2 + Z(An — Dxy + (n? + 1)y? l"‘ n

cyc

1 1 1
Vxyz>0] ?+F+;S3m2/\ kneN,m>0,"=" iff x =y =z (QED)

2055.If a,b,c > 0and A > O then :

Z b2c? 3
a3(b + Ac) — A +1

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z b2 c2 Z b4ct Bergs>trom (chc azbz)Z

S >
a3(b + Ac) a®b?ct(b+2c) T a?bic2(A+ 1)(Tycab)

cyc cyc
3a?b?c? (chc a?) B(chc ab) 3
azb2c2(A + 1)(Tegeab) ~ A+ 1)(Tyeab) A +1

Vab,c>0AA1>0,

" =" iffa =b = c (QED)

2056.If a,b > 0,a+ b =2and A > 2 then :
1 1 2

>
1—a+la2+1—b+)tb2_k

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

AM-GM
2=a+b > 2.+ab :>ab<1—>@

1 N 1 ;2@ Aa? + Ab? ?>2
'T1—a+24a? 1-b+2ab2~" A2 (A —-a+2ra®?)(1—b+2Ab2) A
?
('.'a+b=2)@lz(a2+b2—2a2b2)+21(2ab—a2—b2)+2—2ab§0
©)

Now

(~ a+b = 2) and indeed, via (1), LHS of (*) >
A%2(a? +b%? —2ab) +2A(2ab—a? —-b?)+2-2=2A-2)(a—b)2>0(A>2)
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1 1 2
>
1—a+)La2 1— b+lb2_lvab>0|a+b 2and A > 2,

= (x) is true -
" =" iff a=b=1(QED)

2057.1fa,b,c > 0, a* + b* + ¢* = 3 then:
1 .\ A2 (A+1)? 41+ 1)%a*b*c?
a’bc b?ac ciab ~— a*b* + b*c* + cta?

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India

4 4
a b c Radon 1
4 4 4 _

a+b+c\’
=(——— (a+b+c) 2 abc(a+ b + ¢) = a’bc + b*ca + c*ab (1)
3
a*b* + b*c* + c*a* = a*b*c* ! — + 1 +3 1 ez a*b*c*. - — (2)
b* = a* +b* + ¢t
1 A2 (A+1)? Bery;trom (1 + ,1 + 21+ 1) (;) 4(,1 +1)2
a’bc b?ac ctab - a’bc + bzga +c2ab — a*+b*+ ¢t 3)
A (A + 1)?\ @&®)
apt | pict 4,4 >
(a +bict + cta®) a’bc b?ac ctab >
9 4(). + 1)2 at+bt+ct=3 4
. . = b*c*. 41+ 1)?
a* + b* + c¢* a* + b* + c* a’biet. 44+ 1)
1 N A? A+ 1) - 4(A + 1)%a*b*c*
a’bc b?ac cab ~— a*b* + b*c* + cta?

4b4c4

Equality holds for a=b=c=1.
2058.If a,b,c > 0,a + b + ¢ = 3 then:
a1+ b +c
Zan+2+bn+1+ z<3.mEN

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
Chebyshev 1
a2+ p""1+c2=a"*la+b".b+cc > —(a+b+c)(a"+1+b"+c)

Z n+1 + b+ z n+1 + b+ ¢ _ 32 1 a+b+c=3 3
+2 +1 2 — -
a™tt+ bt +c 1(a+b+c)(a"+1+b"+c) atb+c

Equality holds for a=b=c=1.
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2059.If a,b, c > 3,abc = 64 then:
n

Y@ s
a—3

Proposed by Marin Chirciu-Romania

Solution by Tapas Das-India
Sincea,b,c > 3 ,sowetakea=x+3,b=y+3,z=c+3,x,y,z2>0
abc=64=> (x+3)(y+3)(z+3) =64 (1)
(x+3)(y+3)(z+3) =64
x+1+1+1D)(y+1+1+1)(z+1+1+1) =64

o a4 AM=GM
43x.4%[y.4Vz. < 64o0rxyz<1(2)

n +3)mam—em _3[((x+3)(y+3)(z+3))" @&
Za Y e 3y 3\[((x Laslas) > 3.1/64" =3.4"

a-3 X xyz

Equality holds for x=y=z=1 or a=b=c=4.

2060.If a,b,c > 0,1 > 1 then:

z a - 3
a+A(b+c) 21+1
Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India
Letm = Zaz,n =Zab thenm>n(1)(a+b+c)>=m+2n(2)
Z a _ Z a? Berg;trom (@+b+c)® @ m+2n
a+A(b+c) a? + A(ab + ac) - Ya%+ 221> ab m+2An

We need to show:
m+2n 3

>
m+2An- 21+1

or,22m+2n>2m+2inor,(A—1)(m—n) >0

trueas 1 >1and m > n (by (1))
Equality holds for a=b=c.

2061. Letn > 2 and x4, x5, ..., X, be positive real numbers. Prove that :

no1 1

n
i=1Xj Zi=1 Xj

Proposed by Mehmet Sahin-Turkiye
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Solution by Soumava Chakraborty-Kolkata-India

nZ
n I RENT =<
l 1 1 1 i 1 lxl 21 1x1 n Z] 1xl

Reverse Bergstrom 2 n 1 n =22
S _2 ) - z z
n i=1 xl 4 i=1 xl i=1 xl

no1,\2 n o1 1
Z (—) <Z ——o5— VYn=2andVxy,x;,..,x, > 0(QED)
i=1

Xi i=1 Xj 2i=1 Xi

2062. If a,, > 0 then prove that :

8a3 .
N
; (Cll + az)(\/gal + az) = ( 1) kZlak

Proposed by Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

8a; —(V5ay —a;) =
(a1 + az)(\/gal + az) 1 2) -

8a3 — (a; + a;)(V5a, + a;)(V5a, — a) _ 8a3 — (a, + a;)(5a% — a?)
(a1 + az)(\/gal + az) (a1 + az)(\/gal + az)
_3aj -5aia; +a,a5 +a3  (a, - a)*(3a; + ay)
(a1 + az)(\/gal + az) (a1 + az)(\/gal + az) -
. 8a3
(a1 + az)(\/gal + a,

) = \/§a1 — a, and analogs

n

Z (a; + az)zzil/l_al +ay) z(\/_al az) = \/_Z %~ Z e

k=

H

n

= (V5 - 1)Zak Z 8a; )2(\/3—1)_ak

oye (a1 + az)(\/gal + a, 1
A4 ayx > 0,

k=1,n"="iffa; =a, =--a, (QED)
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2063. If a,b,c > 0 then prove that :

Yo )3 %) (3o (32

cyc cyc cyc cyc

Proposed by Mihaly Bencze, Neculai Stanciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

[l )
ORI R EIEINEI RN

cyc cyc cyc cyc cyc cyc cyc cyc

N b8 Holder 1 a 1 b\ am-6Mm
— — — >
ow Y mty o S Y] e Y]

cyc cyc cyc

7 7
1 Za 33abc +1 Zb 33bac
37° b "/b'ca 37° a "Ja'c’b
cyc cyc

<zas><z$> 2<za><zg) vabe> 0 =" iffa=b = c(QED)

cyc cyc cyc cyc
2064. If a,b,c > 0 and a? + b? + c? = 3 then prove that :
a'? + b'% + ¢'? + (abc)?(a®b3 + b3c3 + c3a®) > 6
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Soumava Chakraborty-Kolkata-India

