
 
UP.595 We consider the function 𝒖: ℝ → ℝ, periodic with period 𝟐𝝅. For the 

period [𝟎, 𝟐𝝅] we have: 𝒖(𝒙) = 𝟎 if 𝒙 ∈ [𝟎,
𝝅

𝟐
) ; 𝒖(𝒙) = − 𝐜𝐨𝐬(𝒙) if 𝒙 ∈

[
𝝅

𝟐
,

𝟑𝝅

𝟐
) ; 𝒖(𝒙) = 𝟎 if 𝒙 ∈ [

𝟑𝝅

𝟐
, 𝟐𝝅). Prove the equality: 

∫
𝒖(𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 = −
𝝅

𝟒𝒆
+

𝒆𝟐 + 𝟏

𝟐𝒆
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

𝒆
) 
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Solution by proposer 

Let us denote: 

𝑰 = ∫
𝒖(𝒙)

𝟏 + 𝒙𝟐

∞

𝟎

𝒅𝒙 

The function 𝒖(𝒙) satisfies Dirichlet’s conditions. Also, the function is even. 

We expand the function in the Fourier series: 

𝒖(𝒙) = 𝑨𝟎 + ∑ 𝑨𝒏

∞

𝒏=𝟏

𝐜𝐨𝐬(𝒏𝒙) 

where: 

𝑨𝟎 =
𝟏

𝟐𝝅
∫ 𝒖(𝒙)

𝟐𝝅

𝟎

𝒅𝒙; 𝑨𝒏 =
𝟏

𝝅
∫ 𝒖(𝒙)

𝟐𝝅

𝟎

𝐜𝐨𝐬(𝒏𝒙) 𝒅𝒙 

Calculating these integrals, we obtain: 

𝑨𝟎 =
𝟏

𝝅
; 𝑨𝟏 = −

𝟏

𝟐
; 𝑨𝒏 =

−𝟏

(𝒏𝟐−𝟏)𝝅
⋅ [𝐜𝐨𝐬 (

𝒏𝝅

𝟐
) + 𝐜𝐨𝐬 (

𝟑𝒏𝝅

𝟐
)] for 𝒏 ≥ 𝟐 

But: 

𝐜𝐨𝐬 (
𝟑𝒏𝝅

𝟐
) = 𝐜𝐨𝐬 (

𝒏𝝅

𝟐
) for any 𝒏 ≥ 𝟐 

Result: 

𝑨𝒏 =
−𝟏

𝝅
⋅ [

𝟐 𝐜𝐨𝐬 (
𝒏𝝅
𝟐 )

𝒏𝟐 − 𝟏
] =

−𝟏

𝝅
⋅ [

𝐜𝐨𝐬 (
𝒏𝝅
𝟐 )

𝒏 − 𝟏
−

𝐜𝐨𝐬 (
𝒏𝝅
𝟐 )

𝒏 + 𝟏
] = 𝑩𝒏 + 𝑪𝒏 

Where 



 

𝑩𝒏 =
−𝟏

𝝅
⋅

𝐜𝐨𝐬 (
𝒏𝝅
𝟐 )

𝒏 − 𝟏
;  𝑪𝒏 =

𝟏

𝝅
⋅

𝐜𝐨𝐬 (
𝒏𝝅
𝟐 )

𝒏 + 𝟏
 

We have: 

𝑩𝒏 = 𝟎 if 𝒏 = 𝟑, 𝟓, 𝟕, … ; 𝑩𝒏 ≠ 𝟎 if 𝒏 = 𝟐, 𝟒, 𝟔, … ; 

𝑪𝒏 = 𝟎 if 𝒏 = 𝟑, 𝟓, 𝟕, … ;  𝑪𝒏 ≠ 𝟎 if 𝒏 = 𝟐, 𝟒, 𝟔, … ; 

So: 

𝒖(𝒙) =
𝟏

𝝅
−

𝟏

𝟐
𝐜𝐨𝐬(𝒙) + [𝑩𝟐 𝐜𝐨𝐬(𝟐𝒙) + 𝑩𝟒 𝐜𝐨𝐬(𝟒𝒙) + 𝑩𝟔 𝐜𝐨𝐬(𝟔𝒙) + 𝑩𝟖 𝐜𝐨𝐬(𝟖𝒙) + ⋯ ] + 

+[𝑪𝟐 𝐜𝐨𝐬(𝟐𝒙) + 𝑪𝟒 𝐜𝐨𝐬(𝟒𝒙) + 𝑪𝟔 𝐜𝐨𝐬(𝟔𝒙) + 𝑪𝟖 𝐜𝐨𝐬(𝟖𝒙) + ⋯ ] 

