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UP.589 If X,Y,Z € M,(C) are matrices such that:

X=2Y+1Z
{ X2 =4Y + 4Z then: X%024 = 22024 .y 4 2024 . 22023 . 7
X3 =8Y +12Z

Proposed by Daniel Sitaru — Romania

Solution by proposer

{X=2Y+Z {—4-X=—8Y—4-Z
X2 =4Y +4Z X2 =4Y +4Z

X2 —4X =4Y +4Z — 8Y — 4Z
X2—4X=-4Y (1)

{XZ =4Y +4Z _ {—BXZ =—-12Y - 12Z
X3 =8Y +12Z X3 =8Y +12Z

X3-3X2=8Y+12Z - 12Y —12Z
X3 -3X%=—-4y (2)
By (1); (2): X3 —-3X2=X?—-4X, X3-4X?+4X=0, (3)
By multiplying (3) with x™2:
X"l —gxn +4xv1 =0, (4)
We will prove by mathematical induction:
P(n): X" =2"Y +n-2"1Z
Forn =1:X = 2Y + Z (true by hypothesis)
Pn):X"=2"Y +n-2"1.Z (suppose true)

Pn+1): X1 =271y + (n+1)-2"-Z (to prove)

By (4):

Xntl — gxn _ 4xn-1 Pg)

=4Q2"Y+n-2"1.2) 42" Y +(n—-1)-2"2.2) =
=2"2y 4+ . 2"H1Z 2"ty + (n—1)2" - Z =
=2"ly2-1)+2"-Z2n-n+1) =2"y+n-2".Z
P(n)->Pn+1)
Forn = 2024 in P(n): X?024 = 22024y 4 2024 .22023 . 7



