
 
UP.599 Calculate the integral: 

∫
𝐚𝐫𝐜𝐜𝐨𝐭(𝒙)

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

−𝝅

𝒅𝒙 

In this problem we will consider that definition of the function 𝐚𝐫𝐜𝐜𝐨𝐭(𝒙) 

which has the image the interval (𝟎, 𝝅). 

Proposed by Vasile Mircea Popa – Romania  

Solution by proposer 

Let us denote: 

𝑨 = ∫
𝐚𝐫𝐜𝐜𝐨𝐭(𝒙)

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

−𝝅

𝒅𝒙; 𝑩 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

−𝝅

𝒅𝒙 

We have: 

𝑨 + 𝑩 =
𝝅

𝟐
∫

𝟏

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

−𝝅

𝒅𝒙 =
𝝅

𝟐
⋅ 𝟐 ⋅ ∫

𝟏

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

𝟎

𝒅𝒙 = 𝝅 ∫
𝟏

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

𝟎

𝒅𝒙 

because the function to be integrated is even. 

But: 

𝑩 = ∫
𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

−𝝅

𝒅𝒙 = 𝟎 

because the function to be integrate is odd. 

We obtain: 

𝑨 = 𝝅 ∫
𝟏

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

𝟎

𝒅𝒙 

We consider the integral 𝑰: 

𝑰 = ∫
𝟏

√𝟑 − 𝐜𝐨𝐬(𝒙)

𝝅

𝟎

𝒅𝒙 

We have: 

𝟑 − 𝐜𝐨𝐬(𝒙) = 𝟐 + 𝟐 𝐬𝐢𝐧𝟐 (
𝒙

𝟐
) , 𝑰 =

𝟏

√𝟐
∫

𝟏

√𝟏 + 𝐬𝐢𝐧𝟐 (
𝒙
𝟐)

𝝅

𝟎

𝒅𝒙 

In the integral 𝑰 we make the variable change 𝒖 = 𝐬𝐢𝐧 (
𝒙

𝟐
) 

We obtain: 



 

𝑰 = √𝟐 ∫
𝟏

√𝟏 − 𝒖𝟒

𝟏

𝟎

𝒅𝒖 

We make the variable change 𝒕 = 𝒖𝟒 

We obtain: 

𝑰 =
√𝟐

𝟒
∫ 𝒕−

𝟑
𝟒

𝟏

𝟎

(𝟏 − 𝒕)−
𝟏
𝟐𝒅𝒕 

We consider the integral 𝑱: 

𝑱 = ∫ 𝒕−
𝟑
𝟒(𝟏 − 𝒕)−

𝟏
𝟐

𝟏

𝟎

𝒅𝒕 

We will use the Euler’s Beta function: 

𝑩(𝒑, 𝒒) = ∫ 𝒕𝒑−𝟏
𝟏

𝟎

(𝟏 − 𝒕)𝒒−𝟏𝒅𝒕 

We set the conditions: 

𝒑 − 𝟏 = −
𝟑

𝟒
;    𝒒 − 𝟏 = −

𝟏

𝟐
 

Result: 

𝒑 =
𝟏

𝟒
;    𝒒 =

𝟏

𝟐
 

We obtain: 

𝑱 = 𝑩 (
𝟏

𝟒
,
𝟏

𝟐
) 

𝑱 =
𝚪 (

𝟏
𝟒

) 𝚪 (
𝟏
𝟐

)

𝚪 (
𝟑
𝟒)

=
𝚪𝟐 (

𝟏
𝟒

) 𝚪 (
𝟏
𝟐

)

𝚪 (
𝟏
𝟒) 𝚪 (

𝟑
𝟒)

=
𝚪𝟐 (

𝟏
𝟒

) √𝝅

𝝅

𝐬𝐢𝐧 (
𝝅
𝟒)

=
𝟏

√𝟐√𝝅
𝚪𝟐 (

𝟏

𝟒
) 

where 𝚪(𝜶) is the Euler’s Gamma function. 

Result: 

𝑰 =
𝟏

𝟒√𝝅
𝚪𝟐 (

𝟏

𝟒
) 

We obtained the value of the integral 𝑨: 

𝑨 = 𝝅 ⋅
𝟏

𝟒√𝝅
𝚪𝟐 (

𝟏

𝟒
) 

𝑨 =
𝟏

𝟒
√𝝅𝚪𝟐 (

𝟏

𝟒
) 