𝒖(𝒙) =
𝟏

𝝅
−

𝟏

𝟐
𝐜𝐨𝐬(𝒙) + [

𝟏

𝝅
𝐜𝐨𝐬(𝟐𝒙) −

𝟏

𝟑𝝅
𝐜𝐨𝐬(𝟒𝒙) +

𝟏

𝟓𝝅
𝐜𝐨𝐬(𝟔𝒙) −

𝟏

𝟕𝝅
𝐜𝐨𝐬(𝟖𝒙) + ⋯ ] + 

+ [−
𝟏

𝟑𝝅
𝐜𝐨𝐬(𝟐𝒙) +

𝟏

𝟓𝝅
𝐜𝐨𝐬(𝟒𝒙) −

𝟏

𝟕𝝅
𝐜𝐨𝐬(𝟔𝒙) +

𝟏

𝟗𝝅
𝐜𝐨𝐬(𝟖𝒙) + ⋯ ] 

We now use the following relationship: 

∫
𝐜𝐨𝐬(𝒎𝒙)

𝟏+𝒙𝟐

∞

𝟎
𝒅𝒙 =

𝝅

𝟐
𝒆−𝒎, where 𝒎 > 𝟎 

This relation is Laplace’s integral and is well known. 

It is easily proved for example using the properties of the Laplace transform. 

We obtained the value of the integral 𝑰: 

𝑰 =
𝟏

𝝅

𝝅

𝟐
−

𝟏

𝟐

𝝅

𝟐
𝒆−𝟏 + (

𝟏

𝝅

𝝅

𝟐
𝒆−𝟐 −

𝟏

𝟑𝝅

𝝅

𝟐
𝒆−𝟒 +

𝟏

𝟓𝝅

𝝅

𝟐
𝒆−𝟔 −

𝟏

𝟕𝝅

𝝅

𝟐
𝒆−𝟖 + ⋯ ) + 

+ (−
𝟏

𝟑𝝅

𝝅

𝟐
𝒆−𝟐 +

𝟏

𝟓𝝅

𝝅

𝟐
𝒆−𝟒 −

𝟏

𝟕𝝅

𝝅

𝟐
𝒆−𝟔 +

𝟏

𝟗𝝅

𝝅

𝟐
 𝒆−𝟖 + ⋯ ) 

𝟐𝑰 = 𝟏 −
𝝅

𝟐
𝒆−𝟏 + (𝒆−𝟐 −

𝟏

𝟑
𝒆−𝟒 +

𝟏

𝟓
𝒆−𝟔 −

𝟏

𝟕
𝒆−𝟖 + ⋯ ) + 

+ (−
𝟏

𝟑
𝒆−𝟐 +

𝟏

𝟓
𝒆−𝟒 −

𝟏

𝟕
𝒆−𝟔 +

𝟏

𝟗
𝒆−𝟖 + ⋯ ) 

We will now use the power series development of the following functions 

𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) = 𝒙 −
𝟏

𝟑
𝒙𝟑 +

𝟏

𝟓
𝒙𝟓 −

𝟏

𝟕
𝒙𝟕 + ⋯ where −𝟏 ≤ 𝒙 ≤ 𝟏 

𝒙 𝐚𝐫𝐜𝐭𝐚𝐧(𝒙) = 𝒙𝟐 −
𝟏

𝟑
𝒙𝟒 +

𝟏

𝟓
𝒙𝟔 −

𝟏

𝟕
𝒙𝟖 + ⋯ where −𝟏 ≤ 𝒙 ≤ 𝟏 

𝐚𝐫𝐜𝐭𝐚𝐧(𝒙)

𝒙
= 𝟏 −

𝟏

𝟑
𝒙𝟐 +

𝟏

𝟓
𝒙𝟒 −

𝟏

𝟕
𝒙𝟔 + ⋯ where −𝟏 ≤ 𝒙 ≤ 𝟏 



 
We have: 

𝒆−𝟏 𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏) = 𝒆−𝟐 −
𝟏

𝟑
𝒆−𝟒 +

𝟏

𝟓
𝒆−𝟔 −

𝟏

𝟕
𝒆−𝟖 + ⋯ 

𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏)

𝒆−𝟏
= 𝟏 −

𝟏

𝟑
𝒆−𝟐 +

𝟏

𝟓
𝒆−𝟒 −

𝟏

𝟕
𝒆−𝟔 + ⋯ 

We obtained: 

𝟐𝑰 = −
𝝅

𝟐
𝒆−𝟏 + 𝒆−𝟏 𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏) +

𝐚𝐫𝐜𝐭𝐚𝐧(𝒆−𝟏)

𝒆−𝟏
 

Or: 

𝑰 = −
𝝅

𝟒𝒆
+

𝒆𝟐 + 𝟏

𝟐𝒆
𝐚𝐫𝐜𝐭𝐚𝐧 (

𝟏

𝒆
) 


