
 
UP.596 If 𝒙 > 𝟎, 𝒚 > 𝟎, 𝒛 > 𝟎 prove that there exists 𝒖 > 𝟎 such as  

𝐬𝐢𝐧 𝒙𝐬𝐢𝐧 𝒚 + 𝐬𝐢𝐧 𝒚𝐬𝐢𝐧 𝒛 + 𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧𝒙

𝒙𝒚 + 𝒚𝒛 + 𝒛𝒙
=
𝐬𝐢𝐧𝒖

𝒖
 

Proposed by Cristian Miu – Romania  

Solution by proposer 

It is easy to prove that: 

𝐦𝐢𝐧 (
𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝒚

𝒙𝒚
,
𝐬𝐢𝐧 𝒚 𝐬𝐢𝐧 𝒛

𝒚𝒛
,
𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧 𝒙

𝒛𝒙
) ≤

∑𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝒚

∑𝒙𝒚
≤ 

≤ 𝐦𝐚𝐱 (
𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝒚

𝒙𝒚
,
𝐬𝐢𝐧𝒚 𝐬𝐢𝐧 𝒛

𝒚𝒛
,
𝐬𝐢𝐧 𝒛 𝐬𝐢𝐧 𝒙

𝒛𝒙
) 

Now using Cauchy theorem for 𝒇: [𝒙 − 𝒚, 𝒙 + 𝒚] → ℝ 

𝒇(𝒕) = 𝐜𝐨𝐬 𝒕 and 𝒈: [𝒙 − 𝒚, 𝒙 + 𝒚] → ℝ;𝒈(𝒕) = 𝒕𝟐 we obtain that there exist 

𝒄𝟏 ∈ (𝒙 − 𝒚, 𝒙 + 𝒚) such as 

𝐜𝐨𝐬(𝒙 + 𝒚) − 𝐜𝐨𝐬(𝒙 − 𝒚)

(𝒙 + 𝒚)𝟐 − (𝒙 − 𝒚)𝟐
=
−𝐬𝐢𝐧 𝒄𝟏

𝟐𝒄𝟐
↔

𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧 𝒚

𝒙𝒚
=
𝐬𝐢𝐧 𝒄𝟏

𝒄𝟏
 

In the same way 

𝐬𝐢𝐧𝒚 𝐬𝐢𝐧𝒛

𝒚𝒛
=

𝐬𝐢𝐧𝒄𝟐

𝒄𝟐
 and 

𝐬𝐢𝐧𝒛 𝐬𝐢𝐧𝒙

𝒛𝒙
=

𝐬𝐢𝐧 𝒄𝟑

𝒄𝟑
 

Now 

𝐦𝐢𝐧 (
𝐬𝐢𝐧 𝒄𝟏

𝒄𝟏
,
𝐬𝐢𝐧 𝒄𝟐

𝒄𝟐
,
𝐬𝐢𝐧 𝒄𝟑

𝒄𝟑
) ≤

∑𝐬𝐢𝐧 𝒙𝐬𝐢𝐧 𝒚

∑𝒙𝒚
≤ 𝐦𝐚𝐱 (

𝐬𝐢𝐧 𝒄𝟏

𝒄𝟏
,
𝐬𝐢𝐧 𝒄𝟐

𝒄𝟐
,
𝐬𝐢𝐧 𝒄𝟑

𝒄𝟑
) 

But 𝜶 →
𝐬𝐢𝐧 𝒕

𝜶
 is continuous so that exists 𝒖 > 𝟎 such as 

𝐬𝐢𝐧 𝒖 =
∑𝐬𝐢𝐧 𝒙 𝐬𝐢𝐧𝒚

∑𝒙𝒚
 


