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Y (narctan (%) - 1)

n=1

2701. Find a closed form:

Proposed by Abo Alzahrani-lran
Solution by Rana Ranino-Algeria

I= i(narctan Z f <n2 - >dx ~

n=

=
N e~

1 =2 x 1 T
_fo (an—-l-xz) = Efo (1 — mxcoth(mx))dx =
n=

1 1 (7 (1+et =1 1 (1 A+ iny
———| t dt =2 - ( )

2 8m), \1-et 2V 87) w\ioy)y V=
1 1 (! 21ny Iny ) 1
==+ — — == 2Liy (1 — =
2 8m e_zn(l—y+ y) 4 +8 [Zlny+ E2( y)]e‘z"
_ 1 =« 1 Lis(1 o
2 4 4 ir( e “")
2702. Find:
T
3 tanx
———dx
o V1 + sin?x

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

Y

tanx 3 sinx d
————dx = X =
o V1 + sin?x 0o cosxV1+ sin’x
% 1 cosx=t r1 1 t=\2sin6
- d(cosx) = J dt =
Jo cosx.V2 — cos?x % tvV2 —t2
T T w
fz V2cos6 16 — 1 (% 1 16 1 l |t 2] T
—_— =—lIn|tan— =
arcsm(zﬁ> 2sin0.cos0O \/_ arcsm( \1/_) sin@ \/E 2 arcsin (212>
.1
arcsin—=
1 T 22
=—| In(tan=) —In| tan————=
7z n( an 8) n| tan >
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.1 . ( 1 )
arcsin—— arcsin (——
tan <—2\/§> =m- +\/§ = arctan(m) -

1 1
arcsin|——) = 2arctan(m) — tan (arcsin (—)) = tan(2 arctan(m)) -
G5 (m) —5)) = tan (m))

%:f"ﬁm:vﬁ-ﬁ
% tanx
m (1n(\/i 1) - In(V8-+7)) =
_1, (ﬁ 1)—_1 (V2 - 1)(VB + 7))
V2 \VB-v7) VI

2703. Find a closed form:

T

p
f <M + x31n (Jsin(x))) dx

X
0
Proposed by Shirvan Tahirov-Azerbaijan
Solutlon 1 by Exodo Halcalias-Angola

: :
I ZI<M+,€3 ln sm(x ) :fln(1+2x) dx+fx3 ln Jsm(x))
0 0

0

T n
Z 3
In(1 + 2x 1
f ( )dx + EJ x3 In(sin(x)) dx =
0 0

_ fLi1(;2x) do + %fxg (ln (%) B Z cos(:kx)> A —
0 0

ieN
fdl.lz( 2x) + zj < 31n (%) —x3 Z COS(:kx)>dx =
0 0

dLi,(— Zx)—mln(Z)——Z fx cos(2kx) dx =
keN o

_ 45
—Liy(—m) — aln(z) {(4) —

ov"ml=|
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1~ 1/6 + wksin(nk)(mw?*k? — 6)\ 1~ 1 /3cos(mk)(m?k? —2)
22, ‘( Kk ) -2, E( > B

16k*
keN keN

V(212 _
~Liy (- n)——ln(Z)((4)__z (3( 1 (1;61;(4 2)+6>:

keEN

45 1 3 3 3
~Lip(-m) ~ 2 In@){(4) - 5(——1:211(3) +5m(5) + —z<5)> =

_ 45 1
~Liy(-m) — @) {(#) — 5 (— (2)(3) + o «5))

2T L(2)(3) ~ 5 0(5) — a2 In(2)(4) ~ Lig(~m)

9
I = 178 w%{(3) — Esln(z) — 2_56((5) Li,(—m)

Solution 2 by Cosghun Memmedov-Azerbaijan

Q= f (M +x3In (Jsin(x))) dx

0
0 0

0=

9..
=
+

T T
7l (1 2x) H
n(1+ 2x
f fx3ln sm(x dx
0 0

g1 (1+2x) 2% [ In(1 + x) (=) [

n X = n X —

=f—dx gf dx=—2—fx"‘1dx=
0 . n=1 0

n
o
—1)n
=N i

T n=1 T

2 1 2
Q, = J x31In (\/sin(x)) EJ x3 In(sin(x)) dx =

0 0

T T
2 2 »
1 3 1 x3 cos(2nx) A IBP
—=In(2) | x3dx — = Z—dx =
2 2
0 0

r
m 31 [ , 1B.P
—oIn@)+5 ) = | #sin2 =
128 n( )+4 fx sin(2nx)dx
0
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o  Z
cos(nn) 3 1
—mln(Z) ——1r Z +ZZ—fxcos(2nx) dx =

nz
n=1

0
—mln(z) - == i + %i ifxd(sin(an)) =

n=1 n=1

4

0
T
9 31 |
T 2 2 _Z_J : _
1281n(2)+1287't {(3) — 3 sin(2nx) dx
0

4

1A 9 3 1 5
_ 2 -\ 2 _
128ln(2) +12811' 3) + 16 cos(an)l 0

nl

9
—mln(Z) +mﬂzf(3) —ﬁf@) ——((5) =

178 w*{(3 )—mln(Z) —ﬁf@)

Q=0,+0Q,

9
Q= 128 2((3)—mln(2)—ﬁ((5) Li,(—m)

2704. Prove that:

1
fo ln(—ln(x)) Yoo \f (v + In(12))

Proposed by Cosghun Memmedov-Azerbaijan
Solution by Shirvan Tahirov-Azerbaijan

1 2
Q:JO ln(—ln(x))\/T(x)dx
—In(x) =z, dx = —e %dz
x:e—z’xzze—u
o= (e enrim@dz=[ ez im@zd _r(%) D) - @) =
_fo(e .e )z 2In(z) z—fo e 32z 21In(z) Z_f@)(f)_n( )>_

T

_ 5(,/, (%) _ 1n(3)) = \/g(—y —21In(2) — In(3)) = —\E (y +In(12))

Note :
F(s) :f kS~ le ™ dk
0
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F’(S) — jooks_le—mk ln(k) dk = i(r(5)> F(S)
0

ds\ ms

() + P (z + %) = 2p(22) — 2In(2)
Y (%) = -y —2In(2)

2705. Find a closed form:
jl(x+2)ln(x+ 1)
Q=
0 x(x+3)
Proposed by Shirvan Tahirov, Elsen Kerimov-Azerbaijan

Solution 1 by Pratham Prasad-India

Q- flln(x+1) +2f11n(1+x)d
=3) Tx+3 ™73 o
IBP

2 1ln(x+3) (-prtet
—§‘“Z(Z>‘§fo P 32 f tdx =

- i) —ljlwdx +§§: O
0

3 3 x+1 ] n?
1 1(td/  ;/ x+1 1
=§1n2(2)+§j0 a(Lzz(— > ) dx+24(2) =
-5 2(2)+1 Lip(—-1) - Li (—l> i1 (2)—11 2(2)—1L' (—1> 22
=3n 3\ Li2 i2| 3 3( =3n 3Li2(—3 6(()

Solution 2 by Cosghun Memmedov-Azerbaijan

(" +2Inx+1) 1M (x+2)In(x+1)
Q_fo x(x +3) dx_ifo dx —

X
M

1fl(x+2)ln(x+1)d 1 Mo N
3 ), x+3 x=zM-N

N

(TG +2)In(x+1) _ S (—1)" (LAt 4 2xm
M—fo dx = Z fo

X n X

dx =

(_ )nf (x™ + 2x" Vdx = — Z( 1)n(n11+%)=

nl
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‘Z GO oG VR W G VA o G 1)"
n(n+1) = n? (n+1)

( 1)n ( 1)n 2 2
Z —1+?—21n(2)—1+?

(x+2)ln(x+1)dx=fwdx=j In(x)dx -
1 1

N= 0 x+3 x+2
21n(x) x+1-x 21 ( ) 1.B.P
.’;x+2dx=21n(2) 1—§f_ N = 1-
%Z (—%)nf "In(x)dx = 2In(2) — 1 — In (2)2(_ )"
n=1
o [ 1\
%z(n_f)l f "dx =21In(2) — 1 —In (2)2(_) ~
n=1
© 1 n+1
%z( z(n(fnz 1)=21n(2)— ln2(2)+1—;+le<—%>

n=1
Q—lMN12121n22121122n2L1—
=M -N) =2 (2In(2) - 1+ 7= - 2In@) + 1+ n*(2) - T~ Lo (—5) | =

n? In*(2) 1 ( 1)

= — —=Li,|—=

36 3 3 2
2706. Find:

Vi3
6sin2xtanx
dx
0

1+ cos?x

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
sin x

sin2xtanx = 2sinxcosx = 2sin?x
CcoS X

T . T . 2 T 2

6sin2xtanx 6 2sin“x 62(1 — cos“x)
— S dx=| ————-dx= e dx =
o 1+cos“x o 1+cos“x o 1+cos
T

S S Y [ S
")y \1+cos?x =%, 1+cos2 o

Tl' I
_4j€ sec’x d 2()%_4f€ sec’x dx_Foag T
%), secx+1 Yo=%) tanZx+z 3 3
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Let tanx=uthensec2xdx=du,whenxz0thenu=0;ngthenu:\/—l§
T T i
szgﬂ dx=1=fg du dx=iarctan ﬁ =iarctan<i)
o tan?x + 2 o U242 V2 N3 V2 6
f%—sin 2xtanx dx =41 — r = iarctan <i> _r
o 1+cosZx 3 V2 v6/ 3

2707. Find:

dx

w
JK sin2x cosx
o Sinx + cosx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 + sin 2x = sin? x + cos? x + 2 sin x cos x = (cos x + sin x)?

sin2x cos x = cos x (1 + sin 2x) — cos x = cos x (cos x + sin x)? — cos x

sin2xcosx . Ccos x
=cosx(sinx +cosx) —————=

sinx + cosx sinx + cosx

1 . ) 2cosx
= —(2cosxsmx+ 2 cos x—_—)
2 sinx + cosx
1/ . 2cosx
=—(sm2x+ 1+c052x—_—)
2 sinx + cosx

S

T

6 1 1
f (sin2x + 1 + cos 2x)dx = (—Ec052x+x+isin2x> =
0 0

() G0+ (F-0) -

T T
6 2cosx 6 (cosx + sinx + (cosx — sinx)
(—_ )dx = - dx =
o \Sinx+ cosx 0 sinx + cos x

T

6 (cosx — sinx) . 5

= 1+ — dx = (x + In(sinx + cos x)), =
0 sinx + cosx

g | RMM-CALCULUS MARATHON 2701-2800
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=E+ln<\/§+1>=z+ln(

1 V(4
6 2 6 ﬁ_1>28_1“(‘/§_1)

T
J‘E sin 2x cos x

I

61/ . 2cosx
—_ xzf —(sm2x+1+cos2x— )
o Sinx + cosx 0 2

sinx + cosx

1/V3+1 © = v3+1 1
_E< 2 +g—g+ln(\/§—1)>— 3 +Eln(\/§—1)
2708. Find:
%1—sin3x
J—.dx
o 1—sinx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 - sin3x = 1 — 3sinx + 4sin® x = (1 — sinx) — 2sinx(1 — sin? x) + 2sin3 x =
= (1 — sinx) — 2sinx(1 — sinx)(1 + sinx) + 2sin® x

1 - sin3x ] ] sin3 x
— =1-2sinx(1 + sinx) + 2.— =

1-—sinx 1-—sinx

1-(1-sin®x)

=1 - 2sinx(1 + sinx) + 2.

1—sinx
] ) 2 2(1 — sinx)(1 + sinx + sin? x)
=1 - 2sinx(1 + sinx) + — — - =
1 - sinx 1-—sinx
2(1 + sinx)

= —1—4sinx — 4sin® x +

(1 - sinx)(1 + sinx) -

2(1 + sinx) B

= —1—4sinx — 2(1 — cos2x) + 5
cos? x

= —3 — 4sinx + 2cos2x + 2(sec? x + tan x)

T

%1 — sin3x 6 . ”
f —Fdx = f (—3 —4sinx + 2cos2x + 2(sec” x + tan x)) dx =
0

o 1-—sinx

10 | RMM-CALCULUS MARATHON 2701-2800
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T

= (—3x + 4cosx + sin2x + 2tanx + Zsecx)g =

= n+4><\/§+1+2><2+2><1— n+2\/§+6+1
2 2 2 V3 V3 2 V3 2

27009. Find:

14
j? cotx - cosx

—dax
% 1 + sinZx

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
cotx - cosx _ cos’x _ 1-sin’x
1+sin2x  sinx(1+ sin%?x) sinx(1 + sin?x)

2sinx

1 2sinx 1
sinx 1+sin?x sinx 2 -—cos?x

T

%cotx.cosx % 1 2sinx % 3  sinx
j—_ =j( - )dx=Jcscxdx—2J oo dx=
m 1+ sin?x m \sinx 2 —cos?x % %2—coszx
T n z
—(l . x)§+f§ d(cosx) 4 |t 4 l|t Tl.'|+ 1 : V2 + cosx|\3 _
= (In]| an2|% %Z—COSZX_ n an6 n an12 NG n\/f—cosx E_
6
1 1 |2v2+1] 1 [2vV2+V3
=ln(—)—ln(2—\/§) +—1In ‘——ln‘—
V3 V2 o |2v2-1| V2 |2V2-43
2710. Find:
T
fil—cscx
n 1+ tanx

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

CoSsXx cosx

1-—cscx cosx(sinx — 1)
1+ tanx sinx(sinx + cosx) sinx+ cosx sinx(sinx + cox)

RMM-CALCULUS MARATHON 2701-2800
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1 ( cosx — sinx) (cosx + sinx) — sinx

+ —
sinx + cosx

2 sinx(sinx + cosx)
1 cosx — sinx 1
2 sinx + cosx sinx + cosx
1
1 cosx — sinx
:E(1+sinx+cosx)_cscx+ 1 \/El -
—sinx + —=cosx
V2 V2
_ 1 (1 COSX — sinx) 1 _
2 sinx + cosx \/—sm( N x) a
1 (1 coOSX — sinx) N 1 (n N )
== — ) —cscx+—csc|—+ x
2 sinx + cosx V2 4

T

%1—cscx 3/1 cosx — sinx 1 yi4
j—dx=j (—(1+—)—cscx+—csc(Z+x)>dx=

%1+tanx T \2 sinx + cosx V2
T
=(f —ln|smx+cosx| 1n|tan |+—ln|tan(n+x)| >§=
2 2 N 8 ' 2
6
( ”) \/_+1 In [tan 7| +1Int |+ l|t o2 |t o7 _
3 n an6 n an12 n an24 \/E an24
(n) l|t n|+1 |t n|+1l |t m_o1, |t sl
=|—=)—Intan—|+In |tan—| + —=In [tan— ——In |tan —
6 ane an o+ Bin|angg| - Fn|Engg|
2711. Find:
V3
J§1+secx
%1+cotx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1+ secx (1 + cosx)sinx sinx N sinx
1+ cotx (smx + cosx)cosx cosx(sinx + cosx) sinx + cosx

(sinx + cosx) — cosx sinx 1 1 sinx

; +— = ; +—
cosx(smx + COSX) sinx + cosx cosx Sinx + cosx Sinx + cosx

12 RMM-CALCULUS MARATHON 2701-2800
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1 1 4 1 (1 COSX — sinx)
= secx — — 11— =
‘/Esmx 1 1 2 sinx + cosx
+ —=cosx
AR _
1 4 1 (1 COSX — smx>
= secx — _— -1 —-——) =
\/_ 2 sin ( ) 2 sinx + cosx
1

= secx cscC (n + x) + 1 (1 cosx ~ sinx)
B NG 4 2 sinx + cosx

§1+secx % 1 13 1 cosx — sinx
f —dx =f secx——csc(—+x)+—<1——> dx
% 1+ cotx %

V2 4 2 sinx + cosx

<ln|secx + tanx| —

T X x 1 %
\/—_ln|tan(8 2)|+E—Eln|smx+cosx|) =

6

2 +v3| 1 7 5 T om V3+1 3
=t 22 = (infran ()]~ fean (55)]) + G- 5) - 5 ([P - w75 -
a5 n i G)] on ()
=1mn \/§ \/E n |[tan 24 n |tan 24 6
2712. Find:
(3
j§ 1+ cosx
% 1+ tanx
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 + sin2x = sin’x + cos?x + 2sinx. cosx = (sinx + cosx)?

1+ cosx (1+ cosx)cosx

cosx
1+ tanx  (sinx + cosx)

cos?x
~ (sinx + cosx) sinx + cosx

_ CcOSXx 4 1 1+ cos2x _ COSX 4 1 1 + 1 coSs2x _
"~ sinx + cosx 2sinx + cosx sinx + cosx 2sinx + cosx 2sinx + cosx
1 cosx — sinx 11 1 1 cos2x
=2 (1 s eosn) 251 2
sinx + cosx V2 ginx

+ =
V2 V2

13 | RMM-CALCULUS MARATHON 2701-2800
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cosx — sinx 11 yi4 1 2cos2x
) (z+x)+ £

4 \/1 + sin2x

J‘% 1+ cosx d f% (1 (1 4 COSX — sinx) 1 (n N ) + 1 2cos2x )d
—dx = — cSsc X - ]dx
sinx + cosx 22 4.1 + sin2x

g1+tanx m \2
T

X 1 T 1 3

(2 + In|sinx + cosx| + Fln |tan (2 §) | + ) X 2V1+ sin2x>
_1(1r n)+ 1 (l |t (7n)| : ‘t 1 +\/§ 1 _
~2\3 76/ Ty g UM 2g)| T A *32 2 2=

511'
_1(11.')+ 1 (l |t (711')| l|t <5n>|>+1 1+\/§ 3
2%/ T\ M 2g)| TP M 20)|) T 2 2 2

1

2 (14 Sosxsinx
2 sinx + cosx

2713. Find:
(A
ja sinx
o 1+ tanx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 + sin2x = sin? x + cos? x + 2sinx cosx = (sinx + cosx)? (1)

1 1 T
sinx + cosx = V2 (— sinx + —cosx) =+/2sin (x + Z) (2)

V2 V2

sinx sinx.cosx 1 sin2x 1/1+sin2x—-1

- 2 sinx + cosx - E( V1 + sin2x )
1 ) @
sinx + cosx

1+ tanx - sinx + cosx
1 ) m 1

1
=—(Vv1l+sin2x - ——— —(sinx+cosx—
2 ( V1 + sin2x

2
1 . n 1 ( N Tl')
=—| SINX + COSX ——CSC| X + —
V2 4

2
Tl' 11'
jﬁsinxd_J61,+ 1 (+n)d_
, 1+ tanx X = .\ 2 sinx + cosx \/ECSC x+7 x =

SE]

1 1 T4
:2< cosx+smx—\/——ln|tan(8 2)|)

0

14 RMM-CALCULUS MARATHON 2701-2800
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= %(1 _2\/§+ 1> —ﬁ_(ln|tan<;4)| —ln|tan (g)|) =
= %(3 _2\/§> - 2\1/2 (ln | tan (;Z)| —In | tan (g)| )

2714.

i 3

I A—fz ad d A = anG 105 (b)+3 21n(2) m
FA= ) T cos ™ = ant ——g=¢(b) + 37" In 8
then solve forreals : x*—x>*—-2x+2=a—b

