
 
UP.589  If 𝑿, 𝒀, 𝒁 ∈ 𝑴𝟒(ℂ) are matrices such that: 

{
𝑿 = 𝟐𝒀 + 𝒁

𝑿𝟐 = 𝟒𝒀 + 𝟒𝒁
𝑿𝟑 = 𝟖𝒀 + 𝟏𝟐𝒁

    then: 𝑿𝟐𝟎𝟐𝟒 = 𝟐𝟐𝟎𝟐𝟒 ⋅ 𝒀 + 𝟐𝟎𝟐𝟒 ⋅ 𝟐𝟐𝟎𝟐𝟑 ⋅ 𝒁 

Proposed by Daniel Sitaru – Romania  

Solution by proposer 

{
𝑿 = 𝟐𝒀 + 𝒁

𝑿𝟐 = 𝟒𝒀 + 𝟒𝒁
⇒ {

−𝟒𝑿 = −𝟖𝒀 − 𝟒𝒁
𝑿𝟐 = 𝟒𝒀 + 𝟒𝒁

 

𝑿𝟐 − 𝟒𝑿 = 𝟒𝒀 + 𝟒𝒁 − 𝟖𝒀 − 𝟒𝒁 

𝑿𝟐 − 𝟒𝑿 = −𝟒𝒀       (1) 

{ 𝑿𝟐 = 𝟒𝒀 + 𝟒𝒁
𝑿𝟑 = 𝟖𝒀 + 𝟏𝟐𝒁

⇒ {−𝟑𝑿𝟐 = −𝟏𝟐𝒀 − 𝟏𝟐𝒁
𝑿𝟑 = 𝟖𝒀 + 𝟏𝟐𝒁

 

𝑿𝟑 − 𝟑𝑿𝟐 = 𝟖𝒀 + 𝟏𝟐𝒁 − 𝟏𝟐𝒀 − 𝟏𝟐𝒁 

𝑿𝟑 − 𝟑𝑿𝟐 = −𝟒𝒀         (2) 

By (1); (2):  𝑿𝟑 − 𝟑𝑿𝟐 = 𝑿𝟐 − 𝟒𝑿,   𝑿𝟑 − 𝟒𝑿𝟐 + 𝟒𝑿 = 𝑶𝟒         (3) 

By multiplying (3) with 𝒙𝒏−𝟐: 

𝑿𝒏+𝟏 − 𝟒𝑿𝒏 + 𝟒𝑿𝒏−𝟏 = 𝑶𝟒      (4) 

We will prove by mathematical induction: 

𝑷(𝒏): 𝑿𝒏 = 𝟐𝒏𝒀 + 𝒏 ⋅ 𝟐𝒏−𝟏𝒁 

For 𝒏 = 𝟏: 𝑿 = 𝟐𝒀 + 𝒁   (true by hypothesis) 

𝑷(𝒏): 𝑿𝒏 = 𝟐𝒏𝒀 + 𝒏 ⋅ 𝟐𝒏−𝟏 ⋅ 𝒁     (suppose true) 

𝑷(𝒏 + 𝟏): 𝑿𝒏+𝟏 = 𝟐𝒏+𝟏𝒀 + (𝒏 + 𝟏) ⋅ 𝟐𝒏 ⋅ 𝒁   (to prove) 

By (4): 

𝑿𝒏+𝟏 = 𝟒𝑿𝒏 − 𝟒𝑿𝒏−𝟏 =
𝑷(𝒏)

 

= 𝟒(𝟐𝒏𝒀 + 𝒏 ⋅ 𝟐𝒏−𝟏 ⋅ 𝒛) − 𝟒(𝟐𝒏−𝟏𝒀 + (𝒏 − 𝟏) ⋅ 𝟐𝒏−𝟐 ⋅ 𝒛) = 

= 𝟐𝒏+𝟐𝒀 + 𝒏 ⋅ 𝟐𝒏+𝟏𝒁 − 𝟐𝒏+𝟏𝒀 + (𝒏 − 𝟏)𝟐𝒏 ⋅ 𝒁 = 

= 𝟐𝒏+𝟏𝒀(𝟐 − 𝟏) + 𝟐𝒏 ⋅ 𝒁(𝟐𝒏 − 𝒏 + 𝟏) = 𝟐𝒏+𝟏𝒀 + 𝒏 ⋅ 𝟐𝒏 ⋅ 𝒁 

𝑷(𝒏) → 𝑷(𝒏 + 𝟏) 

For 𝒏 = 𝟐𝟎𝟐𝟒 in 𝑷(𝒏): 𝑿𝟐𝟎𝟐𝟒 = 𝟐𝟐𝟎𝟐𝟒𝒀 + 𝟐𝟎𝟐𝟒 ⋅ 𝟐𝟐𝟎𝟐𝟑 ⋅ 𝒁 


