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UP.590If A, B € M,(R); A- B = B - A then:
det (A4 + B* + AB(A? + AB + BZ)) >0
Proposed by Daniel Sitaru — Romania

Solution by proposer

Let’s consider the equation z° = 1 for complex numbers. The roots are:
2kn 2km

Z;, = c0OS— + isin—:;k € 0,4
k 5 5

22-1=0=2>Z-1DE*+22+22+z+1) =0
zy = 1 hence z4, z,, 23, z, are solutions for the equation:
v+ 234+ 22+z2+1=0
2+ 23 +22+z2+1=(2-2)(2—2,)(z2—23)(z—2,) (1)
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Z3 = cos6—n+isin6—n=cos(n+z)+isin(n+f) —
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z4=cos?+lsm?=cos(Zn‘—?>+lsm<2n—?)=
2t | | 2m
=cos?—lsm?= 1

Z3=122;24 =23
By (1):
2+ 283 +22+z2+1=(2-2)(z2-2)(z2—2,)(z—Z3)
(A—2,B)(A—7;B) = A% — Z;AB — z,BA + 2,7;B* =
= A%* — (z; +z;)AB + z,Z;B*> (2)

— 21r+_ . Zn)( 2t | Zn)_
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2m 21

2 .2
=cos“— +sin“-—=1
5 TSI
t = 21‘t+_ . 21‘t+ 2 211'_2 2w
21 +2; = cos— +isin—+cos— —isin—=2cos =

2
=2(2coszg—1)=2-<2-<\/§:1> —1>=

5+1+2V5 6+ 2V5
‘2'<2'1—6_1>‘2'<T_1>
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By (2):
(A-2,B)(A~7;B) = A2 =" 4B+ B? (3)

(A — 2,B)(A—73B) = A® — 2,BA — 7;AB + 2,7;B% =
= AZ - (ZZ + Z)AB + Zzsz (4)
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Z3Z, = (cos? +1i sm?) (cos? —isin ?) =
= cosz4—n+sin24—n= 1
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Z,+Z, =cos—+isin— +cos— —isin— =
z 72 5 5 5 5
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By (4):

(A—2,B)(A~7;B) = A2 + 22 AB + B  (5)

By (3); (5):
(A—2z,B)(A—2,B)(A—2,B)(A—Z;B) =
V5 -1 V5 + 1AB> _

2 2

V5+1 V5-1 (\/3—1)(\/§+1)AZBZ_
2 2 >_ 4 B

=<A2+BZ— AB)(A2+BZ+

= (A* + B*)* + AB(A* + B?) - (
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2 4
= (A% + B?) + AB(A? + B?) 3~ ZAZB2 = A* + B* + 24’B? + A3B + AB?® — A’B? =

= A* + A°B + A’B? + AB® + B* = A* + B* + AB(A? + AB + B?)

A*+ B*+ AB(A* + AB + B?) =
= (A —2,B)(A—7,B)(A - z,B)(A — Z,B)
det (A4 + B*+ AB(A% + AB + BZ)) -
= det((A —z,B)(A — z;B)(A — z,B)(A—7;B)) =
= det(A — z;B) - det(A — z;B) - det(A — z,B) det(4 —z,B) =
= det(4 — z,B) - det(4 — z,B) - det(4 — z,B) - det(A — z,B) =
= |det(4 — z,B)|? - |det(A — z,B)|> > 0