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Exodo Halcalias-Angola

T

A_ff x3 d—zf% (2x)3 d_f% x3 dx =
~Jy 1—cos(x) = 0 1—c0ns(2x) = o Sin2(x) =

n a 3
= z 4
x3 f dctg(—x))| g + 24J x’ctg(x)dx = i
0

Vs

5 ] % 7 ) m 3,
X dln(smx))| —48 | xIn(sin(x))dx = ———-m“In(2) —
0 o 8 4

Y3

48JZ . (1) Zcos(ka) dx = 3 3 2In(2) +
0x n(z 2, . x=-g—77h

3
3
481In(2) j xdx + 48 Z j xcos(2kx)dx = — r_ an In(2) +

keN 8
2In(2) + 48 z ( in (nk) 1 (nk) 1 ) =
” SN2 T2\ 2 Ta2) T
3 3 sin (nk) cos
—g T m@en ) —tre1z) —E “Zkf
3 3 keN ( )k 1 keN ( )k keN
n — —
T3 e Z 12 Z —12¢(3) =
3 411' n(2) + 6w 2k - 1)2+ k)7 {(3)
keN
11.3

3
51" 21n(2) + 616G + 5(21-3 -1{B3) - 123(3) =
6mG — 102 (3)+3 ?1In(2) m
T 3 4 41‘[ n 3
a==6, b=3
x*—x*-2x+2=6-3

15 RMM-CALCULUS MARATHON 2701-2800
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4342 —x—x2—-x-1=0
P +x+1D)—x(x*+x+D)-(x*+x+1)=0

2 —
x*—x—1=0

<+1)2 3 +1 +,\/§ 1+_\/§

X —_ = —_—— _—— —_— [ —_—

. 2 a_ )T )T TR
V5

| ( 1)2 5 | 1 . | 1 . N
\\*72) 72 ¥ 272 | *72%32
S = 1 + '\/E d 1 + V5
T2ttty d
Solution 2 by Yang Silva Cartolin-Peru
r 3
A:fzx—( =t (E)—> x = 2arctg(y) » dx = 2dy>
ol—cos(x) Y gZ gy 1_|_y2
1ar(:t 3(x 2 1arct 3(x x=tg(t), dx=sec?(x)
A=f g()( )dx=8j 9 . o
01_1—x2 1+ x? 0 2
1+ x2
i { u=x3- du=3x%dx
%arctg3(tg(x)) I PPAlu={ csc?(x)dx=—ctg(x)
f 2 sec?(x)dx = 8[ x3csc?(x)dx =
0 tg>(x) 0

n L 3
8 ([—x3ctg(x)] g +3 j4x2ctg(x)dx> = —% +24A, — —(a)
0

, { u=x2- du=2xdx
E Lp.p: u:fctgdx=ln(sen(x)) E
En A= f x“ctg(x)dx = [x* In(sen(x))] 0
0

1 ? 1

2_[ xIn(sen(x))dx A= —ﬁln(Z) - Z.f xIn(sen(x))dx
0 0

- cos(2nx)

#0bs: In(sen(x)) = —In(2) — Z -

n=1

? 1 1 (%
A= ——1In(2) + 2 ln(Z)J xdx + ZZ—f xcos(2nx)dx =
32 0 1n 0
n:

. u=x- du=dx
Lp p{ fcos(an)dx— 1 sen(2nx)

ln(Z) + 2 Z (—sen (11;) 41112 [cos( ) 1])
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o)

ln(z) N 425611 Z COS zzn3

n:

mn
0, 2k
. _ sen(z) mny 71
#0Obs : S, = — sen(z)— 1Ln=4k+1
n —1,n=4k+3

n=1

o1 o1
SIZ;W‘;WT)Z:ﬁ(Z):G

#0bs szziﬁ

n3
n=1
mn 0,n = impar
Notamos : cos (—) = n
2 (-1)2,n = par

mn) = cos(mm) =

Solo quedan terminos con "n" par: n=2m - cos(

nm nm 1 3
y D 82( S (3 = -3

(_1)m SZ (2m)3
2 1 1w 1
A1=;t—21n(2)+ G+2< —((3))—52‘1?:
1t2l B -
3—2n(2)+ G——((3) ((3) —ln(2)+4G——((3)
3 3 ?
A=—?+24A1=—?+24<321n(2)+ G——((s)

105 3 w3
= _—— - 2 - =
A= 6mG 8 ((3)+41t In(2) 3
a=6, b=3
xt—x2-2x+2=6-3
xt—x?-2x-1=0-> (P+x+1DH*-x-1)=0

( 1 3
2 1= =——+4i—
!x +x+ 0, x 2_12
2 1=0, x=22¥
Lx X = ,x—z_2
1 V3 1 +5
: ——+i— —+—
C.S = {2 12 and2 2}

Solution 3 by Pratham Prasad-India

T
A f? x3 4 1f7 x i
= —_—ax = — —_—ax =
o 1—cos(x) 2Jo sin2 (%)

SN
Zy

17 RMM-CALCULUS MARATHON 2701-2800
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L IB,P

z B
8 f 4y3cscz(y)aly 2 [-8y3ctg(y) + 24y* In(sin(y))]
0

- 3 3 1 2
48 .[04 yln(sin(y))dy = —% + Enz In (\/f) 48 (;T—zln(z) +—=G— EB{( ))

ONﬁ

105 3 3
A= 61G — T47(3) + an In(2) — —

8
a=6, b=3
xt*—x2-2x+2=6-3
xt—x*-2x-1=0-> (xX*+x+1D)x*-x-1)=0

( 1 3
[ x2 — — 4
x*+x+1=0, x 2_12
2 120, x=22 2
Lx X = ,x—z_2

Solution 4 by Quadri Faruk Temitope-Nigeria
Y3

A JZ x3 dx - 1 1, (x)
~Jy 1—cos(x) YT cos(x) 2°°° 2
s

3 n %:y dx=2dy
A—jzx—dx—ljzﬁcscz(f)dx =2
0 1 — cos(x) 2o

P

MW

f (2y)® csc2(y). 2dy = 8 f 0 esdy

T

8 ((—y%tg(y))g) +3 f yietg(y)dy| =

T

3

8 ”+3f§2t()d
=8|-2 yctg(y)dy

4 oz n
[ y2etgnay = v inGsin(y| T -2 ['yinGsingay -
0 0

2 LA

4
_3_21n(z)— fo yln(sin(y))dy

- In(sin(y)) = In(2) — Z M

2 m
—;T—zln(z) Zj ln(2)ydy+22 fycos(Zny)dy—
1 mn 1
—ﬁln(z>——ln<z>+zz [=sin (57) + gz cos (57) — 3] =

18
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2

- sm cos
—3—21n(2)+ ln(2)+4z ZZ zZnS =

2

T L1 3((3) ((3) nt

> 321 (2)+4G——((3)
3 ?
A= 8[—a+3<3—21n(2)+ G——((S))

A= 6mG — —((3) + Enz In(2) — ”—3
8 4 8
a=6, b=3
xt—x*-2x+2=6-3
xt—x*-2x—-1=0o0or (X¥*+x+1)x*-x-1)=0

2 x+1=0 ( +1)2 3 1+ V3
=0- = -] === > = —— —_—
!x X X X > X 2 lz
2 5
I 2 _y_1 = —( _1> —E —1 _
k X x—1=0- x=(x 5) = - x—2 2
2715. Find:

T
f@ sin?x .cos3x
0

1+ sinx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

— . 2 3 E = 2 = 2
Jesm X .COS xd fﬁsm x.(1 —sin“x).cosx
— . ax = .

o 1+sinx 0 1+sinx

dx

yi4 1
(let sinx = u then cosxdx = duwhen x = 0 thenu = 0,when x = — thenu = —)

2u2(1 — u?) 2u2(1 — w)(1 + u) 3
:f —du:f du:f (u? —u*)du
0 1+u 0 0

1+u

1
B w uw\Z2 1 1 5
“\3 5 o ~24 64 192

2716. Find:
3
6 sin’x + sinx. cosx
f - dx
0 1+ sinx
Proposed by Nguyen Hung Cuong-Vietnam
19
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Solution by Tapas Das-India

sin?x +sinxcosx  sin®x + sinxcosx )
.(1—-sinx) =

1+sinx " (1+sinx)(1—sinx)
_ sin®x (1 — sinx) N (1-sinx)sinxcosx _
- cos? x cos? x 3_ ,
sin’ x sin“ x
= tan® x (1 — sinx) + tanx (1 — sinx) = (sec’x — 1) - ——— + tanx —
cos? x cos x
5 1-cos’*x sin? x
= (sec*x—1) — 5 sinx + tanx —
cos? x cos x

T

6 T 1 T
seclx — 1dx = (tanx — x)% = — ——
K ydx = ( =3

V3
(g (e d) - (903)

J% 1—cos’x
(] 1

(4 3
(let u = cosxthendu = —sinxdx ,whenx =0thenu=1,x= s thenu = 7)

5 sinx dx =f
cos? x

6 m 2
f tanx dx = (log|secx|)® = log (—)
0 0 V3

Y

n 4
6 (sin® x s -

dx = - dx = (1 t — si 6 — 1 3 ——
J <cosx> x L (secx — cosx) dx = (log|secx + tanx| — sinx )§ = logV >

0
dx =

T
j@ sin’x + sinx.cosx
0 1+ sinx

=(¢i§‘§)‘ (?*%)‘2 +‘°g(%)‘(“’g@‘%)ﬁ‘T‘a‘“gi

2717. Find:

dx

T
.]‘E sin3x + sin2x

0 1+ sinx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

sin3x + sin2x = 3sinx — 4 sin® x + 2sinx. cosx =
= sinx(3 — 4 sin? x + 2cosx) = sinx(4 cos? x + 2cosx — 1)

sin3x + sin2x _ sin3x + sin2x

= 1—si =
1+ sinx (1 + sinx)(1 — sinx) (1= sinx)

20 RMM-CALCULUS MARATHON 2701-2800



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

sinx(4 cos? x + 2cosx — 1) ]
= > (1 - sinx) =
cos2x

sinx(1 — sinx) _

= 4sinx(1 — sinx) + 2tanx(1 — sinx) —
( ) ( ) “osZx

2sin? x

= 4sinx — 2(1 — cos2x) + 2tanx — — (tanx.secx — tan®? x) =

osx
= 4sinx + 2cos2x — 2 + 2tanx — 2(secx — cosx) — secx.tanx + sec’x — 1 =

= 4sinx + 2cos2x + 2tanx — 2secx + 2cosx — secx.tanx + sec’ x — 3

dx =

T
j@ sin3x + sin2x
0 1+ sinx

T
6

= f (4sinx + 2cos2x + 2tanx — 2secx + 2cosx — secx.tanx + sec’> x — 3)dx =
0

Y3
= (—4cosx + sin2x + 2log|secx| — 2log|secx + tanx| + 2sinx — secx + tanx — 3x); =

4/3 3 2 1 2 1 T
—<—T+7+210g—,§—210g\/3+2XE——§+—§—3Xg)—‘l-—l—
3v3 2 1 T
=_T+21°g(§>__w/§_i+6
2718. Find:

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

sin*x 3 . )
——— =sin°x—sin“x+sinx—1+-——
1 +sinx 1+ sinx
T Y3 T T
6 =3 6 . 2 6 . 6 . 2
sin® x dx = sinx(1 — cos“x)dx = | sinx dx — sinxcos“ xdx =
0 0 0 (]

w w

6 6

=J sinx dx+j cos? xd(cosx) =

0 0
L | T V3 1/3V3

_ 6 3.6 _

= (—cosx), +§(cos X)g = —7+ 1 +§<T_ 1)

S|

m
f L2 g _1]%1 ) d _1( sin2x>€_11t V3
0smx x—zo( cos2x) x—zx 2 ), 2\67 2
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T

L 1o
0

sinxdx = (—cosx)§ =1 ——

2
T
fdx—(x)0

s
6 1 6 1 - sinx
f—.dxzf — x—f (sec? x — tanx secx)dx =
o 1+sinx o 1—sin“x

(t )E L 2 +1

= (tanx — secx)’ = —— — =——

B V3 V3

1+sinx o 2 3

J’% sin* x p V3 1<3\/§ 1) 1<1t \/§> V3 ™ 1
0

2719. Find:
A
ja tanx
————dx
o 1+ sin%x

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
tanx sinx

1+sinZx cosx(2 — cos?x)

Let cosx = uthen sinx dx = —du
v 3
whenx = 0thenu =1, whenngthenu=7
T T \/§

fﬁ tanx d IE sinx d fT du
—_—ax = X = — —_—
o 1+ sin?x o €0sx(2 — cos?x) ; u(2—u?)

u u
= _— == R l —
_fgu(z—uz) 2 @ u Z—uz) (n(IuI))\/— 4J~/— 2 — u2 du
1. (V3\ 1 1 1 3\ 1 /5 1 /5
— _ )\ _= a2 - _ = - - ) -
- 2“‘(2) g (In|2—u D@ 4ln<4>+4ln(4) 4'“(3)
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2720. Find:

[

f@ tanx 4
————dx
o 1+ cos?x

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
tanx sinx

1+ cos2x cosx(1+ cos?x)

Let cosx = uthen sinx dx = —du

_ T V3
Ifx=0thenu=1,lfx=g thenu=7

T V3

f% tanx d .I‘E sinx d j‘T du
—_—ax = X = — —_—
o 1+ cos?x o cosx(1+ cos?x) 1 u(l+u?)

_J B L(1+u? f f udu
B gu(1+u2)_ g u(1+u2) V3 u 31+ uZ
1 1 V3 1 7
_ _Z 2\ — e[ X2\_Z2 —1nl) =
—(lnlul 2ln|1+u |)g— ln<2> z(an ln4)—

2721. Find:
T
f% 1+ cos3x
0

1+ cosx
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1+ cos3x = 4cos®x —3cosx +1 = (1+ cosx)(4cos?x —4cosx+1) =

= (1+ cosx)(2 + 2cos2x — 4cosx + 1) = (1 + cosx)(3 + 2cos2x — 4cosx) (1)

T
JE 1+ cosSx (1)
0

f (3 + 2cos2x — 4cosx) dx =
14 cosx

T g 3
= (3x + sin2x — 4sinx)§ =5+ 2
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2722. Find:
r 2
f6 tan“ x
o 1+ cos?x

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

tan? x sinx sinx
1+ cos?2x cos2x(1+ cos2x) (1—sinZx) (2 —sin%x)

_ (2 —sin’x) —2(1 —sin’x) _ 1 2 3
~ (1-sin2x) (2 —sin2x)  (1-sin?x) 2-sinZx
) 2 sec?x 5 2 sec?x
=sec?x — =sec?x ————
2sec2x —tan? x 2 +tan? x
T T

T

6 tan®x [ & sec’x
—zdx= secxdx — 2 —de=
1+ cos“x 0 0o 2+tancx

0

s T

L 6 d(tanx) 1 2 tanx\\6 1 1

= (tanx)® — 2 j ————dx=——-— (arctan( )) — —+/2 arctan (—)
( o o 2+tan®x V3 V2 o V3 V6

2723. Find:
T
fﬁ tan? x
o 1+sinZx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

T T
fﬁ tan* x f@ sin* x sec?x.sec?x
0 0

1+sin2x 1+ sin? x dx.

Let tanx = u thensec? xdx = du
T 1
x=0-u=0andx=—->u=—
6 V3

sin? x = u? sin*x = u?
14 u?’ (A +ud)?’
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Using above result

f%sin“x sec?x. secx \/— ut i
o 1+sin?x 1+z2" "
1 1
—_ 2 —_
aBfuv 1 1 f\/§u J\@ f\/§ 1
= [P(=-242 du + ~ du =
fo (2 171 2u2+1> o ta), eEe1 ™
i
u3>7§ 1 1 4 2 1 1
\/—
=—| —-=(u arctan(v2u))¥3 = —arctan| |- |+ ———-——
(6 0 X ( (Vzu))y 42z 3/ 183 43
1 ¢ 2 7
=——arctan| |- |-——
42 3/ 36V3
2724, Find:
z 4
Jg tan“x d
——ax
o 1+cos2x

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

Let tanx = u thensec? xdx = du

0 0andx =~ 1
x=0-ou=0andx=—-u=—
V3
sinsz,cosxz ! ,sectx=1+tan?x =1 + u?
vu? +1 vu? +1

Using above result:
1

6 tan*x 6 sin*x 5 ut
—-dx = —Zsec x.sec’xdx = sdu =
o 1+cos“x o 1+cos“x 2+u

1 1 1 1 1
e e 7 du u3\v3 = 4 U\\7=
= fﬁuzdu—zfﬁdu+4 x/§_2: <—> —Z(u)},/g+—(arctan(—)>\/§=
0 0 o 2tu 3 /o V2 v2//,
1 1 2 1 17
= 2+/2 arctan ( ) + ———— =2+2arctan ( ) ——
V6/  9vV3 3 V6/ 93
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2725. Find:

4
f@ tanx
o 1+ cos?x

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

w T

fﬁ tanx j6 sinx
——dx = x
o 1+ cos3x o €osx(1+ cos3x)
Let cosx = uthen sinx dx = —du
T V3
x=0—>u=1andx=g—>u=7

T

je sinx dx jT _ j _
o €0sx(1 + cos3x) = . u(l+ud) @u(l +ud)

1+u?) 1 u?du . 1 1
I ~Z(log|1 +u3|)'5 =
Jf u(1+u3) fﬁ u JEA ) = (ogluDys 3 (logl1 +u D@

V3\ 1 1 8+3V3\ 1 8+3V3
=—10g<7>—§log(2)+§log< 8 >=—log< 6\/§ )

3
2726. Find:
T
JE tan®x p
————dx
o 1-+sin2x

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
tanx sinZx B sinZx B
1+sin?2x  .cos?x(1+sin?x) (1 —sinZx)(1 + sin2x)

_1(1+sin2x)—(1—sin2x)_1< 1 1 )_
2 (1-sin?2x)(1+sin2x) 2\(1-sin?x) (1 +sin2x)/

26 RMM-CALCULUS MARATHON 2701-2800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

1 ) sec? x 1 5 sec? x
=—(sec?x — =—|sec’x —-———
2 sec2x + tan2 x 2 1+ 2tan?x
T T
fa tan?x p 1 f@ ) sec? x 4
————dx =— sec’x ————|dx =
o 1-+sinZx 2 J, 1+2tan?x

1 T 1 (6(/ d(tanx) 11 1 z
=—(t 6 _ _ — ldx=—- —-—— t. 2t 6 =
> (tanx)g 2,[;, (1 2 tan? x) N (arctan(v2tanx))?

1 1 .
= ——=———=arctan| |-
2V3  2V2

T
jz 1+ tan2x
o 1+sinx

e

2727. Find:

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

T
JE 14+ tan2x

s
6 6 tan2x
- . ax —.dx +
o 1+sinx o 1+ sinx

———dx=1,+1
o 1+ sinx 1Tz

T T
I fﬁ 1 d j‘E 1—sinxd
= —_— x: —_— x:
17 )y 1+ sinx o 1—sin?x

T T

T

61— sinx [3 ” 6

= —dez sec“xdx — secx.tanxdx
o COS*Xx 0 0

w w 2

= (tanx)g — (secx); =—- <_ — 1) —

V3

V3-1
V3

i f% tan2x f% sin2x d % 2sinxcosx d
= —_—ax = X = X =
z o 1+ sinx o €0s2x(1 + sinx) o (1—2sin?2x)(1 + sinx)

T 1
(Letsinxzuthencosxdx= du,x=0—>u=0andx=——>u=5)

_J‘% 2u d _ZJ‘% u d
"l 2@+ w) T G- Van) A+ rw)
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u _ A 4 B 4 C
oG+ ana+w G+vaw)  (—vaw)  d+w

u=A1+w)(1-v2u)+ B +w)(1+V2u) + c(1 - 2u?)

