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UP.595 We consider the function u: R — R, periodic with period 2. For the

period [0, 2] we have: u(x) = 0ifx € [Og) ;u(x) = —cos(x)ifx €

w 3m

[_ —) ;u(x) =0ifx € [3?” 211). Prove the equality:

2’ 2
* u(x) T e*+1 1
j dx = ——+ arctan (E)
0

1+ x2 4e 2e
Proposed by Vasile Mircea Popa — Romania

Solution by proposer

Let us denote:

“ u(x
sz ()de
o 1+x

The function u(x) satisfies Dirichlet’s conditions. Also, the function is even.

We expand the function in the Fourier series:

u(x) =4y + Z A, cos(nx)
n=1

where:

2

1 (2" 1
Ay = er; u(x)dx; A, = ;L u(x) cos(nx) dx

Calculating these integrals, we obtain:

Ay = 711;‘41 = —%;An = ﬁ [cos (nz—”) + cos (MT”)] forn > 2
But:
coSs (3"7") = COS (nz—") foranyn > 2

Result:

A, =

=B
4 nz-1 T n-1 n+1 nt Cn

-1 Iﬂ] 1 l (F) eos(F)

Where
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__1' Cos (nz—n)

B. =
" n-1

We have:

B,=0ifn=3,5"7,..;B,#0ifn=2,4,6, ...;

C,=0ifn=3,57,..; C,#0ifn=2,4,6, ...;

So:

u(x) = %— %cos(x) + [B, cos(2x) + B, cos(4x) + Bg cos(6x) + Bgcos(8x) + -+ | +

+[C;, cos(2x) + C4 cos(4x) + C¢ cos(6x) + Cgcos(8x) + -+ |

1 1 1 1 1 1
u(x) = i Ecos(x) + [E cos(2x) — Ecos@-x) + gcos(6x) — ﬁcos(Sx) + ] +

1 1 1 1
+ [—ECOS(ZX) + gcos(tlx) — %cos(6x) + gcos(Bx) + ]

We now use the following relationship:

foo cos(mx)

T _
dx ==e™ ™, wherem >0
0 1+4+x2 2

This relation is Laplace’s integral and is well known.
It is easily proved for example using the properties of the Laplace transform.

We obtained the value of the integral I:

1 1m _1+<11t 5 17r_4+11r_6 11T_8+ )+
72 22 2 312 sm2° " 7m2€
1=x 1=n 1=n 1=n
2 R Y __ _ ,-8
( 372° "5n2° " 7m2® Tom2€ )

b4 1 1 1
2l =1 —— -1 (—2__ -4 —,—6 _ — ,-8 )
ze +|e 36 +56 76 + +

1 1 1 1
(e 24l t_—p64= —8+,,,)
( 3¢ Tg5€ T7¢ Tu€

We will now use the power series development of the following functions

1 1 1
arctan(x) =x — §x3 + Ex5 — ;x7 +--where-1<x<1

1 1 1
xarctan(x) = x? — §x4 + §x6 — ;xB +--where-1<x<1

arctan(x 1 1 1
x():1—§x2+gx4—;x6+---where—1st1
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We have:
1 1 1
-1 1y _ -2 _4 -6 8
e larctan(e D) =e?%2-—=e¢ —e®——e¢
( ) 3 + 5 7 +
arctan(e 1) 1 1 1
—_— 1 ——e 24 et—e b 4.
e1 3 5 7
We obtained:
T arctan(e!
2l = ——e '+ e larctan(e™) + %
2 e
Or:

[ 1t+e2+1 . (1)
=~ 7o 5o arctan |