AM-GM ?
Z a'? + (abc)? (Z a3b3> > Z a'? + 3(abc)* > 6 =

cyc cyc cyc
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6 6
6 ?
739" Zaz @2432x6+729x2y2z252 Zx (a? =x,b* =y, c? =12)
cyc cyc () cyc

Assigningy+z=Xz+x=Y,x+y=2=>X+Y-Z=2z2> 0,
Y+Z-X=2x>0andZ+X-Y=2y>0=>X+Y>ZY+Z>X,Z+X>Y
= X,Y,Z form sides of atriangle with semiperimeter, circumradius and inradius

=s,R,r(say)yieldingZZx=ZX=Zs:»Zx=s=>x=s—X,y=s—Y,

cyc cyc cyc

Zz=S—17 .. xyz= rzs,ny = 4Rr + rz,z x3y3 = (4Rr +r?)3 — 12Rr3s?,

cyc cyc

Zx3 =s3 — 12Rrs = Z x% = (s® — 12Rrs)? — 2((4Rr + r?)3 — 12Rr3s?)
cyc cyc
and so, (*) © 243 ((s3 — 12Rrs)? — 2((4Rr + r2)3 — 12Rr352)) +729r%s2 — 256

Gerretsen

é 0 and ~ 241(s? —16Rr + 5r?)3 > 0 - in order to prove (*x), it
(*%)

?
suffices to prove : LHS of (xx) > 241(s? — 16Rr + 5r?)3 & (5736R — 3615r)s* —
r(16(9381R? — 7595Rr + 1084r?) + 8Rr + 2r?)s? +

r2(128(7469R3 — 7413R?r + 2214Rr? — 239r3) + 96R?r — 24Rr? — 19r3)

{v-
=

*

(+#%)

Gerretsen

and - (5736R — 3615r)(s> —16Rr + 5r2)> > 0 . in order to prove (x*x),

?
it suffices to prove : LHS of (%) > (5736R — 3615r)(s?> — 16Rr + 5r?)?2

?
& (8364R% — 12882Rr + 4701r%)s?| >

r(32(4003R3 — 6988R?*r + 3425Rr? — 467r3) + 8R?r + 8Rr? + 3r3)
Gerretsen
and indeed, (8364R? — 12882Rr + 4701r2)s? >
?
(8364R%* — 12882Rr + 4701r2)(16Rr — 5r2) > RHS of (x**x*)

? R
& 286413 — 12162t% + 15009t — 4282 > 0 (t = F)
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Euler

& (t—2)((t—2)(2864t—706) + 729) S0 otruect B 25 (seex) S (xr0)

= (xx) = (x) is true .. al? + b1% + ¢12 + (abc)?(a®b® + b3c3 + c3a3) > 6

Vab,c>0|a?+b>+c2=3"="iffa=b=c=1(QED)
1 1 1
2065. If a,b > - and 2@v-0 | b2GaD = > Vab then prove that :

1+a+b=>3ab
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

AM-G
Letx = a+ bandy = ab and when : y<1a+b > Zﬁ 2Y (say)

, 1
23ab—1=3Y2—1<:>(3Y+1)(Y—1)SO—>true°-°Y=\/§S1anda,b>§

1 1
:Y>§>O ~14+a+b=>3abVye (6,1]&wenowfocusonthecasewhen:

1 1 3 3xy -x*+2y _,
1; > Vab >
y> L andnow, o D T h2G@a— D = P T iy —3x+ 1) - vy

3xz —x% 4273 o
9Z9 3xz6+z6—z(z_\/_) x%2 —x(327 +323)+9z1° +27 -223 <0

and discriminant of LHS of (1) = 8 = (327 + 32z%)2 — 4(9z2'° + z7 — 2z3)
= z3(9z1" — 1827 — 4z* + 923 + 8) = 23 (923(2* - 1)? + 4(2 - 2*)) > 0
whenever : z* <2 (~ z > 0) and when : z* > 2,
8§ =123 ((z4—2)(9(z7— 1) +5) +9z3) >0 (sincez*>2>1=z>1)

3z7 + 323 —/§ 2
~8>0Vz>0(implingvz>1). 1D =>x> > >3ab-1

? ?
=3y—1=3z3—1<:>3z7—3z3+2>\/§<:>(3z7—3z3+2)2>8
?
=2z3(9z1' - 182" - 4z*+ 923+ 8) 42" - 523 +1> 0

@(z—l)(4z +4z° +4z* + 423 —z —z—1)>0—>true z-ﬁ>1

~a+b>3ab—-1Vy>1andso,combining both cases,1+a+ b > 3ab

vab >~ and 1 + ! > ab,” =" iffa=b =1 (QED
@b>3 0 2@ -1) b’ Ba-1 - =" Mfa=b=1(QED)
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2066. If a,b,c > 0 and abc = 1 then :

b(ab)2°26 + c. C2.2026
(ab)2026 + (bC)2026 =3

cyc

Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

VA,B,C,x'y',z' >0,

x’' y’ VA Walter Janous
—— (B’ +C') t o (C’ +A') + (A’ + B’) > SZA’B’
y t+z T cyc

b(ab)2026 + c.c%2026 Z bncn + czn+t
2026 2026
£ (ab) + (bc) o b“c“ + (bo)n

Now,

En_*_ C2n+1
— .o n _ —_ —C
(n = 2026 and " a" = e and analogs) = 1 1
cyc +_
1 bn+1 1 bn+1 cn+1
1 g e o) et )
( (bc)™ = — and analogs) = Z = Z
an 1 1 1 1
e T an e cntgm
1 A yl !
bc)"=— & l >= B+ C' C'+A A"+ B’
(( c) = &analogs y’+z’( + )+z’+x’( +A)+ pe -(A" + B)
1 1 1 an+1 bn+1 cn+1
(xlzﬁ’y’:F'z S T B e a“)

via (D a"tl pn+1\ AM-GM 3| /@n+1 pn+l, cn+l 2 s
> sz( . cn) > 3. j( e ) =3.Yabc =3
cyc

b(ab)2°26 + C. c2.2026

(ab)2026 + (bC)2026
cyc

>3Vab,c>0 |abc=1,

"="iffa=b=c=1(QED)
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2067.If a,b,c > 0,n € N and abc = 1 then :

a b4+c4 + /c(c* + a*
Z V ( ) + /¢ ). 33
cyc va +( ) .vV/bc
Proposed by Zaza Mzhavanadze-Georgia

Solution by Soumava Chakraborty-Kolkata-India

Via Walter Janous,vV A’,B’,C, x",y’,z' > 0,

x, ! ! y, ! I Z, 7 ! Z i
B +C C+A A" +B') > /3 A'B’
y,+z,( +C) (€ )+x,+y,( +B') = (via) > @
cyc

z\/a(b4+°4)+\/°(°4+“4)=Z\[b4+C4+\[C4+a4_

5 () Vabe(9) B (B By gy b
\(;i <\/b4-(|:—c4+\/c4-£a4>_

YV Tz — (B’ + C’)+ (C'+A')+ Ty -(A’ +B')

, a® , b» , a* + b4 b4 + c4 ct 4+ at Vla®
X=—y=F52=—4
Y " v
a* +b* [b* +c*)\AmM-em _ [3/(a* +b*)(b* + c*)(c* + a?) Cesaro _ ¢/8atb*ct
3 z . > 3. = 3.
b C abc abc
cyc

abe=1 4 e _ 3\/_andsoZ:\/a(b‘*+c4)+\/c(c4+a4)
2 () e (o)