1 1 V2-1
Weputu=\/—iweget1=ZB(\/f+1)orB=2(1+\/§)= >
1 -1 V2 +1
Weputu=—\/—7 weget—1=ZA(\/E—l)or,A=—2(ﬁ_1)=——2

VZ-1 V241
Weputu=0weget0=A+B+CorC=—(A+B)=—< — ):1)

2 2

Y (e S PR
2= o \@+v2u)  (1-vzu) A+w )7

N[ =

=2(%108|(1+\/§u)|—%10g|(1—\/§u)|+Clog|(1+u)|)0=
B \/E+11 2+2 \/5—1l 2-2 : 3
ST °g< 2 )" vz °g< 2 )*“g(i)

T

61+ tan2x
[FLEtmmE o, -
0

1+ sinx

V3-1 ﬁ+11 2++2 \/5—11 242 | 3
e e e S R

2728. Find:

V3
fﬁ 1 d
o 1+ tan3(x) .

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mirsadix Muzefferov-Azerbaijan

1 1
1+tan3(x) (1 + tan(x))(1 — tan(x) + tan2(x)) -
1 1 2 — tan(x)
3 <1 + tan(x) + 1—tan(x) + tanz(x)>
8 1 tan&;ﬁ)—)t
jo 1+ tan3 (x)

1 3 2t
E(L (1+t)(1+t2)dt+f0 A-troa+ oW =hth
Q:.Ql+.Q.2

1
173 (1+t)(1+t2)

5

11 (3

§E<f 1+t f (1+t2)dt+f (1+t2) )
1 3+ 1 4\ =« 1+V3\ =
a( 3 >‘§‘“(§>+z>=a‘“< 2 ) 36
f (1—t+t2)(1+t2)d

1-2t T 2t p ? 1 s
f 1—-t+¢t?) +f0 (1 + t2) t+f0 (1 +t2) L=

( V3 V3 \/§>

—ln|1-t+ t2||?+ In|1 +t2||?+arctan(t)|?

1R 4-+3 m\ _1 16 +4V3\ =
—5(“(§>‘“< 3 >+€)_§“<—13 >+E

n
6
=0, +Q, =
,[1+tan3(x) 1+ 8
_1, (1+V3) w1 (16+4V3) m 1 (344+216V3\ m
“e™ 2z )t tz™ 13 )t1sTe™ 169 12
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2729. Find:
V(3
fﬁ tan2x
o 1+ cos?x

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

f% tan2x _ f% 2sinx.cosx _
o 1+cos?2x ™ 7 ) cos2x(1 + cos?x)
n V3
_ .”E 2sinx.cosx dx = fT —2udu
o (2cos?x—1)(1+ cos?x) = ; @uz-1)(1+u? v
_ s V3
cosx = uthensinxdx = —-du,x=0->u=1andx =E —>u=7

B 2udu du = 1 dt ~
_f§(2u2—1)0+u2) "_J% 2t— DA +0)

2 4

B 21+t)—-(2t—-1) _1 1 2dt 1! dt
‘§Js 2t—1DA +1) L (2t—1) 3J3 A+t
1

=3 (o852, -} @
8|1+t 39813

2 V3 3
u“=tthen2udu=dt,u=—->t=—andu=1->t=1

2730. Find:

Tl'

jg 1 d
o (1+sinx)3 .

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

X
Lett = tan— thendx = —— ,
2 1+ t2

dt =

f 1 2dt  ((1+t?)* 2

1
——dx = = .
f(1+sinx)3 . (1+ 2t )31+t2 (1+8)° "1+ t2
1+ t2

_9 (1+¢%)? dt = 2 t*+ 2% + 1dt 1+t=uthen dt=du
B 1+06 (1+ )6 -
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u-1D*+2w-1%+1 u* —4ud +8u®> - 8u+4
2 6 du:2 6 d‘u_:
u u
_2f<1 4+8 8+4)d— 2+4 16+4 8_
B oW wt w o ws) T T W 3wt sus
__ 2, 4 6 4 8
1+t (14+86?2 31+16)3 (A+0* 51 +1)5
2 4 16 4
- x T o2 w3 ot 05
l+tany (1itan3) 3(1+tanz) (1+tan3) 5(1+tany)
- s
fa 1 p 2 N 4 16 N 4 8
—_—dax = — —
o (1+sinx)? 1+tanZ x)2 x)3 x\* x)®
2 (1+tan2) 3(1+tan2) (1+tan2) 5(1+tan2) .
=F(E)—F(0)
6
1 _ 1 _3+\/§\/§=ra£dr2=33+1"
1+tan% 1+ (2-+3) 6 6
2
1 _<3+r>2_9+r2+6rr2_=32+r
T "\ 6 B 36 T 6
1+tan12
3 2
1 _ 1 1 _2+r 3+rr2_=39+5r
ECEN m| )] 6 "6 36
1+tan12 1+tam12 1+tan12
4 2
1 _ 1 B 2+r>2r2_=37+4-r
1+tan% 1+tan11t—2 6 36
5 2 3
1 B 1 1 _2+r 9+5rr2_=333+19r
ECi m |- Tl 6 " 36 216
1+tan12 1+tan12 1+tan12

F(n)_ 2(3+r)+4-(2+r) 16(9+5r) 4(7+4r) 8(33+19r) 7 14r
B 6 6 3 x 36 36 5%x216 15 135

F(0O)=-2+4 16+4 g__1
N 3 5 15

w

5 1 T 7  14r 14\ 63 — 141 +=y3 63 — 143
J —_3dx=F(—)—F(0):—————<——>= r/3

o (1+ sinx) 6 15 135 135 135
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2731. Prove the below closed form:

tanh(2nm) — tanh(4nw) G* 1 1

2tanh(2nm) — tanh(4n1t) 16 16" 8t 12

neN

1 1
where, G is Gauss' Constant | = rz (—)
2m\2m

Proposed by Ankush Kumar Parcha-India
Solution by Shobhit Jain-India

tanh(2nn) — tanh(4nm) sinh(2nm) cosh(4nm) — sinh(4nm) cosh(2nm)

2tanh(2nm) — tanh(4nm) ZSlnh(Znn') cosh(4nm) — sinh(4nmn) cosh(th)
—sinh(2nm) -1

- sinh(2nm) cosh(4nm) — sinh(2nm) cosh(4-n1t) — 1 2sinh? (2nm)
B = tanh(2nm) — tanh(4nm) Z B
Ztanh(Znn) —tanh(4nm) 2 ] sinh?(2nm)
n=

— — —4nk
‘_22(1—e—4m)2‘_22 ke
=1

Z km _Pe4")—1
1— e 4km 12

Here, P(q) =1— 242 1= q" ,Ramanujan’'s Eisenstein series

n_

Let, ¢@(q) = Z q*

n=—oo

0@ = 3 (4P - P(@)

1
') =3 (P(@) - 6P(a®) + 8P(q"))
Therefore,  @*(q) + ¢*(—q) = 4P(q*) — 2P(q%)
4(,—T 4c_,—T
q=e™

1 1 3
—2my _ E _ _
Now, P(e™*™)=1-24 T 1-24 (24 — 811') = (known result)

Now, By using these results,
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1/4 /4
pe™) = and ¢(—e™) =——5—
r(z) 2147 (3)
= p(e—tm) = +1 (4 4 w _ 3 4 3 _ 3 4 3 I"4<1)
2m 4\ (g) oIt (g) S 2m gra (§) T 2m 32m3 \4
4 4 4
f Pe* ™ -1 1 1 N 1 4 (1) 1 1 N G?
- == = — — —_ = — — —_
12 8t 12 128m3 \4/ 8m 12 16

2732. Find:

J L (x+4)
dx
0o Vx2 +4x+5
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 2x+4 24 4xs5=u (V10 2ud —
X d x°+4x+5 uf u u=2(u)://_;_°=2( 10_\/§)

—————————————————————— x —_—
0o Vx2+4x+5 N u

1 4 1 1
[ e
0 Vx2+4x+5 0 J/(x+2)2+1

1 3 +10
=4(log|(x+2)+Vx2+4x+5|) =4lo
( g|( )+ |)0 g Ve
1 (x+4) 1! (2x+4) 11 4
———————dx = —dx—i——f —————dx =
o Vx2+4x+5 2)o Vx2+4x+5 2)o Vx2+4x+5
3 ++10
= (V10 —+5) + 210 ‘
( ) & 2++/5

2733. Find:

A
.]‘E dx
o (1+tanx)?

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Tapas Das-India

f cos? x d 1 J 2 cos? x
e — X = —
(1 + tanx)? (sinx + cosx)? 2 ) sin? x + cos?x + 2sinxcosx

2

1Trsimzx > 2

1[1 + cos2x 1f 1 1[ cos2x
1+sin2x * "2

= ——dx
1+ sin2x

_ 1f 1-—sin2x 1f 2cos2x
2

2] 1—sin22x x+Z 1+ sin2x x

1 1
= Ej(seCZZx —sec2x.tan2x) .dx + Zlogll + sin2x| =
1

1
=—tan2x — Zsech + Zlog |1+ sin2x|

4
T T
fg ax —(1:: 2% -~ seczx + ~log|1 + '2|)g—
. (1+tanx)2— 1 anzx 4S€C.X' 4-Og sSinax 0—
1 2++3
—Z(\/§—1+log< > )
2734. Find:
2 x+1 p
—dx
0 3v3x+2

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

1 u—2 u+1
Let3x+2:uthendngduandszthenx+1=T
x=0-u=2andx=2->u=28
x+1 S(u+Du” 3d 1fs< %+ _%>d

———du =— u u u=
\/3x+ 2 9 9/,
_1(3 5,3 §>8_14 3 2
oz T2™), 75 10
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2735. Find:

YA
f@ dx
o (14 cosx)?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

TL' Tl'

f% dx .I‘E dx 1J‘E ,X (1 , X d
————=| ———==- sec —.(— sec —) x=
o (1+cosx) 0 (2 cos? %) 2 ), 2°\2 2

—1f%1+t 2X (1 Zx)d —11%1+t 22X d(t x)—
—20( anz).zsec2 x—zo( anz). anz ) =

—1<t x+1t 3x) —1(t Tl'+1t 3n>ta“%jz—\/§
“z\Aftg gy T\t T3 ) T

SE]

39 +5e-9) -3 -o)

2736. Find:

T
J e*sin? x dx
0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India
1
sin?x = 2 (1 — cos2x) (1)

ax

f e cosbxdx = Z1h? (acosbx + bsinbx) + c (2)

T 1" 1 1"
j e*sin?xdx = —f e*(1 — cos 2x)dx = = (e®)§ ——f e*cos2xdx =
0 2 Jo 2 2Jo

—l(e"— 1) 1 #(ex(cos 2x + 2 sin 2x))1T =
S 2 2°12 422 o

_1 [ 1 1 [ 1 _2 [ 1
_E(e - )_E(e - )_E(e - 1)

35 RMM-CALCULUS MARATHON 2701-2800



ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
2737. Find:

1
j (x+ 7)V3 + 2x — x2 dx
0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

3+2x—x*=4—-(x—1)?andx+7=(x-1)+8

x+DJ4—(x—1)2=(x-1J4 - (x—1)2+8/4— (x — 1)2

1 w1 (O 1 (0
f(x—l) 4—-(x—1)%dx = f u 4—u2du=—5f —2u\/4 —u?du
0 -1 -1

a—ut=¢ 1 (* 1/ 3\% 1 8
= _EL \/Edt=—§(t2>3=—§(8—3\/§)=—§+\/§
1 — 4 — — —
8] Vd—(x—1)%dx =8 ((x D 42 (- 1) + 2 arcsin <x 5 1)) =
0 0

v3 2m 8r
=8{0+—+—]|=4V3 +—
<+2+6> \/+3

1 1 1
f(x+7)\/3+2x—x2dx=f(x—l)\/4—(x—1)2dx+8f 4—(x—1)%dx =
0 0 0

8 8m 8
=—§+\/§+4\/§+?=§(n—1)+5\/§

2738. Find:

3 1 .
fo (1 +sin(x)2 "

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

j% 1 . _fa 1 .
o WrsmGr =l (@

_(r_1 (1 1z 1 dx
"y e e 2 ) e
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X

) n p tan(7)=t—> dt=
2 x x
== | |1+tan*( >—
Zﬁg ( (2) 2cos? (%)
11 1 t3\| 1 1/4 8V3\ 2 43
_ 2 _ L _ .
_zfg(ut)dt 2<t+3>\/_ < )

372
2739. Find:

dx

2cos? (;)

3

3 27

3 27

& 1 .
fo (1 + cos(x))3 *

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

fg - dx_fE;dx—1 c_1 & =
o +cos(x))? " )y 8cosb (%) ~8Jo cost (%) cos? (%)

dx

o ()

F(’zc—) - <1 + tan? @)2 =1 +t3)2=1+2t2+1t%)

1 (23 1 283 t5\[2-3
== 1+22+tH.2dt=~(t+—+— =
8]0 (1 +26%+¢%) 4( 3 +5> 0

=%<(2—\/§)+§(2—\/§)3+%(2_\/§)5> _

1 52 362 209 1,1376 264 344 66
25+ —VB-108-8) =4 (G5 -5 B) =5 5 B

(Let tan(;)=t—> dt=%. )

(

4

2740. Find:
= x In%(x)
"), ara
Proposed by Vasile Mircea Popa-Romania
Solution by Amin Hajiyev-Azerbaijan
= x In?(x) 1~ In¥t)
ﬂz,fo(1+—xz)2dx x% =t Q=§f0 (1+—t)2dt=
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1 1 ] dZ ) t(a+1)—1
~ 8a-0 dazf (1+t)2 Y , (1+0ara+d-o dt =
2

1 d
8llm—ﬁ(a+11 a)——llmd—F(l a)l1+a)=
a—

glim (1~ a)[(1+a)( (¥O1 - a) - p©@(1 + a)) + PV —a) +Pp(1 +a)) =

= %(ztpm(l)) = g

“xln?*(x) @
s A+ T 21
2741. Find:

n
6 tanx

o (14 cosx)?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

tanx Ao = j sinx 5t _ J du B
(1+cosx)? ) cosx(1+ cosx)? B u(l+u)?

1+u)—-u du du

w1+ u)? duz_Ju(1+u)+f(1+u)2=
14+u) - u 1
u(1+u) 1+u Jdu+f1+u 1+u=

— _loglu| + log|1 + u| - —— =10 |1+u|
= —loglu| +log|1 +u| - ——— =log

1 1 |1 + cosx| 1
=10 —
1+u g coSsX

1+ cosx

1oe[2FY3 12
S8\ T2 )27 243

% tanx d —[l |1+cosx| 1 ]
o (1+ cosx)? r=1'o8

S

Cosx

1+ cosxly

2742. Prove that:
j‘l In(1 — x?) ?
0

dx =——-4G
2 arccos(x) dx 1

Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Amin Hajiyev-Azerbaijan

I_flln(l—xz) 0 d ()_tdt_ 11
= . 2 arccos(x)dx arccos(x) = dx 1_x2— sin(t)

, f%tﬂ'n(t) In (Sinz (t)) Qi 2 fgtsin(t) In(sin(?)) it
0 0

cos?(t) cos?(t)

u = tIn(sin(t)), d—I: = In(sin(t)) + tcot(t).
- IBP _ [ sin(t) d = 7 dz = —si d _ dz 1
—fm t cos(t) =z dz = —sin(t) tav——f?—m
_ [tin(sin(®))]? %ln(sin(t)) +teot(t)
_ZlT(t)o_Zfo cos(t) dt =

T V3
fln(sin(t)) Z t

=2 | ——Zdt-2 | ——dt = -21, - 21,
o cos(t) o sin(t)

B %ln(sin(t)) . _du
I, = 'I;) T(t)dt - {sm(t) =u E = cos(t)}

Il—fllln(l:l)z Z[ uIn(uw)du = — ZZ +1f undu =

oo

=N e = @) <2)——"—+———"—2
0(2n+1)2 U 6 24 8

t
I, = j dt Weierstrass Substitution:
o Sin (t)

y = tan (E) t = 2arctan(y) a =——,sin(t) = 2 tan (%) = 2y
2 ‘dy 1+y?’ 1+tan2(%) 1+y?
I j 12 arctan(y) 2dy j1arctan(y)d B - " 2G
2=, <Z_y> 1+y5) ), CTL@n+D?
1+y? =
1—flln(1_x2) (x)dx = —21, — 21 _m 4G
=), . arccos(x) dx = 1 2=

2743. Find:
“1
I= f —ln(1+x)ln<1+ )dx
0

Proposed by Cosghun Memmedov-Azerbaijan
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Solution by Amin Hajiyev-Azerbaijan

“1 1
sz —ln(1+x)ln<1+—)dx=
0o X x

(0]

11 1
f —ln(1+x)ln(1+ )dx+f
0o X x

—In(1 + x)In (1 + ) dx
1

I=1,+1, Izzfl ;ln(1+x)ln(1+ )dx—>{ =t dt=—t’dxt - 0, 1}

1
1ln(1 + t)In (1 +?) IIn(1+1¢ 1
0 t 0 t t

B Lin’(1+¢) In(®)In(1 +¢) 3 _
lllz—(f<f0)Tdt—jo 1 T dt);Z(K M)
n?(1+t ~u ,
K=jofdt—>1—+t=ut=T du=—mdtdu=—udt
_(t (W) _ (tn*(w) Lin?(uw)
K_J%u(l u)du jl " du+J; 1—u du
1 2 2
- [ )] j - | 2’;’_(“) du =
0
_n (2) ZJ uln?(u)du — Zf uln?(u)du =
ln3(2) S In?(2) -
(n+ L7l Zn_o—f In(ar)du =
ln3(2) - In(2)
= +2((3)—ln3(2)—22m—22m=
n=0 n=0
—2In3(2) /1 /1
= T - 2(3) - 2In@) Ly (§> — 2Lis (E) -
= 2@+ %3) - (-2 P(@) +22(3) ) = 2¢(3)
-3 3 4 4
IIn(x) In(1 + x) o (—1)" (1 n— _
szo . dx=—nZ:1 - fox IIn(x)dx =
> (—1)m 3
= ( ng) =-nQ3) = —Z((3)

n=1

K=

00111 In(1 dx =2 —21333—23
fO;n( +x)n< + ) x=2(K-M) = <Z(()+Z(( ))— {(3)
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L)) . (1 _7 1 %
27 ng(i)—5{(3)+gln3(2)—ﬁln(2)

Notes: Li (1) =
otes: Li, )=
2744. Prove that:

= jooo lnz(x)zilftéhtzt2 1 f|l-xx2 - %<¢ (t ' %) v <t ' %)>

Proposed by Hikmat Mammadov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

s = |[In(x)|,b = 2mt
2t
|In (X)I2 + (2mt)?

