
 

UP.586 If 𝑨 ∈ 𝑴𝟐,𝟏(ℝ); 𝑩 ∈ 𝑴𝟏,𝟐(ℝ); 𝑨 ⋅ 𝑩 = (
𝟎 𝟎
𝟖 𝟏

) then find 𝑩 ⋅ 𝑨. 

Proposed by Daniel Sitaru -Romania  

Solution by proposer 

(𝑨 ⋅ 𝑩)𝟐 = (𝑨 ⋅ 𝑩)(𝑨 ⋅ 𝑩) = (
𝟎 𝟎
𝟖 𝟏

) (
𝟎 𝟎
𝟖 𝟏

) = (
𝟎 𝟎
𝟖 𝟏

) = 𝑨 ⋅ 𝑩 

(𝑨 ⋅ 𝑩)𝟐 = 𝑨 ⋅ 𝑩       (1) 

By (1): 

(𝑨 ⋅ 𝑩)𝟐 = 𝑨 ⋅ 𝑩 ⇒ 𝑩 ⋅ (𝑨 ⋅ 𝑩)𝟐 = 𝑩 ⋅ (𝑨 ⋅ 𝑩) ⇒ 

⇒ 𝑩 ⋅ (𝑨 ⋅ 𝑩)𝟐 ⋅ 𝑨 = 𝑩 ⋅ (𝑨 ⋅ 𝑩) ⋅ 𝑨 

𝑩 ⋅ (𝑨 ⋅ 𝑩) ⋅ (𝑨 ⋅ 𝑩) ⋅ 𝑨 = 𝑩 ⋅ (𝑨 ⋅ 𝑩) ⋅ 𝑨 

(𝑩 ⋅ 𝑨) ⋅ (𝑩𝑨) ⋅ (𝑩𝑨) = (𝑩 ⋅ 𝑨) ⋅ (𝑩 ⋅ 𝑨) 

(𝑩 ⋅ 𝑨)𝟑 = (𝑩 ⋅ 𝑨)𝟐      (2) 

𝒓𝒂𝒏𝒌 (𝑩 ⋅ 𝑨) ≥ 𝒓𝒂𝒏𝒌 (𝑨 ⋅ (𝑩 ⋅ 𝑨) ⋅ 𝑩) = 

= 𝒓𝒂𝒏𝒌 (𝑨𝑩)𝟐 =
(𝟏)

𝒓𝒂𝒏𝒌 (𝑨 ⋅ 𝑩) = 𝒓𝒂𝒏𝒌 (
𝟎 𝟎
𝟖 𝟏

) = 𝟏 

𝑨 ∈ 𝑴𝟐,𝟏(ℝ), 𝑩 ∈ 𝑴𝟏,𝟐(ℝ) ⇒ 𝑩 ⋅ 𝑨 ∈ 𝑴𝟏,𝟏(ℝ) 

𝒓𝒂𝒏𝒌 (𝑩 ⋅ 𝑨) ≥ 𝟏
𝑩 ⋅ 𝑨 ∈ 𝑴𝟏,𝟏(ℝ)

} ⇒ (𝑩 ⋅ 𝑨) = 𝟏 ⇒ 𝐝𝐞𝐭(𝑩 ⋅ 𝑨) ≠ 𝟎 ⇒ (∃)(𝑩 ⋅ 𝑨)−𝟏 

By (2): 

(𝑩 ⋅ 𝑨)𝟑 = (𝑩 ⋅ 𝑨)𝟐 ⇒ (𝑩 ⋅ 𝑨)𝟑 ⋅ (𝑩 ⋅ 𝑨)−𝟏 = (𝑩 ⋅ 𝑨)𝟐 ⋅ (𝑩 ⋅ 𝑨)−𝟏 

(𝑩 ⋅ 𝑨)𝟐 = (𝑩 ⋅ 𝑨) ⇒ (𝑩 ⋅ 𝑨)𝟐 ⋅ (𝑩 ⋅ 𝑨)−𝟏 = (𝑩 ⋅ 𝑨) ⋅ (𝑩 ⋅ 𝑨)−𝟏 ⇒ 𝑩 ⋅ 𝑨 = (𝟏) 

 