I I

Va,b,c>0|abc=1/\neN,”—” iff a=b =c=1(QED)
2068. Ifx,y,z>0,x+y+z=3andl<§then:
LeyeXy A A
YeyeX® 3 _chcxz

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

chcxy+5—1é A :»A(l 1 >;1-Z°Y°"Z
chc chc x? 3 chc chc X
2
1 (chc X) ? (chc XY) (chc x)
SANs—w S |=1- “x+y+z=3
(3 9 chc x? 3 chc x3 ( y )
3 chc x° (chc x) 3 chc (chc XY) (chc x)
S A < and
9 chc x? 3 chc

2
9
wA< 2 A 32 x% — (Z x) > 0 - it suffices to prove :

cyc cyc

9 3 chc x (chc .X') 3 ZCYC (ZCYC xy) (chc .X')
. 9y oye 22 3 Yeye X3

<:>ZZx y+22:xy4 >Zx3y2+2x2y +2xyszy

cyc cyc (*) cyc cyc cyc

Now,ZZx y+22:xy4 =ny(x +y3)+Zz(x4+y4)

cyc cyc cyc cyc

AM-GM
> Z x’yi(x+y)+ Z 2z(x%y?) = Z x3y? + Z x%y3 + nyzz xy

cyc cyc cyc cyc cyc

] A 9
= () is true - 1< ny,z>0|x+y+z-3andl<§

chc x3 § ST chc
"="iffx=y=2z=1(QED)

2069.

Fora,b,c > 0,ab + bc + ca = 3 prove that :
1 1 1 3

+ + =
a+3b b+3c c+3a 4
Proposed by Dang Ngoc Minh-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

1 1 1 73
a+3b b+3c c+3a

o 12261 +522ab> 92 2b+272ab2+84abc

cyc cyc cyc cyc
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@122a2+32ab+492ab2

cyc cyc cyc

27 Za Zab — 3abc +84abc—182a2b

cyc cyc cyc
ab+bc+ca =3 ?
N 122a2+32ab+147+182a2b3abc+81Za
cyc cyc cyc () cyc

Let F(a,b,c) = 122(12 + 32ab+ 182a2b+ 147 — 3abc—81Za

cyc cyc cyc cyc

and then : F(a, a,a) = 36a? + 9a? + 54a® + 147 — 3a® — 243a

=3(a-1)*(17a+49) >0 (~a>=0) - F(a,a,a) g Ova=0
Also,F(a,b,0) = 12(a? + b?) + 3ab + 18a?b + 147 — 81(a + b) and when :
a=0,F(a,b,0) = 12b%? — 81b + 147 > 0 * discriminant = 812 — 48.147
= —495 < 0and when: a > 0,F(a,b,0) =

9 3 3
12 (az +—2>+9+ 18a*.—+ 147 - 81 (a+—)
a a a

3
(wc=0 /\ab+bc+ca=3=>ab=3)=E(4a4—9a3+52a2—81a+36)

((9a—8)%((a—26)% + 107a% + a + 552) + 2949a + 140) > 0

~ 729a?
©)
(~a>0)-F(ab0)>0vVab>0|ab=3andso, (1) and 2 = F(a,b,c) >0
1 1 3
> = i —
Va,b,c_0|ab+bc+ca 3 = (%) is true a+3b+b+3c+c+3a_4
Va,b,c20|ab+bc+ca=3,”=”iffa=b=c=1(QED)

2070.
Ifa,b,c,d e > 0and abcde = 1 then :

Zaszza

cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

AM—GM AM-GM
ad+b3+c® > 3abcb®+c3+d® > 3bcd,

AM-GM AM—GM AM-GM
c3+d3+e®> > 3cde,d®+e*+a® > 3deaande®+a*+b3> > 3eab

and via summation, we get :
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3(a® + b3+ c2 +d3+e?) > 3(abc + bed + cde + dea + eab)

0
:ZagZabc&"OW'(a+b+C+d+e)(az+b2+c2+d2+e2)

cyc cyc

= Z a® +a((b?+c?) + (d% +e?) +b((c? +d?) + (e +a?)) +
cyc

c((d2 +e?) + (a? + bZ)) +d ((e2 +a?) + (b + cZ)) te ((a2 +b2) + (c + dZ))

AM-GM
> Z a3 + a(2bc + 2de) + b(2cd + 2ea) + c(2de + 2ab) + d(2ea + 2bc)
cyc

via D 1
> Zabc+4Zabc=>Zabc < 3 Za Zaz and since abcde = 1,
cyc cyc cyc cyc cyc
a* Bergstrom a via 2) 5 a? 2
we have : we have : Z a°b = Z > (Zeve ) > (Zeye a?) .
£ Cyc cde Ycyc abe (Zeye @) Zeye a?)
5 2)) Chebyshev 5.= (X vc @
—M > 5( ik ) Zaandsoz 5b>z
chc a chc a

cyc cyc cyc
Vab,cde>0|abcde=1"=" iffa=b=c=d=e=1(QED)

2071.If a,b,c > 0 and n € N* then :

z CZn 2 _ 1
cyc

Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

z c2n—2 Chebyshev
<

cyc

c2n-2 AM-GM
Szl (+“2n—1>1asneN*) <

c2n—2 c2n—2
< =
< )1 2

2n-1 1 p2n-1 4 c2n-1)
e E(Zab)(azn‘l + b2n-1) 4 ghc2n-1 e ab(a?"~1 + b2n-1 4 ¢2n-1)

c2n—1 1 c2n—1 + aZn—l + b2n—1 1
- Z abc(a?n-1 4 p2n-1 4 ¢2n-1) T abc a?1 4 p2n-1 4 g1

abc
cyc
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2n—-2

C 1
and SO’Z 2201 1 h2ntl 1 gbeZn-1 < abe Va,b,c>0andn € N*,

cyc
" =" iffa =b = c (QED)
2072. Let x,y,z be the angles of acute triangle. Prove that:

x tan®x x tan’x x tan®x

+ +
In (CO]é x) In (CO]é x) In (CO]é X')

Proposed by Gheorghe Craciun-Romania

> 2tanx - tany - tanz

Solution by Tapas Das-India

/3
Let f(x) = xtanx—Zln( ) = xtanx — 2In secx ,x € (0 )

CcoSsXx "2

f'(x) = xsec’x — tanx
12
Let g(x) = xsec?x — tanx then g'(x) = 2xsec*x tanx > 0as x € (0, E)

so g(x)is increasing and g(0) = 0 so g(x) > g(0) or xsec’x — tanx > 0
From this result we can say f'(x) = xsec’x — tanx > 0 so f(x)increasing

anx

In (zos)

We know that in any triangle Z tanA = tanA.tanB.tanC (2)

and f(0) = 0so f(x) > f(0)or,xtanx — 2 ln( 1

)>00r
COSX

>2(1)

x tan®x x tan®x x tan®x z x tan®x

+ + =) ———=
In (COls .X') In (colé X) In (cols X) In (COls .X')

xtan’x (D 2
= Z 1~ > 2tanx = 2tanx - tany - tanz
In (cos x)
2073.If a,b > 0andn € N,n > 2 then:

ja+nb<n2m% +m(1+w
b a ¢ a b

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

Let — = tand th -"\/E+n—én2n—2( +b)<1+1)
e b— an en : b a= a a' b

1 ? n 1 Z?n
<:>\/"+ﬁ<jzn—2.<2+t+;)<=1+tnsJzn-z.(2t+t2+1)
2 2 2
n2 n? - 1 \n 1 \n? n-2
- tl@( )( J <2 e () () =2
(t+ D el U "
? -2
@un+(1 u) SZ (u——0<u<1 t>0)
< t+1