Laplace transform L,{sin(bx)}(s) = sZ + b2

Laplace — Fourier integral j @l gin(2wtu) du =

[0/0) (o] 1 [o/e)
I =J <f x" sin(2mtu) du).1 dx—j sm(Zn'tu)(J dx)du
0 0 £+1_1 0
| f‘” x4 d 1f°° X272 d 1ﬁ u+11-u
u = —2 X =— 1 1 X =— (—]—) =
o 1+x 2ho (1 +@2+z2) 2 2 2
—11"(1 u 1>r(u+1)
S 2 2 2/ \2 2
G lecti la:'(1—2z)r =
ammareflection formula: I'( z)I'(z) sin(nz)
I T 4 [ nJ“’sin(Zntu)
= = = — —dau
u 1 2 cos (ZH 2)y cos(ZH
2cos<n‘(7+7)> (2) (2)
1 2e77 1
e . _ 22(—1)" n+2 Tu o
e mu

cos (%) 1+
—nZ( 1)"f e (rg)m “sin(2mtu) du

Sine integral: fo e sin(bu)du = )

C . 21t < (=)™
I=m ) (-1 5 =2t 2
- 2 1 242 = 1 2¢)2
T (n+7) + 4m?t n= (n+i) + (2¢)

Applying the Mittag — Lef fler pole expansion to convert the
trigonometric integrand into a Digamma — related series.
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[0e]

="
- I=Z—1 n=2kn=2k+1

n_02t+n+§
) AR X rywe wrow
= t+2k+2 2t+2k+ 2 +— k+t+%
. . 1 1
Digamma function: Y (z + a) —P(z + b) :Z(k+z+b_k+z+a>

J‘°° 2mt 1 d 1 (t+3) <t+1)
L@ rare tre T\ Y\t ¥ty
Solution 2 by Amin Hajiyev-Azerbaijan

2mt
I —_—
fO In2(x)+4m2t2 " 14+x2

substitution: e* = x, dx = e*du

_J‘” 2mt et p h()_e“+e‘“_e2“+1
L+ 2rpt eyt O T T T e

* 1 1 .
I =mt du, f(z) = {Im{z} > 0}

_oo ((u?2 + (2mt)?) cosh(u)) (z2 + (2mt)?) cosh(z)

a) z> + (2nt)? =0 > z =2mitb) cosh(z) =0 z, = in (k + 2) kez*
z — 2mit 1

2mit (z — 2mit)(z + 2mit) cosh(z) 4it cos(2mt)

b) z;, = im (k + E) - {Res(f, zy) = P(ZO)} Res(f,z),) = ! - =

a) z = 2mit - Res(f,2mit) = 11

Q'(zo) (z2+(2mt)?)sinh(zy)
1
= 2
<—Tl’2 (k + %) + (2nt)2> sinh <Tl’i (k + %))

_ 1

wti((22 = (4 3) s (5 -+ )

Note: sinh(ia) = isin(a),
. (T k + i(-D*
sin (— + nk) = (—1)* keZ* ->Res(f,z;,) = 5
2 n2<(k+%) —(Znt)z)

I = 2miyRes = 2n%ti(Res(f, 2mit) + Res(f,z)) =

o

n (-1)*
=2t ) S
tcos(2mt) e gp2 (k + 7) 2
e Theorem Mittag — Lef fler
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n i 1 1 1
= Y (| —— Z( 1% + ]
2cos(2mt) Lo k — 2t + "2 k — 2t +% k + 2t +%

1 1 1 1 1
=§Z<—1>"< T . T 1 T . 1 )
= k+o—2t k+7+2t kt5-2t k+5+2t

—1)k
I= z (1— Rearrangement of series:
=0k + 3 + 2t

Blsectwn method

Z(—l)"f(n) = Z(f(zm f(2k+ D)

_15’: 1 1
2n+ + 2t 2 n=0 +% +t n+§+t

(0] [00]

j‘” 27t dx 1 <t+3 <t+1>
Oan(x)+4n2t2'1+x2_2"’ 4 v 4

n .
3 sinx

™ (1 + cotx)?

[0e]

T 3

2745. Find:

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

b b
Rule:f f(x)dx =f f(a+b—x)dx (1)

a +b3 = (a+b)(a — ab + b?)
§ sinx § sin® x

LetI = ———dx = dx (1
€ s (1 + cotx)? x u (sinx + cosx)? * (D
. 3 (T
W (3 sin’® (7 - x) 3 cosix
I = f de :f . 2 X (2)
n ( . (T 4 n (sinx + cosx)
6 (sin (7 - x) + cos (7 - x)) 3

adding (1) & (2)we get,
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LA 3 m , ™ .
3sin’x +.cos’°x . (2 fs (1 — sinxcosx) 1 fs (2 — 2sinxcosx)

21 = = =
g (sinx + cosx)? . % (sinx + cosx) . 2 % (sinx + cosx)
1 (3 (2 - sin2x) b ] fgs ~ (1+sin2x)
= — X =— X =
2 )z /(sinx + cosx)? 2)T V1+sin2x
T T
3 (3 1 13 _
= Ef% ——1 T dx — EJ% V1 + sin2xdx =
3.3 1 103
= EL mdx - E_];T (smx + cosx)dx =
u T
3 f% 1 Y + im0l
= x — = (—cosx + sinx); =
2V2 % isinx + icosx z 6
T \/E \/E V3
3 3 1 1 3 (3 (4 1
= dx—=(V3-1 =—f csc(x+-)dx—=(V3-1) =
Zﬁ.]_E sin(E+x) 2( ) 2V/2 ) ( 4) 2( )
6 4 6
3 7 1 3 tanZ | 1
_ NV _Z(y3-1) = 24 | __(/3_
=75 (log |tan (2 + 8)|)E > (V3-1)= 2\/ilog i 2 (V3-1)
6 tanﬂ
3 tan7—n 1 1{ 3 tan7—n 1
24 24
So2I =——log |-5(3-1) orI=—< log |-5(3-1)
2v2 sl 2 2\ 2v2 sl 2
tan 57 tan 57
2746. Find:

Q:f% tan(x)

X
o 2+ tan?(x)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

n V3 V3
ja tan(x) 4 J? t dt 1 J? dt?
T, ~dx = — TS5 == =
0 0o 2+t2 14+t 2), 2+t1)(1+t?)

2+ tan2(x) =~
Let tan(x) = t —» df = —2 - g =2t
= e d = - =
et tanix cos?(x) Ty e
1 1 1

_ J3( )dtz—
2), 1+ 2+¢2 B
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V3 V3
Lanar -z )3 ~2m(20) T L n(H)-m(2) -2 ()
So:

Q_.f% tan(x) d _1l (8)
~ Jo 2 +tan?(x) x=3zn

2747. Find:

n—oo

= lim l f In(1 + e™“°5*) dx

Proposed by Vasile Mircea Popa-Romania
Solution by Amin Hajiyev-Azerbaijan

T
13
2 = lim [— j In(e™°s*(1 + e %) dx | =

n—>oon0

71' s
1 z
= lim —( ln(e"c"s") dx + f In(1+ e ™) dx) =

—)OO
n 0

s

s
4 112 T
= J cos(x)dx + lim EJ In(1 + e ™°5%) dx = [sin(x)]g + L=
0 n—-o0o 0

11'

V2 1 In(1 + e mcosx
=5 +L - L=Ilim— - ln(l + e ™) dx > f,(x) = ( - )
n—->0oo

Lebesgue’s Dominated Convergence Theorem:

ln(1 + e—ncosx) e ncosx
<

n T 0n

Inl+t)<t-0<
n>1, xe [OE] - e NSy < 1
>1, ‘2 <

In(1 +emeo) _
n

<-— < 1- L= llmf fa(x)dx = J (llm fa(x)dx
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limf,(x) =0-> L=0
n—oo0o

.(2—\/2+L—\/E
2 )

2748. Find:

(A
JE 1 + tan?(x)
o 1+ sin(x)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

V3

f% 1+ tan?(x) ta“(ﬂ’f‘)_’tj‘T 1
- - . ax = ———dt =
o 1+sin(x) 0 1+ 4
V1+¢e?
g V1 +¢e2 @
= = 1+2(1+t2-t)dt =
J t+\/1+t jo v « )
V3 V3 3 V3 V3
3 3 t>’\|5 173 1
=f \/1+t2dt—f t 1+t2dt=<t+§) 3_§f 1+ tH2d(1+ ) =
0 0
YEIE 121t2m‘é—§_10\/_8\/_12\/_1
?E_E'E(Jr)( +)|o_z7_7 3-27 13
2749. Prove that :
1 -1
:ff x+y\/x+ymdxdy
0
A_11+11\/—+1l @)
~ 48" 48 n(¢

Proposed by Amin Hajiyev-Azerbaijan
Solution by Shirvan Tahirov-Azerbaijan

\/x+y\/x+y\/m:K (K=0) » (Jx+y.K)=K

K’=x+yK > K2—~yK—x=0 - D=1y?+4x
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y+ ¥ +
2

K =

101 rly+Jy? +4x
ff\/x+y\/x+y\/x+---dxdy=ff%dxdyz
0 Jo o Jo
1 01 11 321 ax
=f f dedy+f f y—dxdy=Ql+Qz
0 Jo 2 0 o 2
0 flflydd 1f11d !
= —_ xy:— —ax =—
7 ) 2 2), 2 4 3
(y2+4)7—y3>

ﬂz—ffm \/mufy+4\/— 1i< R

—du =
y2 8

12 48

1( (* +4)2—y
=f0( ')

d —1J1(2+4)2d 1
Yy = 12 ), Yy Yy
1 3 y=2sinh(t), dy=2 cosh(t)
— | O*+4)2dy =
2 0
1 n(®)
= E .
1+ cosh(2t)
2

In(¢)
8cosh3 (t).2 cosh(t) dt = Ef 16cosh*(t) dt =
0

. cosh?(t) =

1+ cosh(Zt))2
2

, cosh*(t) = (

4 In(®)
= §f 3 (3 + 4 cosh(2t) + cosh(4t))dt =
0

In(¢) In(¢) In(¢)
(f 3dt + f 4 cosh(2t) dt + f cosh(4t) dt) =
0 0 0

1 1. In(¢p) 1 In(¢)\
—g<31n(¢)+4.ismh(2t)| 0 +Zsmh(4t)| 0 )-

2(3 In(¢) + 2. £ 1 3\/_) = ! (3 In(¢p) + %> = —ln((b) 11\/_

2 T172
1 11Vv5 1
A= “1*“21*5‘“"” 8 18
11V 11
=_1 4+
n(¢p) + +48

1
6

2750. Prove that

Zjl 20) 4 cost(x) Jdx < =~ T
n|(-——sin“(x (1+k)4cos X X 122
Proposed by Khaled Abd Imouti-Syria

47 | RMM-CALCULUS MARATHON 2701-2800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

Solution by Amin Hajiyev-Azerbaijan
3

Zf In <—sm2(x) + a :k)4cosz(x))dx<%—;
I, = f_ln (%smz(x) + a +1k)4 cosz(x)> dx

EI< I—IEI 1 2(x) + ! 2(x) |d
— — — ﬁ —
k 12 2 k n k4sm X (1 k)4COS X X

Feynman's integral method:
11'

1
a=—,b

1 2
b= e @) = [ in(@sin) + beos* () ax
T

0

T
5 9 (= 2 2 a sin ?(x)
_ . = — 2gin? z z = -
aal(a, b) aajo In (a sin?(x) + b*cos (x)) dx jo aZsin?(x) + b’cos?(x) .

7 tan?(x)

2 an-(x
=2af

0

dt
aZtan?(x) + b2 dx - {tan(x) =t—=1+t*> te]0; 00]}

dx

a1( .h) =2 ) e dt = 2a Jm o ! dt =
ga VT ) W raeya+e) " T ), \pPraze 1+e2)" T

_ 2a [a ¢ (at) ¢ (t)] 2a n( _b)= ma
T aZ—p2 [p AN ) T arean ~(a-b)(a+b)2b ~“b(a+b)
a=b- I(a)=Ja_l_bda=1tln(b+a)+C=1tln(2b)+C

s

I(b) = Jiln (b2 (sin2 (x) + cos? (x))) dx = mrIn(b) -» mIn(2b) + C = win(b)
0

a+b
C = —mIn(2) » I(a;b) =n1n(a+b)+c=n1n( )

2

1 1 1 1
In(y) <y—1, y>1 1( )s( —1): -
In)=<y-1 y=b mhn{om owr02) = "2z Y2tk + 12 Yk
1 1 1
yk_1_<2k2+2(k+1)2_1> k21 = 1<0

1 1 1 -
TR TCTE A 2(k+ 20+ 12 (Zy" ><”;2(k+1)225(«2)_1)
3

Zl( N 1 )<n ? AL
”k_1“2k2 2tk+1)2) ~2\6 “12 2
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2751.
7772
S sen(2x)sen(2y)sen(2x)
Prove that: 2= J- _f bf 1 + sen?(x) + sen?(x)sen?(y) + sen?(x)sen?(y)sen?(z) dxdydz
1 ,
= ) + 2Ll2 (- E) ln(Z) + ?{(3) + gln3 (E)

o(-5) v 5) 10 5) 10
§) In(2) - 5 In? (E) In(3) - "Tzln(z) + %ln(B) +3I°(3) - S In(2) In*(3)

+ %ln3 2) + %ln2
Proposed by Amin Hajiyev-Azerbaijan

Solution by Yang Silva Cartolin-Peru

u = sen?®(x) - du = sen(2x)dx - u-x
v = sen?(y) - dv = sen(2y)dy > [O'E - [0,1], voy
w-oz

Let:{
w = sen?(z) - dw = sen(2z)dz

11
.I‘fln(1+x+2xy

111
-Q=fff dxdydz =
1+x+xy+xyz
000 ) 00
In(1+x+2xy) —In(1+ x + xy)
dy |dx

==J%f y

—n(1l+x+x
) ( y)dxdy
Xy

0 0
1
In(1+x+2 —In(1+x+
Let:] = j‘ n(1+x+2xy)—In(1+x+xy) dy =
; y
Yin [(1 + x) ( )]
- dy
y
%
In [(1 + x) (1 )]
- 4
° 2
1 xy 1 xy
_ ln(1-|'1+x) ln(1-|'1+x)
= dy — dy
y y
) 0 0
In(1+ ax) . ) ) )
——  dx = —Li,(—a) (Dilogarithm Function)

#Note:f
X
0

=t~ g3) + 1 ()
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1 1
2 2
1 1 Li,(—t Li,(—t
0, =fLi2(—t)(?+m>dt=J lzi )dt+j%dt
0 0

N =

0
Li,(t
t( )dt = Lin+1(t)

VA
#Note: j
0

N =

. In(1+t)

. 1 Liz (—t) u= le (—t) - d'u = —_t

91=L13 _E + 11—t dt = dt - ﬂl=
’ dv=1—-v=-n1-0

N[ =

1 —
= 1y (-3) + (-0 - 0 - | h-0lnd 10,

0

1
2

— Li, (— %) + Li, (— %) In(2) - f In( ~ t)tln(l 0 4

0
#Note:In(1 —x)In(1 + x) = = [In?(1 — x?) — In?(1 — x) — In?(1 + x)]
1

2

0, = Li, (— %) + Li, (— %) In(2) - % Oj % [In2(1 — £2) — In2(1 — ©) — In?(1 + t)]dt

N =

, 1 , 1
= Lig (— E) + Li, (— E) In(2) 1
1 21n2(1—1:2) 1 21n2(1—t) 1 21n2(1+t)
——J—dt+—f—dt+—f—dt

2 t 2 2 t
0 0 0
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t> > dp = 2tdt e _dp
= e = —_— = —
4 P t 2p
, 1 , 1
'Ql = Lij <— E) + Li, (— E) ln(Z)
1 1 1
Z 2 2
1 (In?(1-1¢) 1 (In?(1-1¢) 1 (In’(1+1¢)
——f—dt+—f—dt+—f—dt
4 t 2 t 2 t
0 . 0 L0
Hy_ —1)k
#Note:lnz(l—x)zzz ’;(lx"Aan(1+x)=Zz( k) Hj_,x*
k=1 k=1

1
(B (B -3 ) SIS S
1 100Hk_%1k wHk_%lk o (—1)k 1y 1\
- s~ “‘2(‘5)‘“(”‘2; (3 +,Z 2 +kZ e (1-3) )
#N . N H, n _
ote.zﬁx
n=1

= Liz;(x) — Liz;(1 —x) +In(1 —x) Li,(1 — x)
+ %ln(x) In2(1 —x) + {(3)

2k
z
Li,(z) = E F(Polylogarithm function)
k=1
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2, = Lig (——>+le( )l"(2)+ L‘3< ) Lis <;) ' <_%)
) () )

-3t @)1 (3) +n 3G

h
o~
w

\_/
N =

NIk 4

(s (3) - 11a(5) + 1 (5) 112 (5) + 310 (5) 02 (5) + )
(e (-3) - 165 3) + m(3)2: 3) + il (-3)m(3) +<@)
s (-] <y ) 53 ) )
w{Lia (5)f = Lia (5) - g (5) + g 3)

au=3e0 2 (2) -1« 310 T Qe () m (0

4 (2)12(3> 113(3>-
2 ey T3 \z) "

-t X t 2-t

1 2x
Li, (— - _ 2x ot dx 1 1
#nz=f—( x”")d“ leu{t—m*d“"—z—*——(‘+—)‘“

x=0-t=0Ax=1-t=1
1 1 1
1 1 Liy(—t Liy(—t
.Qz=fLi2(—t)(?+—>dt=f AGL f 270 4,
0

0

2—-t t 2—-t
0
du In(1+¢t)
1Li2(—t) u= le( t) —>E - ¢
2—-t dt
1] dv=ﬁ—>V——ln(2—t)

In(2 — t)tl n(1+t) at

1ln<2(1—%)>ln(1+t)

-—3@- [ )

0

1
Q, __((3)4_[ Li,(—t)In(1 - 0)]3 - j
0

dt

——Zf(l)
_1n(2)jl"(1t+t) dt

fln(i_;)lnmt)

3 .
: dt = - 24(3) - In(2)(~Li(-1)) -

t
0

)ln(1+t) ( u=ln(1+t)—>du=1d—_:t
=——z(3)——ln(2) f ; dt ~ n(1-3)
kv=f7t 2 dt—>v=—Liz(

fln (1 - %) In(1+1¢) it
0

)
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- (2

n—ssnzlz In2) + 2 1n*(2 dt | =
2= —28®) — (@) - —En()+§n()+0f S 2 ar | =

1
[0
1+xx

1 t o
3 1 Liy (5 3 1 1
=—-=73) -=In3(2) —f—lzfzt) dt = _Z((3) —Eln3(2)— E k52
k=1 0

4 2

0
3 1 o 1 _
= -3 5 @)~ ) s [(-DAn(@) - HY)
k=1

4 2
He 1\
@ (-2)

w ( 1)" o
3 1 -7
= - 283) -5 In*(@) - <ln(2) kZ—l )

> #(-3))

k=1

3 1, | 1
= - 233 -5 @) - 1n@) Ly (- 5)

- H,
#Notezzk—sxk =
=1

= Li, (12—fx) — Liy (ﬁ) — Li, (1 er x) — Lig(=x) — Liz(x) + Lis G)
+1In(1 + %) [Liz(x) + Li, (;) + %ln(Z) In(1 + x)]
3 2

1 1 1 1 11
0, =-24(3) -3 0%(2) - <— % In(2) - £ n3(2) + 2 @)Lz (— E) + 4Lis (— E) + T((g))

2 1 1 1 7
- %1.1(2) - 3In’(2) - 2In(2) Liy (— E) ~ 4Li, (— E) —243) -

Therefore:

Q= ;((3) + 2Lis (—%) — Lig (;) + %Lis (%) - %111(2) - 1“(;) Li, (;)
3in(g)an )+ o ()5 3
— (’1’_;1,1(2) — %ln3(2) —21In(2) Li, (— %) —4Li3 (— %) - ;((3)>

