
 
UP.592 Solve for real numbers: 

{

𝐜𝐨𝐬 𝒙 + 𝐜𝐨𝐬𝒚 + 𝐜𝐨𝐬 𝒛 = 𝟏

𝐜𝐨𝐬𝟐 𝒙 + 𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒛 = 𝟏

𝐜𝐨𝐬𝟑 𝒙 + 𝐜𝐨𝐬𝟑 𝒚 + 𝐜𝐨𝐬𝟑 𝒛 = 𝟏

 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

∑𝐜𝐨𝐬 𝒙 = 𝟏

𝒄𝒚𝒄

⇒ (∑𝐜𝐨𝐬 𝒙

𝒄𝒚𝒄

)

𝟐

= 𝟏 ⇒ 

∑𝐜𝐨𝐬𝟐 𝒙

𝒄𝒚𝒄

+ 𝟐∑𝐜𝐨𝐬𝒙 𝐜𝐨𝐬 𝒚

𝒄𝒚𝒄

= 𝟏 ⇒ 𝟏 = 𝟐∑𝐜𝐨𝐬𝒙 𝐜𝐨𝐬 𝒚

𝒄𝒚𝒄

= 𝟏 

∑ 𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬 𝒚𝒄𝒚𝒄 = 𝟎        (1) 

𝟏 ⋅ 𝟏 − 𝟏 = 𝟎 ⇒ (∑𝐜𝐨𝐬𝒙

𝒄𝒚𝒄

)(∑𝐜𝐨𝐬𝟐 𝒙

𝒄𝒚𝒄

) −∑𝐜𝐨𝐬𝟑 𝒙 =

𝒄𝒚𝒄

𝟎 

∑𝐜𝐨𝐬𝟑 𝒙

𝒄𝒚𝒄

+∑𝐜𝐨𝐬 𝒙

𝒄𝒚𝒄

(𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒛) −∑𝐜𝐨𝐬𝟑 𝒙

𝒄𝒚𝒄

= 𝟎 

∑ 𝐜𝐨𝐬𝒙 (𝐜𝐨𝐬𝒚+𝐜𝐨𝐬𝟐 𝒛)𝒄𝒚𝒄 = 𝟎     (2) 

By (1); (2) and 𝟏 ⋅ 𝟎 − 𝟎 = 𝟎 

∑𝐜𝐨𝐬𝒙

𝒄𝒚𝒄

⋅∑𝐜𝐨𝐬𝒙 𝐜𝐨𝐬 𝒚

𝒄𝒚𝒄

−∑𝐜𝐨𝐬𝒙

𝒄𝒚𝒄

(𝐜𝐨𝐬𝟐 𝒚 + 𝐜𝐨𝐬𝟐 𝒛) = 𝟎 

∑𝐜𝐨𝐬𝟐 𝒙

𝒄𝒚𝒄

𝐜𝐨𝐬 𝒚 +∑𝐜𝐨𝐬𝒙 𝐜𝐨𝐬𝟐 𝒚

𝒄𝒚𝒄

+ 𝟑𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬 𝒚 𝐜𝐨𝐬 𝒛 − 

−∑𝐜𝐨𝐬𝒙 𝐜𝐨𝐬𝟐 𝒚

𝒄𝒚𝒄

−∑𝐜𝐨𝐬𝒙 𝐜𝐨𝐬𝟐 𝒛

𝒄𝒚𝒄

= 𝟎, 𝟑 𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬 𝒚 𝐜𝐨𝐬 𝒛 = 𝟎 

{
𝐜𝐨𝐬 𝒙 + 𝐜𝐨𝐬 𝒚 + 𝐜𝐨𝐬 𝒛 = 𝟏
𝐜𝐨𝐬 𝒙 𝐜𝐨𝐬 𝒚 𝐜𝐨𝐬 𝒛 = 𝟎

⇒ {
𝐜𝐨𝐬 𝒙 = 𝟎
𝐜𝐨𝐬 𝒚 = 𝟎
𝐜𝐨𝐬 𝒛 = 𝟏

   or {
𝐜𝐨𝐬 𝒙 = 𝟎
𝐜𝐨𝐬 𝒚 = 𝟏
𝐜𝐨𝐬 𝒛 = 𝟎

   or   {
𝐜𝐨𝐬 𝒙 = 𝟏
𝐜𝐨𝐬𝒚 = 𝟎
𝐜𝐨𝐬 𝒛 = 𝟎

 

Solution: 𝒙 = ±
𝝅

𝟐
+ 𝟐𝒌𝝅;𝒌 ∈ ℤ; 𝒚 = ±

𝝅

𝟐
+ 𝟐𝒎𝝅;𝒎 ∈ ℤ, 𝒛 = 𝟐𝒏𝝅;𝒏 ∈ ℤ 

and permutations. 