~
—

*

n-—

LetF(u)—un+(1 u)n—Z n Vue (0, 1)ananE(N*—{1}) n - fixed
2
and then : F'(u) = H(un -(1- u)n )

u o1
=>F’(u)——(1 u)“1<(1_u) —1)

1 u
O<uSEandthen:2uS1=>u§1—u=>1 <1

:(2 1)1 u >o(--2 1<0):>1 (u )%_1 >0
n M Tu "n = M\1TTa =

2
u \n! 1 via (+)
:>— (1- u)__1<(1_u)n —1)20('-'0<usi<1:>1—u>0) =

2

F'(u) > 0= F(u)is T on (O%] :F(u)SFG):Z(%f—Z%: oy (0%]

1 u
ESu<1andthen:2u21:>u21—u:>1—21

2_
:>(§—1>.1n1fuso (.,.2_1so):>1n<(1'_l—u)ﬁ 1)30
~2 a-wi, ((131,)"
2

1 1 1\n n-2 1
F'(u)<0=F(u)is! on [E'1>:>F(U)SF(E>:2<E> —2n =0VueE [E'l)
.. combining cases 1 and 2,F(u) <0Vue€ (0,1)and Vn € (N* — {1}); n - fixed

= (x)istruevVu € (0,1) and vV n € (N* — {1})

via ()

1
—1)30('-‘0<usi<1:>1—u>0) =
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ofa nlb n 1 1
\[:+ - < 2“‘2(a+b)(—+—)‘v’a,b>0/\nEN|n22,
b a a b

" =" iff a = b (QED)

2074.If a, b > 0 then:

3
a+b+3

2 6 6
+ + <
a+b 4a+b+3 4b+a+ 3

1+1+
a b

Proposed by Marin Chirciu-Romania
Solution by Tapas Das-India

2 amMm-umMm1 /1 1 X
< (=4 =
a+b 2(a+b)()
6 B 6 _ 6 4 AM;HM3(1+ 1 )(2)
4a+b+3 3a+(a+b+3) 43a+(a+b+3) -~ 2\3a a+b+3
6 6 6 4 AM-HM 3 / 1 1
_ = U T o
4b+a+3 3b+(a+b+3) 43b+(a+b+3) 2\3b a+b+3

2 6 6 1),(2),3)
+ + <
a+b 4a+b+3 4b+a+3

<1(1+1>+3(1+ 1 >+3(1+ 1 )_1+1+ 3
“2\a b) 2\3a a+b+3/ 2\3b a+b+3) a b a+b+3
Equality holds for a=b=1.

2075.1fa,b,c > 0, a? + b? + ¢ = 3 then:
(a® + ab + b?>)¢(b? + bc + c®)%(c? + ca + a®>)? < 27
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

a’? b%? % Radon (a + b + c)?
3=a2+b2+02=T+T+T > #or,a+b+cs3(1)

AM—GM
Z:c(a2 + ab + b?) =Z:c(a2 +b2)+3abc=2a2a2—2a3 +3abc <
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SZaZaZ—Babc+3abc=ZaZa2

AM—GM
(a%? + ab + b?>)¢(b? + bc+ c®)*(c?* + ca+a®>)? <

2 + b + bz a+b+c 2 a+b+c 1)
< 2c@ ta ) < 2ala < (3)3 =27
a+b+c a+b+c

Equality holds for a=b=c=1.

2076.1f a,b,c > 0,a* + b* + ¢* = 3 then:
(a® + b33 + )2 +a®)P <8

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

2)2 cps
(Zg) < (a4+b4+c4)=30rzazs3(1)

Sa)Yar)s Yat) orzxzz (Yat)
Z a® <3(2)
Y TR )X @

Sas /3<(Z @) < 30

S awt ey = (Y a)(Yat)- (Y at) S2(Ya) (D )

M—GM <Z a(b3 + C3))a+b+c

A
3 3V¢(h3 1 3)a( 3 3y < <
(a® + b>)¢(b> + c)%(c® + a>) < PO <
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2 a+b+c
<§ Ca)E a3)> @aw
<2 <

23=28
a+b+c -

Equality holds for a=b=c=1.
2077.1f x,y,z > 0,xy +yz+zx = 3 and A < 6 then :
Zx?’ +Axyz > A +3
cyc
Proposed by Marin Chirciu-Romania
Solution by Soumava Chakraborty-Kolkata-India

(})2Zszxyzgz,zm:(zx)(zxy)296@

cyc cyc cyc cyc cyc

A+3 ?
andso,A+3ST Zx ny 52x3+lxyz

cyc cyc cyc

o (zx><zxy>_9xyz ;9zx3_3<zx><zxy> mdviss

cyc cyc cyc cyc cyc

AM-GM
and - <z x) (Z xy) —9xyz = 0 . itsuffices to prove :

cyc cyc

(23] () 2e)

?
& Zx3 + 3xyz > Zx2y+2xy2 - true via Schur - Zx3 +Axyz > A +3
cyc cyc cyc cyc
Vx,y,z>0|xy+yz+zx=3 AA<6," =" iff x =y =z =1 (QED)
2078. For a,b,c > 0, prove that :

1
(D) a?b + b%c+ c?a < %(a + b+ c)(7a? + 7b% + 7c¢? + 3ab + 3bc + 3ca)
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2(ab + bc + ca)?

a+b+c
Proposed by Dang Ngoc Minh-Vietnam

9
@a2b+b2c+c2aSg(a+b)(b+c)(c+a) —

Solution by Soumava Chakraborty-Kolkata-India

Let F(a,b,c) = Za 7Za2+32ab —SOZaZb;then:

cyc cyc cyc cyc
F(1,1,1) =0 - () and F(a,b,0) = (a + b)(7(a? + b?) + 3ab) — 30a?b =
(21a + 10b)(3a — 5b)? + 45ab? — 61b3

> 0 when : 45a > 61b and when :

(35a + 12b)(5a — 8b)? + b%(107b — 30a) ]
45a < 61b,F(a,b,0) = = > 0 since :

61b
30a < 30'E < 60b < 107b and so,F(a,b,0) >0V a,b >0 — (**)

~ (¥) and (*+) = F(a,b,c) >0V a,b,c> 0= (1) is true V a,b,c > 0 and again,
9(a+b)(b+c)(c+a)(a+b+c)—16(ab + bc + ca)? —

8(a+b+c)(a2b+b2c+c a)50

2 4
_= 2W2 _ & E — N a3 § 3>
S 9 a“b 2,7abc: a+ b+— ab 0

cyc cyc cyc cyc

@AZ 2b2+Bacha+Cz 3b+DZ b3>0

cyc cyc cyc cyc
4 1
———_ RB=— = =_ =1>
where A 9B 2,7C 2,7D 3and 1+A+B+C+D=1>20

~ in order to prove (¢), it suffices to prove :

2(1+A)>B+C+D+C2+CD+D2(:>4> 1 1 1 91 -t
3= 729 981~ 729 " tTUE
(strict inequality) and ~ LHS of (¢) =0 fora =b = c . (+) = (2) is true

V a,b,c > 0 and hence,(1) and (2) are both true Va,b,c> 0,
" =" for both (1) and (2) iff a = b = ¢ (QED)

2079.1fa,b,c > 0, a® + b°> + ¢® = 3 then:
2 2 2
(a®+1)" (B°+1)" (c°+1)
b3 + b? c3 + ¢ a3 + a?
Proposed by Gheorghe Craciun-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

(a5 +1)° Lt 1)° NGE 1) P (@ 4 b5+ S +3)"  (3+3)
bP+b?2  +c2  at+a? T Yoyel@®+a?)  — Y(ad+a?)