#Note: 1)Trilogarithm Inversion Formula (3/2 — 2/3):
2

3 i () L () ™ B
5(3)=1s(3) -5 (3) + T ()

2) Explicit Expansion of Constants:

Lis ( 1)— S m32) + @) - 2¢(3)
B\72)7 T2a ™" 24"2 i
1 1 T
. _ )= 2 -
L‘Z( 2) 2 (2~ 133
Applying these substitutions algebraically to our derived result yields the final
compact form:
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2= iy (~2) + i (2) - 1is (3) - 1as (D) + 202 (- D) @ + 2z + 21w ()

i@ 4o 2(4)1 2)
3" 2 ™ \3)™m

1 .73 2 2 1 1
— > n? (E) In(3) — %111(2) + %m(s) +3I0%(3) - 5 In@) In2(3) -

2752. Find:
dx
Q= f _ax
1+ x8
0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

.Q—j? dx nyBf 1 1 d 100 y_% dv =
_0 1+ x8 B 5 1+y SW Y= (1+y)2 Y=
.y yi? w=lp(t)-1 @) _1 '@ @6
Siasyws B8 Br(geg) % or(g) B

Observation:

2753. Find:

. j‘% tan(x)

2
o (1+ tan(x))
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Amin Hajiyev-Azerbaijan

3 tan(x) dt )
sz sdx > tan(x) =t,—=1+1
o (1+ tan(x)) dx

1 1
N t 1fT§ 1 1
I= dt = - — dt =
jo (1+ )21 +t2) 2), <1+t2 (1+10t)?
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1

_1[ fan(® + LT 1, _1(1: 1 )_n V3-1
ST Tl T2le T L L “2\6 1+v3/ 12 4

V3
2754. Find:

J dx

=
1+ x°

Proposed by Nguyen Hung Cuong-Vietnam
Solution 1 by Togrul Ehmedov-Azerbaijan

dx gL .
We know that the equality j = is ture. Now let s prove it.
5 1+xk ksin(g)
1 1-k
Letxkzy:>dx=Eykdy
o - 1-k
l‘f dx _1JYK
) 1exk k) 1+y?
0 0
Let =1—-t=>dy= dt
“1+y” Y=a-v2
1
1—1ft(%‘1)(1 t)‘%dt—lB(1 1 1)—1r<1)r<1 1)— =
Tk - "k \kK'T Kk \k K ksin (®)
o ) ksm(k)
I_j dx pL W
B B -3

1+x6 in (X
5 X" 6sin ( 6)
Solution 2 by Daniel Sitaru-Romania
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2755.If 0 < a < b then:

] f dxdy < (b —a)lnb+1
JaA+0A+y) a+t+1

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

AM— GM1 1
\/(1+x)(1+y) 1+x 1+y 1+x+1+y)
J-bjb dxdy ljbjb )dxdy_
a a\/(1+x)(1+y) 2 a Ja 1+y
1 (bt 1
=ELL1+ dxdy + - ffa dxdy=

b+1
a+1

(y)” (In(1 + x))g + 5 (x)” (In(1+y)§=(b—a)ln
Equality holds for a=b.

2756.1f 0 < a < b then:

Jb b dxdy <b—a< 1 1 )
s 2+x+y)2~ 4 \1+a 1+b

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India
Lemma:Vx>—-1In(1+x)<x
, 1 X
Proof: Let f(x) =x—In(1 + x) then f'(x) = 1_1+x_ 1+ %
clearly for x € (—1,0),f'(x) < 0so f(x)decreasing and
x € (0,), f'(x) > 0so f(x)increasing

so f(x) has a global minimum at x = 0 and f(0) = 0
sof(x)=f(0)= In(1+x) <x
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b b dxdy b/ b 1 b 1 b
[ttt [ ([ i) [ Creteslor-
e ta Qtx+y) a \Jog 2+x+y) a N 2+x+Yy/,

fb( 1 1 )d 2+a+y (2 + a + b)?
= —_ y: —
a \2+ta+y 2+b+y 2+b+y 4(1+a)(1+b)

— (1 (b — a)? lenéma (b — a)? _b-a b—a ~
_"< +4(1+a)(1+b)> = 21+a)1+b) 4 (A+ta@+b

_b—a(1+b)—(1+a)_b—a 1 1
T 4 1+b(A+a) 4 <1+a_1+b)

Equality holds for a=b.
2757.1f 0 < a < b then:

dxdy b—a 1 1
jj(2+x+y)2_ 16 ((1+a)2_(1+b)2)

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

1 1 AM-GM 1
< 3=

C+x+9° (1+x)+@+y)° 8((1+x)(1+))?

3

) () e (e ey
”bczfiywz iéfb (v (1+1y)3>dxdy=
“tel[[ [, armmtar+ [[ [ e -
3o (3 ) o)+ (3 ) ) -
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1 b—a 1 1
ZE(_EU’_“)(uH’)Z_(1+a)2): 16 ((1+a)2_(1+b)2>

Equality holds for a=b.
2758.

n

lim

n—-oo

sz % sen(x) + sen(3x) + sen(5x) + --- + sen(4051x) \\ \/’
0_[ cos(x) + cos(3x) + cos(5x) + - + cos(4051x) //

a=?
Proposed by Amin Hajiyev-Azerbaijan
Solution by Yang Silva Cartolin-Peru

sen(x) + sen(3x) + sen(5x) + --- + sen(4051x)

Let: S =
et:S cos(x) + cos(3x) + cos(5x) + -+ + cos(4051x)
anzs sen?(2026x)
o sen(x +m(2x
s = ( @) _ sen(x) = tg(2026x)
2025 cos(x 4+ m(Zx)) sen(2026x)cos(2026x)
sen(x)
T
4052 .
Therefore:1=f tgn(2026x)dx
0
T
2
Let 2026x - d du  ,__1 t()d
U= - =— >
et *~ = 3%026 2026 ) griwjau

n
2

pm
. 14 = —
#Note.ftg (x)dx 2sec( 2) 0<p<i1

= T (kn)
~ 2052 \2n

n 1 n =
Thus: P < li ( T (kn) 2n 1 T "1—[ knt
#EERIe 1 1 4052 \2n ) = tim( (3552) L 15“(211)

0

=1
1

f r km Zn
4052 n—>oo (F sec (ﬁ))
1

k=1

s = [ Joee (7)) 0 = > on s (2)
. = —_— —_ = —_— —_—
e nl_)Tg sec mn n nl_)Tg mn i ni|sec mn

k=1
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1
In(L) = —~1i 1y, (k”) in(L) = - 1 dt
= —= - -_— - = ——
n( znllgnkzl n(cos ™ ) n(L) f n cos
= 0

NI ]

mt 2 1
Let:0 = — > dt =—d0 - In(L) = ——f In(cos(0))do
2 T (4
0

In(L) = —%(—gln(Z)) > In(L) = In(V2) > L=v2

w w
Therefore:P = m(ﬁ) =JZ026 " %= 2026
2759. Find:
(-n"
= £, 64n3 + 144n? + 92n + 15
Proposed by Sakthi Vel-India

Solution by Amin Hajiyev-Azerbaijan

I= 1" = Z S f(n) = 64n3 + 144n® + 92n + 15
64n3 + 144n2 + 92n + 15 — f(n)

n=1 n
f(n) =(4n+a)(4n+ b)(4n + c)
= 64n® + 16n*(a + b + ¢) + 4n(ab + ac + bc) + abc

144
at+tb+c=——=9
16 >a=1b=3c=5- f(n) =@n+1)(4n+3)(4n+5)

ab + ac + bc = 23

abc =15
[ = -" Z( )n( 1 2 1 )
(4n+1)(4n+3)(4n+5) 4n+1 4n+3 4n+5
1 1 1
zgll—zlz‘l'glg
Theorem Mittag Leffler
-, Dy —
o=
in+a 2n+a 2n+l+a 2 in+g n=0n+%+%
(—1)” 1/ (@ 1 a
— 1) - (Z ; ;
0n+a 2 Y <2+2> P (2) Digamma function
n=
G A SN G O " 1
I, = = _ == (0)() (0)<)
1 4n +1 4n+5 Z N g\ ¥ v
n=1 n=0 Z
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R 4z< Dm0 Q)-vo ()

n=1 n0 +4_

N AN S (N RS

n=1

1 1
I =§(11 + I3) —112

_ i(,pm) (g) —p©® (3) +p© ( ) PO (13))
5 (00 @) -+ (F))
(-0 )07 §)-v ()

Digamamma recurrence relation

YO +2) = O+
A v )Y (Y-

7 1 7 3 7 1
— (9O 0 = ___K
~120 32 <¢ (8) v (8)) 120 32

Gauss's Digamma theorem

I
Pp© (E) —y —In(2q) — —cot (p:> +2 ; cos (27rqnp) In (sin (?))
=) S (235 2 e (2 () -

3
51n

- 3 (tan (5) + ot (5)) ~# . 1n sin (5) s () sin (57 -

= Zsc(B)ese(3) 4 im(sn () i 51) - o sn () sn (57 -

=”ﬁ‘4(‘§‘“( 2;ﬁ>+gln<vzzﬁ>>=nﬁ+zﬁnn(ﬁ—1)
1) 7 w2 V2
64 T 144n? 1 9zn 15 120 32 162~V

n=1
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2760.If m > 1,n > 0 then find:

dx
o M+ sinnx

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

dt 1 n
Lett=nxthen;=dxandx=0=>t=0,x=§:ot=i

dx B 12 1 _
0 m+sinnx'_5,l;, m+sint_;j;, tan(i) de =
m+2—1+t ft
an’ (z)
L ee®e o wela
_Efo m+mtan2(%)+2tan(%)_mn 0 (tan(%)Jrl)z_x/mz—l_
m m

NI S

aftmeg) ()

.(tan(t)+l)2_\/m mn m?2 -1 m? —1

m
1 mtan ( 4) +1 1
= ————| arctan — arctan (—)
nvm? -1 m2 -1 m?2 -1

2761. Prove that:

In(1 - In(1

0

=—((5)——((3)+18('< )+4(( 1)+ c( )+n +127V3 + 1081n(3) — 540

Proposed by Sadi Qafani-Bosnia and Herzegovina
Solution by Amin Hajiyev-Azerbaijan

IIn3(x)In(1 —x 1 In3(x) In(1 + x
sz () In( )dx—f ln3(x)Li2(x3)dx—f () In( )dx
0 1-x 0 0 1+x
Iy I I3
Generating function for the harmonic numbers
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In(1-x) = - 1n(1+x) hn
Note: = Z—ZX A Z( 1)"x"H,,

n=1

IIn3(x) In(1 - x)
I, = — > H, | x"In3(x)d
1 L Zl fox n°(x)dx

1—x -
1 (-D™Tr'(m + 1)

Note:ZfOx“lnm(x)d = ( 1wl n>—-1mezt

lzez—H“ zﬁzH"” “+1 o1 !
T 4m+Dt T4 ()t s+ D T L+

=6§:H—:—6—6< ——1) Z——az(s)
=1 n=1

Let q € Z>1. Then the following iden ty holds

q-
1

—=—(q+2)((q+1)—z {(q—k){(k+1)
k=1_1
o (-1 )an 3
Za - 3 (Zq +1n(2q+1) + Z {(2q — 2k + 1)n(2k)
n=1 k=0

o Iy =18((5) - 6((2)((3) 6¢(5) = 12¢(5) — TTZ((3)
I, =f ln3(x)L12(x3)dx—z f x3"In3(x)dx = 6Zm

_ e z ( 12 N 27 N 18 N 9 )
B . n2 n(B3n+1) (Bn+1)2 (Bn+1)3 GBn+1)t
n=

Note: Hurwitz zeta function.

= N 1 —1 1), R 1 0,-1-2
((s,a)—nzzo(a_l_n)s,((s,a)—$+((s,a+ ), Re(s}>1, a#(0,-1,-2,..)
- 1 =27 > 18 - 9
‘2=‘6(“2)‘“Zn@n“ﬁz(3n+4)2+;(3n+4)3+;(3n+4)4>=
4 4 2 4
= ”42 18(( 3)- “(3§>‘§<(4'§>=

n=11 n-+
1 1 1
=—1t2—18(< 3)+162 4(( )+108——((4§)+54+24Z
n= 1n

= -7 —18(( 1) 4(( —)——((4 1>+24]+324
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1 +1
D & <2 [ o hasar -

l’l|—3 n0(n+1)n| n=0
In(1—x 1

. ADMs

J
1n
=f f xy)"dxdy=£ yij;) 1_xydxdy=J01y%
yim@-y)ay - J@ = [ yia-y*dy - J = —lim-e @
f f a~0da

(%) ra+1)

WIH =

I(a)=J: 1@ -y)eti-tay = ﬁ( a+1)

(e
1y dI(a+1) 1y, @+ DE@@+1) -y (aty)
]:_r(g)gz—mdam__ (g)al—{l(} F(%+a) 3 =

r(l) 4 T 3 3m 9
‘Tz)@(m(l)_w(?)):_3(_y_3+”ﬁ+5'“(3)>z"‘m‘iln@

I, = —m? - 18((2,%) - 4((3,%) —%(( ;) +324 + 24<9 —Tf—gln(3)>

(M1 +x) - . r 3

I3 _-fo Tt x dx = —;(—1) ano 2 Ind (x)dx =
C D™y D (D
m+1* (n+1)* s (n+1)° B

n=1

( 1)"+1H had (_1)n+1
—62 Z = 6(——n(5)+zz(s Zk)n(Zk)>——((5)

= 157(5) —3¢(5) - 64(3)n(2) — ?((5)

_225 5y _3005) - Beisy - 30302 = Eles) - s
= 220(5) - 34(5) ~ 5 4(5) ~ 3¢BN(@) = 1 4(5) ~ =4(3)
I=Il—12—13=

=12¢(5) — m2{(3) + m% + 18¢ (z%) +4¢ (3%) + %(4, %) — 540 + 12nV3
2

+108In(3) — g«;(5) + 1T—((3) =

=E((5)——((3)+n +18(( 1)+4(( 1)+§((4é)—540+12n\/§

+ 108In(3)
= (1-21%)¢(s) Re{s}>0

_1q1\n—-1
Note: Dirichlet eta function,n(s) = Z ( n)

n=1
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1
n(0) = 2
2762. Find:

= x%In?(x)
— 5 dx
o X*+x-+1
Proposed by Vasile Mircea Popa-Romania
Solution by Amin Hajiyev-Azerbaijan

© 222 0 22(In(—x))2
I=J #dx{xA—x xSO}I=J * (In(~x))
0o X*+xc+1

o X+ x%+1 =
_jo x*(In(x) —im)? =~
e xt+ax2+1 B
_JO x%In?(x) RSSO Ny jo x%In(x) p ZJO x? p
T2 1P e ™ T ) a1
x%In?(x) x%In(x) °° x?
————dx —2i ————dx — Zf ————d
J PO R lnj_oox4+x2+1 xor 0o X*+x2+1 *
21 =] - 2miK — n*M
*  x*n*(x) * x*@ 1 . d?
]=‘[_oox4+x2+1dx; ](a)=me4+x2+1dx']=lema—>1da2](a)
J(a) = 2wiYRes
2a
_ 4, ,2 _ 2 _
f@) =g 2+ +1=0- 22 =t
) 1 iv3 21
t“+t+1=0-> tlzz—EiT—cos<+?)+lsm( )
2 _ _1+i\/§ _ 1+i\/§ 1 W3 1 iV3
S e R e R A R R
the poles in the upper half — plane”
1 w3 m 1 W3 ozn
17272 _ez T2 22 - 2a-1
zi¢ zt zy*
Res(f,z) =g — REISTRrT e
az; (zf + 22 +1) zy + 2z 4z
it(2a—1) it(2a—1) 2ir(2a—1) 2ir(2a—1)
(frz) = S = Res(f.2) = S ¢ -
Res(f,zq) = - - yRes\J,Z3) = i == ]
4e5 +2 203 43 +2 213
ina-1)  2iw(2a-1)
(f20) + Res(f,25) = =~
Res = Res(f,z es(f,z,) =
% 1 2 2i73
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Fea-1) _ A a- 1)) J=" i d? (e%”(za_n o5 (2a- 1))

4\/§llma—>1d 2

16m? 2im 41 3 2in  im
=—=Ilim,_4 ( e 3 2 _ e_(za D) <4e 3 —e3 )
43 9 9 93
3 3

T <4 (2n)+4_ ) (Zn) (n) o (n)> 57 +i1t
= cos|— isin|—)—cos(=)—isin(=) | =— —
93 3 3 3 3 183 6

0 x%In(x) * x2In(x) + imx?
K:f_mx4+x2+1 1+x2 + x*
x?*1n(x) C(” x? .
2K = f 1+ Z+ 4dx+lﬂ£) mdx:L+lﬂM

® _xIn(x) 1 o p
L‘f_mmd zl‘ma*ld J(@) = =limgy oo (
2

T (T et mol
—(—+l7‘t)_—+—

2v3\V3 2v3

dxx—>—xK=f

e?(Za 1) ezén(Za 1))

1 x2
M = dxx—>—xM=—f —dx

® x?
fo xt+x2+1 2)_ o1+ x%+xt
211:1

1 - e o
M =Zlimg. J(a) = ——=limg (e 3(2a-1) _ ;7 (2a- 1))

2V3
= %(cos (g) + isin (g) — cos (%T) —isin (%T)) = %

K_L+l1tM_1t2+i7t2+i1r2_n2+in2
2 2 12 43 4v3 12 243
20 = J — 2miK — 52M 53 _I_i7t3 in3+1r3 m®  2nd
=] —2miK — n*M = — - ———
183 6 6 V3 2v3 93
* x2In?(x) 3
I=j s adx =
o 1+x*+x 9.3

2763. Prove that:
O (-D™Pnl(n+1)! 2 (7In(¢) ,
(2n + 2)! 25\ 3

where ¢ - Goldenratio

Proposed by Amin Hajiyev-Azerbaijan
Solution by Rana Ranino-Algeria
B > (—1)™n%n! (n + 1)!
@ = Z (2n +2)!
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S (DM (n+ DI +2) | )
) r(2n+3) = ;(—1) n“Bn+1,n+2)=

Z( 1)"n f x"1(1 — x)"dx = i n? folx(x(x —-1))"dx
Recall: an n —Z(1+Z) |z| < 1

1 2 _ _
Q- f (x 1)(1 + x(x 1)) I
0 (1—x(x— 1))
1-¢

Tt + 3, (1 — t2)(t% + 3)
& = fl (5 —1t2)3 f (5 —1t2)3
=0
11 -t®)(*+3)
Q=2 fo CETDE

tanh™ 1

(5 sinh?(x) + 3 cosh?(x))(5sinh?(x) — cosh %(x)) dx

t=+/5 tanh(x)
o = f
255
In(e)

Q= —f 7 — 14cosh(2x) + 4cosh(4x) )dx
14

14
In(e) + sinh(4lng) —

2

25V5 15\/3 25V5 ]

2sinh(2In(2¢)) = ¢?% — peie V5,  2sinh(4lng) = ¢* — o= 35
14 3 7 14

4
0w @t s T " 3

sinh(2lng)

2764. Find:

i G Ve
= 1(n+1)3( +1)
Proposed by Shirvan Tahirov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

S et MR S e
nl(n+1)3( +1) n=1(n+1)3("+2)

1 1 1 1
221;(_1) 1((n+1)3_(n+1)2_n+2+"+1>:
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o)

