
 
UP.590 If 𝑨, 𝑩 ∈ 𝑴𝟒(ℝ); 𝑨 ⋅ 𝑩 = 𝑩 ⋅ 𝑨 then: 

𝐝𝐞𝐭 (𝑨𝟒 + 𝑩𝟒 + 𝑨𝑩(𝑨𝟐 + 𝑨𝑩 + 𝑩𝟐)) ≥ 𝟎 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

Let’s consider the equation 𝒛𝟓 = 𝟏 for complex numbers. The roots are: 

𝒛𝒌 = 𝐜𝐨𝐬
𝟐𝒌𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟐𝒌𝝅

𝟓
; 𝒌 ∈ 𝟎, 𝟒 

𝒛𝟓 − 𝟏 = 𝟎 ⇒ (𝒛 − 𝟏)(𝒛𝟒 + 𝒛𝟑 + 𝒛𝟐 + 𝒛 + 𝟏) = 𝟎 

𝒛𝟎 = 𝟏 hence 𝒛𝟏, 𝒛𝟐, 𝒛𝟑, 𝒛𝟒 are solutions for the equation: 

𝒛𝟒 + 𝒛𝟑 + 𝒛𝟐 + 𝒛 + 𝟏 = 𝟎 

𝒛𝟒 + 𝒛𝟑 + 𝒛𝟐 + 𝒛 + 𝟏 = (𝒛 − 𝒛𝟏)(𝒛 − 𝒛𝟐)(𝒛 − 𝒛𝟑)(𝒛 − 𝒛𝟒)      (1) 

𝒛𝟏 = 𝐜𝐨𝐬
𝟐𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟐𝝅

𝟓
; 𝒛𝟐 = 𝐜𝐨𝐬

𝟒𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟒𝝅

𝟓
 

𝒛𝟑 = 𝐜𝐨𝐬
𝟔𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟔𝝅

𝟓
; 𝒛𝟒 = 𝐜𝐨𝐬

𝟖𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟖𝝅

𝟓
 

𝒛𝟑 = 𝐜𝐨𝐬
𝟔𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟔𝝅

𝟓
= 𝐜𝐨𝐬 (𝝅 +

𝝅

𝟓
) + 𝒊 𝐬𝐢𝐧 (𝝅 +

𝝅

𝟓
) = 

= − 𝐜𝐨𝐬
𝝅

𝟓
− 𝒊 𝐬𝐢𝐧

𝝅

𝟓
= − 𝐜𝐨𝐬 (𝝅 −

𝟒𝝅

𝟓
) − 𝒊 𝐬𝐢𝐧 (𝝅 −

𝟒𝝅

𝟓
) = 

= 𝐜𝐨𝐬
𝟒𝝅

𝟓
− 𝒊 𝐬𝐢𝐧

𝟒𝝅

𝟓
= 𝒛𝟐 

𝒛𝟒 = 𝐜𝐨𝐬
𝟖𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟖𝝅

𝟓
= 𝐜𝐨𝐬 (𝟐𝝅 −

𝟐𝝅

𝟓
) + 𝒊 𝐬𝐢𝐧 (𝟐𝝅 −

𝟐𝝅

𝟓
) = 

= 𝐜𝐨𝐬
𝟐𝝅

𝟓
− 𝒊 𝐬𝐢𝐧

𝟐𝝅

𝟓
= 𝒛𝟏̅̅ ̅ 

𝒛𝟑 = 𝒛𝟐; 𝒛𝟒 = 𝒛𝟏 

By (1): 

𝒛𝟒 + 𝒛𝟑 + 𝒛𝟐 + 𝒛 + 𝟏 = (𝒛 − 𝒛𝟏)(𝒛 − 𝒛𝟏)(𝒛 − 𝒛𝟐)(𝒛 − 𝒛𝟐) 

(𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟏𝑩) = 𝑨𝟐 − 𝒛𝟏𝑨𝑩 − 𝒛𝟏𝑩𝑨 + 𝒛𝟏𝒛𝟏𝑩𝟐 = 

= 𝑨𝟐 − (𝒛𝟏 + 𝒛𝟏)𝑨𝑩 + 𝒛𝟏𝒛𝟏𝑩𝟐       (2) 

𝒛𝟏𝒛𝟏 = (𝐜𝐨𝐬
𝟐𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟐𝝅

𝟓
) (𝐜𝐨𝐬

𝟐𝝅

𝟓
− 𝒊 𝐬𝐢𝐧

𝟐𝝅

𝟓
) = 



 

= 𝐜𝐨𝐬𝟐
𝟐𝝅

𝟓
+ 𝐬𝐢𝐧𝟐

𝟐𝝅

𝟓
= 𝟏 

𝒛𝟏 + 𝒛𝟏 = 𝐜𝐨𝐬
𝟐𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟐𝝅

𝟓
+ 𝐜𝐨𝐬

𝟐𝝅

𝟓
− 𝒊 𝐬𝐢𝐧

𝟐𝝅

𝟓
= 𝟐 𝐜𝐨𝐬

𝟐𝝅

𝟓
= 

= 𝟐 (𝟐 𝐜𝐨𝐬𝟐
𝝅

𝟓
− 𝟏) = 𝟐 ⋅ (𝟐 ⋅ (

√𝟓 + 𝟏

𝟒
)

𝟐

− 𝟏) = 

= 𝟐 ⋅ (𝟐 ⋅
𝟓 + 𝟏 + 𝟐√𝟓

𝟏𝟔
− 𝟏) = 𝟐 ⋅ (

𝟔 + 𝟐√𝟓

𝟖
− 𝟏) = 

= 𝟐 ⋅
𝟐√𝟓 − 𝟐

𝟖
=

√𝟓 − 𝟏

𝟐
 

By (2): 

(𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟏𝑩) = 𝑨𝟐 =
√𝟓−𝟏

𝟐
𝑨𝑩 + 𝑩𝟐      (3) 

(𝑨 − 𝒛𝟐𝑩)(𝑨 − 𝒛𝟐𝑩) = 𝑨𝟐 − 𝒛𝟐𝑩𝑨 − 𝒛𝟐𝑨𝑩 + 𝒛𝟐𝒛𝟐𝑩𝟐 = 

= 𝑨𝟐 − (𝒛𝟐 + 𝒛𝟐)𝑨𝑩 + 𝒛𝟐𝒛𝟐𝑩𝟐      (4) 

𝒛𝟐𝒛𝟐 = (𝐜𝐨𝐬
𝟒𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟒𝝅

𝟓
) (𝐜𝐨𝐬

𝟒𝝅

𝟓
− 𝒊 𝐬𝐢𝐧

𝟒𝝅

𝟓
) = 

= 𝐜𝐨𝐬𝟐
𝟒𝝅

𝟓
+ 𝐬𝐢𝐧𝟐

𝟒𝝅

𝟓
= 𝟏 

𝒛𝟐 + 𝒛𝟐 = 𝐜𝐨𝐬
𝟒𝝅

𝟓
+ 𝒊 𝐬𝐢𝐧

𝟒𝝅

𝟓
+ 𝐜𝐨𝐬

𝟒𝝅

𝟓
− 𝒊 𝐬𝐢𝐧

𝟒𝝅

𝟓
= 

= 𝟐 𝐜𝐨𝐬
𝟒𝝅

𝟓
= 𝟐 𝐜𝐨𝐬 (𝝅 −

𝝅

𝟓
) = −𝟐 𝐜𝐨𝐬

𝝅

𝟓
= 

= −𝟐 ⋅
√𝟓 + 𝟏

𝟒
= −

√𝟓 + 𝟏

𝟐
 

By (4): 

(𝑨 − 𝒛𝟐𝑩)(𝑨 − 𝒛𝟐𝑩) = 𝑨𝟐 +
√𝟓+𝟏

𝟐
𝑨𝑩 + 𝑩𝟐      (5) 

By (3); (5): 

(𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟐𝑩)(𝑨 − 𝒛𝟐𝑩) = 

= (𝑨𝟐 + 𝑩𝟐 −
√𝟓 − 𝟏

𝟐
𝑨𝑩) (𝑨𝟐 + 𝑩𝟐 +

√𝟓 + 𝟏

𝟐
𝑨𝑩) = 

= (𝑨𝟐 + 𝑩𝟐)𝟐 + 𝑨𝑩(𝑨𝟐 + 𝑩𝟐) ⋅ (
√𝟓 + 𝟏

𝟐
−

√𝟓 − 𝟏

𝟐
) −

(√𝟓 − 𝟏)(√𝟓 + 𝟏)

𝟒
𝑨𝟐𝑩𝟐 = 



 

= (𝑨𝟐 + 𝑩𝟐) + 𝑨𝑩(𝑨𝟐 + 𝑩𝟐) ⋅
𝟐

𝟐
−

𝟒

𝟒
𝑨𝟐𝑩𝟐 = 𝑨𝟒 + 𝑩𝟒 + 𝟐𝑨𝟐𝑩𝟐 + 𝑨𝟑𝑩 + 𝑨𝑩𝟑 − 𝑨𝟐𝑩𝟐 = 

= 𝑨𝟒 + 𝑨𝟑𝑩 + 𝑨𝟐𝑩𝟐 + 𝑨𝑩𝟑 + 𝑩𝟒 = 𝑨𝟒 + 𝑩𝟒 + 𝑨𝑩(𝑨𝟐 + 𝑨𝑩 + 𝑩𝟐) 

 

𝑨𝟒 + 𝑩𝟒 + 𝑨𝑩(𝑨𝟐 + 𝑨𝑩 + 𝑩𝟐) = 

= (𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟐𝑩)(𝑨 − 𝒛𝟐𝑩) 

𝐝𝐞𝐭 (𝑨𝟒 + 𝑩𝟒 + 𝑨𝑩(𝑨𝟐 + 𝑨𝑩 + 𝑩𝟐)) = 

= 𝐝𝐞𝐭((𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟏𝑩)(𝑨 − 𝒛𝟐𝑩)(𝑨 − 𝒛𝟐𝑩)) = 

= 𝐝𝐞𝐭(𝑨 − 𝒛𝟏𝑩) ⋅ 𝐝𝐞𝐭(𝑨 − 𝒛𝟏𝑩) ⋅ 𝐝𝐞𝐭(𝑨 − 𝒛𝟐𝑩) 𝐝𝐞𝐭(𝑨 − 𝒛𝟐𝑩) = 

= 𝐝𝐞𝐭(𝑨 − 𝒛𝟏𝑩) ⋅ 𝐝𝐞𝐭(𝑨 − 𝒛𝟏𝑩) ⋅ 𝐝𝐞𝐭(𝑨 − 𝒛𝟐𝑩) ⋅ 𝐝𝐞𝐭(𝑨 − 𝒛𝟐𝑩) = 

= |𝐝𝐞𝐭(𝑨 − 𝒛𝟏𝑩)|𝟐 ⋅ |𝐝𝐞𝐭(𝑨 − 𝒛𝟐𝑩)|𝟐 ≥ 𝟎 

 