> 6
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Let's see the difference :
a>0
(@+1)—-(a®+a?)=a?@®*-1)-(a®>-1) =
(a? - 1)(a® —1)—(a 1)%(a+1)(@®+a+1)=>0 »a®+a’<a’+1

Z(a +1) 36 36 _ 36

b3 + b2 ~ chc(a +a?) ~ chc(a5 +1) 343

cyc

=6

Equality holds for:a=b=c=1.
2080. If a, b, c > 0 then:

9
Z(b +0)(@? +b? +ab) 2~ (a+b)(a+ )b +0)
cyc
Proposed by Gheorghe Craciun-Romania

Solution by Mirsadix Muzefferov-Azerbaijan

Let: a+b=x>0, b+c=y>0, a+c=z>0
2 2 2

Then: ab <~ be<? ac <= (»)
. k
en: ) C , (5

The expr ession becomes as fOllOWS:

9
y(x? — ab) + z(y?* — bc) + x(z* — ac) > 2%z
(:‘)
yx? + zy? + xz* — (yab + zbc + xac) =
2y 72

> - - - = _——=
yx? + zy? +szM3;MZ 2 Xy
3 3 3 - 9
= Zyx2 +Zzy2 +sz2 > 1.33 x3y32z3 = 2z

Equality holds for:a=b =c.

2081.If a,b,c,d > 0, then prove that :

abc + bed + cda + dab
a+b+c+d

< %. Y@@a+b)a+c)(a+d)(b+c)(b+d)(c+d)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

3(a+b+c+d) =
—@atb)+@+0+@+d)+b+)+b+d)+ctd >

>6.\/(a+b)a+c)a+d)(b+c)(b+d)(c+d)
>(a+b+c+ d).%. i/(a +b)(a+c)a+d)(b+c)(b+d)(c+d)=>
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%.\/(a +b)(a+c)a+d)(b+c)(b+d)(c+d)

_ %.\[((a Db+ d). (@t )@+ d)b+ad)

(abc + bed + cda + dab) (abc + bed + cda + dab)
+(c2(a+b) +b2(c+d)) [\ |+(a2(b+d) +d%(a+0))

2
Reverse cps @PC + bed + cda + dab + \[ (c2(a +b) + b2(c+ d)).(a?(b + d) + d2(a + c))
>
> 7 5
> abc + bed + cda + dab

N \[(cz(a +b) +b2(c+d)).(a2(b+d) + d?(a +c)) abc + bed + cda + dab

()
Reverse CBS

ac + bd > ab + cd and then : LHS of () >
ca.,/(a+b)(b+d)+bd./(c+d)(a+c)

Reverse CBS
=ca.\/(b+a)(b+d)+bd./(c+d)(c+a) >
ca.(b +Vad) + bd. (c + Vad) > abc + bed + cda + dab

? ? AM-GM a + d
< Vad. (ca+bd) = ad(b + ¢) © ca + bd > vad.(b+c)and - vVad < 2

®
?
- in order to prove (1), it suffices to prove : 2(ac+bd) > (a + d)(b+¢)
?

=ab+ac+bd+cd © ac+bd = ab + cd - true = (1) = (%) is true
Reverse CBS
ab + cd > ac + bd and then : LHS of (x) >

cd../(a+b)(a+c)+ab.\/(b+d)(c+d)

Reverse CBS
=cd./(a+b)(a+c)+ab.\/d+b)d+c) =

cd. (a + Vbc) + ab. (d + Vbc) > abc + bed + cda + dab

? ? AM-GM b + ¢
@\/E.(ab+cd)2bc(a+d)@ab+cd§\/ﬁ.(a+d)and':\/ﬁ < 2

©)
?
- in order to prove (2), it suffices to prove : 2(ab+cd) > (b + ¢)(a + d)
?

=ab+ac+bd+cd<:>ab+cdéac+bd—>true:>@:> (%) is true
. combining both cases, (+) is true V a, b, c,d > 0 and so,

abc +bcd + cda+dab 1 ,
< _
aibtctd <—.Y@+b)a+c)(a+d)(b+c)(b+d)(c+d)

Vab,c,d>0"="iffa=b=c=d(QED)
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2082. If a,b,c,d > 0, then prove that :

abc + bed + cda + dab
a+b+c+d

(a+b+c+d)?
16

Proposed by Nguyen Hung Cuong-Vietnam

< % i/(a +b)(a+c)a+d)(b+c)(b+d)(c+d) <

Solution by Soumava Chakraborty-Kolkata-India

3(a+b+c+d) =
AM-GM

=(a+b)+(a+c)+(a+d)+(b+c)+(b+d)+(c+d) =
6.i/(a+b)(a+c)(a+d)(b+c)(b+d)(c+d)

>(a+b+c+ d)%.i/(a+b)(u+ Ola+d)(b+c)(b+d)(c+d) >

%.\/(a +b)(a+c)a+d)b+c)b+d)(c+d

- %.\/((a+ B)(b+)(c+d).((@a+)a+d)(b+d)
(abc + bed + cda + dab) (abc + bed + cda + dab)
+(c2(a+b) +b2(c+d)) |\ |+(a?(b +d) + d%(a+c))
2
Reverse cps AbC + bed + cda + dab + J(cz(a +b) +b2(c+d)).(a?2(b +d) + d?(a + c))
> ) 5
> abc + bed + cda + dab
& \/(cz(a +b) + b2(c+d)).(a?(b +d) + d?(a + c))abc + bed + cda + dab
©)

Reverse CBS
ac +bd > ab + cd and then : LHS of (x) >

ca.\/(a+b)(b+d)+bd.\/(c+d)(a+c)

Reverse CBS
=ca/(b+a)(b+d)+bd.(c+d)(c+a) =

ca.(b +Vad) + bd. (c + Vad) > abc + bed + cda + dab

? ? AM-GM a + d
< Vad. (ca+bd) = ad(b+ ¢) © ca + bd éxmd. (b+c)and = Vvad < 2

®
?
- in order to prove (1), it suffices to prove : 2(ac+bd) > (a + d)(b +¢)
?