B 1)n 1 ( 1)n 1 ® (_1)n—1 e (_1)n—1 B
T4 +1>3‘zz<n+1)2 <1 n+2 L on+l )_

n=1

°°( 1)1 (-1t o (D" (D"
:2(1 n3 >_2<1_Z n? >_2;<n+3_n+2>:

n=1 n=1

1
— _2n(3) + 2n(2) — 2 Z(—l)" (fo (a2 — x"+1)dx> -
n=0
2

_2)-2 (3)—zf1 Y T \ax=
=< 2¢ o \1Hx 142)77
T

2 3 1x2_1 1 1 1 1 1
=——-—=(3)—-2 dx — 2 dx+2 | dx—-2 dx =
6 2(() f01+x o fo1+x * fo o _/;,1+x *

2 2 1 2

_I 3 3 41In(2 Zx 2_1‘[ 3 3 41In(2 3
_?_E{()_ n(2) - ?—x0+ _?_E(()_ n(2) +
had -1 n-1 2 3
Therefore Z ( )n _r_2 (3)—4In(2)+3
Sm+1)(z+1) 6 2
Solution 2 by Yang Silva Cartolin-Peru
(-1
Q j—
o 1(n+1)3( +1)
-~ ] 1 1 1
=1(n+1)3(n+2)_2;(_1) [n+1_(n+1)2+(n+1)3_n+2

2 3
— n+1 nz1(n+1) n=1(n+1) 4 n+2

n=

<°° (_1)n—1 had (_1)n—1 had (_1)n—1 had (_1)n—1>
A= 2

°°(1)kz (1)k2 (1)k2 (1)k3
. z<z H )

k=2 k=2 k=3
1
A=2(1-10g(2)) —2(1-n(2)) +2(1—n(3)) + 2 <E - log(2)>

n(s) = (1 — 217%){(s) Dirichlet Eta Function
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w? 3

1 3
A=3—4log(2)+2 (i((2)> -2 (Z((3)> =3 —4log(2) +?_E((3)

A= %(—9((3) + 18 + % — 24log(2)) -

Solution 3 by Yang Silva Cartolin-Peru

P SO G VL B G
A—2;<n+1)3(n+z> B k=2k3(k+1)
had (_1)kxk+1
= k3(k+1) 'oo

-1 k ..k _\k
k=2 i=2

Let: f(x) = A=2f(1)

co

k
z
Li;(z) = Z & Trilogarithm Function = Liz;(—x) =
k=1 k=1 k=2
= f'(x) = Liz(—x) + x
1 1

xdx

O\‘H

f@) = ff’(x)dxz fLi3(—x)dx+
0 0

1 7 . IBP . 1 7 . 1
fa) = 2 + f Liz(—x)dx = f(1) = [xLiz(—x)]p — J Li,(—x)dx + 2
0 0

IBP . 1 . 7
= f(1) = Liz(—1) + 3~ [xLi,(—x)]§ — f In(1+ x)dx
0

1
= Liz(-1) ~ Li(-1) +5 — 2log(2) + 1

2

3 15
Liz(—1) = —15(3) ALiy(—1) = -1

2 2

3 3 T
+-—2log(2) »A= —E((B) +—+ 3 —4log(2)

3 T
f(1)=—15(3)+ﬁ > %

A= %(—9((3) + 18 + % — 24log(2)) -
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Solution 4 by Quadri Faruk Temitope-Nigeria

n=1 n=1

Z (—pn! _z (-t
(n+1)3( +1) (n +1)3("+2)

(_1)n—1 ( 1)n+1 1 (_ )n - ( x)n 3
=1(n+1)3(n+2) L n3(n+1) 12 dx _ZJ n3 dx =

1 1
1

= Zf Li;(—x)dx + Zf xdx = xLiz(—x)| 0~

0 0

'Lip(—x) ! . t !
f .xdx+2f xdx = Li;(—1) —f le(—x)dx+f xdx =
0 x 0 0 0

1
= Liz(—1) — [xLiz(—x)I (1) + f In(x +1) dxl =
(i}
2 1
Liz(—1) — Li,(—1) — f In(x)dx + 2 f xdx =Liz(—1) — Li,(-1) - 2In(2)+1+1 =
1 0

= —;{(3) +3(2)-4In(2)+2+1= —;«3) +{(2) —4In(2) +3

Solution 5 by Pham Duc Nam-Vietnam

1.B.P

1. f Li;(—x)dx = xLiz(—x) — f Li(—x)dx =
= x(Liz(—x) — Lip(—x)) — f In(1 + x) dx

1 1 1
J Liz(—x)dx = [x(Liz(—x) — Li,(—x))] 0 J In(1+x)dx =
0 0

2

= Liz(=1) — Liy(=1) — (— 1+21n(2))———((3)+11T—2—21n(2)+1

y o S CD (g g [ ED Y
2n1("+1)3( +1) 2=1(n+1)3fox dx—zf0 (; CFENE >dx—
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1 2
= zfo (x+ Liz(—x))dx =1+2 (—%((3) +11T—2— 2In(2) + 1) =

3 w?
= —5((3)+?—41n(2)+3

2765. Find:
N _f dx
) (1 +xhH)2
0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania

y=x
o]

Q= j‘o dx
) @+ ah)?
0

4j'o 1 1 d
2
J (1 +y)? 4%y3

oo

[y _lde Sp(L])-
_40 (1+y)? y_40 (1+y)%+g Y=1q 4'4)_
@) G Y 1 .
4 r(%Jr%) 4 T2 16 1

16 sin% B ﬁ
2766. Find:

Q_f dx
) 1+ x7
0

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Daniel Sitaru-Romania
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_6 1,
1 y7 1 y7 1 /16

7o 1+y o L+y)7'7 7 \7'7
1) rE) _1r@)r(og) 1« m
7 F(%+g) 7 r(1) 7 sin7 7sm7

2767. Find:

dx

j” sinx + cosx
0

X
smz + COSZ

Proposed by Nguyen Van Canh-Vietnam
Solution by Tapas Das-India

5n T \2++2 51 (1 22 74
anZ =2

Sin?=COS§=T,COS?=—SIH§=—T,t 8 -1
5w 2 -2
37 sm_1-cosg 1+ 5" 2422
tan?—cotg \/_+1tan 16 51r_ =
1+ cos—4 2—V2 2-+2-2
8 1-——
b o X T
(sm2+cos ) \/_sm( 4)alwayspostwe in(0,m) asOSESE
. . T 3r
andsmx+cosx=\/§sm<x+z)>Owhen OSx<T
3
and<0whenT<x<n
th sinx + cosx > 0i (0377.') d<0i <3n )
enl———— in{0,—) an in|l—,m
sin§+cos£ 4 4
2 2
3
f" sinx + cosx IT sinx + cosx d T sinx + cosx dx (1)
X = X — X
in® + cosX in® + cos X 3n (in® + cos®
0 .smz+cos2 0 (sm2+cosz) 4(sm2+cosz)

ah

f (sinx + cos x) Gy — f Ei + n) I u=%+% thin dx=2du ) f sin (Zu — %) du =
sin + cos > 5+

2+ %)
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2 sin2u cos2u _
- \/_Ef ( - )du = ﬁf(z cosu + 2sinu — cscu)du =

sinu  sinu
=2 (Zsinu — 2cosu — log tan (g))

Using this result we get:

(%2
3

3

4 sinx+cosx

J X = ax = V2 (Zsinu — 2cosu — log tan (
0 (sin— + cos 7)

NS
~—"

N——

2
=ﬁ(log(ﬁ—1)+J2—ﬁ+J2+ﬁ—logtan(

v—tlm
ol {
N——

~—— R g

w
q

N2
~—
N’

T sinx + cosx .

_[311' — dx=\/§(25mu—2cosu—logtan(
T(sm7+cosi)
\/E(Z\/E—log(\/f+1)—\/2—\/2—\/2+\/§+10gtan

From (1) we get
T
|

:ﬁ<log(ﬁ—1)+J2—ﬁ+J2+ﬁ“°g“‘“(i_Z)>
_\/§<z\/i—log(\/§+1)—JZ—‘E—\/ZJ”EH(’gta“(i_Z))

& =ff

)

/N
—
=)

sinx + cosx
dx =

, X
sm7+ COSE

1
:\/E<—z\/i+z /2—x/§+2/2+x/§+logtan2i_16t>:
2-V2-+2
=V2|-2V2+2|2-V2+2[2+V2 +log———
< J \/ og2+\/2—\/§>

2768. Find:
V3
J |2022 sin? x — 2023 cos® x| dx
bt [ 4
Proposed by Nguyen Van Canh-Vietnam
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Solution by Tapas Das-India

Let f(x) = |2022sin?x — 2023 cos? x| then f(—x) = 2022 sin? x — 2023 cos? x|
so f(x) is even function

T [
f |2022 sin? x — 2023 cos? x| dx = zf |2022 sin? x — 2023 cos? x| dx =
- 0
Y

52 . > _
=2 J |2022 sin% x — 2023 cos? x| dx = 4-J |2022 sin% x — 2023 cos? x| dx =
° L ° T
2 2
= 4f |2022 sin? x — 2023 cos? x| dx = 4[ |2022 — 4045 cos? x| dx
0 0

2022 sin® x — 4045 cos? x = 0 = cos? x = 022
4045

2022 ,2022

2045 then t = arccos 2045°

24/2022.2023
4045

Let cos’t =

sin2t = 2sint.cost =

[
when x increases 0 to 7 then cos? x decreases from1to 0

T
so f(x) =<0when0<x<t, f(x)>0 Whenth<E,f(x)=0atx=t

s

2
J |2022 — 4045 cos? x| dx =
0

s

¢ m
= j |2022 — 4045 cos? x| dx + J2|2022 — 4045 cos? x| dx =
0 t

t LU
2
= f (4045cos?x — 2022)dx + f (2022 — 4045cos?x) dx =
0 t

s
4045/  sin2x\' . T 4045,  sin2x\Z
== (x+ _ )0—(2022x)0+(2022x)t— > (x _ )t=
=2022 x 2023 + 2022 =
= arccos 4045 )

(putting the value of above mentioned sin2t)
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3
- n
z
f |2022 sin? x — 2023 cos? x| dx = 4f |2022 — 4045 cos? x| dx =
- 0

=4|(+/2022 x 2023 + 2022 _m
= darccos 4045 )

2769.1f 0 < a < b then:

jbjb dxdy <b—a( - tana)
TS 2 arctanb — arctana

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Tapas Das-India

1 _ 1 AM;HMl( 1 N 1 )
24x2+y2 (1+x)+A+y2) ~ 4\1+22 1+)2

[ 2 -
2+x2+y2a), ) \Txa2 14,2/ T

AL e [ (e

= %((y)g(arctan %)% + (x)5(arctan y)b ) =

> (arctanb — arctana)

Equality holds for a=b.

2770.
_2a _2a
na(szl Ttkk) n2 na(szl T[kk) n2
u, = 1 , v, = 1~ a>0
n
S ity sin ()

Find lilp (u,) and 11131 (v,)
n-+oo n—-+oo
Proposed by Khaled Abd Imouti-Syria
Solution by Amin Hajiyev-Azerbaijan

2a
( N
2a k
-= S, =n? nnk
" _ [Ty k") @ S, . J n ( | )
n - n 1 - Kn n
Tlk=0k+n _ z
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2a
In(S,) = In(n? (1_[ nk") =aln(n) — —ln <1_[ nk")

=aln(n) - —Z In(mk*) = aln(n) — —(n In(m) + Z kln(k))

k=1
2a 2a
=aln(n) — Fln(n) — FL“

f(x)=x In(x) |s increasing on the interval [1; o0)

n+1
[ reax< Zf(k) <] fedx > £ = xinc
n+1
1 d kiIn(k 1 d
J;xn(x) x<z n()<f xIn(x) dx

n+1
—ln(x) — —] Z KkIn(k) < [—ln(x) — —]

— ln(n)

n+1)?In(n+1) n®> n
Z kin(k) < : -3
2

n
4 =
= n n?
L, = Z kIn(l) ~ Z-In(m) — -+ 0(rIn()

a 2a (n? n? 2a a
InS,, = aln(n) — ;ln(n) 0z 7ln(n) e —?ln(n) + 2
a a

_ 1 m 1
_’K“_”Zn+k_ﬁk_0(1+k)
- n

1
Riemann Sum Approximation: llmn — = f f(x)dx
k=1

lim (S,) e%

1
lim K, —nf
0

dx=mIn(2), lim (u,) =22*=
n—+oo n—-+oo

lim (K,) nln(Z)
n—+oo

_2a 2n
py = Wi 7Y 2 Su E sin (1>
n - n—
M, £ k
=n

Ty sin (,1()

1+x

Taylor series: sin(x) = ﬂxmﬂ =x _x_3 +x_5 —
Y ' _n=0(2n+1)! - 31 ' 5
/1 1 1 1 1 1 1 1

st (E) ke tes Tk et zas TP (F)

75|
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ZS'“()Zk Zk Hon = Huy

=n k=1
Using the asymptotlc expanswn of harmonic numbers

1 H, 4 =Hn—%=ln(n)+y—1/n+0(1/n)
=ln(n)+y+0(;>—> 1
=In(2n)+y+0 (ﬁ)

et Lo

2n
llI-:l S e%
_ noteo
nl_l)m M, =mIn(2) - llm 1 (V) = lim M, 11'111(2)
n—-+oco a
- 3 ei
Therefore nl_l)lllm(un) = nl_lm,o(v") " mwin(2)

2771.
Prove that:

k
li YE H+11 Ir'(e))dt | = > 1l 2
Jm D |y )e (@)t | =~ g+ 5Inem

k=1 n

Proposed by Khaled Abd Imouti-Syria
Solution by Amin Hajiyev-Azerbaijan

n k n
Q= i L (r@)de | = tim » k
= Jim S m(r@)ae )= 1m 2 (2)

k=1 n k=1

1
Limit or Riemann sums: lim — ) f(— =f f(x)dx
noteon iyt \n 0

1 ~1+4x 1
=f f In(T(0)) dtdx=f f(x)dx
0 1-IJ-cx 0
Raabe's integral: f(x) =j Inl(t)dt

d d d
af(x) =Inl'(1 + x) g—x(l +x) — lnI‘(x)ax =Inl'(1 + x) — InT'(x)
1+ x) =xr'(x) -» af(x) = In(x) » J In(x)dx =xIn(x) —x+C

1 1
C=f(0)= j InI(¢t) dt A-9°t ¢ = f InT(1 — t)dt
0 0

1
2C = f In(r(1-6)r(e))dt
0

Gammareflection formula:T(1 - 2)I'(z) = z¢ Z

sin(mz)’
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1 1 1
2C = f In(m) dt — f In(sin(mt)) dt = In(m) — f In(sin(mt)) dt =In(w) — K
0 0 0

z-u
T

2 (7. _2((z z z
K= Efo In(sin(2u) du = E(L In(2) du +J0 In(sin(w)) du +L In(cos(w)) du)

T

simmetry — 'I-fln(sin(u)) du = 'I-fln(cos(u)) du = %fnln(sin(u)) du
0 0 0

g—u—m
k=27 (2)+nt in(w)d 2(”1 (2) +7K) - K = ~In(2)
= — _ = —— - = —
—| 2 n , n(sin(u))du 3 n n n
1 1
2C=In(2)—- K- Cziln(Zn) f(x) =xln(x)—x+iln(21t)
1 1 2" 1 x? x2] 1
Q=f f(x)dx=j xln(x)dx—l— +=-In(2w) = |=—In(x) ——| —=+=In(2m)
o 0 2], 2 2 4|, 272
IBP
—11+1(2)— + =In(2m)
=—3 3 tzIn@2m) = k 5 InZm
Th li YE H+11 r(t)dt | = 3 1l 2
erefore n—l>lPook 1 Ef& nI(t) ——Z+E n(2m)
= n

2772. Find a closed form:
1
I= j x(1 — x?)Liz(—x?)dx
0

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Yang Silva Cartolin-Peru

1 1
I=J XLi3(—XZ)dX—J x3Liz(—x?)dx
0 0

® 1 ® k r1

I= Z (_13)11[ x* gy — (_13) f x**+3dx
no=01 n 0 k0=01 k 0
—-1)n 1 -1 k 1

I = %f x2n+1dx _ %f x2k+3dx
n 0 k 0

=1

=

) k=100
1 D" 1 (-1)"

I =— - - 7
3 3
2n=1n n+1) 2k=1k (k+2)
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1=1< Gt Vi NG Vi N G Vi (—1)">
n=1

2 n n2 n3 (n+1)
(00 Elo=1 n=0% n=100
110Dk 1o (-1)k N 1o (-DF 1 (—1)k
2\8 k 4 k2 2 K  8L.(k+2)
o k=1 o k=1 o k=1 o k=1 o
[ 7 (—1)k N 32 (D1 1o (-1 1 (—1)k N 1 (—1)k
- 16 k 8 k2 4 k3 2. (k+1) 164 (k+2)
k=1 k=1 k=1 o k=1 o k=1
7 3 1 1o (DT 1 o (1)1
I——1—6109(2)"'57](2)—1"](3)—522: i _1_623 i
J= J=

7 3/1 1/3 1 1 1
I'=-7clog(2)+ §<E ((2)> - Z(Z((?’)) —5log(2)—1) - R(“Q(Z) - E)

1= 303)—tog@) +
=32 16° °g 32

Solution 2 by Yang Silva Cartolin-Peru

1 1
sz xLi3(—x2)dx—f x3Li;(—x?)dx
0 ) 0
Let: A =J x Liz(—x*)dx
0

2 x?
IBP:u = Li;(—x?) - du = ;Liz(—xz)dx, dv =xdx > v = >

2 1 1 1
X 1 3
A=|=Lis(—x®)| — | xLi,(—x®)dx==--¢3) |- | xLi,(—x®»)dx
2 . Jo 2\ 4 0
: 2 2 2 x*
IBP:u=L12(—x)—>du=—;ln(1+x)dx, dv=xdx—>v=7

— 3 xz ; 2 ' ! l Zd
A——§((3)— l;le(—x )L+J0x n(1+ x*)dx

3 1 72\ (oD
A:_5“3)_E<_12>_J0x(;Tka)dx

3 ? 1
A= —§((3)+ﬁ—log(2) +E--

1
Let: B = .[ x3Liz(—x?)dx
0
_ 2 . x*
IBP:u = Liz(—x?) - du = ;le(—xz)dx, dv=x3dx->v= T
3 1t 5
B= —E((S) _EJO x°Li,(—x*)dx
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2 X
IBP:u = Li,(—x?) > du = ——ln(l +x)dx, dv=x3dx->v= T
2

1
= __(( )_1<_n_+ 1f 3ln(1+x2)dx>

48 2
B 2 (1)k—1
B= __7’(3) %_5 k(k+2)
B 3 ( 1)k 1 ( 1)k 1
B=-13®+ %‘1—62 1_6 Ktz
m 1 1 1 n 1
B= 13 >+%—Rlog(2)+—(log(2)——)=——<< ) gz =3
I1=A—-B I—T[ 3 3 l 2 17
= > 1=55-2=4(3) ~ log@) + 35 -

2773. Find:

k!

j (cosec(x) — sec(x))
arctanh
0 cosec(x) + sec(x)

Proposed by Ankush Kumar Parcha-India
Solution by Shirvan Tahirov-Azerbaijan

T
1 cosec(x) — sec(x

| =f arctanh< (x) ( )>dx=
0

cosec(x) + sec(x)
14 cosec(x) — sec(x)
_ f4 1 l cosec(x) + sec(x)
=] ZiIn
o 2 1 cosec(x) — sec(x)
cosec(x) + sec(x)

