
 
UP.593 For 𝒃 ≥ 𝒂, prove that: 

∫
(𝒙 + 𝟏)𝟑 − 𝟑𝒙

𝒆𝒙
𝟑

𝒃

𝒂

𝒅𝒙 ≤ 𝒃 − 𝒂 + 𝐥𝐧 (
𝒃𝟑 + 𝟏

𝒂𝟑 + 𝟏
) 

with equality if and only if 𝒂 = 𝒃. 
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Solution by proposer 

Observe that for 𝒂 = 𝒃, we have the equality case 𝑳𝑯𝑺 = 𝑹𝑯𝑺 = 𝟎. On the other hand, 

by definition 𝒆𝒙 = 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝒙

𝒏
)
𝒏

 and Bernoulli Inequality (*) 

𝒆𝒙 = 𝐥𝐢𝐦
𝒏→∞

(𝟏 +
𝒙

𝒏
)
𝒏

≥⏞
𝑩𝒆𝒓𝒏𝒐𝒖𝒍𝒍𝒊

𝟏 + 𝒙 

we can derive the well – known inequality 𝒆𝒙 ≥ 𝒙 + 𝟏 for 𝒙 ≥ −𝟏 easily as above. 

However, for 𝒙 < −𝟏 define 𝒇(𝒙) = 𝒆𝒙 − 𝒙 − 𝟏. 

𝒇′(𝒙) = 𝒆𝒙 − 𝟏 = 𝟎 ⇒ critical point is 𝒙 = 𝟎 

Implies that 𝒙 = 𝟎 is a global minimum. Thus, the inequality is true. Hence, we have  

𝒆𝒙
𝟑
≥ 𝒙𝟑 + 𝟏. Then 

∫
(𝒙 + 𝟏)𝟑 − 𝟑𝒙

𝒆𝒙
𝟑

𝒃

𝒂

𝒅𝒙 ≤ ∫
(𝒙 + 𝟏)𝟑 − 𝟑𝒙

𝒙𝟑 + 𝟏

𝒃

𝒂

 

Then, proceeding and solving the integral gives 

∫
(𝒙 + 𝟏)𝟑 − 𝟑𝒙

𝒆𝒙
𝟑

𝒃

𝒂

𝒅𝒙 ≤ ∫
(𝒙 + 𝟏)𝟑 − 𝟑𝒙

𝒙𝟑 + 𝟏

𝒃

𝒂

𝒅𝒙 = ∫ 𝟏
𝒃

𝒂

𝒅𝒙 +∫
𝟑𝒙𝟐

𝒙𝟑 + 𝟏

𝒃

𝒂

𝒅𝒙 

= 𝒃− 𝒂 + 𝐥𝐧(𝒃𝟑 + 𝟏) − 𝐥𝐧(𝒂𝟑 + 𝟏) = 𝒃 − 𝒂 + 𝐥𝐧(
𝒃𝟑 + 𝟏

𝒂𝟑 + 𝟏
) 

as desired. Equality holds just for 𝒂 = 𝒃. 

References. We have referred to a not well-known inequality theorem in (*). Here is the 

Bernoulli’s inequality: 

For any real number 𝒙 ≥ −𝟏, 𝒓 ≥ 𝟏, we have 

(𝟏 + 𝒙)𝒓 ≥ 𝟏 + 𝒓𝒙 

with equality if and only if 𝒓 = 𝟏. 

 