=ab+ac+bd+cd<:>ac+bdéab+cd—>true:>@:>(*)istrue
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Reverse CBS

ab + cd > ac + bd and then : LHS of () >
cd.\/(a +b)(a+c)+ ab.\/(b +d)(c+d)

Reverse CBS

=cd.\/(a+b)(a+c)+ab.\/(d+b)d+c) >

cd. (a + Vbc) + ab. (d + Vbc) é abc + bed + cda + dab

? ? AM-GM b +
<=>x/l§.(ab+cd)2bc(a+d)@ab+cd§\/ﬁ.(a+d)and?\/ﬁ < e

@
- in order to prove (2), it suffices to prove : 2(ab + cd ) >Mb+c)(a+d)

=ab+ac+bd+cd=)ab+cd2ac+bd—>true=>@:> (%) is true
.. combining both cases, (+) is true V a, b, c,d > 0 and so,

abc +bcd + cda+dab 1 ,
< =
atbrcrd _4.\/(a+b)(a+c)(a+d)(b+c)(b+d)(c+d)

V a,b,c,d > 0 and it's shown in the beginning that :
1 at+b+c+d
7 i/(a +b)a+c)a+d)(b+c)(b+d)(c+d) <—— ——

2
:%.i/(a+b)(a+c)(a+ dDb+c)b+d)(c+d) < (a+b-1*-6c+d)

V a,b,c,d > 0 and the proof is complete,” =" iff a = b = c = d (QED)

2083.If x,y,z>0,x+y+z=23 andlZ% then :
Azx:‘ Zsz +Zx+3(l—2)
cyc cyc cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

? x+y+z=3
12x3 22x2+2x+3(k—2) o

cyc cyc cyc

{333 )3l -5lz)

cyc cyc

ca(oy e zx>3 s z)(z)(z) and

cyc cyc cyc cyc cyc
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3
1 Holder
YAz A 92 x3 - Z X > 0 - it suffices to prove :

cyc cyc

o)) )

3
®9Zx3+ Zx >6 Zx sz
cyc cyc cyc cyc
@42 3+6xyz>3§2x y+32xy
()

cyc * cyc cyc

3 Schur AM GM
Now,3 > x3+9xyz > 3 ) x’y+3 ) xy? and = 3xyz and

cyc cyc cyc cyc

@® + @i(*)istrue-'-lz 322x2+2x+3(l—2)

cyc cyc cyc

1
Vx,y,z>0|x+y+z=3and)»2§,”=" iff x =y =z =1 (QED)

2084.1f x,y,z > 0,x +y+z =3 and A > 3 then :
3

A—x
Z >3(A—1)
X

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
35

ST Lsa- 1)<=x<z__3>>zx —3

cyc cyc cyc

x+y+z=3 1 ? 92‘: cxz
s Al X xy | — 3xyz | = xyz <—y - 3)
<3 @ ) (2 ) ) (D)’

@g(zx)Z. <Zx><zxy>_9xyz L saye 3zxz_<zx>z and

cyc cyc cyc cyc cyc

A AM-GM
¥3 >1A (Z x) (Z xy) —9xyz = 0 . itsuffices to prove :

cyc cyc
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2 2

Zx : Zx ny — 9xyz 3xyz SZxZ — Zx
cyc cyc cyc () cyc cyc

Assigningy+z=a,z+x=b,x+y=c=>a+b—-c=2z2>0b+c—a=2x
>0andc+a—-b=2y>0=>a+b>cb+c>ac+a>b=ab,cform
sides of a triangle with semiperimeter, circumradius and inradius = s,R,r (say)
:Zx =S, XyZ = rzs,ny= 4Rr + r? and sz =s2—8Rr-2r’=> (x)

cyc cyc cyc

s2(s(4Rr + r?) — 9r2s) > 3r2s(3(s? — 8Rr — 2r?) — s2)

< (2R—7r)s? +9r?(4R + 1) % 0 and it's trivially true when : 2R — 7r > 0

*)
Gerretsen

and when : 2R — 7r < 0,then : LHS of (xx) >

(2R—7r)(4R?> + 4Rr + 3r?) + 9r?(4R+r) =2(R—2r)(4R* = 2Rr + 3r?) >0
3

Euler A—x
R > 2r = (xx) = (%) is true .. Z p >3(A—-1)

cyc

~

Vx,y,z>0|x+y+z=3 AA=3,"="iffx=y=z=1(QED)

2085.Ifa,b,c>ﬁ,a+b+cs3and)\20then:

1 3
>
z log,(Aa +b) ~log,(A+ 1)
cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A 1
)La+b>H—1+H—1= 1 .~ In(Aa + b) > 0 and analogs

1 1 Bergstrom 9(111 2) ? 3
I P SRR S N :
log,(Aa + b) In(Aa + b) YeycIn(Aa +b) ~ log, (A + 1)
cyc

cyc
B 3(In2)
" In(A+1)

? Aa+ Db\ ?
< 3In(A+ 1)221n(ka+b) (-.-ln2>0)<:>21n<l+1)

cyc cyc O]

(- Aa+Db

S >Oasla+b21>0and120:>1+121>0)

)La+b><la+b 1 and ] 'Zl ()La+b <
A+1/)7 A+1 and anatogs - n )L+1)_

cyc

Now, In (
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3 3a+b2c533 3 0 .
)L+1Z +)L+1 a— _Za_ < —3 =0> () istrue

cyc cyc cyc

1 3
> A4
log,(Aa +b) ~ log, (A + 1) a.b,c> l 1
yc

|a+b+c<3andl>0

"="iffa=b=c=1(QED)
2086.If a,b,c >0, a+b+c=3and A > 1 then:

Z_a+A 32
- >
b+1 -2

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

Z((a —a)(a+1)(c+1) >O@Zab3+2a —Zab Za>0

cyc cyc CYC e ve
. . b2 Bergstrom abC(chc a)

and smcez ab® = abc =  Zegea

c chc a

cyc cyc cyc

?
prove (x), it suffices to prove : abcz a+ Z ad — z ab — Z a=>0

cyc cyc cyc cyc

2 4
cabey arz(Yal(Ya|-g(Dab)(Ya| —55| D) z0
abc ) a+ a a 5 a a 57 al >
cyc cyc cyc cyc cyc cyc
<'.'Za=3><:>42a4+2a3b+2ab326Za2b2—>true

cyc cyc cyc cyc cyc

AM-GM
42 a* > 42 a’b? and Z a’b + Z ab? > ZZ a’b? = (%) is true

cyc cyc cyc cyc cyc

at—a at—a+ A
Z((a @(a+1)(c+1)>0= 20> =

cyc cyc cyc

Bergstrom 9A atb+c=3 9A
o Z > o (vA21>0 d so,
] chca+3( ) 313 andso

a’—a+A_ 32
—_—Vabc>0|a+b+c—3andl>1
b+1 2

cyc
"="iffa=b=c=1(QED)

= abc Z a - in order to

cyc
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2087. If 4x3y3z3 > x% + y? + z? + 1 then:

x’y?z% >3

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

2 2 2 AM—-GM
x*+y " +z:+ 17",
y4 S 4/x2yzzz
x24+y2+2z2+1=>4/xyz
4x3y3z3 > 4 [xyz > x°y°z5 > 1

xyz=>1
2 AM—GM

2 2
% S 3xty2zZ o x24y?+22>3
Equality holds if and only if

x=y=z=1.