B 71 cosec(x) B 71 cos(x) B
_fo Eln< sec(x) )dx _fo Eln<sin(x)>dx B

1 %l e [Fincei AN
=3 fo n(cos(x)) x—f n(sin(x)) dx _E(Ql_ﬂz)

0

4
QO = j In(cos(x))dx =

T (—1)k+1 cos(ka)
In(2
I ( n(2) - Z )
1
2

_ k+1
—%nln(Z) + Z St '[0 cos(2kx)dx = =G — ann(Z)
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T

3
Q, = f In(sin(x)) dx =

f ( In(2) - z cos(an)) ‘e —%nln(Z) 3

n=1

zjwcos(an) =_1 n(2) — 2

1

VA
! @) Zsm(Z) @) -6
P o A 2

sin(2nx)

1 -
C2nZz

0

I—1Q Q—lnilGllZ 112 1G—G
=3 (=) =5 (56~ 3mIn@ + g +56) =5
2774. Find:

L xIn?*(x)

o 1+3x)(2+x)

dx

Proposed by Shirvan Tahirov-Azerbaijan
Solution by Yang Silva Cartolin-Peru

N 1j11n2(x)d +2J11n2(x)d
T T5),143x " '5)y x+2

1 (11In?2(x) 1 (1In?%(x)
A= ——j dx+—J % dx

oo

p = nz:(:)(—a) x
- %;(—3)“ folx“ In?(x) dx + %DZO (— %)n folxn In?(x) dx
1

#Note-fx”lnq(x)dx = ﬂ
' (p + Datt

0 o 1
A=—ZZ -3) 23 (-2)

#Note:
oe1

5

N

n+1 k-n=k- 1 (— 3)k 4 = (_1)
152 5 K3
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o
n

z
#Note: Liy(z) = z s Polylogarithm Function

n=1

2 4 1
A= EL]:;( 3) ——L13 (—E)

) /1 1 3 ?
#Note: Lis(z) = Lis (;) - 2In3(=2) - = In(-2)

_ 2
o Lis(=3) = Li, (— %) - 11n3(3) - %ln(B)

A= 125 <L13 (— %) — 1ln3(3) — —ln(3)> — gL13 (— %)
A= <6L13 (— %) ~In(3) (In2(3) + 72) — 36Lis (- 1))

45 2
i i (_1)m+n
P 2"(n+ 1)2m(2m — 1)3

m:

2775. Find:

Proposed by Shirvan Tahirov, Elsen Kerimov-Azerbaijan

Solution 1 by Amin Hajiyev-Azerbaijan

D" =™
= n=1 Zn(n + 1)2 Z m(zm 1)3 =l lz
GEOLIS (e Y A Nl G Vi
=1zn(n +1)2 n=12"+1(n +1)2 -

afin()+))

(—1)™ _ 2 1 ~
I = m(2m m2Zm-1)3 Z -1 ( —13  2m-12  m@m- 1)) -
(_1)m+1 (_1)m+1 hnd (_1)m+1
L Zm+ 17 Ly Zm+1)? + £, G+ D(zm + 1)
o (-D"
—~ 2n+1)s’

3

. s
B(2) = G (Catalan’s constant), (3) = 3

11:

Notes: Dirichlet beta function: B(s) = Re{s} >0
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=262 -2~ ) 0" | 1 J mynddy -
m=0

1o ln(1+xy
=2(;———f f —dxdy=zc———f dx =
16 J, Jo 1+x2y 0
- 1 flln(1+x2)d 2 1 ln(1+x2) 1 1 dx =
16 ), 2 ~“" " 16 o 1+2

iBP

3

—=26-2 +1n(2)
= 16 2

] 1, 1 d T
I=10,=-2 (le <_E> 2) 26-T-+In2) -5

Solution 2 by Yang Silva Cartolin-Peru

co oo oo oo

( 1)n+m ( 1)m
A= Ly £ 27+ 1D?m2m - 1)3 - nZi (n + 1)2 nZlm(Zm —1)3
o [ 1\ w
1< (-2) ™
§;(n+ 1)2mz=1m(m _%)3
nt1zkon=k-1 1 (- %) < [ 8 16 16 16
=>A_§Z K2 Z(_l) [_E+2m—1 (2m—1)2+(2m—1)3]

- 2 2 2
_ym _ ]
k? zl( ) m+2m—1 (2m—1)2-|_(2m—1)3
m=

1 oo 1\* oo 1,k

A by 1 (-2) _ 1, v (2)

#Note: Lls(z)—Z—zL 2( 2>:kzl 2 =—E+kZZ iz

(Lls(Z) Polylogarlthm Functwn)

VPR e\ I o1 LB SN VL Sl b

2m 1 £ 1(Zm—l)2
=™
+ZZ(2 —1)]

(D" k-t O (CDFT O (D
~ 2n+1)s =B = — (2k - 1)s _)k 4 k-1
(B(s): Dirichlet Beta Function)

#Note: B(s) =
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—A=— (zuz (— %) + 1) (tog(@ + z(—p(1)) - 2(-B(2)) +2(-B(3)))

oot -3) 1) oo+ 20+ )

1 1
A= <2L12 (— E) + 1) (—326 +8m+ 73— 16log(2))

16
o (-Dn
A= Z
nZ(2n+1)3
n=1

Proposed by Shirvan Tahirov-Azerbaijan
Solution 1 by Yang Silva Cartolin-Peru

0o 1
OS],
A‘Zm 2w (zf 2‘092(")””‘)

2776. Find:

flog (x)z —L" x*"dx

#Note: Li,(z) = Z — > Li,(—x?%) = Z
-1
(Liy(2): Dllogarlthm Functl n)

Z)n

1
A= Ef Li,(—x®)log?(x)dx
0
) log(1+ x?%)
[B.P: u=Li,(—x%) > du = —Zde
dv = log?(x)dx - v = xlog?(x) — 2xlog(x) + 2x
1
—a=3 [(xlog?(x) — 2xlog(x) + 2x)Li,(—x*)]}

+ J(logz(x) —2log(x) +2)log(1 + x*)dx

1

2

A= _E+ f log?(x)log(1 + x*)dx
0

-2 J log(x)log(1+ x*)dx + 2 f log(1+ x*)dx
0

83 | RMM-CALCULUS MARATHON 2701-2800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro
1 1

x*log™(x) —
Let:I1(n) = dx = | x*log™(x) ( (—1)"x2k> dx
f f kz(:)

1+ x2
0 0
1

In) = ) (=1 | x***2log™(x)dx
2
(—1D)q!

(D% k=p-1 - (1P

-~ s — (—1)nt1,,| o~
& (2k + 3)nt1 >I(n) = (-1)"" " 'n! . 2p + D
= p:

(-D" > (—1)n
= 2n+1)s =B -1= ] 2n + 1)s
(B(s): Dirichlet Beta Function)
I ="' (Bnm+1)-1) -
3

=>I(1)=B(2)—1=G—1/\I(2)=—2(ﬂ(3)—1)=—%+2

1
#Note:fxplogq(x)dx =

0
I(n) =(—1)"n!

#Note: B(s) =

1
Let:A = f log?(x)log(1 + x*)dx
0

=aA-= [(xlog?(x) — 2xlog(x) + 2x)lo g(1 + x2))]
1 1 1
x*log?(x) x*lo g(x) x?
_zj 15 22 dx+4j 11 22 dx—‘LJl_l_x2
0 0 0
A =2log(2) —21(2) +4I(1) — 4[x — arctg(x)]}
15 4
A =2log(2) - 2<——+ 2) +4(6-1) _4(_Z+ 1)

dx

16

4

A= 210g(2)+n—12+?+46
1

Let:B = f log(x)log(1 + x*)dx

0
1

1
2 2

LBP B 271 fx log(x) j x

=B = [(xlog(x) —0)log(1+xD)]p -2 | T 5-dx+2 | T —7dx

YA 0 0 T
B =—log(2) — 21(1) + 2 (_Z+ 1) = —log(2) ~2(6~1) — 5 +2

T
B = —log(2) _ZG_E+4

84 RMM-CALCULUS MARATHON 2701-2800



R M M

ROMANIAN MATHEMATICAL MAGAZINE
www.ssmrmh.ro
Let:C=flog(1+x2)dx
0
1

IBP x? /4
=C = [xlog(1+x2)](1,—2f1+x2 dx = log(Z)—Z(—Z+ 1)

0 14
=log(2) + 3~ 2.

12
—2(=-1og(2) - 26 - T 4)+2(log(2) + T 2)
2 2
A=8G—24 + ﬁ(72 +3n? — 2m) + 6log(2) -

Solution 2 by Bui Hong Suc-Vietnam

(-1)" . 8 4 6\
&= zn2(2n+1)3 Z(_l) ( 2n+1 (2n+1)2+(2n+1)3_ﬁ)_

? 3
Therefore:A= —— + <Zlog(2) +m—12 + ry + 4G>

(—1)" o (—1)" (-n"
2 +1+ Z:(2n+1)2
(—1)" (—1)"
(Zn 2n+1)3

-n(2) 41-1 12(-1+ (1)) + 8( 1+B(2))+
4(—1+B(3)) +6n(1) = —(1—-273)¢(2) + 12 (—1 + %) +

L m {(2)
8(-1+6G)+4 —1+32 + 6ln (2)—?—T+3n+86+6ln(2)—24

Therefore
—1)n
0= Z (-1

nz(2n+1)3

3
Q=%—¥+3 + 8G + 6In(2) — 24

Solution 3 by Pham Duc Nam- Vletnam

1"
$= Zn2(2n+1)3

" _ _
= 2n)?2(2n+1)3 4SRnZlnz(n +1)3

4mi_ﬂch 3 3,2 1 )
l —_— — — — =
4 n2 n+1 n (n+1)?2 (mM+1)3
n=
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2Li Li 3ln(1 —
49{( 20 | i 4+ L) 3t x)+31n(1—x)—6> =
X X x i
2
R
~ Liy(i) = 48+lG3
. 3¢(3) im
le(l) = —1,3.—2(2)+ 3—2
N = Tne) It
In1-1i) = > 1
3 2
S =86+~ — >+ 3m+6ln(2) — 24
2777. Find:
5 cos’(x)
6 CoSs
Q_

= dx
o (14 cos(x))?
Proposed by Nguyen Hung Cuong-Vietnam
Solution 1 by Amin Hajiyev-Azerbaijan

& cos3(x) & cos3(x) +1 3 dx
o (1+cos(x))? T o (1+ cos(x))? dx - Jo (1 +cos(x))? L=t
I f% (cos(x) + 1)(cos?(x) — cos(x) + 1)
1= 0 (1 + cos(x))?
% (cos(x) + 1)(cos(x) — 2) + 3
N fo 1 + cos(x)

I =

dx =

= jg(cos(x)—z)dx+3j%—
0 o 1+ cos(x)
. T T 3
=51n(—)—§+§

" [Ztan(f)]f=;_g+3tan(f_z)=7_§_m

2

T T 4
6 dx 16 by 1 (6 by X
— _ - 4 (”~ - 2 (* 2 (% _
I = _[0 (1+ cos(x))? 4J0 sec (2) dx 4,[0 sec (2) <1 +tan (2)) dx
T s

3 s Qan s [Pt e G arHfum QI 3 [
0 0 0
t=tan(%)—>%=%sec2(;)

3
=1tan(l)+1[t3]ﬁ‘*/§=2_\/§+(2_\/§) ZE_ V3

3v3

T2M12) 7% 2 6 3

& cos3(x) 13 = 16 7 @
dx=I—I,=————3V3-2+3V3=-——

o Atcos(™ -1 127373 VB3 433 =¢—3
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Solution 2 by Mais Hasanov-Azerbaijan

B 3 cos3(x) B %(Zcosz(x) -1)3
I'= o (1+cos(x)z ™~ Jo (1 + cos(x))?
_ f%8cos6 (%) —12cos* (%) + 6cos? (%) -1

0 4cos* (%)

w w T T

dx =

L n
= fﬁ—l+cos(x)dx—§+;[2tan(x) s

o 2 2
4 L (3 4 1 (6 X 15 x X
_r . [ R 2 _ = 2 (% _
_6+[sm(3|c)]0 2+3tan(1 ) 4jo sec (z)dx 4J0 sec (z)tan (Z)dx
1 1 V3 1
_—§+2+3(2 \/—)——ta (12) JK=—3+5+6-3V8-1+— K=
T 11 5V3 1
=——f——-——-K
- 3 2 2 4
3 X X X du 1 X
_ 2 (% 2 (* Yoy o — Ceac2 (2
K = . sec ( )tan (Z)dx—>tan< )—udx—zsec (2)
23 2 2(2-v3)° 52
K:zf wrdu==[udE V3= ( )——— V3
o 3 3 3
- ™, 11 5V3 13 53 7 =
B 32 2 3 2 6 3
6 cos?(x) 7 =
o (1+ cos(x))? =6 3

2778. Find:
V3
6 cos3(x)
o (1+sin(x))?

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

3 cos3(x) B %(1 — sin?(x))
o A+sin@)2™ ™ |, @ +sin(x))?

dsin(x) =
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sin(x)—-t 2 1-—
dsi = —dt =
1+ sin(x) sin(x) o 1 + t

_LZ*}L:O _zj —dt—fdt—

_ f% (1 - sin(x))
0

Zln|1+t||2 —t|2 = 21n(3>—1— ln(—) 1
B B 2) 2 \4) 2
2779. Find:
T
6
tanx
Q= J dx
" V1 + sin?x
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

, co
sinx
dx o

T T
6 6
Q- j‘ tanx f
J V1 + sin2x cosxV1+ 1 — cos?x
V3

2

/2x/§+x/§\
L P B _ln(1+i> _ e _iln<ﬂ>
=\ "B e 77w e T2\ Beve
V2
2780. Find:

Vs
3
cotx
Q)= | ————dx
J V1 + sin?x
6

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

T T
3 3 ,
cotx cosx y=stmx
Q=f—dx=j dx =
4 V1 + sin?x 4 sinxV1+ sin?x
6 6
V3 2 2
z =173 1 V3
1 i 72 1
=j 2dy=j dz=—f > dz =
1 y/1+y 5 1 1+12 s Vz +1
2 z z
S G +in(2+y22+1) =
\/§ 3

2+ ﬁ)_l (2\/§+\/1_5>
"M\ T2v 7

2781. Find:

(A
6
CcoSsXx
Q= J dx
J V1 + sin%x
Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

1+ sin?x 1+ y?
1 1 1++5
=n|>+ 1+Z>—ln(0+\/1+0)=l < > )

2782. Find:

T
6
0 f sinx d
= | ———=dx
0\/1+sin2x

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Daniel Sitaru-Romania

n n V3
6 6 P)
Q- f sinx B f sinx y=;;sx f dy
J V1 + sin’x s V2 —cos’x 4 J2—y?
V3
= —sin1 2 + sin™1 (i) =T sin~1 E
a NG3 v2/ 4 4
2783. Find:
T
6
sinx
Q= dx
" V1 + cosZ

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

n V3
6 2
sinx y=cosx 1
Q- f o —f dy =
0\/1+cos2 4 J1+y? Y
V3 3
__ va 2 2
ln<2+ 1+ +ln 1+1)
\/_-I-\/_) <2+2\/_>
=Imn(1+vV2)-1In In
(1++2) VIR

2784. Find:
T
3
cotx

0= J dx

J V1 + cos?x

6

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

T
3
cosx
= J dx
J sinxV1+ 1 — sin?x

T
3
Q- J cotx
4 V1+ coszx
6

6
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V3 2 2
=z =13 1 V3
[ [ -] e
= = zZ = — zZ =
{ Y2 -—y? Y 1 1 2z2 -1
1 2 — 12—— 2
2 z VA
2
1f 1 p 1 il 24 la 1 l 1+ 4 1
=— z=—|In —s |-l —=+ |-z |=
ﬁz 21 V2 2 vz 3 2
73 2
1 inl 24 14 l 1+ 30
= — n —_— —in| — —_— =
V2 4 N B ED
4+\/14\
1, / 2| 1, <3x/i(4+\/14)) 1, <1z+3\/14>
= —Iin =—in =—in|—
V2 6 + /30 V2 6 +/30 V2 \3V2 ++15
6V2
2785. Find:

6 1
fo cos(2x) + cos(x) dx

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

s

6 1 6 1
= ,[0 cos(2x) + cos(x) dx = Jo 2c0s%(x) + cos(x) — 1 dx =
s

2 (6 dx 1 % dx
_j @ f 0+,
0 0

3J), 2cos(x)—1 3 cos(x)+1
n tan(z)—m n 2
q 2 ja dx 22 Jta“(ﬁ) 1+e2 B
173), 2cos(x) -1 3, -t B
- - 1+ t2
2 Jta“(ﬁ) 2 41 fta“(ﬁ) 1
3, 1-3t2 3'3), 1_.
3
Lt LI V3
4 3 tan(=5) 2V3 |v/3 -
=g 5 In \/f 512)_ 5 n‘/f =—"1In(1+V3)
——t ——-2++3
V3 V3
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1 % dx 1 % dx 1 X r
= — —_—— — —_— —_ 6:
{1 3_];, cos(x) +1 3,];, 20032(’2‘) 3tan(2)|0
1

=§tan( )=—(Z V3)

2 1
Q—Ql+ﬂz=Tln(1+\/§)+<—§(2—\/§)>

Therefore:

Q=¥1n(1+\/§)—%(2—\/§)

2786. Find:
1
[
= X
4 1+v2x+1

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania

7 1 i y ﬁ1+y—1
S TG ) ST £ P
1 V2x+1 4 1+y 4 1+y

\/_ V3
f—dy V3-1-In(1+V3)+1n2 =

=[ o

1

2
3—1+ln( )
1++/3

2787. Find:
1
0 [
= X
)1+ V2x + 1

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania
3 31/‘

f 1 4 ys:fj‘“sf Y Y -1+1,
= —_—aX = _— = — _— =
) 1+32x+1 2) 1+y Y 21 1vy 2
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f(y dy +5 f— y=

1+y
3 3 3
Vo 1 1+V3\ 3,.,- . 3 (1+33
2<2 —5- 3+1> —ln( > >—Z(\/9—\/3+1)+Eln< > )
2788. Find:

I1,.(x) cos(ax)

0 V1 — x?2
Proposed by Estevao Francisco-Mozambique
Solution by Rana Ranino-Algeria

x= cos(B)
Q= TZnE/xl)cios(ax) = f T,,(cos(0)) cos(acos(0))dO =
0 x?