2088.If a,b,c > 0 then:

a b c

+ + >
Vvb+c¢c Ja+c Ja+bhb

Proposed by Gheorghe Craciun-Romania
Solution by Amin Hajiyev-Azerbaijan

Lemma 1. Holder's inequality.

n X 2 n n 3
z : inYi) = (Z xi) , x,¥i>0
<i=1 \/E> <i=1 i=1

Lemma 2. a? + b%> + ¢ > ab + ac + bc

1
a2+b2+cz—(ab+ac+bc)=E<z(a—b)2>20

cyc

(a+b+c)?=a%+b%*+c*+2(ab + ac + bc)
>ab+ac+bc
(a+ b+ c)? > 3(ab + ac + bc)
{ X1 =ax,=bx3=c
yi1=c+by,=a+cy;=b+a

\/ba—-l—c> <za(b+c)>2(a+b+c)3

cyc

»

73 RMM-CYCLIC INEQUALITIES MARATHON 2001-2100



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
(a+b+c)3 (a+b+c)

LHS? >
S _chca(b+c) ~ 2(ab + ac + bo)
(a+ b + ¢)?
ab + ac + bc S —

Lemma 2

,. (@a+b+c) ,_3 3(a+b+c)
LHS 22 — LHS 22(a+b+c)—> LHS > —
z(@a+b+c)?
3(a+b+c)> a+b+c
2 2
LHS — a N b 4 c S a+b+c
“Vb+c Vatc Va+b 2

2089.If a,b,c,d > 0 then:

z 1 192
a3+ b3 — (a+b+c+d)3

cyc
Proposed by Mais Hasanov-Azerbaijan
Solution by Amin Hajiyev-Azerbaijan

2 BERGSTROM (Z L a; )2
4

— ———————————————— — _)
- n
Xi Zi=1 Xi xz

i=1 i=

Tl
l=

D) S —
n==6- >
Zf 1% L a + b3~ ¥ (ad + b3)

Z 1 36 B 12
a+b3 " 3@+b+c3+dd) ad+b3+c3+dd

cyc

The Power Mean Inequality (Generalized Mean Inequality)

1w L)
p = —Zaf , Q1,0 .0, ER* p>q M,>M,

sla3+b3+c3+d3>_a+b+c+d
M32M1—)n:4 4 = 4
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ad+b3+c2+d® (a+b+c+d)3 3 (a+b+c+d)3
> —>Za =
4 64 16

cyc

Z 1 12 Z 1 12 192
a3+ b3~ a®+b3+c3+d3 B+ (atb+tc+d?® (a+b+c+d)3

cyc cyc 16
6 192 3 3

= = = - — > _ >

a=b=c=d 2a> ~ (4a)3 a3 — a3

Z 1 192
a3+b3 (a+b+c+d)3

cyc

2090.If a,b,c > 0,a+b+c=3and A = 0 then:

z 4(A + 3)abc
bc2 ab + bc + ca + abc

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India
AM-GM AM-GM
3= Z a > 3.Yabc= abc<1and Z ab > 3.1a2b%c?

cyc cyc

abcs<1 3ab b ® 3ab az 12abc
> > : -
= ane Z ab = 2abt “°W'Z bc2 Y ycab + abc

cyc cyc

Bergstrom ) AM—GM
a 2 fmd and
— z (E) 12 v1a>@ (chc E) 12 =~ a+l;-c =39 3=
B b Xycab . Yge@ 3+1 = 3 77
¢ abc T
a’? C;D 12abc l A 4dabc  abe=1 N 4n_ via ®
bc? ~ Y ycab + abc’ A%S0 abe Ycycab +abc Yeycab =
ve b +1
® b abc
41 A 42abc
A 3+1( A20) =0+ b Z 5 yeab + abe andso,@ + @ =
Z dAd+3abe o, >0|a+b+c=3andA>0
beZ Zab+bc+catabc ' P™C a c=sandA =0,

cyc

"="iffa=b=c=1(QED)
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2091.1fa,b,c > 0,a> + b3 + ¢ = ab + ac + bc then:

a® . b® . c® - 9abc
b%c?2  a?c? a’b? " a+b+c

Proposed by Gheorghe Craciun-Romania
Solution by Amin Hajiyev-Azerbaijan

a6

D22
b%c * b% * ¢ = a*

>
3 b?%c?
6 6

a a
b2c2+b2+cz > 3a%? — Z<b2c2+b2+c2> ZSZaZ

cyc cyc

a® b° c®
2 2 2 2 2 2
b2c2+a2c2+a2b2+2(a + b* + ¢*) = 3(a* + b* + ¢*)
a6
2 2 2
E bZCZZa +b“+c

cyc
AM-GM AM-GM

at+b+c S 3¥abc, a?+b2+c*2 S 33Yazbic?
9abc

a+b+c

(a+ b+ c)(a®? + b? + ¢?) > 9abc > a® + b* + ¢* >
6
a 9abc
>a’?+b*+c2>——Mm—
szcz a+b+c
cyc
a® N b® N c® - 9abc
b*c? a?c? a’b? " a+b+c

Equality holds fora = b = c = 1.

2092.Ifa,b,c,d >0, a+ b+ c+d =4 then:

Z, a - 8abcd
4—a ab(c+d)+cala+b)

cyc

Proposed by Gheorghe Craciun-Romania
Solution by Mirsadix Muzefferov-Azerbaijan

[ a a
Showing that when : 0 <4, > =
owing that when <a 1-a>2
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a a?
So that : —>——> a’>—4a+4>0- (a—-2)*>0

> [

cyc
Let us prove that:
8abcd
ab(c +d) + ca(a + b)

or: (a+b+c+ d)(ab(c +d) + cala + b)) > 16abcd
AM—GM

LHS =(a+b+c+ d)(ab(c+ d) + cala + b)) S
AM—-GM

> 4\abcd(2abVed + 2cdVab) = 4Vabed.2(2,/(abed)(abed) =
= 163 abcd .\/(abcd) .3abcd = 16abcd

According to the a,b,c,d >0 and a+b+c+d =4
the equality condition is not satisfied.

1
E(a+b+c+d)>

2093.If a,b,c >0, a+b+c=3andA >1,n> 0then:

az—a+)\> 3\
b+n " n+1

cyc
Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

a’?—a+ 2 a’ —a+1 A—-1
= + =
b+n b+n b+n
cyc cyc cyc
1 2
(a_|_1) Bergstrom — () a+3) 9
2—4 + (- 1)2 rom g (e RO N | J———
£ b + cycb+n Yeyc@+3n Yeyc@+ 3n
(+a,bc>0An=>0=>b+nc+na+n>0and~A—-1=>0)
9 +9(A—1)_ 3. az—a+l> 31
" 34+3n 34+3n n+1" b+n “n+1
cyc
Va,b,c>0|a+b+c=3and121,n20,”=” iffa=b =c=1(QED)

2094.If a,b > 0,a+ b =2and A > 2 then :

1 1 2Vab
+ >
1—a+2Aa? 1—b+ Ab? A
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Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

1 1 2V ab AM-GM
+ = >
1—a+2a? 1—Db+ Ab?2 A
A((a+b)2 —-2ab)+2—-(a+Db) a+b
1—b+ Ab% — a + ab — Aab? + Aa? — Aa?b + A%2a?b? A
3 A(4 — 2ab) 2 (-a+b=2)
“1+2(4—2ab) +ab—2Aab + A%2a?b2 A - TP 7

B 22(4 — 2ab) + 2 — 2A(4 — 2ab) — 2ab + 4Aab — 2A%a?b?
B A(1—a+2a?)(1 —b + Ab2)
2

— 2(1 — — — —
- A= a T a T Abz)'(l (1- ab)(2 + ab) — 4A(1 - ab) + (1 — ab))
2(1 — ab) ) )
A —a+aad(d-brapy A FAab—a D)
2(1 — ab)(2A(A — 2) + A%ab + 1)
= >
AQ-a+21a®)(1—b+2ab2) =
AM-GM
(':2=a+b > 2.Vab=>1—ab20andl—220and>

Az2
(1—-a+2a?),(1—b+2ab%?)>0as >A=1-41 < -7<0

oyt Aeb b 0latb=2andA>2
"T-a+2a? 1-b+abZ- & " arbmeait=s

"=" iffa=b =1 (QED)