= ffcos(ZnG) cos(acos(0))do
0

Jacobi — Anger's expansions :
(o]

cos(acos(0)) = Jy(a) + 2 Z(—l)"]Zk(a) cos(2k0O)
k=1

Q=J(a)+ ficos(Zne)dO + Z(—l)kJZk(a) fizcos(ZnO) cos(2k6)d6
0 = 0

0

I

z T T
f 2cos(2nB) cos(2k6)d6 = f cos(nB) cos(kB)dO = 58""
0 0

T f 17,.(x) cos(ax)

V1 — a2

dx = (=1)"J2,(a)

2789. Find:
2
dx

_0 V2x +1+32x+1

Proposed by Nguyen Hung Cuong-Vietnam

Solution by Daniel Sitaru-Romania
6

B dox y6:ix+lf 3}’5 p
0\/2x+1+i/2x+1 ) y3 + y?
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85 85 )
@+ -y+1 -1
y+1
85 85 X
= z2 _ 1 — —dy =
3f(y y+1)dy-3 y+1dy
1 1
3 Viz5 1 %25 PRSI \/125 6‘/25+§/§_E
B 3 3 2 3 2 6

2790. Find:

f% sin(2x)
o 1+sin(3x)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Mirsadix Muzefferov-Azerbaijan

B 3 sin(2x) _ 3 2sin(x) cos(x)
L= fo 1+ sin(3x) dx = fo 1 + 3 sin(x) — 4sin3(x)

2sin(x) dsi Si“(g_’t Z 2t d
J (1—sm(x))(1+zsm(x))2 sin(x) = fo A-pa+z02™

_ A N B N C
(1—t)(1+2t)2_1—t 142t (1+2¢t)2
2t=A(1+20)*+B(1-t)(1+2t) +Cc(1—1)

A—2 B—4 C = 2
=3 =3 =-3
1 1 1
2t dt—zfi dt +4f7 dt Zfi dt 0 40,40
0(1—t)(1+2t)2 _901_t 901+2t 30(1+2t)2_ 1 2 3
1
2 (2 dt = 2 1
0 =2 [P )2 -2 (D) = 2mee
1=5), 1o "ot dlg=—giniz n(2)
1
Q —4F a2 |1+2t||% 2 1n(2)
279),1+2t 9 n 0o o™
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fm -3 2(1—+2t)Hg 5

S0 i 0=+, +0s = 2In(2) +2In(2) -+ = Fn(2) -+
07 =i Ty = gin 9" 6 o9 6

400 ex
dx
J_oo etx +1

Proposed by Nguyen Hung Cuong-Vietnam

2791. Find:

Solution by Dau Trung-Vietnam

+o00 ex + 0o 1 t=e
— X\ &
'I-_OO e4x_|_1dx-f_00 4x+1d(e) 2
rw 1 dit) t*=
0o th+1 1-u

:;Eu—%(l_uﬁdu:zﬁ(zi) 1 () (z) L p()r(1-)-n?

4" \4’4

2792. Find:

(3
j§ ctg3(x)
m 1+ sin?(x)
Proposed by Nguyen Hung Cuong-Vietnam
Solution by Sahel Koley-India

_f% ctg3(x) 4 _f% cos3(x)
- %1+sin2(x) = %sin(x) (1 + sin2(x))

3 cos(x) (1 — sin? (x))
- f% sin(x) (1 + sin?(x))
Let sin(x) = t, dt = cos(x) dx
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V3 V3 V3
z 1-t? i = 71+t2—2t2dt_ 1 2t
f% t(1+ t2) _f% t(1+ t2) _J% (? 1+t2)
V3 / V3 \ .
_ _ 2| 2 2 : )
= [In(®) ln(1+t)|l \/§ 1+025
2
_ 5v3
_nT
2793. Find:
* In?(x)

X
o (x+1)*
Proposed by Vasile Mircea Popa-Romania
Solution by Yang Silva Cartolin-Peru

oo xp—l
Let B(p,q)=f0 mdxp+q=n—> q=n-—p
(e ! L [* (%) B
B(p,n—p) = , (1+x)"2dx_) A(n) = , (x+1)ndx—
d
limﬁB(p ,n—p)
Mm—r(ﬂazawwm mﬂ

Let: f(p) =T'(p)I (n—p)
f'(p) =r(eyp@@)r(n—-p) - rp)rn—-pyp®mn-p)

'@ = ® (WO ) - pOn - mf+wmmnwmm—mD

o 2 2
In(1) : A(n) = (in+(f))n l(H,, 22+~ HY l
0
1[/3\? nZ 5] 1 n?
A(“):i[(i) ?‘Z]=§+?

2794. Find:

3 sin(x)
Jg cot(x) (1 + cos(x))

Proposed by Nguyen Hung Cuong-Vietnam
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Solution by Mais Hasanov-Azerbaijan

3 sin(x) 3 sin?(x)
I= f dx = f dx =
m cot(x) (1 + cos(x)) m cos(x) (1 + cos(x))
g(l — cos(x))(1 + cos(x)) 31— cos(x)
= f dx = J ——dx =
% cos(x) (1 + cos(x)) m cos(x)
x
f% 1 jgd f% 1 om j§1+tan2(§)d T
= X — xX=| ——dx——=| ———>Cdx——
™ cos(x) ™ 7 cos(x) 6 JI1_tan2 (%) 6
x
x dt 1 x 1+tan? (j) 1
— ) = _— - 2 —_——_—_— I —
{tan(z) t,dX 2sec > > ,te[\/g,z \/§]
1 1
o [ dt n_[ (1+t)\/_§ T 2+V3\ =
gl 6 ["\1-dl,z 6 "\ V3 ) 6
Therefore:

3 sin(x) de =1 2v/3+3 T
ﬁgr cot(x)(1 + cos(x)) x= n< 3 ) 6
2795. Find:

3

fe sinx d
X
o cosx(1+ sinx)

Proposed by Nguyen Hung Cuong-Vietnam
Solution by Tapas Das-India

f sinx d f sinx. cosx d
x = x =
cosx(1 + sinx) cos? x (1 + sinx)

_ j sinx. cosx d sinx=u f u du —
) (1 —sin2x)(1 + sinx) x = 1-ud)(1+uw w=

_f<1 1 11 1 1>d 1 (1+u)+1 1
G uri Tz v/ T T 21

sinx=u 1 (1 + sinx) N 1 1
B 2

1-sinx 1+ sinx

97 RMM-CALCULUS MARATHON 2701-2800



R M M

ROMANIAN MATHEMATICAL MAGAZINE

www.ssmrmh.ro

s
& sinx 1 M4sinyy, 1 1 6 1 1
| G i) ) =3n3 ¢
0 0

dx =(—In +-.
cosx(1 + sinx) 4 1-sinx/) 2 1+ sinx 4 6

2796. Find:
* xarctan(x)

o (14+x3)(1+ x)?
Proposed by Vasile Mircea Popa-Romania

dx

Solution by Amin Hajiyev-Azerbaijan

1/ 1 1 1
I:Efo (1+x2—(1+x)2>arctan(x)dx=i(11—12)
arctan(x)=u

“arctan(x) o 7
I, = f ——dx = f udu =
0 0

1+ x2
1 () =13
IZ:J‘ arctan(x)dx _)IBP”— x X,V =
0

(1+ x)? _ arct ()du_
u = arctan(x), — = 1

+L A+0d+20)~

_ | arctan(x) ®
2= 1+x

0

_1f001d f°°xd+f°°1d -
2\ )y 12T ) 12T 1™ T

—_— ——
x2-x

1+x

[1 t ()r+11' 1 ( ) ! im (”x)
= |—arctan(x —11m in — —11min
2 0 Zxow  \W14x2/ 2x00  \W1 4 x2

%+1 \ 1 %+1
—=limIn

m 1 I

_Z+Exl—>lcr>lon 1 2 x-0 1
—+1 —+1
X

X
®  xarctan(x) 1 1 (m?
dx==(;—1y) ==|——
L Ararap Tz z(s

2797.If a,b,c > 0, ab + bc + ca = 9 then:

1 9 2187(e%* + €% + €€ — 3)
f (e%* + eP* + e*) dx <
0 abc

Proposed by Pavlos Trifon-Greece
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Solution by Tapas Das-India

egax N egbx N egcx _ (eax)‘) N (ebx)9 (ecx)9 Ra;on (eax + ebx + e* 9 (1)
(18 e (W 38

WLOG a > b > c then bc < ca < ab and e > ¢%* > 9

Chebyshev 1
(bce®* + cae®™ + abe®*) < 3 (%% + e%b* + e9°*)(ab + bc + ca) =

— % X (e9ax + e9bx + e9cx) — 3(e9ax + e9bx + e9cx) (2)

1 (1) 1
9
] (eax | ebx | ecx) dx < 38 j (e9ax e9bx e9cx)dx —
0 0

1

_38 e9ax+e9bx+e9cx _36 e9a_1+e9b_1+89c_1 B
B 9a 9b 9c 0_ a b c B

<

_ 36 3(e%%* + e%* + e9*) — (ab + bc + ca)
B abc

) 3 e9ax+e9bx+e9cx -9 e9ax+e9bx+e9cx -3

abc abc

(e9ax + e9bx + e9cx) -3
= 2187( )

abc
Equality holds for a = b = ¢ = /3.

2798.If a, b, c > 0 then:

1 > 4782969
f (3/(x9a + x99 + x9°) ) dx >
0 5(a+b+c)+3

Proposed by Pavlos Trifon-Greece
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Solution by Tapas Das-India

We know that if a4, a,, ..., a, be n positive real numbers and m be a rational
ai' +ay' + -+ ay a; +a; + -+ a,\™
number then, - > or < ( - )
according as m does not or does lie between 0 and 1
(Reference: S.K.Mapa classical algebra book page — 22)

5 5 5
9av\a 9h\9 9c\a 5
((xa)9+(x )9+(x6)9>< x99 4 3% 4 x9c\9 SE 01

3 = 3 asg €01

5 5 5 5
(x9a + x9b + x9c)9 > <(x9a)§ + (x9b)9 + (x9C)§>

‘:gl-li| -

994 & 79 1 x9c) 5a 4 ,5b 4 ,5¢
(\/x +x% + x ) > — (x°% + x50 + x°9) (1)

c»'gl-hl =

e i ©1 5 5b 5
j(\/(x9a+x9b+x9c)) dx > — | (x*+x°° +x>)dx =
0 3970

Bergstrom

x5a+1 1 x5b+1 1 x5+ 1 1 1
sat+1) \sp+1) T\scr1 2_425 1 °
a 0 0 ¢ 0 35 a
14
9 _ 35 _
5(a+b+c)+3 5(a+b+c)+3

V314 V4782969

c»'gl-tsl =

" 5(a+b+c)+3 S@a+b+c)+3
Equality holds fora = b = c.

2799. Prove that:
V3 _ (VB—V3 C(VKkEv2k-VIZ—1\ /1
+ arcsin 3 + --- 4+ arcsin Kk + 1) = cos (m)

arcsin <7
Proposed by Mais Hasanov-Azerbaijan
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Solution by Amin Hajiyev-Azerbaijan

o (B, (VB3 (VR 2k - VR
_arcsu](?)-l-al'CSln( 6 >+-.-+al‘CSln< k(k_l_l) )

6= sin-t V22 -1-v12-1 (V32 -1-v22-1
- ( wa+y )" 2z+n )"

L (VE+DEZ-1-VEZ -1
+ sin Kk + 1)

K
S:ZSin_1<\/(n+1)2—1—\/n2—1)

nn+1)
_ ¢ .4 |(m+1)2-1 nz-1
—Zsm n2(n+1)2 |n2(n+ 1)2

k
1
Zsm <H‘ (n+1)2 n+11‘ _ﬁ>

Note: a = arcsin(x), B = arcsin(y) - a,B€|—= —
cos?(a) = /1 —sin?(a) = V1 — x2
cos?(B) = /1 —sin2(B) = /1 — y2
sin(a — B) = sin(a) cos(B) — sin(B) cos(a) = xy/1 — y2 — y\/l —x2

a—p = arcsin(x\/1 —y2—yy1 —xz)
arcsin(x) — arcsin(y) = arcsin (x\/ 1-—y2—yJ1-— xZ) - x = % y= %ﬂ

k
1 1
S = Z (sin‘1 — —sin? —)
n n+1

n=1
1 1 1 1 1

=sin"11-sin™?! >+ sin~1 2~ sin~1 3ttt sin~1 E sin~1 1
S=sin"11- sin‘1L _T_ sin‘lL = cos~1 (L>
- k+1 2 k+1 k+1

2800. Find:

_ [“x*(log(x) + arctan(x))
A= fg 1 + exp(mx) dx

Proposed by Shirvan Tahirov-Azerbaijan
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Solution by Yang Silva Cartolin-Peru

*x2(1 + arct [ 221 [ x2arct
Azf x%(log(x) + arctan(x)) Ay — f x*log(x) x4 f x%arctan(x) i
0

1+ exp(mx) ) 1+ e™ ) 1+ e™
" vo: A+ B
2 o0
A= f x1lj:i1(r? dx = f (Z(_l)n_le_""x> x*log(x)dx
0 - 0 n=1
A= Z(—l)""lj x*log(x)e ™ dx, let: x = L, dx = at
nm nm

n=1
(o]

=t Z 1)n IJ Zlog(i)e_xdx

n=1

A= o=y (Z S lf x*log(x)e *dx — z( Lo g(mt)f Ze xdx)

n=1 0

[o9] [o9]

#Note: Gamma Function:T(z) = f x*le™*dx - I'(2) —f x> og(x)e *dx
0

_q1\n—-1 n-— 1
. <(3)z< 1) ‘“3)2( 1) log<n>+log(n)])

n3
—1)n1 —_1)n-1 _1)yn-1
(F,(3)2< nto ()Z( 1) (-1) log(n))

I'(2) = T(@DY©®(2) - T'(3) = TPV (3) = 2 (; - y) =3-2y
NG
ns

#Note:

Dirichlet Eta Function:n(s) = Z -n'(s)=—

n=1 n—-1
n(s)=01- 211"5)((5) - 1'(s) = 215log(2)4(s) + (1 — 2175 (s)
A=—03)3 -2y) - 2logm)n(3) - 27'(3))

113 3 1 3,
A=—3 lz((3)(3 —2y) - E((3)109(n) +2 (— log(2)¢(3) + 2° (3)>l
A= G )<9 6y + lo g<n6)>+3( (3)..

i (-1)" 'log(n)
nS

413 2m3
x%arctan(x) 1 2 2
*B = j de = J (enx —{ " gEmr 1) x“arctang(x)dx
0 0
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" x2 arctan(x) [ x2 arctan(x)
B=f—dx—2f—dx

e — 1 eZn’x -1
0 0

x%arcta n(x) x=t x? arctan(2x)
In:Aszdx, let:x=2t—>dx=2dt=>A=8f e2mx _ |

0 0
x*arctan(2x) x“arctan(x)
=] -z [ Farctancs

1 = dx = 84— 2C

j x? arctan(kx) x3
q

Let:I(k) = = | At E@ = 1) dx
0

0

[0e]

, 1 x 1 x
I(k)=ﬁje2"x—1dx_ﬁj 1 dx
0 0 (

#Note:
X
(821tx —

1 1
o, _ _1 _ - ®
Binet’'s Second Integral. f @+ 0 dx > [log(z) T Y (z)]

b s—1
f x do — r(s)q(s)

X =
ean -1 (21‘[)5
0

10~ i 3 (o (7) - -9 <1>)]
fl'(k)dkzi %—lfﬁlog<llc>dk+ dk 1fk4 (0)
In: fk4zp(°> (llc)dk let:t —%—» dt = _t_z
—ftztp(o)(t)dt=>—(tzlog(l‘(t)) — zftlog(r(t))dt>

j%w(o) (%) dk ,;12 log( ) + thlog(l‘(t))dt
0

1
[ mfrt),

= I(k) = — 1 _logly 1 _1 i +2Jtlog(r(t))dt)
0

24k 6k3 18k3 8k 2

+C
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1 loglk) 1 1 log( )

1
k

I(k) = — +jtlog(l"(t))dt+ c
0

24k 6k3 18k3 8k?2 2k?
=P(k)+C
If:k — o0 = arctan(kx) = g/\P(OO) =0
2 3 3 3
:I(m):g_]_e“f——ldx 2(2;3) (2;(1tz) — I(00) = P(c0) + C %=C_-.
0
1
log k
1 log(k) 1 1 < > 3)
1=~k "6k 18K 8l2 22 Of tlog(I'(®))dt +
#1(1) = —= + Q + J tlog(r(t))dt
9
0 1
17 1 1 (( ) ‘
#1(2) = ~588 " Elog(z) - —log(n) gzt f tlog(r(t))dt
0

X
Let:Y(x) = f tlog(T(t))dt,0 <x <1

#Note:log(T(x)) = (1 - x) (y +1og(2)) + (1 —x)log(m) — —log(sen(nx))
+ — Z; lo i(n) sen(2mnx)

X

Y(x) = (v + log(2)) j t (% — t) dt + log(m) J t(1-t)dt — %f tlog(sen(mt))dt
0 0 0

[o%0) X
1 log(n
+—Z 8 )Jtsen(Znnt)dt
miy n J

2 3 x3

x x> 1/
Y(x) = (v + log(2)) (Z — ?) + log(m) <? — ?> - Ef tlog(sen(mt))dt
0

log(n) (sen(2mnx) xcos(Zn‘nx)
oy e )

41r2n2 2nn

#Note:log(sen(mx)) = —log(2) — Z &kk’”)
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x> x3
— 2y
Y(x) = 2 (y +log(2m )) 3 (v + log(2m))
1 y (Z)Itdt ilft (2kmo)de | + 1 ilog(n)sen(Znnx)
3 og i | teos(Zkmx P 3
0 k=1 o n=1
X i log(n)cos(2mnx)
2m? n?
n=1
x> x3
Y = (y + log(an)) -5 (v +log(2m)
1/ 1 1 xsen(2mwkx) cos(2mkx) 1
S — 2 _ _ —
z( 7 l09(2)x kzlk< 2nk | 4nfkE | Antk?
N 1 i log(n)sen(2mnx) x i log(n)cos(2mnx)
413 n3 212 n?
n=1 n=1
x? x3
Yo =— (y + log(41r2)) -3 (r + log(2m))
N X isen(anx) N 1 icos(anx) 1 i 1
4 k? 8m? k3 8m2 L. k3
k0=01 k=1 o k=1
N 1 Z log(n)sen(2mnx) x Z log(n)cos(2mnx)
413 n3 212 n?
n=1 n=1 o
1 1 1 log(n)
__ 2y) _ = _
=Y(Q1)= 2 (y + log(4m )) 3 (y + log(2m)) > Z —
n=
va) = - X+ Xiogan?) - iogem) + ——¢'(2
(1) = -5+ l0g(4n?) — Zlog(2m) +55¢'(2)

2
Y(1) = — Y + %109(4112) — %lo g(2m) + % [% (y —log(2m) — IZIog(A))l

12
Y(1) = %log (2”>

ra
2 ¢3) 1 2=;
#1(1)__§+W+1109(F> ( ) »
n ry 1 1 7¢3) {'(2
:>Y(E>_48+12 log(2m) - 45109(2) — 57 — g2
v(N Xt oo — Liog) - 5B _ L [T oaam — 121004
()= L+ Liogem - tog@ - 20 LT _1ogam) - 12109(a))
1 1 7¢(3)
il 6 424 _
Y(z) 96 log(16m A()) 3212 .
__ 17 1 1 {3, 1 ¢ oa 783
#1(2) = — 500 — 72109(2) — - log(m) + o + 5= log(16m°A™) — =7 .
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_ 1 1 3 1 {(3)
= B = 8<_ﬁ_4_810'g(2) —1—610g(n) + gz +%lo g(16m°A**) — 321r2>
{(3) 21
2 <_§ Tenz 1 109 (F))
3 1 1 1
B =4log(A) — % ~36"3 log(2) — Elo g(m) -
Therefore:
3 1 1
=583 (0 by +10g () + 22 1 atoga) - £ - 2 Z1og(2) ~ Llog(m)

¢@3) 4 3¢'3) 1 A\ 1
A= ypm 3(9 6y+log( ) 4-1T>+ 3 +glog<4—n3>—%.-.
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It’s nice to be important but more important it’s to be nice.
At this paper works a TEAM.
This is RMM TEAM.
To be continued!

Daniel Sitaru
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