2095. If a, b, c > 0 then:

a b c a+b+c

+ + =
vV2a+3b+4c V2b+3c+4a +2c+3a+4b 3
Proposed by Dorin Marghidanu-Romania

Solution by Amin Hajiyev-Azerbaijan

Lemma 1. (Weighted Jensen's Inequality):

Let f(x) be a convex function on an interval I. For any x; € I and weights w; > 0, we have:

Z“;);E:Ci) > f (Z(wixi))

xw;

Lemma 2. a,b,ceR* (a—b)?+Mb-c)?+(@a-c)?=>0
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2a®> +2b%* +2c* -2(ab+ac+bc) >0 a®?+ b*>+c* > ab+ ac+ bc

{w1=a,w2 =bws;=c
x1=2a+3b+4c,x, =2b+ 3c+4a,x3 =2c+3a+4b

2
f(x) = % (Decreasing function), %f(x) = %x_%, x € (0; +0°), f"(x) > 0

Wlf(xl) + sz(xz) + ng(xg) > (W1x1 + Wy X9 + W3X3)
W1+W2+W3 - W1+W2+W3

a b c

+ +
v2a+3b+4c V2b+3c+4a +2c+3a+4b
a+b+c

]EASEN\/ a+b+c

a(2a+3b + 4c) + b(2b + 3¢ + 4a) + c(2c + 3a + 4b)

a+b+c
2(a%? + b2 + c%?) + 7(ab + ac + bc)

22a2+72ab232a2+62ab=3(a+b+c)2

cyc cyc cyc cyc

LHS > (a+ b+ ) a+b+c  |lat+b+c
=\ ¢ 3(a+b+0c)? 3

a N b 4 c - a+b+c (0.E.D)
V2a+3b+4c V2b+3c+4a +2c+3a+4b 3 o

Equality holds if and onlyifa=b =c¢

LHSZ(a+b+c)\/

2096.If a,b,c > 0,a+b+c=3andn € N then :

a(b™ + c®
( ) < 3V2
\/bZn—l + CZn—l

cyc

Proposed by Marin Chirciu-Romania
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Solution by Soumava Chakraborty-Kolkata-India

f 0 Z a(b™ + c") 2a.v/bc AM;GM a(b +¢)
n= = <
W Tyont Livbre £ Vbre

cyc

=73 18

- Z(mﬁ) < \/ZZab.\[Za <

cyc cyc cyc

a(b"+c") a(bn +c") BergStrom Z a(b™ + c")

Zn—-1 Zn-1
cyc Vb1 4 c2n cyc cyc (b" + c)?
“ b+c

- Y (Vabracva) T \/ZZab.\[ZaS

=3v2 and ¥V n € N*,

cyc cyc

a(b™ + c")
= 3v2 and so, Ny

cyc

S3\/§Va,b,c>0|a+b+c=3andneN,

"="iffa=b=c=1(QED)
2097.If a,b,c > 0 and abc = 1 then prove that :
a—1 N b-1 N c—1 =0
Vvb+c +Jc+a +a+b o
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Soumava Chakraborty-Kolkata-India

Bergstrom
and
J(c+a)(a+b) CBS

Z\/b+ ca.\/b+c_Z:\/(b+c)(c+a)(a+b)

(Ecyc a)’
chc(\/_ Vab +ac) \/(b +C)(C+a)(a+b) \/Z(C-i-a) \/Z(a-i—b)

cyc cyc
cBs (Zeye ) 2Yyca AM oM
® JLae@-V25meab T O+ @(@rb)
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32eycd L Z2qea ( Z a'> 3 Yabe P! 3)
V2. Jncyc(b +¢) + abe \[l‘[cyc(b +o \ 5
9 [[cve(b+c)— B(Hc (b+c)+ abc)
_ Z al y y
o -
(2(ITeye(b + ©) + abc) + [Teye(b + ©)) +
\ﬁ. \[ Meye(d + ©) + abe \/Hcyc(b +0) /
3 Z [Ieyc(b + ¢) — 8abc
= al.
3 -
(2(ITeye(b + ©) + abc) + [Teye(b + ©))

PR c_l\\/i.\[ﬂcyc(b+c)+abc+\/Hcyc(b+c)/

+ + >0 Vahb,c>0|abc=1,
vb+c¢ +Jc+a +a+b |

> 0 via Cesaro -

"="iffa=b=c=1(QED)

2098.If a,b,c > 0, a+ b + ¢ = 3 then:
a?-1 b* -1 c*-1
+ + =0
b+ c a+c a+b
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

ab,c>0
a+b=3-c
a+b+c=3%[a+c=3—b
b+c=3—-a
a?—-1 b*-1 c*-1 x2 -1

> 1 =
3 T35 T3¢ > 0 — tangent line method f(x)

(x—1)2>0x2-2x+1>0 2x>2—4x+2>0

x2—14+x*—-4x+320-> x*-1+(x-1D)x-3)=>0
2

R-12@-1DE -2 > o

3—x

=>x—1

a’ -1 a’ -1
> a-— > — — —
T za-1- ) ——>@-D+b-D+(-1)
cyc
a’ -1
b+c
cyc

Equality holds fora=b =c=1.

>a+b+c—-3=0
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2099. If a,b,c > 1and a + b + ¢ = 6 then prove that :

a—1 b—1 c—1
bz—l_cz-l_a2

Proposed by Nguyen Hung Cuong-Vietnam

3
2_
4

Solution by Soumava Chakraborty-Kolkata-India

a—-1 (a— 1)3 Ragon (chc a— 3)3 > (chc a— 3)3

cyc bz cyc (ab—b)* (chc ab — Yy a)z ) <(chc a)z -y a>2
3 cyc

a+b-i;c=6 33 _3.a—1+b—1+c—1
(12-3)2 4 b2 c2 a?
"="iffa=b=c=2(QED)

3
ZZVa,b,c>1|a+b+c=6,

2100.If a,b,c >0, a+b+c=3and A > 2 then:

A+ 1)a+1>3(l+2)
z Aa+1)2 — (A+1)2

cyc

Proposed by Marin Chirciu-Romania

Solution by Soumava Chakraborty-Kolkata-India

A+1Da+1 A+2 1-a)@®+22-1)
a+ D ((x T2 A+ 1)° >
—a’22 +ar® —2a’A?>+ar’> —ar+2%+a+2-1 (1-a)(A?2+22-1)
- (Aa + 1)2(A + 1)2 - A+ 1)3
1-a)A3a+222%a+22+2-1) (1-a)@A®*+22-1)
- Aa+ DZA + 1)2 - A+ 1)?
1—-a —-a’A*+ar* —2a?23 4+ a3 + A3 + a?A? —2aA® + A% + 2ar — 24
T+ DT Aa+DZA+1)
(1—a)? ar* +2ar® —ar? + A(A2 + A1 - 2)
"+ Aa+ DA+ 1)

(1— a)? (axz A2 +22-1D+AA -1+ 2))
N A+ 1)3(Aa + 1)
_(A+1)a+1> A+2 1-a)@A%+22-1)
Gat1)? ~+12 " O+ 1)°

>0Va>0andvA>1

and analogs
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Vab,c>0 dvx>1-z()‘+1)a+1
a,p,C an = oo ()\'a+1)2 =

cyc

3(A+2) A?2+42A-1 atb+c=3 3(A+2)
A+ Gr1? '(3_2“) = GrD2

()L+1)a+1> 3(A+2)
(Aa+1)2 — (A+1)2

"="iffa=b=c=1(QED)

and so,

cyc

Va,b,c>0|a+b+c=3and12 1,

cyc
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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